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SCHEDULING GROUPS OF JOBS

13.1 INTRODUCTION

In some settings, the grouping of jobs is a desirable or necessary tactic, usually

because of some technological feature of the processing capability. By exploiting this

feature, we can find optimal schedules easily, or we can at least identify a relatively

small set of dominant schedules, and thereby avoid searching a very large number of

alternatives.

The motivation for grouping often relates to the existence of changeover times,

or setup times, on a machine. For example, jobs might belong to a particular family

due to similarities in their required tooling or their container size. As a result of this

similarity, a job does not need a setup when following another job from the same

family, but a known “family setup time” is required when a job follows a member

of a different family. We call this a family scheduling model. Typically, the family

scheduling model contains a large number of jobs but a relatively small number of

families.

We can almost think of the family scheduling model as one in which the elements

to be scheduled are the families. Since the jobs are given, we know the processing

time for each family, and we know that some changeover time will be required. Thus,

we might be tempted to recast the problem as one of scheduling families, except that

our measures of performance relate to the individual completion times of the jobs

rather than to the completion times of families.
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The motivation for grouping may instead be the capability of the machine to

process several jobs at once. For example, jobs might be placed in an oven for a

heat-treat operation. The oven has a finite capacity, so several jobs can be processed

simultaneously. As in baking cookies, a group of jobs processed together is called

a batch, and we call this a batch processing model. Typically, the capacity of the

processor is related to the weight, size, or simply the number of jobs in a batch.

We can almost think of a batch processing model as one in which the elements

to be scheduled are the batches. Here, again, however, the batch completion times

would not tell the whole story. Instead, we have the flexibility to allocate jobs to

batches in different ways, and it is the completion times of the individual jobs that

determine the measure of performance.

In Section 13.2 we elaborate on the family scheduling model, relating the analysis

to known results from the basic single-machine model and highlighting the more

prominent generalizations. In Section 13.3, we examine a simple form of batching,

where the jobs are not available until their batch completes, and we introduce the

analysis of batch availability. Section 13.4 deals with problems involving a batch

processor. We emphasize two criteria, namely, total flowtime and maximum lateness.

However, we address other performance measures where results are available.

13.2 SCHEDULING JOB FAMILIES

In the family scheduling model we use the pair (i , j) to refer to job j of family i .

We let f denote the number of families, n the number of jobs, and ni the number of

jobs belonging to family i . Thus, n1 + n2 + • • • + n f = n. In addition, pi j denotes the

processing time of job (i , j), and si denotes the setup time required in order to process a

job in family i following a job in some other family. When f = 1, the problem reduces

to the single-machine model, where, for example, SPT minimizes total flowtime and

EDD minimizes maximum lateness. Therefore, we assume that f > 1.

In principle, any family scheduling model can be viewed as a single-machine

model with sequence-dependent setup times. If a job follows a member of the same

family, then its setup time is zero; otherwise, its setup time is the family setup time.

We know that sequence-dependent setup times tend to make solutions difficult to

find. (Recall the traveling salesperson problem presented in Chapter 8.) However, by

exploiting the special structure of family scheduling, we can sometimes avoid the

enumerative techniques that would ordinarily be required when setups are sequence

dependent.

A simplifying assumption for family scheduling is the requirement of precisely

f setups in the schedule, one for each family. Such a requirement may reflect long

setups, or it may result from a desire to minimize the time spent on setup in situations

where capacity is scarce. This condition may also be imposed simply to make the

problem more tractable. We refer to this assumption as the group technology (GT)

assumption. (In current parlance, the group technology principle calls for the grouping

of similar elements.) We refer to an optimal solution subject to the GT assumption as

a GT solution.
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The makespan is minimal in a GT solution, because additional setups would only

make the makespan greater. Moreover, in a GT solution the makespan is a constant

independent of sequence. Let pi denote the total processing time for family i , or

pi =

ni
�

j=1

pi j

Then the makespan for a GT solution is given by

M =

f
�

i=1

(si + pi )

Because the elements of this sum are given, the makespan in a GT solution is a fixed

quantity and cannot be influenced by the selection of a sequence.

13.2.1 Minimizing Total Weighted Flowtime

The next simplest problem in family scheduling is the F-problem under the GT

assumption. A two-level approach works well in this case. Within families, we know

that jobs should be sequenced according to SPT. (If this were not the case, an adjacent

pairwise interchange would improve total flowtime.) We can then treat the family

as a job string and exploit the sequencing rule for strings. (See Chapter 8.) In other

words, we treat the family as if it were a single entity, or composite job. In this case,

there is a setup time for the string, along with its processing times, but the essential

result is unchanged: the optimal sequence exhibits nondecreasing ratios (si + pi )/ni .

We state this result formally below, omitting the proof.

� Theorem 13.1 In the F-problem under the GT assumption, the jobs within a

family should be scheduled according to SPT, and the families should be scheduled

in nondecreasing order of (si + pi )/ni .

The same two-level reasoning applies to the Fw-problem. Let w i j denote the

weighting factor of job (i , j), and let

w i =

ni
�

j=1

w i j

Within families, the jobs should be ordered by SWPT. Again, we can treat the families

as composite jobs. In this case the composite jobs have processing times equal to

(si + pi ) and weighting factors equal to w i . The optimal schedule applies the SWPT

rule to the composite jobs, as follows.
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� Theorem 13.2 In the Fw-problem under the GT assumption, jobs within a

family should be scheduled according to SWPT, and families should be scheduled in

nondecreasing order of (si + pi )/w i .

The proof of Theorem 13.2 follows from straightforward arguments based on

adjacent pairwise interchanges, first for jobs within families and then for families.

Thus, with respect to the Fw criterion, we use the SWPT rule at both levels. First,

the rule determines the sequencing of jobs within families. Then, with the families

treated as composite jobs, the SWPT rule determines the optimal sequence of the

families.

Without the GT assumption, families may be split and processed in separate

batches. In this case, we do not know in advance how many setups will occur, and

the optimization of total flowtime is more difficult.

� Example 13.1 Consider the F-problem for three jobs representing two fami-

lies, with a setup time of 1 for either family.

Job(i, j) (1, 1) (1, 2) (2, 1)

pij 2 7 4

Suppose family 1 comes first. The flowtimes of the three jobs are then 3, 10, and

15, for a total of 28. If the family sequence is reversed, then the total flowtime is

still 28. But suppose we sequence the jobs (1, 1), (2, 1), (1, 2), with a setup for each

one. In this schedule, the flowtimes are 3, 8, and 16, for a total of only 27. This very

small example illustrates the fact that the optimal solution of the Fw-problem may be

attained only by splitting the families.

For the general case, it is possible to use a dynamic programming solution proce-

dure that exploits the fact that, for each family, the jobs appear in SWPT order in the

optimal schedule, although not necessarily as a block of adjacent jobs. The multidi-

mensional structure of this dynamic programming algorithm makes it computation-

ally demanding even for small problems, and its significance is mainly conceptual.

Because the GT solution is relatively straightforward to construct, it is of interest

to study conditions under which we can limit ourselves to schedules in which each

family is processed in a single batch.

� Theorem 13.3 In the Fw-problem for the family scheduling model, suppose

all jobs in each family have identical process times and weights. Then there exists an

optimal solution that is a GT solution.

Proof. We consider a schedule S in which there are at least two separate batches of

family i . In particular, suppose that the first batch of family i contains a jobs, and the

second batch of family i contains b jobs. Assume temporarily that a > 1 and b > 1.

Suppose also that the two batches are separated by k jobs of other families with a
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total weight of wk taking up an interval of length t . We also use pi i and w i i to denote

the processing time and weight of all individual jobs in family i .

Now consider the effects of inserting the last job from the first batch of family i

into the second batch, thereby creating schedule S�. As a result, k jobs are accelerated

by an amount pi i , and the job that was moved is delayed by an amount t + si .

Hence, the effect on total weighted flowtime is (t + si )w i i � pi i wk . If this quantity

is negative, schedule S� is better than schedule S. If it is positive, construct schedule

S�� by inserting the first job from the second batch into the first batch. In this case,

k jobs are delayed by pi i , and the job that was moved is accelerated by t + si . The

effect on total weighted flowtime becomes pi i wk � (t + si )w i i , which is negative, so

schedule S�� is better than S. Now relax the assumption that a, b > 1. If we insert

from a one-job batch to another batch we also save a setup, which improves the

flowtime of any subsequent jobs even further.

One of the two insertions, resulting in either S� or S��, will improve Fw , or at least

leave it no worse. As long as the batch from which we removed a job for that insertion

is not empty, we can repeat the process until one of the two batches disappears and

its jobs are consolidated in to the other batch. Thus, given any solution that does not

represent a GT schedule, we can construct a GT schedule that is at least as good.

Theorem 13.3 identifies a special case in which we can limit attention to GT

solutions and avoid dynamic programming. Qualitatively, Theorem 13.3 states that

we should not split a family when its jobs are identical, suggesting that the reason

for splitting a family is to exploit differences among its jobs.

13.2.2 Minimizing Maximum Lateness

Suppose that each job has its own due date, di j . Under the GT assumption, it is

possible to attack the Lmax-problem using the EDD rule in a two-level approach,

although a slight adjustment is necessary at the family level. At the job level, the

result is straightforward: jobs in each family should be sequenced according to EDD.

Within a family, however, any one of the jobs could produce the maximum lateness.

Suppose that jobs in family i are indexed by EDD and that the family begins its

setup at time t . Then, the lateness of job (i, j) becomes

L i j = t + si + pi1 + pi2 + • • • + pi j � di j = t + si + pi � (di j + qi j )

where qi j denotes the processing time in the family beyond job (i, j), or

qi j = pi � (pi1 + pi2 + • • • + pi j )

The maximum lateness among jobs in family i becomes

max j {L i j } = t + si + pi � min j {di j + qi j }
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From this expression, we can see how to adapt the EDD rule for families. Define the

family due date, di , as follows:

di = min j {di j + qi j }

This quantity, which is independent of the time at which family i begins processing,

can easily be determined once the family is ordered by EDD. This definition of a

family due date allows us to use the two-level approach.

� Theorem 13.4 In the Lmax-problem under the GT assumption, the jobs within

a family should be scheduled according to EDD. Then the families should be ordered

by EDD, using family due dates.

Proof. The first part of the theorem, regarding the sequence of jobs within families,

follows Theorem 2.6. Therefore, we examine the sequencing of families. Consider a

sequence S that is not the EDD sequence. That is, somewhere in S there must exist a

pair of adjacent families, i and k, with k following i starting at time t in the schedule,

such that di > dk . Now construct a new sequence, S�, in which families i and k are

interchanged, and all other families complete at the same time as in S. Let ix denote

the job in family i that achieves the maximum lateness in the family, and let ky denote

the analogous job in family k. Then, denoting by L i (S) the maximum lateness in S

for family i , we have

L i (S) = t + si + pi1 + pi2 + • • • + pi x � di x = t + si + pi � di

Lk(S�) = t + sk + pk1 + pk2 + • • • + pky � dky = t + sk + pk � dk

Lk(S) = t + sk + si + pi + pk � dk

L i (S�) = t + si + sk + pk + pi � di

It follows that Lk(S) > L i (S�) and Lk S) > Lk(S�). Hence,

Lk(S) > max{L i (S�), Lk(S�)}

As a consequence,

Lmax(S) � Lmax(S�)

In other words, the interchange of families i and k does not increase the value of

Lmax, and may actually reduce it. The validity of the theorem follows from this

result.

This theorem, like Theorem 13.2 earlier, shows how to extend an elementary result

for the basic single-machine model to the GT scheduling model.

In the case of the Lmax-problem, it may be desirable to split families when the GT

assumption does not apply. Without the GT assumption, this problem is known to be
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NP-hard. It is possible to use a dynamic programming approach to find an optimal

schedule, but it is even more computationally demanding than the one cited earlier

for the Fw-problem. Therefore, we are interested in conditions for the optimality of a

GT solution, such as the following.

� Theorem 13.5 In the Lmax-problem for the family scheduling model, suppose

all jobs within a family have identical due dates. Then there exists an optimal solution

that is a GT solution.

Proof. Recall that our notation takes job ix as the job within family i for which the

maximum lateness occurs. We first show that there is no incentive to split family i

prior to job ix. In other words, job ix should appear in the first batch of family i .

To see why, imagine a schedule S in which job ix does not appear in the first batch.

Thus, somewhere in the schedule, there is a batch of family i jobs, followed by jobs

from other families, followed by another batch of family i jobs, and this second batch

contains job ix. Construct schedule S� by shifting the first batch of family i jobs later,

so that it is immediately followed by the second batch of family i jobs. Although

some jobs in family i are thereby delayed, none will have a lateness larger than that of

job ix because they are scheduled in a single batch with job ix, and by definition job

ix attains the maximum lateness among these jobs when they are scheduled together.

Because this shift saves the setup that preceded the first batch of family i jobs, the

maximum lateness in family i is decreased by this shift. Meanwhile, no job in any

other family completes later in schedule S� than in schedule S. Therefore, schedule

S� is at least as good as schedule S, and there is no incentive to split family i prior to

job ix.

Under the hypothesis of the theorem, all jobs in the family have the same due date,

and so job ix must be the last job in the family. Therefore, there is no incentive to

split family i at all.

Theorem 13.5 echoes the result of Theorem 13.3, showing that the GT solution

occurs when jobs within a given family have identical urgencies. This result reinforces

the notion that, in the minimization of Lmax and Fw , it is desirable to split a family

into multiple batches when the jobs differ in the value of a key parameter.

13.2.3 Minimizing Makespan in the Two-Machine Flow Shop

We can also address the scheduling of job families in the flow shop setting, at least

under the GT assumption. The makespan problem for the two-machine case is of

particular interest because, like the problems discussed above, its solution would

reduce to ordering the jobs if there were only one family and no need for setups.

(In the flow shop case, that ordering would be given by Johnson’s Rule, as discussed

in Chapter 10.) Our notation is ai j for the processing time of the jth job in family i on

the first machine and bi j on the second machine. Additionally, s1i and s2i denote the

family setup times on machines 1 and 2, respectively. The setup on machine 1 merely

adds a constant delay to any schedule, so for the purposes of scheduling jobs in a
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family, we can safely assume s1i = 0. Initially, we assume that family setup times are

attached (see Section 10.3), which means that they can begin only when a job from

the corresponding family is available at the machine.

The problem can be decomposed into two levels. In the lower-level problem, we

determine an optimal sequence for the jobs within each family. In the higher-level

problem, we then schedule the families, treating the jobs in each family as a string.

(It can be shown that there exists an optimal solution where the jobs within families

are sequenced by their lower-level optima.)

First, we solve the lower-level problem when there are family setup times. Al-

though it would be convenient to ignore setups and rely on Johnson’s Rule to schedule

jobs within families, that procedure is not always optimal.

� Example 13.2 Consider a two-machine family scheduling problem consisting

of one three-job family, with no family setup on machine 1 and a family setup of

length s2 = 5 on machine 2.

Job j 1 2 3

aj 10 8 2

bj 12 5 1

The sequence 1-2-3, which is prescribed by Johnson’s Rule, yields a makespan of

33, but the sequence 3-1-2 yields a makespan of only 29.

Suppose we ignore setup times and construct a job sequence for family i using

Johnson’s Rule, renumbering the jobs in the order obtained. As the example demon-

strates, this sequence does not guarantee optimality within the family. Nevertheless,

an optimal sequence exists in which Johnson’s Rule applies to all the jobs after the

first. Although we can often narrow the set of possibilities, we may have to test

all jobs in the family at the first sequence position to determine the solution to the

lower-level problem.

Next, we examine the effects of the lower-level solution on the higher-level prob-

lem. Each family will appear in the schedule with its individual jobs sequenced by the

lower-level rule. Also, a setup time will initiate the processing of the jobs comprising

the family, as shown in Figure 13.1.

As reflected in the figure, we postpone the start of s2i just long enough to avoid any

intermittent idling on that machine thereafter. This can be done without increasing

the family makespan, Mi . Similarly, we forbid intermittent idling on machine 1. Let

I1i

I2 i

FIGURE 13.1 A two-machine schedule for a family containing four jobs.
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I1i denote the run-in time (for family i), and let I2i denote the run-out time, as shown

in the figure. The run-in time represents the period during which only machine 1 can

process the family, so machine 2 remains idle unless an operation from the previous

family is in process. The run-out time is defined symmetrically as the period when

only machine 2 can process the family. Let

Ai = s1i +

ni
�

j=1

ai j

and

Bi = s2i +

ni
�

j=1

bi j

Then, because there is no intermittent idling,

I1i = Mi � Bi (13.1)

and

I2i = Mi � Ai (13.2)

Equations (13.1) and (13.2) show that by minimizing Mi , we also minimize I1i

and I2i . The run-in and run-out times are important for optimizing the higher-level

problem: they are the parameters of an equivalent problem that we can solve by

Johnson’s Rule. Define the body of family i , Ci , as the period during which the

two machines can operate in parallel, so that Mi = I1i + Ci + I2i . Hence, Ci =

Ai + Bi � Mi . It follows that I1i = Ai � Ci and I2i = Bi � Ci . By minimizing Mi ,

we maximize Ci , which can only help our objective. Conceptually, each family can

now be replaced by a single representative job such that the representative operation

on machine 1 takes Ai and the representative operation on machine 2 takes Bi .

Because the body can be processed in parallel, the representative job has a start

lag of I1i and a stop lag of I2i (as analyzed in Section 10.3.3). When we apply

Eq. (10.4), we obtain di = �Ci , so the higher-level problem is solved by Johnson’s

algorithm with job processing times given by Ai � Ci = I1i and Bi � Ci = I2i . That

is, in the higher-level problem, family i precedes family k in an optimal sequence if

min{I1i , I2k} � min{I1k, I2i }.

We can also analyze separable setups (see Section 10.3.4), for which the family

setup on machine 2 may take place before any job from the family completes its work

at machine 1. In this case, the solution is simplified because Johnson’s Rule holds

within families, and a two-level approach finds the optimal schedule under the GT

assumption.
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GT solution 1-2

machine 1

machine 2

GT solution 2-1

machine 1

machine 2

Split solution

machine 1

machine 2

1,21,1 2,1

1,21,1 2,1

1,21,12,1

1,21,12,1

1,21,1 2,1

1,21,1 2,1

17

15

14

FIGURE 13.2 Three schedules for Example 13.3.

Once again, as in the problems discussed earlier, we can relax the GT assumption

by permitting families to be split.

� Example 13.3 Consider a two-machine family scheduling problem consisting

of a two-job family and a one-job family, as described in the table. Suppose that setups

are attached and all setups require one time unit.

Job (i, j) (1, 1) (1, 2) (2, 1)

aij 1 5 3

bij 3 1 5

The example demonstrates that splitting families can be advantageous in the two-

machine flow shop. There are two GT solutions, but neither is optimal, as shown in

Figure 13.2.

We can expect that problems containing more than two machines will usually be

much more difficult than the two-machine case and heuristic methods will often be

appropriate.

13.3 SCHEDULING WITH BATCH AVAILABILITY

In the models considered thus far, grouping permits the adjacent processing of several

jobs in order to reduce the total number of setups. In these models, jobs complete

individually and become available for delivery one at a time. This mode is sometimes

called item availability. In contrast, under batch availability, all the jobs in a batch

become available at the same moment. Batch availability is characteristic of systems
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in which jobs are transported and delivered in containers such as boxes, pallets,

or trucks. For example, a key step in the manufacture of printed circuit boards is

often the insertion operation. Each board has several components inserted into it (or

mounted onto it) and is then placed in a rack. When the number of boards in the

rack reaches a certain level, the operator stops production and transfers the rack to a

subsequent operation. The number of boards in the rack constitutes the batch size, in

which transfers occur, and the time required by the operator to check and move the

rack between stations plays the role of the setup time between batches.

Sequencing problems involving batch availability tend to be more difficult than

their analogs with item availability, and relatively few results exist. We look first at

the minimization of total flowtime in the case where there is only one family. (The

Fw-problem, which is a generalization, is known to be NP-hard.)

� Example 13.4 Consider the F-problem for one family containing the six jobs

shown in the table below, with a setup time of s = 2. We omit the subscript for family

index because the problem contains only one family.

Job j 1 2 3 4 5 6

pj 1 2 4 5 6 10

If we schedule the jobs in this sequence and in batches of size 2, we can describe

the schedule in symbols as s12s34s56. The batches are described next:

Batch Jobs Completion

1 {1, 2} 5

2 {3, 4} 16

3 {5, 6} 34

In other words, two jobs complete at time 5, two more complete at 16, and the last

two complete at 34. The total flowtime is F = 2(5) + 2(16) + 2(34) = 110.

For later reference, we provide an alternative expression for total flowtime. In any

schedule, batch i contains ni jobs, each of which completes at Ci , the completion

time of batch i . Thus, at one level, we can think of total flowtime in the form

F = �i ni Ci (13.3)

The batch completion time Ci , in turn, is the sum of the processing times (including

setup time) for each of the first i batches, or

Ci =

i
�

k=1

(s + Pk) (13.4)
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where Pk denotes the total processing time in the kth batch, and where the batches

are indexed in the order of their appearance in sequence. The first batch contributes

to all of these Ci values; the second batch contributes to all but the first, and so on.

We can thus write total flowtime as follows:

F = �i (s + Pi )[n � (n1 + n2 + • • • + ni�1)]

Now suppose that e(i) denotes the index of the first job in batch i . Then, we may

rewrite this expression:

F = �i (s + Pi )[n � e(i) + 1] (13.5)

In our example, we have

F = (2 + 3)[6] + (2 + 9)[4] + (2 + 16)[2] = 30 + 44 + 36 = 110

In the F-problem, some simplifications are possible. Most importantly, we can

limit consideration to SPT sequences.

� Theorem 13.6 In the F-problem with batch availability and one family, there

is an optimal schedule in which the jobs appear in nondecreasing order of their

processing times.

This property, which should not be surprising, is demonstrated by means of a

pairwise interchange: for any allocation of jobs to batches, we can retain the number

of setups and interchange a non-SPT pair without increasing F .

In light of Theorem 13.6, we can assume (as in our example above) that the jobs

are numbered according to SPT and that they appear in numbered sequence in the

optimal schedule. The problem becomes one of partitioning the n jobs and forming

batches.

The search for an optimal schedule can be accomplished using a dynamic pro-

gramming approach that locates optimal partitions in the sequence of the n jobs.

Suppose that the schedule for the first (k � 1) jobs has been determined and that it

ends with the completion of a batch. Let G(k) denote the minimum contribution to

total flowtime from the jobs k through n. This minimum value can be found, in turn,

by considering all possible sizes for the first batch in this set. Thus,

G(k) = min j {g(k, j) : k < j � n + 1}

where g(k, j) represents the minimum contribution to total flowtime from jobs k

through n when the first batch contains jobs k through ( j � 1). In light of (13.5), we

have

g(k, j) = (n � k + 1)[s + pk + pk+1 + • • • + p j�1] + G( j) (13.6)
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TABLE 13.1

j = 2 j = 3 j = 4 j = 5 j = 6 j = 7 G(k)

k = 6 — — — — — 12 12

k = 5 — — — — 28 36 28

k = 4 — — — 49 51 69 49

k = 3 — — 73 72 80 108 72

k = 2 — 92 89 93 107 145 89

k = 1 107 102 103 112 132 180 102

The recursion in (13.6) produces the optimal value of total flowtime as G(1), starting

the calculations with G(n + 1) = 0.

To illustrate the solution algorithm, we return to Example 13.4 and start with

G(7) = 0. The calculated values of g(k, j) are shown in Table 13.1. For instance, we

obtain the optimal size of the first batch from g(1, 3) as follows.

g(1, 3) = (6 � 1 + 1)[2 + 1 + 2] + G(3) = (6)(5) + 72 = 102

where G(3) = 72 had previously been calculated.

Retracing the steps leading to the optimal value will reveal that the optimal sched-

ule is s12s34s5s6.

A second property helps anticipate the structure of the solution and will be of

interest later on.

� Theorem 13.7 In the F-problem with batch availability and one family, the

batch sizes form a nonincreasing sequence.

Proof. Suppose that the optimal schedule S does not satisfy the theorem. Then there

must be a pair of batches i and k, with k following i , such that a, the size of batch

i , and b, the size of k, satisfy a � (b � 1). Form schedule S� by moving the first job

from batch k into batch i . Jobs not contained in these two batches complete at the

same time in S� as in S, so their contributions to total flowtime can be ignored. The

one job moved between batches is accelerated by the construction of S�. Its flowtime

is improved by the time required to set up and process the other jobs of batch k in

schedule S, which we may write as

�1 = s + pk2 + • • • + pkb

Meanwhile, the reallocation delays the completion of batch i , and hence each job

remaining in it, by an amount equal to the processing time, pk1, of the job that was

moved. We can write the resulting increase in the total flowtime as

�2 = apk1 � (b � 1)pk1 � pk2 + • • • + pkb = �1 � s
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The last inequality holds because the jobs are in SPT order. Thus, �2 < �1, so that

the total flowtime of S� is smaller than the total flowtime of S. At the outset, we

assumed that S was optimal, so this is a contradiction. Therefore, we must have

a � b as provided in the theorem.

We did not make use of Theorem 13.7 in the solution of our example problem,

although it would allow us to skip some of the calculations tabulated earlier. In

particular, the calculations leading to g(2, 3) = 92 and g(1, 2) = 107 can be skipped.

In both cases, the leading batch of size 1 would be followed by a batch of size 2, thus

violating the nonincreasing property prescribed by the theorem.

When the jobs are all identical, some analytic simplifications are possible. First,

ignoring the integer requirement, the optimal number of batches is given by the

following expression:

k =

�

1

4
+

2np

s
�

1

2

where p denotes the common processing time. Then, the size of batch i is given by

bi =
n

k
+

(k + 1)s

2p
�

is

p

This formula reinforces the notion that the batch sizes are generally unequal and

(in the spirit of Theorem 13.7) nonincreasing in size.

Problems with multiple families and batch availability are somewhat more compli-

cated, and no general results have been developed. However, when the GT assumption

applies, two-level solutions exist.

13.4 SCHEDULING WITH A BATCH PROCESSOR

A batch processor can accommodate several jobs simultaneously, and all jobs require

the same amount of processing capacity. Batch availability is implicit in its mode of

operation. In a batch processing scenario, we usually let B denote the capacity of the

processor: this is the maximum number of jobs that can be processed at any one time.

We let p denote the time required to process the jobs in any batch. This time is fixed

and independent of the number of the jobs in the batch, and we sometimes refer to

a fixed batch processor. Once processing is initiated on a batch processor, the batch

cannot be interrupted, nor can other jobs be started. Batch processors can be found

in various settings. For example, several layers of fabric are cut simultaneously on a

cutting machine, several printed circuit boards are tested simultaneously, and several

gears are heat-treated simultaneously. Transportation of items between workstations

can also occur in batches. We can view the cutter, tester, oven, or transporter as a batch

processor. By contrast, we call the processor in the single-machine model a discrete
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processor, although we can also think of a discrete processor as a batch processor

with B = 1.

We briefly consider the case of n jobs simultaneously available for scheduling

on a batch processor. For any regular performance measure, it is desirable to start

processing at time zero and to use batches of the maximum possible size for as

long as possible. Such a schedule is called a full-batch schedule. The composition

of the batches is irrelevant if the performance measure is M or F , and all full-batch

schedules are optimal in these two cases. If the performance measure is Lmax, a

full-batch schedule is optimal if the jobs are initially sequenced by EDD; and if the

performance measure is Fw , a full-batch schedule is optimal if the jobs are initially

sequenced in nonincreasing order of their weighting factors (sometimes called the VIP

sequence). In what follows, we turn to scheduling problems for which the solutions

may not be so obvious.

13.4.1 Minimizing the Makespan with Dynamic Arrivals

Makespan minimization is obvious when all jobs are simultaneously available, but

a more interesting problem arises when there are dynamic arrivals. In the dynamic

single-machine problem, the optimal makespan is obtained by sequencing the jobs

according to earliest release date (ERD). In the case of a batch processor, we first

sequence the jobs by ERD and then assign jobs to batches. An optimal assignment

has the property that only the first batch need be partially empty. This procedure is

called the first-only-empty (FOE) algorithm. Here, �x� denotes the smallest integer

greater than or equal to x .

Algorithm 13.1 FOE Algorithm

Step 1. Let m = �n/B� and let k = n � B(m � 1).

Step 2. Assign jobs 1, 2, . . ., k to the first batch.

Step 3. Assign the remaining jobs, one at a time and in ERD order, to the first batch

with available capacity.

Step 4. Construct a detailed schedule by starting each batch at either the time its last

job arrives or the time the previous batch finishes.

The FOE algorithm produces an optimal makespan.

� Example 13.5 Consider the following set of n = 11 jobs, and suppose that

the capacity of the batch processor is B = 3, with p = 4.

Job j 1 2 3 4 5 6 7 8 9 10 11

rj 0 2 5 7 8 8 10 11 13 14 15

From Step 1 of the FOE algorithm, we calculate the number of batches as m = 4

and the size of the first batch as k = 2. Thus, the first two jobs make up the first batch,
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and the remaining jobs are assigned to batches as follows, with starting times shown:

Batch Jobs Start

2 {3, 4, 5} 8

3 {6, 7, 8} 12

4 {9, 10, 11} 16

The final batch starts at time 16, so the makespan must be M = 20. The optimality

of the FOE algorithm is proved next.

� Theorem 13.8 In the batch processor scheduling model, the FOE algorithm

produces the minimum makespan.

Proof. For the purposes of this proof, let si denote the start time of the ith batch in

the schedule, and let m denote the number of batches. Obviously, if sm = rn , then the

theorem holds. This leaves us to consider the case of sm > rn , for which we know

that the last two batches are consecutive (by construction). Suppose that the number

of consecutive batches at the end of the schedule is denoted h, where h � 2. Then we

know that the first batch in this set is the only member of the set that may not contain

B jobs, and it starts at the release date of its last job, or sm�h+1 = rn�h B , so that

job (n � h B) completes as early as possible. We also know that job (n � h B) must

appear in a different batch than job (n � h B + B), which must appear in a different

batch than job (n � h B + 2B), and so on. Thus, the set of jobs from job (n � h B)

to job n also completes as early as possible. Prior to the last h batches, the problem

decomposes, and we can apply a similar argument to show that the set of remaining

jobs completes as early as possible.

13.4.2 Minimizing Makespan in the Two-Machine Flow Shop

The two-machine flow shop problem with batch processors also has a relatively

straightforward solution. In this model, the two batch processors may differ, so we

use subscripts 1 and 2 to distinguish their respective capacities and process times.

From the perspective of the first machine, where all jobs are simultaneously available,

it is desirable to use a full-batch policy. When we do so, the completion time of the

jth full batch on machine 1 is simply j p1. This is the completion time as well for jobs

( j � 1)B1 + 1 to j B1.

From the perspective of the second machine, jobs arrive dynamically and are

assigned to the second batch processor with the objective of minimizing Cmax on

the second machine. From our discussion of the FOE algorithm, we know that all

batches on machine 2, except possibly the first, should be full batches. For trial

makespan M to be feasible, the start time on machine 2 of the kth batch from the end

must be no later than s = M � k p2. This is also the start time for jobs n � k B2 + 1

through n � (k � 1)B2. The last of these jobs appears on machine 1 in batch number
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�[n � (k � 1)B2]/B1�, which finishes at time f = �[n � (k � 1)B2]/B1�p1. Thus,

for M to be feasible, we require that times s and f be compatible; that is, s � f , or

M � k p2 � �[n � (k � 1)B2]/B1� p1

M � k p2 + �[n � (k � 1)B2]/B1� p1

Thus, the makespan will be determined by the tightest of these inequalities, so that

M = maxk{k p2 + �[n � (k � 1)B2]/B1� p1} (13.7)

where k = 1, 2, . . . , �n/B2�.

� Example 13.6 Consider the problem of scheduling n = 18 jobs on two ma-

chines. The jobs have the following characteristics.

Machine i 1 2

Bi 5 3

pi 5 4

From (13.7), and considering k = 1, 2, . . . , 6, we have

M = max{24, 23, 27, 26, 30, 29} = 30

Thus the optimal makespan is 30, and the constraining batch is k = 5. The fifth batch

from the end on machine 2 contains jobs 4-6. Job 6 appears in the second batch on

machine 1 and therefore completes on machine 1 at time 10. The last five batches on

machine 2 then require total processing time of 20 even when done consecutively,

so the schedule cannot complete before time 30. Figure 13.3 displays the schedule

and the number of jobs assigned to each batch, along with selected batch completion

times.

5

5 10

14 30

3555

333333

FIGURE 13.3 Optimal schedule for Example 13.6.
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13.4.3 Minimizing Total Flowtime with Dynamic Arrivals

If all jobs are simultaneously available, as in the basic single-machine model, then,

as mentioned earlier, many of the single-machine results carry over to the scheduling

of a single batch processor. In fact, the batch processor version tends to be easier,

because any full-batch schedule is optimal for several measures of performance.

When we turn to the dynamic version of the model with nonpreemptable jobs, we

might expect that solutions are not as easy to find. In the single-machine model,

the dynamic version of the F-problem, the Lmax-problem, and the U-problem are all

NP-hard. For the batch processor model, there is some hope that solutions for these

criteria can be found with limited computational requirements.

A dynamic programming approach is available for the F-problem. For conve-

nience, we address the problem of minimizing the sum of completion times, which

is equivalent to the F-problem in the sense that the performance measures differ by

only a given constant. To simplify the decisions, it is sufficient to consider initiating

a batch either when a job arrives and the processor has been idle or when a batch

completes and at least one job is waiting. If we were given a schedule in which a

batch started at some other time, then we could shift that batch to an earlier time and

improve the schedule. As a consequence, we need only consider schedules in which

each batch starts either immediately after the previous batch or at a job release date.

These observations permit us to think of scheduling as deciding whether to initiate

a batch when the processor has been idle, and if so, how many consecutive batches to

run. Viewed in this light, scheduling decisions need only be contemplated at release

dates. Thus, if there are n jobs, then there are at most n times (corresponding to the

values of the release dates r j ) at which scheduling decisions need to be made.

Let a(t) denote the number of available jobs waiting to be processed at time t ,

and as before, let B and p denote the capacity of the processor and its process time,

respectively. Suppose that we schedule h batches consecutively, starting at time r j .

In that case, the start time of the kth batch in sequence is

tk = r j + (k � 1)p

and its size is

bk = min{B, a(tk)}

The value a(tk) must equal the sum of the number of jobs left behind by the (k � 1)st

batch and the number of jobs arriving between tk�1 and tk . Using this recursive

relation, we can write

a(tk) = [a(tk�1) � B]+ + |{i : tk�1 < ri � tk}|

where [x]+ = max{x, 0} and |X | denotes the number of elements in set X .

In order to implement the dynamic programming algorithm, take the pair (r j , a j ) as

a state, where a j is shorthand for a(r j ). Define the function G(r j , a j ) as the minimum
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sum of completion times for the state (r j , a j ). Then, the dynamic programming

recursion takes the following form:

G(r j , a j ) = min{G(r j+1, a j + 1), minh{S( j, h) + G(r �
j , a�

j )}

where S( j, h) denotes the sum of completion times for the jobs contained in the next

h consecutive batches, r �
j denotes the first release date after the h consecutive batches

complete, and a�
j denotes the number of available jobs waiting to be processed at

time r �
j . Expressed in symbols, we have

S( j, h) =

h
�

k=1

(r j + kp)bk

r �
j = min{ri : ri > r j + hp}

a�
j = a(r j + hp) + 1

The solution is found by calculating G(r1, 1), starting with the ending condition that

G(rn+1, x) = 0 for any x . The computational effort for each state is at worst linear

in the number of jobs, n, and the total number of states cannot exceed n2. Thus, the

algorithm requires an effort of O(n3).

13.4.4 Batch-Dependent Processing Times

In the batch processor model, the process times are typically a fixed constant, which

we have denoted p. A slightly more complicated model allows the batch processing

time to depend on the jobs assigned to the batch. Suppose that job j has a distinct

processing time, pj. When several jobs are assigned to a batch, the batch processing

time is the maximum processing time among its assigned jobs. This generalization of

the fixed batch model is motivated by the problem of scheduling burn-in operations

for electronic components, and we refer to it as the burn-in model. Each component

must be tested under high-temperature conditions for a given length of time, called

the burn-in time. Different component types can have different burn-in times. The

number of components that can be tested simultaneously is often larger than the

number of any one type that is available for testing, so there is an incentive to mix

component types in any test batch. The temperature is common to different types,

and no significant harm is done by testing a component for longer than its required

burn-in time. Therefore, the length of the batch run is determined by the longest

required burn-in time in the batch.

For the burn-in model, we can develop a solution algorithm for the F-problem

based on some dominance properties. First, suppose we have determined an assign-

ment of jobs to batches and numbered the batches from 1 to b. Batch k has processing

time Pk , which denotes the maximum processing time among the jobs assigned to the

batch. Also, let nk denote the number of jobs assigned to batch k. With this notation
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we can write the performance criterion as

F =

b
�

k=1

nk

k
�

i=1

Pi (13.8)

An alternative expression for the total flowtime follows from interchanging the order

of summation:

F =

b
�

i=1

Pi

�

�n �

i�1
�

j=1

n j

�

� (13.9)

An adjacent batch interchange argument shows that in an optimal schedule the batches

should be sequenced in nondecreasing order of Pk/nk .

A second dominance property assumes that the jobs are numbered in SPT order.

Then it is possible to show that there is an optimal schedule in which all batches

contain consecutively numbered jobs. This property simplifies the search for an

optimum considerably. We can imagine the jobs listed in sequence, and we can view

the scheduling problem as deciding where the batch boundaries should be placed

among the (n � 1) possible locations.

� Example 13.7 Consider a burn-in problem containing the following set of

n = 8 jobs, and suppose that the capacity of the batch processor is B = 3.

Job j 1 2 3 4 5 6 7 8

pj 4 6 7 9 12 18 20 24

With eight jobs, we know that any schedule will necessarily have at least three

batches and as many as eight. The three-batch solutions, along with their F-values,

are listed below.

Batches Process Times Completion Times F

{1, 2, 3} {4, 5, 6} {7, 8} 7, 18, 24 7, 25, 49 194

{1, 2, 3} {4, 5} {6, 7, 8} 7, 12, 24 7, 19, 43 188

{1, 2} {3, 4, 5} {6, 7, 8} 6, 12, 24 6, 18, 42 192

Similarly, we could enumerate the list of four-batch schedules, five-batch schedules,

and so on, up to a single eight-batch schedule. Any schedule added to the list could be

eliminated before evaluating its total flowtime if we encountered an adjacent pair of

batches in conflict with the desired ordering of the ratio Pk/nk . For example, consider

the schedule made up of the batches {1} {2} {3, 4, 5} {6, 7, 8}. The second batch

has a ratio of 6, but the third batch has a ratio of 4. Therefore, this schedule does not

belong to the dominant set unless we interchange the second and third batches.




