PREFACE

Karl A. GSCHNEIDNER, Jr., and LeRoy EYRING

These elements perplex us in our rearches [sicl, baffle us in our speculations, and
haunt us in our very dreams. They stretch like an unknown sea before us —
mocking, mystifying, and murmuring strange revelations and possibilities.

Sir William Crookes (February 16, 1887)

Today, about a decade short of two centuries after Lt. C.A. Arrhenjus dis-
covered the rare earths, we are witnessing a rapid growth in our knowledge of
this family of 17 elements. In the five years, 1971 through 1975, we have learned
as much about the rare earths as in the previous 25 years. In an attempt to assess
the current state of the art (1976) the editors, with the encouragement of the
publishers and other fellow scientists, have invited experts in various areas to
write comprehensive, broad, up-to-date, and critical reviews. Some of the
subjects were chosen because they are mature and still quite active; others
because they are essential as background information and for reference; and
some topics because they are relatively new and exciting areas of research.
Unfortunately there are a few areas which have not been included in the four
volumes either because they could not be covered adequately at present or
‘because the appropriate authors were unavailable. Perhaps a future volume
could remedy this and bring other rapidly expanding topics up-to-date.

A goal of these volumes is to attempt to combine and integrate as far as
practical the physics and the chemistry of these elements. The strategy has been
to divide the work into four volumes, the first two dealing primarily with metallic
materials and the other two with non-metallic substances. The interaction of these
disciplines is important if our knowledge and understanding is to advance quickly
and broadly. Historically there are several important instances where one discipline
had a great influence on the advancement of the science of rare earths. From the
time of Arrhenius’ discovery in Ytterby, Sweden until the last naturally occurring
rare earth was discovered (lutetium in 1907) the chemistry of the rare earths was
hopelessly confused, but the theoretical work of Niels Bohr and the experimental
studies of H.G.J. Moseley (both physicists) in 1913-1914 showed that there were 15
lanthanide elements to be expected plus the two closely related metals scan-
dium and yttrium. The discovery of ferromagnetism in gadolinium by G. Urbain,

v



vi PREFACE

P. Weiss and F. Trombe in 1935 stirred much excitement and was a foreshadow of
the activities of the past twenty years. All of this, however, might not have been
were it not for the efforts of two groups of chemists headed by G.E. Boyd at the Oak
Ridge National Laboratory and F.H. Spedding at the Ames Laboratory who in the
late 1940’s developed the ion exchange techniques for separating rare earths, The
method developed by the latter group is still being utilized by many industrial firms
for preparing high purity rare earth materials. In the 1960’s and 1970’s several
important discoveries—rare earth phosphors, cracking catalysts, rare earth-cobalt
permanent magnets, etc. have made significant practical impacts and stimulated
much research, but the extent of these are difficult to judge and put into their proper
perspective at this time. Hopefully, these four volumes, and any which may follow
will make a major contribution to our progress in understanding these exotic and
fascinating elements.

In writing these chapters the authors have been asked to use the term “rare
earths” to include Sc, Y and the elements: La through Lu, and the term
“lanthanides’ when referring to only the elements La through Lu. The editors have
attempted to enforce this usage rigorously when editing the various chapters.
Furthermore, we have encouraged the authors to use the SI units as far as
practicable to bring the subject matter into accord with current scientific and
technical practice.
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PROLOGUE*

F.H. SPEDDING
Ames Laboratory - US DOE and Departments of Chemistry, Physics,
and Materials Science and Engineering, Iowa State University, Ames,
Iowa 50011, USA

The rare earths are a group of 17 metallic elements which occur in the third
column, elements 21, 39, and 57, and elements 58 through 71 which appear in the
extended sixth row of the periodic table. They all form trivalent compounds with
three electrons in their valency shell, and in the metals most of them have three
electrons in their conduction bands. They all exist in dilute aqueous solutions as
trivalent positive ions. Since these elements represent about g of the total
elements in the periodic table and about § of the elements that are reasonably
available in the earth’s crust, they are bound to play an important role in our
future technology. Further, in the metallic form, they comprise about § of the
metals which are sufficiently available to be used in making useful alloys.

The rare earths are not really rare in nature. Cerium is reported to be more
abundant in the earth’s crust than lead and tin, and even the rarer elements,
europium and lutetium are much more abundant than the platinum group
elements. Except for scandium, these rare earths have never been found in
nature as individual rare earths, but wherever they are found, they occur as
mixtures of these elements in some combined form. The relative abundance of
the individual rare earths can, however, vary considerably in these mixtures,
depending on where they are found. In general, the even atomic numbered
elements are from three to ten times as abundant as the odd numbered adjacent
elements in the lanthanide series, and in the earth’s crust, the light (lower atomic
number) lanthanides are more abundant than the heavies.

The first of the rare earths, yttrium, was discovered just before the beginning
of the Nineteenth Century (1794) in a rare Swedish ore, and separated in the
form of an impure oxide. At that time, the more active metals such as mag-
nesium, calcium, aluminum and barium had been isolated only in their oxide
form. These oxides were believed to be elements and were referred to as
“common earths”. The ancient Greeks taught that all matter was made up of

*This work was supported by the US Department of Energy, Division of Basic Energy Sciences.
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four elements: air, earth, fire and water, and the earths were those compounds
which could not be split further by the sources of heat then available in the
laboratory. Since yttrium oxide, called yttria, resembled the “common earths™, it
subsequently became known as a “‘rare earth”. Not until 1808 did Sir Humphry
Davy demonstrate that the “earths’ as a class were not elements themselves, but
were compounds of oxygen and metallic elements.

During the next 110 years, all the naturally occurring rare earths were
discovered and isolated; however, they proved to be a very difficult group of
elements to discover, to isolate, and to obtain their compounds in pure form.
Much of the chemistry investigated in the Nineteenth Century was done in
aqueous solutions and we now know that the trivalent ions of the rare earths
stromgly attract the water dipoles around them so as to form a sheath around the
rare earth ions. These early chemists were, therefore, working with trivalent ions
which were shielded by a water envelope and the properties of the rare earths in
solution or in the hydrated crystals were much alike. As a result, the rare earth
salts readily formed solid solutions with each other, and when a rare earth was
precipitated, the crystals always contained a mixture of rare earths. At best, the
rare earth desired was only slightly enriched in a singie chemical operation.

The property that one rare earth ion can readily be substituted for another
in the lattice of almost any rare earth crystal with very little strain resulted in the
development of many fractional separation methods being devised to separate
one rare earth from another. A typical process would be to dissolve a large
amount of the mixed rare earth oxides using some acid and then to precipitate
half of the rare earths present as some salt. The liquid would be separated from
the crystals and the crystals redissolved. The operation was then repeated on
both fractions, although the amount of rare earth precipitated in each batch
would be only one-half of the amount precipitated in the original operation. This
process would be repeated many times and the heavy rare earths would
concentrate at one end of the series and the light rare earths at the other. All the
natural lanthanide elements were discovered and isolated from each other by
such methods, although in almost all cases, it required hundreds, or occasionally
even thousands of fractionations to obtain an individual rare earth in a highly
pure form. This enormous amount of labor could be shortened somewhat by
procedures such as combining adjacent inner fractions and treating them as one
unit, or by starting simultaneously several large batches of the same mixed
oxide. As the fractionation proceeded and the rare earth salts became spread
over too many units so as to make the amount of rare earth salt in any one unit
rather small, corresponding units from all the simultaneous batches could be
combined and the fractionation continued on the combined samples. Often these
early rare earth chemists would start the process using one fractionational
method and then proceed on various sections of the original series, using a
different fractional method, because it would work better on the changed oxide
mixtures whose composition would differ greatly from that of the original mixed
oxide. However, in spite of these modifications, the amount of “pure’ rare earth
coming out of each end of the series was usually quite small and in most cases,
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rather impure. Due to the enormous amount of labor involved for the rare earth
chemist, it was extremely difficult for the average chemist to get any of the
heavier rare earths to experiment with, and when available, they were extremely
expensive. This resulted in the general impression among chemists that they
were rare elements. The separation problem was still further complicated by the
fact that the usual analytical methods available for determining the quantity of
ordinary elements present in a sample did not work at all well for these rare
earth elements. For a large part of this historical period, the various fractions
had to be analyzed by atomic weight determinations, although the process could
be aided somewhat by observing the color of the precipitants, since a few of the
rare earths are colored. By observing color changes along the series as the
fractionational process continued, the rate of progress of the method could be
estimated.

It was not until 1859 that Bunsen first applied the spectrograph to analytical
chemistry determinations, and this development proved useful in the case of the
rare earths. The nature of the spectra of the various rare earths was not
understood until well into the Twentieth century, so the analytical methods were
empirical and not always dependable. The uncertainty was due to the fact that
the transition elements also separated along with the rare earths in the frac-
tionation process, and tended to complicate the various spectra obtained. As a
result of these complications, the discovery of over 70 new rare earths was
reported in the literature. Many of the “new’ elements were based on spectra
differences in the fractions obtained, and no one knew how many rare earths
should exist. It was not until 1869 that Mendeleyev published his first periodic
chart. Incidentally, in doing so, he had to leave a blank where scandium now
occurs, and he predicted a new element would be found which would have the
general properties now attributed to the rare earths. Shortly afterwards (1879)
scandium was discovered, and its discovery greatly aided in the general accep-
tance of Mendeleyev’s ideas. While the chart had a place for lanthanum, there
was no place in his chart for the other rare earths, since they also seemed to fall
in the space reserved for lanthanum. The early chemists seemed to think they
were discovering a new type of element with properties very similar to the
properties which we now ascribe to isotopes, and some even speculated that
these other rare earths were different modifications of lanthanum.

After Moseley published his work relating X-ray spectra to atomic number in
1912, it became known for the first time how many rare earth elements should
exist, and it became possible to eliminate many of the elements which had been
falsely reported in the literature. The anomaly that 14 elements with properties
similar to lanthanum existed, intrigued the theorists, and the existence of these
elements proved an important clue in developing our present theories of atomic
structure. '

In whatever form the lanthanides are found in nature, they always occur as
mixtures containing considerable amounts of either lanthanum or yttrium or
both. Lanthanum and yttrium from the beginning were always considered by the
chemists to be members of the rare earth group, and this classification continues



xviii F.H. SPEDDING

to this day. However, with the development of the modern theories of atomic
structure, the physicists preferred to include only the elements 58 through 71 in
this category. When it was discovered that the new synthetic elements in the
seventh row of the periodic table also occurred in a region which an inner 5f
subshell was filling and that many of these elements resembled rare earths, they
also were called rare earths belonging to a second series. However, shortly,
many scientists started calling the elements 58 through 71 lanthanides and the
elements 90 through 103 actinides. During this period there developed some
confusion in the literature as to just what was a rare earth. Fortunately, this
matter was somewhat clarified when the International Union for Pure and
Applied Chemistry recommended in 1968 that the elements 58 through 71 be
referred to as “lanthanides” and that the name rare earth be reserved for the
elemients scandium, yttrium, lanthanum and the lanthanides.

It is now known that at element 57, a change takes place in the way the
electrons are added to the atoms as the atomic number increases. As the charge
on the nucleus increases with increasing atomic number, the extra electron
which balances this increased positive charge starts entering an inner 4f shell in
the atom, leaving the number of valency electrons undisturbed. Since this inner
shell is shielded by the completed 5s’-5s® subshells, they play a very little role in
determining the chemical properties of the elements, and atomic theory states
that this inner shell can hold up to 14 electrons. This gives rise to the 14 elements
of atomic number 58 through 71. Also as the positive charge on the nucleus
increases with atomic number, the extra charge pulls all the electrons in
somewhat. The presence of the balancing 4f electrons greatly influences this
contraction because of the way they modify how much positive charge the other
electrons, particularly the valency electrons, see. This contraction is known as
the lanthanide contraction. In most compounds this contraction permits the
neighboring atoms to approach closer to the center of the rare earth ion so that
the lattice parameters of the crystal change in a predictable way across the
series. The crystal structure of many compounds and alloys remain similar
across the series, but the smaller lattice parameters cause their properties to
change in a predictable manner. In other cases, at some point in the series, the
crystal structure can change abruptly to a different crystal structure possessing
different properties. The new structure can continue along the lanthanide series
with its decreasing lattice parameters.

Theorists who are relating one property of a substance to another, or who are
developing relationships between the properties of a material and its crystal
structure and composition find in the properties of the lanthanide elements a
powerful tool in their work. By observing how the properties change across the
lanthanide series for a given material, they can see whether the relationships
they have developed are likely to be real or whether they are essentially curve
fitting.

It has been known for some time that the valency electrons are the electrons
which are usually easiest to remove from the rare earth ion and which overlap
the neighboring atoms in the condensed state. They are, therefore, responsible
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for most of the chemical binding and in theory, if one knew the location and
magnitude of the electric and magnetic fields which they set up, one could
predict most of the properties of the materials. It takes considerably more
energy to remove electrons from the inner shells and therefore, they play almost
no part in the valency forces. Since the rare earths usually have three electrons
in their valency shell, this accounts for all of them exhibiting trivalent behavior.
The 4f electrons are electrically well shielded from their neighboring atoms by
the completed 5s and 5p subshells so they only slightly influence the valency
forces; however, in some of the rare earths, there is not much energy difference
in the binding between the 4f and the 5d electrons which act as a valency
electron. By changing the environment around a rare earth ion, and therefore the
crystal fields which act upon it, it is possible to promote a 4f electron to the
valency shell making the rare earth 4-valent, or to demote the 5d valency
electron into the 4f shell, thereby making the ion divalent. It was early found
that, in aqueous solutions, the 4f electron of cerium, under special conditions
could be promoted to give a 4-valent cerium and later, in the case of europium
and ytterbium, that a 5d valency electron could be changed to a 4f electron so as
to give divalent compounds. It was therefore possible to separate cerium,
europium and ytterbium from the other lanthanides by first putting them in their
tetra- or divalent state and then removing them with a simple chemical opera-
tion. It should also be pointed out that in the fractionation process, if these
elements could be removed at some point in the procedure, the process became
much more rapid. In media other than water, such as fused salts, or in the solid
state, praseodymium and terbium could be made tetravalent while europium,
samarium, thulium, neodymium and perhaps others could exist in the divalent
form.

The mixed rare earths are found rather widely distributed in nature. They are
found in most rocks in concentrations of from 5 to 100 parts per million. When
molten acid silicate rocks come in contact with the molten basalt, rare earths are
extracted into the silicates at a somewhat higher concentration, and the extrac-
tion is a little bit more efficient for lanthanum than lutetium. In recent years,
accurate analytical methods have been developed for determining the relative
abundance of the rare earths when they are present in such low concentrations.
This is done by means of the mass spectrograph and by activation analysis. The
rare earths are, therefore, of great interest to the theorists and geochemists,
because if these workers can get good analytical results of the relative abun-
dances of these elements across the rare earth series, they can work backwards
to see whether the rocks at any time have been above a certain temperature or if
they have been molten. Further, information can be obtained as to whether the
environment in which the extraction took place was a reducing or oxidizing
environment. Since europium can be reduced to the divalent form and therefore
separates rapidly from the other rare earths, it will be in low abundance in the
series, while if the extraction takes place in an oxidizing atmosphere, cerium will
be oxidized to the 4-valent state, and again get depleted from the system. For
these reasons, there was great interest in the rare earth content of the moon
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rocks. The results showed that the thermal history of these rocks was much
more complicated than had been originally believed.

The rare earths can also occur as minerals rich in rare earth content. We find
deposits of such minerals as monazite, xenotime, bastnaesite, gadolinite, samar-
skite and many others, although many of them only occur in small pockets in the
massive rocks. These minerals were probably precipitated from either the
molten rocks or from superheated brines under pressure. It is known that the
molten magma is welling up under the mid-ocean mountain ranges, and comes in
contact with sea water at high pressures and temperatures. Brines also come in
contact with the hot rocks under pressure deep in volcanos and in the deep
ocean trenches where the ocean plates reenter the molten magma. In these areas,
therare earths are extracted from the molten rocks and at other temperatures
and pressures are redeposited. While information concerning the properties of
these materials under these conditions at present is sketchy, the presence of rare
earth minerals can tell us something about the earth’s earlier history, although
we can already draw some conclusions from the information now available. As
we learn more about the phase systems and solubilities of these rare earth
compounds under conditions of high temperatures and pressure, much more
precise information can be deduced as to previous history of the rock formations
in which they occurred.

When organic matter derived from many living specimens is calcined, the
ashes contain rare earths at a concentration of a few parts per million. This
phenomenon is widespread, but it is not known whether these trace elements
play an essential role in the living process. Further research in this area should
be interesting.

The nuclear properties of the rare earths are of great interest to nuclear
scientists. The even numbered rare earths are rich in stable isotopes, possessing
from three to seven each; while the odd numbered rare earths have few: Pm has
no stable isotopes, five have 1 isotope and two have 2 isotopes. Radioactive rare
earths are formed in fission in considerable abundance, and this is not only true
for uranium, but for the heavier actinides in general. They can also be formed by
accelerators and by radioactive decay from other radioactive isotopes. The
lanthanide elements appear in that part of the periodic table where the number
of radioactive isotopes are the most numerous. Already, from 10 to 20 radioac-
tive isotopes for each element have been identified. It is also in this part of the
periodic table where the nuclei show anomalies, some of them being quite
ellipsoidal. Several of the isotopes belong to the “magic number” group, where
all the neutrons are in completed shells. A careful study of the nuclear properties
of the rare earths has already played an important role in helping establish the
shell model of the nucleus, and I am sure that in the future, as the properties of
these isotopes are better known and understood, a great deal more will be
learned about nuclei. The relative abundance of the rare earths, elements and
isotopes is of great interest to the cosmologists in developing the theories of how
the universe, galaxies and stars formed; how the various celestial bodies obtain
their energy, and how they decay in cosmic time.
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Some of the rare earth nuclei have small capture cross-sections for neutrons,

and some have extremely large capture cross-sections. From the practical
viewpoint, since the rare earths are formed in fission, such information plays an
important role in nuclear energy technology. A knowledge of the cross-section,
lifetimes and chemical behavior of the isotopes is extremely important in the
design of reactors, control rods, “nuclear poisons” and reactor waste disposal
processes.,
" The preparation of the pure rare earth metals from their salts or oxides also
proved to be a very difficult problem. Rare earth molten metals react strongly
with the light elements: hydrogen, nitrogen, carbon, oxygen, phosphorus,
sulphur and the halides. In fact, in a molten mixture of rare earths and other
metals, the rare earths will take these elements away from most of the other
metals, and either collect them in the slag or into nodules clustered about the
rare earth ions in the metal. Even if the other metal is still solid, the rare earth
will remove such impurities from its surface and even to some extent extract
them from the solid. The rare earths should never be melted in air or even in a
poor vacuum. The molten rare earths will rapidly become a rich rare earth alloy
of hydrogen, oxygen, nitrogen and carbon. Many of the properties of the rare
earth metal can rapidly shift as the impurity content increases. The problem is
further enhanced by the fact that these impurities have the values of the low
atomic weights, so that there is a considerable difference between impurity
concentrations as expressed in atomic per cent and in weight per cent. The worst
case would be hydrogen in lutetium metal, where the ratio of their weights is
1:175, thus for each 1ppmH by weight in Lu, the atomic concentration is
175 ppm H. The rare earths also readily alloy with most of the other metals of
the periodic table, and as is well known, such alloys can have properties
different from that of either one of the pure metals. In fact, in the author’s
opinion, the molten rare earths come as close to being the universal solvent
which the ancient alchemists sought so diligently as is likely to be found. These
properties make it extremely difficult to find crucibles in which to melt the metal,
and the early crucibles available were particularly bad for this purpose.

The second difficulty was that it was difficult to obtain pure metal reductants,
so that as the metal was reduced with potassium or calcium, all the impurities in
these materials would end up in the rare earth metal, and finally it was difficult to
get pure rare earth salts. The laborious process needed to isolate these elements
meant that except for cerium and lanthanum, usually only small samples could
be obtained. They were almost certain to contain several rare earths. As a result
of these difficulties, most of the metal made in the earlier years was extremely
impure and many of the properties reported for a particular rare earth were
likely to be in error.

Well over 100 years ago, Mosander produced the first rare earth metal. [t was
extremely impure and certainly contained several rare earths and considerable
quantities of carbon and oxygen. Prior to World War 1I, the apparatus available
for making rare earth metals was inadequate for such studies. Good crucibles
were not available. High temperature sources and good high vacuum equipment
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were not available in most laboratories, and frequently the materials used in the
reduction were very impure, particularly with regard to the light elements. This
situation was marked in the early years of rare earth development, and even in
the first half of the Twentieth Century, when many of these difficulties had been
minimized, those materials that were produced were much less pure than they
were thought to be at the time. Except for cerium and lanthanum, due to the
above difficulties, only small amounts of rare earth metals were made and they
were expensive. Only a few properties were determined and almost no work was
done with regard to alloys. It was not until the 1950’s after the band displace-
ment method of ion exchange, which was capable of producing extremely pure
individual rare earths had been developed at Iowa State College that widespread
intensive research on the individual rare earths got under way. Industry adopted
these methods and started producing them in any quantity desired at reasonable
prices. Later, as the industrial demand for certain rare earths became important,
liquid-liquid extraction methods were developed which were even less expen-
sive for example, for obtaining yttrium and europium. Also, during the 1950’s,
processes for producing pure rare earth metals were developed after sheet
tantalum and tungsten became readily available commercially, as did ultra-high
vacuum equipment. As the pure rare earth metals were produced and their
properties explored, considerable research on the rare earth alloys commenced
in many laboratories, so that today, there is a rather extensive literature on the
properties of many of these alloys, as is evident in many chapters of this
volume. In spite of this effort, the author feels that the field has barely been
scratched, and that an enormous amount of work still remains to be done.

The history of the mixed rare earths is another story. Towards the end of the
Nineteenth Century, industrial uses began to appear for these mixtures. During
this period, Carl Auer invented the Welsbach gas mantle and the lighter flint. A
sizable industry developed for producing these materials and considerable
amounts of mixed rare earths were needed in their manufacture. While it is
relatively easy to separate the mixed rare earths from their minerals, prior to this
time, most of these mixtures had been obtained from rare minerals. With the
development of the industry, cheaper sources were sought. It was found that
certain minerals such as monazite occurred concentrated in the earth’s crust in
considerable quantities and scientists became aware that the rare earths were not
really rare. Carl Auer, for his scientific achievements and his development of the
sizable rare earth industry, was made-a Count by the Austrian Emperor, and
since that time he is now better known as Count Carl Auer von Welsbach. This
industry has continued to grow to this day, and many other uses for the mixed
rare earths and for the easily separated cerium and lanthanum were found.
These mixed rare earths were found to be excellent catalysts for certain organic
reactions and considerable quantities of them are used by the petroleum industry
in the cracking of petroleum. They are also used as catalysts in other organic
reactions but it is difficult to estimate to what extent they are used, since many
industries impose proprietary secrecy on their use and do not publish figures.
However, the author believes that this is a very important field, and that as more
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research is done on varying the composition of the mixtures and on the effect of
individual rare earths on various organic reactions, a considerably greater
market should develop for these elements.

Lanthanum oxide has a very high refractive index, and it has found consider-
able use in the glass industry for optical equipment. Lanthanum, cerium and
didymium (a mixture of praseodymium and neodymium) have found applications
in the glass and ceramic industry for decolorizing glasses, getting rid of glare,
and for ceramic coatings. Cerium oxide proved to be a better polishing powder
than rouge in polishing glass.

Extremely intense white light can be obtained by coring carbon arcs with
mixed rare earths. Such arcs have been widely used in the movie industry and in
searchlights.

When the mixed rare earths as they are extracted from the various ores are
reduced to the metal, the alloy produced is known as misch metal. This alloy, as
well as metallic cerium, have found wide applications in the metallurgical
industries. They are used as “getters” to remove or localize impurities in other
metals, e.g., steel and ductile iron. They are also used in the manufacture of
“flints” in cigarette lighters and have found use as pyrophoric materials in many
military applications. This, of course, is only a partial list of the applications
which have been found for the mixed rare earths, but the total sales of these
materials account for about one-half of the dollar value and more than 90% of
the tonnage volume of the rare earths consumed in the world.

While the 4f electrons play only a minor role in the valency forces which
determine the chemical properties of the rare earths, they can play a major role
in certain physical properties. As the electrons enter the 4f shell, their orbital
angular momentum and their spin momentum are not balanced, so that most of
the lanthanide elements are strongly paramagnetic and in the case of the metals
and certain solid compounds as their temperature is lowered, they can become
antiferromagnetic with various spin arrangements, ferrimagnetic, and in some
cases, even strongly ferromagnetic. Some of them have ferromagnetism stronger
than the iron group elements. It has been found that some alloys, particularly the
CosSm alloy, form stronger and longer-lasting permanent magnets than the
common ones now in use and an appreciable market is now developing for these
materials.

In recent years, there has been a large amount of research carried out on the
magnetic properties of the rare earth metals, alloys, and solid compounds. The
great sensitivity of these properties to changes in temperature and pressure as
well as presence of impurities, makes such data of great value to the theorists.
Already, they have played an important role in developing our present under-
standing of magnetism and as more data is accumulated, I am sure that it will
continue to help guide the improvements which the, theorists will make in this
area.

The presence of these unbalanced electrons result in the rare earth materials
possessing extremely complex spectra. The unbalanced angular momentum of
the inner 4f shell can combine in many ways with the unbalanced moments of
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the valency shell or conduction bands, and this gives rise to many metastable
states, particularly in the condensed state of matter, where the energy levels of
the rare earths are subject to the crystal fields of the surrounding atoms. As the
temperature is raised or the pressure increased, many of these low-lying levels
can be populated or have their population changed. Each state results in the rare
earth material having different magnetic properties and if the material is made up
of a mixture of a given rare earth ion existing in these various states, the
magnetic properties of the material will be a weighted average of the relative
population and magnetic property of the various occupied states in the material.
Such behavior accounts for the sensitivity of the rare earths to temperature and
pressure.

The spectra of the rare earths are now beginning to be understood theoretic-
ally, and the richness of the possible excited states make these materials a rich
source for laser materials, fluorescent screens such as television screens, intense
sources of light such as street lights, and perhaps in the future even to the
invention of intense panel lighting, where an entire wall will fluoresce brilliantly
in any shade desired by the application of an electric potential.

While the properties of the aqueous solutions and the hydrate crystals change
only slowly as one progresses across the lanthanide series, as the water envelope
surrounding the rare earth ions is removed, the difference in properties between
adjacent elements become much more marked. If the rare earth ions are
complexed with organic molecules which replace some of the water molecules,
such as chelates, (organic molecules which wrap themselves around the rare
earth ion), the difference between the properties of adjacent elements becomes
much more marked. Advantage of these phenomena has been utilized in
developing the ion exchange and liquid-liquid extraction methods for separating
the rare earths in high purity. If the water envelope is completely removed, as in
anhydrous salts, the difference in properties becomes still more marked and
finally in the metals and alloys, the difference in properties can be quite
appreciable. While the difference in properties between adjacent rare earth
metals may not be too great, the difference in properties across the series from
lanthanum to lutetium is as great as for many of the other series which occur in
the periodic table, such as copper, silver and gold; sodium, potassium, rubidium
and cesium; calcium, strontium and barium; and iron, cobalt and nickel. For
example, the melting point of lutetium is almost twice that of lanthanum. Even
for the small changes in properties across the series, exhibited by the aqueous
solutions, these small differences can play an important role in scientists getting
a better understanding of electrolytic solutions, since all the rare earth salts are
strong electrolytes.

Good, precise data on the thermodynamic and other properties of such
solutions can give the theorists material for understanding the nature of elec-
trolytes and this is extremely important, since the ocean is an electrolyte and
electrolytes play a very important role in most life processes. To sum up, the
properties of the various rare earth metals, alloys and compounds can vary
widely so that it is possible to pick one of these materials which possesses almost
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any property one desires. The rare earths should, therefore, play an ever
increasing role in finding substitutes for scarce materials. While the properties of
the rare earth material which could be used in such substitutions will not be
exactly the same as those of the scarce material, it will possess the properties
which that material possessed that made it important in its industrial appli-
cations. Unfortunately, while it is possible to find a rare earth material which will
perform equally as well as many of the more common materials in some
applications, they are seldom used for this purpose, because the common
materials are much cheaper. But, as some materials become scarce and more
expensive, then the rare earths will be more widely used. Their uses will also
increase as the rare earths become cheaper. This can be brought about as
quantity uses for several of the rare earths can be found, since the additional
operations of getting three or four of the rare earths is not much more
complicated than getting the one now desired, and which at the present time has
to bear the entire cost. At the present time, if a rare earth material is to be used,
it must possess some unique properties which are much better than those of the
more common materials, Unfortunately from the commercial viewpoint, many
of these uses require only very small amounts of the rare earths to bring about
the desired results. Nevertheless, I am confident that as time goes on, the
specific uses of the individual rare earths will steadily increase and the industry
will continue to grow both in volume and total dollar sales.
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Symbols

Aq4 = energies of 5d electrons in the field of the nucleus and of the closed inner shells
A¢ = energies of 4f electrons in the field of the nucleus and of the closer inner shells
A, B, C = Racah parameters for d¥ configurations
C® = spherical harmonic tensor operator
CI = configuration interaction
E, E’, E, = energy eigenvalues
E' = Racah parameters for f¥ configurations
—e = electronic charge
f, F = single-electron operators
F*, F, = “direct” Slater parameters
g, G = two-electron operators
G*, G, = “‘exchange” Slater parameters
G, = one of the special Cartan’s groups
# = Planck’s constant /27
H, Hy = hamiltonian
H, = electrostatic interaction
H, = spin—orbit interaction
H,, = spin-spin interaction
H,,, = spin-other-orbit interaction
H, = effective electrostatic interaction
Hyg, Hg, g0 = effective electrostatic—spin-orbit interaction
HF = Hartree-Fock
Jj, J = total angular momenta
I, L = orbital angular momenta
m = electronic mass
M, M, m;, Ms, mj, M; = magnetic quantum numbers
M*, N* K** = mutual magnetic interaction parameters
n = principal quantum number
p = electronic linear momentum
P,(cos w;) = Legendre polynomial
g, Q = seniority operator
QQ = quadrupole interaction
Q¥ = effective EL-SO parameters for f¥ configurations
r = vector pointing from nucleus to electron
r=lr|
ry = distance between electrons i and j
R H,J,K, L, L,
M,N,P,,R,,R,,
R;, Ry, T\, T,, T; = configuration interaction parameters
R, = rotation group in n dimensions
R,/r =radial factor of the energy eigenfunction
s, § = spin angular momenta
Sk, T* = effective EL-SO parameters for 4f—5d electrons
SCF = self-consistent field
SDI = spin-dependent interactions
$s = spin-spin
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s00 = spin—other-orbit
T' = three-electron effective electrostatic parameters
196 TN = coupled tensor operators
U =(u,, u,) = set of integers characterizing the irreducible representations of G,
u®, U™ = unit tensor operators
U (r;) = central field potential
»™®, v = double tensor operators
v = seniority quantum number
= (w,, w,, w3) = set of integers characterizing the irreducible representations of the rotation
group in seven dimensions R;
W, = electrostatic energy for terms of maximum multiplicity
Y.m, = spherical harmonics
Z = atomic number
«, B = spin factors of the energy eigenfunctions
a, B, y = two-electron effective electrostatic parameters for f¥ configurations
B = Bohr magneton
A = mean error
V¥, ¢ = energy eigenfunctions
&(r;) = radial part of the operator representing the spin—orbit interaction
w; = angle between r; and r;
Luts Lut, e = Spin—orbit parameters

Introduction

The analysis of rare earth spectra, especially those of the very complex
lanthanides, started in the early fifties, with the publication of the four papers by
Racah (1942-1949), entitled “Theory of Complex Spectra’”. In these papers
Racah developed a powerful and elegant technique for calculating the energy
levels of configurations comprising two or more electrons by defining the
concepts of tensor operators, recoupling coefficients, seniority and coefficients
of fractional parentage. This technique has since become the basis for all
modern energy level calculations. In particular, in his fourth paper, Racah
applied the theory of continuous groups to the problem of characterizing the
states of f¥ configurations and calculating their energy levels.

The interpretation of the lanthanide spectra was further enhanced through the
simultaneous developments of new experimental methods and instrumentation
on the one hand, and the introduction of electronic computers for the per-
formance of complex calculations, on the other hand.

As far as the energy-level calculations are concerned, it has been concluded,
already in the first stages of the calculations, that electrostatic interaction
between neighbouring configurations, as well as effective electrostatic inter-
actions (which represent, to second order of perturbation theory, interactions
with distant configurations) should be taken into account in order to obtain
reliable and meaningful results. Since very little was known at that time
concerning the strengths of the various interactions, especially of those between
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configurations, the ‘“comparison method’” has been developed and used. Ac-
cording to this method, the interpretation of several neighbouring spectra, both
along an isoionic sequence and of different degrees of ionization of the same
element, is carried out simultaneously, and the values- of the parameters
representing the same interactions in the various spectra are continuously
compared. Simple spectra, especially two-electron ones, at both ends of the
lanthanide group, are especially suitable for such a comparison.

The following results were obtained:

(a) In most investigated spectra, good agreement between theory and experi-
ment was obtained, concerning both the energy levels and their g-factors.

(b) Reliable and consistent values were obtained for the parameters representing
the various interactions within and between configurations.

(¢) A complete understanding of the effects of the separate interactions on the
energy level structure was achieved.

(d) The stage has been reached where it is possible to make detailed predictions
about the structure of these spectra, even in those cases where the experimental
material is scant.

In recent calculations, the agreement between théory and experiment was
further improved by including in the calculations additional interactions, namely,
the spin-dependent spin-spin, spin-other-orbit and effective electrostatic—spin-
orbit (effective EL-SO) interactions.

This chapter comprises two parts. In part 1 the theoretical methods for the
energy-level calculations are discussed. Part 2 deals with the energy-level
structure of the lanthanide spectra, as affected by their electronic properties and
the strengths of the various interactions. The results and conclusions are
obtained mainly through the use of the semiempirical method; results of ab initio
calculations are sometimes given for comparison.

PART 1. THE THEORY OF COMPLEX SPECTRA - ASSUMPTIONS AND
APPROXIMATIONS

1. The central field approximation (Slater, 1929; Condon et al., 1951)

Energy level calculations of atomic systems are based on the Schrodinger
equation
Hy = E. (1.1

At the outset the investigated atom or ion is regarded as made up of a point
nucleus of infinite mass and charge Ze, surrounded by N electrons, each of mass
m and charge —e. The nonrelativistic Hamiltonian of such a system is

N N N
H=Y pH2m - Zelr+ D er, (1.2a)
=1 =1

i>j=1

where p?/2m is the kinetic energy of the electron i, Ze¥/r; its potential energy in
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the field produced by the nucleus, and e*/r; is the electrostatic interaction
between the electrons i and j.

A better description of the energy level structure of the atomic system is
obtained, by adding to (1.2a) terms of relativistic origin, which represent the
magnetic interactions of the electronic orbits and spins. Among these, the
spin—orbit interaction described by a term of the form (Condon et al., 1951)

X Er - s (1.3)

is by far the dominant one. The approximate Hamiltonian, capable of reproduc-
ing with reasonable precision, the various features connected with the energy-
level structure, is thus given by the following formula

N

H= 2 [pH2m — Ze*r + £(r)k - 5]+ 21 eNr; (1.2b)
i>j
A more adequate description is obtained by including additional terms in the
Hamiltonian, as will be discussed below.

Exact solutions of Schrodinger’s equation are impossible for atoms containing
more than one electron. The most common approximation used for solving
Schrodinger’s equation for complex atoms is “the central field approximation”.
In this approximation, each electron is considered to move in the field of the
nucleus and a mean central field due to the charge distribution of the other
electrons. If electron i moves in the spherically symmetric potential —U(r)/e,
the Hamiltonian H, for the central field approximation will be

N
Hy= ; p2m + Ur)). (1.4)

The difference V= H — Hy, may now be treated as a perturbation potential.
Schrodinger’s equation

N
,2::1 (—#12m)VEi+ U(r)lg = E° (1.5)

for the central field approximation, can be separated by choosing a solution such

that
N

N
w=[lwtk) and  E°'=3 Eitk). (1.6)

The equation satisfied by each (k) is
[(=#212m)V* + U (r)lg (k) = E*(k)y(k), (.7

where k represents the set of quantum numbers (nim,). Physically this means
that in the central field approximation each electron moves in the central field
U(r) exactly as it would move if the other electrons were absent. The normal-
ized solutions of (1.7) for bound states may be written as

Y(k) = r"'Ru(r)Yim (6, $), (1.8
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where Y, are the spherical harmonics defined by Condon et al. (1951). The
radial function R, (r) depends on the central potential U(r) and, as in the case of
the hydrogen atom, its number of nodes (not including the origin)is n —/ — 1. In the
general central potential U(r), the allowed energy values E°%(k) are degenerate only
with respect to m; but not with respect to I. The degeneracy of the energy
eigenvalues with respect to / is a property of the coulomb potential energy e*/r and
is therefore a characteristic property of the hydrogen atom only.

The spin of the electron is taken into account by multiplying (k) by a or 8
according to the two possible spin orientations m, = =3 along the z axis.
Although the substitution

¥ = dn(k)(ks) . .. dn(kn)

has been made, it is clear that any permutation of the N electron indices with
respect to the N sets of quantum numbers also leads to a solution of
Schrodinger’s equation belonging to the same eigenvalue E°. Each of the N'!
¥-functions thus obtained should be multiplied by N spin functions, one for
each electron. Of all possible linear combinations of the resulting functions, only
those which are totally antisymmetric with respect to a simultaneous permu-
tation of the spin and spatial coordinates of any pair of electrons can serve as
eigenfunctions for an atomic system. This is the mathematical formulation of the
Pauli exclusion principle. The normalized antisymmetric functions of an N
electron system can, therefore, be written as ‘““determinantal product states”

L | WDKK

VN! | ’

‘!II(KN)‘!Q(KN) ... ‘!’N(KN)
where K = (nlmym;). These functions are known as zero-order wave functions.
Since the eigenvalues E%K) are degenerate with respect to m, and m, the
eigenvalues E° in the central field approximation are characterized by the
symbols

(n)(naly) . . . (naln).

This sequence of quantum numbers specifies the electronic configuration of the
system. The energy levels E° themselves are called configurations.

2. Electrostatic and spin—orbit interactions as first-order perturbations

Once the zero-order wave functions are known, they can be used for calculat-
ing the first-order corrections to the energies due to the perturbation potential
N

N N
V=H_H0=Z [—Zez/r,-— U(r,-)]+ e2/r,-,-+2 §(r,-)l,- * Si. (110)
i=1 . 1 i=1

i>j=

The first term on the right is purely radial and causes only a displacement of
each configuration as a whole. Each of the two other terms, namely the
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electrostatic interaction H;= X;.;e*/r; and the spin—orbit interaction H,=
3 E(rl; - s;, is different for different states of the same configuration, thus
serving to partly remove the degeneracies of the configurations; that is, under
the influence of these two interactions each configuration splits into levels. In the
first order of perturbation theory each configuration is treated separately,
assuming that the distances between the configurations are much greater than
the splittings caused by H,+ H,. Therefore, only H,+ H, will be considered as
the perturbation potential.

The first-order energy corrections E' are obtained by first calculating the
matrix elements

(P'[H\+ HyIM) = J’ Y*(I)(H + Hy)yp((I') dr (1.11)

where I'=(KK,...Ky) and ¥(I'), (I"') run over all determinantal product
states belonging to the same configuration, and then solving the secular equation

det '(F|H1+H2'F,)_E16rr'|=0 (112)

The methods for calculating integrals of the type (1.11) are described by Condon
et al. (1951), both for H, which is a single-electron operator of the form
F=3N,f(i) and for H, which is a two-electron operator of the form G =
SN,_1g(i, j). The results are summarized below:

(1) The matrix element (I'|F|I™)

(a) vanishes if I'(=Kj...K}) differs from I'(=K,...K,) by more than one
individual set of quantum numbers;

(b) has the value

(F'|FIIM) = = (K| fIK?) (1.13)

if all sets in I agree with all those in I’ except that K, # K. The sign is positive or
negative according to the parity of the permutation which changes the conventional
order of I'" so as to match each of its (N — 1) remaining sets with the identical set in
TI.

(c)ifI"'=r

N
(I’IFIF)=ZI(K.-|fIK.-). (1.14)
(d) For the spin—orbit interaction

f=E&nl-s,

on calculating the matrix elements (K,|f|K}) or (K;|f|K), the integrations over the
radial and angular variables may be separated. The integration over the radial
variables results in the factor

Lot = [ Ru(PER (1) dr (1.152)

for case (b) or
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L =f0 RA(MEr) dr (1.15b)

for case (c).
Zu 18 known as the spin-orbit parameter of the electron nl. The spin-orbit
interaction of each electron can thus be written in the form

Cul - 53 (1.16)

it is considered as an interaction between the electron’s spin and orbital angular
momenta and is represented by the parameter {,.

(2) The matrix element (I'|G|I")

(a) vanishes if I'" differs from I' by more than two individual sets of quantum
numbers.

(b) has the value

(IG|Iry=+[(K,K,|g|K,K}) ~ (K,K:|g|KiK )] (1.17)

if all sets in I" reappear in I with the exception of K, K/ and K,# K/; the =
sign is determined by the parity of the permutation required to match the
remaining (N — 2) sets of I with the identical ones in I,

(c)
(rGiry =« g [(K.K/|g|K:K,)— (K,K/|g|K.K})] (1.18)

if I'" differs from I" by but one set K,# K; K, runs over the (N — 1) individual
sets that are common to I and I".
@ditr=r

N
(riG|n = r; | [(K.K:|g|K.K,) — (K.K;[g|K:K)]; (1.19)
in (1.19) the matrix elements with positive sign are called direct matrix elements
and those with negative sign exchange matrix elements. Thus the electrostatic
interaction breaks up into a direct part and an exchange part. The direct part
describes, classically speaking, the Coulomb interaction between the charge
distributions of the electron pairs involved, whereas the exchange part has no
classical analog.

(e) if g(i,j) is independent of the spin, a property held by the electrostatic
interaction H,, then the sum over the spin coordinates implied by the ( | | ) sign
in (1.19), gives a factor unity for the direct matrix element and a factor §(m., m!)
in the exchange matrix element, so that the exchange matrix elements are
different from zero only for electrons of like spins. Thus the “‘exchange inter-
action” depends on the relative orientation of the spins of the interacting
electrons. It is, therefore, considered as an interaction between the spins of the
electrons.

(f) it can be shown that both the direct and exchange parts of the electrostatic
interaction may be considered as interactions between the orbital angular
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momenta [; and [; of the electrons. To this end, e2/ri,- is separated into a sum of
products of a radial factor and an angular factor, expanding it in a series of
Legendre polynomials of the angle w; between the vectors r; and #; pointing
from the nucleus to the electrons i and j:

ry = e Z (X FEYPe(cos wy) (1.20)

where r. and r. are respectively the smaller and the larger of the magnitudes of
r; and r. Each Legendre polynomial P, in this expansion can be expressed as a
scalar product C®(i) - C*(j) of spherical harmonic tensor operators of degree k
(Racah, 1942b), the matrix elements of which depend on the relative orientation
of the orbital angular momenta of the interacting electrons. Thus

elry = e X, (rdrs")C™®a) - (). (1.21)
k
On inserting this expression in (1.19), integrating over the radial variables, and

remembering that the exchange interaction was already found to depend also on
the relative orientation of the spins, the following result is obtained:

H, (direct) = % ; ar(l, - LYF*(nala, nyly), (1.22)
e
H, (exchange) = % ; bi(sa - S, la - 1,)G*(ala, moly), (1.23)
retig
where
F¥(nala, noly) = R*(nulansly, nalongly) (1.24)
Gk("alm nyly) = Rk(nalanblbs nplpnaly) (1.25)

and

RY(nulanply, nlengly) = €?
x J’ J’ (FEIP DR, (FOR iy (PR i (F)R g (r2) dry dra, (1.26)

F*, G* and R* are known as the “Slater integrals™ or “Slater parameters”.

The properties of the electrostatic interaction specified in paragraphs (e) and
(f) above and given in formulae (1.22) through (1.26) can be summarized as
follows: the direct and exchange parts of the electrostatic interaction within a
configuration are respectively represented by the Slater integrals F* and G*. The
direct interaction is considered as an interaction between the orbital angular
momenta of the electrons, whereas the exchange part is considered as an
interaction both between the orbital and the spin angular momenta of the
electrons.



10 Z.B. GOLDSCHMIDT
3. Classification of the states. Couplings

The procedure for finding the first-order energy corrections, through the use of
formulae (1.11), (1.12) etc., can be greatly simplified by finding in advance linear
combinations ¥(4) of the determinantal product states, such that

(A[H,+ H)jA) =0 (1.27)

where A and A’ characterize eigenstates of the same configuration and 4# 4"
Under these conditions, the energy corrections to first order are given by

E'=(A|H,+ HjA). (1.28)

The problem is, therefore, to find the functions ¥(A) fulfilling the condition
(1.27), namely, functions for which the energy matrix is diagonal.

Only in very simple cases can such functions be found in advance. However,
in many cases it is relatively easy to find functions for which the energy matrices
are “almost” diagonal, that is, they are split into submatrices whose orders are
relatively small. These functions are eigenfunctions of the various angular
momentum operators characterizing the investigated atomic system, as will be
discussed in the following subsections.

3.1. Two-electron configurations (outside closed shells)

In treating two-electron configurations, four angular momenta are involved:
these are the spins s, and s, and the orbits I, and I, of the two electrons. In order
to establish the two-electron functions for which the energy matrices are as
diagonal as possible, four cases should be considered.

3.1.1. H,>» H,~ Russell-Saunders (LS) coupling
In this case only H; is taken into account in first-order perturbation theory. H,
commutes with § and L where

S=Sl+52, L=ll+lz-

Therefore its matrices are diagonal with respect to S, L, Mg, M; and are
independent of Ms and M;. Consequently, in this case, functions ¥(A) fulfilling
the condition (1.27) exist, with 4 = (n,lin,LSLMcM;). These functions, which
have the form InllanIZSLMsML) or I(Sl, Sz)S, (n|11, nzlz)L, Ms, ML) in Dirac’s
notation, are simultaneous eigenfunctions of the five operators S%, L%, S,, L, and
H,. The first-order energy corrections in LS coupling are therefore given by the
eigenvalues of H,, namely by

Els=(A|H|A). (1.29)

These are characterized by the quantum numbers ySL (where y stands for the
configuration quantum numbers), and since they are independent of Mg and M,
they are (2S + 1)(2L + 1)-fold degenerate. The set of (2S+ 1)Q2L + 1) states
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|ySLMsM, ) belonging to the eigenvalue ySL is called a term. The last results can
be summarized as follows: in LS coupling, under the influence of the electrostatic
interaction, each configuration splits into terms. Table 1.1 comprises the lists of
terms for the various two-electron configurations characteristic of rare earth
spectra. .

H,; commutes also with the total angular momentum J = §+ L. Consequently
its matrices are diagonal with respect to J and M; and independent of M;. Since
the states |ySLJM,) are linear combinations of |ySLMsM,) with the same ySL,
and since in the scheme ySLMgM; the energy is independent of Mg and M, it
follows that in the scheme ySLJM the energy is also independent of J. There
exist, therefore, two complete systems of functions in which H, is diagonal and
has eigenvalues characterized by ySL. These systems are respectively described
by the ySLMgM; and ySLJM sets of quantum numbers. Any function belonging
to one of these systems is a simultaneous eigenfunction of S? and L% A
complete system of functions, each of which is a simultaneous eigenfunction of
S? and L? is referred to as an LS-coupling scheme.

If the spin—orbit interaction is also allowed for, the scheme SLJM; is prefer-
able to the scheme SLMgM,;. This is so because H, commutes with J =S+ L,
but not with § or with L separately. Consequently the matrices of H, are
diagonal with respect to J and M, and independent of M,. This means that J and
M, remain rigorous quantum numbers even when the spin-orbit interaction is
included in the calculations; this is not true for S and L.

In LS coupling H,< H,; therefore H, affects the energy levels only in
second-order perturbation theory. The energy corrections Eig due to the spin-
orbit interaction are given, in this approximation, by the diagonal matrix ele-

TABLE 1.1.
Russell-Saunders terms for two-electron configurations.

Terms: S=0,L;|l,—Ll|<L<lL+1
Configuration For equivalent electrons: also S+ L even
s? 'S
sp Ip
dS ]‘3D
fs 13F
pp’ 138 P D -
p’ 'S p 'D
dp L3p D F
fp p F G
dd’ 38 P D F G
d? 'S p 'D ’F 'G
fd 13p D F G H
ff’ 138 P D F G H
f2 IS JP lD 3F lG JH 1
fg ) 13p D F G H K
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ments of H, in the scheme ySLJM,
Eis = (ySLIM|H,|ySLIM). (1.30)

In this manner, a given term ySL is split by the spin-orbit interaction into a
close group of levels, still characterized by S and L, to a good approximation,
and distinguished by different values of J. For each individual level the standard
notation 2*'L; is used. The group as a whole is called a multiplet. The removal
of the degeneracy of the terms due to H, is generally not complete: each level is
still (2J + 1)-fold degenerate. This degeneracy is a result of the spherical sym-
metry of the hamiltonian (1.2b) and its removal is possible only by adding
perturbations possessing lower symmetry, such as an external magnetic field.

Whenever H, is small enough relative to H, so that its matrix elements
non-diagonal with respect to S and L are negligible, it is said that there exists an
LS coupling in the investigated configuration. The term LS coupling means that
the energy levels are characterized by the quantum numbers ySLJ, namely, the
states |ySLIM) are approximate eigenstates of the hamiltonian. A characteristic
property of a configuration with LS coupling is that the splitting of the multiplets
is much smaller than the distances between them. In two-electron configura-
tions the multiplets are singlets (S = 0) and triplets (S = 1).

2
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. . . . . Fig. 1.1. Energy levels of ScIl 3d*+

J= 0 1 2 3 4 3d4s + 4s? (LS coupling).
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LS coupling exists in many spectra of the light and medium elements, and also
in some simple spectra of heavy elements including the rare earths. It is,
therefore, the best known coupling. The Grotrian diagram of ScII 3d*+ 3d4s +
4s?, given in fig. 1.1 constitutes a characteristic example of LS coupling.

3.1.2. H,> H,- jj coupling

In this case only H, is taken into account in first-order perturbation theory. H,
commutes with the total angular momenta j; = s; + I; of the individual electrons;
therefore, its matrices are diagonal with respect to j; and m; and independent of
m;. Consequently H, is totally diagonal in the zero-order scheme

A = (ndyjimy nalyjamy).

The energy corrections in jj coupling are given, to first-order perturbation
theory, by

E} = (A|Hj)A). (1.31)

The configurations split into levels characterized by vj,j,, each level being
(2j;+ 1)(2j; + 1)-fold degenerate. Table 1.2 comprises the lists of jj-levels for
various two-electron configurations of the lanthanide spectra. Since the matrices
of H; are independent of m;, they will be diagonal in any scheme characterized
by +iij2- In particular they will be diagonal in the scheme vj,j.JM;, where
J = j, + j2, and independent of J and M. The last scheme is referred to as the jj
coupling scheme. Its importance lies in the fact that it is adapted to the
perturbation H; which commutes with J but not with j. H, is diagonal in J and
M; and independent of M, J and M; thus remain rigorous quantum numbers
even when the electrostatic interaction is included in the calculations; this is not
true for j;.

When H, < H,, H, is taken into account only in second-order perturbation
theory. The energy corrections due to the electrostatic interaction are then given
by the diagonal matrix elements of H, in the scheme vj,j,JM:

Ej} = (yii,JM|Hi|yijj,JM) (1.32)

and each vjj, level (of the first order) splits into a close group of levels
characterized by vj,j.J. The number of levels in each group is even and equals
2j<+1, where j. is the smaller of j, and j,.

TABLE 1.2.
ji levels for two-electron configurations.

Configuration ji-level: ji ==}

fs ¢ » ¢ »
fp ¢6H EdH EdHEd
fd GH dGdH» GdH é»d»
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J= 1 2 3 4 5 (jj coupling).

Whenever H, is small enough relative to H, so that its matrix elements
non-diagonal in j; can be neglected, it is said that there exists a jj coupling in the
investigated configuration. In jj coupling the states |yj,j-JM), namely |(s,, n\l\)ji,
(52, n2lx)jo, JM) are approximate eigenstates of H. In this coupling, the spin—orbit
interaction first couples the spin and the orbital angular momenta of each
electron into its total angular momentum j; = s; + I, The electrostatic interaction
then couples the individual j; into the total angular momentum J = j, + j,. The
energy level structure of a two-electron configuration in jj coupling is a group
structure, each group comprising an even number of levels. Figure 1.2 shows the
Grotrian diagram of PrIV 4f6p as an example of jj coupling. The groups of
adjacent levels appearing in the diagram are composed of two or four levels in
correspondence with the values 3 and 3 taken by Jp-

3.1.3. H, (electron 1)> H, (direct part)> H, (exchange part), H, (electron 2) — jK
(known also as jl) coupling

In some excited configurations of two-electron spectra, one electron is tightly
bound to the atom and the other much more loosely. It may then happen that the
electrostatic interaction between the two electrons is weaker than the spin-orbit
interaction of the inner electron, but stronger than that of the outer one. In this
case the approximate eigenstates of the hamiltonian are the eigenstates of
fi=G+ 0, K=+ LY, JP=(K+s,) and J,, namely [[si, ml)ji, n:l]Ky, ss,
JM;). A complete system of such states is referred to as a jK (or jl) coupling
scheme. It must be emphasized that a necessary condition for K to be a good
quantum number is that all interactions which couple the spin s, of the outer
electron to the other angular momenta characterizing the system, should be
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TABLE 1.3.
jK levels for two electron configurations.

iK levels: ji= 1,5 i —b| <K <j +1
Configuration In the list below K appears in the brackets

fd HETINE: AN 61 N 61 N |
E T G I G I A
ff I 1 I I I 1R
G I A I 3 I £ O 4 B 5 I -4
fg 813831 3B M N O
LI I I I I P I L

weak, that is, jK coupling requires the exchange part of the electrostatic
interaction between the two electrons to be weak, in addition to the spin—orbit
interaction of the outer electron.

Due to the spin-orbit interaction of the inner electron and the direct elec-
trostatic interaction, each configuration splits into levelsﬂf characterized by the
quantum numbers vyj, K ; these levels are 2(2K + 1)-fold degenerate. On account
of the s,-dependent interactions, each of these levels splits into two adjacent
levels having the consecutive J values

]=KiS2=Ki%.

Consequently, the characteristic energy level structure of a two-electron
configuration in jK coupling is a pair structure. Table 1.3 comprises the list of jK
levels for the configurations fd, ff and fg. Figure 1.3 exhibits the Grotrian
diagram of Celll 4f5g as an example of jK coupling.

3.1.4. H,~ H,- intermediate coupling

When the electrostatic and the spin—orbit interactions are of the same order of
magnitude, both should be included in first-order perturbation theory. In this
case the energy matrices are diagonal only in J and M, and are independent of
M;, and it is impossible to find in advance a system of states y(A) for which the
energy matrices are completely diagonal. In particular, neither of the three
coupling schemes

|ySLIM;)  |yiiJMy)  |viiKIM,)

mentioned above is an approximate system of eigenstates of the hamiltonian.
Consequently, it is impossible to define a coupling in the configuration under
discussion. The lack of a definite coupling is referred to as intermediate coupling.

In order to calculate the energy levels of a configuration where intermediate
coupling prevails, the matrix elements of the perturbation H, + H, are calculated
in one of the above mentioned coupling schemes. Because of the diagonality of
H,+ H, in JM; and its independence of M, the energy matrix breaks up into
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Fig. 1.3. Energy levels of Celll 4f5g (K coupling).

submatrices of relatively small orders — one for each J. These matrices are then
numerically diagonalized. The energy eigenstates obtained in the diagonalization
process are linear combinations of the states used for calculating the energy
matrices.* For example, if the energy matrices were calculated in the LS
scheme, the energy eigenstates belonging to the eigenvalue E’ are given by

|[yE'UM;) = % |ySLIM;)(ySLI|yEJ). (1.33)
In the Heisenberg approach, the transformation coefficients (ySLJ|yEJ) (which
are independent of M,) are referred to as the components of the eigenvector

|YE'JM,) in the scheme |ySLJIM;). The squares of these components measure the
amount of ySL-term mixtures due to the off-diagonal elements of the spin-orbit

*See footnote on p. 30 of this article.
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interaction. The eigenvectors of a configuration with intermediate coupling
generally comprise several components of the same order of magnitude, in any
coupling scheme.

3.1.5. Couplings in two-electron configurations — conclusion

It was shown in the above discussion that the possibility of defining a coupling
in a given configuration is conditioned by the fact that one or several interactions
are much stronger than others. A definition of a coupling means a determination
of the order in which the angular momenta of the individual electrons are
coupled to each other. This determination defines the scheme for which the
energy matrices are diagonal to first-order of perturbation theory, namely the
scheme which should be used for characterizing the energy levels. The type of
coupling prevailing in a given configuration is reflected in its Grotrian diagram,
and also through the Landé g factors of the energy levels and the intensities of
the spectral lines. Table 1.4 summarizes the physical conditions for the various
couplings, in two-electron configurations.

3.1.6. Intermediate coupling calculation

Quantitatively, the extent of prevalence of a definite coupling is established by
examining the components of the eigenvectors obtained in the diagonalization of
the matrices of H,+ H,, these matrices being calculated in the appropriate
coupling scheme. Thus, it is customary, always, to take into account the
complete perturbation H,+ H, already in first-order perturbation theory, to
calculate its matrix elements in the coupling scheme corresponding to the
physical coupling and then to diagonalize these matrices. This method of
calculation is referred to as “Intermediate coupling calculation™.

3.2. Many-electron configurations

The low configurations of the lanthanide spectra comprise, at most, four types
of electrons, nil; (=4f, 5d, 6s, 6p), outside closed shells. These configurations
are of the following types: IV, 1M, IMil,, INLLL, IM2L, 1IN, or generally
1M1, In order to understand the couplings in many-electron configura-
tions, it is, therefore, sufficient to understand the couplings in [N (N =3)
configurations on the one hand and in three-electron I,l,; configurations on the
other hand.

3.2.1. LS coupling

This coupling prevails in a many-electron configuration when the electrostatic
interactions between all electron pairs are much stronger than all spin-orbit
interactions of the individual electrons. Therefore, as before, H; alone can be
taken into account in first-order perturbation theory, and the most appropriate
quantum numbers for characterizing the energy eigenstates are

n,'l,'SLMsML or n,l,SLJM
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But contrary to the two-electron case, neither of these sets of quantum numbers
is sufficient for an unambiguous characterization of the states, since, generally,
states with the same SLMgM; or SLJM appear more than once in a given
configuration.

3.2.1.1. Three-electron configuration of the type n,lL,nylyn.l. (n.l, # nyl, # nl.)

In order to distinguish terms with the same ySL, the concept of a “parent”
was introduced. The use of this concept indicates the order in which the
individual s; and I; are coupled to § and L..If the first two angular momenta s,l,
and s,l, are coupled first, then the terms will be characterized by

(I) nalanblbsabLabnclc SL

where S,,=s.+s, and Ly,=1I,+1, The terms S,L, of the two-electron
configuration n,l.n.l, are called parents of the terms yS.,L.,SL of the three-
electron configuration since

§=S8s+s and L=L,+I.

On adding the two quantum numbers of the parent, the total number of quantum
numbers characterizing the states of the three non-equivalent electron
configuration is 12, which is the same as the number required for characterizing
the determinantal product states.

If the last two angular momenta are coupled first, the terms will be charac-
terized by

{In Ralanplpn d Spe Lo SL

In this case the parents Sp.L.. are terms of the two-electron configuration
Nplpnl..

The first angular momentum s,I, can also be coupled with the third one s.l.; in
this case the terms are characterized by

(I1I) RalaNeloSac LacnoloSL.

From the mathematical point of view, the three coupling schemes are
completely equivalent. The eigenstates of each scheme constitute a complete set
of orthogonal states, which can be expressed as linear combinations of the
eigenstates of another scheme.

From the physical point of view the three coupling schemes are not
equivalent, but describe different situations. States of three-electron configura-
tions, which are eigenstates of the energy, do not in general belong to any of
these coupling schemes, since H, is not diagonal in any of them (H, does not
commute with S%,, L% etc.). However, if the interaction between the electrons in
the states a and b is much stronger than their interactions with the electron c,
then the scheme (I) is preferable to the two other schemes: the energy eigen-
states will be very close to the states of (I). It is then common to say that the
coupling in this configuration is characterized by scheme (I).
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3.2.1.2. Three-electron configuration of the type (n.l)*n.l.
In this case only (n,l.)’S.L, can serve as parents and the terms are charac-
terized by

(la) (nal)*S.Lan.I.SL.

It is worthwhile to point out that the electrostatic interaction n,l.—n.l. is
generally not diagonal in the quantum numbers S,L,. Consequently, when this
interaction is strong, S,L, are not good quantum numbers, and the states
characterized by the scheme (Ia) are not approximate eigenstates of the energy.

3.2.1.3. IN (N =3) configurations

Configurations of these types appear in rare earth spectra with ! =2, 3, namely
d™ and fV. Classifications of the states of these configurations have been carried
out by Racah (1943, 1949, 1951, B2, 196%); these are based on group theoretical
considerations. Each of these types of configurations will be treated here
separately.

dN configurations

According to Racah, a unique characterization of the terms of these
configurations is achieved by introducing only one quantum number in addition
to the set (nd)MSL. For this purpose the irreducible representations of the
rotation group in five dimensions Rs can be used, but it is more common to use
the seniority number v. In the latter case the states are classified according to the
eigenvalues of the seniority operator

N
Q= _E_Iq.-f (1.34)
i>j=
where g; is a scalar operator defined by its matrix elements
(PLM|q;[I’LM;) = 21 + 1)8(L, 0) (1.35)

Racah has shown that each term of [" belonging to a non-zero eigenvalue of Q
has already appeared in the configuration V2 A quantum number v is thus
assigned to each term, where v equals the smallest N for which this term first
appeared. The eigenvalues of the seniority operator depend only on N and v,
and are given by

Q(N,v)=4#N —v)4l+4— N - v). (1.36)

The terms of d“ are, therefore, uniquely characterized by (nd) vSL. The
configuration d*> comprises only the ?D term twice. A term of this type has
already appeared in the configuration d': thus, one of the ’D terms of d* has
seniority v = 1. The second ?D and all the other terms of d’ appear for the first
time in this configuration and therefore have v = N =3 (Q(N, v) =0).

N configurations
For the purpose of characterizing the terms of ", Racah used the irreducible
representations of the rotation group in seven dimensions, R;, and of the special
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group G, The irreducible representations of R; are characterized by three
integers W =(wy, wy, wy) such that 2=w,=w,=w;=0; the irreducible
representations of G, are characterized by two integers U = (u, u;). By intro-
ducing the quantum numbers WU in addition to (nf)NSL, the terms of f" can be
uniquely characterized, with the exception of some terms belonging to 5, f* and
{7, for which U =(31) or U =(40). These terms are arbitrarily distinguished
through the use of an additional label 7. The classification of the f¥ terms by
means of the irreducible representations of R, is equivalent to their classification
by means of the seniority number v. If two integers a and b are defined such
that

W= = W =2, Wail = ° = Warp = 1, Warps1 = = w3 =10
then v and W are related by
a=3-S, b=min28,2l+1-0).

Thus, the terms of f¥ are uniquely characterized by one of the following sets of
quantum numbers

@ (nH)NTWUSL {an (nf)¥roUSL.

The classification of the terms of f¥ for N <7 is given in table 1.5. The terms of
£V are identical to those of .

It is worthwhile to notice that the matrices of H, between states belonging to
(nd)M are not diagonal in v, neither are the matrices of H, between (nf)V states
diagonal in WU or vU.

The Grotrian diagram of PrIII 4f is given in fig. 1.4, This is one of the
exceptional cases in the lanthanide spectra where a 4f" configuration is almost
completely known.

3.2.1.4. The configurations I, and IN1,1,

Having classified the terms of the configurations IV, I2l. and LI, it is a simple
task to classify the terms of I™, and [M;l,. The terms of the I, configuration
can be uniquely classified by giving the set of quantum numbers

IN(aSL), I,, SL

where a = for dV configurations and @ = 7WU or a = roU for f" configura-
tions. The Grotrian diagram of PrIII 4f25d, given in fig. 1.5 is an example of LS
coupling in 2l configurations. The terms of [M,l, can be uniquely classified by
giving one of the following sets of quantum numbers:

(@ 1N(@SL), (SiLy), 1, SL, (1) IN(aSL), 1iAS:Ly), SL,
(IID) IN(aSL), I(S;L5), I, SL.
3.2.1.5. The configuration Y1234

These configurations can be classified by giving four quantum numbers in
addition to (mI)M(a;S1Ly), (nd)(@2S:L,), (n3l3)"(@3S3L3), (nald)™(aeS.Ly), SL
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TABLE 1.5.
Classification of the terms of fV.

N v w U SL
0 (000) (00) 'S
1 1 (100) (10) F
2 - (110) (10) ’F
an ‘PH
2 (200) (20) 'DGI
0 (000) (00) 'S
3 3 ain (00) ‘S
(10) ‘F
(20) ‘DGI
3 210) 11 ’PH
(20) DGI
¥3)) IDFGHKL
1 (100) (10) F
4 4 (111) (00) S
(10) °F
(20) *DGI
4 @11 (10) ’F
(11) *PH
(20) ’DGI
1) SDFGHKL
(30) ‘PFGHIKM
2 (110) (10) ’F
an PH
4 (220) (20) 'DGI
(3 'DFGHKL
(22) 'SDGHILN
2 (200) (20) 'DGI
0 (000) (00) 'S
5 5 (110) (10) °F
. (11 ‘PH
5 211) (10) ‘F
an ‘PH
(20) ‘DGI
21) ‘DFGHKL
(30) ‘PFGHIKM
3 (111) (00) ‘S
(10) ‘F
(20) ‘DGI
S 221 (10) F
(11) ’PH
(20) DGI
¥3)) ’DFGHKL
(30) JPFGHIKM
31 2PDFFGHHIIKKLMNO
3 (210) (11) ’PH
(20) DGI
(1) *DFGHKL
1 (100) (10) F
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TABLE 1.5. (Contd.).

v w U SL
6 (100) 10) F
6 (210) 1) PH
(20 ‘DGI
1) SDFGHKL
4 ain (00) ’S
(10) F
(20) DGI
6 221) 10) ’F
11 PH
0 ’DGI
@n ‘DFGHKL
(30) *PFGHIKM
31 ’PDFFGHHIIKKLMNO
4 @11) a0 ’F
(11 PH
20) DGI
1) *DFGHKL
(30) ’PFGHIKM
2 (110) (10) ’F
an *PH
6 222) (00) 'S
10) 'F
(20) 'DGI
(30) 'PFGHIKM
(40) 'SDFGGHIIKLLMNQ
4 (220) 20) 'DGI
21 'DFGHKL
22) 'SDGHILN
2 (200) (20) 'DGI
0 (000) (00) 'S
7 (000) (00) S
7 (200) (20) ‘DGI
5 (110) (10) F
1n ‘PH
7 (220) (20) ‘DGI
@1 ‘DFGHKL
22) ‘SDGHILN
S (211) (10) ‘F
1) ‘PH
20) ‘DGI
21 ‘DFGHKL
(30) ‘PFGHIKM
3 (111) (00) S
(10) ‘F
(20) ‘DGI
7 222) . (00) S
(10) ’F
(20) pGI
(30) JPFGHIKM

23
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TABLE 1.5. (Contd.)

N v w U SL

(40) ISDFGGHIIKLLMNQ
5 221 (10) F

a1 PH

(20) DGI

@n IDFGHKL

(30) PFGHIKM

a3n PDFFGHHIIKKLMNO
3 210) 4h)) ’PH

(20) DGI

(21) ’DFGHKL
1 (100) (10) ’F

according to the order in which the angular momenta S;L; of the four sub-
configurations 1Y are coupled to each other. For example, the terms of the
configuration 4f5d6s6p of Cel are uniquely classified -as follows

4f5 d(S(ded), 6S6p(SspLsp), SL.

3.2.2. jj coupling

This coupling prevails in a many-electron configuration when the spin—orbit
interaction of each electron is stronger than its electrostatic interaction with
other electrons. Since this coupling does not exist in the many-electron
configurations of the rare earth spectra, it will not be discussed here.

3.2.3. Jij or J\J; coupling
These couplings are generalizations of jj coupling in two-electron configura-
tions. J,j coupling is widespread in the configurations

4fN6s (N =1,2,3,4,9,10,11, 12, 13), 4fN6p (N =1,2,...,13), 4fVsd
(on the right-hand side)

of the lanthanide group. In these configurations the order of the interactions
according to their strength is

Electrostatic spin-orbit
interaction > interaction
of the 4fN core of the 4f" core
electrostatic spin—orbit
> interaction < interaction
4fN — nl (=6s, 6p, 5d) of nl (=6p, 5d)*
Therefore the most appropriate coupling scheme for characterizing the states of

*For a 6s electron the extreme inequality on the right is meaningless; however, in this case s = §
and a J,j coupling exists because of the two other inequalities.
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Fig. 1.4. Energy levels of PrlIl 4f* (LS coupling).

these configurations is
@HN (+WUS,L\Jy), nlj, IM;

Figure 1.6 exhibits the Grotrian diagram of Prlll 4f%p as an example of J,j
coupling.
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JiJ> coupling prevails in the configurations 4fV¥6s6p, and in 4f~5d6p on the
right-hand side of the lanthanide group. Here the order of interactions according
to their strength is

H(fV) > Hy(fV) > H\(fY — Iil,) < Hy(l, 1) < Hi(l; = 1)
and the most appropriate coupling scheme for characterizing the states of these
configurations is

@HN (tWUS,L\J)), milinalo(S:LoJy), JM;

JiJ» coupling exists also in the configurations 4f"5d°6p and 4f" 5d6s6p on the
right-hand side of the lanthanide group, their states being respectively charac-
terized by the following sets of quantum numbers:

(D" (tUWS\L.Jy), [Sd*(SL)6pI(S;LoTo), IM;,

@HN (rUWS,L.Jy), [5d, 6s6p (SLYN(S:LaJ>), IM,.
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Figure 1.7 shows the Grotrian diagram of YbII 4f}’ 6s6p('”P,), J as an example
of JiJ; coupling.

3.2.4. J,L, coupling

This coupling is a generalization of jK (or jl) coupling in two-electron
configurations. It prevails in configurations of the type 4f~5d? and 4f" 5d6s, on
the right-hand side of the lanthanide group. The order of interactions in these
configurations is

N N
Hd )> L )> direct part of> Halh &

H (Y — L) exchange part of
Hih—1) 3 L — L)

and the most appropriate coupling scheme for characterizing the states of these
configurations is

(4D (rUWS,L1Jy), LiA(Lo)]K, Sz, JM;.

The characteristic energy-level structure of these configurations is that of
singlets or triplets, in accordance with the value 0 or 1 taken by S, This
structure is exhibited in the Grotrian diagram of YbII 4f3}, 4d6s(**’D), KJ given in
fig. 1.8.

/2

x103cm-1
1 T T T T 1“' T T
3 037
38+ 1 -
715 — 2 'tda
—2‘ (=1— 2 2 7 3
36t 2 23
713 —
> [31] 7 1 11
341 7 32
2_ 2
731
Wl _\__.\7_ : 3£231
L35
5 3[23_/__/4
30f
28t 4
7 33
5 13513
26} 2 2 1
g= 4 3 5 2z s 1 13
2 2 2 2 2 2 2

Fig. 1.8. Energy levels of YbII 4f}},5d6s (J,L, coupling).
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3.2.5. Intermediate coupling

When many interactions in the configuration under discussion are of the same
order of magnitude, it is impossible to define a coupling in this configuration. As
was mentioned in the two-electron case, the lack of a coupling is referred to as
intermediate coupling. Energy-level calculations of such configurations, and their
characterization in the scheme for which the energy matrices were calculated,
are carried out as described in section 3.1.4.* As already stated in the two-
electron case, it is customary always to take into account the complete pertur-
bation H,+ H, already in first order perturbation theory. The squares of the
eigenvectors in a desired coupling scheme, obtained during the diagonalization
of the energy matrices, serve as means of identification of the energy levels.

3.3. Configuration interaction (CI) between neighbouring configurations

One of the characteristic properties of rare earth spectra is that several
configurations of the same parity overlap or are energetically close to each other.
Consequently, in these spectra, the energy level problem cannot be treated
configuration by configuration, but electrostatic interaction between configura-
tions must be included in the calculations in addition to the electrostatic and
spin-orbit interactions within the configurations.t The energy eigenstates of this
group of configurations are then described as linear combinations of states of the
individual interacting configurations; the quantum numbers characterizing the
configurations cease to be rigorous quantum numbers, and in cases of strong CI
they are no longer even good quantum numbers. In such cases the concept of a
configuration becomes meaningless. For complex configurations of the
lanthanide spectra, the inclusion of CI in the energy-level calculations entails the
construction of large matrices and the evaluation of a large number of radial
integrals (parameters) which represent the various interactions.

4. Calculation of the algebraic matrices (the angular parts of the energy matrices)

The explicit calculation of the energy levels of a given configuration (or group
of configurations) is carried out as summarized in the following steps:
(1) each term in the Hamiltonian is expressed as a sum of products of two
factors, one of which comprises only the angular variables and the second
only the radial variables.

*See footnote on page 30.

tThe spin—orbit one-electron interaction is diagonal in the /; quantum numbers of the individual
electrons. Consequently the spin-orbit interaction between configurations is different from zero
when the interacting configurations differ only by the principal quantum number of one electron
(nl & n'l). Since such pairs of configurations are generally very remote from each other energetic-
ally, spin—orbit interaction between configurations can be neglected in first-order perturbation theory.
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(2) the factors which comprise the angular variables are expressed in terms of
tensor-operators.

(3) the angular parts of the energy matrices are rigorously calculated through the
use of “Racah algebra” (Racah, 1942b, 1943, 1949; Fano et al., 1959). The
matrices thus obtained are known as the “algebraic matrices.”

(4) The radial parts of the energy matrices can either be treated as adjustable
parameters, the values of which are determined by comparing the theoretical
formulae to the experimental energy levels, or be found by performing abinitio
calculations.

For the electrostatic and spin—orbit interaction, steps 1 and 2 have already been
carried out; the appropriate expressions are given in formulae 1.21 and 1.3
respectively.

In this section formulae are given for the algebraic matrix elements of the
electrostatic and spin—orbit interactions between antisymmetric functions of
various electronic configurations characteristic of the rare earth spectra. All
these formulae were constructed in the ySLJM coupling scheme.*

4.1. Antisymmetric functions

4.1.1. Two-electron configurations

An eigenfunction of a two-electron configuration in the LS coupling
scheme will be written in the form (12|n,l,n,l,SLMsM;). This function is a
linear combination of products of the one-electron eigenfunctions
(1|nalam,, my)(2|nplym,, my,), with Wigner coefficients as the expansion coefficients.
Following Fano et al. (1959) an antisymmetric eigenfunction of a system of two
electrons will be indicated with the notation (12[}n.l.nele SLMsM;).

For (n.l.) # (nyly)

(lzl}nalanbleLMSML) = % [(lzlnalanbleLMSML) - (21 InalanbleLMSML)]
= % [( 12[nalanbleLMgML) - (— l)’a“b'S”u‘”b—L (137)
X (12|nblbnalaSLM5ML)]. (1.38)

In the same manner, (12|n.,nloSLJM) is a linear combination of’
(12|n,l,n l,SLMgM,), and the antisymmetric eigenfunction in the SLJM coupling

*Generally, the choice of the coupling scheme in which the algebraic matrices are calculated is of
no importance, since the available computer programs for diagonalizing the energy matrices can be
used for obtaining the components of the eigenvectors in any desired coupling scheme. This fact is
particularly relevant for complex configurations. However, for simple configurations in which a
definite coupling prevails, it is worthwhile to calculate the algebraic matrices in the appropriate
coupling scheme, in order to achieve a better understanding of the energy level structure.
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scheme is given by

(12 nalanslySLIM) = % [(12]nalunyly SLIM) — 21| nLun [ SLIM)]
= —% [(12{nalanul,SLIM) — (— 1) st SHatbk
x (12|nylynal SLIM)]. (1.39)

For (n.l) = (n,l,) = (nl), the antisymmetric function is given by
(12}’ SLMM;) = (12)(nl> SLMsM,)
or
(12|Knl)>SLIM) = (12|(nl)>*SLIM) (1.40)

for S+ L even. An antisymmetric function does not exist for S + L odd. From
now on the notation (12|n,l,nl,SL} will be used for representing the group of
(2S + 1)Q2L + 1) functions (12|n,l,n,1,SLMsM;) and the notation (12|n,l,n.l,SLJ}
for representing the group of 2J + 1 functions (12}n,l,n,l,SLIM).

4.1.2. Three-electron configurations
For non-equivalent electrons

(nala) # (nblb) # (nclc),
the analog of (1.37) is
(123|}nalanblb(sabLab)’ nclc, SL}

= = [BInL S L), nde: SLY = @13Imubinalo SwLow). nles SLY
+ (231|nalanblb(sabLab)s nclc’ SL} - (321|nalanblb(sabLab)a nclc’ SL}
+ (312|nalunply(SawLav), nclc, SLY = (132|nalanyle(SanLab), ncle, SLY - (1.41)
The analog of (1.38) is more complicated here, because a permutation of the
factors in the three electron case involves also a recoupling instead of a simple
reordering. This was obtained by Z.B. Goldschmidt (1968a), but will not be
repeated.here.
For (n,l.) = (noly) = (nl), (ncl) = (n'l")
R
V3
+@31(nDXS,Ly), n'l’, SLY + 312)(n)X(S,Ly), n'l', SLYl,  S;+ L, even.
(1.42)

(123}(nh*(S:Ly), n'l"’, SL} = —={(123}(nD* (S, L)), n'l', SL}



32 Z.B. GOLDSCHMIDT

For three equivalent electrons
(nala) = (nblb) = (nclc) = (nl)v

the three terms on the right-hand side of (1.42) are not orthogonal and therefore
(1.42) is not normalized. In order to construct normalized antisymmetric
functions for N = 3 equivalent electrons Racah (1943) introduced the concept of
“fractional parentage coefficients”. By means of these coeflicients, the
antisymmetric function of three equivalent electrons is given by

(123|}(nlYaSL} = ; (123[(n)*(S'L"), nl, SLY(I*(S'L")ISL[}*aSL) (1.43)
o,

where a denotes the set of quantum numbers needed, in addition to S and L, for -
an unambiguous characterization of the terms of (n/)’. The terms (n/)’S'L’ are
referred to, as fractional parents and the expansion coefficients
(I%S'L"ISL[}’aSL) are known as ‘“coefficients of fractional parentage.”

4.1.3. (nD)N configurations
The antisymmetric function for a configuration (nl)¥ of N equivalent elec-
trons is given by a formula similar to (1.43):

(12...nJ{nYaSLY= 3 (12...(n - D{n)¥ " (a'S'L"), nl, SL}
a'S'L

x (IN"(a'S'LSL[}MaSL) (1.44)

with (nl)"'a’S’L’ as fractional parents and (/" '(a'S’L’)ISL[}{¥aSL) the
coefficients of fractional parentage of ™. These coefficients obey the condition
of orthonormalization

; (INaSL{IN ' (a'S’LYSLY(IN(a’S'L)ISL}HMa"SL) = 8,4, (1.45)
a'S'L

They were tabulated by Racah (1943) for pV and dM configurations and by
Racah (1949) and Judd (1963) for f¥ configurations, for 3< N <2/ + 1, and also
by Nielson et al. (1964). Formula 19 of Racah (1943) gives the coefficients of
fractional parentage of the almost closed shell I****N in terms of those of IN*":

(l4l+l—N(aISILI)ISL|}14I+2—NaSL) — (_ 1)S+S’+L+L’—l—ll2
X V(N + DISALYIA +2~ N)SILN (N («SL)IS'L'NN"'a’S'L').*  (1.46)

Rosenzweig (1952) used the last formula for tabulating the coefficients of
fractional parentage for dV with N =6, 7, 8.

4.1.4. (n)Nn'l' configurations.
Antisymmetric functions of more complicated configurations are obtained

through the use of similar methods to those listed above. Only one example will

*[$'] stands for 25’ + 1, eic.
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be given here — that of the configuration (nl)"n'l’ (formula 26 of Racah, 1943):
N+1
(12... (N +DHN(a;SILYI'SLY= (N+ 1) Y (="
i=1

X (12...(= 1 +1)...(N + Dill¥ (@S L)l'SL} (1.47)

where each function on the right-hand side is an antisymmetric function of the
electrons 1,2,...,(i— 1@+ 1)...(N +1)and P, is the parity of the permutation
which exchanges i with N + 1. This formula is a generalization of formula (1.42)
given above for the configuration (nl)*n’l'.

4.2. Matrix elements of the electrostatic interaction

The starting point for the calculation of the matrix elements of the elec-
trostatic interaction H, is its tensor-operator expression

Hy= e 3 (r<rt™) 3 (CP - CF). (1.48)
i>j
The matrix elements of H, between two antisymmetric eigenfunctions ¢ and
¢' of the electronic system will be written in the form (¢{|H,[}¢/). Integration
over the radial variables results in the Slater integrals (parameters) defined in
formulae (1.24)-(1.26). The calculations of the angular parts involve matrix
elements of the type

{LlSL|C® - C{|1LsSL}
which, according to Racah’s algebra, are expressed in terms of the reduced

“bc} (Judd, 1963:

matrix elements (I|[C®|I") of the C*’s and 6j-symbols {def

Rotenberg et al., 1959):

{LSLIC® - CP|ILaSL} = (—1)’We“(ulC‘*’utc)(t.,lld*’lud){ ,’,’,’i} (1.49)
dtb

The reduced matrix elements of the C*”s can, in turn, be expressed in terms of

3j-symbols (22;): (Judd, 1963; Rotenberg et al., 1959):

Ay = = (o) (1.50)

((l)l(()l()) vanishes unless /, k and !’ satisfy the triangular condition and also the

condition ! + I’ + k even. These properties of ((l)l(()l()

number of values; therefore the number of terms in (1.48) is small.

) limit the range of k to a small

4.2.1. Two-electron configurations
For the case ¢ = nul.nyly, ¢’ = nclcngly, one obtains, because of the antisymmetry
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of the eigenfunctions:
{nulanylySL{|H,[}n l:nalaSL}

= % {nalanbleLlHllnclcndldSL}

B % (=1)VBHSHAL (1 1 ST [ Hnglanl S}
- % (=Sl oty 1 on L SLIH |l nglySL}

+ % (_ 1 ) 2+12+417241/2-28 + 1+, +i +1g—2L {nblbnalasLlHll ndldncICSL}- (1 ‘5 1)

Owing to the symmetry of H, and to the fact that H, is diagonal in the parity of
the eigenfunctions, the last expression reduces to:
{nlan dy SL{{H\}nlnalySL} = {n,l.ny, SL|H,|n.l.ngl,SL}
+ (=)'t L=S fn L n L, SL|Hy|nglgn I SL}. (1.52)

For the special case (n,l,) = (nu,ly) = (nl), (n.d) = (n4dy) = (n'l'), the folldwing
equality holds:

{(nlY’SL{H\}(n'I")*SLY = {(nl)*SL|H,|(n'l')*SL}. (1.53)
If (n.l.) = (nyly) = nl but (n.l.) # ngly one obtains
{(nI* SL{{H\[}nl.nalsSL} = V2{(nl*SL|H\|n.lnslaSL}. (1.54)

On writing each of the above matrix elements of H, as a sum of products of the
radial and the angular factors, for example:

{n.l.nol, SL|H,|nl.nsl4SL} = 2 R¥(nulnply, nlongl y{L,SLIC® - CP)I.14SL}
(1.55)

and using formula (1.49), explicit expressions are obtained for the various matrix
elements of the electrostatic interaction:

{n.lnol, SL{|e*rp)in.l.nglySL}
= T RE o, nlenal (=D ICOGIC N | ’“’°"}
Iy L
+(-1)° 2‘, R¥(n.lnyly, ndldnclc)(—1)’b+’°(l,||C""Illd)(lb"C""lllc){ Illldlli} (1.56)
ctb

I'lk
(1.57)

{(n)*SL{|e} r,[}(n'I"*SL} = ; R¥(ninl, n'l'n'l')(—1)'*”+L(1||C“"ul')z{”"‘ }
{(nl)’SL{je*/ rufin l.nglaSLY= \/Eg R*(ninl, nlcngly)(—1)1+<+E

« & I I. k
x dle*oaeiof, o f} (158)
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A use of formula (1.56) for the special case (n.l,) = (n.l.), (nyly) = (ngly) results in
a formula for the matrix elements of the electrostatic interaction within a
configuration which comprises two non-equivalent electrons:

{nul.nlySL{le* ral}nalanylySLY = Z_‘, fiF*+ (=18 }k: aG*
= 3 FEOnds o)DM QICIRICOI] 2 i)
: b I, L

L, I, k
+1° 3 GH b mtpdc® ) P 7} (159)

The first term on the right-hand side of (1.59) represents the direct interaction
whereas the second term represents the exchange interaction. It is sometimes
convenient to replace the factor (—1)° with the Dirac operator

[+ 4(s, s, (1.60)

A use of formula (1.57) for the special case (nl) = (n'l’) results in a formula for
the matrix elements of the electrostatic interaction within a configuration
comprising two equivalent electrons:

(Y SL{le rall(nl)*SL} = 3} fiF* = 3 FX(n, nl)(—l)L(lnc""Hl)z{f f I’i}
(1.61)

F* and G*/[k] are positive and decreasing functions of k (Condon et al., 1951;
Racah, 1942b).

By means of formulae (1.56)—(1.61), the matrix elements of the electrostatic
interaction within and between configurations are expressed as linear combina-
tions of a small number of Slater integrals —electrostatic parameters. The
coefficients of the parameters comprise products of nj-symbols. To avoid the
occurrence of fractional coefficients for the electrostatic parameters in the
evaluation of the matrix elements, new parameters are defined (Condon et al.,
1951):

Fk = Fk/Dk, Gk = Gk/Dk, Rk = Rk/Dk (162)
The values of the D,’s connecting the F*’s and the G*’s with the corresponding
Fi’s and Gy’s are given in tables 1° and 2° of Condon et al. (1951). The definitions
of the R,’s will be given below (see also Z.B. Goldschmidt 1968a, b). The explicit
expressions for the matrix elements of the electrostatic interaction in terms of the
F,.’s and the G¢’s within two-electron configurations comprising s, p, d and f
electrons are given by Condon et al. (1951). The explicit expressions for the matrix
elements of the electrostatic interaction befween two-electron configurations
comprising the above mentioned electrons are given below (see also Z.B.
Goldschmidt, 1968a).

For the configurations d* and f* it is customary to replace the Slater
parameters F; by the Racah parameters A, B, C and E°, E', E?, E® respectively
(Racah, 1942b, 1949).
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4.2.1.1. Electrostatic parameters and matrix elements for the configuration d*
Racah defined the electrostatic parameters A, B, C for the configuration d*
through the following formulae:

A=F,—49F,= F°' - F*9 B=F,—5F,= (9F*— 5F*%/441
C = 35F,= 5F*63 (1.63)

In terms of these “new’ parameters the terms of d* are expressed in the simple
form

'S=A+14B+7C
‘P=A+7B
'D=A-3B+2C
‘F=A-8B
'G=A+4B+2C (1.64)
where the triplets are expressed only in terms_of A and B and the parameter C
contributes only to the singlets.
4.2.1.2. Electrostatic parameters and matrix elements for the configuration f
The electrostatic parameters for f2 are defined through the following formulae:

E’= F,— 10F,~-33F,~ 286F; E'= (70F; + 231F,+ 2002F,)/9

E'=(F,-3F,+7F)/9 E’=(5F,+6F,—91F,)/3 (1.65)
In terms of these parameters the terms of f? are expressed as follows:

IS=E°+9E'

‘P=E*+33E°
'D=E’+2E'+286E*-11E®

3F = EO
IG=E"+2E - 260E*-4F?

*H=E’-9E?
T=E°+2E'+70E*+7E? (1.66)

4.2.1.3. Definitions of the electrostatic CI parameters

f2-d? configurations

G(ff, dd) = % RI(Ef, dd) = G (£d)

G(ff, dd) = % R({f, dd) = Gy(td)

Go(ff, dd) = m%g RY(E£, dd) = G(£d)
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f2-p? conﬁgurations
Gi(ff, pp) = 1—73 R*(ff, pp) = G:(fp)

Gff,pp) = 189 R(ff, pp) = G(fp)

f2-s? configurations

Gs(ff, ss) = —R (ff, ss) = Gs(fs)

d*-p’configurations
1
G(dd, pp) = 15 R'(dd, pp) = G\(dp)

G(dd, pp) = 57z R*(dd, pp) = Gs(dp)

245
d*—s? configurations

Gydd, ss) = % R¥dd, ss) = Gy(ds)

_p’-s* configurations

1
Gilpp,ss) =3 R'(pp, ss) = Gi(sp)

f>-fp configurations

B 525

L= RA(ff, fp)

693
f>-ds configurations

N-—R’(ff ds)~ R 3(fd, sf)

fp—d* conﬁgurations

R = R '(fp, dd) = R '(fd, dp)

R;= R’(fp, dd) = 5% R*({d, dp)

735 735

37
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fp-ds configurations
T, = % R'(fp, ds) = g R'(’s, dp)

T3= 5z R’(fp,sd) = R *(fd, sp)

fp-p® configurations
P,= LRz(f )
2725 p,pp

d*~ds configurations

1l
= 35 R'(dd, ds)

p’~ds configurations

K= % R'(pp, ds) = % R'(dp, ps)

fd—fs configurations

M= Rz(fd fs)

N =— R%(fd, sf) = . R*(ff, ds)

fd—dp configurations
R, = R (fd, dp) = R (fp, dd)

R; = ¢ R’(fd, dp) = 7z R*(fp, dd)

B 735 735

R, ==~ R¥{d, pd)

245

|
Ry= g7 RY(td, pd)

4
fd-sp configurations

T;= R (fd, sp) === R’(fp, sd)

T, =z R*(fd, ps) = == Rz(fs pd)
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fs—dp configurations

1

1 1
5

T1= 5

R'(fs,dp) = = R'(fp. ds)

T, = 3'3 RA(fs, pd) = 3% R(fd, ps)

dp-sp configurations

I =3 R(dp.sp)

K= % R'(dp,ps) = % R'(pp, ds)

4.2.1.4. Matrix elements of the electrostatic interaction between two-electron
configurations

{£2'D{|e*/ ryf}fp 'D} = — 12V L,-22V42 L,

{£23F{|e*/ rof}fp *F} = — 30V21 L+ 22V21 L,

{£2'G{|e*/ rf}fp 'G} = — 10V231 L,— 2V 231 L,

{£'S{|e*/ rul}p® 'S} = 15V21 Gy(fp) + 12V21 Gu(fp)

{f**P{le’/ral}p* P} = 15V 14 Gy(fp) — 9V 14 Gu(fp)

{f* 'D{|e’/rzf}p* 'D} = 9V'14 G(fp) + 3V 14 Gu(fp)

{£2'S{|e* ri,}d? 'S} = — 3V/35 G,(fd) — 12V/35 G;(fd) — 66 V35 G(fd)
{£22P{[e¥ r,,[}d?**P} = — 2V'70 G,(fd) — 3V 70 G(fd) + 33V70 G(fd)
{£2'D{|e¥/ rl}d? 'D} = — 6V6 G (fd) + 11V6 G5(fd) — 55V6 G(fd)
{f23F{|e* ro}d? *F} = — 3V'15 Gy(fd) + 8V15 Gy(fd) + 11V15 G«(fd)
{£2'G{le¥ ru}d? 'G} = — V55 G,(fd) — 4V'55 G(fd) — V55 Gs(fd)
{f2'D{|e?/ ryl}ds 'D} = %vm N

{£2'S{le raf}s? 'S} = — V7 G(fs)

{tp 'D{|e*/ rl}p*'D} = —6V3 P,

{fp 'D{|e¥/ r,}d*'D} = 2V7 R, + 12VT R,

{fp °F{|le*/ r}d**F} = 2V/35 R, — 18V35 R,

{fp 'G{le¥/ru}d’ 'G} = 2V'105 R, + 2V 105 R,

{fp '*Df|e¥ rif}ds "D} = - V5 T, +3V5 T,
{p?'S{le*/ r}d? 'S} = — 2V'15 G(dp) — 21V'15 G4(dp)
{p?°P{le¥ ruf}d2 P} = — 3V5 G,(dp) + 21V5 Gs(dp)
{p> 'Df|e*/r,[}d? 'D} = — V21 G((dp) — 3V21 Gs(dp)
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{Pz lD{leZ/rlzl}dS lD} = % \/E K

{p? 'S{le*/rl}s? 'S} = — V3 Gy(sp)
{d*'D{|e*/ry}ds 'D} = —2V35 H
{d'S{le¥/rl}s® 'S} = V5 Gy(ds)

{fd F{le¥ ropfs “F}=-2V3M ¥2V3N

{fd "*P{|e*/ryf}dp “*P} = —7V6 R, — 42V6 Ry 7 (TV6 R, + 42V6 R))

{fd "*D{|e*/ r,]}dp '°D} = — 14R, + 126 R; £ (42R, — 42R,)

{fd *F{le/ru}dp "*F} = —2V21 R, — 12V21 R ¥ (12V21 R, + 2V21 Ry)
{fd P{le¥/rufisp PP} =5V3 T;+7V3 T,

{fs “File*/ral}dp “F} =3 V7 T, 3V7 T,

{dp "*P{|e¥/ rf}sp P} =-V2JF V2K

4.2.2. Three-electron configurations

Theoretical formulae for the matrix elements of the electrostatic interaction
within and between all possible types of three-electron configurations were
constructed by Z.B. Goldschmidt, both in explicit form (Z.B. Goldschmidt,
1968a; Fano et al., 1963) and as linear combinations of two-electron matrix
elements (Z.B. Goldschmidt, 1968a, 1971). These quite lengthy formulae will not
be included here.

4.2.3. (nhN configurations

Two general methods, both of which are due to Racah (1943, 1949) can be
used for obtaining the matrix elements of the electrostatic interaction within IV
configurations. According to the first method, one uses the electrostatic matrix
elements within the configuration /> and the ‘“two-electron” coefficients of
fractional parentage which connect antisymmetric states of /¥ with those of N2
and [%. These can be expressed in terms of the “one-electron’ coefficients of
fractional parentage, which respectively connect the antisymmetric states of I~
and [V! with those of IV and IN72

{I¥SL{|{H\}{"a'SL} = % N(N -1) ; (INaSL{IN XS, L), I(S,L,), SL)
“byby'
X {128, Ly|eX r|I2S, LY(IN X @S, Ly), 1%(S: L), SL[}HMa’SL) (1.67)
where

(IN"(a,S\Ly), 1X(S2L,), SL}NaSL) = ;L (SiLy, 1X(S;Ly)SL|S,L\I(S'L")ISL)

x (N e SiLol, SLHN "a'S'L) (1¥ (e’ S'LY, SLHNaSL) (1.68)
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and
(S\L,, lz(Ssz)SLISlLll(S'L')lSL)
= (- 1)‘+51+S*L'+L{[sz][S'][LZJ[L'J}‘“{S;‘

A o=

S(L, I L’}
sz}{l L L) (1.69)

In the second method the electrostatic matrix elements for IV are related to

those for IV
(INaSL{H\[}{"a'SL)= N(N —2)! (INaSL{JIN""(,S,L)ISL)
eS| L)
x (IN'a\ S| L {|H MY @i S, L)V (S, L)ISL}Na'SL). (1.70)

The use of this method necessitates a chain calculation starting from N = 2.
However, its advantage over the first method lies in the fact that the use of the
coeflicients (1.68) can be avoided. .

Although the use of any one of these two methods completely solves the
problem of calculating the matrix elements of H, for I¥ configurations, several
short-cuts can be achieved corresponding to various special cases. These also
are due to Racah (1943, 1949). He defined unit tensor-operators u®’ such that

(nll|lu®|n'1"y = 8(n, n"y8(, 1" (1.71)

For a system of N electrons the following unit operators can be defined
N
v¥=3 u, (1.72)
i=1

the reduced matrix elements of which between states of [N are given by the
following formula:

(INaSLYUM|INa'S'L’) = N&(S, SHILUL'B? S (NaSL{IN " (a,S,L)ISL)

a)S)Ly
L &k L’}

X (lN_l(a1S|L|)ISL|}INa’S’L’)(‘“l)Ll+l+L+k{l L !
1

(1.73)

The matrix elements of H, for the configuration I~ can now be expressed (up to
an additive constant) in terms of the matrix- elements of the scalar product
U®. g®-

{(nh™aSL{|H)[}(n)"a’SL}

=% S F*nul, nlyI|C¥1{INaSLIU® - U|iNa’SL}
k even
=1 3 FXalabAC®I? 3 (~1)FFQL + 1) (MaSLIU|i¥as L)
k even a"S"L
x (INa"S" LU INa' SL). (1.74)

(The additive constant equals —38(a, a)([|C®I*N 2l + 1)™).
On investigating the structure of [Y configurations on the basis of the theory
of seniority, Racah (1943) obtained the following relations between the reduced
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matrix elements of U™ (k even) for [V configurations and the corresponding
ones for I° configurations:
(INavSLI|UP|INa'vS'Ly = [(21 + 1 = N)/(21 + 1= v)]
X (I'avSL|U*||l*a’'vS'L"), (1.75)
(INawSL|U*|INa'v —2 S'L’)
={(N +2— )4l +4— N — v)/4Q21 + 2~ v)}'?
X (I*avSL|U*|I"a’v —2 S'L") (1.76)

matrix elements with Av# 0, +2 vanish. These relations greatly simplify the
calculations of the desired matrix elements for [V if those for [* are known.

4.2.3.1. (nhN configurations comprising almost closed shells

The matrix elements of the electrostatic interaction for (nl) are equal to
the corresponding ones of (nl)~. This conclusion is obtained through the use of
the following relation, also obtained by Racah (1942b)

(" NaSLIUP**Na'S'LY) = — (=) (INaSL|UY|INa’ S’ L'y* (1.77)

4i+2—-N

and as a result of the fact that each of the coefficients of F* comprises a product
of two reduced matrix elements of U*.

4.2.3.2. The case of the half-filled shell (nl)**"

The configuration (nl)**! can be looked upon as a configuration comprising
2l +1 electrons or 2[+1 holes. The eigenfunctions corresponding to 2!/ +1
electrons and to 2{ + 1 holes will be designated respectively as

YL (P 'avSL) and Yr(I*'avSL).

The following relation holds between these eigenfunctions (formula 65 of Racah
1943):

r(I*'avSLy = (= 1)y (1" avSL) (1.78)
Substitution of (1.78) in (1.77) for N = 2] + 1 results in
(R avSLIUMIF  a'v'S'LY) = (=) 2 (13 av SLIUY|I} ™ a'v' S' L)

= — (= D*({ auSL| UM a’v'S'L). (1.79)
Therefore
(P apSLIUIP ™ a'v'S'L)
=(— 1)k+(u+u')/2(121+1avSL"U(k)”121+1a'U,S,L,) (1.80)

*This relation holds for any value of k except for k =0 in which case the relation holds apart from
a constant diagonal term.
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for 21+ 1 electrons or holes. In our case k is even and v and v’ are odd;
therefore (I**'avSL|U®|I**'a’v'S’L’) vanishes in case v’ = v (4v = 0), and may
be different from zero for Av = =2. Hence the matrix elements of the elec-
trostatic interaction, which comprise products of two reduced matrix elements
of U™ satisfy, for half-filled shells, the selection rule Av = 0, +4.

4.2.3.3. ¥ configurations. The choice of the electrostatic parameters

In section 3.2.1.3 a description has been given of the classification of the states
of the configurations f~ in terms of the irreducible representations W and U of
the groups R; and G,. For the purpose of studying the properties of the matrix
elements of H, for f¥ configurations, it is necessary to express also H; as a sum
of terms, each of which corresponds to the irreducible representations W and U
of R;and G,. This was done by Racah (1949), when he expressed H, in terms of

e,E’+ e,E' + e;E* + ¢;E? (1.81)
instead of

f'Fo+ f2 P+ f*Fy+ f°Fs  or  foF°+ foF*+ ff F*+ f F® (1.82)
where

¥ = Dif. (1.83)

The definition of the parameters E' was given in formula (1.65). The coefficients
e; of E' are given below in terms of the f*’s

e=f"=N(N-12

e1 = 9f%T + fH42+ f477 + 6462

e, = 1432142 — 130f*77 + 35f°/462

ey = 111742 + 4f*|77 - 715462 (1.84)

and correspond to

WUL = (000)(00)0, (000)(00)0, (400)(40)0, (220)(22)0,

respectively.

The eigenvalues of ¢, and e, are easily obtained for all terms of f¥ since they
are both scalars also with respect to R; and G,. The eigenvalues of e, equal
iN(N —1) for all terms of f~. e; is diagonal in the scheme vUSL and its
eigenvalues are independent of U and L. It follows from formula (1.66) that

&(F'SL) = g+ 3 2s, - 52 \ (1.85)
where gy, is the seniority operator for f2. Using formula (1.36) and the relation

S 2si5) =SS+ D=3 N (1.86)

i>f
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one obtains the eigenvalues of e,
el(vaUSL)=g(N—v)+iv(v+2)—S(S+ ). (1.87)

This means that e; vanishes for terms of highest multiplicity of f¥ for which
N = v =28 The calculation of the matrix elements of e, and e; is somewhat
more complicated. The appropriate formulae for these matrix elements were
given by Racah (1949), including tables for the quantities appearing in these
formulae, for all terms of f~. It is worthwhile to mention the following properties
of e, and e;: e, is diagonal with respect to » and vanishes for v = 2S; therefore e,
does not contribute to the terms of highest multiplicity of f¥. For these terms the
matrix elements of e, are given by the following formula (Judd, 1963):

{t", v =N, U,""'L|ejlf", v = N, U, "*'L}

=3+ ud+ ujup+ ugu, + 5u.+4u2)—%L(L+1) (1.88)

where (u,u,) = U. The spacings among terms of highest multiplicity can, there-
fore, be expressed in terms of the parameter E* only. Since terms of highest
multiplicity for f¥, ", f*N and 'V (where 0< N <7) belong to the same
irreducible representations WU of R, and G, respectively, they all have the
same energy spacings. Their positions in terms of E* are given in fig. 1.9 for
0< N <7, assuming that E? is the same for all configurations. The explicit
calculations of the matrices of H; for all f¥ configurations has been carried out
by Racah (1942b), Z.B. Goldschmidt (1968a), Reilly (1953), Wybourne (1961) and
Runciman (1962).

4.2.4. (nh™n'l' configurations (Judd, 1962; Fano et al., 1963; Wybourne, 1965;
Z.B. Goldschmidt, 1971)

The matrix elements of the electrostatic interaction within [M’ configurations
can be written as a sum of two parts: (1) matrix elements within the [N core;
these are the same as the matrix elements for I~ configurations and are diagonal
in all quantum numbers of the electrons outside the core. (2) Matrix elements
between [N and I’; these are given by the following formula:

{(nhN (a; S L)'V SL{H [}(n)N (a:SiLY)n'l'SL}
= 2‘, fF*(nl,n'l'y + 2‘, gG*(nl, n'l") (1.89)

where

fi = 8(Sy, SH(=D)H N1

I k I\ k I'\[L, k L]
G o ol o i [ VrmsLivasiL)  aso

or
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Fig. 1.9. The energies of the terms of maximum multiplicity of f¥ as multiples of E.

fo= NS 8(Sy, SH=)T LN (@, S LIV (@SL)IS Ly

aSL
x (N (@S DISTLANN (@i SILORIL LI A1)
Ik I\ k IN(Li k LfL. k Lj
X(o 0 0)(0 0 0){1 L z}{p L 1'} (1.91)

and

aSC

g=NS D)5 SN ()8, LIV (@SOS LN (@SS LiHN (@1 S1LY)

N2l L | L
><{[S.uL.1[541[L;1}”2[11[t'1(é ’0‘ ’0) {; 3 g‘,}(t k t'>. (1.92)
Ly ' L
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4.2.4.1. Conjugate configurations of the type (nl)***Np'’

(a) Direct part

For (nl)***Nn'I', the direct part of the electrostatic interaction between the core
electrons (nl)***"N and the outer electron n'l’ is equal in magnitude and opposite in
sign to the direct part of this interaction for (nl)“n'l'. This conclusion follows
immediately from formulae (1.90) and (1.77). ‘

(b) Exchange part

For configurations of the type (nl)**'n’'l’ comprising an electron and a hole,
the following results have been obtained (Condon et al., 1951; Racah, 1942b:
Z.B. Goldschmidt, 1971):
(1) For a given SL term the exchange interaction is given (up to an additive
constant common to all terms) by the formula

2
}k: &G (nl,n'l"y = }k: 2[1][1'](8 ’8 ’0) 8(S, 0)8(k, L)G*(nl, n'1)/2k + 1)
(1.93)

This means that the exchange interaction is different from zero only for singlets,
and among the singlets, only for those having L = k.

(2) The total sum of the splittings between singlets and triplets remains invariant
on passing from the two-electron configuration /I’ to the configuration [**'}’
comprising an electron and a hole. This result can be proved by starting out from
that part of formula (1.59) which represents the exchange interaction [ —[’, and
disregarding the (—1)**"*"*L phase factor which is responsible for the alternation
rule. For a given SL term one has

. . L I k
ke 1ySH+I+L _ _Ih\+HP+L KN 2 k
3 4G*-1) S enrraeen], o rle

Ik INY(L Uk
_ _1\L+k ' k
=3 nH (5 o 0) {1 ! L} G*. (1.94)
The expression representing the totality of the singlet—triplet splittings, obtained
by multiplying formula (1.94) by two and summing over L, is

"2

>y ) Gl Ik + 1), (1.95)
k 0

The last expression is identical with (1.93).

The results and conclusions obtained in this paragraph can easily be general-
ized to the electrostatic interaction between the configurations (nl)Vn'l’ and
(nhn"1" (Z.B. Goldschmidt, 1971).

Formulae for the matrix elements of the electrostatic interaction for more
complicated configurations have been constructed by.various authors (Rosenz-
weig, 1952; Wybourne, 1963; Nir, 1969) and will not be given here.

Recently, several types of computer programs have been constructed, for
obtaining the numerical values of the algebraic matrix elements. Some of them
use, as input data, formulae of the types given in the last and the following
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paragraphs (Stein, 1967; Bordarier, 1966), whereas others use only the tensor-
operator form of the desired interaction together with lists of the interacting
configurations (Bordarier, 1970; Oreg, 1973a,b).

4.3. Matrix elements of the spin—orbit interaction

Since
H;=2 &k - 5)

is an operator of the type F, its matrix elements (y{H-}¢') between two
antisymmetric functions ¢ and ' of the electronic system are more easily
calculated than those of H,. As was already stated in section 2, integration over
the radial variables results in the following formula:

H,= 2 {nilili * Si (1.96)

the definition of the spin—orbit parameter {,, was given in formula (1.15b).
According to this definition {,, are positive numbers.

4.3.1. One-electron configurations
Since

l-s=%(jz—lz—s2)*, (1.97)

the matrix elements of H, for one electron configurations are given by the
elementary formula

Gulstimll - slstim) =3 LuliG+ 1= 10+ D= s(s + D]

3L for j=l+%

M+ g for j=1-3 (1.98)
Hence all except s configurations split into two levels having the following
properties:
(1) The level of the higher j lies above that of the lower.
(2) The splitting between the levels equals 321 + 1)
(3) The center of gravity of the levels remains unchanged on including H,, when
the levels are weighted according to their degeneracy.

*The property of H; to be diagonal in { follows from this formula; see footnote on page 29.
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4.3.2. Two-electron configurations
In this case
Hy= o s) + Ll - 52)
and the angular parts of the matrix elements are given by (Fano et al., 1959):
@l gl SLIMAJl: - 5[l 31, S'L'TM)
= (= D! EIHEL A+ DL+ DISIESLILT

S § 1IyL L 1ys s 1
x{% ; %}{11 L zz}{y L ]}’ (1.99)
Gl AL SLIM{L, - soW A, S'L'TM)
= (_.1)l|+l2+S+S’+J+l{%12(12+ 1)(212+ 1)[S][S’][L][L’]}”2

S & 1L L' 1S S 1

SR TR (1.100)
In the particular case [, = [, the expressions (1.99) and (1.100) are equal if S+ L
and §'+ L' have the same parity and differ in sign if S+ L and S’'+ L’ have
opposite parities. For a configuration comprising two equivalent electrons
(nily) = (naly) = (nl) only terms with S+ L even are allowed. In this case it is
enough to calculate only one of the expressions (1.99) or (1.100) and multiply the
result by a factor of 2.

4.3.3. (nh)N configurations
In this case the angular part of the matrix elements is given by

(z”aSLJM {,2 I s

} I”a'S’L’JM)

= (DS EI0+ DR+ 1)}1/2{5 S’ 1}

L' L J
X (INaSL|V!YINa’S' L") (1.101)
where V"" is the double tensor
ViD= 2 s’ (1.102)
defined by Racah (1942b), and
(INaSLIV Na’S'LY) = N (=) S LSS ITLILL
x 2 (NaSL{N"(@SL)USL)(IN""(aSL)IS L) Na'S' L)) (= 1)5+F

asl.
S 1 SYL 1 L
X{% S %}{1 L 1}' (1.103)

For §=S"and L = L’ one has
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(—1)““’{5, i }}=%[J(]+1)—L(L+1)—S(S+1)]

x[S(S+ D2S + HL(L+ DRL+ H'"? (1.104)

Since the matrix elements of L - § are given by 3[J(J + 1)~ L(L+ 1)— S(S + 1)},
the matrix elements of H, diagonal in L and S can be expressed as AL - § where
A is a constant for a given (empirical) term. This is the mathematical expression
of the Landé interval rule which states that within a Russell-Saunders multiplet
the interval between two levels having consecutive J values is proportional to
the higher J value of the pair.

For terms of maximum multiplicity and N < 21+ 1 all spins are ‘“‘parallel”” and
H, can be written in the following form:

dni 2 Li-si={u (2 ’i) s ={u(L - 8)IN = {u(L - $)28 (1.105)
Consequently, for terms of maximum multiplicity
A =428 (1.106)

and the matrix elements of H, for the levels belonging to these terms are given
by the simple formula

(I"aS(=sN)LIM{L - S}1™aS(=3N)LIM){,/2S
=3(JJ + )= L(L+ 1)— S(S+ 1))£u/28 (1.107)

In this case, the interval between two adjacent levels belonging to a given term
equals

where J is the higher J value of the pair, and is thus independent of L.
Consequently, levels belonging to different terms of maximum multiplicity, and
having the same J value, can thus be made to coincide, by displacing the centers
of gravity of these terms. This property is illustrated in fig. 1.10 for the quintets
of f.

The total splitting of terms of maximum multiplicity due to the spin-orbit
interaction can also be calculated through the use of formula (1.107). It is found
to be equal to

32L + 1)¢y for terms with L= S (1.109)
and

L(2S + 1)/2S for terms with L < S. (1.110)

Judd (1963) has carried out a thorough analysis of the properties of the matrix
elements of the spin-orbit interaction for f¥ configurations through the use of
the theory of continuous groups; he thus succeeded in explaining the vanishing
of various matrix elements of this interaction.
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Fig. 1.10. The quintets of f*; in
it e me———iy=2 the limit of LS coupling, these
———— J=1 can be displaced so that all levels
—— =0 with the same J coincide.

4.3.3.1. (nD)N configurations comprising almost closed shells

The matrix elements of the spin-orbit interaction for (nl) are equal in
magnitude but opposite in sign as compared to the corresponding ones in (n)".
This conclusion follows from formula (1.77) which is valid also when V" is
substituted for U* and 2= 1+1 is substituted for k in the phase factor. The
following formula holds for the reduced matrix elements of V*® (Racah, 1942b):

(N aSLIVE14 2N g S'LY) = — (= 1)**(INaSLIV*INe’S'L).  (L111)

4+2-N

4.3.3.2. The case of the half-filled shell

All reduced matrix elements of V'V diagonal in v vanish for (nl)**' configura-
tions; consequently all diagonal matrix elements of the spin—orbit interaction are
zero. This conclusion follows immediately through the use of formula (1.111)
and the relation (1.78) between the eigenfunctions corresponding to 2+ 1
electrons and 2!+ 1 holes (see discussion in section 4.2.3.2) resulting in the
following relation: )

(IZH-laDSL“ V(xk)“lelarvrSlLl) = (__ 1)x+k+(v+v')/2(lzl+lavSL“ V(xk)"121+larvrSILr)
(1.112)

4.3.4. (nh™n'l' configurations
The matrix elements of the spin-orbit interaction for (nl)"a’l’ can be cal-
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culated by using the following formula (Wybourne, 1965):
{(nh)N (a1 S, Loyn'l' SLI{{Hy[{(n)N (a1 SiLi)n'l'S'L' J}

; . S S 1
— (IS HLHI+S L+ +1]2 ’ M2
= (=) asucusweye{; § )

oS 8§ 1
120 1\S'+L

x[[l(l+1)(21+1)] -1 {s; S %}

L L' 1
Ar L STV S,

+[1'(1'+1)(21'+1)]"2(—1)5+L5(alle1,a;s;L;){§ s’ 1}{L L 1}
5 5 S] [ [ L|

X 31|Vl ’){w] , (1.113)

In the conjugation process (nl) n'l'=>(nh)**>Nn'l', the coefficient of ¢,
changes sign. For N =2[+ 1, all coefficients of ¢, diagonal in the seniority
quantum number v (characterizing the core states) vanish. These results follow
immediately from formulae (1.111) and (1.112).

5. “Weak” interactions

Energy-level calculations conducted to first-order perturbation theory and
based on the hamiltonian (1.2b), which comprises (only) the electrostatic and
spin—-orbit interactions, do indeed reproduce the energy level structure qualita-
tively; however, the quantitative agreement obtained between calculated and
observed energy levels and other related properties is rather poor, even when all
the radial integrals F*, G*, R* and ¢ are considered as adjustable parameters.

The fit between theory and experiment can be improved by adding two types
of terms to the hamiltonian (1.2b). Terms of the first type represent the “mutual
magnetic interactions.” These interactions, which are of relativistic origin, are
provided by the Breit equation (Bethe et al., 1957), which, in the nonrelativistic
limit, breaks up into terms which can be given a simple physical interpretation
(Bethe et al., 1957; Slater, 1960). All of these terms that are spin-independent
(such as the orbit-orbit interaction, the retardation of the Coulomb interaction,
and the relativistic correction due to the mass variation with velocity) are
absorbed by the electrostatic parameters (real and effective*, including the
additive constant). Into this category also falls the spin—spin contact term which
is diagonal with respect to the total spin angular momentum of the electrons. The
terms which are not absorbed are the spin—spin (ss) and the spin—other-orbit
(soo) interactions, which, respectively represent the mutual interaction between
the magnetic dipole moments of the electrons and between the dipole moment of
one electron and the orbital motion of another. These will be discussed in

*See definition and explanation below.
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section 6. Terms of the second type are known as “effective interactions”, and
represent, to second order perturbation theory, interactions with distant
configurations. These will be discussed in section 7.

6. The mutual magnetic interactions

6.1. Introduction

Investigations of the effects of the mutual magnetic interactions on the energy
level structure of atomic spectra date from the work of Breit on the lsnp °P
terms of He I and Li Il (Breit, 1930; Condon et al., 1951). Marvin (1947)
computed the matrix elements of these interactions for two-electron configura-
tions comprising s, p and d electrons. These, except for matrix elements
involving equivalent electrons, were found to be in error. Jucys and his
collaborators (1961) investigated, from a theoretical standpoint, the properties of
these interactions in various complex configurations, thereby correcting and
extending Marvin’s results. Trees (1951) computed the matrix elements of the ss
interaction for d¥ configurations. Horie (1963) derived formulae in which the
matrix elements of the ss and soo interactions for I¥ configurations were
expressed in terms of the unit tensor operators and double tensors defined by
Racah. These formulae will be cited below. Blume, Freeman and Watson (1962,
1963, 1964) obtained Hartree-Fock values for the radial integrals describing the
mutual magnetic interactions for various d¥ and f¥ configurations in transition-
element and lanthanide ions, respectively. They also calculated the contribution
of the two-electron soo interaction to the spin—orbit parameter {,, including
exchange effects. Recently, systematic and thorough investigations on the effects
of the mutual magnetic interactions on the energy level structure of various
configurations of heavy atoms have been conducted by various authors (Z.H.
Goldschmidt, 1967; Z.B. Goldschmidt et al., 1968; Judd et al., 1968; Crosswhite
et al., 1968; Z.B. Goldschmidt, 1970; Judd, 1970; Pasternak et al., 1972; Z.B.
Goldschmidt, 1973; Pasternak et al., 1974; Z.B. Goldschmidt and Ben-Ezra,
1975; Z.B. Goldschmidt and Cohen, 1975). The results of these investigations
concerning the lanthanide spectra will be cited in the appropriate sections below.

6.2. Expressions for the operators. Definitions of the parameters

The spin-spin (ss) interaction can be included in the hamiltonian of an atomic
system by adding the following term to expression (1.2b):

Hyo =282 ((si - sp)ri=30ry - s)(ri - splr - (L114)

where B8 = efi/2mc. The tensor-operator form of this interaction can be written as
(Judd, 1963; Innes, 1953)
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H,=—-g*5)" ;: (— DXk + 5)Y(2k) 1}

X 3 [(rAIFE)ACE? % CPIP - s % 5,17)
1#]
+(rr)ACE x €212 - [5: % 1)) (1.115)

On integrating over the radial variables r; and r;, either the first or the second
term in the brackets will be included, in accordance with the fulfillment of r; <r;
or r; <r; respectively.

The term in the hamiltonian representing the spin-other-orbit (soo) interaction
can be expressed as

Hoo =282 [Vi(1/ry) X pi] - (s: + 25) (1.116)
iy

its tensor operator form being

H,oo = B2(3)? ; (-1

X 3 (i 2k + 12k — D[P x [C® x )¢ 01
i#)
—(r{Ir Y2k + 1)k + 3PP < [CP x 1] F P
_ (r,k—Z/r}(H)(k + 1)(2k + 1)1/2[C}k) X [C(k) X l]gk)](l)
+(rflrik2k + DPCP X [CPx NP
+(rf7 Y alar)k(k + )2k + D]PCP x ¢
+(r¥ ) alar)lk (k + 1)(2k + D]ICP x CPIV} - (5i + 25)) (1.117)

Since the ss and the soo interactions are represented by two-electron opera-
tors, they comprise, in analogy with the electrostatic interaction, both a direct and
an exchange part. For the spin-spin interaction, these parts are described in
terms of the radial integrals M*(nl, n'l’), M*(n'l’, nl)—and N*(nl, n'l') respec-
tively. The definitions of these parameters are given below (Marvin, 1947).

Ml w1y = 82 [ [ (ARG R () dnd
0 i

Ml nl) = B f f (PP RA(r)R2 ) dridr,
0 0

N*nl, n'l') = B2 f f (PP )RR i) Roe(r) Ru(ry) dridr
0 0

= N*n'l', nl) (1.118)

It follows from these definitions that
N¥(nl, nly= M*(nl, nl) (1.119)

The exchange part of the spin-other-orbit interaction includes, in addition, radial
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integrals K** (Jucys et al., 1961) in which derivatives of the one-electron radial
function appear under the integral sign (see the last two terms in formula
(1.117)):

K*mlLn'lY=A=B+C=D (1.120)
where

A= BZLwLi(Blar_.-)(Rn:(n)/r.-)R,.'r(r,')(r,‘-‘lr,"“)R,.w(r.-)Rm(r,-)dr,-dr,-,
B=8 [ [ RutrdRusr)rH1rs Y@l am)R it 1) Ru(ry) dridr
C =8 [ [ @onaRumImRuutm)rIrf YR ()R drdry

D=8 [ [ RumRur)rtIr Walar)Run(mlrpRu(r) drdr,— (1.121)
0 Jr
The K** integrals can be integrated by parts and expressed as linear combina-
tions of the N*’s:
K**(nl, n'l'y = kN*(nl, n'l'y = (k + HN*"*nl, n'l'). (1.122)
For K*, it is easy to see that

K¥(nl,n'ly=—K*(n'l', nl), K*(nl,nh=0. (1.123, 1.124)

6.3. J-dependence of the matrix elements and their contribution to the multiplet
structure (Z.B. Goldschmidt, Mallow and Starkand, 1971)

The operator representing the ss interaction is of rank x =2 in the spin space
and k =2 in the orbital space. Therefore, its matrix elements are proportional to

. S § 2
the 6j-symbol {L’ I

S & 1 . .. . .
}, since the operator describing this interaction has

}. The matrix elements of the soo interaction are

L L J
x = 1and k = 1. Consequently, for the soo interaction the Landé interval rule is still
valid in the approximation of LS coupling, whereas the second rank character of
the ss operator introduces deviations from this rule.

" proportional to {

6.4. Spin selection rules

(a) Spin-spin interaction: For configurations comprising an even number of
electrons, the matrix elements connecting two singlets or a singlet and a triplet
vanish. For configurations comprising an odd number of electrons, the matrix
elements connecting two doublets vanish. These conclusions follow immediately
on remembering that each matrix element of the ss interaction is proportional to

{S S’Z}
L' L JF
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’

(b) Spin-other-orbit interaction: Because of the factor { i, i }} included in

each matrix element of the soo interaction, these matrix elements vanish between
two singlets.

6.5. Matrix elements for (nD)N configurations (Horie, 1953; Pasternak et al.,
1972)

(INaSLIM|H.J1"a'S'L'IM) = ()51 { f i ?} (INaSL|H.|INa'S'L’)
' (1.125)
where
(INaSL|HINa'S' L") = (—1)S+5+L+L+1 Z_‘, 2452k + 5)!(2k)!}"?
x ((lc®najc I m*
X ; (INaSL"V(lk)"lNaIISHLH)(INansnL”"V(1k+2)"lNa/S'L’)
. )
S S 2 L L 2
{7 S”}{k+2 k L"} (1.126)
and k may take the values 0, 2 or 0, 2, 4 for d¥ and f¥ configurations
respectively.

Concerning the soo interaction, only the first two terms of (1.117) make
non-vanishing contributions to the matrix elements for (nl)N configurations. In
this case it is both analytically and computationally convenient to express the
soo operator in the following form:

H,soo = 2 ZK Mk(lllc(l()"l)(l"U(K;k+1"l)[(_ l)K 31/2(2K + 1)—1/2(U(K) . T(1k+l)K)

+ 2(_ 1)k+l31/2(2k + 3)—112(U(k+l) . T(lK)k+1)] (1127)
where K =k, k+2
Tk = 3 1% = 3 [si X w{"® (1.128)

and
U(k;k+|) —_ 3—1/2(2k + 1)(2k + 3)1/2[C(k) X ’](k+l)
U(k+2;k+l) - _3—1/2(2k + 5)(2k + 3)1/2[C(k+2) % ’](k+l).

The prime over the H, in the left-hand side of eq. (1.127) indicates that a term
proportional to the spin—orbit interaction has been omitted from the first two
terms of equation (1.117). The matrix elements of H,, are given by

(INaSLIM|H | oo|IVa'S’L'JM)

= (= 1)5+H {f i }} (INaSL|H \J|INa'S'L"), (1.129)
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where
(INaSLIH wolli¥a’S'L') = 23)*(— )+ ; MU SPIndc®ln
' K
X[ 2 (lNaSL"U(K)",NausuL/r)(lNa//S”LII”V(1k+1)”lNa;SlLl){ L I<, L }
S k+1 L' 1
X2 > (INaSL|U*V(INa"S"L")
a'SL
L k+1 L”
N _pnony mlx KN _rQry v
x (INa" "L VX1 aSL){K M 1}] (1.130)

The first sum in the square brackets of (1.130) yields, for kK = 0, matrix elements
which are proportional to those of the spin-orbit interaction and is therefore
omitted in a semiempirical calculation.
6.5.1. Conjugate configurations of the type (nl)* ™~

The matrix elements of H,, and H!, remain invariant under the conjugation
process (n)Y = (n))**?>N. This conclusion follows immediately on inspecting
formulae (1.126) and (1.130), (1.77) and (1.111).

6.6. Matrix elements for (n[)™n'l' configurations

Recently, Z.B. Goldschmidt, Mallow and Starkand (1971) have obtained closed
formulae for the matrix elements of the ss and soo interactions between the
non-equivalent nin'l’ electrons in configurations of the type (nl)"n'l’, including
the special cases of N =1 and N =4[+ 1. Only various general properties of
these matrix elements will be summarized below, the explicit formulae will be
published elsewhere.

6.6.1. Conjugate configurations of the type (n)***“n'l' - direct part

In the configurations (nl)***"Nn'l’ conjugate to (nl)™n'l’ it is possible to predict
at the outset the properties of the direct part of the mutual magnetic interactions,
by expressing them in terms of the symmetrical double tensors T*¥ = XN, ¢
operating on the (nl)" core.

For the ss interaction, the reduced matrix elements between the core states
comprise an odd symmetrical double tensor (x +k odd) and are therefore the
same for (nl)***Nn'l' and (nl)"n’l’. The soo interaction is composed of two
parts: The first, comprising the factors , and s; behaves under conjugation like
the spin-orbit interaction. It is represented by an even symmetrical double
tensor (k + k even) and therefore changes sign; the second part, comprising
and s;, is represented by an odd symmetrical operator, and therefore remains
invariant under conjugation.

6.6.2. Conjugate configurations of the type (nl)**'n'l' comprising an electron and
a hole-exchange part

In configurations comprising an electron and a hole, most exchange matrix
elements vanish, as in the analogous case of the electrostatic interaction (see
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TABLE 1.6.
Allowed values of the spin and orbital quantum numbers for non-vanishing matrix elements in nin’l’ and
()t X

nin'l’ (nl)"“n’l’
Interaction *  spin orbit spin orbit
ss S=8= No limitations S=8= 8(L,k)8(L',t)
+8(L,t)8(L', k)
SO0 S§=8= -
and §=0 §'=1} Nolimitations [S=0 &= } (L, k)d(L', t)
Effective EL-SO** S=1 §=0 S=1 §'=0] +8&8UL,t)s(L', k)
. S=8= Lo
Electrostat { No limitati
ectrostatic S & =0 o limitations S=g=0 S(L. 3L k)

*For the ss interaction ¢ = k +2; for the soo interaction ¢t = k— 1, k, k + 1. **See section 7.4. *Z.B.
Goldschmidt, Mallow and Starkand (1971).

section 4.2.4). This is a result of particularly strong spin and orbital selection
rules.

(a) Spin selection rules. Of the non-vanishing matrix elements allowed for nin'l’,
only those matrix elements with lowest multiplicities survive for the conjugate
(nh)**'n'l’, as summarized in table 1.6.

(b) Orbital selection rules. As shown in table 1.6, most of the matrix elements
which appear for nin’l’ vanish for (nl)**'n'l', due to the delta functions relating
the total angular momentum quantum numbers L and L’ to the ranks k and ¢* of
the tensors operating on the orbital parts of the wave functions of each pair of
interacting electrons.

7. Configuration interaction with distant configurations to second order of pertur-
bation theory — Effective interactions

Even when CI between neighbouring configurations has been included in
first-order perturbation theory, CI with all distant configurations has still been
neglected. Although CI with each distant configuration may be small, the over-all
effects of these configurations may be quite large, since their density increases
as the continuum is approached. It is of course impossible to construct energy
matrices including CI with all configurations. Rather, following Bacher and
Goudsmit (1934), CI with distant configurations can be taken into account, in
second-order perturbation theory, by adding effective interactions to the hamil-
tonian of the perturbed configuration (group of configurations). In this ap-
proximation the effective interactions are generally described by two, three or

*For the ss interaction ¢ = k + 2; for the soo interaction t =k —1, k, k+ 1.
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four-electron operators, the character of which depends on the perturbed and
perturbing configurations. This approach has several advantages: In the first
place, no increase in the dimensions of the energy matrices is involved, and the
number of additional (radial) parameters is relatively small. Furthermore, the
effects of various classes of perturbing configurations can be studied separately.

On remembering that the two-dominant interactions for many-electron atoms
are the electrostatic interaction H,=3;,;e*r; and the spin—orbit interaction
H,=%; {i(l; - 5;), the effective interactions have the form

Hes=—(H;+ H,)(H,+ H))/AE (1.131)

AE being the (positive) energy separation between the perturbing and the
perturbed configurations. H.q decomposes into three parts:

(48] H,=—-HH,/AE (1.132)
known as ‘“‘effective electrostatic interaction”
Ixn Hy=-(H,H,+ H,H))|AE (1.133)

which is referred to as “effective electrostatic—spin—orbit (effective EL-SO)”
interaction

(1) Hc¢=-—H,H,/AE (1.134)

which turns out to have the same angular dependence as the usual spin—orbit
interaction (Rajnak et al., 1964; Stein, 1967) and therefore does not constitute an
independent interaction.

Generally, H, > Hp; this relation is to be expected on considering the origin of
these two interactions. An additional property of these interactions which is
connected with their origin is the following: H,, when expressed in tensor-
operator form is spin-independent, in analogy with the real electrostatic inter-
action, whereas Hy is spin-dependent, in analogy with the magnetic interactions.

The effective interactions have been investigated by various authors, both
from the theoretical and from the semiempirical points of view, as will be
specified below.

7.1. Effective electrostatic interaction in (nl)~ configurations

The properties of this interaction, from the theoretical point of view, were
extensively studied by Rajnak and Wybourne (1963) and by Racah and Stein
(1967) for the following types of perturbing configurations:

(1) lN—Z[rZ and IN_zl,l”, (2) lr4l’lN+2 and l/4l’+1{n4l"+llN+2
(3) l/4l’+llNln, (4) lN_llI, (5) l/4l’+llN+1.
The following results were obtained:
(1) For perturbing configurations having two ‘new electronic states” as

compared to the perturbed configuration, H, is a two-electron interaction. An
electron n'l’ belonging to the perturbing configuration is said to occupy ‘‘a new
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electronic state” if no electronic state with the same n'l’ is included in the
perturbed configuration. For these results “a new hole state” plays the same role
as “a new electronic state.” For example, the perturbing configuration I'#*'[N]”
(see type (3) above) comprises one “new electron”, namely !”, and one new hole,
namely ', as compared to the perturbed configuration I'***IN; the cor-
responding H, is therefore a two-electron interaction. The same result holds for
perturbing configurations of the types (1) and (2).

(2) If the perturbing configuration comprises only one “new electronic state” as
compared to the perturbed configuration, then H, is a three electron interaction.
This result holds for perturbing configurations of the types (4) and (5).

These results can be explained in the following way:

H , includes the factor H,H,. Due to the first H, two electrons jump from [V to
the perturbing configuration, due to the second H, two electrons jump back to
IN. Therefore, in general, four electrons are involved in the effective interaction
process. But if an electron jumps from [V into a “new electronic state” of the
perturbing configuration, the same electron must jump back to [N, In this case
the effective interaction is represented by a three-electron operator (result no. 2).
If two electrons jump from [V into ‘“‘new electronic states” of the perturbing
configuration, the same two electrons must jump back to IV, and the effective
interaction is represented by a two-electron operator (result no. 1). A graphic
explanation is given in fig. 1.11. Consequently, H, in its tensor operator form
can be written as a sum of two terms: the two-electron term H? and the
three-electron term H 3.

Hiz_z [t]P'Z(u?). u;.t))zz Ptyr (1.135)
>0 i%] >0
Hi=- 2 VIKWKIKIPG LK) 3 - uf - uf?)®
kK"

.. i#j#h
even and positive

15_’, Pk, k', k"V(k, k', k") (1.136)
k.k' k"

even and positive

The quantities P’ and P(k, k', k") contain the Slater integrals describing the
“real” electrostatic interaction between the perturbing and the perturbed

LN-Qt’ '/II

Fig. 1.11a. H:=two-electron effective elec- Fig. 1.11b. H} = three-electron effective elec-
trostatic  interaction. An example: IV - trostatic interaction. An example: [¥ — [/~
IN_zi'l”—)lN. IN.
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configurations, as well as the energy separation between them. They may be
treated as adjustable parameters on carrying out semi-empirical calculations.
Since the contributions to the effective interaction of all perturbing configura:
tions of the same type (namely, having the same I; and differing from each other
only in n;) have the same angular expressions y, or V(k, k', k"), the parameters
P' and P(k, k', k"), on performing a semi-empirical calculatlon absorb the
(radial) contributions of all these configurations.

The allowed values of ¢ in (1.135) are 0 <t < 2/. However, for even values of ¢,
the coefficients of the P*’s have the same angular dependence as the coefficients
of the Slater parameters F' describing the “‘real” electrostatic interaction within
the [V configuration. Therefore, only P"’s with odd ¢ constitute independent
parameters*. The number of these parameters in the range 0 <t <2l is [, as
compared to !+ 1, the number of the ‘“real” Slater parameters. For d¥
configurations, H 3 takes the form

Hi=-Y[P'@® uP+Pwf - uf)] (1.137)

i#f

and for f¥ configurations

==Y [P'@® u+Pw® u 3’)+P(u‘5’ u®)]. (1.138)

i#§

On the whole, the electrostatic interaction, real and two-electron effective, is
described by a number of parameters (2! + 1) which equals the number of terms of
the I? configuration. This means that on including the two-electron effective
electrostatic interaction in the calculations

(1) the experimental terms of the I* configuration can be exactly fitted to the
theoretical formulae of this configuration;

(2) the agreement between the observed and calculated terms of the IV
configurations is greatly improved.

The last result can also be understood through the use of Bacher and
Goudsmit’s approach (1934). These authors expressed the energies of the terms
of the IV configurations as sums of one-electron, two-electron, three-electron
interactions etc.

E(M= > EWO+> E(»+ 3 E()+:-- (1.139)
cle:tll!ons p:l!.:'s tri:llles

They also compared their approximation method with the usual perturbation
theory. This comparison is repeated in table 1.7. Bacher and Goudsmit im-
mediately concluded from the table that if the approximation used was a
pair-approximation or better, and if the exact energies of the two-particle
problem were used in that approximation, then all the higher orders of the pair
interaction have been included. This conclusion of Bacher and Goudsmit very
clearly explains the result (2) above. It also appears from table 1.7 that the triple

*In a semiempirical treatment, the effects of the effective electrostatic interactions described by
P*"’s with even values of ¢ are absorbed by the “real’” Slater parameters.
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TABLE 1.7.
Relation between the n-particle approximation and perturbation theory.*

n-particle
corrections
Perturbation

theory Pairs Triples Quadruples Quintuples etc.
1st order X

2nd order X X

3rd order X X

4th order X X X

etc.

*Bacher and Goudsmit (1934).

energy enters for the first time in the second order of the perturbation theory.
This is in complete agreement with the results obtained above for the effective
electrostatic interaction.

Returning now to H (formula 1.136) and remembering that k, k', k” may take
only even values in the range 0 <k, k', k" <2! and fulfill the triangular condition
among themselves, it follows that for d¥ configurations the only allowed
P(kk'k") are characterized by the four triads (222)(224)(244)(444), and for fV
configurations, the allowed P(kk'k") are characterized by the nine triads
(222)(224)(244)(444)(246)(446)(266)(466)(666). Judd (1967) and Feneuille (1966)
have shown that for d¥ configurations only two out of the four parameters
mentioned above constitute independent parameters. For f¥ configurations Judd
(1966) has shown that only six of these parameters are independent.

7.1.1. The choice of the effective electrostatic parameters for tN configurations
As was already shown in section 4.2.1.2 and 4.2.3.3, Racah, in his analysis of
the “real” electrostatic interaction within f¥ configurations, has constructed
linear combinations of the operators E,->,-(CE") . C}")), which correspond to the
irreducible representations W and U of the groups R, and G, respectively. Judd
(1966) has used the same approach for the parametrization of the effective
electrostatic two and three-electron operators. From the two-electron effective
operators y, of formula (1.135), he constructed the three linear combinations

es=y,+ystys, es=y —2yi+ys, e=11y,—3y; (1.140)

for which WU = (000)(00), (111)(00) and (220)(22), respectively. The operator e
is identical to £ of Racah (1949). The eigenvalues of e,, ¢s and ¢ can easily be
expressed in terms of the eigenvalues G(R;), G(G,) and G(R3) of Casimir’s
operators for the groups R,;, G, and R,;. They are 5G(R;)-3N, 12G(Gp) -
10G(R;) and 3L(L+ 1)—12G(G,) for e, es and e respectively. 5G(R;) and
12G(G,) are given in tables 1.8 and 1.9. Thus, the two-electron effective
electrostatic interaction for f¥ configurations is given by the following formula:

[SG(R;)—3N1E*+[12G(G,) - 10G (R)IE*+ [AL(L+ 1) — 12G(Gp)]E®  (1.141)
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TABLE 1.8. TABLE 1.9.
Eigenvalues of the Casimir operator for Eigenvalues of the Casimir operator for
the group R;.“ the group G,.?
W= (wiw,wy) SG(Ry) U =(ujuy 12G(Gy)
(000) 0 (00) 0
(100) 3 (10) 6
(110) 5 (1) 12
(111) 6 (20) 14
(200) 7 @n 21
(210) 9 (30) 24
211) 10 (22) 30
(220) 12 31 32
221) 13 (40) 36
222) 15

“Racah (1949).

2Racah (1951).

and the total two-electron electrostatic interaction, real and effective, is
represented by the sum

6 .
Y eE’ (1.142)
=0

where E' are the parameters representing this interaction.
It should be mentioned that Rajnak and Wybourne (1963) have used the
expression

alL(L+ 1)+ BG(Gy)+ yG(Ry) (1.143)

as a representative of the two-electron effective interaction instead of the sum
¢ . 6E'. Racah (1964), Trees (1964) and Z.B. Goldschmidt (1968a, b) have used a
third three-parameter expression:

alL(L+ 1)+ BQ + 12yG(G,), (1.144)

in which the eigenvalues of the seniority operator Q have replaced G(R,). This
expression can be looked on as a generalization of the two-parameter expression
aL(L + 1)+ BQ used by Racah (1952) for d~ configurations.

TABLE 1.10.
Description of the three-electron opera-
tors.”

1 wU

2} (220)(22)

! (222)(00)

4 (222)(40)

te (420)(22)

ty (420)(40)

tg (420)(42)

*Judd (1966).
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For the three-electron effective electrostatic interaction, Judd (1966) has
constructed the six-parameter expression

LT 2+ 6T+ 6, T4+t TS+ t,T7 + £, T8 (1.145)

The operators ¢; are identified with the operators t(WU) as listed in table 1.10,
and t(WU) are linear combinations of V(kk'k") according to the formula

HWU) =S Vkk'k")(kk'k"|WU). (1.146)

The coefficients (kk’k"|WU) as well as the matrix elements of t; for the f°
configuration were calculated by Judd (1966) (see tables VI and VIII there).
That part of table VIII which comprises the matrix elements of the six in-
dependent operators t;(i =2, 3, 4, 6, 7, 8) is repeated here in table 1.11.

7.1.2. The N dependence of the matrix elements

The straightforward way to calculate the matrix elements of H% and H3 for IV
configurations is to take the matrix elements of I> and I’ respectively as starting
points, and perform chain calculations through the use of formula 1.70 (with H?%
substituted for H,) and the following formula (Judd, 1966):

{INaSL{{HA[}{a’SL} = [N/(N = 3)] X, (IMaSL{|I""(aSL)ISL)
aa'SL
x {IN'"&SL{|HMY"'a'SLYIV"(a’'SL)ISL{}INa’SL) (1.147)

As in the case of the electrostatic interaction, although these equations
completely solve the problem of calculating the desired matrix elements for any
IN configuration, several short-cuts can be taken, corresponding to the various
special cases.

7.1.3. The two-electron effective electrostatic interaction in t~ configurations

The coefficients of the two-electron effective parameters E*, E° and E° listed
in formula (1.141) are already given for any fN configuration, since they depend
only on the number N and on the eigenvalues of Casimir’s operators G for the
groups R;, G, and R;, the irreducible representations of which characterize the
states of fN. The special case of the configurations £ conjugate to f¥ should
be mentioned: Since the states of f!*V are identical with those of fV, the
coefficients of E' (i =4, 5, 6) for the terms of £V are the same as those for the
correlated terms of f¥, apart from a constant term. The same result holds for the
other sets of two-electron effective terms mentioned above (formulae 1.143 and
1.144).

7.1.4. The three-electron effective interaction in tN configurations
If one would use, as coefficients of P(k, k’, k") in formula (1.136), the opera-
tors UP =3, u® instead of u{*, these coefficients would be proportional to the
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triple product
[u®. g®y. g*no (1.148)

(k, k' and k" even), apart from two and one-electron terms. One could then use
formulae (1.75)—(1.80) in order to simplify the calculation of the matrix elements
of Hi for I¥ configurations. It is worthwhile to mention the following
conclusions obtained through the use of these formulae:

(1) Conjugate configurations of the type !“**"N: the matrix elements of H3
between terms of [***™N are equal in value and opposite in sign to the matrix
elements between the correlated terms of IN. This conclusion is a direct result of
formula (1.77) and the fact that all k’s are even.

(2) For a half filled shell [**!, the reduced matrix elements of U* with even k
satisfy the selection rule Ay = =*2; therefore the triple product (1.148) also
satisfies the selection rule Av = *+2 (whereas the electrostatic energy matrices
satisfy the selection rule Av = 0, +4). Hence, all diagonal elements of H3 vanish,
and all second-order effects are well represented by two-electron effective
interactions.

As mentioned above, Judd (1966) used the three-electron effective operators t;,
instead of #¥® or U®. In order to find the N-dependence of their matrix
elements, he again used the powerful and elegant apparatus of group theory, as
well as the formalism of second quantization and the theories of quasi-spin and
seniority. For ¢, t; and g he obtained the following formulae, which are identical
to formulae (1.75) and (1.76) above:

{f¥avSL|t|f¥a vSL} = [(7 - N)/(7 — v){f*avSL|t|f*a'vSL}, (1.149)
{tNavSL|t;|[fNa'v —2SL}
= {(N +2—0)(16 = N — 0)/4@8 ~ v)}"*{f*avSL|t|f*a'v — 2SL}. (1.150)

For t,, t; and ¢, the process of finding the N dependence of the matrix elements
as well as the relations obtained are somewhat more complicated and the
interested reader is referred to Judd’s original paper (1966) for a complete study
of this subject.

7.2. Effective electrostatic interaction in (nl)Nn'l' configurations: two-electron
operators

For perturbed configurations of the type (nl)"n'l’, the effective electrostatic
interaction can be represented by two, three and four-electron operators. A
four-electron operator is obtained when the perturbing configuration comprises
no ‘“new electronic state”” as compared to the perturbed configuration. For
example: the perturbed configuration is (nl)"n’l’ and the perturbing configuration
is (n)N*'. For (nl)"n'l' configurations of rare earth spectra, only the effects of
the two-electron nl-n’l’ effective operators have been investigated. On including
these operators in the energy level calculations, in addition to the complete
effective interaction of the (nl)Y (=4f") core, the fit between observed and
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calculated levels improved to such an extent, that at present there seems to be
no need for the inclusion of additional effective electrostatic interactions in these
configurations. Consequently, only the two-electron nl-n'l’ effective operators
will be discussed here. The tensor-operator form of these operators is given by
the following formula (Stein, 1967; Z.B. Goldschmidt and Starkand, 1970; Z.B.
Goldschmidt, 1973):

Hi(nl-n'lh==3 F'Y @ v"-3 G'Y (z"- £ (1.151)
t i%j t i#]

where ), v®, 22, 2 are unit tensor-operators, defined by their reduced matrix

elements as follows:

(nl|u®nly=1, (' n'l"y =1,
l||z9n’1y =1, ('Y nl) = 1. (1.152)

The first term, described by the parameters F’, represents the direct part of the
two-electron effective interaction, whereas the second term, described by the
parameters G', represents the exchange part of this interaction. F' and G' are
referred to as “effective Slater parameters.” The allowed values of ¢ for the
direct part range from zero to the smaller of 2/ and 2!’, but since the ‘“real”
Slater parameters, with the even t’s contained in this list, have already been
included in the calculations, only the F*’s having odd ¢ constitute independent
parameters. The allowed values of ¢ for the exchange part are [| — | <t <[+
Here again, only G*’s with t having the same parity as ! + I’ + 1 are to be added
as new parameters; those with ¢ having the opposite parity have already been
included as ‘“real” exchange Slater parameters. Table 1.12 comprises the lists of
effective Slater parameters for the configurations Is, dp, dd’, fp, fd, ff’ and fg. On
the whole, on adding the effective interactions to the energy matrices, the
number of Slater parameters, real and effective, is equal to the number of terms
in the Il' two-electron configuration. In a least squares calculation including all
these interactions the ‘“‘even” direct and the “I+ [’ parity” exchange effective
interactions are absorbed by the original Slater parameters.

TABLE 1.12.
Effective non-equivalent two-electron Slater parameters.

Configuration Direct part Exchange part
Is - -

dp F' G?

dd’ F.F® G G?

fp F! G?

fd F'.F? G, G*

ff’ F'.F F° G', GG’

fg F', F* F* G, G*, G*
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7.2.1. Matrix elements

7.2.1.1. niln'l' configurations
The matrix elements of Hi(nl — n'l’) for nln'l’ configurations are given by the
following formula:

{nln'V'SLYHA(nl = n')}nln'VSL} =3 fF' + (-1)* 3, &G"*
t t

wfl It Lt
= Fi(—1 1+l+l+L{ , , }+ -1 S Gt -1 1+1+ { , } 1.153
2 FCED pop pfTEVRGEENT o (159

7.2.1.2. (nhNn'l' configurations

The formulae for the matrix elements of Hi(nl — n'l’) for (nl)"n’l’ configura-
tions are obtained by the same methods as those for the matrix elements of the
electrostatic. interaction. These will not be given explicitly here.
7.2.1.3. Conjugate configurations of the type (nl)*** Nn'l'

The conclusions cited in this paragraph are obtained in the same manner as
those for the “real” electrostatic interaction; therefore, they will be stated
without proof.

(a) Direct part
The direct part of the two-electron effective electrostatic interaction nl —n'l’
remains invariant under the conjugation process (nl)"n'l' - (nl)*** Nn'l',

(b) Exchange part for (nl)**'n’l' configurations
(1) The coefficient of G’ is given (up to an additive constant common to all
terms) by the formula

g =2(—1)'(2t + 1)7'5(S, 0)8(t, L). (1.154)

That means that the effective electrostatic exchange interaction (like the ‘‘real”
electrostatic interaction) is different from zero only for singlets; furthermore,
each specific coefficient g, is different from zero only for one singlet charac-
terized by L =1t.

(2) The total singlet—triplet splitting, given by the following expression for nin’l’,

21yt + DG (1.155)

remains constant in magnitude but changes sign under the conjugation process
nin'l' > (n)¥*'n'l’, as seen by comparing formulae (1.155) and (1.154).

7.3. Effective EL-SO interaction in (nl)¥ configurations

Since the spin-orbit operator is a sum of one-electron operators each of
which is diagonal with respect to the orbital quantum number [, the perturbing
configurations can differ from the perturbed configuration (nl/)" by the principal
quantum number n of one electron state only. Three kinds of perturbing
configurations can thus occur:



68 Z.B. GOLDSCHMIDT

(1) (nl)N_ln’l, (2) (n/l)4l+l(nl)N;+1, (3) (n’l’)”'”(nl)Nn"l'.

The contributions to the effective EL-SO operator due to these kinds of
perturbing configurations have been obtained by Pasternak et al. (1972). These
authors have shown that after omitting terms proportional to the spin-orbit
interaction, the contributions of the configurations (n)¥"'n’l and (n'D)**'(n)N*'
have the same angular dependence, whereas that of (n'I’)**'(nl) n”"l’ vanishes.

The expression for the effective EL-SO operator is

Haso= =2 3 Q'a+vei+niek+ 3 @mf) ¥ . pon,
k even odd
' (1.156)
where the parameters Q* are defined as follows:

Q* = Uc®n? X R (ninl, nin'1)yml AE (1.157)

with R*(nlnl, nin'l) and ¢, Tespectively, a Slater and a spin-orbit parameter.

The first kind of perturbing configuration has also been studied by Stein (1967).

Eq. (1.156) agrees with formula (E23) of Stein, except for his double tensor V",

which should be replaced by the coupled tensor T""%
The matrix elements of the effective EL-SO interaction are given by

(S S 1
(lNaSLIMIHEL,soIl”a’S’L’JM)=(—1)5L’{L, ) J}

X (INaSL|Hgy sollIMa’S'L), (1.158)

where

(NaSL|HpLsoliMa'S'Ly=-2 S Q"[l(l+1)(21+1)]"2[t]{} ’l‘ ;}
k even
t odd

X a,SZL, (_1)L+L’{I; i I},,}(lNaSL"U(k)"lNa"S"L")(lNa"S”L"" V‘")"lNa'S’L’).
(1.159)

The last expression remains invariant under the conjugation process [N - [#*2°N,
For a half-filled shell, the matrix elements satisfy the selection rule Av =0, *+4.

7.4. Effective EL-SO interaction in (nl)"n'l' configurations

The effective EL-SO interaction in (al)™n’l’ configurations has been in-
vestigated by Z.B. Goldschmidt, Mallow and Starkand (1971) from a theoretical
point of view. In this case, the possible types of perturbing configurations are:
(1) (nl)Nn”l’, (2) (nl)N_ln'"ln’l', (3) (n*lr)4l’+1(nl)N(nlll)2’

(4) (n**l)““(nl)N“n’l’, (5) (n+l+)4'++l(nl)Nn'l’n++l+.
On considering only the (nl)¥—n'l’ part of the effective EL-SO interaction, it
was found that the contributions of configurations of the types (1) and (3) have
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the same angular dependence; the same holds for the configurations (2) and (4);
furthermore, the contributions of perturbing configurations of type (5) vanish.

For perturbed configurations of the type (nl)"n’l’, the effective EL-SO inter-
action is generally a two-electron interaction; therefore, it comprises both a
direct and an exchange part. The expression for the effective EL-SO operator in
this case is:

Hesolnl—n'ly= 3 2(3)—"2[t]{s"(n1n'1', nln" [+ DI+ 1)]'?
o
i%j

x{ll ;‘ lt,}([us-">xv§'>]<‘>-s,.)+ S*(nin’l', n"In N[ + 1)L + 1]

{1 § e wexoem ]S e {Tamr, nvnn
3

i#j

k t

><(—1)‘+'[I’(I’+1)(21’+1)]”2{} P

}+T"(nln’l’, n'Un"D(— DI + 1)
k

1
1/2
x (21 + 1] {l, 1

;}}{(s.- 2% 21D+ (20 x #P1D - )}, (1.160)

where u®, v®, z* and #* are the unit tensor-operators defined in (1.152). The
parameters S* and T*, which represent respectively the direct and exchange part
of this interaction are special cases of

Q*(Malanply, nelcnals) = (LI|C®YL )| C*La)
X Rk(nalanblbs nclcndld)gnxlx, nyly/A E, (1 .16 1)

where R* and ¢ are respectively Slater and spin-orbit parameters, and x, y stand
“for b, d or a, ¢ for the direct part and for b, ¢ or a, d for the exchange part of the
interaction. Formulae for the matrix elements of the effective EL-SO interaction
for (n)Nn'l' configurations will not be given explicitly here. The matrix elements
of this interaction have been calculated by several authors, for sp (Z.B.
Goldschmidt, 1973a) dp (Z.B. Goldschmidt and Ben-Ezra, 1975) and fd
(Z.B. Goldschmidt and Cohen, 1975) configurations. The general properties of
the matrix elements of this interaction have been summarized by Z.B.
Goldschmidt, Mallow and Starkand (1971), and will be repeated here briefly.
(1) J-dependence and contribution to multiplet structure: Since the operator
representing this interaction is of ranks « =1 and K =1 in the spin and orbital
S 5 ‘} That
L' L JJ
means that the Landé interval rule is still valid in the approximation of LS
coupling.
(2) Spin selection rules: matrix elements between two singlets vanish.
(3) Conjugate configurations of the type (nl)**>Np'['.

spaces respectively, its matrix elements are proportional to {

*In this sum k can only have the parity of | + I, as follows from the definition of the T*’s.
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(a) direct part: since that part of the direct interaction related to the (nl)N core
can be represented by an even symmetrical operator T*® =3, t*® the matrix
elements change sign on passing from (nl)"n’l’ to (n1)***Nn'l’.

(b) exchange part —the configuration (nl)**'n’l’: the properties of the exchange
part of the effective EL-SO interaction, for configurations comprising an elec-
tron and a hole are summarized in table 1.6. '

PART 2. PROPERTIES AND METHODS OF INTERPRETATION OF THE
LANTHANIDE SPECTRA

8. Electronic structure; competition between electrons

The group of elements known as lanthanides comprises fifteen elements in
which a progressive filling of the 4f shell occurs. The group starts with
lanthanum (Z = 57) and ends with lutecium (Z = 71).

All neutral lanthanides, in their ground configuration, comprise the closed shell
electronic structure of the noble gas xenon '

15%25%2p®3s23p®3d %4524 p°4d"’5s25p°,

and two or three external electrons (6s® or 5d6s?), in addition to a group of 4f"
electrons.

The lanthanide spectra, especially in low ionizations, are characterized by a
high abundance of spectral lines and a high density of energy levels, both even
and odd, in which no apparent regularity, such as a multiplet structure, may be
discerned. Consequently, these spectra are classified as “very complex”, and
their successful interpretation has only recently been accomplished.

The characteristic structure of the lanthanide spectra, to be described below,
is mainly determined by the special properties of the 4f eigenfunctions; these, in
turn, arise from the special nature of the 4f effective potential-energy function,
U.s (4f), for these elements. The investigation of these properties dates back to
Mayer (1941); they are also discussed by Cowan (1973). On using self-consistent
field methods these authors have shown that, for small values of the atomic
number Z, U (4f) has only a single minimum, such that the 4f electron is only
weakly bound to the atom, in an orbit of rather large radius r, which is
essentially hydrogenic - external 4f electron. For larger values of Z, a second
minimum of U.g(4f) develops at small radii. At first this second minimum is very
shallow (U > 0) (see fig. 1.12a for indium (Z = 49)). As Z increases, the second
minimum becomes deeper and wider, but, up to barium (Z = 56), the 4f eigen-
function is still mainly localized in the hydrogenic outer well, as shown in fig.
1.12b. For lanthanum (Z = 57), a sudden change in the properties of the 4f
eigenfunction occurs, the second minimum has become sufficiently deep and
wide, so that the 4f eigenfunction is entirely contained therein (fig. 1.12¢).
Consequently, both the spatial extension and the binding energy of the 4f
eigenfunction drop suddenly at the beginning of the lanthanide group - internal
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4f electron. On moving from left to right along the group, the nuclear charge and
the number of 4f electrons increase by one on each step. Since the mutual
screening of the 4f electrons is incomplete, a further diminuation of the 4f radii
and binding energies occurs accompanied by smaller contractions of the 5d and
6s shells. This phenomenon is referred to as the “lanthanide contraction.” All of
these properties are illustrated in figs. 1.13 and 1.14. Figure 1.13 demonstrates
that, for the lanthanides, the radii of the 4f electrons are appreciably smaller
than those of the n =35 and n =6 electrons. In fig. 1.14, the one-electron
energy eigenvalues E,; are given as functions of Z. The sudden drop of E4 at
Z =57 is clearly seen. However, it should be noticed that |Es <|Esd, |Esp,
meaning that the 4f electrons are not too strongly bound in the inner well of
U.4(4f). Actually, the eigenvalue E,; serves as a good measure of the binding
energy only when removal of the nl electron would result in a small rearrange-
ment of the remaining electrons (Koopmans’ theorem, 1934). Clearly, one would
expect that the removal of a 4f internal electron would result in greater changes of
the charge distributions of the remaining electrons than the removal of an external
5d, 6s or 6p electron. Consequently, the 4f electrons are less tightly bound than
would appear from fig. 1.14, and one could conclude by saying that for the
lanthanides, the binding energies of the 4f, 5d, 6s and 6p electrons are roughly equal.
This property will be referred to as the competition between electrons. The
competition between electrons is manifested in the structure of the lanthanide
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spectra through two other competitions, to be discussed below, which are known as

(Z.B. Goldschmidt, 1968a, 1968b):

(1) Competition between configurations.
(2) Competition between interactions.
The effects of the sudden drop of the energy and spatial extension of the 4f
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Fig. 1.14. One electron energy
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1.13 (Cowan, 1973, HX ap-
proximation).



74 Z.B. GOLDSCHMIDT

eigenfunctions on the lanthanide spectra have already been noticed by Russell
and Meggers in 1932. On investigating the first three spectra of lanthanum, these
authors wrote: “Lanthanum is a chemical analogue of scandium and yttrium,
but, although the corresponding spectra are strikingly similar, some interesting
differences are noted ... the first two spectra of La exhibit a large number of
(additional) middle-set terms ascribed to the binding of a 4f electron. ... In Bal,
the 4f electron is much more loosely bound than the 6p.... In Lall, the terms
produced by the 4f electrons lie lower than those arising from the 6p.” It follows
that the lanthanide group commences with lanthanum (in accord with the
chemists’ categorization) and not with cerium (according to spectroscopists
categorization), although cerium is the first member of the group the ground
configuration of which comprises a 4f electron. This conclusion will be
confirmed below in a systematic discussion of the lanthanides’ energy-level
structure.

9. The characteristic structure of the lanthanide spectra

9.1. Competition between configurations

By this term we refer to the accumulation of many configurations, both even
and odd, at about the same height, thus leading to a high density of energy
levels. This competition is a direct result of the above mentioned competition
between electrons. In order to describe the structure of the lanthanide spectra in
terms of these competitions, each lanthanide, characterized by its atomic
number Z, has been assigned an ordinal number '

N=2Z-57;

that is, N =0 for lanthanum (Z = 57), N =1 for cerium (Z = 58), etc. In this
way, the number of electrons outside closed shells will be N + K, where K
equals 3, 2, 1 or 0 for first, second, third or fourth spectra respectively.

9.1.1. First and second spectra

The characteristic structure of the first and second lanthanide spectra is given
in fig. 1.15. Each spectrum consists of two systems of configurations A and B
based on the cores 4fN and 4f¥*' respectively, where N is the ordinal number
defined above. Each system comprises one group of low configurations and two
groups of high ones, the parity of the high configurations being opposite to that
of the low ones.

low-parity of N

4fN (5d + 65)% = 4t~ 5dX + 4f¥ 54565 + 4fN 5d% %657

high I-parity of N + 1

4fN(5d+ 6s)*'6p = 4tV 5d% '6p + 4fN 5d* 26s6p + 4f~ 5dX6s%6p
high Il-parity of N + 1

[4f”"(5d + 68)K+ = 4fN 159K+ 4fN-150K 65 + 4fN 150K 68

System A {
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Fig. 1.15. Characteristic structure of first and second lanthanide spectra.

( low-parity of N +1

4fNI(5d + 65)% 7 = 4fN*15dK 1 4 4fNHI5dK 265 + 4fNHISIK P62

high I-parity of N

4fN*(5d + 65)% 26p = 4fN*'5d% Z6p + 4fN 150K 36s6p + 4fNHI5dX*6526p
high II-parity of N

L 4£N*2(5d + 65)% 2= 4fN*25d% 2 + 4fN*25dK 365 + 4fN 253K 652

System B

The following facts should be noted:

(1) In each system all configurations of the same parity overlap or are close to
each other.

(2) In each system there exist spectral transitions in the optical region between
high and low configurations. Since the optical transitions which connect the two
systems are very few (see next paragraph), each of the systems effectively
generates a separate spectrum. The overlap of these two spectra is one of the
reasons for the abundance of lines in lanthanide spectra.

(3) The low configurations of the systems A and B lie at about the same height,
and since they have opposite parities, there exist spectral transitions between
them in the infra-red region. The same also holds for the high configurations of
A and B. These transitions, which are usually difficult to detect, are very
important for determining the relative height of the two systems, and, in
particular, for establishing the system which contains the ground level of the ion
under investigation.

(4) The three competing configurations in each of the six groups “low A, “high
I-A”, “high II-A”, “low B”, “high I-B”’ and “high II-B”, are obtained from each



76 Z.B. GOLDSCHMIDT

other by interchanging 5d and 6s electrons. The overlap of the configurations in
each group demonstrates the competition between the 5d and 6s electrons.

(5) The group of “low A’ configurations is obtained from the group “low B” by
replacing a 4f by a 5d or 6s electron. The same applied to the groups ‘‘high [-A”
and ‘“‘high I-B”. Since the low as well as the high I configurations of the two
systems lie at about the same height, we deduce the competition 4f-5d, 6s. This
competition leads to the existence of two stable cores 4~ and 4fV*! in such a
way that the lowest configurations of the groups 4fN(5d + 6s)X and 4fN*!(5d +
6s)*~' compete for the title “ground configuration” of the ion. On the other hand,
a configuration obtained from 4fY(5d + 6s)* by replacing an -additional 4f elec-
tron by a 5d or 6s electron is an excited configuration. The same applies to
4fN*1(5d + 6s)X ! when one of its 5d or 6s electrons is replaced by a 4f electron.
(6) The groups of configurations “‘high I-A”” and “‘high II-A” overlap. This shows
that an excitation of a 4f electron from the 4f" core into a 5d or 6s state is
energetically equivalent to an excitation of a 5d or 6s electron into 6p. The two
groups of configruations differ in the two electrons 4f6p compared with (5d +
6s)’ = 5d’ + 5d6s + 6s°>. We can summarize this situation by stating that in the high
configurations of system A there exists a competition between the pairs of
electrons 4f6p, 5d*, 5dés and 6s°.

(7) The groups of configurations “high I-B”” and ‘‘high II-B” overlap. This shows
that an excitation of an electron from a 5d or 6s state into 6p is energetically
equivalent to its excitation from the same initial state into a 4f state, thus
transforming the 4fV*! core into 4fN*% In the high configurations of the system B
there exists a competition between 4f and 6p electrons.

9.1.2. Third and fourth spectra

The characteristic structure of the third and fourth spectra is shown in fig.
1.16. In the third spectra the system A comprises, as before, three groups of
configurations.

low 4fN(5d + 6s)
System A {high I 4fVép (K =1.
high IT  4fN~'(5d + 6s)*

The competitions described above between the separate configurations of the
“low A” group on the one hand and between those of the “high A” groups on
the other hand, exist also here, although a stabilization of the 5d shell with
respect to the 6s is recognized.

g‘he system B degenerates, in the third spectra, into the single configuration
4N+

Contrary to the situation in the first and second spectra, where the lowest
configurations of the A and B systems compete for the title ground configura-
tion, the configuration 4f"*' (“low B”) in the third spectra is lower than
4fN(5d + 6s) (“low A”) by such an amount that most of the transitions between
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Fig. 1.16. Characteristic structure of third and fourth lanthanide spectra.

them fall in the optical region*. We can therefore conclude that in the third
spectra the two systems A and B have degenerated into one system consisting of
three stories with optical transitions between the first and second stories as well
as between the second and third ones.

The above-mentioned structural differences between the third spectra and
those belonging to lower degrees of ionization may be explained as follows: On
raising the degree of ionization, the effective charge seen by the electrons
outside closed shells increases; this increase is greatest for the internal 4f
electrons, smaller for the ‘“half internal” 5d electrons, and smallest for the outer
6s electrons. Consequently in the third spectra the binding energies of these
electrons satisfy the inequalities

E4 < Esq < Eg,.

In the fourth spectra the system B does not exist at all. The system A has
degenerated into two groups of configurations: “low”, 4fN, which forms the
ground configuration in each of these spectra, and ‘“high II”, 4fV7'(5d + 6s).
These groups constitute the first and second stories of the fourth spectra
respectively. A third story comprises the two additional groups of configurations
4fN"6p and 4f¥7%(5d + 6s)’. These three stories are analogous to those of the
third spectra with the difference that here N — 1 takes the place of N in the third
spectra. The separations of the stories are greater in the fourth spectra, which
indicates a further stabilization of the 4f and 5d shells.

*La III and Gd III form exceptions to this rule (see table 1.13b).
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Fig. 1.17. Block diagram for Cell.

The Block diagrams of Ce II and Ce III, given in figs. 1.17 and 1.18, constitute
concrete examples of the structure of a second and a third lanthanide spectrum.

Tables 1.13a and 1.13b comprise the ground levels and ionization potentials of
the neutral through triply ionized lanthanides (Martin et al., 1974).

9.1.3. Quantitative results .

Lately, several successful attempts have been made, to reach quantitative
conclusions about the energy differences between the lowest levels of systems A
and B for first, second and third lanthanide spectra (Brewer, 1971a,b; Nugent
and Vander Sluis, 1971; Martin, 1971, 1972; Vander Sluis and Nugent, 1972,
1974; the methods used by these authors are based on the ideas of Racah,
1960-1963; Jargensen, 1962). For most of these spectra, the lowest configura-
tions of systems A and B are 4f"¥5d6sX and 4fN*'6s¥ respectively. The energy
differences between the lowest levels of these configurations have, therefore,
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Ground levels and ionization potentials for the doubly and triply ionized lanthanide atoms. The
designations of the ground levels of Pm III, and Dy III are enclosed in braces because the indicated
levels have not yet been experimentally established as lowest.®

TABLE 1.13b.

Doubly ionized, III

Triply ionized, IV

Ground LP® Ground LP®
VA N Element level V) level V)
57 0 La 5d Dy, 19.1774(6) 5p° 'S, 49.95(6)
58 1 Ce 4f2 °H, 20.198(3) 4f ’Fsp, 36.758(5)
59 2 Pr 4% Ly, 21.624(3) 4 °H, 38.93(2)
60 3 Nd 4% 51, 22.1(3) 4f° Iy, 40.41(20)
61 4 Pm {4f° *Hs;5} 22.3(4) 4% 1, 41.1(3)
62 5 Sm 4% 'F, 23.4(3) 4f* *Hy), 41.4(4)
63 6 Eu 4f7 38, 24.92(10) 4f°'F, 42.6(3)
64 7 Gd 4175d °D, 20.63(10) 47 8S,, 44.0(3)
65 8 Tb 4f° SH s 21.91(10) 4f8 'F, 39.79(20)
66 9 Dy {4f'"° SIg} 22.8(3) 4f° *Hysp 41.47(20)
67 10 Ho 4" 5 22.84(10) 4£'0 5], 42.5(3)
68 11 Er 4f12 °H, 22.74(10) 4" 15, 42.65(20)
69 12 Tm 4 ?F,, 23.68(10) 4f'2 3H, 42.69(20)
70 13 Yb 4f14 1S, 25.03(2) - 4f" 2F,, 43.74(20)
71 14 Lu 4f1%6s °S, 20.9596(10) 4f'1* 'S, 45.19(2)

“The number in parentheses is the estimated standard-deviation error in the last digit of the quoted

value. *Martin et al. (1974).
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Fig. 1.18. Block diagram for Celll.
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been compared, for a fixed ionization degree. The results obtained are given in
table 1.14 and represented as functions of N by broken lines in fig. 1.19. It can
be seen from this figure that the broken lines show striking regularities, which
are repeated almost exactly for different degrees of ionization (see also columns
4, 6 and 8 in table 1.14). These regularities can be well understood, by considering
the formulae obtained for the electrostatic energies of the f¥ configurations in
terms of the Racah parameters E'. From formula (1.66) of section 4.2.1.2 for the
electrostatic energies of f, it follows that E° is the baricenter of the triplets and
therefore the mean value of the interaction of two f electrons with parallel spins;
2E'is the distance between the baricenter of 'DGI and the baricenter of the triplets;
9E' is the distance of 'S from the baricenter of the triplets. The distances of the
individual terms from the baricenters of their group are expressed in terms of E*for
the triplets and in terms of - E* and E® for the singlets. For f¥ configurations, it
follows from the discussion in section 4.2.3.3 and from formulae (1.87), (1.88), that
for 0< N =<7 and for terms of maximum multiplicity, S = jN, the electrostatic
energy W, is given by

Wa¥) =3IN(N — DE® + [3(u3 + ud+ uyup + Suy + 4u) —3L(L + D]E®. (1.162)

The coefficient of E* depends only on L and U = (u,u,) and is independent of v
or W= (w,w,;w;); it vanishes for N =0, 1, 6, 7, that is, for f¥ configurations
having only one term of maximum multiplicity, and generally for terms of
maximum multiplicity characterized by S(00) and F(10); it is different from zero

3cm'1

37 ]
33t jus ]
i
I

X10

291
25F
21F
17r 1
13+ ]

Fig. 1.19. Energy differences
-7+ 1 between the lowest levels of
1 4f¥5d6sX (system A) and
4f¥*'6sX  (system B), as
functions of N. @-observed
value, X - based on calculations
N=0 1 2 3 4 5 6 7 8 9 10 1 1213 carried out with higher obser-
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for other terms of maximum multiplicity; for the P, H(11) terms appearing in f?
and f°, the coefficient of E* takes the values 33 and —9 respectively; for D, G,
1(20) appearing in f* and f*, the coefficient of E® takes the values 33, 12 and —21
(see fig. 1.9).

For each f¥, 0 < N <7, the baricenter of the terms with maximum multiplicity
is given by sN(N — 1)E°. For N >7 there are no terms with S=3N and the
maximal spin is given by

m=1514—N)

The electrostatic interaction for such f¥ configurations can be calculated ac-
cording to the following rule due to Condon et al. (1951), chap. XIII: W(f'™) is
obtained from W({f¢) by adding to it (7—€) times the expression 9°11 with
nl = n'l'. This last expression has the value 13E°+9E" and, since

7—-€e=7—(14-N)=N -7,
it follows that

WafN, N >7)=iN(N -~ 1)E°+9(N — T)E!
+ B3k + ud+ wuy + Suy+ duy) —3L(L + 1] E. (1.163)

Equations (1.162) and (1.163) can be written as one equation in the following
manner:

Wa(f¥)= NA;+IN (N — DE°+ 3N —2S)E!
+ B+ ud+ u + Su+ 4uy) - 3L(L + 1)) E? (1.164)

where the first term added on the right-hand side represents the energies of the f
electrons in the field of the nucleus and of the closed inner shells.

On calculating the energy differences 4fN5d6s® — 4fN*'6sX, only those contri-
butions due to the 5d or 6s¥ electrons, which are constant or linear in N, are
taken into account, assuming that the nonlinear contributions can be neglected*.
The energy difference between the lowest terms of 4fV5d6s* and 4fN*'6s* are
then given by the expression:

Wa(4fN 5d65%) — W (4fN*16s%) = {Ag— A¢+ x(fds) — 9(Sn — Sn+1 +HE'}
+ N(y(fds)— E®+ [z(U, L)y — 2(U, L)y E? (1.165)

where A, is defined in the same manner as A;, x(fds) and Ny(fds) represent
respectively the constant and the linear (in N) contributions due to the 5d and
6s% electrons, and z(U, L)y stands for the square brackets in (1.164). In
obtaining (1.165) from (1.164), the approximation has been made that the
electrostatic parameters do not change on passing from f¥ds¥ to fN*'sX,
Expression (1.165) consists essentially of three parts: the first part is in-
dependent of N, but has a strong discontinuity in the middle of the group, as
Sx — Sn.1+ 3 vanishes on the left half of the group and equals one on the right

*This assumption will be justified by the results of the comparison between theory and experiment
(see also Nugent et al., 1971; Martin, 1972).
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half. The second part increases linearly with N. The last part is an oscillating
function of N: z(U, L)y — z(U, L), takes the values 0, 9, 12, 0, —12, —9, 0 on
the left half, and again the same values on the right half, if the UL values of the
lowest terms of f¥ and fN*! are considered.

It has thus been shown that the expression (1.165), as a function of N,
describes the broken lines of fig. 1.19 very well qualitatively.

In order to make a quantitative comparison between theory and experiment, it
is convenient to get rid of the oscillating term. As was mentioned above, this can
be achieved by comparing the baricenters of the terms of maximum multiplicity
instead of comparing the energies of the lowest terms of f¥dsX and fN*'sX. The
differences between these baricenters are given by expression (1.165) without
the last term. For each degree of ionization, the fourteen points, representing
these differences as functions of N, lie (in two groups of seven) on two straight
lines. This quantitative comparison has been carried out by Nugent et al. (1971)
and by Vander Sluis et al. (1972, 1974). In their works they used a formula
similar to (1.165) above, from which they omitted not only the last term but also
the term represented by E’, thus bringing all points onto one line. In addition,
they included in their formula a term proportional to the spin—orbit parameter
{4f~

The theory described above was used to predict unknown fNds*
energy differences for the various lanthanides as seen in table 1.14. This theory
is also applicable for studying energy differences between 4f¥nl6s® and 4fN+'6sX
and between various configurations involving the same number of 4f electrons
(Vander Sluis et al., 1972, 1974; Brewer, 1971a,b).

The results obtained are also useful in correlating the thermodynamic proper-
ties of the chemical compounds of the lanthanides (Brewer, 1971a,b).

. fN+ISK

9.1.4. Configuration interaction (CI)

Read again section 3.3. It is worthwhile to add here that the experience gained
in the course of studying the lanthanide spectra has shown that CI between all
configurations of the same parity should be included in the energy-level cal-
culations and it cannot be limited to one system only.

9.2. Competition between interactions

9.2.1. The large number of interactions

The number of interactions (parameters) included in the energy matrices of a
group of competing configurations is large. This property is attributable to two
factors:
(1) These configurations may comprise four types of electrons - 4f, 5d, 6s and
6p. This fact, and especially the presence of 4f electrons (large !), cause the
number of interactions within the configuration to be large.
(2) The competition between a large number of such configurations results in a
large number of interactions between the configurations. As an example, tables
1.15 and 1.16 are given, which contain, respectively, the electrostatic parameters
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between the various electron pairs within and between configurations, for the
groups of even and odd configurations of Cell. By also adding the spin-orbit,
effective and mutual-magnetic parameters to the squares located along the
diagonal, the totality of interactions included in the energy matrices is obtained.
Similar tables can be prepared for first, third and fourth spectra.

9.2.2. Classification of the CI

It is interesting to point out the correspondence between the various CI
parameters and the competitions between electrons mentioned in section 9.1.1.
This correspondence is summarized in table 1.17.

9.2.3. The competition between interactions and its effects on the characteristic
structure of the lanthanide spectra

As discussed in part 1, the relative strengths of the various interactions
determine the special characteristics of the spectrum under consideration, such
as the structure of the energy level scheme, the composition of the eigenstates,
the values of the g-factors, intensities and selection rules. In particular, the
existence of a coupling depends on some of the interactions being much stronger
than the remaining ones. It is a characteristic property of the lanthanides, that a
large number of interactions, CI included, are of the same order of magnitude. In
such cases it may become impossible to define a coupling and/or to characterize
the levels according to configuration quantum numbers. This is referred to as
competition between interactions. This competition explains the lack of apparent
regularity in the energy-level structure, and the breakdown of the selection rules
for the spectral transitions. This is an additional reason for the extreme richness
in spectral lines of the lanthanide spectra.

TABLE 1.17.
The correspondence between CI parameters and the competitions
between electrons.

Competition

between

electrons CI parameters

5d-6s H(dd, ds), G,(dd, ss), J(dp, sp), K(dp, ps)
M(fd, fs), N(fd, sf)

4f-5d, 6s G \(ff, dd), Gs(ff, dd), Gs(ff, dd),

N(ff, ds), Gi(ff, ss)
4f6p-5d2, Sdés R(fp, dd), Ry(fp,dd), T\(fp,ds), Ts(fp, sd)

4f-6p L(ff, fp), L4(ff, fp), R\(fd, dp), Rs(fd, dp),
Ry(fd, pd), Ry(fd, pd), Ti(fs,dp), Ti(fs, pd),
Ty(fd, ps), Ts(fd, sp)
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9.2.4. Classification of the various interactions according to their strengths. A
qualitative discussion.

It is worthwhile to demonstrate the competition between interactions by
means of a qualitative evaluation of the strengths of the various interactions.
This evaluation is based on the properties of the radial wavefunctions R,(r) of
the 4f, 5d, 6s and 6p electrons. In fig. 1.20 the radial charge densities R2(r) are
plotted as functions of r for the 4f, 5s, 5p, 5d, 6s and 6p electrons of Ce I
415d6s6p. These charge distributions, which are characteristic of all lanthanides
were obtained by Z.B. Goldschmidt (1972) by performing Hartree—Fock cal-
culations.

The following facts should be noticed:

(1) This plot clearly demonstrates that the 4f electron is located inside the 3s and
Sp closed shells — internal electron.

(2) The 6s and 6p are external electrons; their charge distributions largely
overlap.

(3) The 5d is an external electron with respect to the 4f electron and an internal
electron with respect to the 6s and 6p electrons.

(4) There is almost no overlapping of the charge distribution of the 4f electron
and those of the 6s and 6p electrons.

0 1 2 3 4 5 6 7 8 9 10
r (atomic units)

Fig. 1.20. Radial charge density R%(r) as a function of r for the 4f, Ss, 5p, 5d, 6s and 6p electrons-of
Cel. ’
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(5) On moving to the right hand side of the lanthanide group, the charge
distributions under discussion, especially that of the 4f electron, contract (‘“the
lanthanide contraction” — see section 8).

From these facts, qualitative conclusions will now be drawn, concerning the
relative strengths of the various interactions, both the spin—orbit interactions and
the electrostatic interactions within and between configurations, including their
mode of change along the lanthanide group for a definite degree of ionization.
(1) The strongest electrostatic interactions within configurations are:

(1) The interaction between the internal 4f—4f electrons — this results from the
fact that (rj') is very large for these electrons. This interaction strengthens
considerably on moving to the right hand side of the lanthanide group, because
of the lanthanide contraction.

(ii) The exchange interaction between the external 6s and 6p electrons — this
interaction is very strong because of the almost complete overlap of the charge
distributions of these electrons,. A strengthening of this interaction on moving
towards the right hand side of group is to be expected, because of the lanthanide
contraction.

(2) Strong electrostatic interactions within configurations are the interactions
between the 5d-5d, 4f-5d, 5d-6s and 5d-6p electrons. The direct part of these
interactions is strong, since (rj') is large, although smaller than that for 4f—4f.
The exchange part of these interactions is strong, because of the overlapping of
the charge distributions of 5d with the internal 4f electron on the one hand and
with the external 6s and 6p electrons on the other hand. Since the contraction of
the 4f shell, on moving to the right hand side of the group, is greater than the
contraction of the other shells, a weakening of the 4f-5d interaction is to be
expected, especially of its exchange part. On the other hand, the 5d-5d inter-
action is expected to strengthen. It is difficult to predict the mode of change of
the 5d-6s and 5d-6p interactions*.

(3) The following electrostatic interactions are expected to be very weak:

(1) The direct interaction between the 4f internal electron and the 6p external
electron: {rj') is relatively small.

(i) The exchange interactions 4f-6s and 4f—6p.

(4) Electrostatic interactions between the configurations l,l—I.l4 are stronger, the
larger the overlap of the charge distributions of the I, and . electrons on the one
hand and that of the I, and l; electrons on the other hand, and also the smaller
the distance between the overlapping parts of [, I. and I, l. J(dp, sp), K(dp, ps),
H(dd, ds), Gy(ff, dd) and R (fp, dd) are examples of strong CI, which are expec-
ted to compete with the dominant interactions within the configurations.
M(fd, fs), N(fd, sf), L(ff, fp), L4«(ff, fp) are examples of weak CI.

(5) Since the lanthanides belong to the group of heavy elements, it is to be
expected that the spin-orbit interactions of the 4f, 5d and 6p electrons will be
strong and compete, in many cases, with strong electrostatic interactions.

*From the quantitative results of the energy-level calculations given below, it is known that the
5d-6s and 5d—6p interactions strengthen on moving to the right-hand side of the group.
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Qualitative conclusions on the relative strengths of the various spin-orbit
interactions can be deduced from the expression obtained for ¢, through the use
of the Coulomb potential energy, U = — Z4e*/r, and hydrogenic eigenfunctions:

tu € Zeﬁf rRi(rydr =2Z%/n%1( + DL+ 1). (1.166)
0

On assuming that the electrons 4f, 5d and 6p ‘“‘see” the same effective charge,
the following ratios between the various ¢, are derived from (1.166)

Lop: Lar=4.15 Lop: {sa=2.89 Lsa: far=1.43

The ratios between these parameters, as calculated from the experimental
splittings of the doublets of the one-electron spectrum of Ce IV, are

Lop: Lar=4.87 Lop: {sa=3.15 {sa: Lae= 1.55

that is, they are not far from the hydrogenic ratios.

On lowering the degree of ionization and moving from Ce IV to Ce III and

_then to Ce II and Ce I, the values of {s, and {ss decrease considerably, whereas

the value of {4 remains almost unchanged. The weakening of the spin—orbit
interactions of the 6p and 5d electrons follows from the decrease of the effective
charge seen by these electrons due to the screening by inner electrons. The
spin-orbit interaction of the 4f electron does not change when the added
electrons are external — 6p, 6s or 5d —since their screening effect is negligible; it
does decrease to some extent when 4f electrons are added. On moving towards
the right hand side of the group, the effective charge seen by the electrons
outside close shells increases, resulting in an increase of the values of all
parameters {,. The increase of the effective charge is greatest for 4f electrons
because of their incomplete screening; therefore the increase of (4 is the
greatest.

Since, on assuming a Coulomb potential and hydrogenic eigenfunctions, the
electrostatic parameters are proportional to Z., whereas, the spin—orbit
parameters are proportional to Z, the increase of the spin—orbit parameters, on
moving to the right hand side of the group is much greater than the increase of
the electrostatic parameters.

The qualitative evaluation of the strengths of the various interactions was
confirmed through the quantitative determination of the values of the parameters
representing these interactions. Both the qualitative and the quantitative evalua-
tions point to competitions between many interactions of the same relative
strength.

10. Methods of interpretation of the lanthanide spectra

The interpretation of a given spectrum is achieved while calculating its energy
levels. For this purpose, the energy matrices are constructed, which include all
the relevant interactions within and between configurations, and these are
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subsequently diagonalized. It is a tradition in theoretical spectroscopy to cal-
culate exactly only the angular part of the energy matrices, whereas the radial
integrals are regarded as adjustable parameters. This method of calculation is
known as “the semiempirical method”. As aforesaid, the knowledge of the
strengths of the.various interactions (parameters) within the configurations
enables the establishment of the couplings in the individual configurations, that
is the choice of the most appropriate coupling scheme for characterizing the
states of these configurations. The knowledge of the strengths of the interactions
(parameters) between configurations enables the evaluation of the repulsions
they induce on the energy levels. This helps in understanding the deviations of
the energy level schemes from the characteristic structure of the individual
configurations.

For simple spectra, the various interaction parameters are evaluated by a
direct comparison of the theoretical formulae for the energy levels with their
experimental values. Since in most cases the number of parameters is much
smaller than the number of levels, the energy level calculation is based on an
iterative diagonalization-least-squares process. This process comprises four
parts:

(1) Approximate evaluation of the various interaction parameters.

(2) Diagonalization of the energy matrices. The results of the diagonalization
include, in addition to the calculated values of the energy levels, also their
g-factors, the components of their eigenvectors in any desired coupling scheme,
and their derivatives with respect to the parameters.

(3) Comparison of the theoretical results with experimental data. This is based
on the heights of the levels, their ‘““names” and their g-factors.

(4) Improvement of the initial values of the parameters, and of the fit between
the calculated and observed levels, by means of a least-squares calculation.

For complex spectra, like those of most of the lanthanides, the situation is
completely different, since in these spectra we usually have:

(1) High-order energy matrices, which possess many large off-diagonal elements.
(2) A dense list of observed energy levels, most of which are not identified by
the experimentalist — only their J and g values are given.

These features complicate the evaluation of the initial parameters directly
from the experimental data of a single spectrum and lead to uncertainties in the
proper fit of experimental levels to calculated ones, thereby preventing the
straightforward application of the iterative process.

In order to get complete and meaningful information about the values of the
various parameters, it is necessary to carry out simultaneously the interpretation
of several neighbouring spectra, both along an isoionic sequence and of different
ions of the same element, in such a way that the values of parameters represent-
ing the same interactions in the various spectra are continuously compared. This
method, referred to as the ‘“‘comparison method” is based on the fact, known
also in simpler spectra, that the values of the parameters change systematically
while moving along an isoionic row or along different degrees of ionization of
the same element.

For the purpose of obtaining initial values of unknown parameters, it is
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convenient to start with simple spectra, especially two-electron ones, at both
ends of the lanthanide group, since in these spectra the orders of the energy
matrices are relatively small, and the identity of the experimental levels is
usually certain. Also, in these spectra, a detailed analysis of the role played by
the individual interactions can be performed, which facilitates the interpretation
of more complex spectra.

However, the information about the values of the parameters obtained from
two-electron spectra is incomplete; in particular, the relative phases of the CI
parameters cannot be established.

Complete, unambiguous and reliable information concerning all parameters
relevant to lanthanide spectra can be gained through the interpretation of three
electron spectra. In the first stage of this interpretation, initial values of the
parameters are established, both by using the results of the interpretation of all
available two-electron neighbouring spectra, and by direct comparison of the
theoretical formulae of “isolated levels” of the investigated three-electron
spectrum to their experimental values. Several diagonalizations are then per-
formed, using various possible values for the still doubtful parameters. The
results of these diagonalizations are compared with the experimental data. This
comparison is best done in several steps, starting with extreme J values, for
which the density of energy levels is relatively low, so that many of them may be
regarded as isolated; in addition, the number of competing interactions
(parameters) for these levels is comparatively small since they belong to only a
part of the competing configurations. The proper choice of initial values for
many of the parameters guarantees in advance a proper fit between many
observed levels and calculated ones. Ambiguities in the fit are resolved by means
of additional criteria such as observed g-factors. Of special use are g-factors
having extreme values, since their corresponding calculated values can easily be
traced in the various stages of the calculations. In cases of disagreement
between calculated and observed levels and/or their g-factors, examination of
the derivatives of these levels with respect to the various parameters often
points out the parameters responsible for this discrepancy, and also leads to the
establishment of improved values for these parameters. In this way the correct
values of all doubtful parameters which enter into the determination of extreme
J energy levels are determined. After a satisfactory fit for most levels included
in the first step of the calculations has been obtained, the process is repeated for
intermediate J values, until a rough, but over-all, fit of all levels has been
achieved. This fit is subsequently improved, and still better values for the
parameters are obtained, by a straightforward application of the iterative diagonal-
ization-least-squares process.

Two points should be particularly stressed:

(1) In each stage of the calculations, conclusions concerning corrected values
for the various parameters should be reached only after comparing these
corrected values with those of the corresponding parameters in neighbouring
spectra.

(2) In order to achieve a good agreement between all calculated and observed
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levels, in particular in intermediate J values, it is always necessary to include CI
with all neighbouring configurations, and generally also effective interactions,
which represent CI with distant configurations.

It is worthwhile to point out that rough estimates of the values of the various
parameters can be obtained by performing ab-initio calculations such as Hartree
self-consistent field (SCF) calculations, or Hartree~-Fock (HF) calculations. As
will be seen in subsequent sections, the values of the parameters thus obtained
are generally considerably greater than the corresponding semiempirical
parameters. A diagonalization of the energy matrices obtained by the substitu-
tion of the SCF or HF parameters results in a calculated energy level scheme in
which both the spacings between and within multiplets are greater than the
experimental ones. The use of the smaller semiempirical parameter values
reproduces the experimental energy level scheme more accurately, since they
have absorbed a part of the CI with distant configurations (see section 7). It
should, however, be emphasized that the information obtained from the ab-initio
calculations about ratios between values of various parameters and about the
relative phases of the CI parameters can be quite valuable.

11. Results

The application of the methods described above resulted in a complete
understanding of many first, second, third and fourth lanthanide spectra. In these
spectra, excellent agreement between theory and experiment has been
achieved, and consistent values for the parameters representing the various
interactions have been obtained. The stage has been reached where it is possible
to make detailed predictions about the structure of lanthanide spectra, even in
those cases where the experimental data are still poor.

Table 1.18 includes a list of references for various investigations conducted on
the lanthanide spectra.

12. “Isolated” configurations of the types 4f" and 4" 'n'l’

In this section we summarize the results of investigations of several types of
configurations characteristic of the lanthanide spectra, which, in the first ap-
proximation, may be considered as ‘““isolated’” and therefore treated separately.
In this case, the electrostatic interaction with other configurations is introduced
only to second order perturbation theory, namely, by including in the hamil-
tonian of the investigated configuration effective electrostatic interactions in
addition to the “real” electrostatic and spin-orbit interactions. It is shown that
further improvement between calculated and observed levels can be obtained
through the inclusion of the spin-dependent interactions (SDI), i.e. ss, soo and
effective EL-SO.

The results described here include 1nformatlon concerning the strengths of the
various interactions (Z.B. Goldschmidt, 1968a; Z.B. Goldschmidt and Nir, 1971)
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within the investigated configurations, and the separate effects of these inter-
actions on the energy level schemes. Couplings are defined in the various
configurations, and correlated in each case with the strong interactions. Finer
structural details of the energy level schemes are discussed in terms of the weak
interactions.

12.1. The 4f" configurations

The 4f" configuration forms the ground configuration of the third and fourth
lanthanide spectra. In the second spectra it belongs to the “high II-B” group and
in the first spectra it is so high that it has not yet been discovered in any known
spectrum. On the other hand, the low configurations characteristic of the first
and second lanthanide spectra are of the types 4f" 'n’'l', 4f*2n'l'n"l" and
43’ I'n"l"n"1" (n'l', n"1", n"1" may be equivalent) for which the 4f* core forms
the parent or the grandparent configuration; of these, the 4f"7%6s® configuration
should especially be mentioned here, since (1) it forms the ground configuration
of most first lanthanide spectra, (2) it can theoretically be treated as if it were a
4f"7? configuration, 6s° being a closed shell. Levels belonging to 4f" and 4f"6s’
configurations of various lanthanide ions have been experimentally discovered
and theoretically analysed as will be specified below. A summary of the results
obtained is given in this section. This summary includes quantitative information
on the values of the following parameters and (where possible) also on their
mode of change along the lanthanide group, both for a definite ionization stage
and for different ions of the same element:

(1) The electrostatic parameters E°, E', E?, E°.

(2) The spin—orbit parameter 4.

(3) The effective electrostatic parameters a, 8, v, T'.

(4) The mutual magnetic ss and soo parameters M° M? M*

(5) The effective EL-SO parameters Q?, Q*, Q°.

It has been found that the coupling in 4f" and 4f"%6s? is close to LS coupling on
the left hand side of the lanthanide group and approaches intermediate coupling
on moving towards the middle and right hand side of the group.

The detailed understanding of the spectroscopic properties of the 4f"
configurations greatly facilitates the theoretical interpretation of the more
complicated configurations 4f*'n’l’, 4" 2n'lI'n”1"” and 4" >n'l'n"1"n"1" in free
ions and of the configurations 4f" of the lanthanide ions in crystals, solutions and
intermetallic compounds.

12.1.1. The 4f? configurations
The 4f? configuration comprises, theoretically, the seven terms

1 3 1 3 1 3 1
SO, PO,l,Zs D2’ F2,3,4; G4, H4,5,6a 16

which split into 13 levels. The matrices of the electrostatic interaction are given
in formula 1.66; those of the spin-orbit interaction were calculated by Spedding
(1940); the matrices of additional SDI were calculated by Z.H. Goldschmidt
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(1967), and Pasternak and Z.B. Goldschmidt (1968) and independently by Judd et
al. (1968). When all the levels are experimentally known, information (with some
limitations) can be obtained on all parameters of types (1)-(5) mentioned above,
except for the three-electron T''s.

The configuration 4f? is known experlmentally in the three ions PrIV (Sugar,
1965b), Celll (Sugar, 1965a; Johansson and Litzen, 1972) and Lall (Meggers,
1932; Russell and Meggers, 1932). In the first two ions it forms the ground
configuration, whereas in Lall it starts at 55107 cm™" above the ground level 5d?
3F,. The lowest of all 4f2 levels is *H4 as can be expected from Hund’s rule and
from the properties of the spin-orbit interaction. 4f’CH,) is, therefore, the
ground level of both PrlV and Celll.

12.1.1.1. PrIv 4f?

Only 12 out of the 13 expected levels are experimentally known. The missing
level is 'S,. The Grotrian diagram of PrIV 4f is given in fig. 1.21. As seen from
the diagram, the coupling in this configuration is close to LS coupling, although
deviations from the Landé interval rule occur due to the off-diagonal spin-orbit
matrix elements. The most conspicuous deviation occurs for the levels belonging
to the *F term due to the mutual repulsion between °F, and 'G4. The energy
levels of this configuration were calculated (using the semiempirical method) by
several authors, to various degrees of approximation:

(1) Sugar (1965b) used the conventional hamiltonian (including only the elec-
trostatic and spin-orbit interactions within the 4f> configuration) and added to it

3
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Fig. 1.21. Energy levels of PrIV 4f2,
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only that part of the effective electrostatic interaction described by L(L+ 1)a
(see formula (1.144) above). He obtained a moderate agreement between obser-
ved and calculated levels with a mean error of 125 cm™.

(2) Z.B. Goldschmidt (1968a) recalculated the energy levels of this configuration
with the additional effective electrostatic term 12G(G;)y. The term Q8 could not
be included in this calculation since the matrix elements of Q differ from zero
only for the missing term 'S. The mean error reduced to 34cm™. In order to
determine the importance of the effective electrostatic interactions Goldschmidt
also carried out a calculation in which a and y were fixed on zero values. The mean
error increased to 264 cm™'. The values obtained for the parameters in the various

TABLE 1.19.
Parameter values for PrIV 4f%(cm™).

Calc(2)®

Calc(1)? +a,y of HY Calc(3)** Calc(4)>
Parameter H,+ H, but =0 +8 =-620 +SDI ab initio calculations
E° 6705+ 108 6799+ 53 6791 £62 6792+3
E' 5040+103 501117 5011+20 5009.6 0.9 6568°
E? 221+09 23.15+14 23.12+0.16  23.154+0.007 36.344
E? 475%5 488+ 1 488+ 1 487.54+0.05 696.9¢
a [0 241 24+1 23.88+ 0.06 28° 47t
B [0] (0] [-620] [-620] —645¢ —345¢
v [0] —49+6 —48+7 ~49.05+0.29 —51.3¢ —49.8
I 737+ 48 760 +6 758+ 8 799.5+ 1.8 878¢ 1097*
M° (0] [0] [0 2.45+0.10 2,248 2.275"
M? (0] [0 [0 0.85+0.13 1.26 1.270"
M* [0 [0] [0] 0.67+0.08 0.85¢ 0.861"
Q! [0] [o] [0] 88.3+5.0 39.9"
Q! [0] [0l [0 [88.3] 18.2"
Q° (0] {0] (0] [88.3] 17.1%
A 264 34 39 1.67

*Z.B. Goldschmidt (1968a); "Z.B. Goldschmidt, A. Pasternak and Z.H. Goldschmidt (1968); <Z.B.
Goldschmidt, A. Pasternak and Z.H. Goldschmidt (1970); ‘Wilson and Fred (1969); “Morrison and
Rajnak (1971)*; ‘Copland, Newman and Taylor (1971b)*; *Blume, Freeman and Watson (1964);
"Copland, Newman and Taylor (1971a).

*The relations between the parameters a, 8 and y defined by Rajnak and Wybourne (1963) (see
formula (1.143 above), and those defined by Racah (1964), Trees (1964) and Z.B. Goldschmidt
(1968a, 1968b) and also used in this chapter (formula 1.144 above) are:

- L — 2 —
agw = QRTG ZBrRw = YRTG ~5¥rw = Brre-

It should also be pointed out that on comparing the results of semiempirical calculations performed,
respectively, with the two sets of aBy parameters, the following equalities are to be expected:

(E*+3y(7~ m){(n ~ Dgw = Efra (E'+3y)rw = Ekrc.

These equalities follow from the following relation (formula 6-16 of Judd (1963) and formulae 1.36 and
1.87 above):

SG(R)=iv(16—v)— S(S+ 1) =3n(T—n)—-2Q+e¢

where n designates the number of 4f electrons in the configuration 4f".
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approximations are given in table 1.19. The results concerning the observed and
calculated levels and the composition percentages of the eigenvectors are given in
table 1.20.

(3) Inspection of column 7 of table 1.20 shows that after including second order
electrostatic effects, the remaining deviations between observed and calculated
levels were of ‘““magnetic” character, namely, they differed in magnitude and in
sign for levels belonging to the same (triplet) term*.For this reason, Z.H.
Goldschmidt (1967) and Z.B. Goldschmidt et al. (1968, 1970) have repeated the
energy-level calculations of PrIV 4f% including additional terms in the hamil-
tonian, which represent the spin-dependent interactions (SDI), namely the ss,
soo and effective EL-SO interactions. For the 4f’ configuration, the values of
the parameters M°, M2, M* Q2 Q* Q° describing these interactions, as well as
the value of the spin-orbit parameter {4, are to be determined from the six
splittings of the three triplet terms °P, °F, *H. It follows that not all of these
parameters may be allowed to vary freely in a least-squares calculation. Since a
systematic investigation of the properties of the spin-dependent interactions for
all 3d" configurations of the third and fourth spectra of the iron group resulted in
the conclusion that the Qs were approximately independent of k (Z.B.
Goldschmidt et al., 1968; Z.B. Goldschmidt, 1973a), all Q*’s were constrained to
be equal to each other also for PrIV 4f%. This property of the Qs was also
confirmed in the energy-level calculations of PrlIlII 4f* (Z.B. Goldschmidt et al.,
1968, 1970; see also section 12.1.2 below). In Z.B. Goldschmidt’s calculation
(1968a) described in (2) above, B was fixed on the value zero, since the level 'S,
was missing. The authors of the work described in this paragraph arrived at the
conclusion that the BQ correction should nevertheless be included in the cal-
culations, because of its contribution to the *P, level (which includes 1% of 'S, in
the composition percentages-of its eigenvector). Assuming (a/B8) Celll 4f* (Z.B.
Goldschmidt et al., 1968; Z.B. Goldschmidt, 1973a), all Q*’s were constrained to
least-squares calculations of PrIV 4f* were carried out with 8 fixed on this value.
The parameters obtained in this calculation are given in columns 4 and 5 of table
1.19. The M*’s, representing the mutual magnetic interactions were found to be
positive decreasing functions of k, as required by their definition. The Q*’s,
representing the effective EL-SO interaction, were also found to be positive.

The results concerning the energy levels are given in columns 8-13 of table
1.20. On including the additional SDI, the mean error reduced to 2cm™'(!),
meaning that these interactions indeed improve the fit between observed and
calculated multiplet splittings. This improvement is graphically demonstrated in
fig. 1.22.

It must be emphasized that the above results crucially depend on the simul-
taneous introduction of all three SDI. The omission of any of these interactions
leads to absurd values for the remaining parameters. The strengths of the
additional SDI, that is, their contributions to the various multiplet splittings can

*It should be remembered that for this calculation the electrostatic problem is completely solved,
since the number of electrostatic parameters (real and effective) equals the number of terms.
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Fig. 1.22. PrIV 4f% improvement in the multiplet splittings due to the spin-dependent interactions
(SDI). O - without SDI, @ —including SDI.

be calculated by multiplying the derivatives of the energy levels with respect to
the SDI parameters — by the corresponding parameter values. It was thus found
that the strength of the ss interaction is several cm™', whereas the strengths of
the soo and the effective EL-SO interactions amount to several tens of cm™.
(4) Judd et al. (1968) have also examined the effects of the SDI on the energy
level structure of PrIV 4f2. However, they included only the parameters M°, M?,
M* and Q°* in their least-squares calculations. Consequently, the values they
obtained for the M*’s (M°=1.560, M*=0.537, M*=0.249cm™") were too small
as compared to both the values obtained by Z.B. Goldschmidt et al. (1968) (see
table 1.19) and to the values obtained in Hartree-Fock calculations, as will be
specified below. Furthermore, they obtained for Q° a negative value (Q®=
—252cm™). This is in contrast with their own evaluation, obtained with the aid
of Rajnak (1962) eigenfunctions, that the value of Q° due to the single
configuration 4£5f should be about 11 cm™, and that negative contributions could
hardly be expected until perturbing configurations that are well into the
continuum are reached. The negative value of Q° is also in contrast with the
results of ab-initio calculations performed by Copland et al. (1971a) as described
below, and in contrast with the results of Z.B. Goldschmidt et al. (1968, 1970)
(see tables 1.19 and 1.27), who obtained positive values for the Q*’s in PrIV 4f2,
PrIII 4f%, and in all 3d" configurations of the third and fourth spectra of the iron
group (see also Z.B. Goldschmidt, 1970; Pasternak et al., 1972, 1974; Z.B.
Goldschmidt, 1973a).

*Judd et al. chose parameters P* to describe the effective EL~SO interaction, which differ by
multiplicative factors from the Q*’s used in this chapter. The following relation holds between P*
and Q*: Q“ =4(3|C™|3)P*.
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Ab-initio calculations of PrIV 4f%> have been carried out by several authors.
Blume et al. (1964) have calculated the spin-orbit parameter {4 within the
Hartree~Fock description; their calculations are based on a theory in which the
contribution of the two-electron spin—other-orbit interaction to {4 is taken into
account and exchange effects are included. Their results therefore include also
Hartree-Fock values for the mutual-magnetic interaction parameters M* for 4f"
configurations of various lanthanide ions; the values they obtained for PrIV 4f2
are included in table 1.19. This table also includes (average) Hartree—Fock values
for the “real” electrostatic parameters E', as presented by Wilson and Fred
(1969). Morrison and Rajnak (1971) have performed ab initio calculations for
PrIV 4f% in order to evaluate the contributions of various perturbing configura-
tions to the effective electrostatic parameters a, 8 and y. They found that (i) it
was not sufficient to consider only excitations to bound excited states, but that
the continuum excited states also give significant contributions to these
parameters; these contributions are of opposite signs, depending upon whether
the excitation is of a one-electron or a two-electron type; (ii) among all bound
states, the contribution of the 4d® 4f* configuration is by far the dominant
contribution. Copland et al. (1971b) also reported numerical estimates for the
effective electrostatic parameters a, 8 and y in PrIV 4f%. These were obtained
through the use of the modified version of the Herman and Skillman (1963)
Hartree-Fock-Slater computer program. These authors showed that bound state
excitations alone grossly overestimate the parameters, and introduced a screen-
ing factor of § for the two-electron excitations nd —>4f. In a second paper
(1971a), these authors used the same computer program to determine the SDI
parameters M* and Q* (due to the perturbing configurations 4f5f, 4f6f, 4£7f) for
PrIV 4f%. No screening was introduced in this case.

The parameter values obtained in the last three works are also included in
table 1.19 for comparison with the values of the corresponding parameters
obtained in the semiempirical method. It is seen that there is a good agreement
between the parameter values obtained in both methods as far as magnitudes
and signs are concerned; as already mentioned and explained in section 10, the
magnitudes of the parameters obtained in the ab initio calculations are generally
greater than those obtained in the semiempirical calculations.

12.1.1.2. Celll 4f*

Ten out of the thirteen levels belonging to this configuration were discovered
by Sugar (1965a). The three missing levels *Py, were found by Johansson and
Litzen (1972). The theoretical analysis of this configuration was carried out by
Z.B. Goldschmidt (1968a, 1972). The first stage of this analysis was based on
Sugar’s ten levels, whereas in the final stage all thirteen levels were included.
The results obtained concerning the values of the various parameters and energy
levels are given in tables 1.21 and 1.22 respectively. Three variations were
performed: the first one included only the ‘“‘real” electrostatic and spin-orbit
interactions; in the second variation the effective electrostatic parameters a 8 y
were added (since the 'Sy level of this configuration is experimentally known, the
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TABLE 1.21.

Parameter values for Celll 4f(cm™).?

Calc(1) Cale(2) Calc(3)

Parameters H,+ H, +HZ +SDI HF
E° 5338272 5052+ 45 5049+ 1 -
E' 3080 = 101 3906+ 14 3906.9+ 0.4 5631
E? 20%2 18.49+ 12 18.491 + 0.003 31.38
E? 355+ 15 3849+08  384.45+0.02 601
a [0 42010 42.17+0.02 -
B [0) —1082+20 -1079.5%0.5 -
Y )] —87.6+4.9 ~87.9+0.1 -
¢ 612+ 136 5395 571.1+0.7 681
M° [0 [0] 3.00+0.09 1.633
M? [0] [01 0.78 £ 0.10 0.905
M* [0] [0 0.79+ 0.07 0.612

*=Q'=Q" [0 [01 752 -
A 810 28 0.7

*Z.B. Goldschmidt (1972).

value of B could be determined in the least-squares calculation); the third
variation included also the additional SDI, namely, the ss, the soo and the

effective EL-SO interactions. The reduction of the mean error, from 8§10 cm™

through 28 cm™ to 0.6 cm™, on improving the approximation is shown in table
1.21; the improvement of the fit between the individual observed and calculated
levels can be seen by comparing the O;-C; values in columns 5, 7 and 9 of table
1.22. The improvements of the calculated triplet splittings due to the inclusion of
the additional SDI are also illustrated in fig. 1.23. For comparison, the values of

0-C
em-1

3p

3K

40

201

-20+

_60 [

1 i i

T T T [}

1 hall | 1 L

J=

0 1 2
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Fig. 1.23. Celll 4f%; improvement in the multiplet splittings due to the SDI. O - without SDI,
@ - including SDI.
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E, ¢ and M* obtained by performing Hartree~-Fock calculations (Z.B.
Goldschmidt, 1972) are also given (column 5 of table 1.21). As concluded in the
case of PrIV 4f%, the orders of magnitude obtained for the parameters in both
methods of calculation are the same; except for M° and M*, the values of the
parameters obtained in the HF method are greater than those obtained in the
semiempirical method. ‘

The results of the calculations confirm the conclusion stated above, that the
coupling in this configuration is close to LS coupling, the only conspicuous
mixture is the one occurring between the levels *F, and 'G..

12.1.1.3. Lall 4f*

In the spectrum of Lall, the 4f> configuration, belonging to the group High

II-B, overlaps the 6p> and 6s6d configurations, which belong to a third floor of
system A (not given in fig. 1.15). The Grotrian diagram of these configurations
is given in fig. 1.24. The terms of 4f” and 6p” were first calculated by Condon
and Shortley (1951). Their results presented two puzzles:
(1) 4f% The ratios obtained in their work for the electrostatic parameters E'
differ considerably from those obtained for other 4f" configurations in neigh-
bouring lanthanide spectra, and also from the ratios calculated with 4f hydro-
genic functions (see table 1.23).

4f° 6p2 6d6s 6d6s
)(‘103cm—1 unknown
1
70F ls =0
68F
-l
66}
L 3p
-t

62+ /T - 4

L 3 - D 4
o/

s - o 1 ﬁ

58+ -i/_/_ J

el _/_/_

A 1 R 2 R " R . Fig. 1.24. Energy levels of
J= 0 1 2 3 4 5 6 Lall 4f2 + 6p’ + 6s6d.
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TABLE 1.23.
Ratios between the electrostatic parameters E' for
various 4f" configurations of the lanthanide spectra.

E! E? E}
Hydrogenic functions 14.68 0.077 1.49
PrlV 4f2* 14.68 0.068 1.43
Cell] 4f%° 14.68 0.069 1.44
Prlll 43¢ 14.68 0.069 1.42
Cell 4£°° 14.68 0.078 1.32
Cell 4f(+CIy° 14.68 0.077 1.40
Lall 4£2¢ 14.68 0.037 2.09
Lall 4f° 14.68 0.055 1.34
Lall 4£(+CI)f 14.68 0.054 1.30

*Z.B. Goldschmidt, Pasternak and Z.H. Goldschmidt
(1970); *Z.B. Goldschmidt (1972); °Z.B. Goldschmidt
and Pasternak (1970); “Condon and Shortley (1951);
¢Z.B. Goldschmidt (1968a); 'Z.B. Goldschmidt (1976a).

(2) 6p*: The interval ratio ('S —'D)/('D —*P) should, to first order theory, have
the value 2, whereas its experimental value in Lall is 18.43!

These puzzles were resolved by Z.B. Goldschmidt (1968a, 1976a) who found
that:
(1) the designations given by Russell and Meggers (1932) to the two levels at
59 900.08 cm™' and 63 026.27 cm™' should be interchanged:

Identified by

Russell & Meggers Should be identified
Level (cm™) as as
59 900.08 42'D, 6p*'D,
62026.27 6p?'D, 4f2'D,

(2) configuration interaction, especially between 6p> and 6s6d, should be in-
cluded in the first order energy-level calculations.

These conclusions were arrived at through the following considerations:

(1) The (upward) repulsions of the Lall 4f* levels by the lower configurations
5d% Sdés, and 4f6p were calculated and compared with the (downward) cal-
culated repulsions of the Celll 4f levels, due to the higher 5d% 5dés and 4f6p
configurations. It was found, for both ions, that among all these repulsions, those
originating from 5d? are the dominant ones. The repulsions 4f>-5d? are given in
table 1.24 for both ions. On comparing the magnitudes of these repulsions, the
following deductions can be made:

(i) The repulsions are greatest for the 'S’s of both ions; next, according to the
orders of magnitude of the repulsions, come the *P’s and the 'D’s.
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TABLE 1.24.
Electrostatic repulsions between the
corresponding terms of the configura-
tions 4f? and 5d” in Celll and Lall.*

CellI* Lall®
Term (cm™) (cm™)
'S —4740 2800
’p —1280 900
'D —920 620
’F —245 215
'G ~-375 365

*The sign indicates the direction of
the repulsion of the 4f’ terms; *Z.B.
Goldschmidt (1972); °Z.B. Goldschmidt
(1976a).

(i) For Celll 412, °P is lower than 'I by approximately 500 cm™' - this after being
pushed down by 5d°CP) by about 1300 cm™ (see table 1.24). In Lall 4f% °P is
pushed up by 5d°CP) by about 900 cm™'. Therefore, in Lall 4f% *P should be
higher than 'I by 1500-2000cm™". A glance at fig. 1.24 and table 1.26 shows
that this is indeed the case.

(iii) For the purpose of evaluating the energetic height of Lall 4f*'D,, the value
of the interval ratio ("D~ 'G)/(*'I - 'G) has been compared in PrIV 4f2, Celll 4f*
and Lall 4f%.

It was found that

('D~'G)/('I-'G) = 0.6 for PrlV 4f* ('D-"G)/('I-'G) = 0.56 for Celll 4f*

Since the repulsion of 4f2('D) by 5d? is greater than that of 4f('G), and 4f*('I) is
not affected at all by 5d2, it follows that the value of this interval ratio for Lall
should be greater than its value for PrIV or Celll; that is, the relative height of
'D with respect to 'G and 'I should be greater in Lall. For the level 59900 cm™
identified by Russell and Meggers as 4f2'D, the interval ratio has the value
('D-'G)/('1-"'G)=0.13. It is clear that this identification is false. For the level
62026 cm™

(‘'D~'G)I('1-'G) = 0.86

This level was, therefore, identified by Z.B. Goldschmidt (1968a, 1976a) as
4f?'D,.

(2) As for the 6p® configuration: in order to obtain the predicted value for the
interval ratio ('S — 'D)/('D — *P), one would expect the 6p>'D; level to lie at about
64 000 cm™. But the only available experimental level lies at 59 900 cm™'. There
should, therefore, exist some configuration, having its ‘D, level higher than
6p> 'D,, which is responsible for the downward repulsion of the last level from

its predicted position at about 64 000 cm™' to the experimental value 59900 cm™.
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TABLE 1.25.
Parameter values for Lall 4f%(cm™').?

Calc
Parameter H +H,+H} HF
E°® 58463 +76
E' 178325 2018
E? 6.73£0.20 11.43
B 163+1 164
o -33*2
B ~725+36
¥ 9+8
L 314+8 415
A 50

*Z.B. Goldschmidt (1968a).

Indeed, Russell and Meggers identified the °D term of the.6s6d configuration, its
center of gravity lying at 64572cm™ (the 'D term of this configuration is
missing, but its unperturbed value is higher than 64572cm™). Since the
configurations 6p®> and 6s6d comprise electrons all of which have the same
principal quantum number n = 6, they are expected to interact strongly with
each other. That this is indeed the case was shown by Z.B. Goldschmidt (1976a),
who calculated the energy levels of the seven even configurations

5d2+ 5d6s + 65 + 4f6p + 4% + 6p* + 6s6d

of Lall in intermediate coupling, including configuration interaction and effective
electrostatic interaction for the 4f? configuration.

The results of this calculation will be discussed in section 13.2. In this
paragraph only the results of the calculation of 4f* as an isolated configuration
will be included. Such a calculation is justified because of the facts that (i) the
interactions of 4f? with the configurations 6p> and 6s6d overlapping it are small.
(ii) the interactions with the low distant configurations are taken into account to
second order perturbation theory on including the effective parameters a 8y in
the energy matrices of 4f2. The results obtained are included in tables 1.25 and
1.26. The mean error is 50 cm™. The “new” relations obtained for E’ are also
included in table 1.23.

12.1.2. The 4f* configurations

12.1.2.1. PrlII 4f°

The 4f’ configuration comprises 17 terms which split into 41 levels. 38 levels
belonging to PrlIl 4f* were found by Sugar (1963). The missing levels were
(10)°Fsj2,72 and (21)2F,p. The energy levels of this configuration were calculated
by various authors, to various degrees of approximation:
(1) Trees (1964) performed two variations:
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TABLE 1.26.
Energy levels of Lall 4f> (cm™).2

Composition

Term J Obs Calc 0-C g-obs g-calc percentage
'H 4 55107 55092 15 0.883 0.805 97%

5 55982 55960 22 1.033 1.033 100%

6 56838 56875 -37 1.14 1.166 99%
R 2 57400 57368 32 0675 0.675 98%

3 57919 57 965 —46 1.085 1.083 100%

4 58259 58228 31 1.196 1.164 67% +'G 32%
'G 4 59528 59544 -16 1.046 1.081 66% + 'G 33%
'D 2 62026 62 042 -16 1.054 1.084 80% +°P 18%
1 6 62408 62 408 0 1.003 1.001 99%
’p 0 63464 63 497 -33 H 94% +'S 6%

1 63703 63723 -20 1.471 1.500 100%

2 64279 64214 65 1.414 1.408 82% + 'D 18%
'S 0 69505 69 501 4 3 94% +°P 6%

*Z.B. Goldschmidt (1968a).

in the first one he included the conventional hamiltonian (electrostatic and
spin-orbit interactions within the 4f* configuration) only; in this case the values
of the five parameters E' (i=0, 1, 2, 3) and {4 were determined by 37
experimentally known levels.* The mean error obtained was 484cm™. In the
second variation Trees added the effective electrostatic interaction represented
by the parameters a and y. He did not include the correction term Qg in this
variation, since both °F terms, the matrix elements of which comprise this
correction (one directly and the second through a mixture with the first), were
missing. The introduction of a and y reduced the mean error to 168 cm™, which
is about a third of its former value.

(2) Z.H. Goldschmidt (1966) recalculated the energy levels of PrIII 4f%, includ-
ing, in addition to all parameters mentioned above, also the parameter 8t and
the effective electrostatic three-electron parameters T' (i=2, 3, 4, 6, 7, 8)
introduced by Judd (1966). The mean error reduced to 37 cm™.

(3) Crosswhite, Crosswhite and Judd (1968) identified the levels (21)*F;, and
(10)*Fsp2, 712, substituted for Sugar’s level (11)’Hgp; at 26979 cm™ a “new”’ level at
27179cm™ and repeated the energy-level calculations of this configuration,
with all the parameters mentioned in (2) above. The mean error obtained was
31cm™.

*The level at 34 193 cm™ designated by Sugar as (21)°Fs; was rejected by Trees and also by the
other authors who investigated this configuration.

tThe inclusion, in the least-squares calculation, of the correction term BQ was indeed possible, since
the eigenvector of the level at 27 597 cm™ (J =3) was found to include non-negligible components of
both F terms, in addition to its main component (21)’D; therefore, the derivative of the corresponding
calculated energy level with respect to 8 was large enough to permit a reliable determination of g.
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(4) Z.B. Goldschmidt, Pasternak and Z.H. Goldschmidt (1968) identified in-
dependently the level (10)°Fy,, rejected Sugar’s level ‘D, at 23465 cm™, and
identified a third level at 27 089.66 cm™" as (11)*Hgp. They calculated the energy
levels of PrIII4f’, once as an isolated configuration, including also the SDI,
namely the ss, soo and effective EL-SO interactions; the mean error reduced to
16cm™. In a second calculation they also included in first order perturbation
theory, configuration interaction with 4f26p, 4f5d? and 4£5d6s. Although the mean
error within the 4f> configuration hardly changed, the inclusion of configuration
interaction is reflected in the values of the various parameters and, of course, in
the compositions of the eigenvectors.
(5) Crosswhite, Crosswhite and Judd (1968) performed a second variation of
their calculation mentioned above, in which they included all possible Hermitian
two-electron scalar operators and the six three-electron T?’s. This collection of
operators allows for the effective electrostatic and EL-SO interactions as well as
for the mutual magnetic ss and soo interactions. The mean error reduced to
11cm™.

The parameters obtained in the various approximations described above are
given in table 1.27, which includes also the corresponding mean errors. The large
reductions of the mean error at each stage of the calculations shows the

TABLE 1.27.
Parameter values for Prlll 4f3cm™).

Calc(2) Calc(3)

Cale(1)? +a,yof H +B of H+ Ti Calc(4)
Parameter H,+H, but 8=0 of H} +SDI - ab initio calculations
E° 11024+ 130 11182110 1117226 11172+12
E! 421260 426530 4246+7 4249+3
E? 20.82+0.80 20.57+0.30 19.95x0.12 20.04+0.05
B3 4015 4173 4101 409.4+0.4
a {0] 292 31.4%0.6 31,103 83¢
B [01 [01 —834+ 80 —898 + 10 —1278¢
v [0} -64%10 —68+2.8 —67.6+1.2 —-102¢
T2 (o} (01 41032 2712 456
T3 [0 [0} 36+ 10 355 41f
T4 [0] [0} 8414 777 68t
T [o1 [0 —263+24 24610 ~204f
77 (o1 [0] 328+37 331x16 3271
T8 [o] [0] 303 43 29619 2861
I 643 + 45 660 =20 663 =4 692=10 8384 959
MO [o] [01 [0} 1.83+0.58 2.08¢ 1.840%
M? [0] [0] [0] 1.28 0.82 1179 1.018¢
M4 [0} [0] [0] 0.10£0.62 0.79¢ 0.688¢
Q? [0] [0} [0] 95.7+36.8 1148
Q! [0] [0] [0] [95.7] 508
Q* [0]1 [0] [0] [95.71 478
A 484 168 37 16

*Trees (1964); "Z.H. Goldschmidt (1966); °Z.B. Goldschmidt, Pasternak and Z.H. Goldschmidt
(1968); ‘Blume, Freeman and Watson (1964); “Copland, Newman and Taylor (1971b); 'Newman and
Taylor (1971); ¢Copland, Newman and Taylor (1971a).
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importance of the effective electrostatic and the SDI interactions. For
comparison, the values of the various parameters obtained through the per-
formance of ab-initio calculations (Blume et al., 1964; Newman and Taylor,
1971; Copland et al., 1971a, b) are also included in this table.

The Grotrian diagram of this configuration is given in fig. 1.4. The observed
and calculated energy levels obtained in the calculations described in (4) above,
are given in table 1.28, which includes also the composition percentages of the
eigenvectors. For comparison, the observed minus calculated values of a varia-

TABLE 1.28.
Energy levels of Prlll 4f (cm™):,

0-C
Assignment J Obs. Calc. 0-C Calc. g without SD1
4197% + (21)*H 2% 9/2 0.0 -13 13 0.733 1
4199% 11/2 1398.34 1396 2 0.966 3
“1 100% 13/2 2893.14 2901 -8 1.107 -1
“199% + 2K 1% 15/2 4453.76 4472 -18 1.199 -1l
4F 95% + (202D 4% 3/2 9370.66 9363 8 0.425 15
4F 98% + (20)*D 2% 5/2 10 138.18 10 135 3 1.032 8
“F 93% + (20)2G 4% + (21)°G 3% 72 10 859.06 10 869 -3 1.215 -6
4F 78% + (21)*H 16% + (20G 2% 9/2 11761.69 11759 2 1.248 —11
(21)*H 60% + “F 10% + (20)*G 10% 9/2 101032.92 10035 2 0.988 —21
(21)°H 82% + (11)2H 13% + 4G 4% 11/2 12 494.63 12 505 -10 1.097 0
1S 95% + 2P 4% 32 10 950.24 10948 2 1.963 1
(202G 41% + (21)}G 30% + 4G 24% 712 13 887.6 13 880 8 0.932 17
(20)2G 29% + G 45% + (21)°G 18% 9/2 16 763.98 16 759 5 1.144 13
iG 9% 512 14 187.35 14 189 -2 0.575 19
4G 76% + (202G 14% + 21)°G 9% 7/2 15 443.48 15443 0 0.966 21
4G 53% + (20)2G 18% + (21)°G 14% 9/2 15 705.13 15707 -2 1.138 -8
4G 95% + (11)*H 3% + (21)*H 2% 112 17 409.58 17 406 4 1.263 -33
2K 99% 13/2 16 089.14 16 097 -8 0.935 -17
2K 96% +2L.3% + 1 1% 15/2 17 642.06 17 639 3 1.064 6
(20)’D 49% + 2P 41% + F 4% 32 17 095.63 17 089 7 1.048 6
(202D 98% + *F 2% 5/2 19046.09 19033 13 1.196 20
2P 95% + 1D 5% 112 18 693.65 18 683 11 0.633 19
2P 53% + (202D 41% + (21)’D 3% 3/2 20 856.86 20 847 10 1.095 6
“D95% + 2P 5% 1/2 23 498 0.032
‘D 82% + (21D 15% 3/2 23091.7 23108 -16 1.136 -52
D 79% + (212D 19% 5/2 23245.99 23252 -6 1.326 -2
‘D 98% + (10)?F 1% 712 24 886.51 24873 . 14 1.424 39
2184%+ (11)*H 14% + (21)*H 1% 11/2 24357.98 24 387 -29 0.950 —-16

*199% 13j2 2539175 25403 ~11 1.076 -23
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TABLE 1.28 (Contd.)

0-C
Assignment J Obs. Calc. o-C Calc. g without SDI
2L 97% + K 3% 15/2  25244.61 25239 6 0.945 8
2L 100% 17/2 26 447.88 26414 34 1.059 38
(21)2D 88% + *D 16% + (20)’D 3% 3/2 26 921.49 26 930 -9 0.867 —11
21D 58% + ‘D 20% + (21)°F 12% 5/2 27597.13 27 605 -8 1.161 -6
(11)°H 87% + (21)°H 11% 9/2 27 089.66 27 108 —18 0912 -12
(11)2H 69% + 1 16% + (21)*H 14% 11/2  28101.77 28 107 -5 1.066 -20
(21)?F 41% + (10Y*F 34% + (21D 23% 5/2 - 30 490 0.938
(21)?F 61% + (10)°F 37% + ‘D 1% 7/2 31614 1.145
(212G 58% + (20)’G 41% 9/2 39225.6 39210 16 1.110 —14
(21)*G 59% + (202G 40% 712 39940.72 39946 -5 0.891 28
(10)’F 61% + (21)*F 38% 712 53092.8 53092 1 1.141 0
(10)°F 55% + (21)?F 45% 52 54026 0.857

27 B. Goldschmidt, Pasternak and Z.H. Goldschmidt (1968).

tion which did not include the SDI are also given. The improvement of the
multiplet splittings due to the inclusion of the SDI is illustrated in fig. 1.25.

12.1.2.2. Cell 4f°

In Cell, the configuration 4f° belongs to the group High II-B, its lowest level
*Iy), being located 38 195 cm™ above the ground level of this spectrum. Only six
out of the theoretically expected seventeen terms have been experimentally

0-C
4r 46 2y

cem-1

20 —+

10 4 i

-20’— 4 4

-SOT =+ -

7 9 5 7 9 1 1 15

.3 5 s s 72 s 1 13
T3

2 2 2 2 2 2 2 2 2

Fig. 1.25. Prlll 4f%: improvement in the multiplet splittings due to the SDI. O-without SDI,
@ - including SDI.
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located (Harrison et al., 1941, Z.B. Goldschmidt, 1968a, Corliss, 1973, and
Corliss and Z.B. Goldschmidt as also specified in Corliss, 1973). The six
experimentally known terms ‘I, *F, (21)’H, (20)’G, *G, K comprise 18 levels (out
of the expected 41).

A preliminary calculation of the energy levels of this configuration has been
carried out by Z.B. Goldschmidt (1968a), being based on the 10 experimental
levels known at that time. In 1972, Z.B. Goldschmidt recalculated the energy-
levels of this configuration, including CI with other odd known configurations,
namely, 4£5d%, 4f5d6s, 4f6s2, and 4f%6p. The results of this calculation will be
discussed in section 14.

12.1.3. Other 4f" configurations

The experimental data available on other 4f" configurations in free lanthanide
ions are rather scant, as summarized below:
(1) The 4f configuration was discovered in CelV (Lang, 1936) and in Lalll
(Sugar and Kaufman, 1965; Odabasi, 1967; Johansson and Litzen, 1971). The 4f"”
configuration is known in Yb IV (Bryant, 1965) and in Tm III (Sugar, 1970). The
knowledge of these configurations makes it possible to determine the values of
the spin-orbit parameter {4 at both ends of the lanthanide group. These are
given in table 1.29 and in fig. 1.26.
(2) Dupont (1967) identified the seven levels of SmIII4f*’F; Johansson and
Litzen (1973) discovered the five levels GAIII 4f* 'F,_. The values of {4 obtained
from these levels are also given in table 1.29 and in fig. 1.26.
(3) The nine levels ®S;, *Psp, 72 and ®I;-17, of Eulll 4f” were identified by Sugar
and Spector (1974). No calculation of the energy levels of this configuration has
been carried out.
(4) Meinders et al. (1972) discovered the 10 levels *Hysp s, and °Fjyp-spp of
TbIII 4f°. They also performed a preliminary calculation of these levels, based
only on the conventional hamiltonian H,+ H,. The values obtained for the
parameters are also included in table 1.29 and in fig. 1.26. As seen from the
figure, the points representing the values of the E’ for TbIII 4f’ are not located
on the smooth (straight) lines drawn for the purpose of describing the mode of
change of these parameters on moving along the group for a fixed degree of
ionization. The reason for this phenomenon seems to be the omission of the
effective electrostatic interaction in their calculation. Indeed, the authors point
out that a calculation including e (=21cm™) results in a value of 550 cm™ for
E?, which is in complete agreement with the value of 545 cm™ obtained from
fig. 1.26.
(5) McElaney (1967) discovered the 6 levels “I1s;,_o;» and *Fop5, *Hy1jo of Holll 4f!'!.
No calculation of this configuration has been carried out. However, the
parameter values can be deduced from fig. 1.26; they are also included in table
1.29.
(6) Spector (1973) located the 3 levels *Hg s and *F, of ErlllI 4f"2. Predicted values
for the parameters of this configuration have been obtained by Z.B. Goldschmidt
(1976b), on comparing the experimental data and the results of the calculations
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Fig. 1.26. 4f" configurations: values of the various interaction parameters as functions of n, for third
lanthanide spectra.

TABLE 1.30.

Low energy levels of Erl 4f'%6s?, Erll 4f'%6s and ErIll

4f"2(cm™).

Erll 4f'%6s"><¢

Level Erl 4f6s>° core levels ErlII 4f'%
*H, 0 0 0
*H, 6958 6968 6970
*H, 10751 10774
’F, 5035 5051 5082
’F, 12378 12 390
°F, 13 098 13206

*Marguet and Davis (1965). ®Z.B. Goldschmidt (1968a).
°McNally and Vander Sluis (1959). YVander Sluis and
McNally (1970). “Spector (1973).



116 Z.B. GOLDSCHMIDT

TABLE 1.31.
Parameter values for Erl 4f'%6s?, Erll 4f'%6s and ErlIl 4f'(cm™').

Erll 4f'%6s

Parameter Erl 4f'%6s%? (core parameters) ErIIl 4£'2°
E' 6291 6307 6339

E? 30.04 30.26 30.40
E? 602 606 609

Lt : 2235 2237 2238

7.B. Goldschmidt (1968a); *Z.B. Goldschmidt (1976b).

of Erl4f26s? (Z.B. Goldschmidt, 1968a), ErlIl 4f%6s (Z.B. Goldschmidt, 1963,
1968a) and ErllI 4f'%, and on referring to the fact that, on the right hand side of
the lanthanide group, the energy levels of the 4f" core are approximately
independent of the number of 6s outer electrons surrounding it. The low energy
levels and the parameter values of these configurations are given in tables 1.30
and 1.31 respectively. The parameter values are also included in table 1.29.

12.1.4. Conclusion

The 4f> and 4f* configurations have been thoroughly and profoundly in-
vestigated. Information has been obtained on the strengths of the various
interactions, and on the coupling being close to LS coupling. In particular, the
importance of the effective electrostatic and the spin-dependent interactions in
reproducing the energy-level structure of these configurations has been
established. Furthermore, a comparison has been made between the values of
the interaction parameters obtained through the use of the semiempirical method
on the one hand, and as a result of ab initio calculations on the other hand. It
was found that the values of the parameters obtained in both methods agree as
far as orders of magnitudes and signs are concerned; however, the values of the
parameters obtained as a result of the ab-initio calculations are generally greater
than the corresponding values obtained in the semiempirical method.

Information has been obtained on the mode of change of the various
parameters on moving along the group for a fixed degree of ionization, and in
some cases (Ce, Pr) also on moving between various ions of the same element.
For 4f" configurations belonging to the third spectra of the lanthanide group,
both qualitative and quantitative information on this mode of change can be
obtained on inspecting table 1.29 and fig. 1.26; it is seen that the electrostatic
parameters change approximately linearly with n, and therefore with Z., as
expected from the theory, whereas {4 is not a linear function of n(Z.), but of
some power of n(Zg), with an exponent greater than 1. The quantitative
information concerning the mode of change of these parameters is obtained on
considering the following ratios:

E(Er11I 4£)/ E'(Celll 4f%) = 6339/3906 = 1.62



ATOMIC PROPERTIES (FREE ATOM) 117

EX(ErIII 4£')/ EX(Celll 4f2) = 30.40/18.49 = 1.64
EX(ErlII 4£%)/ EX(Celll 4% = 609/385 = 1.58

i.e. '

E'(ErllIl 4f'?)/E (Celll 4f%) = 1.61 i=1,2,3
also

L(ErIII 4£12)/ £ (Celll 4% = 2237/539 = 4.15 = 1.61°

On assuming that the E’ increase as Zeg, ¢ increases as Z>g and not as Z;, as in
the case of the Coulomb potential energy and hydrogenic eigenfunctions. It is
interesting also to calculate the amount of increase of ¢, starting with Lalll 4f
and ending with TmIII 4f":

L(TmIII 4£)/£(Lalll 4f) = 2507/429 = 5.84

As a result of the increase in the parameter values, the level spacings of the
4f" configurations also increase; for example, the (energy) width of TmIII 4f" is
greater than the width of the conjugate configuration Lalll 4f, the width of
ErllI 4f" is greater than that of CelIll 4f% etc.

Since the increase of the spin-orbit parameter ¢ is much greater than the
increase of the E’, the coupling in the 4f" configurations changes from a good LS
coupling on the left hand side of the group to intermediate coupling as one
moves towards the right hand side of the group.

12.2. The 4f""'6s configurations

The 4£"'6s configurations are the simplest of the 4" 'n'l'(n'l’ = 5d, 6s, 6p, .. .)
configurations which are common in the lanthanide spectra. They are found
among the low lying configurations of these spectra; in the second spectra they
belong to the group “Low B”, and compete with the 4f"25d%, 4f"25d6s and
4f"%6s” configurations, for the title “Ground configuration” (see table 1.13a). In
the third and fourth lanthanide spectra, the ground configuration is generally 4f",
and following it, in this order of height, are the configurations 4f""'5d and
4f"'6s. Levels belonging to f"'s configurations have been experimentally
identified in many lanthanide ions, as shown below. The properties of these
configurations, concerning the energy-level structure, the strengths of the
various interactions, including the values of the parameters representing them,
and the prevailing coupling, were discussed by Wybourne (1965) and by
Z.B. Goldschmidt (1968a, b), making use of the experimental data available at
that time. Since then many more lanthanide spectra have been analysed and a more
complete picture of the structure of the f*~'s configurations can now be drawn.

The characteristic structure of these configurations can be understood by
inspecting their Grotrian diagrams, several typical examples of which are given
in figs. 1.27-1.31. It can be seen that for (n—1)=1, 2, 3, 4, 9, 10, 11, 12, 13 the
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Fig. 1.27. Energy levels of the 4f6s configuration in Lall, Celll and PrIlV and of the 4f'’6s
configuration in Tmll, YbIII and LulV.

energy levels are grouped into pairs, where each pair consists of two adjacent
levels having consecutive J values. The centers of gravity of the pairs constitute
level diagrams which are analogous to those describing the corresponding 4"’
cores, (see for example, figs. 1.28 and 1.21 above). These facts lead to the
immediate conclusion that the coupling prevailing in these configurations is a Jyj
coupling, where J; is the total angular momentum of the core 4f"™' and j is the
total angular momentum of the 6s electron. In order to convince the reader, the
Grotrian diagram of ErIl 4f"%6s is also drawn in LS coupling - see fig. 1.31b.
The existence of J,j coupling in these configurations is due to the fact that the
interactions among the 4! core electrons are much stronger than the elec-
trostatic interaction 4" '-6s. Within the 4f"~! core, the electrostatic interaction is
stronger than the spin—orbit interaction (see section 12.1). The relative strengths
of the various interactions are, therefore, given by the first multiple inequality of
section 3.2.3, and the most appropriate coupling scheme for characterizing the
energy levels of these configurations is:

4 Y aS, L J)6sj; IM (n—1=1,2,3,4,9,10, 11, 12, 13).

Since j =3, it follows that J = J, 3. Therefore, each core level, characterized by
aS,L.J,, splits into a pair of levels having the J values J =J, =3 (for J,=0, J
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assumes only the single value J = 3}). The smallness of pair splittings reflects the
weakness of the 4f-6s interaction.

It has been pointed out by Z.B. Goldschmidt, (1968a, b) that the pair structure
exhibits a definite regularity: for each term aS;L, of the 4f*' core having S, # 0,
the pair associated with the maximal J,(=S,+ L)) core level is inverted; as J,
decreases, the splittings of the pairs belonging to the same aS;L, decrease. For a
core term with S,> L, the pair associated with the minimal J,(= S,— L,) core
level is still inverted; for a core term having S; = L,, the smallest J(=L,—S,)
value is zero, and the pair has degenerated into a single level with J =1; for the
case L, > S,, as J, decreases, the decrease of the pair splittings continues, until,
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for a certain J; value, the pairs become normal. The pair arising from the core
level J,= L,— S, is always normal. This regularity of the pair structure was
explained (Z.B. Goldschmidt, 1968a, b) by studying the formulae of the matrix
elements of the 4f-6s exchange interaction in the J;j coupling scheme. The
elements diagonal in J; are given by (Judd, 1962) (up to an additive constant which
depends only on n —see footnote on p. 128):

(46" (@S, L.1J1),68]; IM|Hexn|41" (2’ SILIJY), 6sf; JM)
= * Gy(4f, 65)8(, a')8(S1, S)8(L1, L)
X [Li(Li+ )= S(Si+ D= Ji(Ji+ DT + 1) (1.167)

where the + signs correspond to J = J,*3 respectively. The off diagonal ele-
ments are given by (Judd, 1962):

(A" (@S L J\[=J £3)), 65j; IM|H, . |4f"(a' S| L} J{[= J 1)), 6sj; M)
= G(4f, 68)3(a, @)8(S1, SHS(L1, LYI(Si+ Li+J +)(Si + L +3—T)
X (Li+J+3—=S)Si+T+3-L)1"H@T+1). (1.168)

From the first of these formulae, we get the theoretical splitting of the pair
aS1L1]| in Jlj coupling

AT(aSiLiJ) =T 2= T g = [RF7 + DI2T(J1+ DIIL(L, + 1)
=SS+ ) - Ni(Ji + D]G3(4£, 68).  (1.169)

Since G;(4f, 6s) is always positive (Racah, 1942b), the property of a pair to be
normal or inverted depends on the sign of the second brackets:

[- - -1> 0 normal pair [- - -]1< 0 inverted pair

The regularities in the pair structure cited above follow immediately by substi-
tuting the appropriate J; values in the last formula.
For core singlet terms, S, =0, J, = L,, the last formula gives AT (a,S,LJ,) =0,
that is to say, pairs arising from singlet parent terms should have zero splitting.
Looking at the Grotrian diagrams given in figs. 1.27-1.31a, one can see that the
experimental splittings generally confirm the theory. Two exceptions will be
mentioned here. (1) For NdII 4f*’I)6s, the theory predicts the pairs

Jl=L1“S|=4, J|=L|_S1+1=5

to be normal. A glance at fig. 1.29 shows that the pair °I, is indeed normal,
whereas the pair ’I; is inverted, the last phenomenon resulting from the effect of
the electrostatic matrix elements not diagonal in J,. (2) for Prlll 4f%6s the
splitting of the G, pair is finite, in disagreement with the zéro splitting predicted
by the theory. This finite splitting reflects the strong admixture of the core levels
!G, and °F, due to the spin—orbit interaction of the 4f electrons.

The energy levels of the 4" '6s configuration were calculated for all known
second, third and fourth lanthanide spectra. In some of the calculations the
complete energy matrices of the investigated configurations were diagonalized,
whereas in others use was made only of partial energy matrices, based on the
lowest core term (or terms). The parameters obtained in these calculations are
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given in table 1.32. The last two columns of this table contain, wherever
available, the smallest (percentage) value of all leading components of the
eigenvectors of levels originating from the lowest (physical) core term, both in
Jij and in LS coupling. A glance at these columns confirms our initial assump-
tion that the coupling prevailing in the 4f"7'6s configurations is J;j coupling for

TABLE 1.32.
Parameter values for 4f" '6s configurations in lanthanide ions (cm™).

Smallest Smallest
Parameters Ly G;(41, 63) i LS

leading leading
Ion component component
configuration (%) (%)
Lall 4f6s*® 444 151 92 68
Cell 4f%6s*"¢ 534.9+8.7 190+ 35 97 60
Prll 4£3(*I)6s? 659+3 190+5 89
NdII 4F¢°T)6s* 780+2 203+ 3 77
PmlIl 4f°(*H)6s® 991 +23 205+ 11 57 90
Smlil 4°CF)6s’ 1135 217 97
Eull 4f'(3S)6s* 209 100 100
GdlII 4£5(F)6s® 1231 +26 22+10 51 81
DylI 4f'°%CTy6s" 1772 211 50
HolI 4f"(*I)6s! 2028 210
Erll 4f'%6s*b 2237+ 1 2143 100 65
Tmll 4f6s* 2506 212 100 57
Celll 4f6s® 635 299 99 69
PrllI 4£%s® 757+6 30511 95 64
Eulll 4f°CF)6s° 1412+ 48 29516 51 87
GdIII 4f'(®S)6s* 294 100 100
TbIII 48 F)6s° 1547+ 49 315+ 18 63 98
TmlII4f26sk 2632+ 10 274 %30 100 66
YbIII 4f"%6s? 2914 337 100 54
PrlV 4f6s! 861 384 99 69
LulV 4f“6s™ 3355+9 437+33 100 61
Parameters E' E? E? a B Ty
Ion
configuration
Cell 4f%6s*>< 3792+24  18.10+0.19 383.5+16 205+1.7 —652+46 —38.2+82
Prll 4£(*I)6s° [4212] [20.8] [400] [01 [0 [0
NdII 4f*¢°1)65? [4450] [21.5] [4401 [01 (01 [01
Erll 4f265*b4 6307+16  3026x09 606=1 [01 [0 [01
Prlll4f%6s® 4954+16  228+0.1 4811 24%1 [01 —52+5
TmllIl 4f'26s% 6995 + 98 33.75+0.6 676.4+7 (01 01 [0]

27.B. Goldschmidt (1968a); °Z.B. Goldschmidt (1968b); “Z.B. Goldschmidt (1972); ‘Racah, Z.B.
Goldschmidt and Lonka (1960); “Z.B. Goldschmidt (1976b): ‘Carlier (1967); *Wybatne (1965);
bConway and Worden (1971); ‘Sugar (1968); Z.B. Goldschmidt (1963); *Sugar (1970); 'Sugar (1965b);
"Sugar and Kaufman (1972).
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TABLE
Energy levels of

Observed Calc 0-C g-calc.
Term J (cm™) (E;—E;_D)IT (em™) (cm') g-obs intermediate
,F 13/2 7992.268 169 8161 - 169 1.535 1.538
11/2 9092.491 218 9151 —59 1.505 1.534
9/2 10292.567 176 10 138 155 1.555 1.558
772 11 084.335 167 10 968 116 1.590 1.602
5/2 11 669.863 161 11622 48 1.700 1.698
3/2 12071.778 158 12 093 -21 1.990 1.983
1/2 12 309.508 12377 —67 3.980 3.980
°F 11/2 9943.779 255 9958 —-14 1.500 1.473
9/2 11343.525 217 11228 116 1.450 1.452
712 12 318.288 204 12 245 73 1.415 1.414
512 13 030.786 194 13 027 4 1.325 1.331
3/2 13 515.189 190 13 582 -67 1.085 1.083
1/2 13 800.345 13914 —-114 —0.635 —0.646

®Blaise, van Kleef and Wyart (1971); °Z.B. Goldschmidt (i976b).

n—1=1-4, 9-13. On considering in detail the percentages given in these
columns, one can see that in the J,;j (LS) column the percentages decrease
(increase) on going from 1 to 4 and from 13 to 10; namely, on approaching the
center of the lanthanide group, the J,j coupling weakens and the energy-level
structure moves towards LS coupling.

The situation in the central region of the lanthanide group can be well
understood by studying, for example, the 4f%’F)6s sub-configuration of GdII
(Blaise et al., 1971; Z.B. Goldschmidt, 1976b) (the same subconfiguration in
TbIII - Meinders et al. (1972)-can also serve for the same purpose). All 13
levels belonging to this subconfiguration are experimentally known, and are
given in table 1.33 together with their observed g-factors. Their Grotrian diagram
is drawn twice: first in J;j coupling (fig. 1.32a), according to the tradition as to
the coupling existing in 4f"'6s configurations, and secondly in LS coupling (fig.
1.32b), continuing the line of thought of the last paragraph. A glance at fig. 1.32a
shows that the pair structure has practically disappeared: the pair splittings are
larger than the distances between their centers of gravity; also the regularity in
the pair structure in J)j coupling, predicted through formula 1.169 has disap-
peared: on substituting in this formula the values of S;(=3) and L,(=3) of the 'F
core, one obtains

AT(F;) = —32], + 1)Gs(4f, 6s). (1.170)

This dependence of the splittings on J; is clearly not obeyed by the experimental
levels of GdII 4f%"F)6s. A comparison of the Landé g-factors calculated in J;j
coupling to their corresponding observed values (see table 1.33) reveals great
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Composition percentage. LS

Composition percentage. J,j

125

g-cale.  g-calc.
LS Jij st component 2nd component Ist component 2nd component
1.538 1.538 °~ fF 100 F 100
1.552  1.545 'F 81 °F 19 "F;s 56 Fs 44
1.576  1.556 'F 88 °F 12 F, 54 "F;s 46
1.619 1.571 ,F 92.5 °F 7.5 F, 53 F, 47
1.714  1.600 8F 9% °F 4 F, 52 F, 48
2.000 1.667 ’F 98 ¢F 2 Fy 51 F, 49
4.000 2.000 ’F 99.6 °F 0.4 R 50.5 F, 49.5
1.455  1.462 °F 81 8F 19 F 56 'F;s 44
1.434  1.455 °F 88 5F 12 Fs 54 F, 46
1.397  1.444 °F 92.5 'F 7.5 F, 53 F, 47
1314 1.429 °F % 8F 4 F, 52 F, 48
1.067  1.400 °F 98 8F 2 F, 51 F, 49
-0.667 1.333 °F 99.6 SF 0.4 'F, 50.5 F, 49.5
x10 3 cm-1
14+ .
2r & 1 ]
002 % L
12 7 1
1 2’2 y
3 1
32
10f 71 1
F4, >
ol ]
e '1_
5'2
8l 1 .
62
2t J
s , . s . L Fig. 1.32a. Energy levels of
g 1 3 5 7 9 11 13 GdII 4f*CF)6s (drawn in J,j
2 2 2 2 2 2 2 coupling).
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—_
—_
T

" . L N ) N N L Fig. 1.32b. Energy levels of
13 GdII 4%CF)6s (drawn in LS
2 coupling).

o lw

5 7z 2 11
2 2 2 2

discrepancies, especially for levels characterized by small J values. In
conclusion, the levels of GdII 4f*CF)6s do not obey Jij coupling. -On the other
hand, if the experimental levels are characterized in LS coupling, the cor-
responding Grotrian diagram (fig. 1.32b) comprising the two multiplets ®F and °F
looks satisfactory in the sense that the distance between the two multiplets is
greater than their splittings, especially for lower J values; the Landé interval
rule is approximately obeyed (see also table 1.33) and the LS calculated g-values
are in agreement with the observed values (table 1.33). Finally, a calculation of
the energy levels and the components of the eigenvectors in both LS and J,j
coupling gives
LS Jij

(1) for the smallest value 81% 50.5%

(percentage) of all

leading components of

the eigenvectors
(2) for the mean value 92.5% 52.8%

of all leading

components of

the eigenvectors

In conclusion the coupling prevailing in GdII 4f%(F)6s is LS coupling. The same
conclusion holds also for TbIII 4f*’F)6s and for the configuration 4f*CF)6s in
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SmlIl and Eulll. The transition from Jij to LS coupling, on approaching the
middle of the group from both sides occurs in PmlI 4f°(°H)6s and GdII 4f3("F)6s
in the second lanthanide spectra and in SmIII 4f°(°H)6s and TbIII 4f*C"F)6s in the
third spectra.

An examination of table 1.32 shows that the parameter G;(4f, 6s) describing
the weak 4f-6s electrostatic interaction is constant along the lanthanide group,
except for a small increase at the beginning of the group. On the other hand, the
spin-orbit parameter {4 increases to a large extent on advancing from left to
right along the group. The question arises: what causes the change in coupling
from Jij (on the left-hand side) to LS (in the middle) and again to J,j (on the
right-hand side of the group)? In order to answer this question one should compare
the splittings due to each of the two above mentioned interactions on moving from
left to right along the lanthanide group. These are drawn in fig. 1.33 (for constant
values of s and Gs(4f, 6s)), for the lowest core term of each 4f" '6s configuration. A
close examination of this figure shows that:
(1) it is symmetric with respect to the center of the group.
(2) two lowest core terms, which are equidistant, one from an end of the group
and the other from its center, have the same L, value. This is a group theoretical
property (see table 1.5). '
(3) the splitting due to the 4f—6s exchange interaction, given by the expression
nGy(4f, 6s), for (n — 1) <7*, greatly increase on approaching the middle of the
group from both sides. The values of these splittings in cm™' based on the
semi-empirically determined values of G; for second lanthanide spectra are also
included in fig. 1.33.
(4) Since the total splitting of a core term 4f" '(aS,L,), L,= S, due to the
spin-orbit interaction is 32L,+ 1){s (see formula 1.109), core terms with the
same L, have equal total splittings. The total splittings of the core terms due to
the spin-orbit interaction are given in the first row at the bottom of fig. 1.33, in
terms of (4.
(5) the total spin S, of the 4f""' core lowest term equals 3(n — 1)(for (n — 1) <7)
and (14— (n—1)) (for (n— 1) >7); therefore the number of splittings (=2S)),
increases as one approaches the center of the group from both ends (not
including, of course, the center itself). Consequently the individual splittings
greatly decrease. The mean values of the individual splittings are given in the
second row at the bottom of fig. 1.33 in terms of {4, and in the third row in cm™.
The values written in the third row were obtained by substituting, in the
expressions given in the second row, the semiempirical values of ¢4 for the
second lanthanide spectra, as given in table 1.32.

On comparing the individual splittings due to the core spin—orbit interaction to

*For the configuration 4f" '(«S,L,), 6s, SL(= L)), the coefficient g* of Gs(4f, 6s) is given by the
eigenvalues of —j[n — 1 + 4(S, - 5)] (Racah, 1942b). For the lowest core terms S, =A%(n —1),and S takes
the values in or ¥(n —2).

@ S=in:g’=—(n—-1 ®) S=in-2):g*=1
The splitting of the pair based on the lowest core term aS;L; is, therefore, nG;.
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those due to the electrostatic exchange 4f-6s interaction, it can immediately be
concluded that the coupling in Lall(n — 1 = 1)-NdIl(n — 1 = 4) is Jyj, in PmII(n —
=5)-GdIl(n —1=8) it is LS, and in TbIl(n — 1 = 9)-TmllI(n — 1 = 13) it is again
Jij coupling. This is in complete agreement with the physical situation in these
configurations. !
Similar conclusions can be drawn for the third and fourth spectra.

12.3. The 4"'6p configurations

A systematic study of the 4f" '6p configurations, provides quantitative in-
formation on the parameters F,4f, 6p), G(4f, 6p) and G4(4f, 6p) which represent
the electrostatic 4f—6p interaction, on the spin-orbit parameter ¢, and yields
additional values for the 4f"~' core parameters mentioned above. Since 4f is an
internal electron, whereas 6p is an external one, the electrostatic 4f—6p inter-
action is very weak, especially the exchange part which is represented by
Go(4f, 6p) and G4(4f, 6p).

The relations between the various interactions are given by the first multiple
inequality of section 3.2.3, thus leading to the conclusion that in the 4f"'6p
configurations there exists a J,j coupling, and the most appropriate coupling
scheme for characterizing the levels of these configurations is:

(4f""'(aS,L1J1)6pj; M)

Since the total angular momentum j of the 6p electron can assume the two
values

[

i=3
each level of the 4f"' core characterized by «S,L.J, splits, due to the 4f-6p

electrostatic interaction, into two groups of levels: one group comprises a pair of
adjacent levels (doublet) with the consecutive J values

J=Jli"%,

whereas the second group comprises four adjacent levels (quartet) with the
consecutive J values

- 3 1
J—J|i'§,.,11'2.

The small separations between the levels belonging to each group indicate the
weakness of the 4f-6p interaction. A typical example of an energy level diagram
of a 4f"'6p configuration is that of PrIII 4f%6p given in fig. 1.6.

In this case too the regularities in the structure of the doublets and the
quarters were investigated (Z.B. Goldschmidt, 1968a,b). Since the exchange
interaction 4f-6p is very weak, the structure of these groups should mainly be
determined by the direct 4f-6p interaction, which is a quadrupole interaction
represented by F,(4f, 6p). The angular part of this interaction in the J,j coupling
scheme is given by:
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Q = (4" (@SiLiJ), 6pis IM| 3, CP - CRl4E™ (@S\LaJy), 6pi; ™)

i>j=1

= (n — )" (@S L,J)), 6pj; IMIC R, - CP4f" (@S LiJy), 6p); IM)

= (n — )(= Y¢S, L Jy||C Pt aS, L J) (il C®llpi) {5‘ J.‘ 2}.

i J
(1.171)
(1) For j =14 one has
{J; J; §}=0, hence Q=0. (1.172)
2 2 .

It may therefore be concluded that the splittings of the doublets should be small,
see for instance the doublets’H,sg, 'D; in fig. 1.6. When larger splittings occur,
they are caused either by the exchange interaction 4f-6p, or, when there is a
breakdown in the J,j coupling, by matrix elements of the direct 4f—6p interaction
not diagonal in J; and/or in j; the splittings may also be due to CI effects.
(2) For j =32 one obtains
M @lCc®lpd) =-205)"
(i)  (n—DE'aS, LiJ||COf" " aS Ly Jy)

= (n — DAEICUDHE a8, L T ||u®|f* ' a S, L))

= (f|lC?f)E" ' aS, LI U S, L Jy),
and (flCIH) = —2(%)""

2

Giy e {3 S = AGUIRK + )-S5+ D= AIN Q).

where
K=JJ+)-J(Ji+D-%  and
AT = [20Q2T, — D2, + DRI+ )T+ 3)] 2
We therefore get for the quadrupole interaction the expression
Q=B - A(J) - NE 'aS, L J|UPt"'aS, L Jy), (1.173)

where B and A(J,) are positive numbers and N (J) includes all the dependence
of Q upon J.
The evaluation of N(J) for all the values of J generated from a particular

value of J; gives

N +3) =202, - 1),

N +3)=-2i +3)2J, - 1),

N\ —2) = -2(J;=2)2Ji +3),

N\ =3 =2(J,+ 2T, + 3), (1:174)
with

N +)-NU+H =N -H-NU-D=22N, - D2, +3)>0.  (1.175)
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. N N X N N N Fig. 1.34. Energy levels of YbIII
J= 0 1 2 3 4 5 4fV6p.

Inspection of the last formulae shows that for quartets generated from core
levels for which (f"'aS,L\J{JUP|f"'aS;L,\J}) is positive, the quadrupole inter-
action Q is positive when J; and j are parallel or antiparallel, and negative when
Ji and j are nearly perpendicular®.

For core levels having negative (f"'aS,LJ|JU®If"'aS,L,J}), the contribu-
tions of the quadrupole interaction Q to the energy levels reverse their sign.
These features of Q are reflected in the Grotrian diagrams of the 4f"'6p
configurations in the following way: quartets of the first kind are bowl shaped,
whereas quartets of the second kind are umbrella shaped.

In the 4f6p configuration, (4f *Fsp|UP|4f *Fspqp) is positive for both J;
values, therefore both quartets are expected to be bowl shaped. This is
confirmed by experiment, see the Grotrian diagram of PrIV 4f6p in fig. 1.2.

In the 4f"6p configuration, (4f"2Fsp.]|U@|4f2*Fsp4p) is negative for both J;
values, therefore both quartets are expected to be umbrella shaped. See the
Grotrian diagram of YbIII 4£6p in fig. 1.34.

In PrlIlIl 4f%p (fig. 1.6) both kinds of quartets occur. The correspondence
between the signs of (f" 'S, LiJi|U®|f"'aS:L,J:) and the shapes of the quartets
in this configuration is given in table 1.34.

The values of the parameters obtained in the calculations of the various
4f"'6p configurations are given in table 1.35.

12.4. The 4f"7'5d configurations

The 4f"7'5d are found among the low lying configurations of the lanthanide
spectra: in the second spectra they belong to the group ‘““low B”’; in the third and
fourth spectra they generally come second in height, after the ground configura-

*Quartets are obtained for J, = 3. The values J, =3, 2 are exceptions to the rule formulated above,
since N(J;—3)>0for J,=3 and N(J, -3 =0 for J, =2.
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TABLE 1.34.
Quartet structure in Prill 4f%6p>".
Sign of Quartet

Core level oS, LJ | UM @S, L\Jy) structure

H, + bowl

*H; + bowl

H, + bowl

Te + bowl

’p, - umbrella

°F, - umbrella

*Z.B. Goldschmidt (1968a); >Z.B. Goldschmidt (1968b).
TABLE 1.35.
Parameter values for 4f"~'6p configurations in lanthanide ions (cm™).
Parameters F, G, G, ’ L Lop
m\
configuration
PrlV 4fep=* 104+3 13+1 14+1 864+9 324128
LulV 4f“6p° 105+ 1 14.0+0.3 12+1 33693 61118
Celll 4f6p™° 37 10 15 676 2228
PrlIll 4f%6p*® 52+5 5+2 15+3 759+ 18 2411 £ 42
Eulll 4f°CF)6p® 76+2 9.0+0.3 9.0+0.4 (1333) 2925 £ 11
GdIII 4f(®S)6p° 5G,+ 4G, = 3050
82

TbIII 4fs(7F)6pf 76+3 8.3+0.5 9.6+0.8 (1605) 3267+ 22
TmlII4f'%6p® 80+1 10.2+0.3 102+7 2634*3 38508
YbIII 4f'%6p>° 81 10 10 2921 4020
Lall 4f6p*® 85 13 7 410 1102
Cell 4f%6p™® 64x3 12x1 62 529+ 12 1234+ 36
GdII 4fs(7F)6ph 38+9 6x1 [71 1191 £27 1578 = 60
Parameters E' E? E? a B v
Ion >
configuration
Prlll 4f%6p® 5036+45 23.8+0.4 491+3 33x3 [ -97x16
TmlII 4f'%6p* 7018 32 34.35x0.20 684+2
Cell 4f%6p™® 3828+50 1834 370+6 [28] [—700] [—601

°Z.B. Goldschmidt (1968a); "Z.B. Goldschmidt (1968b); ‘Sugar and Kaufman (1972); ‘Sugar and
Spector (1974); “Callahan (1963); ‘Meinders, van Kleef and Wyart (1972); *Sugar (1970); "Blaise, van
Kleef and Wyart (1971).



ATOMIC PROPERTIES (FREE ATOM) 133

15+ .

1 1 ' 1 1 i L ' Fig. 1.35. Energy levels of
J= 0 1 2 3 4 5 6 CellI 4f5d.

tion 4f", except for Lalll and GdIII where 4f"'5d does constitute the ground
configuration (with n — 1 =0 and 7 respectively). Levels belonging to the 4f"'5d
configuration were experimentally found and theoretically analysed in the spec-
tra of many lanthanide ions, as specified below. Although the configurations
4f"7'5d and 4f"'6s are energetically close to each other, or even overlap, in the
second and third lanthanide spectra, CI between them is quite small, and does
not affect the energy level structure in any significant manner. Therefore, its
effects will not be discussed in this section.

The results of a systematic study of the 4"7'5d configurations up to 1968 have
been presented by Z.B. Goldschmidt (1968a,b). These results included the values
of the electrostatic parameters E'(4f, 4f), F,, Fi, G1, Gs, Gs(4f, 5d), and of the
spin-orbit parameters {4 and {sq, as well as the values of the effective elec-
trostatic parameters a B8 y of the 4f"' core. It was shown that for ions lying on
the left-hand side of the lanthanide group, the coupling was close to LS coupling
(see the Grotrian diagram of Celll 4f5d in fig. 1.35), whereas for ions lying on the
right hand side of the group, the coupling has changed into J,j coupling. There
are two causes for this change of coupling:

(1) The core parameters, especially {4, increase appreciably; {54 also increases,
whereas the parameters representing the electrostatic 4f-5d interaction slightly
decrease.
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42+
(—Z E)

38 2'2

o 7 3

( 52 )
34r 1
L L L s L ; \ 1 Fig. 1.36. Energy levels of
J= 0 1 2 3 4 5 6 YbIII 4f'%5d.

(2) For n—1>7, the dominant parameter G, of the 4f-5d interaction, contri-
butes only to states generated from 4£*5d('P,), and vanishes elsewhere. Thus, in
spite of the fact that the values of the 4f-5d electrostatic parameters remain
relatively large, a quite good J;j coupling is valid for the 4f"'5d configurations
on the right hand side of the lanthanide group. This is clearly demonstrated in
the Grotrian diagram of YbIII 4f5d given in fig. 1.36: the umbrella shape of the
quartets and the sextets is due to the quadrupole interaction represented by
F,(4f, 5d), as already proved for the 4" '6p configurations. The large departure
of the quartet (3,3) from the umbrella shape demonstrates the breakdown of the
Jij coupling for J = 1, due to the exchange interaction represented by G,(4f, 5d).

At that time, first attempts were made to improve the fit between observed and
calculated levels of the 4f"'5d configurations, through the inclusion of effective
electrostatic interactions of the type (Z.B. Goldschmidt, 1968a,b):

(2 b - ’d) - El + (2 Sti * Sd) - Es (1.176)

This last operator was later on augmented to the operator representing the
complete two-electron 4f-5d effective electrostatic interaction, as given in
formulae 1.151-1.153 and in table 1.12. As seen from the table, the effective
electrostatic interaction in this case is described by the four “effective Slater
parameters” F!, F?, G%, G*.

The inclusion of this interaction in the energy-level calculations of the 4f5d
configuration in PrIV, Celll and Lall and of the 4f5d configuration in YbIII
(Z.B. Goldschmidt, Salomon and Starkand, 1971; Crosswhite, 1971) led to a
remarkable improvement of the fit between observed and calculated levels. This is
demonstrated by the reduction of the mean errors as given in table 1.36, which also
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