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Preface 

The objective of this book is to provide the concepts, procedures, data, and decision analy
sis techniques necessary to design machine elements commonly found in mechanical de
vices and systems. Students completing a course of study using this book should be able to 
execute original designs for machine elements and integrate the elements into a system 
composed of several elements. 

This process requires a consideration of the performance requirements of an individ
ual element and ofthe interfaces between elements as they work together to form a system. 
For example, a gear must be designed to transmit power at a given .speed. The design must 
specify the number of teeth, pitch, tooth form, face width, pitch diameter, material, and 
method of heat treatment. But the gear design also affects, and is affected by, the mating 
gear, the shaft carrying the gear, and the environment in which it is to operate. Furthermore, 
the shaft must be supported by bearings, which must be contained in a housing. Thus, the 
designer should keep the complete system in mind while designing each individual ele
ment. This book will help the student approach design problems in this way. 

This text is designed for those interested in practical mechanical design. The empha
sis is on the use of readily available materials and processes and appropriate design ap
proaches to achieve a safe, efficient design. It is assumed that the person using the book will 
be the designer, that is, the person responsible for determining the configuration of a ma
chine or a part of a machine. Where practical, all design equations, data, and procedures 
needed to make design decisions are specified. 

It is expected that students using this book will have a good background in statics, 
strength of materials, college algebra, and trigonometry. Helpful, but not required, would 
be knowledge of kinematics, industrial mechanisms, dynamics, materials, and manufactur
ing processes. 

Among the important features of this book are the following: 

1. It is designed to be used at the undergraduate level in a first course in machine 
design. 

2. The large list of topics allows the instmctor some choice in the design of the 
course. The format is also appropriate for a two-course sequence and as a refer
ence for mechanical design project courses. 

3. Students should be able to extend their efforts into topics not covered in classroom 
instmction because explanations of principles are straightforward and include 
many example problems. 

4. The practical presentation of the material leads to feasible design decisions and is 
useful to practicing designers. 

5. The text advocates and demonstrates use of computer spreadsheets in cases re
quiring long, laborious solution procedures. Using spreadsheets allows the de
signer to make decisions and to modify data at several points within the problem 
while the computer performs all computations. See Chapter 6 on columns. 
Chapter 9 on spur gears. Chapter 12 on shafts. Chapter 13 on shrink fits, and 
Chapter 19 on spring design. Other computer-aided calculation software can 
also be used. 
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6. References to other books, standards, and technical papers assist the instructor in 
presenting alternate approaches or extending the depth of treatment. 

7. Lists of Internet sites pertinent to topics in this book are included at the end of most 
chapters to assist readers in accessing additional information or data about com
mercial products. 

8. In addition to the emphasis on original design of machine elements, much ofthe 
discussion covers commercially available machine elements and devices, since 
many design projects require an optimum combination of new, uniquely designed 
parts and purchased components. 

9. For some topics the focus is on aiding the designer in selecting commercially 
available components, such as rolling contact bearings, flexible couplings, ball 
screws, electric motors, belt drives, chain drives, clutches, and brakes. 

10. Computations and problem solutions use both the International System of Units 
(SI) and the U.S. Customary System (inch-pound-second) approximately equally. 
The basic reference for the usage of SI units is IEEE/ASTM-SI-10 Standard for 
Use ofthe Intemational System of Units (SI): The Modern Metric System, which 
has replaced ASTM E380 and ANSI/IEEE Standard 268-1992. 

11. Extensive appendices are included along with detailed tables in many chapters to 
help the reader to make real design decisions, using only this text. 

MDESIGN-
MECHANICAL 

DESIGN 
SOFTWARE 
INCLUDED 

IN THE BOOK 

aiDESIGN 

The design of machine elements inherently involves extensive procedures, complex cal
culations, and many design decisions. Data must be found from numerous charts and ta
bles. Furthermore, design is typically iterative, requiring the designer to try several 
options for any given element, leading to the repetition of design calculations with new 
data or new design decisions. This is especially true for complete mechanical devices 
containing several components as the interfaces between components are considered. 
Changes to one component often require changes to mating elements. Use of computer-
aided mechanical design software can facilitate the design process by performing many 
ofthe tasks while leaving the major design decisions to the creativity and judgment ofthe 
designer or engineer. 

We emphasize that users of computer software must have a solid under
standing of the principles of design and stress analysis to ensure that design deci
sions are based on reliable foundations. We recommend that the software be used 
only after mastering a given design methodology by careful study and using man
ual techniques. 

Included in this book is the MDESIGN mechanical design software created by the 
TEDATA Company. Derived from the successful MDESIGN mec software produced for 
the European market, the U.S. version of MDESIGN employs standards and design meth
ods that are typically in use in North America. Many of the textual aids and design proce
dures come directly from this book. Machine Elements in Mechanical Design, 

Topics for which the MDESIGN software can be used as a supplement to this book 
include: 

Beam stress analysis 
Belt drives 
Shafts 
Rolling contact bearings 
Clutches 

Beam deflections 
Chain drives 
Keys 
Plain surface bearings 
Brakes 

Mohr's circle 
Spur gears 
Power screws 
Bolted connections 

Columns 
Helical gears 
Springs 
Fasteners 
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Special icons as shown on the preceding page are placed in the margins at places in 
this book where use ofthe software is pertinent. Also, the Solutions Manual, available only 
to instructors using this book in scheduled classes, includes guidance for use of the software. 

FEATURES OF The practical approach to designing machine elements in the context of complete mechan-
THE FOURTH ical designs is retained and refined in this edition. An extensive amount of updating has 

EDITION been accomplished through the inclusion of new photographs of commercially available 
machine components, new design data for some elements, new or revised standards, new 
end-of-chapter references, listings of Internet sites, and some completely new elements. 
The following list summarizes the primary features and the updates. 

1. The three-part structure that was introduced in the third edition has been main
tained. 

• Part I (Chapters 1-6) focuses on reviewing and upgrading readers' understand
ing of design philosophies, the principles of strength of materials, the design 
properties of materials, combined stresses, design for different types of load
ing, and the analysis and design of columns. 

• Part II (Chapters 7-15) is organized around the concept ofthe design of a com
plete power transmission system, covering some of the primary machine ele
ments such as belt drives, chain drives, gears, shafts, keys, couplings, seals, and 
rolling contact bearings. These topics are tied together to emphasize both their 
interrelationships and their unique characteristics. Chapter 15, Completion of 
the Design of a Power Transmission, is a guide through detailed design deci
sions such as the overall layout, detail drawings, tolerances, and fits. 

• Part III (Chapters 16-22) presents methods of analysis and design of several 
important machine elements that were not pertinent to the design of a power 
transmission. The.se chapters can be covered in any order or can be used as ref
erence material for general design projects. Covered here are plain surface 
bearings, linear motion elements, fasteners, springs, machine frames, bolted 
connections, welded joints, electric motors, controls, clutches, and brakes. 

2. The Big Picture, You Are the Designer, and Objectives features introduced in 
earlier editions are maintained and refined. Feedback about these features from 
u.sers, both students and in.structors, has been enthusiastically favorable. They help 
readers to draw on their own experiences and to appreciate what competencies 
they will acquire from the study of each chapter. Constructivist theories of learn
ing espouse this approach. 

3. Some ofthe new or updated topics from individual chapters are summarized here. 

• In Chapter 1, the discussion of the mechanical design process is refined, and 
several new photographs are added. Intemet sites for general mechanical de
sign are included that are applicable to many later chapters. Some are for stan
dards organizations, stress analysis software, and searchable databases for a 
wide variety of technical products and services. 

• Chapter 2, Materials in Mechanical Design, is refmed, notably through added 
material on creep, austempered ductile iron (ADI), toughness, impact energy, 
and the special considerations for selecting plastics. An entirely new section on 
materials selection has been added. The extensive list of Internet sites provides 
readers access to industry data for virtually all types of materials discussed in 
the chapter with some tied to new practice problems. 

http://The.se
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• Chapter 3, a review of Stress and Deformation Analysis, has an added review 
of force analysis and refinement of the concepts of stress elements, combined 
normal stresses, and beams with concentrated bending moments. 

• Chapter 5, Design for Different Types of Loading, is extensively upgraded 
and refined in the topics of endurance strength, design philosophy, design fac
tors, predictions of failure, an overview of .statistical approaches to design, fi
nite life, and damage accumulation. The recommended approach to fatigue 
design has been changed from the Soderberg criterion to the Goodman method. 
The modified Mohr method is added for members made from brittle materials. 

• In Chapter 7, synchronous belt drives are added and new design data for chain 
power ratings are included. 

• Chapter 9, Spur Gear Design, is refined with new photographs of gear pro
duction machinery, new AGMA standards for gear quality, new discussion of 
functional measurement of gear quality, enhanced description of the geometry 
factor / for pitting resistance, more gear lubrication information, and a greatly 
expanded section on plastics gearing. 

• In Chapter 11, new information is provided for keyless hub to shaft connections 
ofthe Ringfeder® and polygon types, and the ComayTw universal joint. The ex
tensive listing of Intemet sites provides access to data for keys, couplings, uni
versal joints, and seals. 

• Critical speeds, other dynamic considerations, and flexible shafts are added to 
Chapter 12, Shaft Design. 

• An all-new section, Tribology: Friction, Lubrication, and Wear, is added to 
Chapter 16, Plain Surface Bearings. More data on pVfactors for boundary lu
bricated bearings are provided. 

• Chapter 17 has been retitled Linear Motion Elements and includes power 
screws, ball screws, and linear actuators. 

• Refinements to Chapter 18, Fasteners, include the shear strength of threads, 
components of torque applied to a fastener, and methods of bolt tightening. 
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PARTI 

Principles of Design 
and Stress Analysis 

OBJECTIVES 
AND CONTENT 

OF PART I 

As you complete the first six chapters of this book, you will gain an understanding of 
design philosophies, and you will build on earlier-learned principles of strength of ma
terials, materials science, and manufacturing processes. The competencies gained from 
these chapters are useful throughout the book and in general machine design or product 
design projects. 

Chapter 1: The Nature of Mechanical Design helps you see the big picture of 
the process of mechanical design. Several examples are shown from different industry 
sectors: consuiner products, manufacturing systems, constmction equipment, agiicul-
tural equipment, transportation equipment, ships, and space systems. The responsibili
ties of designers are discussed, along with an illustration of the iterative nature of the 
design process. Units and conversions complete the chapter. 

Chapter 2: Materials in Mechanical Design emphasizes the design properties of 
materials. Much of this chapter is probably review for you, but it is presented here to em
phasize the importance of material selection to the design process and to explain the data 
for materials presented in the Appendices. 

Chapter 3: Stress and Deformation Analysis is a review of the basic principles 
of stress and deflection analysis. It is essential that you understand the basic concepts 
summarized here before proceeding with later material. Reviewed are direct tensile, 
compressive, and shearing stresses; bending stresses; and torsional shear stresses. 

Chapter 4: Combined Stresses and Mohr's Circle is important because many 
general design problems and the design of machine elements covered in later chapters 
of the book involve combined stresses. You may have covered these topics in a course in 
strength of materials. 

Chapter 5: Design for Different Types of Loading is an in-depth discussion of 
design factors, fatigue, and many of the details of stress analysis as used in this book. 

Chapter 6: Columns discusses the long, slender, axially loaded members that 
tend to fail by buckling rather than by exceeding the yield, ultimate, or shear stress of 
the material. Special design and analysis methods are reviewed here. 
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The Big Picture 

You Are the Designer 

1-1 Objectives of This Chapter 

1-2 The Mechanical Design Process 

1-3 Skills Needed in Mechanical Design 

1-4 Functions, Design Requirements, and Evaluafion Criteria 
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The 
Big 
Picture 

The Nature of Mechanical Design 

Discussion Map 

• To design mechanical 
components and devices, 
you must be competent in 
tfie design of individual 
elements that comprise the 
system. 

• But you must also be able to 
integrate several 
components and devices 
into a coordinated, robust 
system that meets your 
customer's needs. 

Discover 

Think, now, about tlie many fields in whicti you can use 
mecbianical design: 

Whiat are some of tfie products of tfiose fields? 

Wfiat kinds of materials are used in ttie products? 

Wtiat are some of tfie unique features of ttie products? 

How were the components made? 

How were the parts of the products assembled? 

Consider consumer products, construction equipment, 
agricultural machinery, manufacturing systems, and 
transportation systems on the land, in the air, in space, 
and on and under water. 

In this book, you will find the tools to learn the 
principles of Machine Elements In Mechanical 
Design. 

Design of machine elements is an integral part of the larger and more general field of me
chanical design. Designers and design engineers create devices or systems to satisfy .specific 
needs. Mechanical devices typically involve inoving paits that transmit power and accomplish 
specific pattems of motion. Mechanical systems are composed of several mechanical devices. 

Therefore, to design mechanical devices and systems, you must be competent in the 
design of individual machine elements that compri.se the system. But you must also be able 
to integrate several components and devices into a coordinated, robust system that meets 
your customer's needs. From this logic comes the name of this book. Machine Elements 
itl Mechanical Design. 

Think about the many fields in which you can use mechanical design. Discuss 
these fields with your instructor and with your colleagues who are studying with you. 
Talk with people who are doing mechanical design in local industries. Try to visit their 
companies if possible, or meet designers and design engineers at meetings of profes
sional societies. Consider the following fields where mechanical products are designed 
and produced. 

• Consumer products: Household appliances (can openers, food processors, mix
ers, toasters, vacuum cleaners, clothes washers), lawn mowers, chain saws, power 
tools, garage door openers, air conditioning systems, and many others. See Figures 
1-1 and 1-2 for a few examples of commercially available products. 

• Manufacturing systems: Material handling devices, conveyors, cranes, transfer 
devices, industrial robots, machine tools, automated assembly systems, special-
purpose processing systems, forklift trucks, and packaging equipment. See 
Figures 1-3, 1 ^ . and 1-5. 

• Construction equipment: Tractors with front-end loaders or backhoes, mobile 
cranes, power shovels, earthmovers. graders, dump trucks, road pavers, concrete 
mixers, powered nailers and staplers, compressors, and many others. See Figures 
1-5 and 1-6. 

http://compri.se
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FIGURE 1-1 Drill-powered band saw 
ICtuirtesy of Black & Decker (U.S.) Inc.] 

< r Drill not 
included 

(aj Bandsaw (h) Hand drill powering band saw 

Needle bearings 

Chuck 

Motor field Brush holders """>*'"? 

Needle bearing 

Double-reduction Armature 
gear system shaft 

Needle bearings 
Leads from 
brushes & field 

(c) Parts of a hand drill 

FIGURE 1-2 Chain saw 
(Copyright McCulloch 
Corporation, Los Angeles, CA) 
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(a) Chain conveyor installation showing the drive system engaging the chain 

W4 l l iJ 
(b) Chain and roller system 

supported on an I-beam 
(r) Detail ofthe drive system 

and Its siructure 

FIGURE 1-3 Chain conveyor system (Richards-Wilcox, Inc., Aun^ra, IL) 
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\ -~4k 

(</) Automatic assembly machine 
with indexing table (b) Indexing drive mechanism 

FIGURE 1-4 Machinery to automatically assemble automofive components (Industrial 
Motion Control, LLC, Wheeling, IL) 

FIGURE 1-5 Industrial 
crane (Air Technical 
Industries, Mentor, OH) 

FIGURE 1-6 Tractor 
with a front-end-loader 
attachment (Case IH, 
Racine, WI) 
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FIGURE 1-7 Tractor 
pulling an implement 
(Case IH, Racine, WI) 

FIGURE 1-8 Cutaway 
of a tractor (Case IH, 
Racine, WI) 

• Agricultural equipment: Tractors, harvesters (for corn, wheat, tomatoes, cotton, 
fruit, and many other crops), rakes, hay balers, plows, disc harrows, cultivators, 
and conveyors. See Figures 1-6, 1-7, and 1-8. 

• Transportation equipment: (a) Automobiles, trucks, and buses, which include 
hundreds of mechanical devices such as suspension components (springs, shock 
absorbers, and struts); door and window operators; windshield wiper mechanisms; 
steering systems; hood and trunk latches and hinges; clutch and braking .systems; 
transmissions; drive shafts; seat adjusters; and numerous parts of the engine sys
tems, (b) Aircraft, which include retractable landing gear, flap and rudder actua
tors, cargo handling devices, seat reclining mechanisms, dozens of latches, 
structural components, and door operators. See Figures 1-9 and 1-10. 

• Ships: Winches to haul up the anchor, cargo-handling cranes, rotating radar an
tennas, rudder steering gear, drive gearing and drive shafts, and the numerous sen
sors and controls for operating on-board systems. 

• Space systems: Satellite systems, the space shutUe, the space station, and launch 
systems, which contain numerous mechanical systems such as devices to deploy 
antennas, hatches, docking systems, robotic arms, vibration control devices, de
vices to secure cargo, positioning devices for instruments, actuators for thrusters. 
and propulsion systems. 

How many examples of mechanical devices and systems can you add to these lists? 

What are some of the unique features of the products in the.se fields? 

What kinds of mechanisms are included? 

What kinds of materials are used in the products? 

How were the components made? 

How were the parts assembled into the complete products? 

In this book, you will find the tools to leam the principles of Machine Elements in Me
chanical Design, In the introduction to each chapter, we include a brief scenario called You Are 
the Designer. The purpose of these scenarios is to stimulate your thinking about the material 
presented in the chapter and to show examples of realistic situations in which you may apply it. 

http://the.se
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- Nirrojfn re\er,oir 

(a) Photograph of installed mechanism ih) Cabin door drive mechanism 

FIGURE 1-9 Aircraft door drive mechanism (The Boeing Company, Seattle. WA) 

FIGURE 1-10 
Aircraft landing gear 
assembly (The Boeing 
Company. Seattle. WA) 
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You Are the Designer 

Consider, now, that you are the designer responsible for 
the design of a new consumer product, such as the band 
saw for a home workshop shown in Figure 1-1. What 
kind of technical preparation would you need to complete 
the design? What steps would you follow? What infor
mation would you need? How would you show, by calcu

lation, that the design is safe and that the product will 
perform its desired function? 

The general answers to these questions are pre
sented in this chapter. As you complete the study of this 
book, you will learn about many design techniques that 
will aid in your design of a wide variety of machine ele
ments. You will also learn how to integrate several ma
chine elements into a mechanical system by considering 
the relationships between and among elements. 

1-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Recognize examples of mechanical systems in which the application of the prin
ciples discussed in this book is necessary to complete their design. 

2. List what design skills are required to perform competent mechanical design. 

3. De.scribe the importance of integrating individual machine elements into a more 
comprehensive mechanical system. 

4. Describe the main elements of the product realization process. 

5. Write statements of functions and design recjuirements for mechanical devices. 

6. Establish a set of criteria for evaluating proposed designs. 

7. Work with appropriate units in mechanical design calculations both in the U.S. 
Cu.stomary Unit System and in SI metric units. 

8. Distinguish between/ore^ and mass, and express them properly in both unit systems. 

9. Present design calculations in a professional, neat, and orderiy manner that can be 
understood and evaluated by others knowledgeable in the field of machine design. 

1 —2 The ultimate objective of mechanical design is to produce a useful product that satisfies the 
THE needs of a customer and that is safe, efficient, reliable, economical, and practical to manu-

MECHANICAL facture. Think broadly when answering the question. "Who is the customer for the product 
DESIGN or system I am about to design?" Consider the following .scenarios: 

PROCESS 
• You are designing a can opener for the home market. The ultimate customer is 

the person who will purchase the can opener and use it in the kitchen of a home. 
Other customers may include the designer of the packaging for the opener, the 
manufacturing staff who must produce the opener economically, and service per
sonnel who repair the unit. 

• You are designing a piece of production machinery for a manufacturing opera
tion. The customers include the manufacturing engineer who is responsible for the 
production operation, the operator of the machine, the staff who install the ma
chine, and the maintenance personnel who must service the machine to keep it in 
good running order. 

• You are designing a powered system to open a large door on a passenger air
craft. The customers include the person who must operate the door in normal 
service or in emergencies, the people who must pass through the door during use. 
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the personnel who manufacture the opener, the installers, the aircraft structure 
designers who must accommodate the loads produced by the opener during flight 
and during operation, the service technicians who maintain the system, and the 
interior designers who must shield the opener during use while allowing access 
for installation and maintenance. 

It is essential that you know the desires and expectations of all customers before beginning prod
uct design. Marketing professionals are often employed to manage the definition of customer 
expectations, but designers will likely work with them as a part of a product development team. 

Many methods are used to determine what the customer wants. One popular method, 
called qualit}'function deployment or QFD, seeks (1) to identify all ofthe features and per
formance factors that customers desire and (2) to assess the relative importance ofthese fac
tors. The result of the QFD process is a detailed set of functions and design requirements 
for the product. (See Reference 8.) 

It is also important to consider how the design process fits with all functions that mu.st 
happen to deliver a satisfactory product to the customer and to service the product through
out its life cycle. In fact, it is important to consider how the product will be disposed of af
ter it has served its useful life. The total of all such functions that affect the product is 
sometimes called the product realization process or PRP. (See References 3. 10.) Some of 
the factors included in PRP are as follows: 

Marketing functions to assess customer requirements 

Research to determine the available technology that can reasonably be used in the 
product 

Availability of materials and components that can be incorporated into the product 

Product design and development 

Performance testing 

Documentation ofthe design 

Vendor relationships and purchasing funcfions 

Consideration of global sourcing of materials and global marketing 

Work-force skills 

Physical plant and facilities available 

Capability of manufacturing systems 

Production planning and control of production systems 

Production support systems and personnel 

Quality systems requirements 

Operation and maintenance of the physical plant 

Distribution systems to get products to the customer 

Sales operations and time schedules 

Cost targets and other competitive issues 

Customer service requirements 

Environmental concerns during manufacture, operafion, and disposal ofthe product 

Legal requirements 

Availability of financial capital 

Can you add to this list? 
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1-3 
SKILLS NEEDED 
IN MECHANICAL 

DESIGN 

You should be able to see that the design of a product is but one part of a compre
hensive process. In this book, we will focus more carefully on the design process itself, but 
the producibility of your designs must always be considered. This simultaneous consider
afion of product design and manufacturing process design is often called concurrent engi
neering. Note that this process is a subset of the larger list given previously for the product 
realization process. Other major books discussing general approaches to mechanical design 
are listed as References 6, 7. and 12-16. 

Product engineers and mechanical designers use a wide range of skills and knowledge in 
their daily work, including the following: 

1. Sketching, technical drawing, and computer-aided design 

2. Properties of materials, materials processing, and manufacturing processes 

3. Applications of chemistry such as corrosion protection, plating, and painting 

4. Statics, dynamics, .strength of materials, kinematics, and mechanisms 

5. Oral communication, listening, technical writing, and teamwork skills 

6. Fluid mechanics, thermodynamics, and heat transfer 

7. Fluid power, the fundamentals of electrical phenomena, and industrial controls 

8. Experimental design and performance te.sting of materials and mechanical systems 

9. Creativity, problem solving, and project management 

10. Stress analysis 

11. Specialized knowledge of the behavior of machine elements such as gears, belt 
drives, chain drives, shafts, bearings, keys, splines, couplings, seals, springs, con
nections (bolted, riveted, welded, adhesive), electric motors, linear motion de
vices, clutches, and brakes 

It is expected that you will have acquired a high level of competence in items 1-5 in this 
list prior to beginning the study of this text. The competencies in items 6-8 are typically ac
quired in other courses of study either before, concurrently, or after the study of design of 
machine elements. Item 9 represents skills that are developed continuously throughout your 
academic study and through experience. Studying this book will help you acquire signifi
cant knowledge and skills for the topics listed in items 10 and 11. 

1-4 
FUNCTIONS, 

DESIGN 
REQUIREMENTS, 

AND EVALUATION 
CRITERIA 

Secfion 1-2 emphasized the importance of carefully identifying the needs and expectafions 
of the customer prior to beginning the design of a mechanical device. You can formulate 
these by producing clear, complete statements of fiinctions, design requirements, and 
evaluation criteria: 

• Functions tell what the device must do. using general, nonquantitative statements 
that employ action phrases such as to support a load, to lift a crate, to transmit 
power, or to hold two structural members together, 

• Design requirements are detailed, usually quantitative statements of expected 
peiformance levels, environmental conditions in which the device must operate, 
limitations on space or weight, or avcdiable materials and components that may 
be used. 

• Evaluation criteria are statements of desirable qualitative characteristics of a de
sign that assist the designer in deciding which alternative design is optimum—that 
is, the design that maximizes benefits while minimizing disadvantages. 



12 Chapter 1 • The Nature of Mechanical Design 

Identify customer requirements 

Define functions ofthe device 

.State design requirements 

Define Specifications 

Define evaluation criteria 

Propose several alternative 
design concepts 

Evaluate each proposed alternative 
Create Design 

Concepts 

Rate each alternative against 
each evaluation criterion 

Select the optimum design concept Decision Making 

Complete detailed design 
of the selected concept 

Detailed Design 

FIGURE 1-11 Steps in the design process 

Together these elements can be called the specifications for the design. 
Most designs progress through a cycle of activities as outlined in Figure 1-11. You 

should typically propose more than one possible alternafive design concept. This is where 
creativity is exercised to produce truly novel designs. Each design concept must safi.sfy the 
functions and design requirements. A critical evaluation of the desirable features, advan
tages, and disadvantages of each design concept should be completed. Then a rational de
cision analysis technique should use the evaluation criteria to decide which design concept 
is the optimum and. therefore, should be produced. 

The final block in the design flowchart is the detailed design, and the primary focus 
of this book is on that part ofthe overall design process. It is important to recognize that a 
significant amount of activity precedes the detailed design. 

Example of Functions, Design Requirements, and Evaluation Criteria 

Consider that you are the designer of a speed reducer that is part of the power transmission 
for a small tractor. The tractor's engine operates at a fairly high speed, while the drive for 
the wheels must rotate more slowly and transmit a higher torque than is available at the out
put of the engine. 

To begin the design process, let us list t\\e functions of the speed reducer. What is it 
supposed to do? Some answers to this question are as follows: 
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Functions 

1. To receive power from the tractor's engine through a rotating shaft. 

2. To transmit the power through machine elements that reduce the rotational speed 
to a desired value. 

3. To deliver the power at the lower speed to an output shaft that ultimately drives the 
wheels of the tractor. 

Now the design requirements should be stated. The following list is hypothetical, 
but if you were on the design team for the tractor, you would be able to identify such re
quirements from your own experience and ingenuity and/or by consultation with fellow 
designers, marketing staff, manufacturing engineers, service personnel, suppliers, and 
customers. 

The product realization process calls for personnel from all of these functions to be 
involved from the earliest stages of design. 

Design Requirements 

1. The reducer must transmit 15.0hp. 

2. The input is from a two-cylinder gasoline engine with a rotational speed of 
2000 rpm. 

3. The output delivers the power at a rotational speed in the range of 290 to 295 rpm. 

4. A mechanical efficiency of greater than 957f is desirable. 

5. The minimum output torque capacity of the reducer should be 3050 pound-
inches (lb- in). 

6. The reducer output is connected to the drive shaft for the wheels of a farm tractor. 
Moderate shock will be encountered. 

7. The input and output shafts must be in-line. 

8. The reducer is to be fastened to a rigid steel frame of the tractor. 

9. Small size is desirable. The reducer must fit in a space no larger than 20 in X 20 in, 
with a maximum height of 24 in. 

10. The tractor is expected to operate 8 hours (h) per day, 5 days per week, with a de
sign life of 10 years. 

11. The reducer must be protected from the weather and must be capable of operating 
anywhere in the United States at temperatures ranging from 0 to 130°F. 

12. Flexible couplings will be used on the input and output shafts to prohibit axial and 
bending loads from being transmitted to the reducer. 

13. The production quantity is 10 000 units per year. 

14. A moderate cost is critical to successful marketing. 

15. All government and industry safety standards must be met. 

Careful preparation of function statements and design requirements will ensure that 
the design effort is focused on the desired results. Much time and money can be wasted on 
designs that, although technically sound, do not meet design requirements. Design require
ments should include everything that is needed, but at the same time they should offer am
ple opportunity for innovation. 
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Evaluation criteria should be developed by all members of a product development 
team to ensure that the interests of all concerned parties are considered. Often weights are 
assigned to the criteria to reflect their relative importance. 

Safety must always be the paramount criterion. Different design concepts may have 
varying levels of inherent safety in addition to meeting stated safety requirements as noted 
in the design requirements list. Designers and engineers are legally liable if a person is in
jured because of a design error. You must consider any reasonably foreseeable uses of the 
device and ensure safety of those operafing it or those who may be close by. 

Achieving a high overall performance should also be a high priority. Certain design 
concepts may have desirable features not present on others. 

The remaining criteria should reflect the special needs of a particular project. The fol
lowing list gives examples of possible evaluafion criteria for the small tractor. 

Evaluation Criteria 

1. Safety (the relative inherent safety over and above stated requirements) 

2. Performance (the degree to which the design concept exceeds requirements) 

3. Ease of manufacture 

4. Ease of service or replacement of components 

5. Ease of operation 

6. Low initial cost 

7. Low operating and maintenance costs 

8. Small size and low weight 

9. Low noise and vibration; smooth operafion 

10. U.se of readily available materials and purchased components 

11. Prudent use of both uniquely designed parts and commercially available components 

12. Appearance that is attractive and appropriate to the application 

1-5 
EXAMPLE OFTHE 

INTEGRATION 
OF MACHINE 

ELEMENTS INTO 
A MECHANICAL 

DESIGN 

Mechanical design is the process of designing and/or selecfing mechanical components and 
putting them together to accomplish a desired function. Of course, machine elements must 
be compatible, must fit well together, and must perform safely and efficiently. The designer 
must consider not only the performance of the element being designed at a given fime but 
also the elements with which it must interface. 

To illustrate how the design of machine elements must be integrated with a larger me
chanical design, let us consider the design of a speed reducer for the small tractor discussed in 
Section 1-4. Suppose that, to accomplish the speed reduction, you decide to design a double-
reduction, spur gear speed reducer. You specify four gears, three shafts, six bearings, and a hous
ing to hold the individual elements in proper relafion to each other, as shown in Figure 1-12. 

The primary elements of the speed reducer in Figure 1-12 are: 

1. The input shaft (shaft 1) is to be connected to the power source, a gasoline engine 
whose output shaft rotates at 2000 rpm. A flexible coupling is to be employed to 
minimize diftlculfies with alignment. 

2. The first pair of gears, A and B, causes a reduction in the speed of the intermedi
ate shaft (shaft 2) proportional to the ratio of the numbers of teeth in the gears. 
Gears B and C are both mounted to shaft 2 and rotate at the same speed. 

3. A key is used at the interface between the hub of each gear and the shaft on which 
it is mounted to transmit torque between the gear and the shaft. 
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Gear A 

GearB 

Ball bearing 
GearD 

End view of gear pair 1-
Gears A and B 

Section view of double-reduction gear type 
speed reducer 

FIGURE 1-12 Conceptual design for a speed reducer 

End view of gear pair 2-
Gears C and D 

4. The second pair of gears. C and D, further reduces the speed of gear D and the out
put .shaft (shaft 3) to the range of 290 to 295 rpm. 

5. The output shaft is to carry a chain sprocket (not shown). The chain drive ulti
mately is to be connected to the drive wheels of the tractor. 

6. Each of the three .shafts is supported by two ball bearings, making them statically 
determinate and allowing the analysis of forces and stresses using standard prin
ciples of mechanics. 

7. The bearings are held in a housing that is to be attached to the frame of the trac
tor. Note the manner of holding each bearing so that the inner race rotates with the 
shaft while the outer race is held stationary. 

8. Seals are shown on the input and output shafts to prohibit contaminants from en
tering the housing. 

9. Other parts of the housing are shown schematically. Details of how the active ele
ments are to be installed, lubricated, and aligned are only suggested at this stage 
of the design process to demonstrate feasibility. One possible assembly process 
could be as follows: 

• Start by placing the gears, keys, spacers, and bearings on their respective shafts. 

• Then insert shaft 1 into its bearing seat on the left side of the housing. 

• Insert the left end of shaft 2 into its bearing .seat while engaging the teeth of 

gears A and B. 

• Install the center bearing support to provide support for the bearing at the right 

side of shaft 1. 

• Install shaft 3 by placing its left bearing into the seat on the center bearing sup

port while engaging gears C and D. 

• Install the right side cover for the housing while placing the final two bearings 

in their seats. 

• Ensure careful alignment of the shafts. 

• Place gear lubricant in the lower part of the housing. 
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Figures 9-34 tt) 9-36 in Chapter 9 show three examples of commercially available double-
reduction gear reducers where you can see these details. 

Thc arrangement of the gears, the placement of the bearings so that they straddle the 
gears, and the general configuration of the housing are also design decisions. The design 
pixKCss cannot rationally proceed until these kinds of decisions are made. Notice that the 
sketch of Figure 1-12 is where integration of the elements into a whole design begins. 
When the overall design is conceptualized, the design ofthe individual machine elements 
in the speed reducer can proceed. As each element is discussed, scan the relevant chapters 
ofthe book. Part II of this book, including Chapters 7-15, provides details for the elements 
of the reducer. You should recognize that you have already made many design decisions by 
rendering such a sketch. First, you chose spur gears rather than helical gears, a worm and 
wormgear, or bevel gears. In fact, other types of speed reduction devices—belt drives, chain 
drives, or many others—could be appropriate. 

Gears 

For the gear pairs, you must specify the number of teeth in each gear, the pitch (size) 
of the teeth, the pitch diameters, the face width, and the material and its heat treatment. 
These specifications depend on considerations of strength and wear of the gear teeth 
and the motion requirements (kinematics). You must also recognize that the gears must 
be mounted on shafts in a manner that ensures proper location of the gears, adequate 
torque transmitting capability from the gears to the shafts (as through keys), and safe 
shaft design. 

Shafts 

Having designed the gear pairs, you next consider the shaft design (Chapter 12). The shaft 
is loaded in bending and torsion because ofthe forces acting at the gear teeth. Thus, its de
sign must consider strength and rigidity, and it must permit the mounting of the gears and 
bearings. Shafts of varying diameters may be used to provide shoulders against which to 
seat the gears and bearings. There may be keyseats cut into the shaft (Chapter 11). The in
put and output shafts will extend beyond the housing to permit coupling with the engine 
and the drive axle. The type of coupling must be considered, as it can have a dramatic ef
fect on the shaft stress analysis (Chapter 11). Seals on the input and output shafts protect 
internal components (Chapter 11). 

Bearings 

Design of the bearings (Chapter 14) is next. If rolling contact bearings are to be used, you 
will probably select commercially available bearings from a manufacturer's catalog, rather 
than design a unique one. You must first determine the magnitude ofthe loads on each bear
ing from the shaft analysis and the gear designs. The rotational speed and reasonable design 
life of the bearings and their compatibility with the shaft on which they are to be mounted 
must also be considered. For example, on the basis of the shaft analysis, you could specify 
the minimum allowable diameter at each bearing seat location to ensure safe stress levels. 
The bearing selected to support a particular part of the shaft, then, must have a bore (inside 
diameter) no smaller than the safe diameter of the shaft. Of course, the bearing should not 
be grossly larger than necessary. When a specific bearing is selected, the diameter of the 
shaft at the bearing seat location and allowable tolerances must be specified, according to 
the bearing manufacturer's recommendations, to achieve proper operation and life ex
pectancy of the bearing. 
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Keys 

Now the keys (Chapter 11) and the keyseats can be designed. The diameter of the shaft at 
the key determines the key's basic size (width and height). The torque that must be trans
mitted is used in strength calculations to specify key length and material. Once the work
ing components are designed, the housing design can begin. 

Housing 

The housing design process must be both creafive and practical. What provisions should be 
made to mount the bearings accurately and to transmit the bearing loads safely through the 
case to the structure on which the speed reducer is mounted? How will the various elements 
be assembled into the housing? How will the gears and bearings be lubricated? What hous
ing material should be used? Should the housing be a casting, a weldment, or an assembly 
of machined parts? 

The design process as oufiined here implies that the design can progress in sequence: 
from the gears to the shafts, to the bearings, to the keys and couplings, and finally to the 
housing. It would be rare, however, to follow this logical path only once for a given design. 
Usually the designer must go back many times to adjust the design of certain components 
affected by changes in other components. This process, called Iteration, continues until an 
acceptable overall design is achieved. Frequently prototypes are developed and tested dur
ing iterafion. 

Chapter 15 shows how all ofthe machine elements are finally integrated into a unit. 

1-6 
COMPUTATIONAL 

AIDS IN 
THIS BOOK 

1-7 
DESIGN 

CALCULATIONS 

Because of the usual need for several iterations and because many of the design proce
dures require long, complex calculations, spreadsheets, mathematical analysis software, 
computer programs, or programmable calculators are often useful in performing the de
sign analysis. Interactive spreadsheets or programs allow you, the designer, to make de
sign decisions during the design process. In this way, many trials can be made in a short 
time, and the effects of changing various parameters mn h^ inyrntig^tffd Spren-fHTrfri 
using Microsoft Excel are used most frequently as exarrpIf|s1Ui\H$|^^^]fof 
aided design and analysis calculations. 

TLTHAM KHAO 
As you study this book and as you progress in your career as a designer, you will make 
many design calculations. It is important to record the calculations neatly, completely, and 
in an orderly fashion. You may have to explain to others how you approached the design, 
which data you used, and which assumptions and judgments you made. In some cases, 
someone else will actually check your work when you are not there to comment on it or to 
answer questions. Also, an accurate record of your design calculafions is often useful if 
changes in design are likely. In all of these situations, you are going to be asked to com
municate your design to someone else in written and graphic form. 

To prepare a careful design record, you will usually take the following steps: 

1. Identify the machine element being designed and the nature of the design calculation. 

2. Draw a sketch of the element, showing all features that aftect performance or 
stress analysis. 

3. Show in a sketch the forces acting on the element (the free-body diagram), and 
provide other drawings to clarify the actual physical situation. 
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4. Identify the kind of analysis to be performed, such as stress due to bending, de
flection of a beam, buckling of a column, and so on. 

5. List all given data and assumptions. 

6. Write the formulas to be u.sed in symbol form, and clearly indicate the values and 
units ofthe variables involved. If a formula is not well known to a potential reader 
of your work, give the source. The reader may want to refer to it to evaluate the 
appropriateness of the formula. 

7. Solve each formula for the desired variable. 

8. Insert data, check units, and perform computations. 

9. Judge the reasonableness of the result. 

10. If the result is not reasonable, change the design decisions and recompute. Perhaps 
a different geometry or material would be more appropriate. 

11. When a reasonable, satisfactory result has been achieved, specify the final values 
for all important design parameters, using standard sizes, convenient dimensions, 
readily available materials, and so on. 

Figure 1-13 shows a sample design calculation. A beam is to be designed to span a 
60-in pit to support a large gear weighing 2050 pounds (lb). The design assumes that a rec
tangular shape is to be used for the cross section ofthe beam. Other practical shapes could 
have been used. The objective is to compute the required dimensions ofthe cross section, 
considering both stress and deflection. A material for the beam is al.so chosen. Refer to 
Chapter 3 for a review of stress due to bending. 

1-8 
PREFERRED 

BASIC SIZES, 
SCREW 

THREADS, AND 
STANDARD 

SHAPES 

One responsibility of a designer is to specify the final dimensions for load-carrying 
members. After completing the analyses for stress and deformation (strain), the designer 
will know the minimum acceptable values for dimensions that will ensure that the 
member will meet performance requirements. The designer then typically specifies the 
final dimensions to be standard or convenient values that will facilitate the purchase of 
materials and the manufacture of the parts. This section presents some guides to aid in 
these decisions and specifications. 

Preferred Basic Sizes 

Table A2-1 lists preferred basic sizes for fractional-inch, decimal-inch, and metric sizes.' 
You should choose one of these preferred sizes as the final part of your design. An exam
ple is at the end ofthe sample design calculation .shown in Figure 1-13. You may, of course, 
specify another size if there is a sound functional reason. 

American Standard Screw Threads 

Threaded fasteners and machine elements having threaded connections are manufactured 
according to standard dimensions to ensure interchangeability of parts and to permit con
venient manufacture with standard machines and tooling. Table A2-2 gives the dimensions 

' Throughout this book, some references to tables and figures have the letter A included in their numbers: these 
tables and figures are in the Appendices in the back of the book. For example. Table A2-I is the first table in 
Appendix 2; Figure Al.'i—4 is the fourth figure in Appendix 15. These tables and figures are clearly identified in 
their captions in the Appendices. 
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R. L. MOTT 

DESIGN OF A BAR TO SUPPORT A GEAR IN A SOAKING PIT 

BAR IS TO BE 60 IN LONG BETWEEN SUPPORTS 
GEAR WEIGHT 2050 LB 
HANGERS TO BE 24 IN APART 

BAR 

± 
//// 

BAR IS A BEAM IN BENPING 

© 

/ a_ 

/ 
0 = M/S 

ASSUME A RECTANGULAR SHAPE 

S = SECTION MODULUS 

S = th2/6 

LET h = 3t 

THEN S = t (3t)2/6 = 9t3/6 

5 = 1.5t3 

©REQUIRED t = ^ S / 1 . 5 

TRY AISI 1040 HR STEEL BAR 

Sy = 4 2 0 0 0 PSI (YIELD STRENGTH) 

LET C7 = Oj = Sy/N = DESIGN STRESS 

N = DESIGN FACTOR 

LET N = 2 (DEAD LOAD) 

o^ = 42000 /2 = 21000 PSI 

24 18-»- \ 

2050 LB GEAR 

I 
6 0 IN 

\ x x \ 

h 

~ | t 

LOADS 
1025 LB 1025 LB 

18 i 24 i 10 

1025 LB 11025 LB 

SHEAR 

(LB) 

BENDING 
MOMENT 

(LB-IN) 

1025 

-1025 

1&450 

0 
THEN FROM © : S = M/Oj = REQUIRED SECTION MODULUS 

S = 1g450 LB-IN , 0 . 5 7 9 1^3 
21000 LB/IN2 

FROM @ 

t = 7 S / 1 . 5 = 7 0 . 6 7 9 IN3/1.5 = 0.S37 IN 

THEN h = 3 t = 3(0 .637 IN) = 2.51 IN 

SUPPLIER HAS 3/4 • 2 3/4 AVAILABLE j-h/^ = 2 75/0 75 = 3.67 ok] 

CHECK S = th2/6 = (0.75 IN) (2.75 IN)2/6 = 0.945 IN^ > 0.637 IN^ ok 
o_= M/S = 16450 LB- IN/0.945 IN^ = 19500 PSI 
N^= Sy/0 = 4 2 0 0 0 PSi/19500 PSI = 2J5 ok 

;K DEFLECTION AT CENTER: ., ^ a , ^ 2 - 4 ^ 2 - , / * ^ ^ £ — 
^ " 2 4 El ^ ^ I MACHINERY'S HANDBOOK 

\ 26 th ED., ?. 236, CASE 4 / 

(1025) (16) [3(60)2 _ 4(16)2] 
)!•=- -^— r ^^ -^^ = 0.187 IN I = th3/i2 = (0.75) (2.75)3 , . ,^ „ , ^ 

2 4 ( 3 0 X , o e ) ( 1 . 3 0 ) ACCEPTABLE L ^ i ^ = . .30 IN^ 

.1 

SPECIFY: 3/4 X 2 3/4 RECTANGULAR STEEL BAR. AISI 1040 HR 

FIGURE 1-13 Sample design calculation 

of American Standard Unified threads. Sizes smaller than 1/4 in are given numbers from (J 
to 12, while fractional-inch sizes are specified for 1/4 in and larger sizes. Two series are 
listed: UNC is the designation for coarse threads, and UNF designates fine threads. Stan
dard designations are as follows: 

6-32 UNC (number si/e 6, 32 threads per inch, coarse thread) 

12-28 UNF (number size 12, 28 threads per inch, fine thread I 

i - l 3 UNC (fractional size 1/2 in, 13 threads per inch, coarse thread) 

1^-12 UNF (fractional size 1. in, 12 threads per inch, fine thread) 
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Given in the tables are the basic major diameter (D). the number of threads per inch 
(/;), and the tensile stress area (̂ 4,), found from 

Tensile Stress 
Area forTtireads 

0.9743 V , , 
A, = 0.7854 D J (1-1) 

When a threaded member is subjected to direct tension, the tensile stress area is used to 
compute the average tensile stress. It is ba.sed on a circular area computed from the mean 
of the pitch diameter and the minor diameter of the threaded member. 

IVIetric Screw Threads 

Table A2-3 gives similar dimensions for metric threads. Standard metric thread designa
tions are of the form 

MIO X 1.5 
where M stands for metric 

The following number is the basic major diameter, D. in mm 
The last number is the pitch, P. between adjacent threads in mm 

The tensile stress area for metric threads is computed from the following equation and is 
ba.sed on a slightly different diameter. (See Reference 11. page 1483.) 

A, = 0.7854 (D - 0.9382P)- (1-2) 

Thus, the designation above would denote a metric thread with a basic major diameter of 
D = 10.0 mm and a pitch of f* = 1.5 mm. Note that pitch = \/n. The tensile stress area 
for this thread is 58.0 mm". 

Steel Structural Shapes 

Steel manufacturers provide a large array of standard structural shapes that are efficient in 
the use of material and that are convenient for specification and installation into building 
structures or machine frames. Included, as shown in Table 1-1, are standard angles 
(L-shapes), channels (C-shapes), wide-flange beams (W-shapes), American Standard 
beams (S-shapes), structural tubing, and pipe. Note that the W-shapes and the S-shapes are 
often referred to in general conversation as "I-beams" because the shape of the cross sec
tion looks like the capital letter I. 

Appendix 16 gives geometric properties of selected steel structural shapes that 
cover a fairly wide range of sizes. Note that many more sizes are available as presented 
in Reference 2. The tables in Appendix 16 give data for the area of the cross section (A), 
the weight per foot of length, the location ofthe centroid ofthe cross section, the moment 
of inertia (/), the section modulus (S). and the radius of gyration (/•). The values of / and 
S are important in the analysis and design of beams. For column analysis, / and /• are 
needed. 

Materials u.sed for structural shapes are typically called structural steels, and their 
characteristics and properties are de.scribed more fully in Chapter 2. Refer to Appendix 7 
for typical .strength data. Rolled W-shapes are most readily available in ASTM A992, A572 
Grade 50, or A36. S-shapes and C-shapes are typically made from ASTM A572 Grade 50 
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TABLE 1-1 Designations for steel and aluminum shapes 

Name of shape 

Angle 

Channel 

Wide-flange beam 

American Standard beam 

Structural tubing—square 

Structural tubing—rectangular 

Pipe 

Aluminum Association channel 

Aluminum Associadon I-beam 

Shape 

\ 
--V 

l\ 1 \ ^ 

- - I - -

1 

r 
+ - — 

^ 

- + — 

Symbol 

L 

C 

W 

S 

c 

I 

Example designation and Appendix table 

L4 X 3 X 1 
Table A16-1 

CI5 X 50 
Table A16-2 

W 1 4 X 4 3 
Table A16-3 

S l O x 35 
Table A16-4 

4 X 4 X:J 
Table A16-5 

6 X 4 x | 
Table A16-5 

4-inch standard weight 
4-inch Schedule 40 

Table A16-6 

C4 X 1.738 
Table A17-1 

18 X 6.181 

Table A17-2 
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or A36. ASTM A36 should be specified for steel angles and plates. Hollow structural shapes 
(HSS) are most readily available in ASTM A500. 

Steel Angles (L-Shapes) 

Table A16-1 shows sketches of the typical shapes of steel angles having equal or unequal 
leg lengths. Called L-shapes becau.se ofthe appearance ofthe cross section, angles are often 
u.sed as tension members of trusses and towers, framing members for machine structures, lin
tels over windows and doors in construction, stiffeners for large plates used in housings and 
beams, brackets, and ledge-type supports for equipment. Some refer to these shapes as "an
gle iron." The standard designation takes the following form, using one example size: 

L4 X 3 X i 

where L refers to the L-shape 
4 is the length ofthe longer leg 
3 is the length of the shorter leg 
{ is the thickness ofthe legs 
Dimensions are in inches 

American Standard Channels (C-Shapes) 

See Table A16-2 for the appearance of channels and their geometric properties. Channels 
are used in applications similar to those described for angles. The flat web and the two 
flanges provide a generally stiffer shape than angles. 

The sketch at the top ofthe table shows that channels have tapered flanges and webs 
with constant thickness. The slope of the flange taper is approximately 2 inches in 12 
inches, and this makes it difflcult to attach other members to the flanges. Special tapered 
washers are available to facilitate fastening. Note the designation of the .v- and y-axes in 
the sketch, defined with the web of the channel vertical which gives it the characteristic 
C-shape. This is most important when using channels as beams or columns. The .v-axis is 
located on the horizontal axis of symmetry, while the dimension x, given in the table, lo
cates the y-axis relative to the back of the web. The centroid is at the intersection of the 
.V- and y-axes. 

The form of the standard designation for channels is 

C15 X 50 

where C indicates that it is a standard C-shape 
15 is the nominal (and actual) depth in inches with the web vertical 
50 is the weight per unit length in lb/ft 

Wide-Flange Shapes (W-Shapes) 

Refer to Table A16-3, which illustrates the most common shape used for beams. W-shapes 
have relatively thin webs and somewhat thicker, flat flanges with constant thickness. Most 
ofthe area ofthe cross section is in the flanges, farthest away from the horizontal centroidal 
axis (.v-axis), thus making the moment of inertia very high for a given amount of material. 

http://becau.se
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Note that the properties of moment of inertia and section modulus are very much higher with 
respect to the x-axis than they are for the y-axis. Therefore, W-shapes are typically used in 
the orientafion shown in the sketch in Table A16-3. Also, the.se shapes are best when used 
in pure bending without twisting because they are quite flexible in torsion. 

The standard designation for W-shapes carries much information. Consider the fol
lowing example: 

W14 X 43 

where W indicates that it is a W-shape 
14 is the nominal depth in inches 
43 is the weight per unit length in lb/ft 

The term depth is the standard designation for the vertical height of the cross section when 
placed in the orientation shown in Table A16-3. Note from the data in the table that the ac
tual depth is often different from the nominal depth. For the W14 X 43, the actual depth is 
13.66 in. 

American Standard Beams (S-Shapes) 

Table A16-4 shows the properties for S-shapes. Much ofthe discussion given for W-shapes 
applies to S-shapes as well. Note that, again, the weight per foot of length is included in 
the designafion such as the SIO X 35, which weighs 35 lb/ft. For most, but not all, of the 
S-shapes, the actual depth is the same as the nominal depth. The flanges of the S-shapes 
are tapered at a slope of approximately 2 inches in 12 inches, similar to the flanges of the 
C-shapes. The x- and y-axes are defmed as shown with the web vertical. 

Often wide-flange shapes (W-shapes) are preferred over S-shapes becau.se of their 
relatively wide flanges, the constant thickness ofthe flanges, and the generally higher sec
fion properties for a given weight and depth. 

Hollow Structural Shapes (HSS Square and Rectangular) 

See Table A16-5 for the appearance and properties for hollow structural shapes. These 
shapes are usually formed from flat sheet and welded along the length. The section proper
ties account for the comer radii. Note the sketches showing the .v- and y-axes. The standard 
designation takes the form 

1 6 X 4 X 

where 6 is the depth of the longer side in inches 
4 is the width of the shorter side in inches 
4 is the wall thickness in inches 

Square tubing and rectangular tubing are very useful in machine structures because 
they provide good section properties for members loaded as beams in bending and for tor
sional loading (twisting) because of the closed cross section. The flat sides often facilitate 
fastening of members together or the attachment of equipment to the structural members. 
Some frames are welded into an integral unit that functions as a stiff space-frame. Square 
tubing makes an efficient section for columns. 

http://the.se
http://becau.se
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Pipe 

Hollow circular sections, commonly called pipe, are very efficient for use as beams, tor
sion members, and columns. The placement ofthe material uniformly away from the cen
ter of the pipe enhances the moment of inertia for a given amount of material and gives the 
pipe uniform properties with respect to all axes through the center ofthe cross section. The 
closed cross-.sectional shape gives it high strength and sfiffness in torsion as well as in 
bending. 

Table A16-6 gives the properties for American National Standard Schedule 40 
welded and seamless wrought steel pipe. This type of pipe is often used to transport water 
and other fluids, but it also performs well in structural applications. Note that the actual in
side and outside diameters are somewhat different from the nominal size, except for the 
very large sizes. Construction pipe is often called Standard Weight Pipe, and it has the same 
dimensions as the Schedule 40 pipe for sizes from 1/2 in to 10 in. Other "schedules" and 
"weights" of pipe are available with larger and smaller wall thicknesses. 

Other hollow circular sections are commonly available that are referred to as tubing. 
These sections are available in carbon steel, alloy steel, stainless steel, aluminum, copper, 
brass, titanium, and other materials. See References 1, 2, 5, and 9 for a variety of types and 
sizes of pipe and tubing. 

Aluminum Association Standard Channels and l-Beams 

Tables A17-1 and A17-2 give the dimensions and secfion properties of channels and I-
beams developed by the Aluminum Association (see Reference 1). These are extruded 
shapes having uniform thicknesses of the webs and flanges with generous radii where they 
meet. The proportions ofthese sections are somewhat different from those ofthe rolled steel 
sections described earlier. The extruded form offers advantages in the efficient use of ma
terial and in the joining of members. This book will use the following forms for the desig
nation of aluminum sections: 

C4 X 1.738 or 18 X 6.181 

where C or I indicates the basic section shape 
4 or 8 indicates the depth of the shape when in the orientation shown 
1.738 or 6.181 indicates the weight per unit length in lb/ft 

•I_9 We will perform computations in this book by using either the U.S. Customary Unit Sys-
UNIT SYSTEMS tem (inch-pound-second) or the International System (SI). Table 1-2 lists the typical units 

used in the study of machine design. SI. the abbreviation for "Le Systeme International 
d'Unites," is the standard for metric units throughout the world. (See Reference 4.) For 
convenience, the term SI units will be used instead of metric units. 

Prefixes applied to the basic units indicate order of magnitude. Only those prefixes 
listed in Table 1-3, which differ by a factor of 1000, should be used in technical calcula
tions. The final result for a quantity should be reported as a number between 0.1 and 10 000, 
times some multiple of 1000. Then the unit with the appropriate prefix should be specified. 
Table 1 ^ lists examples of proper Sl notation. 

Sometimes you have to convert a unit from one system to another. Appendix 18 pro
vides tables of conversion factors. Also, you should be familiar with the typical order of 
magnitude of the quantities encountered in machine design so that you can judge the rea
sonableness of design calculations (see Table 1-5 for several examples). 
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TABLE 1-2 

Quantity 

Length or distan 

Area 

Force 

Mass 
Time 
Angle 
Temperature 

Unit Systems 

Typical 

ice 

Torque or moment 

Energy or work 

units used in machine design 

U.S. Customary unit 

inch (in) 
foot (ft) 
.square inch (in") 
pound (Ib) 
kip(K)(l()()Olb) 
slug(lbs-/ft) 
second (s) 
degree (°) 
degrees Fahrenheit CF) 
pound-inch (Ibin) or 
pound-foot (Ibft) 
pound-inch (lb in) 

25 

SI unit 

meter (m) 
millimeter (mm) 
square meter (nr) or square millimeter (mnr) 
newton (N) 
(1 N = 1 kgm/s-) 
kilogram (kg) 
second (s) 
radian (rad) or degree C) 
degrees Celsius ( C) 
newton-meter (N ni) 

joule (J) 

Power 

Stress, pressure, or 
modulus of elasticity 

Section modulus 
Moment of inertia 

Rotational speed 

horsepower (hp) 
(I hp = 55()lbft/s) 
pounds per square inch 
(lb/in", or psi) 
kips per square inch 
(K/in", or ksi) 
inches cubed (in') 
inches to the fourth 
power (in^) 
revolutions per min (rpm) 

(I J = 1 Nm) 
watt (W) or kilowatts (kW) 
(I W = I J/s = I Nm/s) 
pascal (Pa) (I Pa = I N/nr) 
kilopascal (kPa)(l kPa = lO'Pa) 
megapascal (MPa) (1 MPa = 10" Pa) 
gigapaseal (GPa) (1 GPa = lO'Pa) 
meters cubed (m~) or millimeters cubed (mm' 
meters to the fourth ptiwer (m^) or 
millimeters to the foLirth power (mnT") 
radians per second I rad/s) 

TABLE 1-3 Prefixes used with Sl units 

Prefix Sl symbol Factor 

TABLE 1-4 Quantities expressed in Sl units 

Computed result 

micro-
mi l l i -

kilo-

mega-
giga-

M-
m 
k 
M 

G 

1 0 " ' = 0.000 001 
10'-' = O.OOI 
10- = 1000 

10"̂  = 1 000 000 
10" =1 ooooooooo 

O.OOI 65 m 
32 540 N 
1.583 X lO^W 

2.07 X 10" Pa 

Reported Result 

1.65 X 10 ' m, or 1.65 mm 
32.54 X lO'N. or 32.54 kN 
158.3 X lO'W. or 158.3 kW; 
or O.l58 3 •; 10" W: or 0.158 3 MW 
207 >' 10" Pa. or 207 GPa 

TABLE 1-5 Typical order of magnitude for commonly encountered quantities 

Quantity U.S. Customary unit SI unit 

Dimensions of a wood standard 2 x 4 
Moment of inertia of a 2 x 4 (3.50-in side vertical) 
Secfion modulus of a 2 x 4 (3.50-in side vertical) 
Force required to lift 1.0 gal of gasoline 
Density of water 
Compressed air pressure in a factory 
Yield point of AISI 1040 hot-rolled steel 
Modulus of elasticity of steel 

1.50 in X 3.50 in 
5.36 in"" 
3.06 in ' 
6.01 Ib 
1.94 slugs/ft' 
100 psi 
42 000 psi, or 42 ksi 
30 000 000 psi. or 30 x 10" psi 

38 mm x 89 mm 
2.23 X 10" mm', or 13 10" m 
5.02 X 10'mm', or 5.02 X 1 0 " ' m ' 
26.7 N 
1000 kg/m\ or 1.0 Mg/m' 
690 kPa 
290 MPa 
207 GPa 
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Example Problem 1-1 Express the diameter of a shaft in millimeters if it is measured to be 2.755 in. 

Solution Table A18 gives the conversion factor for length to be 1.00 in = 25.4 mm. Then 

25.4 mm 
Diameter = 2.755 in = 69.98 mm 

1.00 in 

Example Problem 1-2 An electric motor is rotating at 1750 revolutions per minute (rpm). Express the speed in ra
dians per second (rad/s). 

Solution A series of conversions is required. 

1750 rev 2TT rad 1 min 
Rotational speed = 

mm rev 60s 
183.3 rad/s 

1-10 
DISTINCTION 

AMONG WEIGHT, 
FORCE, AND 

MASS 

r-N Weight/Mass 
^ Relationship 

Distinction must be made among the lerms fi>rce. mass, and weight. Mass is the quantity of 
matter in a body. A force is a push or pull applied to a body that results in a change in the 
body's motion or in some deformation ofthe body. Clearly these are two different physical 
phenomena, but the distinction is not always understood. The units for force and mass used 
in this text are listed in Table 1-2. 

The term weight, as used in this book, refers to the amount oi' force required to sup
port a body against the influence of gravity. Thus, in response to "What is the weight of 75 
kg of steel?" we would u.se the relationship between force and mass from physics: 

F — nui or 

where F = force 
m — mass 
a = acceleration 
w — weight 
g — acceleration due to gravity 

mg 

We will use 

g = 32.2 ft/s- or t̂f = 9.81 m/s-

Then, to compute the weight. 

w 

w 

mg = 75kg(9.81 m/s=] 

736 kg • m/.s- = 736 N 

Remember that, as shown in Table 1 -2, the newton (N) is equivalent to 1.0 kg • m/s". In fact, 
the newton is defined as the force required to give a mass of 1.0 kg an acceleration of 1.0 m/s". 
In our example, then, we would say that the 75-kg mass of steel has a weight of 736 N. 
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I N T E R N E T S I T E S FOR G E N E R A L M E C H A N I C A L D E S I G N 

Included here are Intemet sites that can be used in many 

ofthe chapters of this book and in general design practice 

to identify commercial suppliers of machine elements and 

standards for design or to pert'orm stress analyses. Later 

chapters include sites specific to the topics covered there. 

1. American National Standards Institute (ANSI) 
www.ansi.org A private, nonprofit organization that 
administers and coordinates the U.S. voluntary 
standardization and conformity assessment system. 

2. Global Engineering Documents http://filohal.ihs.ami 
A searchable database of standards and publications 
offered by many standards-developing organizations 
such as ASME, ASTM, and ISO. 

3. GlobalSpec www.glohalspec.com A searchable 
database of a wide variety of technical products and 
services that provides for searching by technical 
specifications, access to supplier information, and 
comparison of suppliers for a given product. The 
Mechanical Components category includes many ofthe 
topics addressed in this book. 

4. MDSOLIDS www.ind.tolids.com Educational 
software for strength of materials topics, including 
beams, flexure, torsion members, columns, axial 

stmctures. statically indeterminate structures, tnisses. 
section properties, and Mt>hr"s circle analysis. This 
software may serve as a review tool for the prerequisite 
knowledge needed in this book. 

5. StressAlyzer www.ine.cmu.edu A highly 
interactive problem-solving package for topics in 
strength of materials, including axial loading, torsional 
loading, shear force and bending moment diagrams, 
beam detlections. Mohr's circle (stress transformations) 
and load and stress calculations in three dimensions. 

6. Orand Systems-Beam 2D www.orandsystems.com 
Stress and deflection analysis software package 
providing solutions for beams under static loading. 
Numerous beam cross sections, materials, loading 
patterns, and support conditions can be input. Output 
includes bending stress, shear stress, defiectinn. and 
slope for the beam. 

7. Power Transmission Home Page 
www.powertransmission.coni Clearinghouse on the 
Internet for buyers, users, and sellers of power 
transmission products and services. Included are gears, 
gear drives, belt drives, chain drives, bearings, clutches, 
brakes, and many other machine elements covered in 
this book. 

http://www.ansi.org
http://filohal.ihs.ami
http://www.glohalspec.com
http://www.ind.tolids.com
http://www.ine.cmu.edu
http://www.orandsystems.com
http://www.powertransmission.coni


28 Chapter 1 • The Nature of Mechanical Design 

P R O B L E M S 

Functions and Design Requirements 
for the ele\ ices ilescribed in Problems 1-14, write a set of 
I'uiictions and design ret|uirements in a similar manner to those 
in Section 1-4. ^'ou or )ou\ instructor may add more specific 
information to the general elescriptions given. 

1. The hood latch for an automobile 

2. A hydraulic jack used lor car repair 

3. A portable crane lo be used in small garages and homes 

4. A machine to ciiisli soft-drink or beer cans 

5. An automatic transfer de\'ice for a production line 

6. A device to raise a 55-gallon (gal) drum of bulk materials 
and dump the contents into a hopper 

7. A paper \'tiin.\ de\ ice for a copier 

8. A ceinveyor to elevate and load gravel into a truck 

9. A crane to lift building materials from the ground to the 
top of a building during construction 

10. A machine to insert toothpaste tubes into cartons 

11. A machine to insert 24 cartons of toothpaste into a ship
ping container 

12. A gripper for a robot to grasp a spare tire assembly and 
insert it into the trunk of an automobile on an assembly 
line 

13. A table for positioning a weldment in relation to a ro-
bi)tic welder 

14. A garage door opener 

Units and Conversions 
For Problems 15-28, perform the indicated conversion of 
units. (Refer to .Appendix IS tor conversion factors.) Express 
the results wilh the apprt)priate prefix as illustrated in Tables 
1-3 and 1 -4. 

15. Convert a shaft diametei ol 1.75 in to mm. 

16. Convert the length of a conveyor from 46 ft to meters. 

17. Convert the torque developed by a motor of 12 550 lb- in 
to N-m. 

18. A wide-fiange steel-beam shape, W12 X 14, has a 
cross-sectional area of 4.12 in". Convert the area to 
mm". 

19. The W12 X 14 beam shape has a section modulus of 
14.8 in\ Convert it to mml 

20. The W12 X 14 beam shape has a moment of inertia of 
88.0 in"". Convert it to mnT*. 

21. What standard steel equal leg angle would have a cross-
sectional area closest to (but greater than) 750 mnr? See 
Table A16-1. 

22. An electric motor is rated at 7.5 hp. What is its rating in 
watts (W)? 

23. A vendor lists the ultimate tensile strength of a steel to be 
127 000 psi. Compute the strength in MPa. 

24. Ct)mpute the weight of a steel shaft, 35.0 mm in diameter 
and 675 mm long. (See Appendix 3 for the density of 
steel.) 

25. A torsional spring requires a torque of 180 lb • in to rotate 
it 35". Convert the torque to N • m and the rotation to ra
dians. If the scale of the spring is defined as the applied 
torque per unit of angular rotation, compute the spring 
scale in both unit systems. 

26. To compute the energy used by a motor, multiply the power 
that it draws by the time of operation. Consider a motor that 
draws 12.5 hp for 16 h/day. five days per week. Compute 
the energy used by the motor for one year Express the re
sult in ft • Ib and W • h. 

27. One unit used for fiuid viscosity in Chapter 16 of this 
book is the reyn. defined as I.O Ib-s/in". If a lubricating 
oil has a viscosity of 3.75 reyn. convert the viscosity to 
the standard units in the U.S. Customary System 
( lb-s / f t - )andin theSI(N-s /m-) . 

28. The life of a hearing supporting a rotating shaft is ex
pressed in number of revolutions. Compute the life of a 
bearing that rotates 1750 rpm continuously for 24 li/day for 
five years. 
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The 
Big 
Picture 

Materials in Mechanical Design 

Discussion Map 

D You must understand the 
behavior of materials to 
make good design decisions 
and to communicate with 
suppliers and manufacturing 
staff. 

Discover 
Examine consumer products, industrial machinery, 
automobiles, and construction machinery. 
What materials are used for the various parts? 
Why do you think those materials were specified? 
How were they processed? 
What material properties were important to the 
decisions to use particular materials? 
Examine the Appendices tables, and refer to them later 
as you read about specific materials. 

This chapter summarizes the design properties of a 
variety of materials. The Appendices include data for 
many examples of these materials in many conditions. 

It is the designer's responsibility to specify suitable materials for each component of a me
chanical device. Your inidal efforts in specifying a material for a particular component of a me
chanical design should be directed to the basic kind of material to be used. Keep an open mind 
until you have specified the functions of the component, the kinds and magnitudes of loads it 
will carry, and the environment in which it must operate. Your selection of a material must con
sider its physical and mechanical properties and match them to the expectations placed on it. 
First consider the following classes of materials: 

Metals and their alloys Plastics 

Elastomers Woods 

Composites 

Ceramics and glasses 

30 

Each of these classes contains a large number of specific materials covering a wide range of 
actual properties. However, you probably know from your experience the general behavior of 
each kind and have some feel for the applications in which each is typically used. Most ofthe 
applications considered in the study of design of machine elements in this book use metal al
loys, plastics, and composites. 

Satisfactory performance of machine components and systems depends greatly on the 
materials that the designer specifies. As a designer, you must understand how materials be
have, what properties ofthe material affect the performance ofthe parts, and how you should 
interpret the large amounts of data available on material properties. Your ability to effectively 
communicate your specifications for materials with suppliers, purchasing agents, metallur
gists, manufacturing process personnel, heat treatment personnel, plastics molders, machin
ists, and quality assurance specialists often has a strong influence on the success of a design. 

Explore what kinds of materials are used in consumer products, industrial machinery, 
automobiles, construction machinery, and other devices and systems that you come into 
contact with each day. Make judgments about why each material was specified for a par
ticular application. Where do you see steel being used? Contrast that usage with where alu
minum or other nonferrous materials are used. How are the products produced? Can you 
find different parts that are machined, cast, forged, roll-formed, and welded? Why do you 
think those processes were specified for those particular products? 

Document several applications for plastics and describe the different forms that are 
available and that have been made by different manufacturing processes. Which are made by 
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plastic molding processes, vacuum forming, blow molding, and others? Can you identify parts 
made from composite materials that have a significant amount of high-strength fibers embed
ded in a plastic matrix? Check out sporting goods and parts of cars, trucks, and airplanes. 

From the products that you found from the exploration outlined previously, identify 
the basic properties ofthe materials that were important to the designers: strength, rigidity 
(stiffness), weight (density), corrosion resistance, appearance, machinability, weldability, 
ease of forming, cost, and others. 

This chapter focuses on material selection and the use of material property data in de
sign decisions, rather than on the metallurgy or chemistry ofthe materials. One ofthe uses 
of the information in this chapter is as a glossary of terms that you can use throughout the 
book; important terms are given in italic type. Also, there are numerous references to 
Appendices 3 through 13, where tables of data for material properties are given. Go there 
now and see what kinds of data are provided. Then you can study the tables in more depth 
as you read the text. Note that many ofthe problems that you will solve in this book and the 
design projects that you complete will use data from these tables. 

Now apply some of what you have gained from The Big Picture exploration to a spe
cific design situation as outlined in You Are the Designer, which follows. 

You Are the Designer 

You are part of a team responsible for the design of an 
electric lawn mower for the household market. One of 
your tasks is to specify suitable materials for the various 
components. Consider your own experience with such 
lawn mowers and think what materials would be used for 
these key components: wheels, axles, housing, and 
blade. What are their functions? What conditions of serv
ice will each encounter? What is one reasonable type of 
material for each component and what general proper
ties should it have? How could they be manufactured? 
Possible answers to these questions follow. 

Wheels 
Function: Support the weight of the mower Permit easy, 

rolling movement. Provide for mounting on an axle. 
Ensure safe operation on flat or sloped lawn surfaces. 

Conditions of service: Must operate on grass, hard sur
faces, and soft earth. Exposed to water, lawn fertil
izers, and general outdoor conditions. Will carry 
moderate loads. Requires an attractive appearance. 

One reasonable material: One-piece plastic wheel in
corporating the tire, rim, and hub. Must have good 
strength, stiffness, toughness, and wear resistance. 

Manufacturing method: Plastic injection molding 

Axles 
Function: Transfer the weight of mower from the hous

ing to the wheels. Allow rotation of the wheels. Main
tain location of the wheels relative to the housing. 

Conditions of service: Exposure to general outdoor 
conditions. Moderate loads. 

One possible matenal: Steel rod with provisions for 
mounting wheels and attaching to housing. Re
quires moderate strength, stiffness, and corrosion 
resistance. 

Manufacturing method: Commercially available cylin
drical rod. Possibly machining. 

Housing 
Function: Support, safely enclose, and protect oper

ating components, including the blade and motor. 
Accommodate the attachment of two axles and a 
handle. Permit cut grass to exit the cutting area. 

Conditions of service: Moderate loads and vibration 
due to motor. Possible shock loads from wheels. 
Multiple attachment points for axles, handle, and 
motor. Exposed to wet grass and general outdoor 
conditions. Requires attractive appearance. 

One possible material: Heavy-duty plastic with good 
strength, stiffness, impact resistance, toughness, 
and weather resistance. 

Manufactunng method: Plastic injection molding. May 
require machining for holes and mounting points 
for the motor. 

Blade 
Function: Cut blades of grass and weeds while rotat

ing at high speed. Facilitate connection to motor 
shaft. Operate safely when foreign objects are en
countered, such as stones, sticks, or metal pieces. 
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Conditions of service: Normally moderate loads. Oc
casional shock and impact loads. Must be capable 
of sharpening a portion of the blade to ensure 
clean cutting of grass. Maintain sharpness for rea
sonable time during use. 

One possible material: Steel with high strength, stiff
ness, impact resistance, toughness, and corro
sion resistance. 

Manufacturing method: Stamping from flat steel strip. 
Machining and/or grinding for cutting edge. 

This simplified example of the material selection process should help you to understand the 
importance of the information provided in this chapter about the behavior of materials com
monly used in the design of machine elements. A more comprehensive discussion of material 
selection occurs at the end of the chapter. 

2-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. State the types of material properties that are important to the design of mechani
cal devices and systems. 

2. Define the following terms: tensile strength, yield strength, proportional limit, 
elastic limit, modulus of elasticity in tension, ductility and percent elongation, 
shear strength, Poisson's ratio, modulus of elasticity in shear, hardness, machina
bility, impact strength, density, coefficient of thermal expansion, thermal conduc
tivity, and electrical resistivity. 

3. Describe the nature of carbon and alloy steels, the number-designation system for 
steels, and the effect of several kinds of alloying elements on the properties of steels. 

4. Describe the manner of designating the condition and heat treatment of steels, in
cluding hot rolling, cold drawing, annealing, normalizing, through-hardening, 
tempering, and case hardening by flame hardening, induction hardening, and 
carburizing, 

5. Describe stainless steels and recognize many of the types that are commercially 
available. 

6. Describe structural steels and recognize many of their designations and uses. 

7. Describe cast irons and several kinds oi gray iron, ductUe iron, and malleable iron, 

8. Describe powdered metals and their properties and uses. 

9. Describe several types of tool steels and carbides and their typical uses. 

10. Describe aluminum alloys and their conditions, such as strain hardening and heat 
treatment, 

11. Describe the nature and typical properties of zinc, titanium, and bronze, 

12. Describe several types of plastics, both thermosetting and thermoplastic, and their 
typical properties and uses. 

13. Describe several kinds of composite materials and their typical properties and uses. 

14. Implement a rational material selection process. 

2 - 2 Machine elements are very often made from one of the metals or metal alloys such as steel, 
PROPERTIES OF aluminum, cast iron, zinc, dtanium, or bronze. This section describes the important prop-

MATERIALS erties of materials as they affect mechanical design. 
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FIGURE 2-1 Typical 
stress-strain diagram for 
steel 

Strength, elastic, and ductility properties for metals, plastics, and other types of ma
terials are usually determined from a tensile test in which a sample ofthe material, typically 
in the form of a round or flat bar, is clamped between jaws and pulled slowly until it breaks 
in tension. The magnitude of the force on the bar and the corresponding change in length 
(strain) are monitored and recorded continuously during the test. Because the stress in the 
bar is equal to the applied force divided by the area, stress is proportional to the applied 
force. The data from such tensile tests are often shown on .stress-strain diagrams, such as 
those shown in Figures 2-1 and 2-2. In the following paragraphs, several strength, elastic, 
and ductility properties of metals are defined. 

Tensile Strength, s^ 

The peak ofthe stress-strain curve is considered the ultimate tensile .strength (s,,). sometimes 
called the ultimate .strength or simply the tensile strength. At this point during the test, the 
highest apparent stress on a test bar of the material is measured. As shown in Figures 2-1 
and 2-2. the curve appears to drop off after the peak. However, notice that the instrumenta
tion used to create the diagrams is actually plotting load versus deflection rather than true 

True stress curve Yield 
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FIGURE 2-2 Typical 
stress-strain diagram for 
aluminum and other 
metals having no yield v̂ 
point 
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stress versus strain. The apparent stress is computed by dividing the load by the original 
cross-sectional area of the test bar. After the peak of the curve is reached, there is a pro
nounced decrease in the bar's diameter, refened to as necking down. Thus, the load acts over 
a smaller area, and the actual stress continues to increase until failure. It is very difficult to 
Ibllow the reduction in diameter during the necking-down process, so it has become cus
tomary to use the peak ofthe curve as the tensile strength, although it is a more conservative 
value. 

Yield Strength, Sy 

That portion ofthe stress-strain diagram where there is a large increase in strain with lit
tle or no increase in stress is called the yield strength (.vJ. This property indicates that 
the material has, in fact, yielded or elongated plastically, permanently, and to a large de
gree. If the point of yielding is quite noticeable, as it is in Figure 2 -1 . the property is 
called the \icld point rather than the yield strength. This is typical of a plain carbon hot 
rolled steel. 

Figure 2-2 shows the stress-strain diagram fonn that is typical of a nonferrous metal 
such as aluminum or titanium or of certain high-strength steels. Notice that there is no pro
nounced yield point, but the material has actually yielded at or near the stress level indi
cated as .V,. That point is determined by the offset method, in which a line is drawn parallel 
to the straight-line portion of the curve and is oft'set to the right by a set amount, usually 
0.20% strain (0.002 in/in). The intersection of this line and the stress-strain curve defines 
the material's yield strength. In this book, the term yield strength will be used for .v,, re
gardless of whether the material exhibits a true yield point or whether the offset inethod is 
used. 

Proportional Limit 

That point on the stress-strain curve where it deviates from a straight line is called the/;/-o-
portional limit. That is, at or above that stress value, stress is no longer proportional to 
strain. Below the proportional limit. Hooke's law applies: Stress is proportional to strain. In 
mechanical design, materials are rarely used at stresses above the proportional liinit. 

Elastic Limit 

At some point, called the elastic limit, a material experiences some amount of plastic strain 
and thus will not return to its original shape after release of the load. Below that level, the 
material behaves completely elastically. The proportional limit and the elastic limit lie quite 
close to the yield strength. Because they are difficult to determine, they are rarely reported. 

Modulus of Elasticity in Tension, E 

For the part of the stress-strain diagram that is straight, stress is proportional to strain, and 
the value of £, the nu>dulus of elasticity, is the constant of proportionality. That is. 

|-N Modulus of ^ stress ^ CT 
^ Elasticity in Tension strain e 

This is the slope ofthe straight-line portion ofthe diagram. The modulus of elasficity indi
cates the stiffness ofthe material, or its resistance to deformation. 

file:///icld
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FIGURE 2 -3 
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percent elongation 
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Ductility and Percent Elongation 

Ductility is the degree to which a material will deform hctore ultimate fractuic. The oppo
site of ductility is brittleness. When ductile materials arc used in machine members, im
pending failure is detected easily, and sudden failure is unlikely. Also, ductile materials 
normally resist the repeated loads on machine elements better than brittle materials. 

The usual measure of ductility is the percent elongation of the material after frac
ture in a standard tensile test. Figure 2-3 shows a typical standard tensile specimen before 
and after the test. Before the test, gage marks are placed on the bar. usuallx 2.00 in apart. 
Then, after the bar is broken, the two parts are fitted back together, and the final length be
tween the gage marks is measured. The percent elongation is the difference between thc 
final length and the original length divided by the original length, converted to a percent
age. That is. 

1 ^ Percent Elongation percent elongation — 
L, - L,. 

X 100 (2-2) 

The percent elongafion is assumed to be based on a gage length of 2.00 in unless some other 
gage length is specifically indicated. Tests of structural steels often use a gage length o\' 
8.00 in. 

Theoretically, a material is considered ductile if its percent elongation is greater than 
5% (lower values indicate brittleness). For practical reasons, it is advisable to use a mate
rial with a value of 12% or higher for machine meinbers subject to repeated loads or shock 
or impact. 

Percent reduction in area is another indication of ductility. To find this value, com
pare the original cross-sectional area with the final area at the break for the tensile test 
specimen. 

Shear Strength, Syg and Sus 

Both the yield .strength and the ultimate strength in shear (.s\̂  and .v,,,. iespecli\ely) are im
portant properties of materials. Unfortunately, these values are seldom reported. We will 
use the following estimates: 

Estimates for 
Sys and Sus 

5„ = sj2 = 0.50 .s\ = yield strength in shear 

s,„ = 0.75.f„ = ultimate strength in shear 

(2-3) 

(2-4) 
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I I(;URK 2-4 
llhislratittn of Poisson's 
ratio for an clement in 
tension 

Initial 
shape 

Li-^o Axial strain = —-— = e„ 

Lateral strain = -— = e^ 

Poisson's ratio - —̂  = \' 

Poisson's Ratio, v 

When a material is subjected to a tensile strain, there is a simultaneous shortening of the 
cross-sectional dimensions perpendicular to the direction ofthe tensile strain. The ratio of 
the shoilening strain to the tensile strain is called Poisson's ratio, usually denoted by v. the 
Greek letter nu. (The Greek letter mu, |JL, is sometimes used for this ratio.) Poisson's ratio is 
illustrated in Figure 2-4. Typical ranges of values for Poisson's ratio are 0.25-0.27 for cast 
iron. 0.27-0.30 for steel, and 0.30-0.33 for aluminum and titanium. 

IVIodulus of Elasticity in Shear, G 

The iiiiidulus of elasticity in shear (G) is the ratio of shearing stress to shearing strain. This 
property indicates a material's stiffness under shear loading—that is, the resistance to shear 
deformation. There is a simple relationship between E. G. and Poisson's ratio: 

o Modulus of 
Elasticity in Shear 2(1 + v ) 

This equation is valid within the elastic range ofthe material. 

(2-5) 
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Flexural Modulus 

Another stiffness measure often reported, parficulariy for plastics, is called thc flexural 
modulus, or modulus of elasticity in flexure. As the name implies, a specimen of the ma
terial is loaded as a beam in flexure (bending) with data taken and plotted for load versus 
deflection. From these data and from knowledge of the geometry of the specimen, stress 
and strain can be computed. The ratio of stress to strain is a measure of the flexural mod
ulus. ASTM standard D 790' defines the complete method. Note that the values are sig
nificantly different from the tensile modulus because the stress pattern in the specimen is 
a combination of tension and compression. The data are useful for comparing the stiff
ness of different materials when a load-carrying part is subjected to bending in service. 

Approximate 
Relationship 

C^ between Hardness 
and strength 

for Steel 

Hardness 

The resistance of a material to indentation by a penetrator is an indication of its hardness. 
Several types of devices, procedures, and penetrators measure hardness; the Brinell hardness 
tester and the Rockwell hardness tester are most frequently used for machine elements. For 
steels, the Brinell hardness tester employs a hardened steel ball 10 mm in diameter as the 
penetrator under a load of 3000-kg force. The load causes a permanent indentation in the test 
material, and the diameter ofthe indentation is related to the Brinell hardness number, which 
is abbreviated BHN or HB. The actual quantity being measured is the load divided by the 
contact area of the indentation. For steels, the value of HB ranges from approximately 100 
for an annealed, low-carbon steel to more than 700 for high-strength, high-alloy steels in the 
as-quenched condition. In the high ranges, above HB 500, the penetrator is sometimes made 
of tungsten carbide rather than steel. For softer metals, a 500-kg load is used. 

The Rockwell hardness tester uses a hardened steel ball with a 1/16-in diameter un
der a load of 100-kg force for softer metals, and the resulting hardness is listed as Rockwell 
B, Rg, or HRB. For harder metals, such as heat-treated alloy steels, the Rockwell C scale is 
used. A load of 150-kg force is placed on a diamond penetrator (a brale penetrator) made 
in a sphero-conical shape. Rockwell C hardness is sometimes referred to as Rc or HRC. 
Many other Rockwell scales are used. 

The Brinell and Rockwell methods are based on different parameters and lead to quite 
different numbers. However, since they both measure hardness, there is a correlation be
tween them, as noted in Appendix 19. It is also important to note that, especially for highly 
hardenable alloy steels, there is a nearly linear relationship between the Brinell hardness 
number and the tensile strength ofthe steel, according to the equation 

0.50(HB) = approximate tensile strength (ksi) (2-6) 

This relationship is shown in Figure 2-5. 
To compare the hardness scales with the tensile strength, consider Table 2-1. Note 

that there is some overlap between the HRB and HRC scales. Normally, HRB is used for 
the softer metals and ranges from approximately 60 to 100, whereas HRC is used for harder 
metals and ranges from 20 to 65. Using HRB numbers above 100 or HRC numbers below 
20 is not recommended. Those shown in Table 2-1 are for comparison purposes only. 

Hardness in a steel indicates wear resistance as well as strength. Wear resistance will 
be discussed in later chapters, particularly with regard to gear teeth. 

I ASTM Intemational. Standard Test Method for Flexural Properties of Unreinforced and Reinforced Plastics 
and Electrical Insulating Materials, Standard D790. West Conshohocken. PA: ASTM International, 2003. 
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FIGURE 2-5 
Hardness conversions 
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TABLE 2-1 Comparison of hardness .scales with tensile .strength 

Material 
and 

condition 

1020 annealed 
1040 hot-rolled 
4140 annealed 
4140 OQT 1000 
4140 OQT 700 

HB 

121 
144 
197 
341 
461 

Hardness 

HRB 

70 
79 
93 

109 

HRC 

13 
37 
49 

Tensile strength 

ksi MPa 

60 414 
72 496 
95 655 

168 1160 
231 1590 

Machinability 

Machinability is related to the ease with which a material can be machined to a good sur
face finish with reasonable tool life. Production rates are directly affected by machinabil
ity. It is difficult to define measurable properties related to machinability, so machinability 
is usually reported in comparative terms, relating the performance of a given material with 
some standard. 

Toughness, Impact Energy 

Toughness is the ability of a material to absorb applied energy without failure. Parts sub
jected to suddenly applied loads, shock, or impact need a high level of toughness. Several 
methods are used to measure the amount of energy required to break a particular specimen 
made from a material of interest. The energy absorption value from such tests is often 
called impact energy or impact resistance. However, it is important to note that the actual 
value is highly dependent on the nature of the test sample, particularly its geometry. It is 
not possible to use the test results in a quantitative way when making design calculafions. 
Rather, the impact energy for several candidate materials for a particular application can 
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FIGURE 2-6 Impact 
tesfing using Charpy 
and Izod methods 
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be compared with each other as a qualitafive indication of their toughness. The final de
sign should be tested under real service condifions to verify its ability to survive safely dur
ing expected use. 

For metals and plastics, two methods of determining impact energy, Izod and 
Charpy, are popular, with data often reported in the literature from vendors of the mate
rial. Figure 2-6 shows sketches of the dimensions of standard specimens and the manner 
of loading. In each method, a pendulum with a heavy mass carrying a specially designed 
striker is allowed to fall from a known height. The striker contacts the specimen with a 
high velocity at the bottom of the pendulum's arc; therefore, the pendulum possesses a 
known amount of kinetic energy. The specimen is typically broken during the test, taking 
.some of the energy from the pendulum but allowing it to pass through the test area. The 
tesfing machine is configured to measure the final height to which the pendulum swings 
and to indicate the amount of energy removed. That value is reported in energy units of 
J (Joules or N • m) or ft • lb. Some highly ducfile metals and many plastics do not break dur
ing the test, and the result is then reported as No Break. 

The standard Izod test employs a square specimen with a V-shaped notch carefully 
machined 2.0 mm (0.079 in) deep according to specificafions in ASTM .standard D 256.-
The specimen is clamped in a special vise with the notch aligned with the top edge of the 
vise. The striker contacts the specimen at a height of 22 mm above the notch, loading it as 
a cantilever in bending. When used for plasfics, the width dimension can be different from 
that shown in Figure 2-6. This obviously changes the total amount of energy that the spec
imen will absorb during fracture. Therefore, the data for impact energy are divided by the 

- ASTM Intemational. Standard Test Metliodsfor Determining the Izod Pendulum Impact Resistance of Plastics, 
Standard D256. West Conshohocken, PA: ASTM International, 2003. 
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actual width of the specimen, and the results are reported in units of Nm/m or ft lb/in. 
Also, some vendors and customers may agree to test the material with the notch facing away 
from the striker rather than toward it as shown in Figure 2-6. This gives a measure of the 
material's impact energy with less influence from the notch. 

The Charpy test al.so uses a square specimen with a 2.0 mm (0.079 in) deep notch, 
but it is centered along the length. The specimen is placed against a rigid anvil without be
ing clamped. See ASTM standard A 370"* for the specific geometry and tesfing procedure. 
The notch faces away from the place where the striker contacts the specimen. The loading 
can be described as the bending of a simply supported beam. The Charpy test is most often 
used for tesfing metals. 

Another impact testing method used for some plastics, composites, and completed 
products is the drop-weight tester. Here a known mass is elevated vertically above the test 
specimen to a .specified height. Thus, it has a known amount of potenfial energy. Allowing the 
mass to fall freely imparts a predictable amount of kinetic energy to the specimen clamped to 
a rigid base. The initial energy, the manner of support, the specimen geometry, and the shape 
of the striker (called a tup) are critical to the results found. One standard method, described 
in ASTM D 3763^, employs a spherical tup with a diameter of 12.7 mm (0.50 in). The tup 
usually pierces the specimen. The apparatus is typically equipped with .sensors that measure 
and plot the load versus deflection characteristics dynamically, giving the designer much in
fonnation about how the material behaves during an impact event. Summary data reported 
typically include maximum load, deflecfion of the specimen at the point of maximum load, 
and the energy dissipated up to the maximum load point. The energy is calculated by deter
mining the area under the load-deflection diagram. The appearance of the test specimen is 
also described, indicating whether fracture occurred and whether it was a ductile or brittle 
fracture. 

Fatigue Strength or Endurance Strength 

Parts subjected to repeated applications of loads or to stress conditions that vary with time 
over several thousands or millions of cycles fail because ofthe phenomenon of fatigue. Ma
terials are tested under controlled cyclic loading to determine their ability to resist such re
peated loads. The resulting data are reported as the fatigue strength, also called the 
endurance strength of the material. (See Chapter 5.) 

Creep 

When materials are subjected to high loads continuously, they may experience progressive 
elongation over fime. This phenomenon, called creep, should be considered for metals op
erating at high temperatures. You should check for creep when the operating temperature of 
a loaded metal member exceeds approximately 0.3 {T,„) where T,„ is the melfing tempera
ture expressed as an absolute temperature. (See Reference 22.) Creep can be important for 
critical members in intemal combustion engines, furnaces, steam turbines, gas turbines, nu
clear reactors, or rocket engines. The stress can be tension, compression, flexure, or shear. 
(See Reference 8.) 

Figure 2-7 shows the typical behavior of metals that creep. The vertical axis is the 
creep .strain, in units such as in/in or mm/mm, over that which occurs inifially as the load 

' ASTM International. Standard Test Methods and Definitions for Mechanical Testing of Steel Products, 
Standard A370. West Conshohocken. PA: ASTM International, 2003. 
-• ASTM International. Standard Test Metliodsfor High Speed Puncture of Plastics Using Load and 
Displacement Sensors. Standard D3763. West Conshohocken, PA: ASTM International, 2003. 



Section 2-2 • Properties of Materials 41 

FIGURE 2-7 
Typical creep behavior 
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is applied. The horizontal axis is time, typically measured in hours because creep devel
ops slowly over a long term. During the primary portion of the creep strain versus time 
curve, the rate of increase in strain initially rises with a rather steep slope that then de
creases. The slope is constant (straight line) during the secondary portion of the curve. 
Then the slope increases in the tertiary portion that precedes the ultimate fracture of the 
material. 

Creep is measured by subjecting a specimen to a known steady load, possibly through 
application of a dead weight, while the specimen is heated and maintained at a uniform tem
perature. Data for .strain versus time are taken at least into the secondary creep stage and 
possibly all the way to fracture to determine the creep rupture strain. Testing over a range 
of temperatures gives a family of curves that are useful for design. 

Creep can occur for many plastics even at or near room temperature. Figure 2-8 
shows one way that creep data are displayed for plastic materials. (See Reference 8.) It is a 
graph of applied stress versus strain in the member with data shown for a specific tempera
ture ofthe specimen. The curves show the amount of strain that would be developed within 
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the specified times at increasing stress levels. For example, if this material were subjected 
to a constant stress of 5.0 MPa for 5000 hours, the total strain would be 1.0%. That is, the 
specitnen would elongate by an amount 0.01 times the original length. If the stress were 10.0 
MPa for 5000 hours, the total strain would be approximately 2.25%. The designer must take 
this creep strain into account to ensure that the product performs satisfactorily over time. 

Example Problem 2-1 A solid circular bar has a diameter of 5.0 mm and a length of 250 mm. It is made from ny
lon 66 plastic and subjected to a steady tensile load of 240 N. Compute the elongation of 
the bar immediately after the load is applied and after 5000 hr (approximately seven 
months). See Appendix 13 and Figure 2-8 for properties ofthe nylon. 

Solution The stress and deflection immediately after loading will first be computed using funda
mental equations of strength of materials: 

(T = FjA and 8 = FLjEA 

See Chapter 3 for a review of strength of materials. 
Then creep data from Figure 2-8 will be applied to determine the elongation after 

5000 hr. 

Results Stress: 
The cross-sectional area of the bar is 

A = 7TD74 = 77(5.0 mm)-/4 = 19.63 mm" 

CT — 
240 N 

19.63 mm' 
T = 12.2 N/mm- = 12.2 MPa 

Appendix 13 lists the tensile .strength for nylon 66 to be 83 MPa. Therefore, the rod 
is safe from fracture. 

EUmgatiott: 
The tensile modulus of elasticity for nylon 66 is found from Appendix 13 to be 
E = 2900 MPa. Then the initial elongation is. 

8 = 
FL ;240N) (250 mm) 

EA (2900 N/mnr) (19.63 mm-T- = 1.054 mm 

Creep: 
Refen-ing to Figure 2-8 we find that when a tensile stress of 12.2 MPa is applied to the nylon 
66 plastic for 5000 hr. a total strain of approximately 2.95% occurs. This can be expressed as 

e = 2.957c = 0.0295 mm/mm = 8/ L 

Then, 

8 = eL = (0.0295 mm/mm) (250mm) = 7.375 mm 

Comment This is approximately seven times as much deformation as originally experienced when the 
load was applied. So designing with the reported value of modulus of elasticity is not ap-



Section 2-2 • Properties of Materials 43 

propriate when stresses are applied continuously for a long time. We can now compute an 
apparent modulus of elasticity, £„,,,„ for this material at the 5000 hr service life. 

£„,,„ = CT/e = (12.2 MPa)/(0.0295 mm/mm) = 414 MPa 

Relaxation 

A phenomenon related to creep occurs when a member under stress is captured under load, 
giving it a certain fixed length and a fixed strain. Over time, the stress in the member 
would decrea.se, exhibiting a behavior called relaxation. This is important in such appli
cations as clamped joints, press-tit parts, and springs installed with a fixed deflection. 
Figure 2-9 shows the comparison between creep and relaxation. For stresses below ap
proximately 1/3 ofthe ultimate tensile strength ofthe material at any temperature, the ap
parent modulus in either creep or relaxation at any time of loading may be considered 
similar for engineering purposes. Furthermore, values for apparent modulus are the same 
for tension, compression, or flexure. (See Reference 8.) Analysis of relaxation is compli
cated by the fact that as the stress decreases, the rate of creep also decreases. Additional 
material data beyond that typically reported would be required to accurately predict the 
amount of relaxation at any given time. Testing under realistic conditions is recommended. 

Physical Properties 

Here we will discuss density, coefficient of thermal expansion, thermal conductivity, and 
electrical resistivity. 

Density. Density is defined as the tnass per unit volume of a material. Its usual units are 
kg/m"* in the Sl and \hl'\w in the U.S. Customary Unit System, where the pound unit is taken 
to be pounds-mass. The Greek letter rho (p) is the symbol for density. 

FIGURE 2-9 
Comparison of creep 
and relaxation (DuPont 
Polymers, Wilmington, 
DE) 
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In some applications, the term specific weight or weight density is used to indicate the 
weight per unit volume of a material. Typical units are N/m'̂  in the SI and lb/in'' in the U.S. 
Customary Unit System, where the pound is taken to be pounds-force. The Greek letter 
gamma (7) is the symbol for specific weight. 

Coefficient of Thermal Expansion. The coefficient of thermal expansion is a meas
ure of the change in length of a material subjected to a change in temperature. It is defined 
by the relation 

o Coefficient of 
Thermal Expansion a 

change in length strain 

LA^T) (AT) (AT) 
(2-7) 

where L,, = original length 
AT = change in temperature 

Virtually all metals and plastics expand with increasing temperature, but different materi
als expand at difterent rates. For machines and structures containing parts of more than one 
material, the different rates can have a significant effect on the performance ofthe assem
bly and on the stresses produced. 

Thermal Conductivity. Thermal conductivity is the property of a material that indi
cates its ability to transfer heat. Where machine elements operate in hot environments or 
where significant internal heat is generated, the ability ofthe elements or ofthe machine's 
housing to transfer heat away can affect machine performance. For example, wormgear 
speed reducers typically generate frictional heat due to the rubbing contact between the 
worm and the wormgear teeth. If not adequately transferred, heat cau.ses the lubricant to 
lose its effectiveness, allowing rapid gear-tooth wear. 

Electrical Resistivity. For machine elements that conduct electricity while carrying loads, 
the electrical resistivity of the material is as important as its strength. Electrical resistivity is a 
measure of the resistance offered by a given thickness of a material; it is measured in ohm-
centimeters (11 • cm). Electrical conductivit}: a measure of the capacity of a material to con
duct electric current, is sometimes used instead of resistivity. It is often reported as a percentage 
ofthe conductivity of a reference material, usually the Intemational Annealed Copper Standard. 

2-3 
CLASSIFICATION 
OF METALS AND 

ALLOYS 

Various industry associations take responsibility for setting standards for the classification 
of metals and alloys. Each has its own numbering system, convenient to the particular metal 
covered by the standard. But this leads to confusion at fimes when there is overlap between 
two or more standards and when widely different schemes are used to denote the metals. 
Order has been brought to the classification of tnetals by the u.se ofthe Unified Numbering 
Systems (UNS) as defined in the Standard E 527-83 (Reapproved 1997). Standaid Practice 
for Numbering Metals and Alloys (UNS), by the American Society for Testing and Materi
als, or ASTM. (See References 12, 13) Besides listing materials under the control of ASTM 
itself the UNS coordinates designations ofthe following: 

The Aluminum Association (AA) 

The Amencan Iron and Steel Institute (AISI) 

The Copper Development Association (CDA) 

The Society of Automotive Engineers (SAE) 



Section 2-4 • Variability of Material Properties Data 45 

TABLE 2-2 Unified numbering system (UNS) 

Number series Types of metals and alloys 
Responsible 
organization 

Nonferrous metals and alloys 

AOOOOl-
COOOOI-
EOOOOl-
LOOOOl-
MOOOOl 
NOOOOI-
POOOOI-
ROOOOI-
ZOOOOl-

-A99999 
C99999 
E99999 
L99999 
-M99999 
-N99999 
P99999 
•R99999 
Z99999 

Aluminum and aluminum alloys 
Copper and copper alloys 
Rare earth metals and alloys 
Low-melting metals and alloys 
Miscellaneous nonferrous metals and alloys 
Nickel and nickel alloys 
Precious metals and alloys 
Reactive and refractory metals and alloys 
Zinc and zinc alloys 

AA 
CDA 
ASTM 
ASTM 
ASTM 
SAE 
ASTM 
SAE 
ASTM 

Ferrous metals and alloys 

D00001-D99999 
F00001-F99999 
G0000I-G99999 

H0000I-H99999 
J0000I-J99999 
K0000I-K99999 
S00001-S99999 
T0000I-T99999 

Steels; mechanical properties specified 
Cast irons and cast steels 
Carbon and alloy steels 

(includes former SAE carbon and alloy steels) 
H-steels; specified hardenability 
Cast steels (except tool steels) 
Miscellaneous steels and ferrous alloys 
Heat- and corrosion-resistant (stainless) steels 
Tool steels 

SAE 
ASTM 
AISI 

AISI 
ASTM 
ASTM 
ASTM 
AISI 

The primary series of numbers within UNS are listed in Table 2-2, along with the organi
zation having responsibility for assigning numbers within each series. 

Many alloys within the UNS retain the familiar numbers from the systems used for 
many years by the various associations as a part of the UNS number. Examples are shown 
in Section 2-5 for carbon and alloy steel. Also, the former designations remain widely u.sed. 
For these reasons, this book will use the four-digit designation system of the AISI as de
scribed in Section 2-5 for most machine steels. Many of the designations of the SAE use 
the same four numbers. We will also use the designation sy.stems of the ASTM when re
ferring to structural steels and cast irons. 

2-4 
VARIABILITY 

OF MATERIAL 
PROPERTIES 

DATA 

Tables of data such as those shown in Appendices 3 through 13 normally report single val
ues for the strength, the modulus of elasficity (stiffness), or the percent elongafion (ductility) 
of a particular material at a particular condition created by heat treatment or by the manner 
in which it was formed. It is important for you to understand the limitations of such data in 
making design decisions. You should seek information about the bases for the reported data. 

Some tables of data report guaranteed minimum values for tensile strength, yield 
strength, and other values. This might be the case when you are using data obtained from a 
particular supplier. With such data, you should feel confident that the material that actually 
goes into your product has at least the reported strength. The supplier should be able to pro
vide actual test data and statistical analyses used to determine the reported minimum 
strengths. Alternatively, you could arrange to have the actual materials to be used in a proj
ect tested to determine their minimum strength values. Such tests are costly, but they may 
be jusfified in critical designs. 

Other tables of data report typical values for material properties. Thus, most batches 
of material (greater than 50%) delivered will have the stated values or greater. However. 
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about 50% will have lower values, and this fact will affect your confidence in specifying a 
particular material and heat treatment if strength is critical. In such cases, you are advised 
to use higher than average design factors in your calculations of allowable (design) strength. 
(See Chapter 5.) 

Using the guaranteed minimum values for strength in design decisions would be the 
safest approach. However, it is very conservative because most ofthe material actually de
livered would have strengths significantly greater than the listed values. 

One way to make the design more favorable is to acquire data for the statistical dis
tribution of strength values taken for many samples. Then applications of probability theo
ries can be used to specify suitable conditions for the material with a reasonable degree of 
confidence that the parts will perform according to specificafions. Figure 2-10 illustrates 
some of the basic concepts of statistical distribution. The variation of strength over the en
tire population of samples is often assumed to have a normal distribution around some mean 
or average value. If you used a strength value that is one standard deviation ( ICT) below the 
mean. 84% of the products would survive. At two standard deviations, greater than 97% 
would survive; at three standard deviations, more than 99.8%; and at four standard devia
fions, more than 99.99%. 

As the designer, you must carefully judge the reliability ofthe data that you use. Ul
timately, you should evaluate the reliability of the final product by considering the actual 
variations in material properties, the manufacturing considerations that may affect per
formance, and the interactions of various components with each other. There is more dis
cussion on this point in Chapter 5. 

2-5 
CARBON AND 
ALLOY STEEL 

Steel is possibly the most widely used material for machine elements because of its prop
erties of high strength, high stiffness, durability, and relafive ease of fabrication. Many types 
of steels are available. This section will discuss the methods used for designating steels and 
will describe the most frequenfiy used types. 

The term steel refers to an alloy of iron, carbon, manganese, and one or more other 
significant elements. Carbon has a very strong effect on the strength, hardness, and ductil
ity of any steel alloy. The other elements affect hardenability, toughness, corrosion resist
ance, machinability, and strength retention at high temperatures. The primary alloying 
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F I G U R E 2 - 1 1 S tee l General Form of Designation 

designation system AISI XX XX 

Examples 

AISI 

1— Carbon content 

' Specific alloy in the group 

'— Alloy group: indicates major 
alloying elements 

0 20 
JL^I—j-l 

0.20% Carbon 
— No other major alloying 

element besides carbon 
Carbon steel 

AISI .4 3 ^ 
•^ 0.40% Carbon 

— Nickel and chromium added 
in specified concentrations 

Molybdenum alloy steel 

elements present in the various alloy steels are sulfur, phosphorus, silicon, nickel, 
chromium, molybdenum, and vanadium. 

Designation Systems 

The AISI uses a four-digit designation system for carbon and alloy steel as shown in Figure 
2-11. The first two digits indicate the specific alloy group that identifies the primary alloy
ing elements other than carbon in the steel. (See Table 2-3.) The last two digits indicate the 
amount of carbon in the steel as described next. 

Importance of Carbon 

Although most steel alloys contain less than 1.0% carbon, it is included in the designation 
because of its effect on the properties of steel. As Figure 2-11 illustrates, the last two dig
its indicate carbon content in hundredths of a percent. For example, when the last two dig
its are 20. the alloy includes approximately 0.20% carbon. Some variation is allowed. The 
carbon content in a steel with 20 points of carbon ranges from 0.18% to 0.23%. 

As carbon content increa.ses, strength and hardness also increase under the same 
condifions of processing and heat treatment. Since ductility decreases with increasing car
bon content, selecting a suitable steel involves some compromise between strength and 
ductility. 

As a rough classification scheme, a low-carbon steel is one having fewer than 30 
points of carbon (0.30%). These steels have relatively low strength but good forinability. In 
machine element applications where high .strength is not required, low-carbon steels are fre
quently specified. If wear is a potential problem, low-carbon steels can be carburized (as 
discussed in Secfion 2-6) to increase the carbon content in the very outer surface ofthe part 
and to improve the combination of properties. 

Medium-carbon steels contain 30 to 50 points of carbon (0.30%-0.50%). Most ma
chine elements having moderate to high strength requirements with fairly good ductility 
and moderate hardness requirements come from this group. 

High-carbon steels have 50 to 95 points of carbon (0.50%-0.95%). The high carbon 
content provides better wear properties suitable for applications requiring durable cutting 
edges and for applications where surfaces are subjected to constant abrasion. Tools, kni\ es, 
chisels, and many agricultural implement components are among these uses. 
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TABLE 2 - 3 Alloy groups in the AISI numbering system 

lOxx Plain carbon steel: No significant alloying element except carbon and manganese; less 
than 1.0% manganese. Also called nonresulfurized. 

1 Ixx Free-cutting steel: Resulfurized. Sulfur content (typically 0.10%) improves machinability. 
12xx Free-cutting steel: Resulfurized and rephosphorized. Presence of increased sulfur and 

phosphorus improves machinability and surface finish. 
I2Lxx Free-cutting steel: Lead added to 12xx steel further improves machinability. 
13xx Manganese steel: Nonresulfurized. Presence of approximately 1.75% manganese 

increases hardenability. 
15xx Carbon steel: Nonresulfurized; greater than 1.0% manganese. 
23xx Nickel steel: Nominally 3.5% nickel. 
25xx Nickel steel: Nominally 5.0% nickel. 
3Ixx Nickel-chromium steel: Nominally 1.25% Ni; 0.65% Cr. 
33xx Nickel-chromium steel: Nominally 3.5% Ni; 1.5% Cr. 
40xx Molybdenum steel: 0.25% Mo. 
4Ixx Chromium-molybdenum steel: 0.95% Cr; 0.2% Mo. 
43xx Nickel-chromium-molybdenum steel: 1.8% Ni; 0.5% or 0.8% Cr; 0.25% Mo. 
44xx Molybdenum steel: 0.5% Mo. 
46xx Nickel-molybdenum steel: 1.8% Ni; 0.25% Mo. 
48xx Nickel-molybdenum steel: 3.5% Ni; 0.25% Mo. 
5xxx Chromium steel: 0.4% Cr. 
51XX Chromium steel: Nominally 0.8% Cr. 
51100 Chromium steel: Nominally 1.0% Cr; bearing steel, 1.0% C. 
52100 Chromium steel: Nominally 1.45% Cr; bearing steel, 1.0% C. 
6Ixx Chromium-vanadium steel: 0.50%-!.10% Cr; 0.15% V. 
86xx Nickel-chromium-molybdenum steel: 0.55% Ni; 0.5% Cr; 0.20% Mo. 
87xx Nickel-chromium-molybdenum steel: 0.55% Ni; 0.5% Cr; 0.25% Mo. 
92xx Silicon steel: 2.0% silicon. 
93xx Nickel-chromium-molybdenum steel: 3.25% Ni; 1.2% Cr; 0.12% Mo. 

A bearing steel nominally contains 1.0% carbon. Common grades are 50100, 51100, 

and 52100; the usual four-digit designation is replaced by five digits, indicating 100 points 

of carbon. 

Alloy Groups 

As indicated in Table 2-3, sulfur, phosphorus, and lead improve the machinability of steels 
and are added in significant amounts to the 1 Ixx. 12xx, and 12Lxx grades. These grades 
are used for screw machine parts requiring high production rates where the resulting parts 
are not subjected to high stresses or wear conditions. In the other alloys, these elements are 
controlled to a very low level because of their adverse effects, such as increased brittleness. 

Nickel improves the toughness, hardenability, and corrosion resistance of steel and is 
included in most of the alloy steels. Chromium improves hardenability, wear and abrasion 
resistance, and strength at elevated temperatures. In high concentrations, chromium pro
vides significant corrosion resistance, as discussed in the section on stainless steels. Molyb
denum also improves hardenability and high-temperature strength. 

The steel selected for a particular application must be economical and must provide 
optimum properties of strength, ductility, toughness, machinability, and formability. Fre
quently, metallurgists, manufacturing engineers, and heat treatment specialists are con
sulted. (See also References 4, 14, 16, and 24.) 

Table 2 ^ lists some common steels used for machine parts, with typical applications 
listed for the alloys. You should benefit from the decisions of experienced designers when 
specifying materials. 
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TABLE 2-4 Uses of some steels 

UNS number AISI number Applications 

G10150 
G10300 
G10400 
G10800 

G1II20 
G12144 
G41400 
G43400 
G464()0 
G515()0 
G51601 
G52986 
G61500 
G86500 
G92600 

1015 
1030 
1040 
1080 

1112 
12L14 
4140 
4340 
4640 
5150 

51B60 
E52100 

6150 
8650 
9260 

Ft)rmed sheet-metal parts; machined parts (may be carburi/cd) 
General-purpose, bar-shaped parts, levers, links, keys 
Shafts, gears 
Springs; agricultural equipment parts subjected tt) abrasion (rake teeth, disks, 

plowshares, mower teeth) 
Screw machine parts 
Parts requiring good machinability 
Gears, shafts, forgings 
Gears, shafts, parts requiring good through-hardening 
Gears, shafts, cams 
Heavy-duty shafts, springs, gears 
Shafts, springs, gears with improved hardenability 
Bearing races, balls, rollers (bearing steel) 
Gears, forgings. shafts, springs 
Gears, shafts 
Springs 

Examples of the Relationships between 
AISI and UNS Numbering Systems 

Table 2—1 presents both the AISI and the UNS designations for the listed steels. Notice that 
for most carbon and alloy steels, the four-digit AISI number becomes the first fiiur digits of 
the UNS number. The final digit in the UNS number is typically zero. 

There are some exceptions, however. For high-carbon-bearing steels made in an 
electric furnace, such as AISI E52100, the UNS designation is G52986. Leaded steels 
have extra lead to improve machinability. and they have the letter L added between the 
second and third digits of the AISI number such as AISI I2L14, which becomes UNS 
G12144. Extra boron is added to some special alloys to improve hardenability. For ex
ample, alloy AISI 5160 is a chromium steel that carries the UNS designation G51600. But 
a similar alloy with added boron is AISI 51B60, and it carries the UNS designation 
G51601. 

2-6 
CONDITIONS 
FOR STEELS 

AND HEAT 
TREATMENT 

The final properties of steels are dramatically affected by the way the steels are produced. 
Some processes involve mechanical working, such as rolling to a particular shape or draw
ing through dies. In machine design, many bar-shaped pails, shafts, w ire, and structural mem
bers are produced in these ways. But most machine parts, particularly those canying heavy 
loads, are heat-treated to produce high strength w ith acceptable toughness and ductility. 

Carbon steel bar and sheet forms are usually delivered in thc as-rolled condition: that 
is, they are rolled at an elevated temperature that eases thc rolling piocess. The rolling can 
also be done cold to improve strength and surface finish. Cold-drawn bar and w irc ha\ e the 
highest strength ofthe worked forms, along with a very good surface finish. Howexer. w hen 
a material is designated to be as-rolled, it should be assumed that it was hot-rolled. 

Heat Treating 

Heat treating is any process in which steel is subjected to elevated temperatures to modify 
its properties. Ofthe several processes available, those most used for machine steels are an
nealing, normalizing, through-hardening (quench and temper), and case hardening. (See 
References 3 and 15.) 
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FIGURE 2-12 Heat 
treatments for siccl 
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Note: 
RT = room temperature 
LC = louer critical temperature 
UC = upper critical temperature 

Figure 2-12 shows the temperature-time cycles for these heat treatment processes. 
The symbol RT indicates normal room temperature, and LC refers to the lower critical tem
perature at which the transformation of femte to austenite begins during the heating ofthe 
steel. At the upper critical temperature (UC), the transformation is complete. These tem
peratures vary with the composition ofthe steel. For most medium-carbon (0.30%-0.50% 
carbon) steels, UC is approximately 1500 F (822'"C). References giving detailed heat treat
ment process data should be consulted. 

Annealing. Full annealing [Figure 2-12(a)] is performed by heating the steel above the 
upper critical temperature and holding it until the composition is uniform. Then the steel is 
cooled very slowly in the furnace to below the lower critical temperature. Slow cooling to 
room temperature outside the furnace completes the process. This treatment produces a 
soft, low-strength form of the material, free of significant internal stresses. Parts are fre
quently cold-fi)rmed or machined in the annealed condition. 

Stress relief annealing (Figure 2-12(b)] is often used following welding, machining, 
orct)ld forming tt) relieve residual stresses and thereby minimize subsequent distortion. The 
steel is heated to approximately lOOO'F to 1200T (540 •C-650X), held to achieve unifor
mity, and then slowly cooled in still air to room temperature. 
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Normalizing. Normalizing IFigure 2-12(c)] is performed in a similar manner to an
nealing, but at a higher temperature, above the transfi)rmation range where austenite is 
formed, approximately 1600"F (870"^C). The result is a unifi)rm internal structure in thc 
steel and somewhat higher strength than annealing produces. Machinability and toughness 
are usually iinproved over the as-rolled condition. 

Through-hardening and Quenching and Tempering. Through-hardening (Figure 
2-12(d)l is accomplished by heating the steel to above the transformation range where 
austenite forms and then rapidly cooling it in a quenching inedium. The rapid cooling 
causes the formation of martensite, the hard, strong form of steel. The degree to which 
martensite forms depends on the alloy's composition. An alloy containing a minimum of 
80% of its structure in the martensite form over the entire cross section has high harden
ability. This is an important property to look for when selecting a steel requiring high 
strength and hardness. The common quenching media are water, bilne, and special mineral 
oils. The selection of a quenching medium depends on the rate at which cooling should pro
ceed. Most machine steels use either oil or water quenching. 

Tempering is usually performed immediately after quenching and involves reheat
ing the steel to a temperature of 400'F to 1300°F (2()0X-7()()'C) and then slowly cool
ing it in air back to room temperature. This process modifies the steel's properties: 
Tensile strength and yield strength decrease with increasing tempering temperature, 
whereas ductility improves, as indicated by an increase in the percent elongation. Thus, 
the designer can tailor the properties ofthe steel to meet specific requirements. Further
more, the steel in its as-quenched condition has high internal stresses and is usually quite 
brittle. Machine parts should normally be tempered at 700' F (370"'C) or higher after 
quenching. 

To illustrate the effects of tempering on the properties of steels, several charts in 
Appendix 4 show graphs of strength versus tempering temperature. Included in these charts 
are tensile strength, yield point, percent elongation, percent reduction of area, and hardness 
number HB. all plotted in relation to tempering temperature. Note the difference in the 
shape ofthe curves and the absolute values ofthe strength and hardness when comparing 
the plain carbon AISI 1040 steel with the alloy steel AISI 4340. Although both have the 
same nominal carbon content, the alloy steel reaches a much higher strength and hardness. 
Note also the as-quenched hardness in the upper right part of the heading of the charts; it 
indicates the degree to which a given alloy can be hardened. When the case-hardening 
processes (described next) are used, the as-quenched hardness becomes very important. 

Appendix 3 lists the range of properties that can be expected for several grades of cai'-
bon and alloy steels. The alloys are listed with their AISI numbers and conditions. For the 
heat-treated conditions, the designation reads, for example, AISI 4340 OQT 1000, which 
indicates that the alloy was oil-quenched and tempered at 1000 F. Expressing the proper
ties at the 400°F and 1300'̂ F tempering temperatures indicates the end-points of the possi
ble range of properties that can be expected for that alloy. To specify a strength between 
the.se limits, you could refer to graphs such as those shown in Appendix 4, or you could de
termine the required heat treatment process froin a specialist. For the purposes of material 
specification in this book, a rough interpolation between given values will be satisfactory. 
As noted before, you should seek more specific data for ciltical designs. 

Case Hardening. In many cases, the bulk of the part requires only moderate strength 
although the surface must have a very high hardness. In gear teeth, for example, high sur
face hardness is necessary to resist wear as the mating teeth come into contact several mil
lion times during the expected life of the gears. At each contact, a high stress develops at 
the surface of the teeth. For applications such as this, ca.se hardening is used; the surface 

http://the.se
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FIGURE 2-13 
Typical case-hardened 
gear-tooth section 

(or case) of the part is given a high hardness to a depth of perhaps 0.010 to 0.040 in 
(0.25-1.00 mm), although the interior ofthe part (the core) is affected only slightly, if 
at all. The advantage of surface hardening is that as the surface receives the required 
wear-resisting hardness, the core of the part remains in a more ductile form, resistant to 
impact and fatigue. The processes used most often for case hardening are flame harden
ing, induction hardening, carburizing, nitriding. cyaniding. and carbo-nitriding. (See 
Reference 17.) 

Figure 2-13 shows a drawing of a typical case-hardened gear-tooth section, clearly 
showing the hard case surrounding the softer, more ductile core. Case hardening is used in 
applications requiring high wear and abrasion resistance in normal service (gear teeth, 
crane wheels, wire-rope sheaves, and heavy-duty shafts). 

The most commonly used processes for case hardening are described in the follow
ing list. 

1. Flame hardening and induction hardening: The processes of flame hardening 
and induction hardening involve the rapid heating of the surface of the part for a 
limited time so that a small, controlled depth of the material reaches the transfor
mation range. Upon immediate quenching, only that part above the transformation 
range produces the high level of martensite required for high hardness. 

Flame hardening uses a concentrated flame impinging on a localized area for 
a controlled amount of time to heat the part, followed by quenching in a bath or 
by a stream of water or oil. Inductioti hardening is a process in which the part is 
surrounded by a coil through which high-frequency electric current is passed. Be
cause of the electrical conductivity of the steel, current is induced primarily near 
the surface of the part. The resistance of the material to the flow of current results 
in a heating effect. Controlling the electrical power and the frequency of the in
duction system, and the time of exposure, determines the depth to which the ma
terial reaches the transformation temperature. Rapid quenching after heating 
hardens the surface. (See Reference 26.) 

Note that for flame or induction hardening to be effective, the material must 
have a good hardenability. Usually the goal of case hardening is to produce a case 
hardness in the range of Rockwell C hardness HRC 55 to 60 (Brinell hardness ap
proximately HB 550 to 650). Therefore, the material must be capable of being 
hardened to the desired level. Carbon and alloy steels with fewer than 30 points 
of carbon typically cannot meet this requirement. Thus, the alloy steels with 40 
points or more of carbon are the usual types given flame- or induction-hardening 
treatments. 

2. Carburizing, nitriding, cyaniding, and carbo-nitriding: The remaining case-
hardening processes—carburizing, nitriding, cyaniding. and carbo-nitriding—ac
tually alter the composition of the surface of the material by exposing it to 
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carbon-bearing gases, liquids, or solids at high temperatures that produce carbon 
and diffuse it into the surface ofthe part. The concentration and the depth of pen-
etrafion of carbon depend on the nature of the carbon-bearing material and the 
fime of exposure. Nitriding and cyaniding typically result in very hard, thin cases 
that are good for general wear resistance. Where high load-carrying capability in 
addifion to wear resistance is required, as with gear teeth, carburizing is preferred 
because of the thicker case. 

Several steels are produced as carburizing grades. Among these are 1015, 
1020, 1022, 1117, 1118. 4118, 4320, 4620, 4820, and 8620. Appendix 5 lists the 
expected properties of these carburized steels. Note when evaluating a material for 
use that the core properties determine its ability to withstand prevailing stresses, 
and the case hardness indicates its wear resistance. Carburizing, properly done, 
will virtually always produce a case hardness from HRC 55 to 64 (Rockwell C 
hardness) or from HB 550 to 700 (Brinell hardness). 

Carburizing has several variations that allow the designer to tailor the prop
erties to meet specific requirements. The exposure to the carbon atmosphere takes 
place at a temperature of approximately 1700°F (920''C) and usually takes 8 h. Im
mediate quenching achieves the highest strength, although the case is somewhat 
brittle. Normally, a part is allowed to cool slowly after carburizing. It is then re
heated to approximately 1500°F (815°C) and then quenched. A tempering at the 
relatively low temperature of either 300°F or 450°F (150°C or 230°C) follows, to 
relieve stresses induced by quenching. As shown in Appendix 5, the higher tem
pering temperature lowers the core strength and the case hardness by a small 
amount, but in general it improves the part's toughness. The process just described 
is single quenching and tempering. 

When a part is quenched in oil and tempered at 450°F, for example, the con
dition is case hardening by carburiziitg. SOQT450, Reheating after the first quench 
and quenching again further refines the case and core properties; this process is case 
hardening by carburizing, DOQT450. These conditions are listed in Appendix 5. 

2—7 The term stainless steel characterizes the high level of corrosion resistance offered by al-
STAINLESS loys in this group. To be classified as a stainless steel, the alloy must have a chromium con-

STEELS tent of at least 10%. Most have 12% to 18% chromium. (See Reference 5.) 
The AISI designates most stainless steels by its 200, 300, and 400 series. As men

tioned previously (Section 2-3), another designation system is the unified numbering sys
tem (UNS) developed by the SAE and the ASTM. Appendix 6 lists the properties of several 
grades, giving both designations. 

The three main groups of stainless steels are austenitic, ferritic, and martensitic. 
Austenitic stainless steels fall into the AISI 200 and 300 series. They are general-purpose 
grades with moderate strength. Most are not heat-treatable, and their final properties are de
termined by the amount of working, with the resulting temper referred to as 1/4 hard, 1/2 
hard, 3/4 hard, and full hard. These alloys are nonmagnetic and are typically used in food 
processing equipment. 

Ferritic stainless steels belong to the AISI 400 series, designated as 405, 409, 430, 
446, and so on. They are magnetic and perform well at elevated temperatures, from 1300°F 
to 1900°F (700°C-1040°C), depending on the alloy. They are not heat-treatable, but they 
can be cold-worked to improve properties. Typical applications include heat exchanger tub
ing, petroleum refining equipment, automotive trim, furnace parts, and chemical equipment. 

Martensitic stainless steels are also members of the AISI 400 series, including 403, 
410, 414, 416, 420, 431, and 440 types. They are magnetic, can be heat-treated, and have 
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higher strength than the 200 and 300 series, while retaining good toughness. Typical uses 
include turbine engine parts, cutlery, .scissors, pump parts, valve parts, surgical instruments, 
aircraft fittings, and marine hardware. 

There are many other grades of stainless steels, many of which are proprietary to par
ticular manufacturers. A group used for high-strength applications in aerospace, marine, 
and vehicular applications is of the precipitafion-hardening type. They develop very high 
strengths with heat treatments at relatively low temperatures, from 900°F to 1150°F 
(480°C-620°C). This characterisfic helps to minimize distortion during treatment. Some 
examples are 17-4PH, 15-5PH, 17-7PH, PH15-7Mo, and AMS362 stainless steels. 

2-8 
STRUCTURAL 

STEEL 

Most structural steels are designated by ASTM numbers established by the American So
ciety for Tesfing and Materials. One common grade is ASTM A36, which has a minimum 
yield point of 36 000 psi (248 MPa) and is very ducfile. It is basically a low-carbon, hot-
rolled steel available in sheet, plate, bar, and structural shapes such as some wide-flange 
beams, American Standard beams, channels, and angles. The geometric properties of some 
of each ofthese sections are listed in Appendix 16. 

Most wide-flange beams (W-shapes) are currently made using ASTM A992 structural 
.steel, which has a yield point of 50 to 65 ksi (345 to 448 MPa) and a minimum tensile strength 
of 65 ksi (448 MPa). An additional requirement is that the maximum rafio ofthe yield point 
to the tensile strength is 0.85. This is a highly ductile steel, having a minimum of 21% elon
gation in a 2.00-inch gage length. Using this steel instead ofthe lower .strength ASTM A36 
steel typically allows smaller, lighter structural members at little or no additional cost. 

Hollow structural sections (HSS) are typically made from ASTM A500 steel that is 
cold-formed and either welded or made seamless. Included are round tubes and square and 
rectangular shapes. Note in Appendix 7 that there are different strength values for round 
tubes as compared with the shaped forms. Also, several strength grades can be specified. 
Some of these HSS products are made from ASTM A501 hot-formed steel having proper
ties similar to the ASTM A36 hot-rolled steel shapes. 

Many higher-strength grades of structural steel are available for use in construction, 
vehicular, and machine applications. They provide yield points in the range from 42 000 to 
100 000 psi (290-700 MPa). Some of these grades, referred to as high-strength, low-alloy 
(HSLA) steels, are ASTM A242, A440, A514. A572, and A588. 

Appendix 7 lists the properties of several structural steels. 

2-9 
TOOL STEELS 

The term tool steels refers to a group of steels typically used for cutting tools, punches, dies, 
shearing blades, chisels, and similar uses. The numerous varieties of tool steel materials 
have been classified into seven general types as shown in Table 2-5. Whereas most uses of 
tool steels are related to the field of manufacturing engineering, they are also pertinent to 
machine design where the ability to maintain a keen edge under abrasive conditions is re
quired (Type H and F). Also, some tool steels have rather high shock resistance which may 
be desirable in machine components such as parts for mechanical clutches, pawls, blades, 
guides for moving materials, and clamps (Types S, L, F, and W). (See Reference 6 for a 
more extensive discussion of tool steels.) 

2 - 1 0 Large gears, machine structures, brackets, linkage parts, and other important machine 
CAST IRON parts are made from cast iron. The several types of grades available span wide ranges of 

strength, ductility, machinability, wear resistance, and cost. These features are attractive 
in many applications. The three most commonly used types of cast iron are gray iron, 
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TABLE 2-5 Examples of tool steel types 

General type 

High-speed 

Hot-worked 

Cold-worked 

Shock-resisting 

Molded steels 

Special-purpose 

Water-hardened 

Type 
symbol 

M 

T 

H 

D 

A 

O 

S 

P 

L 

F 

W 

Specific types 

Major alloying 
elements 

Molybdenum 

Tungsten 

Chromium 

Tungsten 

Molybdenum 

High-carbon, 
high-chromium 

Medium-alloy, 
air-hardening 

Oil-hardening 

Low-alloy types 

Carbon-tungsten 
types 

Examples 

AISI No. 

M2 
MIO 
M42 

Tl 
T15 
HIO 

H21 

H42 

D2 

A2 

01 

Sl 

P2 

L2 

Fl 

Wl 

UNS No. 

T11302 
TI I3I0 
TII342 

TI200I 
TI20I5 
T20810 

T20821 

T20842 

T30402 

T30102 

T3150I 

T4190I 

T51602 

T61202 

T6060I 

T72301 

Typical uses (and other common alloys) 

General-purpose tool steels for cuuing tools and 
dies for forging, extmsion, bending, drawing, and 
piercing (Ml, M3, M4-M7, M30, M34. M.̂ 6. 
M41-M47) 

Similar to uses for M-types (T2, T4, T5, T6, T8) 

Cold-heading dies, shearing knives, aircraft parts, 
low-temperature extrusion and die-casting dies 
(HI-H19) 

Higher-temperature dies, hot shearing knives 
(H20-H39) 

Applications that tend to produce high wear 
(H40-H59) 

Stamping dies, punches, gages (D3-D5, D7) 

Punches, thread-rolling dies, die-casting dies 
(A3-A10) 

Taps, reamers, broaches, gages, jigs and fixtures, 
bushings, machine tool arbors, tool shanks 
(02,06,07) 

Chisels, pneumatic tools, heavy-duty punches, 
machine parts subject to shocks (S2, S4-S7) 

Plastic molding dies, zinc die-casting dies 
(P3-P6, P20, P21) 

Tooling and machine parts requiring high 
toughness (L3, L6) 

Similar to L-types but with higher abrasion 
resistance (F2) 

General-purpose tool and die uses, vise and 
chuck jaws, hand tools, jigs and fixtures, 
punches (W2,W5) 

ductile iron, and malleable iron. Appendix 8 lists the properties of several cast irons. 
(See also Reference 9.) 

Gray iron is available in grades having tensile strengths ranging from 20 000 to 
60 000 psi (138^14 MPa). Its ultimate compressive strength is much higher, three to five 
fimes as high as the tensile strength. One disadvantage of gray iron is that it is brittle and 
therefore should not be used in applications where impact loading is likely. But it has ex
cellent wear resistance, is relatively easy to machine, has good vibration damping ability, 
and can be surface-hardened. Applications include engine blocks, gears, brake parts, and 
machine bases. The gray irons are rated by the ASTM specification A48-94a in classes 20, 
25, 30, 40, 50, and 60, where the number refers to the ininimum tensile strength in 
kips/in"(ksi). For example, class 40 gray iron has a minimum tensile strength of 40 ksi or 
40 000 psi (276 MPa). Because it is britfie, gray iron does not exhibit the property of yield 
strength. 

Malleable iron is a group of heat-treatable cast irons with moderate to high strength. 
high modulus of elasticity (stiffness), good machinability. and good wear resistance. The 
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five-digit designation roughly indicates the yield strength and the expected percent elon
gation ofthe iron. For example. Grade 40010 has a yield strength of 40 ksi (276 MPa) and 
a 10% elongation. The strength properties listed in Appendix 8 are for the non-heat-treated 
condition. Higher strengths would result from heat treating. See ASTM specifications 
A 47-99 and A 220-99. 

Ductile irons have higher strengths than the gray irons and, as the name implies, are 
more ductile. However, their ductility is still much lower than that of typical steels. A 
three-part grade designation is u.sed for ductile iron in the ASTM A536-84 specificafion. 
The first number refers to the tensile strength in ksi, the second is the yield strength in ksi, 
and the third is the approximate percent elongation. For example, the grade 80-55-06 has 
a tensile strength of 80 ksi (552 MPa). a yield strength of 55 ksi (379 MPa), and a 6% elon
gation in 2.00 in. Higher-strength cast parts, such as crankshafts and gears, are made from 
ductile iron. 

Austempered ductile iron (ADI) is an alloyed and heat-treated ductile iron. (See Ref
erence 9.) It has attractive properties that lead to its use in transportation equipment, in
dustrial machinery, and other applications where the low cost, good machinability, high 
damping characteristics, good wear resistance, and near-net-shape advantages of casting 
offer special benefits. Examples are drive train gears, parts for constant velocity joints, and 
suspension components. ASTM Standard 897-90 lists five grades of ADI ranging in ten
sile strength from 125 ksi (850 MPa) to 230 ksi (1600 MPa). Yield strengths range from 80 
ksi (550 MPa) to 185 ksi (1300 MPa). Ductility decreases with increasing strength and 
hardness with percent elongation values in the range from approximately 10% to less than 
1%. ADI begins as a conventional ductile iron with careful control of composition and the 
casting process to produce a sound, void-free casting. Small amounts of copper, nickel, and 
molybdenum are added to enhance the metal's response to the special heat treatment cycle 
shown in Figure 2-14. It is heated to the austenitizing temperature (1550° to 1750°F. or 
843° to 954°C) depending on the composition. It is held at that temperature for one to three 
hours as the material becomes fully austenitic. A rapid quench follows in a medium at 460° 
to 750°F (238° to 400°C). and the casting is held at this temperature for one-half to four 
hours. This is the austempering part of the cycle during which all of the material is con
verted to a mixture of mostly austenite and ferrite. somefimes called ausferrite. It is im
portant that neither pearlite nor bainite form during this cycle. The casting is then allowed 
to cool to room temperature. 

2—11 Making parts with intricate shapes by powder metallurgy can sometimes eliminate the need 
POWDERED for extensive machining. Metal powders are available in many formulafions whose proper-

METALS ties approach those of the wrought form of the metal. The processing involves preparing a 
preform by compacting the powder in a die under high pressure. Sintering at a high tem
perature to fuse the powder into a uniform mass is the next step. Re-pressing is sometimes 
done to improve properties or dimensional accuracy of the part. Typical parts made by the 
powder metallurgy (PM) process are gears, gear segments, cams, eccentrics, and various 
machine parts having oddly shaped holes or projections. Dimensional tolerances of 0.001 
to 0.005 in (0.025-0.125 mm) are typical. 

One disadvantage of PM parts is that they are usually brittle and should not be used 
in applications where high-impact loading is expected. Another important applicafion is in 
sintered bearings, which are made to a relatively low density with consequent high poros
ity. The bearing is impregnated with a lubricant that may be sufficient for the life ofthe part. 
This type of material is discussed further in Chapter 16. 

Manufacturers of metal powders have many proprietary formulations and grades. 
However, the Metal Powder Industries Federation (MPIF) is promoting standardizafion of 
materials. Figure 2-15 shows photographs of some powder metal parts. (See Reference 3.) 
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FIGURE 2-14 Heat 
treatment cycle for 
austempered ductile 
iron (ADI) 

FIGURE 2-15 
Examples of powder 
metal components 
(GKN Sinter Metals 
Auburn Hills, MI) 
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2-12 
ALUMINUM 

Aluminum is widely used for structural and mechanical applications. Chief among its at
tractive properties are light weight, good corrosion resistance, relative ease of forming and 
machining, and pleasing appearance. Its density is approximately one-third that of steel. 
However, its strength is somewhat lower, also. (See References 1, 8, and 12.) Table 2-6 lists 
the commonly used alloy groups. 

The standard designations for aluminum alloys listed by the Aluminum Association 
use a four-digit system. The first digit indicates the alloy type according to the major al
loying element. The second digit, if it is other than zero, indicates modifications of another 
alloy or limits placed on impurities in the alloy. The presence of impurities is particularly 
important for electrical conductors. Within each group are several specific alloys, indicated 
by the last two digits in the designation. 

Table 2-7 lists several common alloys, along with the forms in which they are typi
cally produced and some of their major applications. The table also lists several of the 50 
or more available alloys that span thc range of typical applications. The table should aid you 
in selecting a suitable alloy for a particular application. 

TABLE 2-6 Aluminum alloy groups 

Alloy designations (by major alloying element) 

IXXX 99.00% or greater aluminum content 

2xxx Copper 
3xxx Manganese 
4xxx Silicon 
5xxx Magnesium 
6xxx Magnesium and silicon 
7xxx Zinc 
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TABLE 2-7 Common aluminum alloys and their uses 

A llov Applications Forms 

1060 
1350 
2014 
2024 
2219 
3003 

5052 
6061 
6063 
7001 

7075 

Chemical equipment and tanks 
Electrical conductors 
Aircraft structures and \ehicle frames 
Aircraft structures, wheels, machine parts 
Parts subjected to high temperatures (to 600"F) 
Chemical equipment, tanks, cooking utensils, architectural parts 

Hydraulic tubes, appliances, sheet-metal fabrications 
Structures, vehicle frames and parts, marine uses 
Furniture, architectural hardware 
High-strength structures 
Aircraft and heavy-duty structures 

Sheet, plate, tube 
Sheet, plate, tube, rod, bar, wire, pipe, shapes 
Sheet, plate, tube, rod, bar. wire, shapes, forgings 
Sheet, plate, tube, rod. bar, wire, shapes, rivets 
Sheet, plate, tube, rod, bar, shapes, forgings 
Sheet, plate, tube, rod, bar, wire, shapes, pipe. 

rivets, forgings 
Sheet, plate, tube, rod, bar, wire, rivets 
All forms 
Tube, pipe, extruded shapes 
Tube, extruded shapes 
All forms except pipe 

The mechanical properties of the aluminum alloys are highly dependent on their con
dition. For this reason, the specification of an alloy is incomplete without a reference to its 
temper. The following list describes the usual tempers given to aluminum alloys. Note that 
some alloys respond to heat treating, and others are processed by strain hardening. Strain 
hardening is controlled cold working ofthe alloy, in which increased working increases hard
ness and strength while reducing ductility. Commonly available tempers ai'e described next. 

F (as-fabricated): No special control of properties is provided. Actual limits are un
known. This temper should be accepted only when the part can be thoroughly tested 
prior to service. 

O (annealed): A thermal treatment that results in the softest and lowest strength con
dition. Sometimes specified to obtain the most workable form of the alloy. The re
sulting part can be heat-treated for improved properties if it is made from alloys in 
the 2xxx. 4xxx. 6xxx, or 7xxx series. Also, the working itself may provide some im
provement in properties similar to that produced by strain hardening for alloys in the 
Ixxx. 3xxx. and 5xxx series. 

H (strain-hardened): A process of cold working under controlled conditions that 
produces improved, predictable properties for alloys in the Ixxx. 3xxx. and 5xxx 
groups. The greater the amount of cold work, the higher the strength and hardness, 
although the ductility is decreased. The H designation is followed by two or more dig
its (usually 12. 14, 16, or 18) that indicate progressively higher strength. However, 
several other designations are used. 

T (heat-treated): A series of controlled heating and cooling processes applied to al
loys in the 2xxx, 4xxx. 6xxx. and 7xxx groups. The letter T is followed by one or more 
numbers to indicate specific processes. The more common designations for mechan
ical and structural products are T4 and T6. 

Property data for aluminum alloys are included in Appendix 9. Because these data 
are typical values, not guaranteed values, the supplier .should be consulted for data at the 
time of purchase. 

For mechanical design applications, alloy 6061 is one of the most versatile types. 
Note that it is available in virtually all forms, has good strength and corrosion resistance, 
and is heat-treatable to obtain a wide variety of properties. It also has good weldability. In 
its softer forms, it is easily formed and worked. Then, if higher strength is required, it can 
be heat-treated after forming. However, it has low machinability. 
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2-13 
ZINC ALLOYS 

Zinc is the fourth most commonly used metal in the world. Much of it is in the form of/inc 
galvanizing used as a coiTosion inhibitor for steels, but very large quantities of zinc alloys 
are used in castings and for bearing materials. Figure 2-16 shows examples of cast zinc 
parts. (See Reference 19.) 

High production quantities are made using zinc piessure die casting, which results 
in very smooth surfaces and excellent dimensional accuracy. A variety of coating processes 
can be used to produce desirable finish appearance and to inhibit corrosion. Although the 
as-cast parts have inherently good corrosion resistance, the performance in some environ
ments can be enhanced with chromate or phosphate treatments or anodizing. Painting and 
chrome plating are also used to produce a wide variety of attractive surface finishes. 

In addition to die casting, zinc products are often made by permanent mold casting, 
graphite permanent mold casting, sand casting, and shell-mold casting. Other, less fre
quently used processes are investment casting, low-pressure permanent mold casting, cen
trifugal casting, continuous casting, and rubber-mold casting. Plaster-mold casting is often 
used for prototyping. Continuous casting is used to produce standard shapes (rod, bar, tube, 
and slabs). Prototypes or finished products can then be machined froin these shapes. 

Zinc alloys typically contain aluminum and a small ainount of magnesium. Some al
loys include copper or nickel. The performance ofthe final products can be very sensitive 
to small amounts of other eleinents, and maximum limits are placed on the content of iron, 
lead, cadmium, and tin in some alloys. 

The most widely used zinc casting alloy is called alloy No. 3, .sometimes referred to as 
Zamak 3. It has 4% aluminum and 0.035% magnesium. Another is called Zamak 5, and it 

FIGURE 2-16 Cast 
zinc parts (INTERZINC, 
Washington, D.C.) 

'*• z - ' -^ /^^ •"»' ^ ^ / ^ 'yy '•'•r/^^r^^^/. 

mi/ 

1 i 



60 Chapter 2 • Materials in Mechanical Design 

also contains 4% aluminum with 0.055% magnesium and 1.0% copper. A group of alloys 
having higher aluminum content are the ZA-alloys, with ZA-8, ZA-12, and ZA-27 being 
the most popular. Appendix 10 gives a suinmai7 ofthe composition and the typical prop
erties ofthese alloys. As with most cast materials, some variations are to be expected with 
the size ofthe cast sections, the thermal treatment ofthe casting, the operating temperature 
of the product, and the quality assurance during the casting process. 

2—14 The applications of titanium include aerospace structures and components, chemical tanks 
TITANIUM and processing equipment, fiuids-handling devices, and marine hardware. Titanium has 

very good corrosion resistance and a high strength-to-weight ratio. Its stiffness and den
sity are between those of steel and aluminum; its modulus of elasticity is approximately 
16 X lOVsi (110 GPa), and its density 0.160 Ib/in^ (4.429 kg/m-̂ ). Typical yield strengths 
range from 25 to 175 ksi (172-1210 MPa). Disadvantages of titanium include relatively 
high cost and difficult machining. 

The classification of titanium alloys usually falls into four types: commercially pure 
alpha titanium, alpha alloys, alpha-beta alloys, and beta alloys. Appendix 11 shows the prop
erties of .some of the.se grades. The term alpha refers to the hexagonal, close-packed, metal
lurgical structure that forms at low temperatures, and beta refers to the high-temperature, 
body-centered, cubic structure. 

The grades ĉ f commercially pure titanium indicate the approximate expected yield 
strength of the material. For example, Ti-50A has an expected yield strength of 50 000 psi 
(345 MPa). As a class, these alloys exhibit only moderate strength but good ductility. 

One popular grade of alpha alloy is titanium alloyed with 0.207c/ palladium (Pd). 
called Ti-0,2Pd, Its properties are listed in Appendix 11 for one heat-treat condifion. Some 
alpha alloys have improved high-temperature strength and weldability. 

Generally speaking, the alpha-beta alloys and the beta alloys are stronger forms of ti
tanium. They are heat-treatable for close control of their properties. Since several alloys are 
available, a designer can tailor the properties to meet special needs for formability. machin
ability. forgeability. corrosion resistance, high-temperature strength, weldability, and creep 
resistance, as well as basic room-temperature strength and ductility. Alloy Ti-6A1-4V con
tains 6% aluminum and 4% vanadium and is used in a variety of aerospace applications. 

2-15 
COPPER, BRASS, 

AND BRONZE 

Copper is widely used in its nearly pure form for electrical and plumbing applicafions be
cause of its high electrical conductivity and good corrosion resistance. It is rarely used for 
machine parts because of its relatively low strength compared with that of its alloys, brass 
and bronze, (See Reference 3.) 

Brass is a family of alloys of copper and zinc, with the content of zinc ranging from 
about 5% to 40%. Brass is often used in marine applicafions because of its resistance to cor
rosion in salt water. Many brass alloys also have excellent machinability and are used as con
nectors, fittings, and other parts made on screw machines. Yellow brass contains about 30% 
or more of zinc and often contains a significant amount of lead to improve machinability. 
Red brass contains 5% to 15% zinc. Some alloys also contain tin, lead, nickel, or aluminum. 

Bronze is a class of alloys of copper with several different elements, one of which is 
usually tin. They are useful in gears, bearings, and other applicafions where good strength 
and high wear resistance are desirable. 

Wrought bronze alloys are available in four types: 

Phosphor bronze: Copper-tin-phosphorus alloy 

Leaded phosphor bronze: Copper-tin-lead-phosphorus alloy 
Aluminum bronze: Copper-aluminum alloy 
Silicon bronze: Copper-silicon alloy 
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2-16 
NICKEL-BASED 

ALLOYS 

Cast bronze alloys have four main types: 

Tin bronze: Copper-tin alloy 

Leaded tin bronze: Copper-tin-lead alloy 

Nickel tin bronze: Copper-tin-nickel alloy 

Aluminum bronze: Copper-aluminum alloy 

The cast alloy called manganese bronze is actually a high-strength form of brass because it 
contains zinc, the characteristic alloying element of the brass family. Manganese bronze 
contains copper, zinc. tin. and manganese. 

In the UNS, copper alloys are designated by the letter C, followed by a five-digit num
ber. Numbers from 10000 to 79900 refer to wrought alloys; 80000 to 99900 refer to cast
ing alloys. See Appendix 12 for typical properties. 

Nickel alloys are often used in place of steel where operation at high temperatures and 
in certain corrosive environments is required. Examples are turbine engine components, 
furnace parts, chemical processing systems, and critical marine system components. 
(See Reference 7.) Some nickel alloys are called superalloys, and many of the com
monly used alloys are proprietary. The following list gives some of the commercially 
available alloy types: 

Inconel (International Nickel Co.): Nickel-chromium alloys 

Monel (International Nickel Co.): Nickel-copper alloys 

Ni-Resist (International Nickel Co.): Nickel-iron alloys 

Hastelloy (Haynes International): Nickel-molybdenum alloys, sometimes with 
chromium, iron, or copper 

2-17 
PLASTICS 

Plastics include a wide variety of materials formed of large molecules caWtd polymers. The 
thousands of different plastics are created by combining different chemicals to form long 
molecular chains. 

One method of classifying plastics is by the terms thermoplastic and thermosetting. In 
general, the thermoplastic materials can be formed repeatedly by heating or molding because 
their basic chemical structure is unchanged from its initial linear form. Thermosetting plas
tics do undergo some change during forming and result in a structure in which the molecules 
are cross-linked and form a network of interconnected molecules. Some designers recom
mend the terms linear and cross-linked in place of the more familiar thermoplastic and ther
mosetting. 

Listed next are several thermoplastics and several thermosets that are used for load-
carrying parts and that are therefore of interest to the designer of machine elements. These 
listings show the main advantages and uses of a sample of the many plastics available. 
Appendix 13 lists typical properties. 

Thermoplastics 

Nylon: Good strength, wear resistance, and toughness; wide range of possible 
properties depending on fillers and formulations. U.sed for structural parts, me
chanical devices such as gears and bearings, and parts needing wear resistance. 

Acrylondrile-butadiene-styrene (ABS): Good impact resistance, rigidity, moderate 
strength. Used for housings, helmets, cases, appliance parts, pipe, and pipe fittings. 
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• Polycarbonate: Excellent toughness, impact resistance, and dimensional stability. 
Used for cams, gears, housings, electrical connectors, food processing products, 
helmets, and pump and meter parts. 

• Acrylic: Good weather resistance and impact resistance; can be made with excel
lent transparency or translucent or opaque with color. Used for glazing, lenses, 
signs, and housings. 

• Polyvinyl chloride (PVC): Good strength, weather resistance, and rigidity. Used 
for pipe, electrical conduit, small housings, ductwork, and moldings. 

• Polyinnde: Good strength and wear resistance; very good retention of properties 
at elevated temperatures up to 500°F. Used for bearings, seals, rotating vanes, and 
electrical parts. 

• Acetal: High strength, stiffness, hardness, and wear resistance; low friction; good 
weather resistance and chemical resistance. Used for gears, bushings, sprockets, 
conveyor parts, and plumbing products. 

• Polyurethane elastomer: A rubberlike material with exceptional toughness and 
abrasion resistance; good heat resistance and resistance to oils. Used for wheels, 
rollers, gears, sprockets, conveyor parts, and tubing. 

• Thermoplastic polyester resin (PET): Polyethylene terephthalate (PET) resin with 
fibers of glass and/or mineral. Very high .strength and stiffness, excellent resistance 
to chemicals and heat, excellent dimensional stability, and good electrical proper
ties. Used for pump parts, housings, electrical parts, motor parts, auto parts, oven 
handles, gears, sprockets, and sporting goods. 

• Polyether-ester elastomer: Flexible plastic with excellent toughness and re
silience, high resistance to creep, impact, and fatigue under flexure, good chemi
cal resistance. Remains flexible at low temperatures and retains good properties at 
moderately elevated temperatures. Used for seals, belts, pump diaphragms, pro
tecfive boots, tubing, springs, and impact absorbing devices. High modulus grades 
can be used for gears and sprockets. 

Thermosets 

• Phenolic: High rigidity, good moldability and dimensional stability, very good 
electrical properties. U.sed for load-carrying parts in electrical equipment, 
switchgear, terminal strips, small housings, handles for appliances and cooking 
utensils, gears, and structural and mechanical parts. Alkyd, allyl, and amino ther
mosets have properties and uses similar to those of the phenolics. 

• Polyester: Known as fiber glass when reinforced with glass fibers; high strength and 
stiffness, good weather resistance. Used for housings, structural shapes, and panels. 

Special Considerations for Selecting Plastics 

A particular plastic is often selected for a combination of properties, such as light weight, 
flexibility, color, strength, stiffness, chemical resistance, low friction characteristics, or 
transparency. Table 2-8 lists the primary plastic materials used for six different types of ap
plications. References 11 and 23 provide an extensive comparative study ofthe design prop
erties of plastics. 

While most of the same definitions of design properties described in Section 2-2 of 
this chapter can be used for plastics as well as metals, a significant amount of additional in
formation is typically needed to specify a suitable plastic material. Some of the special 
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TABLE 2-8 Applications of plastic materials 

Applications Desired properties Suitable plastics 

Housings, containers, ducts 

Low friction—bearings, slides 

High-strength components, gears, 
cams, rollers 

Chemical and thermal equipment 

Electrostructural parts 

Light-transmission components 

High impact strength, stiffness, low cost, 
fonnability, environmental resistance, 
dimensional stability 

Low coefficient of friction; resistance to 
abrasion, heat, corrosion 

High tensile and impact strength, stability 
at high temperatures, machinable 

Chemical and thermal resistance, good 
strength, low moisture absorption 

Electrical resistance, heat resistance, 
high impact strength, dimensional 
stability, stiffness 

Good light transmission in transparent 
and translucent colors, formability, 
shatter resistance 

ABS, polystyrene, polypropylene, PET, 
polyethylene, cellulose acetate, acrylics 

TFE fluorocarbons, nylon, acetals 

Nylon, phenolics, TFE-filled acetals, 
PET, polycarbonate 

Fluorocarbons, polypropylene, 
polyethylene, epoxies, polyesters, 
phenolics 

Allyls, alkyds, aminos, epoxies, 
phenolics, polyesters, silicones, PET 

Acrylics, polystyrene, cellulose acetate, 
vinyls 

characteristics of plastics follow. The charts shown in Figures 2-17 to 2-20 are examples 
only and are not meant to indicate the general nature of the performance of the given type 
of material. There is a wide range of properties among the many formulations of plastics 
even within a given class. Consult the extensive amount of design guidance available from 
vendors of the plastic materials. 

1. Most properties of plastics are highly sensitive to temperature. In general, tensile 
strength, compressive strength, elastic modulus, and impact failure energy de
crease significantly as the temperature increases. Figure 2-17 shows the tensile 
strength of nylon 66 at four temperatures. Note also the rather different shapes of 
the stress-strain curves. The slope of the curve at any point indicates the elastic 
modulus, and you can see a large variation for each curve. 

2. Many plastics absorb a considerable amount of moisture from the environment 
and exhibit dimensional changes and degradation of strength and stiffness prop
erties as a result. See Figure 2-18 that shows the flexural modulus versus tem
perature for a nylon in dry air. 50% relative humidity (RH). and 100% RH. A 
consumer product may well experience a major part of this range. At a tempera
ture of 20°C (68°F, near room temperature), the flexural modulus would decrease 
dramatically from approximately 2900 MPa to about 500 MPa as humidity 
changes from dry air to 100% RH. The product may also see a temperature range 
from 0°C (32°F. freezing point of water) to 40°C (104°F). Over this range, the 
flexural modulus for the nylon at 50%) RH would decrease from approximately 
2300 MPa to 800 MPa. 

3. Components that carry loads continuously mu.st be designed to accommodate 
creep or relaxafion. See Figures 2-17 to 2-19 and Example Problem 2-1. 

4. Fatigue resistance data of a plastic must be acquired for the specific formula
tion used and at a representative temperature. Chapter 5 gives more information 
about fatigue. Figure 2-19 shows the fatigue stress versus number of cycles to 
failure for an acetal resin plastic. Curve 1 is at 23°C (73°F. near room tempera
ture) with cyclic loading in tension only as when a tensile load is applied and 



64 Chapter 2 • Materials in Mechanical Design 

Q-

120 

100 

80 

S 60 

c 
40 

20 

0 

1 \ 
Yield point 

-40°C'(-40°F 

0 

- 16 000 

70 10 20 30 40 50 60 

Strain, ^c elongation 

Sample has been conditioned to 50% relative humidity. 

FIGURE 2-17 Stress-strain curves for nylon 66 at 
four temperatures (DuPont Polymers. Wilmington. DE) 

CU 

4000 

3500 

3000 

3 2500 

"H 2000 
E 
« 1500 
S 1000 
E 

500 

0 

Temperature, °F 
50 100 150 200 250 

1 1 1 

^ O 

f\# 

1 

•0> -i \ «;, <i \ o. 

^ 
K'-

1 

-

-

- 500 000 

- 400 000 

300 000 •§ 
E 

200 000 I 
X 

100 000 

-40-20 0 20 40 60 80 100 120 
Temperature, °C 

FIGURE 2-18 Effect of temperature and humidity on 
the flexural modulus of nylon 66 (DuPont Polymers, 
Wilmington, DE) 

60 

50 

40 

a. 

30 

20 

10 

0 
10̂  

1. Tensile stress only 
2, 3, 4. Completely reversed tensile 

and compressive stress 

7 

6 

5 f^ 
o 

00 

10-* 10' 10̂  
Cycles to failure 

10̂  

FIGURE 2-19 Fatigue stress vs. number of cycles to 
failure for an acetal resin plastic (DuPont Polymers, 
Wilmington, DE) 

0 1000 2000 3000 4000 5000 6000 
Exposure, hr 

FIGURE 2-20 Effect of exposure to elevated 
temperature on a thermoplasfic polyester resin (PET) 
(DuPont Polymers, Wilmington, DE) 



Section 2-18 • Composite Materials 65 

removed many times. Curve 2 is at the same temperature, but the loading is 
completely reversed tension and compression as would be experienced with a 
rotating beam or shaft loaded in bending. Curve 3 is the reversed bending load 
at 66°C (150°F). and Curve 4 is the same loading at 100°C (212°F) to show the 
effect of temperature on fatigue data. 

5. Processing methods can have large effects on the final dimensions and properties 
of parts made from plastics. Molded plastics shrink significantly during solidifi
cation and curing. Parting lines produced where mold halves meet may affect 
strength. The rate of solidification may be widely different in a given part de
pending on the .section thicknesses, the complexity of the shape and the location 
of sprues that deliver molten plastic into the mold. The same material can produce 
different properties depending on whether it is proces.sed by injection molding, ex
trusion, blow molding, or machining from a solid block or bar. 

6. Resistance to chemicals, weather, and other environmental conditions must be 
checked. 

7. Plastics may exhibit a change in properties as they age. particularly when sub
jected to elevated temperatures. Figure 2-20 shows the reduction in tensile 
strength for a thermoplastic polyester resin when subjected to temperatures from 
160°C (320°F) to 180°C (356°F) for a given number of hours of exposure. The re
ducfion can be as much as 50% in as little time as 2000 hours (12 weeks). 

8. Flammabihty and electrical characteristics must be considered. Some plastics are 
specially formulated for high flammabihty rafings as called for by Underwriters 
Laboratory and other agencies. 

9. Plastics used for food storage or processing must meet U.S. Food and Drug Ad
ministration standards. 

2—18 Composite materials are composed of two or more different materials that act together to 
COMPOSITE produce properties that are different from, and generally superior to. tho.se of the individ-
MATERIALS ual components. Typical composites include a polymeric resin matrix material with fibrous 

reinforcing material dispersed within it. Some advanced composites have a metal matrix. 
(See References 10 and 20.) 

Designers can tailor the properties of composite materials to meet the specific needs 
of a particular application by the selection of each of several variables that determine the 
performance of the final product. Among the factors under the designer's control are the 
following: 

1. Matrix resin or metal 

2. Type of reinforcing fibers 

3. Amount of fiber contained in the composite 

4. Orientation of the fibers 

5. Number of individual layers u.sed 

6. Overall thickness of the material 

7. Orientation of the layers relative to each other 

8. Combination of two or more types of composites or other materials into a com
posite structure 
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Typically, the filler is a strong, stiff inaterial, whereas the matrix has a relatively low den
sity. When the two materials bond together, much ofthe load-carrying ability ofthe com
posite is produced by the filler material. The matrix serves to hold the filler in a favorable 
orientation relative to the manner of loading and to distribute the loads to the filler. The re
sult is a somewhat optimized composite that has high strength and high stiffness with low 
weight. Table 2-9 lists some ofthe composites formed by combinations of resins and fibers 
and their general characteristics and uses. 

A virtually unlimited variety of composite materials can be produced by combining 
different matrix materials with different fillers in different forms and in different orienta
tions. Some typical materials are listed below. 

Matrix Materials 

The following are among the more frequently used matrix materials: 

• Thermoplastic polymers: Polyethylene, nylon, polypropylene, polystyrene, poly
amides 

• Thermosetting polymers: Polyester, epoxy, phenolic polyimide 

• Ceramics and glass 

• Carbon and graphite 

• Metals: Aluminum, magnesium, titanium 

Forms of Filler Materials 

Many forms of filler materials are used: 

• Continuous fiber strand consisting of many individual filaments bound together 

• Chopped strands in short lengths (0.75 to 50 mm or 0.03 to 2.00 in) 

• Chopped strands randomly spread in the form of a mat 

• Roving: A group of parallel strands 

• Woven fabric made from roving or strands 

• Metal filaments or wires 

• Solid or hollow microspheres 

• Metal, glass, or mica flakes 

• Single-crystal whiskers of materials such as graphite, silicon carbide, and copper 

TABLE 2-9 Examples of composite materials and their uses 

Type of 
composite Typical applications 

Glass/epoxy Automotive and aircraft parts, tanks, sporting goods, printed wiring boards 
Boron/epoxy Aircraft structures and stabilizers, sporting goods 
Graphite/epoxy Aircraft and spacecraft structures, sporting goods, agricultural equipment, 

material handling devices, medical devices 
Aramid/epoxy Filament-wound pressure vessels, aerospace structures and equipment, 

protective clothing, automotive components 
Glass/polyester Sheet-molding compound (SMC), body panels for trucks and cars, large 

housings 
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Types of Filler Materials 

Fillers, also called //7?c/-.v, come in many types based on both oiganic and inorganic materi
als. The following are some of the more popular fillers: 

• Glass fibers in five different types: 
A-glass: Good chemical resistance because it contains alkalis such as sodium 
oxide 
C-glass: Special formulations for even higher chemical resistance than A-glass 
E-glass: Widely used glass with good electrical insulating ability and good 
strength 
S-glass: High-strength, high-temperature glass 
D-glass: Better electrical properties than E-glass 

• Quartz fibers and high-silica glass: Good properties al high temperatures up to 
2000°F(1095°C) 

• Carbon fibers made from PAN-base carbon (PAN is polyaciylonitrile): Approxi
mately 95% carbon with very high modulus of elasticity 

• Graphite fibers: Greater than 99% carbon and an even higher modulus of elastic
ity than carbon; the stiffest fibers typically u.sed in composites 

• Boron coated onto tungsten fibers: Good strength and a higher modulus of elas
ticity than glass 

• Silicon carbide coated onto tungsten fibers: Strength and stiffness similar to those 
of boron/tungsten, but with higher temperature capability 

• Aramid fibers: A member of the polyamide family of polymers; higher strength 
and stiffness with lower density as compared with glass; very fiexible. (Aramid 
fibers produced by the DuPont Company cany the name KcvUii-^^K) 

Processing of Composites 

One method that is frequently u.sed to produce composite products is first to place layers of 
sheet-formed fabrics on a form having the desired shape and then to impregnate the fabric 
with wet resin. Each layer of fabric can be adjusted in its orientation to produce special 
properties ofthe finished article. After the lay-up and resin impregnation are completed, the 
entire system is subjected to heat and pressure while a curing agent reacts with the base 
resin to produce cross-linking that binds all ofthe elements into a three-dimensional, uni
fied structure. The polymer binds to the fibers and holds them in their preferred positit)n and 
orientation during use. 

An alternative method of fabricating composite products starts with a process of 
preimpregnating the fibers with the resin material to produce strands, tape, braids, or sheets. 
The resulting form, called aprepreg. can then be stacked into layers or wound onto a torm 
to produce the desired shape and thickness. The final step is thc curing cycle as described 
for the wet process. 

Polyester-based composites are often produced as shcct-nuddiitg compoinuls (SMC) 
in which preimpregnated fabric sheets are placed into a mold and shaped and cured simul
taneously under heat and pressure. Large body panels fi)r autoinoti\c applications can bc 
produced in this manner. 

Pultriision is a process in which the fiber reinforcement is coated with resin as it is 
pulled through a heated die to produce a continuous form in the desired shape. This process 
is used to produce rod, tubing, structural shapes (I-beams, channels, angles, and so on). tees. 
and hat sections used as stiffeners in aircraft structures. 
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Filament winding is used to make pipe, pressure vessels, rocket motor cases, instru
ment enclosures, and odd-shaped containers. The continuous filament can be placed in a va
riety of patterns, including helical, axial, and circumferenfial, to produce desired strength 
and stiffness characteristics. 

Advantages of Composites 

Designers typically seek to produce products that are safe, strong, stiff, lightweight, and 
highly tolerant of the environment in which the product will operate. Composites often ex
cel in meeting these objectives when compared with alternative materials such as metals, 
wood, and unfilled plastics. Two parameters that are used to compare materials are specific 
strength and .specific modulus, defined as follows: 

Specific strength is the ratio ofthe tensile strength of a material to its specific 
weight. 

Specific modulus is the ratio ofthe modulus of elasticity of a material to its 
specific weight. 

Because the modulus of elasticity is a measure of the stiffness of a material, the specific 
modulus is sometimes called specific stiffness. 

Although obviously not a length, both of these quantities have the iniit of length, de
rived from the ratio of the units for strength or modulus of elasticity and the units for spe
cific weight. In the U.S. Customary System, the units for tensile strength and modulus of 
elasticity are lb/in", whereas specific weight (weight per unit volume) is in lb/in\ Thus, the 
unit for specific strength or specific modulus is inches. In the SI. strength and modulus are 
expressed in N/m" (pascals), whereas specific weight is in N/m\ Then the unit for specific 
strength or specific modulus is meters. 

Table 2-10 gives comparisons of the specific strength and specific stiffness of se
lected composite materials with certain steel, aluminum, and titanium alloys. Figure 2-21 
shows a comparison ofthese materials using bar charts. Figure 2-22 is a plot ofthese data 
with specific strength on the vertical axis and specific modulus on the horizontal axis. When 
weight is critical, the ideal material will lie in the upper-right part of this chart. Note that 
data in these charts and figures are for composites having the filler materials aligned in the 
most favorable direction to withstand the applied loads. 

Advantages of composites can be summarized as follows: 

1. Specific strengths for composite materials can range as high as five fimes those of 
high-strength steel alloys. See Table 2-10 and Figures 2-21 and 2-22. 

2. Specific modulus values for composite materials can be as high as eight times those 
for steel, aluminum, or titanium alloys. See Table 2-10 and Figures 2-21 and 2-22. 

3. Composite materials typically perform better than steel or aluminum in applica
tions where cyclic loads can lead to the potential for fatigue failure. 

4. Where impact loads and vibrations are expected, composites can be specially for
mulated with materials that provide high toughness and a high level of damping. 

5. Some composites have much higher wear resistance than metals. 

6. Careful selecfion of the matrix and filler materials can provide superior corrosion 
resistance. 

7. Dimensional changes due to changes in temperature are typically much less for 
composites than for metals. 
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TABLE 2-10 Comparison of specific strength and specific modulus for selected materials 

Tensile Specific Specific 
strength, j„ weight, 7 strength 

Material (ksi) (lb/in') (in) 

Specific 

modulus 

(in) 

Metals 

Steel (£• = 30 X lO'-psi) 
AISI 1020 HR 
AISI 5160 OQT 700 

Aluminum (£ = lO.O X 10̂  psi) 
6061-T6 
7075-T6 

Titanium (£ = 16.5 X 10* psi) 
Ti-6AI-4V. quenched and aged at 1000°F 

55 
263 

45 
83 

160 

0.283 
0.283 

0.098 
0.101 

0.160 

0.194 X 10^ 
0.929 X 10^ 

0.459 X IO"" 
0.822 X IO** 

1.00 X 10" 

1.06 X IO'* 
1.06 X 10' 

1.02 X 10' 
0.99 X 10' 

1.03 X 10' 

Composites 

Glass/epoxy composite [E = 4.0 X lO^psi) 
34% fiber content 

Aramid/epoxy composite (£ = II.O X 10" psi) 
60% fiber content 

Boron/epoxy composite (£ = 30.0 X 10" psi) 
60% fiber content 

Graphite/epoxy composite (£ = 19.7 X 10" psi) 
62% fiber content 

Graphite/epoxy composite (£ = 48 X 10" psi) 
Ultrahigh modulus 

114 

200 

270 

278 

160 

0.061 

0.050 

0.075 

0.057 

0.058 

1.87 X 10" 

4.0 X 10" 

3.60 X 10" 

4.86 X 10" 

2.76 X 10" 

0.66 X 10' 

2.20 X 10' 

4.00 X 10' 

3.45 X 10' 

8.28 X 10' 

8. Because composite materials have properties that are highly directional, design
ers can tailor the placement of reinforcing fibers in directions that provide the re
quired strength and stiffness under the specific loading conditions to be 
encountered. 

9. Composite structures can often be made in complex shapes in one piece, thus re
ducing the number of parts in a product and the number of fastening operations re
quired. The elimination of joints typically improves the reliability of such structures 
as well. 

10. Composite structures are typically made in their final form directly or in a near-
net shape, thus reducing the number of secondary operations required. 

Limitations of Composites 
Designers must balance many properties of materials in their designs while simultaneously 
considering manufacturing operations, costs, safety, life, and service of the product. Listed 
next are some of the major concerns when using composites. 

1. Material costs for composites are typically higher than for many altemative materials. 

2. Fabrication techniques are quite different from those used to shape metals. New 
manufacturing equipment may be required, along with additional training for pro
duction operators. 
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FIGURE 2-21 Comparison of specific strength and specific stiffness for selected metals and composites 

3. The performance of products made from some composite production techniques 
is subject to a wider range of variability than the performance of products made 
from most metal fabrication techniques. 

4. The operating temperature limits for composites having a polymeric matrix are 
typically 500°F (260°C). (But ceramic or metal matrix composites can be used at 
higher temperatures such as those found in engines.) 

5. The properties of composite materials are not isotropic: Properties vary dramatically 
with the direction of the applied loads. Designers must account for these variafions 
to ensure safety and satisfactory operation under all expected types of loading. 
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FIGURE 2-22 
Specific strength versus 
specific modulus for 
selected metals and 
composites 
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6. At this fime, many designers lack understanding of the behavior of composite ma
terials and the details of predicting failure modes. Whereas major advancements 
have been made in certain industries such as the aerospace and recreational equip
ment fields, there is a need for more general understanding about designing with 
composite materials. 

7. The analysis of composite structures requires detailed knowledge of more proper
ties of the materials than would be required for metals. 

8. Inspection and tesfing of composite structures are typically more complicated and 
less preci.se than for metal structures. Special nondestructive techniques may be 
required to ensure that there are no major voids in the final product that could se
riously weaken the structure. Testing of the complete structure may be required 
rather than testing of simply a sample of the material because of the interaction 
of different parts on each other and because of the directionality of the material 
properties. 

9. Repair and maintenance of composite structures are serious concerns. Some of 
the initial production techniques require special environments of temperature 
and pressure that may be difficult to reproduce in the field when damage re
pair is required. Bonding of a repaired area to the parent structure may also be 
difficult. 

Laminated Composite Construction 

Many structures made from composite materials are made from several layers of the ba
sic material containing both the matrix and the reinforcing fibers. The manner in which 
the layers are oriented relative to one another affects the final properties of the completed 
structure. 

As an illustration, consider that each layer is made from a set of parallel strands of 
the reinforcing filler material, such as E-glass fibers, embedded in the resin matrix, such as 

http://preci.se
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polyester. As mentioned previously, in this form, the material is sometimes called aprepreg, 
indicating that the filler has been preimpregnated with the matrix prior to the forming ofthe 
structure and the curing ofthe assembly. To produce the maximum strength and sfiffness in 
a particular direction, several layers or plies of the prepreg could be laid on top of one an
other with all ofthe fibers aligned in the direction ofthe expected tensile load. This is called 
a unidirectional laminate. After curing, the laminate would have a very high strength and 
stiffness when loaded in the direction ofthe strands, called the longitudinal direcfion. How
ever, the resulting product would have a very low strength and stiffness in the direction per
pendicular to the fiber direction, called the trcmsverse direction. If any off-axis loads are 
encountered, the part may fail or deform significanfiy. Table 2-11 gives sample data for a 
unidirectional laminated, carbon/epoxy composite. 

To overcome the lack of off-axis strength and stiffness, laminated structures should 
be made with a variety of orientafions of the layers. One popular arrangement is shown in 
Figure 2-23. Naming the longitudinal direction ofthe surface layer the 0° ply, this struc
ture is referred to as 

0°. 90°, +45\ - 4 5 \ -45 ' , +45°, 90°, 0° 

The symmetry and the balance of this type of layering technique result in more nearly 
uniform properties in two directions. The term quasi-isotropic is sometimes used to de
scribe such a structure. Note that the properties perpendicular to the faces of the layered 

TABLE 2-11 Examples of the effect of laminate construction on strength and stiffness 

Laminate type 

Unidirectional 
Quasi-isotropic 

Tens 

Longitudinal 

ksi 

200 
80 

MPa 

1380 
552 

le stren gth 

Tran 

ksi 

5 
80 

iverse 

MPa 

34 
552 

Modulus 

Longitudinal 

10" psi 

21 
8 

GPa 

145 
55 

of e lasticity 

Transverse 

10" psi GPa 

1.6 11 
8 55 

FIGURE 2-23 
Multilayer, laminated, 
composite construction 
designed to produce 
quasi-isotropic 
properties kT-C;: 

+ 45° 

90°: Transverse 
direction 

0°: Longitudinal direction 
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structure (through the thickness) are still quite low because fibers do not extend in that 
direction. Also, the strength and the stiffness in the primary directions are somewhat 
lower than if the plies were aligned in the same direction. Table 2-11 also shows sam
ple data for a quasi-isotropic laminate compared with one having unidirectional fibers 
in the same matrix. 

Predicting Composite Properties 

The following discussion summarizes some ofthe important variables needed to define the 
properties of a composite. The subscript c refers to the composite, m refers to the matrix, 
and/refers to the fibers. The strength and the stiffness of a composite material depend on 
the elastic properties of the fiber and matrix components. But another parameter is the rel
ative volume ofthe composite composed of fibers, V/. and that composed ofthe matrix ma
terial, V„„ That is. 

Vf = volume fraction of fiber in the composite 

V,„ = volume fraction of matrix in the composite 

Note that for a unit volume, V/ + V,„ = 1; thus, V„ Vf 
We will use an ideal case to illustrate the way in which the strength and the stiffness 

of a composite can be predicted. Consider a composite with unidirectional, continuous 
fibers aligned in the direction of the applied load. The fibers are typically much stronger 
and stiffer than the matrix material. Furthermore, the matrix will be able to undergo a larger 
strain before fracture than the fibers can. Figure 2-24 shows these phenomena on a plot of 
stress versus strain for the fibers and the matrix. We will use the following notation for key 
parameters from Figure 2-24: 

s,,i - ultimate strength of fiber 

€,ii = strain in the fiber corresponding to its ultimate strength 

stress in the matrix at the same strain as e "/ 

FIGURE 2-24 
Stress versus strain for 
fiber and matrix 
materials 

Failure of fiber 

Stress 
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FIGURE 2-25 
Relationship among 
stresses and strains for 
a composite and its 
fiber and matrix 
materials 

Stress 

Strain 

o Rule of Mixtures for 
Ultimate Strength 

. Rule of Mixtures for 
Stress in a Composite 

o Rule of Mixtures for 
Modulus of Elasticity 

Rule of Mixtures 
C^ for Density of a 

Composite 

Rule of Mixtures for 
C^ Specific Weight of a 

Composite 

The ultimate strength of the composite. .v„,. is at some intermediate value between s„f and 
CT'„. depending on the volume fraction of fiber and matrix in the composite. That is. 

•i». = s,„ V, + ijy,„ (2-8) 

At any lower level of stress, the relationship among the overall stress in the composite, the 
stress in the fibers, and the stress in the matrix follows a similar pattern: 

a , = CT/ V/ + cr,„V„, (2-9) 

Figure 2-25 illustrates this relationship on a stress-strain diagram. 
Both sides of Equation (2-9) can be divided by the strain at which these stresses oc

cur. Since for each material, a / e = E. the modulus of elasticity for the composite can be 
shown as 

E^. = E,V, + E„X„ 

The density of a composite can be computed in a similar fashion: 

P< = P/ ^/ + Pn.Vn, 

(2-10) 

(2-11) 

As mentioned previously (Section 2-2). density is defined as mass per unit volume. A re
lated property, specific weight, is defined as weight per unit volume and is denoted by the 
symbol y (the Greek letter gamma). The relationship between density and specific weight 
is simply y = pg, where g is the acceleration due to gravity. Multiplying each term in 
Equation (2-11) by g gives the formula for the specific weight of a composite: 

7/ y, + y,„v.,. (2-12) 

The forms of Equations (2-8) through (2-12) are examples of the rules of mixtures. 
Table 2-12 lists example values for the properties of some matrix and filler materi

als. Remember that wide variations can occur in such properties, depending on the exact 
formulation and the condition of the materials. 
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TABLE 2-12 Example properties of matrix and filler materials 

Matrix materials: 
Polyester 
Epoxy 
Aluminum 
Titanium 

Filler materials: 
S-glass 
Carbon-PAN 
Carbon-PAN (hi igh-•strength) 
Carbon (high-modulus) 
Aramid 

Tensile 

ksi 

10 
18 
45 

170 

600 
470 
820 
325 
500 

strength 

MPa 

69 
124 
310 

1170 

4140 
3240 
5650 
2200 
.M50 

Tensile modulus 

10" psi 

0.40 
0.56 

10.0 
16.5 

12.5 
33.5 
40 

100 
19.0 

GPa 

2.76 
3.86 

69 
114 

86.2 
231 
276 
690 
131 

Specific weight 

lb/in' 

0.047 
0.047 
0.100 
0.160 

0.09 
0.064 
0.065 
0.078 
0.052 

kN/m' 

12.7 
12.7 
27.1 
43.4 

24.4 
17.4 
17.7 
21.2 
14.1 

Example Problem 2-2 Compute the expected properties of ultimate tensile strength, modulus of elasticity, and spe
cific weight of a composite made from unidirectional strands of carbon-PAN fibers in an 
epoxy matrix. The volume fraction of fibers is 30%. Use data from Table 2-12. 

Solution Objective Compute the expected values of '̂m, ^<, and fc for the composite. 

Given Matrix-epoxy: .v,„„ = 18ksi;£,„ = 0.56 x 10''psi; 7,,, = 0.047 lb/in\ 

Fiber-carbon-PAN: s,„ = 470 ksi: E, = 33.5 X 10" psi; 7̂  = 0.064 lb/in\ 

Volume fraction of fiber: Vj = 0.30, and V,„ = 1.0 - 0.30 = 0.70. 

Analysis and Results The ultimate tensile strength, ,s„,, is computed from Equation (2-8): 

To find CT,',, we first find the strain at which the fibers would fail at s,,/. Assume that the fibers 
are linearly elastic to failure. Then 

€1 = s„j/Ei = (470 X 10'psi)/(33.5 x 10" psi) = 0.014 

At this same strain, the stress in the matrix is 

CT,; = E,„e = (0.56 X 10"psi)(0.014) = 7840 psi 

Then, in Equation (2-8), 

s^^^, = (470 000 psi)(0.30) + (7840 psi)(0.70) = 146 500 psi 

The modulus of elasticity computed from Equafion (2-10): 

£,, = E,V, + E,„V,„ = (33.5 X 10")(0.30) + (0.56 x 10")(0.70) 
E^ = 10.4 X 10" psi 
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Summary of Results 

The specific weight is computed from Equation (2-12): 

7, = 7/ y, + 1,„ y,„ = (0.064)(0.30) + (0.047)(0.70) = 0.052 Ib/in^ 

.v,„ = 146 500 psi 

E, = 10.4 x 10"p.si 

7, = 0.052 lb/in' 

Comment Note that the resulting properties for the composite are intermediate between tho.se for the 
fibers and the matrix. 

Design Guidelines for l\/lembers IVJade from Composites 

The most important difference between designing with metals and designing with compos
ites is that metals are typically taken to be homogeneous with isotropic strength and stiff
ness properties, whereas composites are decidedly not homogeneous or isotropic. 

The failure modes of composite materials are complex. Tensile failure when the load 
is in-line with continuous fibers occurs when the individual fibers break. If the composite 
is made with shorter, chopped fibers, failure occurs when the fibers are pulled free from the 
matrix. Tensile failure when the load is perpendicular to continuous fibers occurs when the 
matrix itself fractures. If the fibers are in a woven form, or if a mat having shorter, randomly 
oriented fibers is used, other failure modes, such as fiber breakage or pullout, prevail. Such 
composites would have more nearly equal properties in any direction, or, as shown in Figure 
2-23, multilayer laminate construction can be used. 

Thus, an important design guideline to produce opfimum strength is as follows: 

Align the fibers with the direction ofthe load. 

Another important failure mode is interlaininar shear, in which the plies of a multi
layer composite separate under the action of shearing forces. The following is another de
sign guideline: 

Avoid shear loading, if possible. 

Connections to composite materials are sometimes difficult to accomplish and pro
vide places where fractures or fatigue failure could initiate. The manner of forming com
posites often allows the integration of several components into one part. Brackets, ribs, 
flanges, and the like, can be molded in along with the basic form of the part. The design 
guideline, then, is the following: 

Combine .several components into an integral structure. 

When high panel stiffness is desired to resist flexure, as in beams or in broad panels 
such as floors, the designer can take advantage of the fact that the most effective material 
is near the outside surfaces of the panel or beam shape. Placing the high-strength fibers on 
these outer layers while filling the core ofthe shape with a light, yet rigid, material produces 
an efficient design in terms of weight for a given strength and stiffness. Figure 2-26 illus
trates some examples of such designs. Another design guideline follows: 

Use light core material covered with strong composite layers. 

Because most composites use a polymeric material for the matrix, the temperatures 
that they can withstand are limited. Both strength and stiffness decrease as temperature in-

http://tho.se
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FIGURE 2-26 
Laminated panels with 
lightweight cores Composite outer skin 

Foam core 

(a) Curved panel with foam core and composite skins 

Glass/epoxy layers 
with decorative surface 

Honeycomb core -^ >2SSSSSSS^ 
.^^ 

z?^ :^ 

Glass/epoxy layer 
(b) Flat panel with honeycomb core and composite skins 

Z^ 

crea.ses. The polyimides provide better high-temperature properties [up to 600°F (318°C)] 
than most other polymer matrix materials. Epoxies are typically limited to from 250°F to 
350°F (122°C-I78°C). Any application above room temperature should be checked with 
material suppliers. The following is a design guideline: 

Avoid high temperatures. 

As described earlier in this section, many different fabrication techniques are used for 
composite materials. The shape can dictate a part's manufacturing technique. This is a good rea
son to implement the principles of concurrent engineering and adopt another design guideline: 

Involve niatmfacturing considerations early in the design. 

2-19 
MATERIALS 
SELECTION 

One of the most important tasks for a designer is the specification of the material from 
which any individual component of a product is to be made. The decision must consider a 
huge number of factors, many of which have been discus.sed in this chapter. 

The process of material selection must commence with a clear understanding of the 
functions and design requirements for the product and the individual component. Refer to 
Section 1-4 in Chapter 1 for a discussion ofthese concepts. Then, the designer should con
sider the interrelationships among the following: 

The functions of the component 

The component's shape 

The material from which the component is to be made 

The manufacturing process used to produce the component 
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Overall requirements for the performance of the component must be detailed. This 
includes, for example: 

• The nature of the forces applied to the component 

• The types and magnitudes of stresses created by the applied forces 

• The allowable deformation of the component at critical points 

• Interfaces with other components of the product 

• The environment in which the component is to operate 

• Physical size and weight of the component 

• Aesthetics expected for the component and the overall product 

• Cost targets for the product as a whole and this component in particular 

• Anticipated manufacturing processes available 

A much more detailed list may be made with more knowledge of specific conditions. 
From the results of the exerci.ses described previously, you should develop a list of 

key material properties that are important. Examples often include: 

1. Strength as indicated by ultimate tensile strength, yield strength, compressive 
strength, fatigue strength, shear strength, and others 

2. Stiffness as indicated by the tensile modulus of elasticity, shear modulus of elas
ticity, or flexural modulus 

3. Weight and mass as indicated by specific weight or density 

4. Ductility as indicated by the percent elongation 

5. Toughness as indicated by the impact energy (Izod, Charpy, etc.) 

6. Creep performance data 

7. Corrosion resistance and compatibility with the environment 

8. Cost for the material 

9. Cost to process the material 

A list of candidate materials should then be created using your knowledge of the be
havior of several material types, successful similar applications, and emerging materials 
technologies. A rational decision analysis should be applied to determine the most suitable 
types of materials from the list of candidates. This could take the form of a matrix in which 
data for the properties just listed for each candidate material are entered and ranked. An 
analysis of the complete .set of data will aid in making the final decision. 

More comprehensive materials selection processes are described in References 2, 21, 
22, and 25. 
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INTERNET SITES RELATED TO DESIGN PROPERTIES OF MATERIALS 

1. AZoM.com (The A to Z of Materials) 
www.azom.com Materials information resource for 
the design community. No cost, searchable databases for 
metals, ceramics, polymers, and composites. Can also 
search by keyword, application, or industry type. 

2. Matweb www.inariveb.com Database of material 
properties for many metals, plastics, ceramics, and other 
engineering materials. 

3. ASM International www.asm-intl.otg The society 
for materials engineers and scientists, a worldwide 
network dedicated to advancing industry, technology, 
and applications of metals and other materials. 

4. TECHstreet www.techstreet.com A store for 
purchasing standards for the metals industry. 

5. SAE International www.sae.oig The Society of 
Automotive Engineers, the engineering society for 
advancing mobility on land or sea, in air or space. A 
resource for technical information used in designing 
.self-propelled vehicles. Oft'ers standards on metals, 
plastics, and other materials along with components and 
subsystems of vehicles. 

6. ASTM International www.astm.org Formerly 
known as the American Society for Testing and 
Materials. Develops and sells standards for material 
properties, testing procedures, and numerous other 
technical standards. 

7. American Iron and Steel Institute www.steel.org 
AISI develops industry standards for steel materials and 

http://AZoM.com
http://www.azom.com
http://www.inariveb.com
http://www.asm-intl.otg
http://www.techstreet.com
http://www.sae.oig
http://www.astm.org
http://www.steel.org
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products made from steel. Steel product manuals and 
industry standards are made available through the Iron 
& Steel Society (ISS), listed separately. 

8. Iron & Steel Society www,iss,org Provides industry 
standards and other publications for advancing 
knowledge exchange in the global iron and steel 
industry. 

9. Aluminum Association www.aluminum.org The 
association of the aluminum industry. Provides 
numerous publications that can be purchased. 

10. Alcoa, Inc. www.alcoa.com A producer of 
aluminum and fabricated products. Website can be 
searched for properfies of specific alloys. 

11. Copper Development Association www.copperorg 
Provides a large searchable database of properties of 
wrought and cast copper, copper alloys, brasses, and 
bronzes. Allows searching for appropriate alloys for 
typical industrial uses based on several performance 
characteristics. 

12. Metal Powder Industries Federation www.mpif.org 
The intemational trade associafion representing the 
powder metal producers. Standards and publications 
related to the design and production of products using 
powder metals. 

13. INTERZINC www.interzinc.com A market 
development and technology transfer group dedicated to 
increasing awareness of zinc casting alloys. Provides 

design assistance, alloy selection guide, alloy properties, 
and descriptions of casting alloys. 

14. RAPRA Technology Limited www.rapra.net 
Comprehensive information source for the plastics and 
rubber industries. Formerly Rubber and Plastics 
Research Association. This site also hosts the 
Cambridge Engineering Selector, a computerized 
resource using the materials selection methodology of 
M. F. Ashby. See Reference 2. 

15. DuPont Plastics www.plastics.dupont.com 
Information and data on DuPont plastics and their 
properties. Searchable database by type of plastic or 
application. 

16. PolymerPlace.com www.polymerplace.com 
Information resource for the polymer industry. 

17. Plastics Technology Online 
www.plasticstechnology.com Online resource of 
Plastics Technology magazine. 

18. PLASPEC Materials Selection Database 
www.plaspec.com Affiliated with Plastics Technology 
Online. Provides current articles and information about 
plastics injection molding, extrusion, blow molding, 
materials, tooling, and auxiliary equipment. 

19. Society of Plastics Engineers www.4spe.org SPE 
promotes scientific and engineering knowledge and 
education about plastics and polymers worldwide. 

P R O B L E M S 

1. Define ultimate tensile strength, 

2. Defme yield point, 

3. Define yield strength and tell how it is measured. 

4. What types of materials would have a yield point? 

5. What is the difference between proportional limit and 
elastic limit? 

6. Define Hooke 's law. 

7. What property of a material is a measure of its stiffness? 

8. What property of a material is a measure of its ductility? 

9. If a material is reported to have a percent elongation in a 
2.00-in gage length of 2%, is it ductile? 

10. Define Poisson's ratio. 

11. If a material has a tensile modulus of elasticity of 114 
GPa and a Poisson's ratio of 0.33, what is its modulus of 
elasticity in shear? 

12. A material is reported to have a Brinell hardness of 525. 
What is its approximate hardness on the Rockwell C 
scale? 

13. A steel is reported to have a Brinell hardness of 450. What 
is its approximate tensile strength? 

For Problems 14-17, describe what is wrong with 
each statement. 

14. "After annealing, the steel bracket had a Brinell hardness 
of 750." 

15. "The hardness of that steel shaft is HRB 120." 

16. "The hardness of that bronze casting is HRC 12." 

17. "Based on the fact that this aluminum plate has a hardness 
of HB 150, its approximate tensile strength is 75 ksi." 

18. Name two tests used to measure impact energy. 

19. What are the principal constituents in steels? 

20. What are the principal alloying elements in AISI 4340 
steel? 

21. How much carbon is in AISI 4340 steel? 

22. What is the typical carbon content of a low-carbon steel? 
Of a medium-carbon steel? Of a high-carbon steel? 

23. How much carbon does a bearing steel typically contain? 

24. What is the main difference between AISI 1213 steel and 
AISI 12L13steel? 

25. Name four materials that are commonly used for shafts. 

26. Name four materials that are typically used for gears. 

http://www.aluminum.org
http://www.alcoa.com
http://www.copperorg
http://www.mpif.org
http://www.interzinc.com
http://www.rapra.net
http://www.plastics.dupont.com
http://PolymerPlace.com
http://www.polymerplace.com
http://www.plasticstechnology.com
http://www.plaspec.com
http://www.4spe.org
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27. Describe the properties desirable for the auger blades of 
a post hole digger, and suggest a suitable material. 

28. Appendix 3 lists AISI 5160 OQT 1000. De.scribe the ba
sic composition of this material, how it was processed, and 
its properties in relation to other steels listed in that table. 

29. If a shovel blade is made from AISI 1040 steel, would you 
recommend tlame hardening to give its edge a surtace 
hardness of HRC 40? Explain. 

30. Describe the differences between through-hardening and 
carburizing. 

31. Describe the process of induction hardening. 

32. Name 10 steels used for carburizing. What is their ap
proximate carbon content prior to carburizing? 

33. What types of stainless steels are nonmagnetic? 

34. What is the principal alloying element that gives a stain
less steel corrosion resistance? 

35. Of what material is a typical wide-flange beam made? 

36. With regard to structural steels, what does the term HSLA 
mean? What strengths are available in HSLA steel? 

37. Name three types of cast iron. 

38. Describe the following cast iron materials according to 
type, tensile strength, yield strength, ductility, and stiffness: 

ASTM A48-83, Grade 30 

ASTM A536-84. Grade 100-70-03 

ASTM A47-84. Grade 35018 

ASTM A220-88, Grade 70003 

39. Describe the process of making parts from powdered 
metals. 

40. What properties are typical for parts made from Zamak 3 
zinc casting alloy? 

41. What are the typical uses for Group D tool steels? 

42. What does the suffix O in aluminum 6061 -O represent? 

43. What does the suffix H in aluminum 3003-H14 represent? 

44. What does the suffix T in aluminum 6061-T6 represent? 

45. Name the aluminum alloy and condition that has the 
highest strength of those listed in Appendix 9. 

46. Which is one of the most versatile aluminum alloys for 
mechanical and structural uses? 

47. Name three typical uses for titanium alloys. 

48. What is the principal constituent of bronze? 

49. Describe the bronze having the UNS designation C86200. 

50. Name two typical uses for bronze in machine design. 

51. Describe the difference between thermosetting plastics 
and thermoplastics. 

52. Suggest a suitable plastic material for each of the follow
ing uses: 

(a) Gears 

(b) Football helmets 

(c) Transparent shield 

(d) Structural housing 

(e) Pipe 

(f) Wheels 

(g) Electrical switch-gear, structural part 

53. Name eight factors over which the designer has control 
when specifying a composite material. 

54. Define the term composite. 

55. Name four base resins ofien used for composite materials. 

56. Name four types of reinforcement fibers used for com
posite materials. 

57. Name three types of composite materials used for sport
ing equipment, such as tennis rackets, golf clubs, and skis. 

58. Name three types of composite materials used for aircraft 
and aerospace structures. 

59. What base resin and reinforcement are typically used for 
sheet-molding compound (SMC)? 

60. For what applications are sheet-molding compounds used? 

61. Describe six fomis in which reinforcing fibers are produced. 

62. Describe wet processing of composite materials. 

63. Describe preimpregnated materials. 

64. Describe the production processing of sheet-molding 
compounds. 

65. Describe pultriision, and list four shapes produced by this 
process. 

66. Describe filament winding and four types of products 
made by this process. 

67. Define the term specific strength as it is applied to struc
tural materials. 

68. Define the term specific .stiffness as it is applied to struc
tural materials. 

69. Discuss the advantages of composite materials relative 
to metals with regard to specific strength and specific 
stiffness. 

70. Compare the specific strength of AISI 1020 hot-rolled steel 
with that of AISI 5160 OQT 700 steel, the two aluminum 
alloys 606I-T6 and 7()75-T6. and titanium Ti-6AI-4V. 

71. Compare the specific stiffness of AISI 1020 hot-rolled 
steel with that of AISI 5160 OQT 700 steel, the two alu
minum alloys 606I-T6 and 7()75-T6, and titanium Ti-
6A1-4V. 

72. Compare the specific strengths of each of the five com
posite materials shown in Figure 2-21 with that of AISI 
1020 hot-rolled steel. 

73. Compare the specific stiffness of each of the five com
posite materials shown in Figure 2-21 with that of AISI 
1020 hot-rolled steel. 

74. Describe the general construction of a composite material 
identified as [0/-H30/-3O/90]. 
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75. List and discuss six design guidelines lor thc application 
of composite materials. 

76. Why is it desirable to form a composite material in layers 
or plies with the angle oi orientation ofthe different plies 
in ditferent directions'.' 

77. Wh\ is it desirable to form a composite structural element 
with relatively thin skins ofthe stronger composite mate
rial iner a core of light foam? 

78. Describe w hy concurrent engineering and early manufac
turing iinohenient are important when you are designing 
parts made from composite materials. 

Internet-Based Assignments 

79. L'se the Matweb website to determine at least three ap
propriate materials for a shaft design. An alloy steel is 
preferred with a minimum yield strength of 150 ksi (1035 
MPa) and a good ductility as represented by an elonga
tion of lO'î  or greater. 

80. llse the Matvveh website to determine at least three ap
propriate plastic materials for use as a cam. The materi
als should have good strength properties and a high 
toughness. 

81. L'se the DuPont Plastics website to determine at least 
three appropriate plastic materials tor use as a cam. The 
materials should ha\e good strength properties and a high 
touiihness. 

82. Use the DuPont Plastics website to determine at least 
three appropriate plastic materials for use as a housing for 
an industrial product. Moderate strength, high rigidity, 
and high toughness are required. 

83. Use the Alcoa website to determine at least three appro
priate aluminum alloys for a mechanical component that 
requires moderate strength, good machinability, and good 
corrosion resistance. 

84. Use the INTERZINC website to determine at least three 
appropriate zinc casting alloys for a structural component 
that requires good strength and that is recommended for 
die casting. 

85. Use the Copper Development Association website to rec
ommend at least three copper alloys for a wormgear 
Good strength and ductility are desirable along with good 
wear properties. 

86. Use the Copper Development Association website to rec
ommend at least three copper alloys for a bearing appli
cation. Moderate strength and good friction and wear 
properties are required. 

87. Locate the description of the ASTM Standard A992 
structural steel that is commonly used for rolled steel 
beam shapes. Determine how to acquire a copy of the 
standard. 
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The 
Big 
Picture 

Stress antd Deformation Analysis 

Discussion Map 

• As a designer you are 
responsible for ensunng the 
safety of the components 
and systems you design. 

D You must apply your prior 
knowledge of the principles 
of strength of materials. 

Discover 
How could consumer products and machines fail? 
Describe some product failures you have seen. 

This chapter presents a brief review of the 
fundamentals of stress analysis. It will help you design 
products that do not fail, and it will prepare you for 
other topics later in this book. 

A designer is responsible for ensuring the safety ofthe components and systems that he or she 
designs. Many factors affect safety, but one of the most critical aspects of design safety is that 
the level of stress to which a machine component is subjected must be safe under reasonably 
foreseeable conditions. This principle implies, of course, that nothing actually breaks. Safety 
may also be compromised if components are permitted to deflect excessively, even though 
nothing breaks. 

You have already studied the principles of strength of materials to learn the funda
mentals of stress analysis. Thus, at this point, you should be competent to analyze load-
carrying members for stress and deflection due to direct tensile and compressive loads, 
direct shear, torsional shear, and bending. 

Think, now, about consumer products and machines with which you are familiar, 
and try to explain how they could fail. Of course, we do not expect them to fail, because 
most such products are well designed. But some do fail. Can you recall any? How did 
they fail? What were the operating conditions when they failed? What was the material 
of the components that failed? Can you visualize and describe the kinds of loads that were 
placed on the components that failed? Were they subjected to bending, tension, com
pression, shear, or torsion? Could there have been more than one type of stress acfing at 
the same time? Are there evidences of accidental overloads? Should such loads have been 
anticipated by the designer? Could the failure be due to the manufacture of the product 
rather than its design? 

Talk about product and machine failures with your associates and your instructor. 
Consider parts of your car, home appliances, lawn maintenance equipment, or equipment 
where you have worked. If possible, bring failed components to the meetings with your as
sociates, and di.scuss the components and their failure. 

Most of this book emphasizes developing special methods to analyze and design ma
chine elements. These methods are all based on the fundamentals of stress analysis, and it 
is assumed that you have completed a course in strength of materials. This chapter presents 
a brief review of the fundamentals. (See References 1, 3. 4, and 6.) 
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You Are the Designer 

You are the designer of a utility crane that might be used 
in an automotive repair facility, in a manufacturing plant, 
or on a mobile unit such as a truck bed. Its function is to 
raise heavy loads. A schematic layout of one possible 
configuration of the crane is shown in Figure 3-1. It is 
compnsed of four primary load-carrying members, la
beled 1,2,3, and 4. These members are connected to 
each other with pin-type joints at A, B, C, D, E, and FThe 
load is applied to the end of the horizontal boom, mem
ber 4. Anchor points for the crane are provided at joints 
A and B that carry the loads from the crane to a rigid 
structure. Note that this is a simplified view of the crane 
showing only the primary structural components and the 
forces in the plane of the applied load. The crane would 
also need stabilizing members in the plane perpendicu
lar to the drawing. 

You will need to analyze the kinds of forces that are 
exerted on each of the load-carrying members before 
you can design them. This calls for the use of the princi
ples of statics in which you should have already gained 
competence. The following discussion provides a review 
of some of the key principles you will need in this course. 

Your work as a designer proceeds as follows: 

1. Analyze the forces that are exerted on each load-
carrying member using the principles of statics. 

2. Identify the kinds of stresses that each member is 
subjected to by the applied forces. 

3. Propose the general shape of each load-carrying 
member and the material from which each is to be 
made. 

4. Complete the stress analysis for each member to 
determine its final dimensions. 

Let's work through steps 1 and 2 now as a review of stat
ics. You will improve your ability to do steps 3 and 4 as you 
perform several practice problems in this chapter and in 
Chapters 4 and 5 by reviewing strength of materials and 
adding competencies that build on that foundation. 

Force Analysis: 
One approach to the force analysis is outlined here. 

1. Consider the entire crane structure as a free-body 
with the applied force acting at point G and the re
actions acting at support points A and B. See 
Figure 3-2, which shows these forces and impor
tant dimensions of the crane structure. 

FIGURE 3-1 
of a crane 

Schematic layout Boom 

(D 

2) Brace 
Load 

(4) Vertical support 

Floor 
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FIGURE 3-2 Free 
body diagram of 
complete crane 
structure 

2000 

LOAD, F 

Dimensions in millimeters 

42.5 

Reaction forces at supports A and B 

2. Break the structure apart so that each member is rep
resented as a free-body diagram, showing all forces 
acting at each joint. See the result in Figure 3-3. 

3. Analyze the magnitudes and directions of all forces. 

Comments are given here to summarize the methods 
used in the static analysis and to report results. You 
should work through the details of the analysis yourself 
or with colleagues to ensure that you can perform such 
calculations. All of the forces are directly proportional to 
the applied force F. We will show the results with an as
sumed value of F = 10.0 kN (approximately 2250 Ib). 

Step 1: The pin joints at A and B can provide support in 
any direction. We show the xand /components 
of the reactions in Figure 3-2. Then, proceed as 
follows: 

1. Sum moments about B to find 
My' 2.667 F = 26.67 kN 

2. Sum forces in the vertical direction to find 
Rgy = 3.667 F = 36.67 kN. 

At this point we need to recognize that the strut AC 
is pin-connected at each end and carries loads only at 
its ends. Therefore, it is a two-force member, and the di
rection of the total force, RA, acts along the member it
self. Then Rfyy and R^x are the rectangular components 
of RA as shown in the lower left of Figure 3-2. We can 
then say that 

tan (33.7°) = f?V^>^x 
and then 

RAX = FlAy/tan (33.7°) = 26.67 kN/tan (33.7°) = 40.0kN 

The total force, RA, can be computed from the 
Pythagorean theorem, 

FIA = VRA,^ + RAy^ = V(40.0)2 + (26.67)2 = 48.07 kN 

This force acts along the strut AC, at an angle of 33.7° 
above the honzontal, and it is the force that tends to 
shear the pin in joint A. The force at C on the strut AC is 
also 48.07 kN acting upward to the right to balance RA on 
the two-force member as shown in Figure 3-3. Member 
AC is therefore in pure tension. 
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RE. 

2000 
1250 

R F.\ 

REV Rp Rpy 

(D 

REy 
LOAD, E 

. 1 — ^ R 

750 

D 

® 

500 

Dimensions in millimeters 
RAX R^^-^'^By 

33.7° 42.5° 

FIGURE 3 - 3 Free-body diagrams of each component of the crane 

Ex 

RD 

R[) = Rf 

1250 

We can now use the sum of the forces in the hori
zontal direction on the entire structure to show that 
F^Ax = FIBX = 40.0 kN. The resultant of Rg^ and Rgy 's 
54.3 kN acting at an angle of 42.5° above the hori
zontal, and it is the total shearing force on the pin 
in joint B. See the diagram in the lower right of 
Figure 3-2. 

Step 2: The set of free-body diagrams is shown in 
Figure 3-3. 

Step 3: Now consider the free-body diagrams of all of 
the members in Figure 3-3. We have already 
discussed member 1, recognizing it as a two-
force member in tension carrying forces RA and 

Rc equal to 48.07 kN.The reaction to f?cacts on 
the vertical member 4. 

Now note that member 2 is also a two-force mem
ber, but it is in compression rather than tension. There
fore we know that the forces on points D and F are 
equal and that they act in line with member 2, 31.0° 
with respect to the horizontal. The reactions to these 
forces, then, act at point D on the vertical support, 
member 4, and at point F on the horizontal boom, 
member 3. We can find the value of Rp by considering 
the free-body diagram of member 3. You should be able 
to verify the following results using the methods al
ready demonstrated. 
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Bending 
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Shearing 
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(kN) 

-6.0 
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26.67kN I 
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7:^ 33.T^^R^ = 
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RB_, = 40.0kN 
42.5 

ia) Member 3—Horizontal boom (b) Member 4—Vertical support 

F I G U R E 3-4 Shearing force and bending moment diagrams for members 3 and 4 

1250 

C 
/?Cv = ' 
26.67kN 

500 

RB,. = 36.67kN 

RB = 54.3kN 

RFy= 1.600 F = (1.600)(10.0kN) = 16.00 kN 

RFX = 2.667 F = (2.667)(10.0 kN) = 26.67 kN 

RF= 3.110 F = (3.110)(10.0kN) = 31.10 kN 

R^y = 0.600 F = (0.600)(10.0 kN) = 6.00 kN 

REX = 2.667 F = (2.667)(10.0 kN) = 26.67 kN 

RE = 2.733 F = (2.733)(10.0 kN) = 27.33 kN 

Now all forces on the vertical member 4 are known 
from eadier analyses using the principle of action-
reaction at each joint. 

Types of Stresses on Each Member: 

Consider again the free-body diagrams in Figure 3-3 
to visualize the kinds of stresses that are created in 
each member. This will lead to the use of particular 
kinds of stress analysis as the design process is com
pleted. Members 3 and 4 carry forces perpendicular to 
their long axes and, therefore, they act as beams in 
bending. Figure 3-4 shows these members with the 
additional shearing force and bending moment dia
grams. You should have learned to prepare such dia
grams in the prerequisite study of strength of materials. 
The following is a summary of the kinds of stresses in 
each member. 

Member 1: The strut is in pure tension. 

Member2:TUe brace is in pure compression. Column 
buckling should be checked. 

Me/r7t>er 3.-The boom acts as a beam in bending. The 
right end between Fand G is subjected to bending 
stress and vertical shear stress. Between Eand F 
there is bending and shear combined with an axial 
tensile stress. 

Member 4: The vertical support experiences a com
plex set of stresses depending on the segment be
ing considered as described here. 

Between E and D: Combined bending stress, ver
tical shear stress, and axial tension. 

Between D and C: Combined bending stress and 
axial compression. 

Between C and 8: Combined bending stress, ver
tical shear stress, and axial compression. 

Pin doints: The connections between members at 
each joint must be designed to resist the total reaction 
force acting at each, computed in the earlier analysis. In 
general, each connection will likely include a cylindrical 
pin connecting two parts. The pin will typically be in di
rect shear. 
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3-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will: 

1. Have reviewed the principles of stress and deformation analysis for several kinds 
of stresses, including the following: 

Direct tension and compression 

Direct shear 

Torsional shear for both circular and noncircular sections 

Vertical shearing stresses in beams 

Bending 

2. Be able to interpret the nature of the stress at a point by drawing the stress element 
at any point in a load-carrying member for a variety of types of loads. 

3. Have reviewed the importance of l\\c flexural center of a beam cross section with 
regard to the alignment of loads on beams. 

Have reviewed beam-deflection formulas. 4. 

5. Be able to analyze beam-loading patterns that produce abrupt changes in the mag
nitude of the bending moment in the beam. 

6. Be able to use the principle of superposition to analyze machine elements that are 
subjected to loading patterns that produce combined stresses. 

7. Be able to properly apply stress concentration factors in stress analyses. 

3-2 
PHILOSOPHY OF 
A SAFE DESIGN 

In this book, every design approach will ensure that the .stress level is below yield in ductile 
materials, automatically ensuring that the part will not break under a static load. For brittle 
materials, we will ensure that the stress levels are well below the ultimate tensile strength. 
We will also analyze deflection where it is critical to safety or peiformance of a part. 

Two other failure modes that apply to machine members are fatigue and wear. Fatigue 
is the response of a part subjected to repeated loads (see Chapter 5). Wear is di.scussed 
within the chapters devoted to the machine elements, such as gears, bearings, and chains, 
for which it is a major concern. 

3—3 
REPRESENTING 

STRESSES 
ON A STRESS 

ELEMENT 

One major goal of stress analysis is to determine the point within a load-carrying member 
that is subjected to the highest stress level. You should develop the ability to visualize a 
stress element, a single, infinitesimally small cube from the member in a highly stressed 
area, and to show vectors that represent the kind of stresses that exist on that element. The 
orientation ofthe stress element is critical, and it must be aligned with specified axes on the 
member, typically called .v. y. and ::. 

Figure 3-5 shows three examples of stress elements with three basic fundamental kinds 
of stress: tensile, compressive, and shear. Both the complete three-dimensional cube and the 
simplified, two-dimensional square forms for the stress elements are shown. The square is one 
face ofthe cube in a selected plane. The sides ofthe square represent the projections ofthe faces 
of the cube that are perpendicular to the selected plane. It is recointnended that you visualize 
the cube form first and then represent a square stress element showing stresses on a particular 
plane of interest in a given problem. In some probleins with more general states of stress, two 
or three square stress elements may be required to depict the complete stress condition. 

Tensile and compressive stresses, called nortnal stresses, are shown acting perpendi
cular to opposite faces of the stress element. Tensile stresses tend to pull on the element, 
whereas compressive stresses tend to crush it. 
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FIGURE 3-5 Stress 
elements for three types 
of stresses 

(T, a, 

cr,. 

. ^ ^ ^ 

I 

Z ^ T „ . 

'.XT 

.V 

(a) Direct tension (/>) Direct compression 

T.n -

(c) Pure shear 

Shear stresses are created by direct shear, vertical shear in beams, or torsion. In each 
case, the action on an element subjected to shear is a tendency to cut the element by exert
ing a stress downward on one face while simultaneously exerting a stress upward on the op
posite, parallel face. This action is that of a simple pair of shears or scissors. But note that 
if only one pair of shear stresses acts on a stress element, it will not be in equilibrium. 
Rather, it will tend to spin because the pair of shear stresses forms a couple. To produce 
equilibrium, a second pair of shear stresses on the other two faces ofthe element must ex
ist, acting in a direction that opposes the first pair. 

In summary, .shear stres.ses on an element will always be shown as two pairs of equal 
stresses acfing on (parallel to) the four sides ofthe element. Figure 3-5(c) shows an example. 

Sign Convention for Shear Stresses 

This book adopts the following convention: 

Positive shear stresses tend to rotate the element in a clockwise direction. 

Negative shear stresses tend to rotate the element in a counterclockwise direction. 

A double subscript notation is used to denote shear stresses in a plane. For example, in 
Figure 3-5(c), drawn for the x-y plane, the pair of shear stresses, T „ , indicates a shear stress 
acting on the element face that is perpendicular to the .v-axis and parallel to the y-axis. Then 
T,, acts on the face that is perpendicular to the ^-axis and parallel to the .v-axis. In this ex
ample, T„ is positive and T, j is negative. 

3-4 
DIRECT 

STRESSES: 
TENSION AND 

COMPRESSION 

Stress can be defined as the intemal resistance oft'ered by a unit area of a material to an exter
nally applied load. Normal stres.ses (a) are either tensile (positive) or cotnpressive (negative). 

For a load-carrying member in which the external load is uniformly distributed across 
the cross-sectional area of the member, the magnitude of the stress can be calculated from 
the direct stress formula: 

o Direct Tensile or 
Compressive Stress CT = force/area = F/A (3-1) 
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The units for stress are a\ways force per unit area, as is evident from Equation 3-1. 
Common units in the U.S. Customary system and the Sl metric systein follow. 

U.S. Customaiy Units 

lb/in" = psi 

kips/in- = ksi 

Note: 1.0 kip - 10001b 

1.0 ksi = 1000 psi 

SI Metric Units 

N/nr = pascal = Pa 

N/mm" = megapascal = 10̂  Pa = MPa 

Example Problem 3-1 A tensile force of 9500 N is applied to a 12-mm-diameter round bar, as shown in Figure 
3-6. Compute the direct tensile stress in the bar. 

FIGURE 3-6 Tensile 
stress in a round bar 

Side view Cross section 

Solution Objective Compute the tensile stress in the round bar. 

Given Force = F = 9500 N; diameter = D = 12 mm. 

Analysis Use the direct tensile stress formula. Equation (3-1): a = F/A. Compute the cross-sectional 
area from A = KD~I4. 

Results A = 7TD74 = TT(I2 mm)74 =113 mm-

CT = F/A = (9500N)/(113mm-) = 84.0 N/mnr = 84.0 MPa 

Comment The results are shown on stress element A in Figure 3-6. which can be taken to be anywhere 
within the bar because, ideally, the stress is uniform on any cross section. The cube form of 
the element is as shown in Figure 3-5 (a). 

The conditions on the use of Equation (3-1) are as follows: 

1. The load-carrying member must be straight. 

2. The line of action of the load must pass through the centroid of the cross section 
of the member. 
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3-5 
DEFORMATION 
UNDER DIRECT 

AXIAL LOADING 

3. The member must be of uniform cross section near where the stress is being 
computed. 

4. The material must be homogeneous and isotropic. 

5. In the case of compression members, the member mu.st be short to prevent buck
ling. The conditions under which buckling is expected are di.scussed in Chapter 6. 

The following formula computes the stretch due to a direct axial tensile load or the short
ening due to a direct axial compressive load: 

o Deformation Due to 
Direct Axial Load 8 = FL/EA 

where 8 = total deformation of the member carrying the axial load 
F = direct axial load 
L = original total length ofthe member 
E — modulus of elasticity of the material 
A = cross-sectional area of the member 

Noting that a = F/A. we can also compute the deformation from 

8 = uL/E 

(3-2) 

(3-3) 

Example Problem 3-2 For the round bar subjected to the tensile load shown in Figure 3-6, compute the total de
formation if the original length ofthe bar is 3600 mm. The bar is made from a steel having 
a modulus of elasticity of 207 GPa. 

Solution Objective Compute the deformation of the bar. 

Given Force = F = 9500 N; diameter = D = 12 mm. 
Length = L = 3600 mm; E = 207 GPa 

Analysis From Example Problem 3-1, we found that a = 84.0 MPa. Use Equation (3-3). 

Results CTL (84.0 X lO'̂ N/m-) (3600 mm) 
8 = — = —-— -̂ = 1.46 mm 

E (207 X 10'N/nr) 

3-6 
DIRECT SHEAR 

STRESS 

Direct shear stress occurs when the applied force tends to cut through the member as scis
sors or shears do or when a punch and a die are used to punch a slug of material from a 
sheet. Another important example of direct shear in machine design is the tendency for a 
key to be sheared off at the section between the shaft and the hub of a machine element 
when transmitting torque. Figure 3-7 shows the action. 

The method of computing direct shear stress is similar to that used for computing di
rect tensile stress because the applied force is assumed to be uniformly distributed across 
the cross secfion of the part that is resisting the force. But the kind of stress is shear stress 
rather than normal stress. The symbol used for shear stress is the Greek letter tau (x). The 
formula for direct shear stress can thus be written 

C^ Direct Shear Stress T = shearing force/area in shear = F/A, (3^ ) 
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FIGURE 3-7 Direct 
shear on a key 

Bearings- Kev 

Stieave 

(a) Shaft/sheave arrangement Belt 

Shear 
plane 

• Shaft 

ib) Enlarged view of hub/shaft/key 

b = 0.50 in 

Shear area = Â  = ftL = (0.50 in) (1.75 in) = 0.875 in̂  

ic) 

This stress is more properly called the average shearing stress, but we will make the sim
plifying assumption that the stress is uniformly distributed across the shear area. 

Example Problem 3-3 Figure 3-7 shows a shaft carrying two sheaves that are keyed to the shaft. Part (b) shows 
that a force F is transmitted from the shaft to the hub of the sheave through a square key. 
The shaft is 2.25 inches in diameter and transmits a torque of 14 063 Ib.in. The key has a 
square cross secfion, 0.50 in on a side, and a length of 1.75 in. Compute the force on the 
key and the shear stress caused by this force. 
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Solution Objective Compute the force on the key and the shear stress. 

Given Layout of shaft, key, and hub shown in Figure 3-7. 

Torque = T = 14 063 lb-in; key dimensions = 0.5 X 0.5 X 1.75 in. 

Shaft diameter - D = 2.25 in; radius = R = D/2 = 1.125 in. 

Analysis Torque T = force F X radius R, Then F = T/R. 

Use equation (3^) to compute shearing stress: T = F/A,. 
Shear area is the cross section ofthe key at the interface between the shaft and the hub: A, = bL. 

Results F = T/R = (14 063 lb•in)/( 1.125 in) = 12 5001b 

A, = bL = (0.50 in)( 1.75 in) = 0.875 in^ 

T = F/A = (12 5001b)/(0.875in') - 14 300 Ib/in-

Comment This level of shearing stress will be uniform on all parts of the cross secfion of the key. 

3-7 
RELATIONSHIP 

AMONG TORQUE, 
POWER, AND 
ROTATIONAL The relationship among the power (P), the rotational speed (n), and the torque (T) in a shaft 

SPEED is described by the equation 

r-N Power-Torque- j, ^ „/ /^_cx 
^ Speed Relationship ' ^ / " -̂̂  ^' 

In SI units, power is expressed in the unit of watt (W) or its equivalent, newton me
ter per second (N • m/s), and the rotational speed is in radians per second (rad/s). 

Example Problem 3-4 Compute the amount of torque in a shaft transmitting 750 W of power while rotating at 183 
rad/s. (Note: This is equivalent to the output of a 1.0-hp, 4-pole electric motor, operating at 
its rated speed of 1750 rpm. See Chapter 21.) 

Solution Objective Compute the torque T in the shaft. 

Given Power = P = 750 W = 750 N • m/s. 

Rotational speed = « = 183 rad/s. 

Analysis Use Equation (3-5). 

Results T = P/n = (750 N-m/s)/( 183 rad/s) 

T = 4.10N-m/rad = 4.10 N-m 

Comments In such calculations, the unit of N • m/rad is dimensionally correct, and some advocate its 
use. Most, however, consider the radian to be dimensionless, and thus torque is expressed 
in N • m or other familiar units of force times distance. 
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In the U.S. Customary Unit System, power is typically expressed as horsepower, 
equal to 550 ft • Ib/s. The typical unit for rotafional speed is rpm, or revolutions per minute. 
But the mo.st convenient unit for torque is the pound-inch (lb • in). Considering all of these 
quanfities and making the necessary conversions of units, we use the following formula to 
compute the torque (in lb • in) in a shaft carrying a certain power P (in hp) while rotating at 
a speed of n rpm. 

P-T-n 
C^ Relationship for U.S. 

Customary Units 
T = 63 000 P/n (3-6) 

The resulting torque will be in pound-inches. You should verify the value of the constant, 
63 000. 

Example Problem 3-5 Compute the torque on a shaft transmitting 1.0 hp while rotating at 1750 rpm. Note that 
these conditions are approximately the same as those for which the torque was computed 
in Example Problem 3-4 using Sl units. 

Solution Objective Compute the torque in the shaft. 

Given P = 1.0 hp;/; = 1750 rpm. 

Analysis Use Equafion (3-6). 

Results 7 = 63 000 P/n = [63 000( 1.0) ]/1750 = 36.0 lb • in 

3—8 
TORSIONAL 

SHEAR STRESS 

When a torque, or twisting moment, is applied to a member, it tends to deform by twisting, 
causing a rotation of one part of the member relative to another. Such twisting causes a 
shear stress in the member. For a small element of the member, the nature of the stress is 
the same as that experienced under direct shear stress. However, in torsional shear, the dis
tribution of stress is not uniform across the cross section. 

The most frequent case of torsional shear in machine design is that of a round circu
lar shaft transmitting power. Chapter 12 covers shaft design. 

IVIaximum Torsional 
C^ Shear Stress in a 

Circular Shaft 

Torsional Shear Stress Formula 

When subjected to a torque, the outer surface of a solid round shaft experiences the great
est shearing strain and therefore the largest torsional shear stress. See Figure 3-8. The value 
of the maximum torsional shear stress is found from 

Tmax = Tc/J 

where c = radius of the shaft to its outside surface 
J = polar moment of inertia 

See Appendix 1 for formulas for J. 

(3-7) 
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FIGURE 3-8 Stress 
distribution in a solid 
shaft 

Stress distribution-

Example Problem 3-6 Compute the maximum torsional shear stress in a shaft having a diameter of 10 mm when 

it carries a torque of 4.10 N • m. 

Solution Objective Compute the torsional shear stress in the shaft. 

Given Torque = 7 = 4.10 N m ; shaft diameter = D = 10 mm. 
c = radius ofthe shaft = D/2 = 5.0 mm. 

Analysis Use Equation (3-7) to compute the torsional shear stress: T^^^ = Tc/J, 
J is the polar moment of inertia for the shaft: J = KD'^132 (see Appendix 1). 

Results J = TrDV32 = [(TT)(10 mm)^]/32 = 982 mm^ 

(4.10N-m)(5.0mm)lO-mm 

982 mm^ m 
= 20.9 N/mm- = 20.9 MPa 

Comment The maximum torsional shear stress occurs at the outside surface of the shaft around its en
tire circumference. 

General Formula 
1 ^ for Torsional Shear 

Stress 

If it is desired to compute the torsional shear stress at some point inside the shaft, the 
more general formula is used: 

Tr/J (3-8) 

where r = radial distance from the center of the shaft to the point of interest 

Figure 3-8 shows graphically that this equation is based on the linear variation of the tor
sional shear stress from zero at the center of the shaft to the maximum value at the outer 
surface. 

Equations (3-7) and (3-8) apply also to hollow shafts (Figure 3-9 shows the distri
bution of shear stress). Again note that the maximum shear stress occurs at the outer sur
face. Also note that the entire cross section carries a relatively high stress level. As a result, 
the hollow shaft is more efficient. Notice that the material near the center of the solid shaft 
is not highly stressed. 
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FIGURE 3-9 Stress 
distribution in a hollow 
shaft 

Stress distribution -

Tc 
J 

J=j-,(D'-d') 

o Polar Section 
Modulus 

For design, it is convenient to define the polar section modulus, Z : 

Z, = J/c 

Then the equation for the maximum torsional shear stress is 

(3-9) 

(3-10) 

Formulas for the polar secfion modulus are also given in Appendix 1. This form of the tor
sional shear stress equation is useful for design problems because the polar section modu
lus is the only term related to the geometry of the cross section. 

3 - 9 
TORSIONAL When a shaft is subjected to a torque, it undergoes a twisfing in which one cross section is 

DEFORMATION rotated relative to other cross sections in the shaft. The angle of twist is computed from 

o Torsional 
Deformation e = TL/GJ (3-11) 

where 9 = angle of twist (radians) 
L = length ofthe shaft over which the angle of twist is being computed 
G = modulus of elasticity of the shaft material in shear 

Example Problem 3-7 Compute the angle of twist of a 10-mm-diameter shaft carrying 4.10 N • m of torque if it is 
250 mm long and made of steel with G = 80 GPa. Express the result in both radians and 
degrees. 

Solution Objective Compute the angle of twist in the shaft. 

Given Torque = F = 4.10 N-m; length = L = 250 mm. 

Shaft diameter = D = 10 mm; G = 80 GPa. 

Analysis Use Equation (3-11). For consistency, let 7 = 4.10 x 10̂  N • mm and G = 80 x IO'' N/mm'. 
From Example Problem 3-6. J = 982 mm"*. 
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Results TL (4.10 X 10" N-nim)(250 mm) 
H = — = ^ ^— —^ / = 0.013 rad 

67 (80 X 10' N/mm-)(982 mm^) 

Using TT rad = 180". 

e = (0.013 rad)(180 deg/TT rad) =-0.75 deg 

Comment Over the length of 250 mm. the shaft twists 0.75 deg. 

3—10 The behavior of members having noncircular cross sections when subjected to torsion is 
TORSION IN 

MEMBERS 
HAVING 

NONCIRCULAR 
CROSS SECTIONS 

o Torsional Shear 
Stress 

radically different from that for members having circular cross sections. However, the fac
tors of most use in machine design are the maximum stress and the total angle of twist for 
such members. The formulas for these factors can be expressed in similar forms to the for
mulas used for members of circular cross section (solid and hollow round shafts). 

The following two formulas can be used: 

Tmax = T/Q (3-12) 

o Deflection for 
Noncircular Sections 0 = TL/GK (3-13) 

Note that Equations (3-12) and (3-13) are similar to Equations (3-10) and (3-11), with the 
substitution of Q for Ẑ , and K for J. Refer to Figure 3-10 for the methods of determining 
the values for K and Q for several types of cross sections useful in machine design. These 
values are appropriate only if the ends of the member are free to deform. If either end is 
fixed, as by welding to a solid structure, the resulting stress and angular twist are quite dif
ferent. (See References 2, 4, and 6.) 

Example Problem 3-8 

Solution 

A 2.50-in-diameter shaft carrying a chain sprocket has one end milled in the form of a 
square to permit the use of a hand crank. The square is 1.75 in on a side. Compute the max
imum shear stress on the .square part of the shaft when a torque of 15 000 lb • in is applied. 

Also, if the length of the square part is 8.00 in, compute the angle of twist over this 
part. The shaft material is steel with G = 11.5 x 10̂  psi. 

Objective Compute the maximum shear stress and the angle of twist in the shaft. 

Given Torque = T= 15 000 lb• in; length = L = 8.00 in. 
The shaft is square; thus, a = 1.75 in. 
G = 11.5X 10>si. 

Analysis Figure 3-10 shows the methods for calculating the values for Q and K for use in Equafions 
(3-12) and (3-13). 

Results Q = o.208«' = (0.208)(1.75 in)' = 1.115 in" 

K = 0.141^/-' = (0.141)(1.75 in)^ = 1.322 in^ 

Now the stress and the deflection can be computed. 
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FIGURE 3-10 
Methods for 
determining values for 
K and Q for several 
types of cross sections 

Cross-sectional shape 

Square 

Rectangle 
t 
h 

Triangle 
(equilateral) 

Shaft wilh 
One Flat 

Shaft with 
Two Flats 

Hollow Rectangle 

/ (unilorm)- T 
. a 

1 
Split Tube 

Mean radius (r) 

t (uniform) 

K = for use in d = TL/GK 

Q = for use in 7 = T/Q 
Black dot (•) denotes 
location of T„,„ 

K = 0.141flr4 

Q = 0.208tf3 at midpoint 
of each side 

^ = . . 3 [ | _ 0 . 2 . ^ 1 - - • ^ ) ] 

0 = '-^ 
^ 1.1 + i.8(;7//))i 

(Approximate; within = 5%) 
T^^^ at midpoint ol long sides 

K = 0.0217ff4 

Q = 0.050ff3 

Q = Q'-^ 

A = Cy^ 

Q = C^r^ 

h/r 

Cl 

Cl 

h/r 

C4 

0.30 

0.35 

0.5 

0.44 

0.47 

0.2 

0.51 

0.5! 

0.6 

0.67 

0.60 

0.4 

0.78 

0.70 

0.7 

0.93 

0.81 

0.6 

1,06 

0.92 

0.8 

.19 

.02 

0.8 

1.37 

.18 

0.9 

,. _ 2i[u-nHi'-i9 
^ ~ {u + l>-2i) 

Q = 2t(a - t){h -t) 

Gives average stress; good approximation of 
maximum stress if/ is small—thin-walled tube 

Inner corners should have generous t'illets 

A = livri V3 

^ 4Tr-r-t-
^ (6i/- + 1.8/) 

/ must be small — thin-walled tube 

.39 

.25 

1.0 

1.57 

1.57 

1.57 

.57 

e = 
TL 

T 15 000 lb • in 
- = r - = 13 460 psi 
Q (1.115 in-) ^ 
(15 0001b-in)(8.00in) 

0.0079 rad 
GK (11.5 X 10Mb/in-)( 1.322 in^) 

Convert the angle of twist to degrees: 

e = (0.0079 rad)(180deg/TT rad) = 0.452 deg 

Comments Over the length of 8.00 in, the square part ofthe shaft twists 0.452 deg. The maximum shear 
stress is 13 460 psi, and it occurs at the midpoint of each side as shown in Figure 3-10. 
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3-11 
TORSION IN 

CLOSED, 
THIN-WALLED 

TUBES 

FIGURE 3-11 
Closed, thin-walled 
tube with a constant 
wall thicknes 

A general approach for closed, thin-walled tubes of virtually any shape uses Equafions 
(3-12) and (3-13) with special methods of evaluafing K and Q. Figure 3-11 shows such a 
tube having a con.stant wall thickness. The values of K and Q are 

K = 4A~t/U (3-14) 

Q ItA (3-15) 

where A = area enclosed by the median boundary (indicated by the dashed line in 
Figure 3-11) 

t = wall thickness (which must be uniform and thin) 
U = length of the median boundary 

W 

^ 

Median boundary 

The shear stress computed by this approach is the average stress in the tube wall. However, 
if the wall thickness t is small (a thin wall), the stress is neady uniform throughout the wall, 
and this approach will yield a close approximation of the maximum stress. For the analysis 
of tubular sections having nonuniform wall thickness, see References 2, 4, and 7. 

To design a member to resist torsion only, or torsion and bending combined, it is ad
visable to select hollow tubes, either round or rectangular, or some other closed shape. They 
possess good efficiency both in bending and in torsion. 

3-12 
OPEN TUBES 

AND A 
COMPARISON 
WITH CLOSED 

TUBES 

The term open tube refers to a shape that appears to be tubular but is not completely closed. 
For example, some tubing is manufactured by starting with a thin, flat strip of steel that is 
roll-formed into the desired shape (circular, rectangular, square, and so on). Then the seam 
is welded along the entire length of the tube. It is interesting to compare the properties of 
the cross section of such a tube before and after it is welded. The following example prob
lem illustrates the comparison for a particular size of circular tubing. 

Example Problem 3-9 Figure 3-12 shows a tube before [Part (b)] and after [Part (a)] the seam is welded. Compare 
the stiffness and the strength of each shape. 

Solution Objective Compare the torsional stiffness and the strength of the closed tube of Figure 3-12(a) with 
those ofthe open-seam (split) tube shown in Figure 3-12(b). 

Given The tube shapes are shown in Figure 3-12. Both have the same length, diameter, and wall 
thickness, and both are made from the same material. 

Analysis Equation (3-13) gives the angle of twist for a noncircular member and shows that the an
gle is inversely proportional to the value of A'. Similarly. Equation (3-11) shows that the an-



Section 3-12 • Open Tubes and a Comparison with Closed Tubes 101 

FIGURE 3-12 
Comparison of closed 
and open tubes 

Weld 

\^d = 3.188— 
—D = 3.500— 

(a) Closed tube 

/ = 0.156 

Narrow 
slil 

\^d = 3.IJ 
—D = 3.500 — 

(ft) Open tube 

gle of twist for a hollow circular tube is inversely proportional to the polar moment of in
ertia J, All other terms in the two equations are the same for each design. Therefore, the ra
tio of Oopen to Ociosed is cqual to the ratio J/K. From Appendix 1, we find 

From Figure 3-10, we find 
J = TT(D^ - ^ ) /32 

K = 2iT/-rV3 

Using similar logic. Equations (3-12) and (3-8) show that the maximum torsional 
shear stress is inversely proportional to Q and Ẑ  for the open and closed tubes, respectively. 
Then we can compare the strengths ofthe two forms by computing the ratio Zp/Q. By Equa
tion (3-9), we find that 

Z, = J/c = J/iD/2) 

The equafion for Q for the split tube is listed in Figure 3-10. 

Results We make the comparison of torsional stiffness by computing the ratio J/K, For the closed, 
hollow tube, 

J = TT(D'* - ^ ) / 32 

J = 7T(3.500^ - 3.188^)/32 = 4.592 in'* 

For the open tube before the slit is welded, from Figure 3-10, 

K = 2TTrrV3 

K= [ ( 2 ) ( T T ) ( 1 . 6 7 2 ) ( 0 . 1 5 6 ) ' ] / 3 = 0.0133 in' 

Rafio = J/K = 4.592/0.0133 = 345 

Then we make the comparison ofthe strengths ofthe two forms by computing the ratio Z/Q. 
The value of 7 has already been computed to be 4.592 in"*. Then 

For the open tube. 

Zp = J/c = J/iD/2) = (4.592 in'*)/[(3.500in)/2] = 2.624 in"' 

4TT-( 1.672 in)'(0.156 in)-4TT-rr 

(6iTr + 1.80 [677(1.672 in) + 1.8(0.156 in) 
= 0.0845 in' 
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Then the strength comparison is 

Ratio = Zp/Q = 2.624/0.0845 = 31.1 

Comments Thus, for a given applied torque, the slit tube would twist 345 fimes as much as the closed 
tube. The stress in the slit tube would be 31.1 times higher than in the closed tube. Also note 
that if the material for the tube is thin, it will likely buckle at a relatively low stress level, 
and the tube will collapse suddenly. This comparison shows the dramatic superiority ofthe 
closed form of a hollow section to an open form. A similar comparison could be made for 
shapes other than circular. 

o 

3—13 
VERTICAL 
SHEARING 
STRESS 

Vertical Shearing 
Stress in Beams 

A beam carrying loads transverse to its axis will experience shearing forces, denoted by V. 
In the analysis of beams, it is usual to compute the variation in shearing force across the en
tire length of the beam and to draw the shearing force diagram. Then the resulting vertical 
shearing stress can be computed from 

T = VQ/It (3-16) 

where / = rectangular moment of inertia of the cross section of the beam 
t = thickness of the section at the place where the shearing stress is to be computed 

Q — first moment, with respect to the overall centroidal axis, ofthe area of that 
part of the cross section that lies away from the axis where the shearing stress 
is to be computed. 

o First Moment of the 
Area 

To calculate the value of Q, we define it by the following equation, 

Q = ApV (3-17) 

where Ap = that part of the area of the section above the place where the stress is to be 
computed 

y = distance from the neutral axis of the section to the centroid of the area Ap 

In some books or references, and in earlier editions of this book, Q was called the statical 
moment. Here we will use the term, first moment ofthe area. 

For most section shapes, the maximum vertical shearing stress occurs at the centroidal 
axis. Specifically, if the thickness is not less at a place away from the centroidal axis, then 
it is assured that the maximum vertical shearing stress occurs at the centroidal axis. 

Figure 3-13 shows three examples of how Q is computed in typical beam cross sec
fions. In each, the maximum vertical shearing stress occurs at the neutral axis. 

hH 
1 ^ 

h/4 = y \ 

t ' 
1 

^ j , , . 

t 
•h/2 

• 

f{h/2) 

. 

[; 

• 

.Af, = nDVS A2 (flange) 

Q = \ y Q='^i,y 

(o) (b) 

FIGURE 3-13 Illustrations of Â  and y used to compute Q for three shapes 

Note. Ap = A\ +/I2 

(c) 
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FIGURE 3-14 
Shearing force diagram 
and vertical shearing 
stress for beam 
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Stress distribution 
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Example Problem 3-10 Figure 3-14 shows a simply supported beam carrying two concentrated loads. The 
shearing force diagram is shown, along with the rectangular shape and size of the cross 
section of the beam. The stress distribution is parabolic, with the maximum stress oc
curring at the neutral axis. Use Equation (3-16) to compute the maximum shearing 
stress in the beam. 

Solution Objective Compute the maximum shearing stress T in the beam in Figure 3-14. 

Given The beam shape is rectangular: h = 8.00 in; / = 2.00 in. 
Maximum shearing force = V = 1000 lb at all points between A and B. 

Analysis Use Equation (3-16) to compute T. Vand t are given. From Appendix 1, 

/ = //r7l2 

The value of the first moment of the area Q can be computed from Equation (3-17). 
For the rectangular cross section shown in Figure 3-13(a), Ap = t(hl2) and y = h/4. 
Then 

Q = Apy = {th/2){h/4) = r/r/8 

Results 

Comments 

/ = //rVl2 = (2.0in)(8.0in)Vl2 = 85.3 in' 

Q = Apy = r/778 = (2.0in)(8.0in)-/8 = 16.0 in^ 

Then the maximum shearing stress is 

VQ _ (1000 lb)( 16.0 in') 

// ~ (85.3in')(2.0in) 
= 93.8 lb/in- = 93.8 psi 

The maximum shearing stress of 93.8 psi occurs at the neutral axis of the rectangular 
section as shown in Figure 3-14. The stress distribution within the cross section is gen
erally parabolic, ending with zero shearing stress at the top and bottom surfaces. This is 
the nature of the shearing stress everywhere between the left support at A and the point 
of applicafion ofthe 1200-lb load at B, The maximum shearing stress at any other point in the 
beam is proportional to the magnitude of the vertical shearing force at the point of interest. 
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FIGURE 3-15 Shear 
stres.ses on an element r Vertical shear stress-

Both have the 
same magnitude 

Horizontal shear stress' 

o 

3-14 
SPECIAL 

SHEARING 
STRESS 

FORMULAS 

„,3, for Rectangle 

Note that the vertical shearing stress is equal to the horizontal shearing stress because 
any element of material subjected to a shear stress on one face must have a shear stress of 
the same magnitude on the adjacent face for the element to be in equilibrium. Figure 3-15 
shows this phenomenon. 

In most beams, the magnitude of the vertical shearing stress is quite small compared 
with the bending stress (see the following .secfion). For this reason it is frequently not com
puted at all. Those cases where it is of importance include the following: 

1. When the material ofthe beam has a relatively low shear strength (such as wood). 

2. When the bending moment is zero or small (and thus the bending stress is small), 
for example, at the ends of simply supported beams and for short beams. 

3. When the thickness of the section carrying the shearing force is small, as in sec
tions made from rolled sheet, some extruded shapes, and the web of rolled struc
tural shapes such as wide-flange beams. 

Equation (3-16) can be cumbersome because of the need to evaluate the first moment of 
the area Q. Several commonly used cross sections have special, easy-to-use formulas for 
the maximum vertical shearing stress: 

T,,, = 3V /̂2A (exact) (3-18) 

o Tmax for Circle 

where A = total cross-sectional area of the beam 

4V/3A (exact) (3-19) 

o 

o 

, for l-Shape 

'max '^' 

Thin-walled Tube 

i"max — ^/'^' (approximate: about 15% low) (3-20) 

where t = web thickness 

h = height of the web (for example, a wide-flange beam) 

Tpiax — 2V/A (approximate: a litfie high) (3-21) 

In all of these cases, the maximum shearing stress occurs at the neutral axis. 

Example Problem 3-11 Compute the maximum shearing stress in the beam described in Example Problem 3-10 us
ing the special shearing stress formula for a rectangular section. 

Solution Objective Compute the maximum shearing stress T in the beam in Figure 3-14. 
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Given The data are the same as stated in Example Problem 3-10 and as sht)wn in Figure 3-14. 

Analysis Use Equation (3-18) to compute T = 3V/2A. For the rectangle, A = th. 

Results 3V 3(1000 1b̂  
= 93.8 psi 

""" 2A 2[(2.0in)(8.0in)] 

Comment This result is the same as that obtained for Example Problem 3-10, as expected. 

3-15 
STRESS DUE TO 

BENDING 

Flexure Formula 
for Maximum 

Bending Stress 

Z2DESIGN 

A beam is a member that carries loads transverse to its axis. Such loads produce bending 
moments in the beam, which result in the development of bending stresses. Bending 
stresses are nonnal stresses, that is, either tensile or compressive. The maximum bending 
stress in a beam cross section will occur in the part farthest from the neutral axis ofthe sec
tion. At that point, the flexure formula gives the stress: 

(T Mc/I (3-22) 

where M = magnitude ofthe bending moment at the section 
/ = moment of inertia of the cross section with respect to its neutral axis 
c = distance from the neutral axis to the outermost fiber of the beam cross 

section 

The magnitude ofthe bending stress varies linearly within the cross section from a value of 
zero at the neutral axis, to the maximum tensile stress on one side ofthe neutral axis, and 
to the maximum compressive stress on the other side. Figure 3-16 shows a typical stress 
distribution in a beam cross section. Note that the stress distribution is independent ofthe 
shape of the cross section. 

Note that positive bending occurs when the deflected shape of the beam is concave 
upward, resulting in compression on the upper part of the cross section and tension on the 
lower part. Conversely, negative bettding causes the beam to be concave downward. 

The flexure formula was developed subject to the following conditions: 

1. The beam must be in pure bending. Shearing stresses must be zero or negligible. 
No axial loads are present. 

2. The beam must not twist or be subjected to a torsional load. 

3. The material of the beam must obey Hooke's law. 

4. The modulus of elasticity of the material must be the same in both tension and 
compression. 

5. The beam is initially straight and has a constant cross section. 

6. Any plane cross section of the beam remains plane during bending. 

7. No part of the beam shape fails because of local buckling or wrinkling. 

If condition I is not strictly met. you can continue the analysis by using the method 
ofcombined stresses presented in Chapter 4. In most practical beams, which are long rel
ative to their height, shear stresses are sufficiently small as to be negligible. Furthermore, 
the maximum bending stress occurs at the outermost fibers of the beam section, where 
the shear stress is in fact zero. A beam with varying cross section, which would violate 
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FIGURE 3-16 
Typical bending stress 
distribufion in a beam 
cross .section 
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condition 5. can be analyzed by the use of stress concentration factors discussed later in 
this chapter. 

For design, it is convenient to define the tenn section tnodulus. S. as 

I/c (3-23) 

The flexure formula then becomes 

C^ Flexure Formula 

r-N Required Section 
^ Modulus 

(T = M/S (3-24) 

Since / and c are geometrical properties ofthe cross secfion ofthe beam, S is also. Then, in 
design, it is usual to define a design stress, Oj. and, with the bending moment known, solve 
for 5: 

5 = M/CT,/ (3-25) 

This results in the required value of the section modulus. From it, the required dimensions 
of the beam cross section can be determined. 
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Example Problem 3-12 For the beam shown in Figure 3-16. the load F due to the pipe is 12 000 lb. The distances 
are a = 4 ft and b = 6 ft. Determine the required section modulus for the beain to limit the 
stress due to bending to 30 000 psi, the recommended design stress for a typical structural 
steel in static bending. 

Solution Objective Compute the required section modulus 5 for the beam in Figure 3-16. 

Given The layout and the loading pattern are shown in Figure 3-16. 

Lengths: Overall length = L = 10 ft; a = 4 ft; /? = 6 ft. 

Load = F = 12 0001b. 

Design stress = CT./ = 30 000 psi. 

Analysis U.se Equation (3-25) to compute the required section modulus 5. Compute the maximum 
bending moment that occurs at the point of application ofthe load using the formula shown 
in Part (b) of Figure 3-16. 

Results 
M., /?, a 

Fba (12 0001b)(6ft)(4ft) 

5 = ^ = 

a -\- b (6 ft + 4 ft) 

28 800 lb • ft 12 in , 
-- 11.5 in-

28 800 lb-ft 

(TJ 30 000 lb/in- ft 

Comments A beam section can now be .selected from Tables A16-3 and A 1 6 ^ that has at least this 
value for the section modulus. The lightest .section, typically preferred, is the W8xl5 wide-
flange shape with 5 = 11.8 in\ 

3—16 A beam secfion must be loaded in a way that ensures symmetrical bending; that is, there 
FLEXURAL rnust be no tendency for the section to twist under the load. Figure 3-17 shows several 

CENTER FOR .shapes that are typically used for beams having a vertical axis of symmetry. If the line of 

BEAMS 

FIGURE 3-17 
Symmetrical sections. 
A load applied through 
the axis of symmetry 
results in pure bending 
in the beam. 

(a) (b) 

I 

(c) (d) 
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k 
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FIGURE 3-18 
Nonsymmetrical 
sections. A load applied 
as at F| would cause 
twisting; loads applied 
as at F, through the 
flexural center Q would 
cause pure bending. 
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action of the loads on such sections passes through the axis of symmetry, then there is no 
tendency for the section to twist, and the flexure formula applies. 

When there is no vertical axis of symmetry, as with the secfions shown in Figure 3-18, 
care must be exercised in placement of the loads. If the line of action of the loads were 
shown as F, in the figure, the beam would twist and bend, so the flexure formula would 
not give accurate results for the stress in the section. For such sections, the load must be 
placed in line with ihe flexural center, somefimes called the shear center. Figure 3-18 
shows the approximate location of the flexural center for these shapes (indicated by the 
symbol Q). Applying the load in line with Q, as shown with the forces labeled Fj, would 
result in pure bending. A table of formulas for the location of the flexural center is avail
able (see Reference 7). 

3-17 
BEAM 

DEFLECTIONS 

SJDESIGN 

The bending loads applied to a beam cause it to deflect in a direction perpendicular to its 
axis. A beam that was originally straight will deform to a slightly curved shape. In most 
cases, the critical factor is either the maximum deflection of the beam or its deflection at 
specific locations. 

Consider the double-reduction speed reducer shown in Figure 3-19. The four 
gears (A. B. C. and D) are mounted on three shafts, each of which is supported by two 
bearings. The action of the gears in transmitting power creates a set of forces that in turn 
act on the shafts to cause bending. One component of the total force on the gear teeth 
acts in a direction that tends to .separate the two gears. Thus, gear A is forced upward 
while gear B is forced downward. For good gear performance, the net deflection of one 
gear relative to the other should not exceed 0.005 in (0.13 mm) for medium-sized in
dustrial gearing. 

To evaluate the design, there are many methods of computing shaft deflections. We 
will review briefly those methods using deflection formulas, superposifion, and a general 
analytical approach. 

A set of formulas for computing the deflection of beams at any point or at selected 
points is useful in many practical problems. Appendix 14 includes several cases. 

For many additional cases, superposition is useful if the actual loading can be di
vided into parts that can be computed by available formulas. The deflection for each load
ing is computed separately, and then the individual deflecfions are summed at the points 
of interest. 

Many commercially available computer software programs allow the modeling of 
beams having rather complex loading patterns and varying geometry. The results include 
reaction forces, shearing force and bending moment diagrams, and deflections at any 
point. It is important that you understand the principles of beam deflection, studied in 
strength of materials and reviewed here, so that you can apply such programs accurately 
and interpret the results carefully. 
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FIGURE 3-19 Shaft 
deflection analysis for a 
double-reducfion speed 
reducer 

(fl) Arrangement of gears and shafts 
(side view) 
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(b) End views of gears and shafts 

Deflections exaggerated 
By superposition: 
ye = yB\ + -^Bl 
Shaft data: 
D| = 0.75 in 
D2 = 1.00 in 
D3 = 1.50 in 

/, = 0.0155 in" 
/j = 0.049 1 in'' 
/3 = 0.249 in4 

Fc = 320 Ib 

(c) Vertical loads exerted (d) Superposition applied to shaft 2 
by gears on the shafts 

Example Problem 3-13 For the two gears. A and B. in Figure 3-19, compute the relative deflection between them 
in the plane ofthe paper that is due to the forces shown in Part (c). These separating forces, 
or normal forces, are discussed in Chapters 9 and 10. It is customary to consider the loads 
at the gears and the reactions at the bearings to be concentrated. The shafts carrying the 
gears are steel and have uniform diameters as listed in the figure. 

Solution Objective Compute the relative deflection between gears A and B in Figure 3-19. 

Given The layout and loading pattem are shown in Figure 3-19. The separating force between 
gears A and B is 240 lb. Gear A pushes downward on gear B. and the reaction force of gear 
B pushes upward on gear A, Shaft 1 has a diameter of 0.75 in and a moment of inertia of 
0.0155 in"*. Shaft 2 has a diameter of 1.00 in and a moment of inertia of 0.0491 in'*. Both 
shafts are steel. Use F = 30 x 10̂  psi. 

Analysis Use the deflection formulas from Appendix 14 to compute the upward deflection of shaft 
1 at gear A and the downward deflection of shaft 2 at gear B. The sum of the two deflec
tions is the total deflection of gear A with respect to gear B. 



110 Chapter 3 • Stress and Deformation Analysis 

Case (a) from Table A14-1 applies to shaft 1 because there is a single concentrated 
force acting at the midpoint of the shaft between the supporting bearings. We will call that 
deflection y^. 

Shaft 2 is a simply supported beam carrying two nonsymmetrical loads. No single 
formula from Appendix 14 matches that loading pattem. But we can use superposifion to 
compute the deflection of the shaft at gear B by considering the two forces separately as 
shown in Part (d) of Figure 3-19. Case (b) from Table A14-1 is used for each load. 

We first compute the deflection at B due only to the 240-lb force, calling it Vg,. Then 
we compute the deflection at B due to the 320-lb force, calling it ygj- The total deflection at 
B i s yg = Vfi I + .Vfi2-

Results The deflection of shaft 1 at gear A is 

F,l^ 
ya = 

A ^ 1 (240)(6.0)' 

48 F/ 48(30 X 10^)(0.0155) 

The deflection of shaft 2 at B due only to the 240-lb force is 

= 0.0023 in 

.Vfil = 
FB a~ b' (240)(3.0)-(11.0)-

3F/3L2 3(30 X 10*')(0.0491)(14) 

The deflection of shaft 2 at B due only to the 320-lb force at C is 

= -0.0042 in 

.V«2 = 

>B2 

( L ; - b - .Y ) 

6 FF L2 -

(320)(3.0)(3.0) 

6(30 X 10^)(0.0491)(14) 
[(14)^ - (3.0)^ - (3.0)^: 

Vg: = -0.0041 in 

Then the total deflection at gear B is 

.Vfi = .Vfil + .Vfi2 = -0.0042 - 0.0041 = -0.0083 in 

Because shaft 1 deflects upward and shaft 2 deflects downward, the total relative deflecfion 
is the sum of ŷ  and yg: 

.v.otai ^ yA + .Vfi = 0.0023 + 0.0083 = 0.0106 in 

Comment This deflection is very large for this application. How could the deflecfion be reduced? 

3—18 The general principles relating the deflection of a beam to the loading on the beam and its 

EQUATIONS FOR 
DEFLECTED 

BEAM SHAPE 

manner of support are presented here. The result will be a set of relationships among the 
load, the vertical shearing force, the bending moment, the slope of the deflected beam 
shape, and the actual deflection curve for the beam. Figure 3-20 shows diagrams for these 
five factors, with 9 as the slope and y indicating deflection of the beam from its initial 
straight position. The product of modulus of elasticity and the moment of inertia, EL for the 
beam is a measure of its stiffness or resistance to bending deflection. It is convenient to 
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FIGURE 3-20 
Relationships of load, 
vertical shearing force, 
bending moment, slope 
of deflected beam 
shape, and actual 
deflection curve of a 
beam 
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combine EI with the slope and deflection values to maintain a proper relationship, as dis
cussed next. 

One fundamental concept for beams in bending is 

M _ d-y 

EI~ ~d? 
where M = bending moment 

X — position on the beam measured along its length 
y = deflection 

Thus, if it is desired to create an equation of the form y = fix) (that is, y as a function of .v). 
it would be related to the other factors as follows: 

e = 

. v = / ( x ) 

~d^ 

M _ dy 

EI ~ dr 

_K _ ^ 

EI " d.x^ 

w _ d^y 

EI ~ d.x^ 

where w — general term for the load distribution on the beam 
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The last two equations follow from the observation that there is a derivafive (slope) rela
tionship between shear and bending moment and between load and shear. 

In practice, the fundamental equations just given are used in reverse. That is, the load 
distribufion as a function of JC is known, and the equafions for the other factors are derived 
by successive integrations. The results are 

w^fix) 

V = fwdx + Vo 

M = JVdx + MQ 

where VQ and MQ = constants of integrafion evaluated from the boundary condifions 

In many cases, the load, shear, and bending moment diagrams can be drawn in the conven
tional manner, and the equations for shear or bending moment can be created directly by 
the principles of analytic geometry. With M as a function of .v, the slope and deflection re
lations can be found: 

QEI = JM dx + C, 

yEI = jQEIdx + C. 

The constants of integration must be evaluated from boundary conditions. Texts on strength 
of materials show the details. (See Reference 3.) 

3—19 
BEAMS WITH 

CONCENTRATED 
BENDING 

MOMENTS 

EIDESIGN 

Figures 3-16 and 3-20 show beams loaded only with concentrated forces or distributed 
loads. For such loading in any combination, the moment diagram is continuous. That is, 
there are no points of abrupt change in the value of the bending moment. Many machine el
ements such as cranks, levers, helical gears, and brackets carry loads whose line of action 
is offset from the centroidal axis of the beam in such a way that a concentrated moment is 
exerted on the beam. 

Figures 3-21, 3-22, and 3-23 show three different examples where concentrated mo
ments are created on machine elements. The bell crank in Figure 3-21 pivots around point 
O and is used to transfer an applied force to a different line of action. Each arm behaves sim
ilar to a cantilever beam, bending with respect to an axis through the pivot. For analysis, we 
can isolate an arm by making an imaginary cut through the pivot and showing the reaction 
force at the pivot pin and the internal moment in the arm. The shearing force and bending 
moment diagrams included in Figure 3-21 show the results, and Example Problem 3-14 
gives the details of the analysis. Note the similarity to a cantilever beam with the intemal 
concentrated moment at the pivot reacting to the force, F,, acting at the end of the arm. 

Figure 3-22 shows a print head for an impact-type printer in which the applied force, 
F, is offset from the neutral axis of the print head itself Thus the force creates a concen
trated bending moment at the right end where the vertical lever arm attaches to the hori
zontal part. The freebody diagram shows the vertical arm cut off and an intemal axial force 
and moment replacing the effect of the extended arm. The concentrated moment causes the 
abmpt change in the value of the bending moment at the right end of the arm as shown in 
the bending moment diagram. Example Problem 3-15 gives the details ofthe analysis. 

Figure 3-23 shows an isometric view of a crankshaft that is actuated by the vertical 
force acting at the end of the crank. One result is an applied torque that tends to rotate the 
shaft ABC clockwise about its x-axis. The reaction torque is shown acting at the forward 
end of the crank. A second result is that the vertical force acting at the end of the crank ere-
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FIGURE 3-21 
Bending moment in a 
bell crank 
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ates a twisting moment in the rod attached at B and thus tends to bend the shaft ABC in the 
x-z plane. The twisting moment is treated as a concentrated moment acting at B with the re
sulting abrupt change in the bending moment at that location as can be seen in the bending 
moment diagram. Example Problem 3-16 gives the details ofthe analysis. 

When drawing the bending moment diagram for a member to which a concentrated 
moment is applied, the following sign convention will be used. 



114 Chapter 3 • Stress and Deformation Analysis 

FIGURE 3-23 
Bending moment on a 
shaft carrying a crank 
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When a concentrated bending moment acts on a beam in a counterclockwise 
direction, the moment diagram drops; when a clockwise concentrated moment 
acts, the moment diagram rises. 

Example Problem 3-14 The bell crank shown in Figure 3-21 is part of a linkage in which the 80-lb horizontal force 
is transfen-ed to F^ acting vertically. The crank can pivot about the pin at O. Draw a free-
body diagram of the horizontal part of the crank from O to A. Then draw the shearing force 
and bending moment diagrams that are necessary to complete the design of the horizontal 
arm of the crank. 

Solution Objective Draw the free-body diagram of the horizontal part of the crank in Figure 3-21. Draw the 
shearing force and bending moment diagrams for that part. 

Given The layout from Figure 3-21. 

Analysis Use the entire crank first as a free body to determine the downward force FT that reacts to 
the applied horizontal force F, of 80 lb by summing moments about the pin at O. 

Then create the free-body diagram for the horizontal part by breaking it through the 
pin and replacing the removed part with the internal force and moment acting at the break. 

Results We can first find the value of F, by summing moments about the pin at O using the entire 
crank: 

Era = F.-b 

F: = F,(«//;) = 80 lb( 1.50/2.00) = 601b 
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Below the drawing ofthe complete crank, we have drawn a sketch of the horizontal pai1, iso
lating it from the vertical part. The internal force and moinent at the cut section are shown. The 
externally applied downward force F. is reacted by the upward reaction at the pin. Also, be
cause FT causes a moment with respect to the section at the pin, an internal reaction inoment 
exists, where 

Comments 

M = F.-h = (601b)(2.00in) = 120 lb-in 

The shear and moment diagrams can then be shown in the conventional manner. The result 
looks much like a canfilever that is built into a rigid support. The difference here is that the re
action moment at the section through the pin is developed in the veitical arm ofthe crank. 

Note that the shape of the moment diagram for the horizontal part shows that the maximum 
moment occurs at the section through the pin and that the inoment decreases linearly as we 
move out toward point A. As a result, the shape of the crank is optimized, having its largest 
cross section (and section modulus) at the .section of highest bending moment. You could 
complete the design ofthe crank using the techniques reviewed in Section 3-15. 

Example Problem 3-15 Figure 3-22 repre.sents a print head for a computer printer. The force F moves the print head 
toward the left against the ribbon, iinprinting the character on the paper that is backed up 
by the platen. Draw the free-body diagram for the horizontal portion ofthe print head, along 
with the shearing force and bending moment diagrams. 

Solution Objective Draw the free-body diagram of the horizontal part of the print head in Figure 3-22. Draw 
the shearing force and bending moment diagrams for that part. 

Given The layout from Figure 3-22. 

Analysis The horizontal force of 35 N acting to the left is reacted by an equal 35 N horizontal force 
produced by the platen pushing back to the right on the print head. The guides provide sim
ple supports in the vertical direction. The applied force also produces a moment at the base 
ofthe vertical arm where it joins the horizontal part ofthe print head. 

We create the free-body diagram for the horizontal part by breaking it at its right end 
and replacing the reinoved part with the internal force and moment acting at the break. The 
shearing force and bending moment diagrams can then be drawn. 

Results The free-body diagram for the horizontal portion is shown below the complete sketch. Note 
that at the right end (section D) ofthe print head, the vertical arm has been removed and re
placed with the internal horizontal force of 35.0 N and a moment of 875 N • mm caused by 
the 35.0 N force acting 25 mm above it. Also note that the 25 mm-moment arm for the force 
is taken from the line of action of the force to the neutral axis ofthe horizontal part. The 
35.0 N reaction ofthe platen on the print head tends to place the head in compression over 
the entire length. The rotational tendency ofthe moment is reacted by the couple created by 
/?, and Rl acting 45 mm apart at B and C. 

Below the free-body diagram is the vertical shearing force diagram in which a con
stant shear of 19.4 N occurs only between the two supports. 

The bending moment diagram can be derived from either the left end or the right end. 
If we choose to start at the left end at A. there is no shearing force from A to B. and there
fore there is no change in bending moment. From B to C. the positive shear causes an in
crease in bending moment from zero to 875 N • mm. Because there is no shear from C to D. 
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there is no change in bending moment, and the value remains at 875 N-mm. The 
counterclockwise-directed concentrated moment at D causes the moment diagram to drop 
abruptly, closing the diagram. 

Example Problem 3-16 

Solution Objective 

Figure 3-23 shows a crank in which it is necessary to visualize the three-dimensional 
arrangement. The 60-lb downward force tends to rotate the shaft ABC around the .v-
axis. The reaction torque acts only at the end of the shaft outboard of the bearing sup
port at A. Bearings A and C provide simple supports. Draw the complete free-body 
diagram for the shaft ABC, along with the shearing force and bending moment 
diagrams. 

Draw the free-body diagram ofthe shaft AfiC in Figure 3-23. Draw the shearing force and 
bending moment diagrams for that part. 

Given The layout from Figure 3-23. 

Analysis The analysis will take the following .steps: 

Results 

1. Determine the magnitude of the torque in the shaft between the left end and point 
B where the crank arm is attached. 

2. Analyze the connection of the crank at point B to determine the force and moment 
transferred to the shaft ABC by the crank. 

3. Compute the vertical reactions at supports A and C. 

4. Draw the shearing force and bending moment diagrams considering the concen
trated moment applied at point B, along with the familiar relationships between 
shearing force and bending moments. 

The free-body diagram is shown as viewed looking at the x-z plane. Note that the free body 
must be in equilibrium in all force and moment directions. Considering first the torque (ro
tating moment) about the A-axis, note that the crank force of 60 lb acts 5.0 in from the axis. 
The torque, then, is 

F = (601b)(5.0in) = 300 lb-in 

This level of torque acts from the left end of the shaft to section B, where the crank is at
tached to the shaft. 

Now the loading at B should be described. One way to do so is to visualize that the 
crank itself is separated from the shaft and is replaced with a force and moment caused by 
the crank. First, the downward force of 60 lb pulls down at B. Also, because the 60-lb ap
plied force acts 3.0 in to the left of B, it causes a concentrated moment in the .x-z plane of 
180 lb • in to be applied at B, 

Both the downward force and the moment at B affect the magnitude and direction of 
the reaction forces at A and C. First, summing moments about A, 

(601b)(6.0in) - 180 lb-in - /?c.(10.0in) = 0 

Rc = [(360 - 180)lb-in]/(10.0in) = 18.0 lb upward 
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Comments 

Now, summing moments about C. 

(601b)(4.0in) + 1801b-in - /?,,(10.0in) = 0 

R^ = [(240 + 180) lb-in]/(10.0in) = 42.0 lb upward 

Now the shear and bending moment diagrams can be completed. The moment starts at 
zero at the simple support at A, rises to 252 lb • in at fl under the influence of the 42-lb 
shear force, then drops by 180 lb in due to the counterclockwise concentrated moment 
at B. and finally returns to zero at the simple support at C, 

In summary, shaft ABC carries a torque of 300 lb • in from point B to its left end. The max
imum bending moment of 252 lb • in occurs at point B where the crank is attached. The 
bending moment then suddenly drops to 72 lb-in under the influence ofthe concentrated 
moment of 180 lb • in applied by the crank. 

3-20 
COMBINED 

NORMAL 
STRESSES: 

SUPERPOSITION 
PRINCIPLE 

GHDESIGN 

When the same cross section of a load-carrying member is subjected to both a direct ten
sile or compressive stress and a stress due to bending, the resulting normal stress can be 
computed by the method of superposition. The formula is 

a = ± Mc/I ± F/A (3-26) 

where tensile stresses are positive and compressive stresses are negative 
An example of a load-carrying member subjected to combined bending and axial ten

sion is shown in Figure 3-24. It shows a beam subjected to a load applied downward and 
to the right through a bracket below the beam. Resolving the load into horizontal and ver
tical components shows that its effect can be broken into three parts: 

1. The vertical component tends to place the beam in bending with tension on the top 
and compression on the bottom. 

2. The horizontal component, because it acts away from the neutral axis of the beam, 
causes bending with tension on the bottom and compression on the top. 

3. The horizontal component causes direct tensile stress across the entire cross secfion. 

We can proceed with the stress analysis by using the techniques from the previous section 
to prepare the shearing force and bending moment diagrams and then using Equation 3-26 
to combine the effects of the bending stress and the direct tensile stress at any point. The 
details are shown within Example Problem 3-17. 

Example Problem 3-17 The cantilever beam in Figure 3-24 is a steel American Standard beam. S6 x 12.5. The force 
F is 10 000 lb. and it acts at an angle of 30° below the horizontal, as shown. Use a = 24 in 
and e = 6.0 in. Draw the free-body diagram and the shearing force and bending moment 
diagrams for the beam. Then compute the maximum tensile and maximum compressive 
stresses in the beam and show where they occur. 

Solution Objective Determine the maximum tensile and compressive stresses in the beam. 

Given The layout from Figure 3-24(a). Force = F = 10 000 lb; angle 0 = 30°. 
The beam shape: S6xl2.5; length = a = 24 in. 
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FIGURE 3-24 Beam 
subjected to combined 
stresses 

z B 

C 

/?. = 8660 lb 
-*— 

M = 68040 lb . in 

V 
(lb) 

5000 

0 

M 0 
(IbMn) 

-68040 

i 

Fy 
F 

(a) Loaded beam 

R,. = 5000 lb 

M = 51960 lb-in 
F, = 8660 lb 

(b) Free-body diagram of beam 

"F,, = 50001b 

51960 
(c) Shearing force and bending 

moment diagrams 

a,fl = t i i i £ = 9232 psi 
B I 

id) Bending stress (f) Direct tensile stress 
due to horizontal 
component of load 

/ ) Combined stress 

Section modulus = S = 7.37 in^; area = A = 3.67 in" (Table A 1 6 ^ ) . 
Eccentricity of the load = £> = 6.0 in from the neutral axis of the beam to the line of action 
ofthe horizontal component ofthe applied load. 

Analysis The analysis takes the following steps: 

1. Resolve the applied force into its vertical and horizontal components. 

2. Transfer the horizontal component to an equivalent loading at the neutral axis 
having a direct tensile force and a moment due to the eccentric placement of 
the force. 

3. Prepare the free-body diagram using the techniques from Section 3-19. 
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4. Draw the shearing force and bending moment diagrams and determine where the 
maximum bending moment occurs. 

5. Complete the stress analysis at that section, computing both the maximum tensile 
and maximum compressive stres.ses. 

Results The components of the applied force are: 

F, = Fcos(30°) = (10 0001b)[cos(30°)] = 8660 lb acfing to the right 

F, = Fsin(30') = (10 000 lb)[sin(30 )] = 5000 lb acfing downward 

The horizontal force produces a counterclockwise concentrated moment at the right end of 
the beam with a magnitude of: 

M| = Fv(6.0in) = (8660 lb) (6.0 in) = 51 960 lb-in 

The free-body diagram of the beam is shown in Figure 3-24(/7). 
Figure 3-24(c) shows the shearing force and bending moment diagrams. 
The maximum bending moment, 68 040 lb in, occurs at the left end ofthe beam where 

it is attached firmly to a column. 
The bending moment, taken alone, produces a tensile stress (+) on the top surface at 

point B and a compressive stress ( - ) on the bottom surface at C. The magnitudes of these 
stresses are: 

CT, = ± M/S = ± (68 040 lb in) / (7.37 in') = ± 9232 psi 

Figure 3-24{d) shows the stress distribution due only to the bending stress. 
Now we compute the tensile stress due to the axial force of 8660 lb. 

CT, = FjA = (86601b)/(3.67in-) = 2360 psi 

Figure 3-24(^) shows this stress distribution, uniform across the entire section. 
Next, let's compute the combined stress at B on the top of the beam. 

CTg = + CT, + CT, = 9232 psi + 2360 psi = II 592 psi Tensile 

At C on the bottom of the beam, the stress is: 

Uc — —CT, + CT, = -9232 psi + 2360 psi = -6872 psi Compressive 

Figure 3-24{f) shows the combined stress condition that exists on the cross section of the 
beam at its left end at the support. It is a superposition of the component stres.ses shown in 
Figure 3-24{d) and (e). 

3—21 The formulas reviewed earlier for computing simple stresses due to direct tensile and coin-
STRESS pressive forces, bending moments, and torsional moments are applicable under certain con-

CONCENTRATIONS ditions. One condition is that the geometry ofthe member is uniform throughout the section 
of interest. 
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In many typical machine design situafions, inherent geometric discontinuities are 
necessary for the parts to perform their desired functions. For example, as shown in Figure 
12-2 in Chapter 12, shafts carrying gears, chain sprockets, or belt sheaves usually have sev
eral diameters that create a series of shoulders that seat the power transmission members 
and support bearings. Grooves in the shaft allow the installation of retaining rings. Keyseats 
milled into the shaft enable keys to drive the elements. Similariy, tension members in link
ages may be designed with retaining ring grooves, radial holes for pins, screw threads, or 
reduced sections. 

Any of these geometric discontinuities will cause the actual maximum stress in the 
part to be higher than the simple formulas predict. Defining .stress concentration factors as 
the factors by which the actual inaximum stress exceeds the nominal stress, a„„„ or 7„„^, 
predicted from the simple equations allows the designer to analyze these situations. The 
symbol for the.se factors is K,. In general, the K, factors are used as follows: 

O'max - l^i^n or ' ' r nom (3-27) 

depending on the kind of stress produced for the particular loading. The value of K, de
pends on the shape of the discontinuity, the specific geometry, and the type of stress. 
Appendix 15 includes several charts for stress concentrafion factors. (See Reference 5.) 
Note that the charts indicate the method of computing the nominal stress. Usually, we com
pute the nominal stress by using the net section in the vicinity of the discontinuity. For ex
ample, for a flat plate with a hole in it subjected to a tensile force, the nominal stress is 
computed as the force divided by the minimum cross-secfional area through the location of 
the hole. 

But there are other cases in which the gross area is used in calculating the nominal 
stress. For example, we analyze keyseats by applying the stress concentration factor to the 
computed stress in the full-diameter portion of the shaft. 

Figure 3-25 shows an experimental device that demonstrates the phenomenon of 
stress concentrations. A model of a beam having .several different cross-secfional heights is 
made from a special plastic that reacts to the presence of varying stresses at different points. 
When the model is viewed through a polarizing filter, several black fringes appear. Where 
there are many closely spaced fringes, the stress is changing rapidly. We can compute the 
actual magnitude of stress by knowing the optical characteristics of the plastic. 

The beam in Figure 3-25 is simply supported near each end and is loaded vertically 
at its middle. The largest stress occurs to the left ofthe middle where the height ofthe cross 
section is reduced. Note that the fringes are very clo.se together in the vicinity of the fillet 
connecting the smaller section to the larger part where the load is applied. This indicates 

FIGURE 3-25 
Illustration of stress 
concentrations 
(Source: Measurements 
Group. Inc.. Raleigh. 
North Carolina. 
U.S.A.) 

http://the.se
http://clo.se


Section 3-21 • Stress Concentrations 121 

that the highest stress occurs in the fillet. Figure A15-2 gives data for the values ofthe stress 
concentration factor. K,, The nominal stress. o„„„. is computed from the classic flexure for
mula, and the section modulus is based on the smaller cross section near the fillet. These 
formulas are listed near the stress concentration chart. 

An interesting observation can be made from Figure A15-3 showing the stress con
centration factors for a flat plate with a central hole. Curves A and B refer to tension load
ing, while curve C is for bending. The nominal stress for each case is computed on the basis 
of the net cross section accounting for the material removed by the hole. Curve C indicates 
that the stress concentration factor is taken to be 1.0 for smaller holes, with the ratio of the 
hole diameter to the width of the plate <0.50. 

Figure A15-4 covers the ca.se of a round shaft that has a circular hole completely 
through it. The three curves cover tension, bending, and torsional loading, and each is based 
on the stress in the gross .section, that is, the geometry ofthe shaft without the hole. There
fore, the value of K, includes the effects of both the material removal and the discontinuity 
created by the presence of the hole. The values of K, are relatively high, even for the smaller 
holes, indicating that you should be cautious when applying shafts with holes to ensure that 
the local stresses are small. 

The following are guidelines on the use of stress concentration factors: 

1. The worst case occurs for those areas in tension. 

2. Always use stress concentration factors in analyzing members under fatigue 
loading becau.se fatigue cracks usually initiate near points of high local tensile 
stress. 

3. Stress concentrations can be ignored for static loading of ductile materials be
cause if the local maxitnum stress exceeds the yield strength of the material, the 
load is redistributed. The resulting member is actually stronger after the local 
yielding occurs. 

4. The stress concentration factors in Appendix 15 are empirical values based only 
on the geometry of the member and the inanner of loading. 

5. Use stress concentration factors when analyzing brittle materials under either 
static or fatigue loading. Because the material does not yield, the stress redistrib
ution described in item 3 cannot occur. 

6. Even scratches, nicks, corrosion, excessive surface roughness, and plating can 
cause stress concentrations. Chapter 5 discusses the care essential to manufactur
ing, handling, and assembling components subjected to fatigue loading. 

Example Problem 3-18 Compute the maximum stress in a round bar subjected to an axial tensile force of 9800 N. 
The geometry is shown in Figure 3-26. 

Solution Objective Compute the maximum stress in the stepped bar shown in Figure 3-26. 

Given The layout from Figure 3-26. Force = F = 9800 N. 
The shaft has two diameters joined by a fillet with a radius of 1.5 mm. 
Larger diameter = D = 12 mm; smaller diameter = d = 10 mm. 

Analysis The presence of the change in diameter at the step causes a stress concentration to occur. 
The general situation is a round bar subjected to an axial tensile load. We will u.se the top 

http://ca.se
http://becau.se
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FIGURE 3-26 
Stepped round bar 
subjected to axial 
tensile force 

r = 1.5 mm 

F - * * - F 

Results 

graph of Figure A15-1 to determine the stress concentration factor. That value is used in 
Equation (3-27) to determine the maximum stress. 

Figure A15-1 indicates that the nominal stress is computed for the smaller of the two di
ameters of the bar. The stress concentration factor depends on the ratio of the two diame
ters and the ratio of the fillet radius to the smaller diameter. 

Comments 

D/d = 12 mm/10 mm = 1.20 

r/d = 1.5 mm/10 mm = 0.15 

From these values, we can find that A', = 1.60. The stress is 

O'n 

= F/A = (9800N)/['rT(10mm)-/4] = 124.8 MPa 
= K,(T„,,^ = (1.60)(124.8 MPa) = 199.6 MPa 

The maximum tensile stress of 199.6 MPa occurs in the fillet near the smaller diameter. This 
value is 1.60 times higher than the nominal stress that occurs in the 10-mm-diameter shaft. 
To the left of the shoulder, the stress reduces dramatically as the effect of the stress con
centration diminishes and becau.se the area is larger. 

3-22 
NOTCH 

SENSITIVITY AND 
STRENGTH 

REDUCTION 
FACTOR 

The amount by which a load-carrying member is weakened by the presence of a stress con
centration (notch), considering both the material and the sharpness ofthe notch, is defined as 

K, = fatigue strength reduction factor V 

K, 
endurance limit of a notch-free specimen 

endurance limit of a notched specimen 

This factor could be determined by actual test. However, it is typically found by combining 
the stress concentration factor, K,. defined in the previous section, and a material factor 
called the notch sensitivit}'. q. We define 

q = {Kf- 1)/{K,- 1) 

When q is known, A'̂ can be computed from 

K,= 1 +q{K,- 1) 

(3-28) 

(3-29) 

Values of q range from zero to 1.0, and therefore Kj varies from 1.0 to K,. Under repeated 
bending loads, very ductile steels typically exhibit values of q from 0.5 to 0.7. High-

http://becau.se
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R E F E R E N C E S 

strength steels with hardness approximately HB 400 (.s„ = 200 ksi or 1400 MPa) have val

ues of q from 0.90 to 0.95. (See Reference 2 for further discussion of values of q.) 

Because reliable values of q are difflcult to obtain, the problems in this book will as

sume that q = 1.0 and A", = K,, the safest, most conservative value. 

1. Blake. Alexander Practical Stres.s Analysis in Engineer
ing Design. New York: Marcel Dekker, 2nd ed. 1990. 
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I N T E R N E T S I T E S R E L A T E D TO 
D E F O R M A T I O N A N A L Y S I S 

S T R E S S A N D 

1. BEAM 2D-Stress Analysis 3.1 
www.orandsystems.com Software for mechanical, 
structural, civil, and architectural designers providing 
detailed analysis of statically indeterminate and 
determinate beams. 

2. MDSolids www.mdsolids.com Educational software 
devoted to introductory mechanics of materials. 
Includes modules on basic stress and strain; beam and 
strut axial problems; trusses; statically indeterminate 
axial structures; torsion; determinate beams; .section 

properties; general analysis of axial, torsion, and beam 
members; column buckling; pressure vessels; and 
Mohr's circle transfortnations. 

3. StressAlyzer http://lipmel6.me.cmii.edu/stressal\zer 
Interactive courseware for mechanics of materials 

including modules on axial loading, torsion loading, 
shear force and bending moment diagrams, load and 
stress calculations in 3D, beam defiections, and stress 
transformations. 

P R O B L E M S 

Direct Tension and Compression 

1. A tensile member in a machine structure is subjected to a 
steady load of 4.50 kN. It has a length of 750 mm and is 
made from a steel tube having an outside diameter of 18 
mm and an inside diameter of 12 mm. Compute the ten
sile stress in the tube and the axial deformation. 

2. Compute the stress in a round bar having a diameter of 
10.0 mm and subjected to a direct tensile force of 3500 N. 

3. Compute the stress in a rectangular bar having cross-
secfional dimensions of 10.0 mm by 30.0 mm when a di
rect tensile force of 20.0 kN is applied. 

4. A link in a packaging machine mechanism has a square 
cross section 0.40 in on a side. It is subjected to a tensile 
force of 860 lb. Compute the stress in the link. 

5. Two circular rods support the 3800 Ib weight of a space heater 
in a warehouse. Each rod has a diameter of 0.375 in and car
ries 1/2 ofthe total load. Compute the stress in the rods. 

6. A tensile load of 5.00 kN is applied to a square bar. 12 
inm on a side and having a length of 1.65 m. Compute the 
stress and the axial deformation in the bar if it is made 
from (a) AISI 1020 hot-rolled steel, (b) AISI 86.^0 OQT 
1000 steel, (c) ductile iron A536-88 (60-40-18). (d) alu
minum 606I-T6, (e) titanium Ti-6A1-4V. (f) rigid PVC 
plastic, and (g) phenolic plastic. 

7. An aluminum rod is made in the form of a hollow square 
tube. 2.25 in outside, with a wall thickness of 0.120 in. 
Its length is 16.0 in. What axial compressive force 
would cause the tube to shorten by 0.004 in ? Compute 
the resulting compressive stress in the aluminum. 

http://www.orandsystems.com
http://www.mdsolids.com
http://lipmel6.me.cmii.edu/stressal/zer
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8. Compute the stress in the middle portion of rod AC in 
Figure P3-8 if the vertical force on the boom is 2500 lb. 
The rod is rectangular, 1.50 in by 3.50 in. 

///// ///// 

FIGURE P 3 - 8 (Problems 8. 16. and 56) 

9. Compute the forces in the two angled rods in Figure P3-9 
for an applied force. F = 1500 Ib, if the angle 6 is 45°. 

10. If the rods from Problem 9 are circular, determine their 
required diameter if the load is static and the allowable 
stress is 18 000 psi. 

FIGURE P 3 - 9 (Problems 9, 10, 11, 17, and 18) 

11. Repeat Problems 9 and 10 if the angle 0 is 15°. 

12. Figure P3-12 shows a small truss spanning between solid 
supports and suspending a 10.5 kN load. The cross sec
tions for the three main types of truss members are 
shown. Compute the stresses in all ofthe inembers ofthe 
truss near their midpoints away from the connections. 
Consider all joints to be pinned. 

o 

A 
^ 

\ 

• 

tt^ 

30° ^ < $ X ^ 

L J ^ ^ 
s 

' 10.5 kN 

I) 

Vc 

I J 

12 mm 

30 

^ 

1 

mm 

10 mm— - . — -*-^ 

5 mm 
typical 

— 10 mm 

-

— 3 0 mm — 

(i») Cross section of 
members /tB, BC 

(c) Cross section of 
members BD 

id) Cross section of 
members AD, CD 

FIGURE P3-I2 (Problem 12) 
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13. The truss shown in Figure P3-13 spans a total space of 
18.0 ft and carries two concentrated loads on its top 
chord. The members are made from standard steel an
gle and channel shapes as indicated in the figure. Con
sider all joints to be pinned. Compute the stresses 

in all members near their midpoints away from the 
connections. 

14. Figure P3-14 shows a short leg for a machine that carries 
a direct compression load. Compute the compressive 

6000 Ib 2 000 lb 

Member specifications: 

AD. DE. £F L2 X 2 X i/s - doubled J L 

BD. CE. BE L2 ^ 2 -- i/x - single J 

AB. BC. CF C3 • 4,1 - doubled D H 

FIGURE P3-13 (Problem 13) 

F 

0..S0 in 0.50 in 

2.65 in 

1.40 in 

.Section A-A 

FIGURE P3-14 (Problem 14) 
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stress if the cross section has the shape shown and the ap
plied force is F = 52 000 Ib. 

15. Consider the short compression member shown in 
Figure P3-15. Compute the compressive stress if the cross 
section has the shape shown and the applied load is 640 kN. 

Direct Shear Stress 

16. Refer to Figure P3-8. Each of the pins at A, B, and C has 
a diameter of 0.50 in and is loaded in double shear. Com
pute the shear stress in each pin. 

17. Compute the shear stress in the pins connecting the rods 
shown in Figure P3-9 when a load of F = 1500 Ib is car
ried. The pins have a diameter of 0.75 in. The angle 9 = 40°. 

18. 

19. 

20. 

21. 

Repeat Problem 17, but change the angle to 9 = 15°. 

Refer to Figure 3-7. Compute the shear stress in the key 

if the shaft transmits a torque of 1600 N • m. The shaft di

ameter is 60 mm. The key is square with b = 12 mm, and 

it has a length of 45 mm. 

A punch is attempting to cut a slug having the shape 
shown in Figure P3-20 from a sheet of aluminum hav
ing a thickness of 0.060 in. Compute the shearing stress 
in the aluminum when a force of 52 000 lb is applied by 
the punch. 

Figure P3-21 shows the shape of a slug that is to be cut 
from a sheet of steel having a thickness of 2.0 mm. If the 
punch exerts a force of 225 kN, compute the shearing 
stress in the steel. 

A 
i l 

A 

80 mm 

Section A-A 

FIGURE P3-15 (Problem 15) 

2.50 in-

-I- — ' 

15 mm 
Typical 

60 mm 

30 mm 

FIGURE P3-20 (Problem 20) FIGURE P3-21 (Problem 21) 
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Torsion 

22. Compute the torsional shear stress in a circular shaft with 
a diameter of 50 mm that is subjected to a torque of 800 
N-m. 

23. If the shaft of Problem 22 is 850 mm long and is made of 
steel, compute the angle of twist of one end in relation to 
the other. 

24. Compute the torsional shear stress due to a torque of 88.0 
Ib • in in a circular shaft having a 0.40-in diameter 

25. Compute the torsional shear stress in a solid circular shaft 
having a diameter of 1.25 in that is transmitting 110 hp at 
a speed of 560 rpm. 

26. Compute the torsional shear stress in a hollow shaft with 
an outside diameter of 40 mm and an inside diameter of 
30 mm when transmitting 28 kilowatts (kW) of power at 
a speed of 45 rad/s. 

27. Compute the angle of twist for the hollow shaft of Prob
lem 26 over a length of 400 mm. The shaft is steel. 

Noncircular Members in Torsion 

28. A square steel bar. 25 mm on a side and 650 mm long, is 
subjected to a torque of 230 N • m. Compute the shear 
stress and the angle of twist for the bar. 

29. A 3.00 in-diameter steel bar has a flat milled on one side, 
as shown in Figure P3-29. If the shaft is 44.0 in long and 
carries a torque of 10 600 lb • in, compute the stress and 
the angle of twist. 

Beams 

31. A beam is simply supported and carries the load shown in 
Figure P3-31. Specify suitable dimensions for the beam 
if it is steel and the stress is limited to 18 000 psi. for the 
following shapes: 

(a) Square 

(b) Rectangle with height three times the width 

(c) Rectangle with height one-third the width 

(d) Solid circular section 

(e) American Standard beam section 

(f) American Standard channel with the legs down 

(g) Standard steel pipe 

R\ 

1200 lb 1200 Ib 

3 ft " 4 ft - 3 ft 
i 

FIGURE P3-31 (Problems 31, 32, and 33) 

32. For each beam of Problem 31, compute its weight if the 
steel weighs 0.283 lb/in\ 

33. For each beam of Problem 31. compute the maximum de
flection and the deflection at the loads. 

34. For the beam loading of Figure P3-34, draw the complete 
shearing force and bending moment diagrams, and deter
mine the bending moments at points A, B, and C. 

FIGURE P3-29 (Problem 29) 

30. A commercial steel supplier lists rectangular steel tub
ing having outside dimensions of 4.00 by 2.00 in and 
a wall thickness of 0.109 in. Compute the maximum 
torque that can be applied to such a tube if the shear 
stress is to be limited to 6000 psi. For this torque, 
compute the angle of twist of the tube over a length 
of 6.5 ft. 

800 N 400 N 600 N 

I— 0.4 m -4' 0.8 m -[-03 m>Uo.3 m-

+ 
•0.9 m | — 0.5 m — 

200 N 

- 0.4 m — 

C 
1— 

0.2 ni|-

FIGURE P3-34 (Problems 34 and 35) 

35. For the beam loading of Figure P3-34, design the beam, 
choosing a shape that will be reasonably efficient and will 
limit the stress to 100 MPa. 

36. Figure P3-36 shows a beam made from 4 in steel pipe. 
Compute the deflection at points A and B for two cases: 
(a) the simple cantilever and (b) the supported cantilever. 

37. Select an aluminum I-beam shape to carty the load shown 
in Figure P3-37 with a maximum stress of 12 000 psi. 
Then compute the deflection at each load. 

38. Figure P3-38 represents a wood joist for a platform, car
rying a uniformly distributed load of 120 lb/ft and two 
concentrated loads applied by some machinery. Compute 
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•6 It 
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- I -

800 1b 
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800 1b 
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(a) Simple cantilever 

FIGURE P3-36 (Problem 36) 

Support 

Kb) Supported cantilever 

400 1b 500 lb 

' 20 m 

, 1 

30 in " 40 in 

, 

R, 

FIGURE P3-37 (Problem 37) 

Beam 
cross sod ion 

7.25 in 

300 Ib 50(1 Ih 

-3 ft 4 - 3 ft-H"H-
I2()lb il Disiributcd load 

FIGURE P3-38 (Problem 38) 

the maximum stress due to bending in the joist and the 
maximum vertical shear stress. 

Beams with Concentrated Bending IVIoments 

For Problems 39 through 50, draw the free-body diagram of 
only the horizontal beam portion of the given figures. Then 
draw the complete shear and bending moment diagrams. 
Where used, the symbol X indicates a simple support capable 
of exerting a reaction force in any direction but having no mo
ment resistance. For beams having unbalanced axial loads, you 
may specify which support ofters the reaction. 

39. Use Figure P3-39. 

40. Use Figure P 3 ^ 0 . 

41. Use Figure P 3 ^ 1 . 

42. Use Figure P3-42. 

43. Use Figure P 3 ^ 3 . 

44. Use Figure P3-44. 

5 in 
- ; I 2 i n - t -

3^ 

4 in I 60 1b 

12 in-

V 

FIGURE P3-39 (Problems 39 and 57) 
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) 
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•12 i n -
:^ ,4 29-r x 

FIGURE P3-40 (Problem 40) 
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FIGURE P3-41 (Problem 41) 
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FIGURE P3-42 (Problems 42 and 58) 

300 N 

500 N ^ ,. Cross section 

150 ' - H — u 
^ ^ 3 

—-200-
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•400-

M 
-225-

FIGURE P3-43 (Problems 43 and 59) 

45. Use Figure P3-45. 

46. Use Figure P3-46. 

47. Use Figure P 3 ^ 7 . 

48. Use Figure P 3 ^ 8 . 

49. Use Figure P 3 ^ 9 . 

50. Use Figure P3-50. 
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Dimensions in inches 

FIGURE P3-44 (Problem 44) 

Dimensions in inches 

F I G U R E P 3 ^ 5 (Problem 45) 

Dimensions in mm 
A B 

•550-
5 ^ 

FIGURE P 3 ^ 6 (Problem 46) 

F| = 450 N 

Fl Dimensions in mm 

F I G U R E P 3 ^ 7 (Problem 47) 

Combined Normal Stresses 

51. Compute the maximum tensile stress in the bracket 
shown in Figure P3-51. 

52. Compute the maximum tensile and compressive stresses 
in the horizontal beam shown in Figure P3-52. 

53. For the lever shown in Figure P3-53 (a), compute the 
stress at secfion A near the fixed end. Then redesign the 
lever to the tapered form shown in Part (b) of the figure 
by adjusfing only the height of the cross section at sec-

Dimensions 
in inches 

IS 

Ql 

460 1b 

180 1b 

t r 
6.75 

Spur 
gear 

i 
Bevel 
gear 

11.0 •"-. 12.0-

120 1b 

5.5-> 

FIGURE P3-48 (Problem 48) 

1.80 kN 
Dimensions in mm 

1200-

260 

H 
-4004 

260 

1 5 3 = ^ 2.64 kN 

FIGURE P 3 ^ 9 (Problem 49) 

-Bi 

22- •60-

14-

v^ 

T 
22 

1 

f t 

Dimensions 
30°\ 800 Ib in inches 

F I G U R E P 3 - 5 0 (Problems 50 and 60) 

^ 

80 mm 

20 mm thick 

4.2 kN 

F I G U R E P 3 - 5 1 (Problem 51) 

tions B and C so that they have no greater stress than sec
tion A. 

54. Compute the maximum tensile stress at .sections A and B 
on the crane boom shown in Figure P3-54. 

55. Refer to Figure 3-22. Compute the maximum tensile 
stress in the print head just to the right ofthe right guide. 
The head has a rectangular cross section, 5.0 mm high in 
the plane of the paper and 2.4 mm thick. 
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1800 Ib 

FIGURE P3-52 (Problem 52) 

Fixed end 

ia) Original design of lever 

-400-

525 N 

50 mm 

ih) Modified design of lever 

FIGURE P3-53 (Problem 53) 

525 N 

1/4 in typical—• 
Boom 
cross section 

2000 Ib t 

FIGURE P3-54 (Problem 54) 

56. Refer to Figure P3-8. Compute the maximum tensile and 
compressive stresses in the member B-C if the load F is 
1800 Ib. The cross section of BC is a 6 x 4 x 1/4 rectan
gular tube. 

57. Refer to P3-39. The vertical member is to be made 
from steel with a maximum allowable stress of 12 000 
psi. Specify the required size of a standard square 
cross section if sizes are available in increments of 
1/16 in. 

58. Refer to P 3 ^ 2 . Compute the maximum .stress in the hor
izontal portion ofthe bar, and tell where it occurs on the 
cross section. The left support resists the axial force. 

59. Refer to P 3 ^ 3 . Compute the inaximum stress in the hor
izontal portion ofthe bar. and indicate where it occurs on 
the cross section. The right support resists the unbalanced 
axial force. 

60. Refer to P3-50. Specify a suitable diameter for a solid 
circular bar to be used for the top horizontal member, 
which is supported in the bearings. The left bearing re
sists the axial load. The allowable normal stress is 
25 000 psi. 

Stress Concentrations 

61. Figure P3-6I shows a valve stem from an engine sub
jected to an axial tensile load applied by the valve spring. 
For a force of 1.25 kN, compute the maximum stress at 
the fillet under the shoulder. 

9-mm dia 

r = 0.5 mm 
~6-mm dia. 

Valve stem 

Automotive valve assembly 

FIGURE P3-61 (Problem 61) 

62. The conveyor fixture shown in Figure P3-62 carries 
three heavy assemblies (1200 lb each). Compute the 
maximum stress in the fixture, considering stress con
centrations at the fillets and assuming that the load acts 
axially. 

63. For the flat plate in tension in Figure P3-63, coinpute the 
stress at each hole, assuming that the holes are suffi
ciently far apart that their eft'ects do not interact. 

For Probleins 64 through 68, compute the maximum stress in 
the member, considering stress concentrations. 

64. Use Figure P3-64. 

65. Use Figure P3-65. 

66. Use Figure P3-66. 

67. Use Figure P3-67. 

68. Use Figure P3-68. 
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Dimensions 
in inches typical 

FIGURE P3-62 (Problem 62) 

Thickness = 0.50 in 

/• = 0.08 

I \ 
/C 

(\\ (T) (W '•̂ '̂ '" 
I \ J *sV WJ V X \ T \ 

IA \ \ ' 
. 0.72-in V_0.40-in'^0.50-in 
dia. dia. dia. 

Axial tensile force = 6200 lb 

42-mm diam. 

• 1 50-mm radius 

30-mm diam. 
t _ _ 

Axial tensile force = 30.3 kN 

FIGURE P3-65 (Problem 65) 

OlO-in radius y v 

V^~^ ̂ T 

Applied torque = 2200 lb«in 

FIGURE P3-66 (Problem 66) 

0.06-in radius 

Bending moment - 2800lb«in 

FIGURE P3-67 (Problem 67) 

FIGURE P3-63 (Problem 63) 

Ihickness = 0.75 in 

- • — 1 

1 
1.50 in 

' • 

l̂  

f 

n 1 -) A-

\ 1 
1 

0.80 in 

us 

-*-> 

Flat plate thickness = 0.25 in 
Axial force = 1625 Ib 

I 3H-m diam 

Bending moment = l2(M)()lh-in 

FIGURE P3-64 (Problem 64) FIGURE P3-68 (Problem 68) 
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Problems of a General Nature 

69. Figure P3-69 shows a horizontal beam supported by a ver
tical tension link. The cross sections of both the beam and 
the link are 20 mm square, All connections use 8.00 mm-
diameter cylindrical pins in double shear Compute the ten
sile stress in member A-B, the stress due to bending in 
CD, and the shearing stress in the pins A and C. 

Square 
20 mm W^at 

Pin diameter = 
00 mm 
A and C 

2.5 kN 

FIGURE P3-69 (Problem 69) 

70. Figure P3-70 shows a tapered flat bar that has a uniform 
thickness of 20 mm. The depth tapers from /;, = 40 mm 
near the load to hj = 20 mm at each support. Compute the 
stress due to bending in the bar at points spaced 40 mm 
apart from the support to the load. Let the load P = 
5.0 kN. 

For the fiat bar shown in Figure P3-70, compute the 
stress in the middle of the bar if a hole of 25 mm diame
ter is drilled directly under the load on the horizontal cen
teriine. The load is P = 5.0 kN. See data in Problem 70. 

The beam shown in Figure P3-72 is a stepped, flat bar 
having a con.stant thickness of 1.20 in. It carries a single 
concentrated load at C of 1500 Ib. Compare the stresses 
at the following locations: 

(a) In the vicinity of the load 

(b) At the section through the smaller hole to the right 
of section C 

(c) At the section through the larger hole to the right of 
section C 

(d) Near section B where the bar changes height 

71 

72 

Flat plate thickness = 20 mm 

FIGURE P3-70 Tapered flat bar for Problems 70 and 71 

Fillet radius = r = 0.150 in 
Typical = 4 places 

FIGURE P3-72 (Problem 72) 
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73. Figure P3-73 shows a stepped, flat bar having a constant 
thickness of 8.0 mm. It carries three concentrated loads as 
shown. Let P ^ 200 N, L, = 180 mm, L. = 80 mm, and 
L3 = 40 mm. Compute the maximum stress due to bend
ing, and state where it occurs. The bar is braced against 
lateral bending and twisting. Note that the dimensions in 
the figure are not drawn to scale. 

74. Figure P3-74 shows a bracket carrying opposing forces 
of F = 2500 N. Compute the stress in the upper horizon
tal part through one ofthe holes as at B. Use d = 15.0 mm 
for the diameter of the holes. 

75. Repeat Problem 74, but use a hole diameter of J = 12.0 mm. 

76. Figure P3-76 shows a lever made from a rectangular bar 
of steel. Compute the stress due to bending at the fulcrum 
(20 in from the pivot) and at the section through the bot
tom hole. The diameter of each hole is 1.25 in. 

77. For the lever in P3-76, determine the maximum stress if the 
attachment point is moved to each of the other two holes. 

78. Figure P3-78 shows a shaft that is loaded only in bend
ing. Bearings are located at points B and D to allow the 
shaft to rotate. Pulleys at A, C, and E carry cables that 
support loads from below while allowing the shaft to ro
tate. Compute the maximum stress due to bending in the 
shaft considering stress concentrations. 

r 140 mm 
I 

P 

KM) mm 100 mm 140 mm 
2P 

/• = 3 m m 

typical , 

1 2 nun 

i_r^ 
•J 

I 

Flat plate 
t - 8 mm 

L^ 
- # — 24 mm — 36 mm 48 mm 

1 . 
i.,-

l _ L 

L, _ . - f . . 

FIGURE P3-73 Stepped flat bar for Problem 73 
/^^ 

t^~^^^^^)-<l 
•B 

52 mm 

0.75 in 

^ 

V777X 

^ 
25 mm IJ 

•^ 2.00 in [*—^ 

25 mm 

16 mm 16 mm 

Section B-B Section A-A 

FIGURE P3-74 Bracket for Problems 74 and 75 

Section A-A 

200 lb -*-

6 in 

\ 

6 in 

\ 

20 in 

1 
A 

20 in 

V^ 

FIGURE P3-76 Lever for Problems 76 and 77 
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10.5 kN 

/•= 1.5 mm 

2.5 kN 
8.0 kN 

r = 1.5 mm 

FIGURE P3-78 Data for Problem 78 

Internet-Based Assignments 

79. Use the MDSolids software to analyze the forces in all 
meinbers ofthe truss shown in P3-12. 

80. Use the MDSolids software to analyze the forces in all 
members of the truss shown in P3-13. 

81. With the results from Problem 79. use the MDSolids 
software to analyze the axial tensile or compressive 
stresses in all members ofthe truss shown in P3-I2. 

82. With the results from Problem 80, use the MDSolids 
software to analyze the axial tensile or compressive 
stresses in all members ofthe truss shown in P3-13. 

83. Use either the BEAM 2D. MDSolids. or StressAlyzer 
software to solve Problem 3-34. 

84. For the beam shown in P3-37. use either the BEAM 2D, 
MDSolids, or StressAlyzer software to produce the 
shearing force and bending moment diagrams. 

85. For the beam shown in P3-38. use either the BEAM 2D, 
MDSolids, or StressAlyzer software to produce the 
shearing force and bending moment diagrams. 

86. For the shaft shown in P3-78, use either the BEAM 2D, 
MDSolids, or StressAlyzer software to produce the 
shearing force and bending moment diagrams. Determine 
the bending moment at point C and at each step in the di
ameter of the shaft. 
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The 
Big 
Picture 

Combined Stresses and Mohr's Circle 

Discussion Map 

• You must build your ability to 
analyze more complex parts 
and loading patterns. 

Discover 
Find products around you that have complex 
geometries or loading patterns. 
Discuss these products with your colleagues. 

This chapter helps you analyze complex objects to 
determine maximum stresses. We will use Mohr's 
circle, a graphical tool for stress analysis, as an aid in 
understanding how stresses vary within a load-
carrying member. 

In Chapter 3, you reviewed the basic principles of stress and deformafion analysis, prac
ticed the application of those principles to machine design problems, and solved some prob
lems by superposition when two or more types of loads caused normal, either tensile or 
compressive, stresses. 

But what happens when the loading pattern is more complex? 
Many practical machine components experience combinations of normal and shear 

stresses. Sometimes the pattern of loading or the geometry of the component causes the 
analysis to be very difficult to solve directly using the methods of basic stress analysis. 

Look around you and identify products, parts of structures, or machine components 
that have a more complex loading or geometry. Perhaps some of those identified in The Big 
Picture for Chapter 3 have this characteristic. 

Discuss how the selected items are loaded, where the maximum stresses are likely to 
occur, and how the loads and the geometry are related. Did the designer tailor the shape of 
the object to be able to carry the applied loads in an efficient manner? How are the shape 
and the size of critical parts ofthe itein related to the expected stresses? 

When we mcwe on to Chapter 5: Design for Different Types of Loading, we will 
need tools to determine the magnitude and the direction of maximum shear stresses or max
imum principal (normal) stresses. 

Completing this chapter will help you develop a clear understanding ofthe distri
bution of stress in a load-carrying member, and it will help you determine the maximum 
.stresses, either normal or shear, so that you can complete a reliable design or analysis. 

Some of the techniques of combining stresses require the applicafion of fairiy in
volved equations. A graphical tool, Mohr's circle, can be used as an aid in completion of 
the analysis. Applied properiy. the method is precise and should aid you in understanding 
how the stresses vary within a complex load-carrying member. It should also help you cor
rectly use commercially available stress analysis software. 

You Are the Designer 

Your company is designing a special machine to test a 
high-strength fabric under prolonged exposure to a static 
load to determine whether it continues to deform a 

greater amount with time. The tests will be run at a vari
ety of temperatures requiring a controlled environment 
around the test specimen. Figure 4-1 shows the general 
layout of one proposed design. Two rigid supports are 
available at the rear of the machine with a 24-in gap be
tween them. The line of action of the load on the test fab-
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nc is centered on this gap and 15.0 in out from the mid
dle of the supports. You are asked to design a bracket to 
hold the upper end of the load frame. 

Assume that one of your design concepts uses the 
arrangement shown in Figure 4-2. Two circular bars are 
bent 90°. One end of each bar is securely welded to the 
vertical support surface. A flat bar is attached across the 
outboard end of each bar so that the load is shared 
evenly by the two bars. 

One of your design problems is to determine the max
imum stress that exists in the bent bars to ensure that 

they are safe. What kinds of stress are developed in the 
bars? Where are the stresses likely to be the greatest? 
How can the magnitude of the stresses be computed? 
Note that the part of the bar near its attachment to the 
suppori has a combination of stresses exerted on it. 

Consider the element on the top surface of the bar, la
beled element A in Figure 4-2. The moment caused by 
the force acting at an extension of 6.0 in from the suppori 
places element A in tension due to the bending action. 
The torque caused by the force acting 15.0 in out from the 
axis of the bar at its point of support creates a torsional 

FIGURE 4-1 Layout 
of the load frame 
supports—top view 

Rigid support 

24 in 
12 in 

+ i 

Point of application 
of the load 

Rigid support 

15 in 

Support 
X 

Element A 

Circular bar 

Top view 

" Support 

15 in 

Rigid support 

Front view Side view 

FIGURE 4-2 Proposed bracket design 
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shear stress on element A. Both of these stresses act in 
the x-y plane, subjecting element A to a combined nor
mal and shear stress. How do you analyze such a stress 
condition? How do the tensile and shear stresses act 
together? What are the maximum normal stress and the 

maximum shear stress on element A, and where do 
they occur? 

You would need such answers to complete the design 
of the bars. The matenal in this chapter will enable you to 
complete the necessary analyses. 

4-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Illustrate a variety ofcombined stresses on stress elements. 

2. Analyze a load-carrying member subjected to combined stress to determine the 
maximum normal stress and the maximum shear stress on any given element. 

3. Determine the directions in which the maximum stresses are aligned. 

4. Determine the state of stress on an element in any specified direction. 

5. Draw the complete Mohr's circle as an aid in completing the analyses for the max
imum stresses. 

4-2 
GENERAL CASE 

OFCOMBINED 
STRESS 

To visualize the general case ofcombined stress, it is helpful to consider a small element of 
the load-carrying member on which combined normal and shear stresses act. For this dis
cussion we will consider a two-dimensional stress condition, as illustrated in Figure 4-3. 
The .V- and y-axes are aligned with corresponding axes on the member being analyzed. 

The normal stresses, a, and a,, could be due to a direct tensile force or to bending. If 
the normal stres.ses were compressive (negative), the vectors would be pointing in the op
posite sense, into the stress element. 

The shear stress could be due to direct shear, torsional shear, or vertical shear stress. 
The double-subscript notation helps to orient the direction of shear stresses. For example, 
T„ indicates the shear stress acfing on the element face that is perpendicular to the .v-axis 
and parallel to the y-axis. 

A positive shear stress is one that tends to rotate the .stress element clockwise. 

In Figure 4-3, T„ is positive, and T,, is negative. Their magnitudes must be equal to main
tain the element in equilibrium. 

It is necessary to determine the magnitudes and the signs of each ofthese stresses in 
order to show them properiy on the stress element. Example Problem 4 -1 , which follows 
the definition of principal stresses, illustrates the process. 

FIGURE 4-3 
General two-
dimensional stress 
element 

"x'*- -^-a^ 

' xy 
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With the stress element defined, the objectives of the remaining analysis arc to de
termine the maximum normal stress, the maximum shear stress, and the planes on which 
these stresses occur. The governing formulas follow. (See Reference 1 for the derivations.) 

Maximum Normal Stresses: Principal Stresses 

The combination ofthe applied normal and shear .stresses that produces the maximum nor
mal stress is called the ntaxiinuin principal stress. a | . The magnitude of a, can be computed 
from the following equation: 

o Maximum 
Principal Stress 

CT, + CT, 

CT, = -H 
CT, CT, 

+ T- (4-1) 

The combination ofthe applied stresses that produces the miniinum normal stress is 
called the ininimum principal .stress, o,. Its magnitude can be computed from 

Minimum 
Principal Stress 

CT, + CT, 

CTi 
CT, - CT, 

+ T : (4-2) 

Particularly in experimental stress analysis, it is iinportant to know the orientation of 
the principal stresses. The angle of inclination ofthe planes on which the principal stresses 
act. called the principal planes, can be found from 

H\ Angle for Principal 
^ stress Element <^.r = -arctan [2T,,/(CT, - CT,,)] (4-3) 

The angle (t)̂  is measured from the positive .v-axis of the original stress element to the 
maximum principal stress. (7|. Then the minimum principal stress, a^. is on the plane 90° 
from Cf. 

When the stress element is oriented as discus.sed .so that the principal stresses are act
ing on it. the shear stress is zero. The resulting stress element is shown in Figure 4—1. 

Maximum Shear Stress 

On a different orientation of the stress element, the maxitnum shear stress will occur. Its 
magnitude can be computed from 

Maximum 
shear stress 

CT, CT, 

+ T : (4-4) 

FIGURE 4-4 
Principal stress element 
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FIGURE 4-5 
Maximum shear stress 
element 

O 
Angle for 

Maximum Shear 
Stress Element 

o Average 
Normal Stress 

The angle of inclination of the element on which the maximum shear stress occurs is com
puted as follows: 

^, = 3 arctan [-(CT, - CT,)/2T„; (4-5) 

The angle between the principal .stress element and the maximum shear stress element is 
always 45°. 

On the maximum shear stress element, there will be normal stresses of equal magni
tude acting perpendicular to the planes on which the maximum shear stresses are acting. 
These normal .stresses have the value 

CTas, = (O, + O-J/2 (4-6) 

Note that this is the average ofthe two applied normal stresses. The resulting maximum 
shear stress element is shown in Figure 4-5. Note, as stated above, that the angle between 
the principal stress element and the maximum shear stress element is always 45°. 

Summary and General Procedure for Analyzing Combined Stresses 

The following list gives a summary ofthe techniques presented in this secfion; it also out
lines the general procedure for applying the techniques to a given stress analysis problem. 

General 
Procedure for 

Computing 
Principal Stresses 

and Maximum 
Shear Stresses 

1. Decide for which point you want to compute the stresses. 

2. Clearly specify the coordinate system for the object, the free-body diagram, and 
the magnitude and direcfion of forces. 

3. Compute the stresses on the selected point due to the applied forces, and show the 
stresses acting on a stress element at the desired point with careful attention to di
rections. Figure 4-3 is a model for how to show these stresses. 

4. Compute the principal stresses on the point and the directions in which they act. 
Use Equafions (4-1). (4-2). and (4-3). 
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T.n-, 

Tyx 

o-,. 

0"v 

^VA 

(a) Original stress element ih) Principal stress element ic) Ma,\imum shear stress element 

FIGURE 4-6 Relationships among original stress element, principal stress element, and maximum shear stress 
element for a given loading 

5. Draw the stress element on which the principal stresses act, and show its orienta
tion relative to the original .v-axis. It is recommended that the principal stress ele
ment be drawn beside the original stress element to illustrate the relationship 
between them. 

6. Compute the maximum shear stress on the element and the orientation of the plane 
on which it acts. Also, compute the normal stress that acts on the maximum shear 
stress element. Use Equafions (4-4), (4—5), and (4-6). 

7. Draw the stress element on which the maximum shear stress acts, and show its ori
entation to the original x-axis. It is recommended that the maximum shear stress 
element be drawn beside the maximum principal stress element to illustrate the re
lationship between them. 

8. The resulting set of three stress elements will appear as shown in Figure 4-6. 

The following example problem illustrates the use of this procedure. 

Example Problem 4-1 The shaft shown in Figure 4-7 is supported by two bearings and carries two V-belt sheaves. 
The tensions in the belts exert horizontal forces on the shaft, tending to bend it in the .v-c 
plane. Sheave B exerts a clockwise torque on the shaft when viewed toward the origin of 
the coordinate system along the .v-axis. Sheave C exerts an equal but opposite torque on the 
shaft. For the loading condition shown, determine the principal stresses and the maximum 
shear stress on element A" on the front surface ofthe shaft (on the positive r-side) just to the 
right of sheave B, Follow the general procedure for analyzing combined stresses given in 
this section. 

Solution Objective Compute the principal stresses and the maximum shear stres.ses on element A'. 

Given Shaft and loading pattern shown in Figure 4-7. 

Analysis Use the general procedure for analyzing combined stresses. 



142 Chapter 4 • Combined Stresses and Mohr's Circle 

-4 in- -• 4 in ^H*2 in 
Stress 

T I r T B element. 
• K 

T I C 

Shaft dia. = 1.25 in 

r = Torque = 1100 l b ' i n 

A 4in B 4in C 2 in P ^ .̂ 

/ 
FB = 5501b ff. = 275 1b R^ 

(ll) Pictorial view of shaft 
(b) Forces acting on shaft at B and C cau.sed 

by belt drives 

550 Ib 
R, = 385 Ib k 

4 in 

275 1b 

4 in l \ r \ li 

/f,̂  = 440 lb 

B C D 

((•) Normal view of forces on shaft in x-z 
plane with reactions at bearings 

Element K 

Torsional shear 

stress 

(d) Enlarged view of element K on front of shaft 

FIGURE 4-7 Shaft supported by two bearings and carrying two V-belt sheaves 

FIGURE 4-8 
Shearing force and 
bending moment 
diagrams for the shaft 

385 Ib 550 Ib 275 lb 440 lb 

4 in I 4 in \ 4 in I 4 in T 2 in j 

Shearing 
force 
(lb) 0 

-385 

Bending . A 
moment 
(IbMn) 

-1540 

Results Element K is subjected to bending that produces a tensile stress acting in the .v-direction. 
Also, there is a torsional shear stress acting at K. Figure 4-8 shows the shearing force and 
bending moment diagrams for the shaft and indicates that the bending moment at A" is 1540 
lb • in. The bending stress is therefore 
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FIGURE 4-9 
Stresses on element K 

' xy 

"x 

. ' - ' 

y Note: 0 

^yx " 

, = 0 

CT^ = 8030 psi 

T^y = 2870 psi 

= -2870 psi 

CT, = M/S 

S = 7rD732 = ['TT(1.25in)^]/32 = 0.192 in' 

CT, = (15401b-in)/(0.192in') = 8030 psi 

The torsional shear stress acts on element A' in a way that causes a downward shear stress on 
the right side ofthe element and an upward shear stress on the left side. This action results in a 
tendency to rotate the element in a clockwise direction, which is the positive direction for shear 
stresses according to the standard convention. Also, the notafion for shear stresses uses double 
subscripts. For example, Tn, indicates the shear stress acting on the face of an element that is 
perpendicular to the A-axis and parallel to the y-axis. Thus, for element K, 

TA. = T/Zp 

Zp = TTD^ie = 77(1.25 in)yi6 = 0.383 im' 

T„ = (11001b-in)/(0.383in-') = 2870 psi 

The values of the normal stress, a,, and the shear stress, T„, are shown on the stress 
element K in Figure 4-9. Note that the stress in the y-direction is zero for this loading. Also, 
the value of the shear stress. T„, must be equal to T^, and it must act as shown in order for 
the element to be in equilibrium. 

We can now compute the principal stresses on the element, using Equations (4-1) 
through (4-3). The maximum principal stress is 

CT, = ^1^^ + J ( 1±_^_1 ] + ^2 (4_,) 

CT, = (8030/2) + \/(8030/2)- + (2870)-

CT, = 4015 + 4935 = 8950 psi 

The minimum principal stress is 

CT, + CT, 

CT-, 
CT, CT, 

(4-2) 

CT, = (8030/2) - V(8030/2)- + (2870)-

CTT = 4015 - 4935 = -920 psi (compression^ 

The direction in which the maximum principal stress acts is 

(|)„ = Urctan [2T,,,/(CT, - CT,,)] 

(|)., = Urctan [(2)(2870)/(8030)] = 17.8° 

The positive sign calls for a clockwise rotation ofthe element. 

(4-3) 
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FIGURE 4-10 
Principal stress element Oy = 0 

a^ = 8030 psi 

Tj^y = 2870 psi 

02 = -920 psi 

(fl) Original stress element (b) Principal stress element 

The principal stresses can be shown on a stress element as illustrated in Figure 4-10. 
Note that the element is shown in relation to the original element to emphasize the direc
tion of the principal stresses in relation to the original .v-axis. The positive sign for (^„ indi
cates that the principal stress element is rotated clockwise from its original position. 

Now the maximum shear stress element can be defined, using Equations (4-4) 
through (4-6): 

CT, CT,, 

+ T: (4-4) 

T,,,, = \/(8030/2)- + (2870)-

T,„,, = ± 4935 psi 

The two pairs of shear stresses. +T,„^, and -T„,^,, are equal in magnitude but opposite in 
direction. 

The orientation of the element on which the maximum shear stress acts is found from 
Equation (4-5): 

4), = 5 arctan [-(CT, - CT,)/2T„] 

4), = Urctan (-8030/[(2)(2870)]) = -27.2° 

(4-5) 

The negative sign calls for a counterclockwise rotation of the element. 
There are equal normal stresses acting on the faces of this stress element, which have 

the value of 

(̂ avg = (cr, + CT,)/2 

CT„„ = 8030/2 = 4015 psi 

(4-6) 

Comments Figure 4-11 shows the stress element on which the maximum shear stress acts in relation 
to the original stress element. Note that the angle between this element and the principal 
stress element is 45°. 

Examine the results of Example Problem 4-1. The maximum principal stress, a, = 
8950 psi. is 11 percent greater than the value of o^ = 8030 psi computed for the bending 
stress in the shaft acting in the .v-direction. The maximum shear stress, T^^^ = 4935 psi, is 
72 percent greater than the computed applied torsional shear stress of T „ = 2870 psi. You 
will see in Chapter 5 that either the maximum normal stress or the maximum shear stress 
is often required for accurate failure prediction and for safe design decisions. The angles 
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t " \+y + V 

T 

''xy 

X ' 

vx . 
Oy = 

^y 

0 

<'x = 

• 

x 

8030 psi 

X 

2870 psi 

(a) Original stress element, K 

" - "avg = 4 0 1 5 psi on all faces 
'• = ''iTiax - ^935 psi on all faces 

(c) Maximum shear stress element (b) Principal stress element 

FIGURE 4-11 Relation of maximum shear stress element to the original stress element and the 
principal stress element 

of the final stress elements also predict the alignment of the most damaging stresses that 
can be an aid in experimental stress analysis and the analysis of actual failed components. 

Another concept, called the von Mises stress, is used in the distortion energy theory 
of failure described in Chapter 5. The von Mises stress is a unique combination ofthe max
imum principal stress, a,, and the minimum principal stress, 02, which can be compared di
rectly with the yield strength ofthe material to predict failure by yielding. 

The process of computing the principal stresses and the maximum shear stress 
shown in Example Problem 4-1 may seem somewhat abstract. These same results can be 
obtained using a method called Mohr's circle, which is discussed next. This method u.ses 
a combination of a graphical aid and simple calculations. With practice, the use of Mohr's 
circle should provide you with a more intuitive feel for the variations in stress that exist 
at a point in relation to the angle of orientation ofthe stress element. In addition, it pro
vides a streamlined approach to determining the stress condition on any plane of interest. 

4—3 Because of the many terms and signs involved, and the many calculations required in the 
MOHR'S CIRCLE computation of the principal stresses and the maximum shear stress, there is a rather high 

__^ probability of error. Using the graphic aid Mohr's circle helps to minimize errors and gives 
TfTlpj P C j ( ^ N I a better "feel" for the stress condifion at the point of interest. 
" - " j U w/1 vJ I M After Mohr's circle is constructed, it can be u.sed for th the following: 

1. Finding the maximum and minimum principal stresses and the directions in which 
they act. 

2. Finding the maximum shear stresses and the orientafion of the planes on which 
they act. 

3. Finding the value ofthe normal stresses that act on the planes where the maximum 
shear stresses act. 

4. Finding the values ofthe normal and shear stresses that act on an element with any 
orientation. 

The data needed to construct Mohr's circle are, of course, the same as those needed to 
compute the preceding values, because the graphical approach is an exact analogy to the 
computations. 

If the normal and shear stresses that act on any two mutually peipendicular planes of an 
element are known, the circle can be constructed and any of items 1 through 4 can be found. 
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Procedure for 
Constructing 
Mohr's Circle 

Mohr's circle is actually a plot ofthe combinations of normal and shearing stresses that 
exist on a stress element fi)r all possible angles of orientation ofthe element. This method is 
parficulariy valuable in experimental stress analysis work because the results obtained from 
many types of standard strain gage instrumentation techniques give the necessary inputs for 
the creation of Mohr's circle. (See Reference 1.) When the principal stresses and the maxi
mum shear stress are known, the complete design and analysis can be done, using the vari
ous theories of failure di.scussed in Chapter 5. 

1. Perform the stress analysis to determine the magnitudes and directions of the nor
mal and shear stresses acting at the point of interest. 

2. Draw the stress element at the point of interest as shown in Figure 4-12(a). Normal 
stresses on any two mutually perpendicular planes are drawn with tensile stresses 
positive—projecting outward from the element. Compressive stresses are negative— 
directed inward on the face. Note that the resultaiits of all normal stresses acting in 
the chosen directions are plotted. Shear stresses are considered to be positive if they 
tend to rotate the element in a clockwise (cw) direction, and negative otherwise. 

Note that on the stress element illustrated, a, is positive, o,. is negative. T„ is pos
itive, and T,, is negative. This assignment is arbitrary for the purpose of illustra
tion. In general, any combination of positive and negative values could exist. 

3. Refer to Figure 4-12(b). Set up a rectangular coordinate system in which the pos
itive horizontal axis represents positive (tensile) normal stresses, and the positive 
vertical axis represents positive (clockwise) shear stresses. Thus, the plane created 
will be refeiTed to as the O-T plane. 

4. Plot points on the O-T plane corresponding to the stresses acting on the faces of the 
stress element. If the element is drawn in the .v-y plane, the two points to be plot
ted are o,, T„, and a,,, T,,. 

5. Draw the line connecting the two points. 

6. The resulting line crosses the o-axis at the center of Mohr's circle at the average 
ofthe two applied normal stresses, where 

CT,,,, = (CT, + CT,)/2 

The center of Mohr's circle is called O in Figure 4-12. 

7. Note in Figure 4-12 that a right triangle has been formed, having the sides a. b, 
and R. where 

By in.spection, we can see that 
R = Va- + b-

a = (CT, - CT,)/2 

b = T,.,. 

The point labeled O is at a distance of a, - a from the origin of the coordinate 
system. We can now proceed with the construction of the circle. 

8. Draw the complete circle with the center at O and a radius of R, as shown in 
Figure 4-13. 

9. The point where the circle crosses the a-axis at the right gives the value of the 
maximum principal stress, a,. Note that a, = a,,„ -i- R. 

10. The point where the circle crosses the o-axis at the left gives the minimum prin
cipal stress. 02. Note that O2 = Cf,,v„ - R. 
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FIGURE 4-12 
Partially completed 
Mohr's circle. Steps 1-7 

'^xy 

T ^y ^yx ^ 

°y\ ^^ 

"x 

• 
'^xy 

I-I-T(CW) 

(fl) Stress element 

-t-a 

" - T (ccw) 

(b) Partially completed 
Mohr's circle 

FIGURE 4-13 
Completed Mohr's 
circle. Steps 8-14 

Counterclockwise from v-a: 

Clockwise fr 

^--axis 
''avgi ''max 

— T (ccw) 

11. The coordinates of the top of the circle give the maximum shear stress and the av
erage normal stress that act on the element having the maximum shear stress. Note 
that T„„, = R. 

Note: The following steps relate to determining the angles of inclination of 
the principal stress element and the maximum shear stress element in relation to 
the original x-axis. It is important to realize that angles on Mohr's circle are actu
ally double the true angles. Refer to Figure 4-13; the line from O through the first 
point plotted, o,, T„, represents the original .v-axis, as noted in the figure. The line 
from O through the point a,., T,,, represents the original y-axis. Of course, on the 
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original element, these axes are 90° apart, not 180°, illustrating the double-angle 
feature of Mohr's circle. Having made this observation, we can confinue with the 
development ofthe process. 

12. The angle 2^^ is measured from the x-axis on the circle to the a-axis. Note that 

2^„ = arctan (b/a) 

It is also important to note the direction/ram the x-axis to the a-axis (clockwise 
or counterclockwise). This is necessary for representing the relation ofthe princi
pal stress element to the original stress element properly. 

13. The angle from the .v-axis on the circle to the vertical line through T^^^ gives 20.̂ . 
From the geometry of the circle, in the example shown, we can see that 

2(1), = 9 0 ' - 2ct)., 

Other combinations ofthe initial stresses will result in different relafionships 
between 2(|)<j and 20,. The specific geometry on the circle should be used each 
time. See Example Problems 4-3 to 4-8 that follow this section. 

Again it is important to note the direction/rom the x-a.xis to the T,„^^-axis for 
use in orienting the maximum shear stress element. You should also note that the 
a-axis and the Tî ^̂ -̂ xis are always 90° apart on the circle and therefore 45° apart 
on the actual element. 

14. The final step in the process of using Mohr's circle is to draw the resulting 
stress elements in their proper relation to the original element, as shown in 
Figure 4-14. 

We will now illustrate the construction of Mohr's circle by using the same data as in 
Example Problem 4-1, in which the principal stresses and the maximum shear stress were 
computed directly from the equations. 

Example Problem 4-2 The shaft shown in Figure 4-7 is supported by two bearings and carries two V-belt sheaves. 
The tensions in the belts exert horizontal forces on the shaft, tending to bend it in the .x-z 
plane. Sheave B exerts a clockwise torque on the shaft when viewed toward the origin of 
the coordinate system along the .v-axis. Sheave C exerts an equal but opposite torque on the 
shaft. For the loading condition shown, determine the principal stresses and the maximum 
shear stress on element K on the front surface of the shaft (on the positive c-side) just to the 
right of sheave B. Use the procedure for constructing Mohr's circle in this section. 

FIGURE 4-14 
Display of results from 
Mohr's circle 

'^xy 

Ox 

'^yx 

y 

Oy 

\ '-"yx 

Ox 

'^xy 

a - CTayg on all faces 
T = Tjnax on all faces 

(a) Original stress element (b) Principal stress element (c) Maximum shear stress element 
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Solution Objective Detennine the principal stresses and the maximum shear stresses on element A'. 

Given Shaft and loading pattern shown in Figure 4-7. 

Analysis Use the Procedure for Constructing Mohr's Circle. Some intermediate results will be taken 
from the solution to Example Problem 4-1 and from Figures 4-7, 4-8, and 4-9. 

Results Steps I and 2. The stress analysis for the given loading was completed in Example 
Problem 4-1. Figure 4-15 is identical to Figure 4-9 and represents the results of Step 2 of 
the Mohr's circle procedure. 

Steps 3-6. Figure 4-16 shows the results. The first point plotted was 

CT, = 8030 psi, T,, = 2870 psi 

The second point was plotted at 

CT,, = 0 psi, T,,, = -2870 psi 

Then a line was drawn between them, crossing the a-axis at O. The value of the stress 
at O is 

FIGURE 4-15 
Stresses on element K 

'xy 

' yx 

\-^y Note: Oy=0 

Ox = 8030 psi 

j^y = 2870 psi 

Tyji = - 2870 psi 
'yx 

FIGURE 4-16 
Partially completed 
Mohr's circle 

Or = 8030 
Tj^y = 2870 

at O, a = aavo = 4015 psi 
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CTuvf = (<̂ v + o-v)/2 = (8030 + 0)/2 = 4015 psi 

Step 7. We compute the values for a, b. and R from 

a = (CT, - CT,)/2 = (8030 - 0)/2 = 4015 psi 

b = T„, = 2870 psi 

R = Vfl- + b- = V(4015)- + (2870)- = 4935 psi 

Step 8. Figure 4-17 shows the completed Mohr's circle. The circle has its center 
at O and the radius R. Note that the circle passes through the two points originally plot
ted. It must do so because the circle represents all possible states of stress on the ele
ment K. 

Step 9. The maximum principal stress is at the right side of the circle. 

CT, = CT„g + R 

CT, = 4015 + 4935 = 8950 psi 

Step 10. The minimum principal stress is at the left side of the circle. 

^2 = (̂ avg - R 

CT2 = 4015 - 4935 = -920 psi 

Step 11. At the top ofthe circle. 

CT = CT^^g = 4015 psi 

T = Tn„, = /? = 4935 psi 

FIGURE 4-17 
Completed Mohr's 
circle 

v-axis 

2<i>^ = 54.4° 

jr-axis 

b = 2870 20„ = 35.6° 

L 

Stresses in psi 
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'yx 
'xy 

\+y 

Oy =0 

a^ = 8030 psi 

Txy — 2870 psi 

'yx 

\-^y 

(a) Original stress element, K. (b) Principal stress element 
from Figure 4 -7 

FIGURE 4-18 Results from Mohr's circle analysis 

\+y 
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"sd / / 
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Ol = -920 psi 
/ l̂  

" ~ T V ^ " = 17.8- 1 

ai = 8950 psi 

0, = 27.2° 

- X 

a — aĝ g = 4015 psi on all faces 
'• = ''max = '*935 psi on all faces 

(c) Maximum shear stress element 

The value of the normal stress on the element that carries the maximum shear stress is the 
same as the coordinate of O. the center of the circle. 

Step 12. Compute the angle 2<^^ and then (^„. Use the circle as a guide. 

2<^„ = arctan (b/a) = arctan (2870/4015) = 35.6° 

4)̂  = 35.6/2 = 17.8' 

Note that (^^ must be measured clockwise from the original .v-axis to the direction ofthe line 
of acfion of ai for this set of data. The principal stress element will be rotated in the same 
direcfion as part of step 14. 

Step 13. Compute the angle 2(^., and then (|).,. From the circle we see that 

2<^, = 90 - 2(\>„ = 90 - 35.6 = 54.4° 

(j), = 54.4/2 = 27.2° 

Note that the stress element on which the maximum shear stress acts must be rotated count
erclockwise from the orientation of the original element for this set of data. 

Step 14. Figure 4-18 shows the required stress elements. They are identical to those 
shown in Figure 4-11. 

4-4 
MOHR'S CIRCLE 

PRACTICE 
PROBLEMS 

EIDESIGN 

To a person seeing Mohr's circle for the first time, it may seem long and involved. But with 
practice under a variety of combinations of normal and shear stresses, you should be able 
to execute the 14 steps quickly and accurately. 

Table 4-1 gives six .sets of data (Example Problems 4-3 through 4-8) for normal 
and shear stres.ses in the x-v plane. You are advi.sed to complete the Mohr's circle for each 
before looking at the solutions in Figures 4-19 through 4-24. From the circle, determine 
the two principal stresses, the maximum shear stress, and the planes on which these 
stresses act. Then draw the given stress element, the principal stress element, and the 
maximum shear stress element, all oriented properly with respect to the .v- and y-
directions. 
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Example Problem 4-3 

TABLE 4-1 Practice problems for Mohr's circle 

Example Problem 

4-3 
4-4 
4-5 
4-6 
4-7 
4-8 

CT, 

-HI 0.0 ksi 
+ 10.0 ksi 

-1-4.0 ksi 
+ 120 MPa 

- 8 0 MPa 
- 8 0 MPa 

^y 

-4 .0 ksi 
- 2 . 0 ksi 

-10 .0 ksi 
- 3 0 MPa 
+ 20 MPa 
+20 MPa 

T.n 

+5.0 ksi 
- 4 . 0 ksi 
+4.0 ksi 

+60 MPa 
- 5 0 MPa 
+50 Mpa 

Fig. No. 

4-19 
4-20 
4-21 
4-22 
4-23 
4-24 

FIGURE 4-19 

Solution for Example 

Problem 4-3 
Given: 

<rx = 

0-, = 

T = * xy 

esuits: 
O'l = 

0'2 = 

<l>a = 
'max ~ 

<t>. = 
"avg — 

+ 10.0 ksi 
- 4.0 l(si 
+ 5.0 ksi (cw) 

+ 11.60 Icsi 
- 5.60 lisi 
17.8° cw 
8.60 l(si 
27.2° ccw 
+ 3.0 ksi 

X-axis in quadrant I 

"^avg' 'Tmax' 

(b) Original stress 
element 

jtr-axis 

(a) Complete Mohr's 
circle 

ic) Principal stress 
element 

id) Maximum shear 
stress element 

jc-axis 
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Example Problem 4-4 

FIGURE 4-20 
Solution for Example 
Problem 4 ^ 

Given: 

*fx = 

(Ty = 

T = 

esuits: 
O'l = 

o-, = 
<t>,r = 
' mux 

'^r = 

+ lO.O ksi 
- 2.0 ksi 
- 4.0 ksi (ccw) 

+ 11.21 ksi 
-3.21 ksi 
16.8 ccw 
7.21 ksi 
28.2^ cw to -T 

tT,„ + 4.0 ksi 
jr-axis in quadrant IV 

a\('* ina \ ' 

"avg^ "max" 

(a) Complete Mohr's circle 

(I?) Original stress (c) Principal stress 
element element 

(d) Maximum shear 
stress element 

Example Problem 4-5 

FIGURE 4-21 
Solution for Example 
Problem 4-5 

Given: 

f^x = 

(T, = 

V = 

Results: 
0-, = 
0-, = 

<̂ ,r = 

^max ~ 
4>r = 

tr-^yfl. = 

X-axis i 

+ 4.0 ksi 
- 10.0 ksi 
+ 4.0 ksi 

+ 5.06 ksi 
-11.06 ksi 
14.9 cw 
8.06 ksi 
30.1 ccw 
- 3.0 ksi 

n quadrant I 

'"^avg" ^niax 

x-axis 

y-axis 

(a) Complete Mohr's circle 

A 
\ 

a^ 

1 ^ 
Vrv 

(b) Original stress 
element 

LT^^^ •x-axis 

(c) Principal stress 
element 

avg 

(</) Ma.ximum shear 
stress clement 
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Example Problem 4-6 

FIGURE 4-22 

Solution for Example 

Problem 4-6 

Given: 

Ox 
Oy 

"^xy 

Results 

''I 

02 

<t>n 
' 'max 
* r 

"avg 
,\-a,\is 

= 
= 
= 

= 
= 
= 
= 
= 
= 
in 

+ 120 MPa 
- 3 0 MPa 
+60 MPa 

+ 141 MPa 
-51 MPa 
19.3° cw 
96 MPa 
25.7°ccw 
+45 MPa 

quadrant I 

.v-axis 

(-30, -60y 

(a) Complete Mohr's circle 

1 

"y 

^ 

'^jcy 

/ 

• Ox 

(6) Original Stress (c) Principal (<:/) Maximum shear 
element stress element stress element 

.v-ax!s 

Example Problem 4-7 

FIGURE 4-23 
Solution for Example 
Problem 4-7 

avg' 'max 
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Ov 

V = 

Results: 
CT| 
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* < , = 
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- 8 0 MPa 
-1-20 MPa 
- 5 0 MPa 

-(-40.7 MPa 
-100.7 MPa 
67.5°ccw 
70.7 MPa 
22.5°ccwto - T 
- 3 0 MPa 

v-axis 

.v-axis in quadrant III 

(-80, -50L^ 

-v-axis -"PT 
'"avE' ''max' avgi 'max' 

(a) Complete Mohr's circle 

v-axis 

(b) Original stress (c) Principal 
element stress element 

(d) Maximum shear 
stress element 
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Example Problem 4-8 

FIGURE 4-24 
Solution for Example 
Problem 4-8 

Given: 

"A 

CT, 

'• .vv 

Results 

"1 
CT-) 

<t>n 

'̂ max 
<t>r 
"avg 

= - 8 0 MPa 
= +20 MPa 
= +50 MPa 

= +40.7 MPa 
= -100.7 MPa 
= 67.5°cw 
= 70.7 MPa 
= 22.5°cw 
= - 3 0 MPa 

v-axis in quadrant II 

' " avg - '^max' 

( - 8 0 , 5oy 

v-axis 

(a) Complete Mohr's circle 

(ft) Original stress (c) Principal stress (£/) Maximum shear 
element element stress element 

4-5 
CASE WHEN 

BOTH PRINCIPAL 
STRESSES HAVE 
THE SAME SIGN 

SIDESIGN 

Remember that all ofthe problems presented thus far have been plane stress problems, also 
called biaxial stress problems because stresses are acting in only two directions within one 
plane. Obviously, real load-carrying members are three-dimensional objects. The assump
tion here is that if no stress is given for the third direction, it is zero. In most cases, the so
lutions as given will produce the true maximum shear stress, along with the two principal 
stresses for the given plane. This will always be true if the two principal stresses have op
posite signs—that is, if one is tensile and the other is compressive. 

But the true maximum shear stress on the element will not be found if the two princi
pal stresses are ofthe same sign. In such cases, you must consider the three-dimensional case. 

Familiar examples of real products in which two principal stresses have the same sign 
are various forms of pressure vessels. A hydraulic cylinder with closed ends contains flu
ids under high pressure that tend to burst the walls of the cylinder. In strength of materials, 
you learned that the outer surfaces of the walls of such cylinders are subjected to tensile 
stresses in two directions: (1) tangent to its circumference and (2) axially. parallel to the 
axis of the cylinder. The stress perpendicular to the wall at the outer surface is zero. 

Figure 4-25 shows the stress condition on an element of the surface of the cylinder. 
The tangential stress, also called hoop stress, is aligned with the .v-direction and is labeled 
o,.. The axially directed stress, also called longitudinal stress, acts in line with the y-
direction and is labeled o,. 

In strength of materials, you learned that if the wall of the cylinder is relatively thin, 
the maximum hoop stress is 

a, = pD/2t 
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FIGURE 4-25 
Thin-walled cylinder 
subjected to pressure 
with its ends closed 

Internal 
pressure 

Hoop stress 

Longitudinal 
stress 

o Hoop Stress 

C^ Longitudinal Stress 

where p = internal pressure in the cylinder 

D = diameter of the cylinder 

t = thickness of the cylinder wall 

Also, the longitudinal stress is 

CT, pD/4t 

Both stresses are tensile, and the hoop stress is twice as large as the longitudinal stress. 
The analysis would be similar for any kind of thin-walled cylindrical vessel carrying 

an internal pressure. Examples are storage tanks for compressed gases, pipes carrying mov
ing fluids under pressure, and the familiar beverage can that releases internal pressure when 
the top is popped open. 

Let's use the hydraulic cylinder as an example for illustrating the special use of 
Mohr's circle when both principal stresses have the same sign. Consider that Figure 4-25 
shows a cylinder with closed ends carrying an internal pressure of 500 psi. The wall thick
ness is t = 0.080 in, and the diameter of the cylinder is D = 4.00 in. The ratio of DIt = 50 in
dicates that the cylinder can be considered thin-walled. Any ratio over 20 is typically 
considered to be thin-walled. 

The computed hoop and longitudinal stres.ses in the wall are 

0-, 

CT, 

pD 

2t 

pD^ 

4t 

(500psi)(4.0in) 

(2)(0.080in) 

(500psi)(4.0in) 

(4)(0.080in) 

12 500 psi (tension) 

6250 psi (tension) 

There are no shear stresses applied in the .v- and y-directions. 
Figure 4-26(a) shows the stress element for the x-y plane, and Part (b) shows the cor

responding Mohr's circle. Because there are no applied shear stresses, a, and a, are the 
principal stres.ses for the plane. The circle would predict the maximum shear stress to be 
equal to the radius ofthe circle, 3125 psi. 

But notice Part (c) of the figure. We could have chosen the .v--; plane for analysis, in
stead of the .v-y plane. The stress in the c-direction is zero because it is perpendicular to the 
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FIGURE 4-26 Stress 
analysis for a thin-
walled cylinder 

0-, = 

— + — 

= 6250 psi 

(7, = 12 500 psi 

(a) Stress element 
in v-v plane 

T 

6250 

T = 3125 

1/ 

X̂  
A 
12 500 

(h) Mohr's circle for v-y plane 

^max = 6250 

(7,= 12 500 psi 

{a-- = 0) 

(f) Stress element 
in .x-z plane 

id) Mohr's circle for .v-c plane 

free face of the element. Likewise, there are no shear stresses on this face. The Mohr's cir
cle for this plane is shown in Part (d) of the figure. The maximum shear stress is equal to 
the radius of the circle, 6250 psi. or twice as much as would be predicted from the .v-y plane. 
This approach should be used any time the two principal stresses in a biaxial stress prob
lem have the same sign. 

In summary, on a general three-dimensional stress element, there will be one orien
tation ofthe element in which there are no shear stresses acting. The normal stresses on the 
three perpendicular faces are then the three principal stresses. If we call these stresses O], 
O2, and 03, taking care to order them such that a, > a^ > O3, then the maximum shear stress 
on the element will always be 

Figure 4-27 shows the three-dimensional element. 
For the cylinder of Figure 4-25, we can conclude that 

o-i = 

CT2 = 

CT3 = 

CT, = 12 500 psi 

CT,. - 6250 psi 

CT, = 0 

(CT, - CT3)/2 = (12 500 - 0)/2 = 6250 psi 

Figure 4-28 shows two additional examples in which the two principal stresses in the 
given plane have the same sign. Then the zero stress in the third direction is added to the di
agram, and the new Mohr's circle is superimposed on the original one. This serves to illus
trate that the maximum shear stress will occur on the Mohr's circle having the largest radius. 
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FIGURE 4-27 
Three-dimensional 
stress element 

(CTJ = 03 = 0) 

FIGURE 4-28 
Mohr's circle for cases 
in which two principal 
stresses have the same 
sign 

= 76.6 
Given: 

Ox 
Oy 

0, 

^xy 

Results 
"1 
"2 
"3 

= 
= 

II 
II 

= 
= 
^ 

+ 150 MPa 
+ 30 MPa 
0 
+20 MPa 

153.2 MPa 
26.8 MPa 
0 
76.6 MPa 

= 153.2 

73.3 ^ 

{a) CT,.and a^both positive 

"1 - " 3 

Given: 
CT^ = - 5 0 MPa 
Oy = -130 MPa 
CT, = 0 

T^y = 40 MPa 

Results: 
CT| = 0 

aj = -33 .4 MPa 
CTj = -146.6 MPa 
7-^,. = 73.3 MPa 

"3 

—CT2 = - 3 3 . 4 

( -130 . -40) 

(b) a^ and Oy both negative 

4-6 
MOHR'S CIRCLE 

FOR SPECIAL 
STRESS 

CONDITIONS 

fflDESIGN 
^fifi\ V V>̂  

Mohr's circle is used here to demonstrate the relationship among the applied stresses, the 
principal stresses, and the maximum shear stress for the following special cases: 

Pure uniaxial tension 

Pure uniaxial compression 

Pure torsional shear 

Uniaxial tension combined with torsional shear 

These are important, frequently encountered stress conditions, and they will be used in later 
chapters to illustrate failure theories and design methods. These failure theories are based 
on the values of the principal stresses and the maximum shear stress. 
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FIGURE 4-29 
Mohr's circle for pure 
uniaxial tension a, . 

^ v = 

- - I - -

= 0 

r,v = 0 

Tnu^ = O, / 2 

FIGURE 4-30 
Mohr's circle for pure 
uniaxial compression 

(T,=0 

Ox (negative) 

,̂,. = 0 

Pure Uniaxial Tension 

The stress condition produced in all parts of a standard tensile test specimen is pure uniax
ial tension. Figure 4-29 shows the stress element and the corresponding Mohr's circle. Note 
that the maximum principal stress, o,, is equal to the applied stress, o,; the minimum prin
cipal stress, Ol, is zero; and the maximum shear stress, T^^^. is equal to <3j2. 

Pure Uniaxial Compression 

Figure 4-30 shows pure uniaxial compression as it would be produced by a standard com
pression test. Mohr's circle shows that a, = 0; O2 = o, (a negative value); and the magni
tude of the maximum shear stress is T̂ ax = oJ2. 

Pure Torsion 

Figure 4-31 shows that the Mohr's circle for this special case has its center at the origin of 
the a-T axes and that the radius of the circle is equal to the value of the applied shear stress, 
T ,̂. Therefore, T^,, = T„.; a, = T^.; and o, = -T„. 

Uniaxial Tension Combined with Torsional Shear 

This is an important special case because it describes the stress condition in a rotating shaft 
carrying bending loads while simultaneously transmitting torque. This is the type of stress 
condition on which the procedure for designing shafts, presented in Chapter 12, is based. If 
the applied stresses are called o, and T,,. the Mohr's circle in Figure 4-32 shows that 

''"max = R ^ radius of circle = v{aj2)- + T;, 

(,, = a,/2 + R^ CT,/2 + V(CT,/2)^ + Ti 

CT. = CT,/2 - /? = CT_y2 - V(CT_y2)- + T̂ , 

(4-7) 

(4-8) 

(4-9) 
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FIGURE 4-31 
Mohr's circle for 
pure torsional 
shear 

a=0 

a=0 

FIGURE 4-32 
Mohr's circle for 
uniaxial tension 
combined with 
torsional shear 

a =0 

FIGURE 4-33 
Circular bar in bending 
and torsion 

A convenient and useful concept called equivalent torque can be developed from 
Equation (4-7) for the special case of a body subjected to only bending and torsion. 

An example is shown in Figure 4—33, where a circular bar is loaded at one end by a down
ward force and a torsional moment. The force causes bending in the bar with the maximum mo
ment at the point where the bar is attached to the support. The moment causes a tensile stress on 
the top of the bar in the .v-direction at the point called A, where the magnitude of the stress is 

= M/S (4-10) 
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where 5 = section modulus of the round bar 

Now the torsional moment causes torsional shear stress in the v-y plane at point A 
having a magnitude of 

T„, = T/Zp (4-11) 

where Zp = polar section modulus of the bar 

Point/4 then is subjected to a tensile stress combined with shear, the special case shown 
in the Mohr's circle of Figure 4-32. The maximum shear stress can be computed from Equa
tion (4-7). If we substitute Equations (4-10) and (4-11) in Equation (4-7), we get 

T,,, = V(M/25)- + (T/Zpf (4-12) 

Note from Appendix 1 that Zp = 25. Equation (4-12) can then be written as 

V M - + T-
(4-13) 

It is convenient to define the quantity in the numerator of this equation to be the eqidvalent 
torque, T^. Then the equation becomes 

= TjZp (4-14) 

4-7 
ANALYSIS OF 

COMPLEX 
LOADING 

CONDITIONS 

The examples shown in this chapter involved relatively simple part geometries and loading 
conditions for which the necessary stress analysis can be performed using familiar meth
ods of statics and strength of materials. If more complex geometries or loading conditions 
are involved, you may not be able to complete the required analysis to create the original 
stress element from which the Mohr's circle is derived. 

Consider, for example, a ca.st wheel for a high-performance racing car. The geome
try would likely involve webs or spokes of a unique design connecting the hub to the rim to 
create a lightweight wheel. The loading would be a complex combination of torsion, bend
ing, and compression generated by the cornering action of the wheel. 

One method of analysis of such a load-carrying member would be accomplished by 
experimental stress analysis using strain gages or photoelastic techniques. The results would 
identify the stress levels at selected points in certain specified directions that could be used 
as the input to the construction of the Mohr's circle for critical points in the structure. 

Another method of analysis would involve the modeling of the geometry of the 
wheel as afinite-elentent model. The three-dimensional model would be divided into sev
eral hundred small-volume elements. Points of support and restraint would be defined on 
the model, and then external loads would be applied at appropriate points. The complete 
data set would be input to a special type of computer analysis program called finite-
element analysis. The output from the program lists the stresses and the deflection for 
each of the elements. These data can be plotted on the computer model so that the de
signer can visualize the stress distribution within the model. Most such programs list the 
principal stresses and the maximum shear stress for each element, eliminating the need 
to actually draw the Mohr's circle. A special form of stress, called the von Mises .stress, 
is often computed by combining the principal stresses. (See Section 5-8 for a more com
plete discussion of the von Mises stress and its use.) Several different finite-element 
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analysis programs are commercially available for use on personal computers, on engi
neering work stations, or on mainframe computers. 

R E F E R E N C E 

Mott. Robert L. Applied Strent'th of Materials. 4th ed. Upper 
Saddle River. NJ: Prentice Hall. 2002. 

I N T E R N E T S I T E R E L A T E D TO M O H R ' S C I R C L E A N A L Y S I S 

1. MDSolids www.mdsolids.coni Educational software 
devoted to introductory mechanics of materials. 
Includes modules on basic stress and strain, beam and 
strut axial problems, trusses, statically indeterminate 

axial structures, torsion, determinate beams, section 
properties, general analysis of axial, torsion, and beam 
members, column buckling, pressure vessels, and 
Mohr's circle transformations. 

P R O B L E M S 

For the sets of given stresses on an element given in Table 4-2. 
draw a complete Mohr's circle, fmd the principal stresses and 
the maximum shear stress, and draw the principal stress ele
ment and the maximum shear stress element. Any stress com
ponents not shown are assumed to be zero. 

31. Refer to Figure .^-23 in Chapter .3. For the shaft aligned 
with the .v-axis. create a stress element on the bottom of 
thc shaft Just to the left of section B. Then draw the 
Mohr's circle for that element. Use D - 0.50 in. 

32. Refer to Figure P3-;4 in Chapter 3. For the shaft ABC, 
create a stress element on the bottom of the shaft just to 
the right of section B. The torque applied to the shaft at B 
is resisted at support C only. Draw the Mohr's circle for 
the stress element. Use D - 1.5() in. 

il. Repeat Problem 32 for the shaft in Figure P3-45 D - 0.50 in. 

TABLE 4-2 Stresses for Problems 1-30 

34. Refer to Figure P3—4̂ 6 in Chapter 3. For the shaft AB, cre
ate a stress element on the bottom of the shaft just to the 
right of section A. The torque applied to the shaft by the 
crank is resisted at support B only. Draw the Mohr's cir
cle for the stress eleinent. Use D = 50 nun. 

35 A short cylindrical bar having a diameter of 4,00 in is sub
jected to an axial compressive force of 75 000 Ib and a 
torsional moment of 20 000 Ib • in. Draw a stress element 
on the surface of the bar. Then draw the Mohr's circle for 
the element. 

36. A torsion bar is used as a suspension element for a vehi
cle. The bar has a diameter of 20 inm. It is subjected to a 
torsional moment of 450 N • m and an axial tensile force 
of 36.0 kN. Draw a stress element on the suiface of the 
bar. and then draw the Mohr's circle for the element. 

37. Use the Mohr's Circle module from the MDSolids soft
ware to complete any of Problems I to 30 in this chapter. 

Problem 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10 
11 
12. 
13 
14 
15. 
16. 
17. 
18. 
19 
20. 
21 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 

o, 

20 ksi 
85 ksi 
40 ksi 

- 8 0 ksi 
120 ksi 
20 ksi 
20 ksi 

120 ksi 
100 MPa 
250 MPa 

50 MPa 
- 1 5 0 MPa 

150 MPa 
50 MPa 

250 MPa 
50 MPa 

400 MPa 
- 1 2 0 MPa 

- 3 0 MPa 
220 MPa 

40 ksi 
Oksi 

38 ksi 
55 ksi 
22 ksi 

-4250 psi 
300 MPa 
250 MPa 

- 8 4 0 k P a 
- 3 2 5 kPa 

a, 

0 
- 4 0 ksi 
- 4 0 ksi 
- 4 0 ksi 

40 ksi 
140 ksi 

- 4 0 ksi 
- 4 0 ksi 

0 
- 8 0 MPa 
- 8 0 MPa 
- 8 0 MPa 

80 MPa 
180 MPa 

- 8 0 MPa 
- 8 0 MPa 

- 3 0 0 MPa 
180 MPa 
20 MPa 

- 1 2 0 MPa 
Oksi 
Oksi 

- 2 5 ksi 
15 ksi 
Oksi 

3250 psi 
100 MPa 
150 MPa 

- 3 3 5 kPa 
- 5 0 k P a 

Tu 

10 ksi 
30 ksi 

- 3 0 ksi 
- 3 0 ksi 

20 ksi 
20 ksi 

0 
100 ksi 
80 MPa 

110 MPa 
40 MPa 

- 4 0 MPa 
- 4 0 MPa 

40 MPa 
0 

- 3 0 MPa 
200 MPa 

- 8 0 MPa 
40 MPa 

OMPa 
Oksi 

40 ksi 
- 1 8 ksi 
- 4 0 ksi 

6.8 ksi 
2800 psi 

80 MPa 
40 MPa 

-120kPa 
-60kPa 

http://www.mdsolids.coni
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The 
Big 
Picture 

Design for Different Types of Loa(ding 

Discussion Map 

Discover 
Identify components of real products or structures that 
are subjected to static loads. 
Identify components that are subjected to equal, 
repeated loads that reverse directions. 
Identify components that experience fluctuating loads 
that vary with time. 
Identify components that are loaded with shock or 
impact, such as being struck by a hammer or dropped 
onto a hard surface. 

Using the techniques you learn in this chapter will 
help you to complete a wide variety of design tasks 

• This chapter provides 
additional tools you can use 
to design load-carrying 
components that are safe 
and reasonably efficient in 
their use of materials. 

D You must learn how to 
classify the kind of loading 
the component is subjected 
to: static, repeated and 
reversed, fluctuating, shock, 
and impact. 

D You will learn to identify the 
appropriate analysis 
techniques based on the 
type of load and the type of 
material. 

For the concepts considered in this chapter, the big picture encompasses a huge array 
of examples in which you will build on the principles of strength of materials that you re
viewed in Chapters 3 and 4 and extend them from the analysis mode to the design mode. 
Several steps are involved, and you must learn to make rational judgments about the ap
propriate method to apply to complete the design. 

In this chapter you will learn how to do the following: 

1. Recognize the manner of loading for a part: Is it static, repeated and reversed, fluc
tuating, shock, or impact? 

2. Select the appropriate method to analyze the stres.ses produced. 

3. Determine the strength property for the material that is appropriate to the kind of 
loading and to the kind of material: Is the material a metal or a nonmetal? Is it brit
tle or ductile? Should the design be based on the yield strength, ultimate tensile 
strength, compressive strength, endurance strength, or some other material property? 

4. Specify a suitable design factor, often called a factor of safety. 

5. Design a wide variety of load-carrying members to be safe under their particular 
expected loading patterns. 

The following paragraphs show by example some of the situations to be studied in 
this chapter. 

An ideal static load is one that is applied slowly and is never removed. Some loads 
that are applied slowly and removed and replaced very infrequently can also be considered 
to be static. What examples can you think of for products or their components that are sub
jected to static loads? Consider load-carrying members of structures, parts of furniture 
pieces, and brackets or support rods holding equipment in your home or in a business or 
factory. Try to identify specific examples, and describe them to your colleagues. Discuss 
how the load is applied and which parts of the load-carrying member are subjected to the 
higher stress levels. Some ofthe examples that you discovered during The Big Picture dis
cussion for Chapter 3 could be used again here. 

164 
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Fluctuating loads are those that vary during the normal service of the product. They 
typically are applied for quite a long time so the part experiences many thousands or millions 
of cycles of stress during its expected life. There are many examples in consumer products 
around your home, in your car, in commercial buildings, and in manufacturing facilities. Con
sider virtually anything that has moving pails. Again, try to identify specific examples, and 
describe them to your colleagues. How does the load fluctuate? Is it applied and then com
pletely removed each cycle? Or is there always some level of mean or average load with an 
alternating load superimposed on it? Does the load swing from a positive maximum value to 
a negative minimum value of equal magnitude during each cycle of loading? Consider parts 
with rotating shafts, such as engines or agricultural, production, and construction machinery. 

Consider products that have failed. You may have identified some from The Big Pic
ture discussion for Chapter 3. Did they fail the first time they were used? Or did they fail 
after some fairly long service? Why do you think they were able to operate for some time 
before failure? 

Can you find components that failed suddenly because the material was brittle, such 
as cast iron, some ceramics, or some plastics? Can you find others that failed only after 
some considerable deformation? Such failures are called ductile fractures. 

What were the consequences of the failures that you have found? Was anyone hurt? 
Was there damage to some other valuable component or property? Or was the failure sim
ply an inconvenience? What was the order of magnitude of cost related to the failure? The 
answer to some of these questions can help you make rational decisions about design fac
tors to be used in your designs. 

It is the designer's responsibility to ensure that a machine part is safe for operation 
under reasonably foreseeable conditions. This requires that a stress analysis be performed 
in which the predicted stress levels in the part are compared with the design stress, or that 
level of stress permitted under the operating conditions. 

The stress analysis can be performed either analytically or experimentally, depend
ing on the degree of complexity of the part, the knowledge about the loading conditions, 
and the material properties. The designer must be able to verify that the stress to which a 
part is subjected is safe. 

The manner of computing the design stress depends on the manner of loading and on 
the type of material. Loading types include the following: 

Static 

Repeated and reversed 

Fluctuating 

Shock or impact 

Random 

Material types are many and varied. Among the metallic materials, the chief classification is 
between ductile and brinle materials. Other considerations include the manner of forming the 
material (casting, forging, rolling, machining, and so on), the type of heat treatment, the sur
face finish, the physical size, the environment in which it is to operate, and the geometry ofthe 
part. Different factors must be considered for plastics, composites, cerainics, wood, and others. 

This chapter outlines methods of analyzing load-carrying machine parts to ensure 
that they are safe. Several different cases are described in which knowledge of the combi
nations of material types and loading patterns leads to the determination ofthe appropriate 
method of analysis. It will then be your job to apply these tools correctly and judiciously as 
you confinue your career. 
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You Are the Designer 

Recall the task presented at the start of Chapter 4, in 
which you were the designer of a bracket to hold a fabric 
sample during a test to determine its long-term stretch 
characteristics. Figure 4-2 showed a proposed design. 

Now you are asked to continue this design exercise by 
selecting a material from which to make the two bent cir
cular bars that are welded to the rigid support. Also, you 
must specify a suitable diameter for the bars when a cer
tain load is applied to the test material. 

5-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Identify various kinds of loading commonly encountered by machine parts, in
cluding static, repeated and reversed, fluctuating, shock or impact, and random, 

2. Define the term .s7/£'.v.v ratio and compute its value for the various kinds of loading. 

3. Define the concept of fatigue, 

4. Define the material property of eiulurance strength and determine estimates of its 
inagnitude for different materials. 

5. Recognize the factors that affect the magnitude of endurance .strength. 

6. Define the term design factor. 

7. Specify a suitable value for the design factor. 

8. Define the niaxinitim normal stress theory of failure and the modified Mohr 
method for design with brittle materials. 

9. Define the maximum shear stress theory of failure. 

10. Define the distortion eneigy theory, also called the vtm Mises theory or the Mises-
Heitcky theory. 

11. Describe the Goochtian method and apply it to the design of parts subjected to fluc
tuating stresses. 

12. Consider statistical approaches, finite life, and damage accumulation niethods for 
design. 

5-2 
TYPES OF 

LOADING AND 
STRESS RATIO 

The primary factors to consider when specifying the type of loading to which a machine 
part is subjected are the manner of variation of the load and the resulting variafion of stress 
with time. Stress variations are characterized by four key values: 

1. Maximum .stress, o,„̂ ^ 

2. Minimum stress, 0|,„n 

3. Mean (average) stress, a„, 

4. Alternating stress. a„ (stress amplitude) 

The maximum and minimum stresses are usually computed from known information by 
stress analysis or finite-element methods, or they are measured using experimental stress 
analysis techniques. Then the mean and alternating stresses can be computed from 

(5-1) 

(5-2) 
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FIGURE 5-1 Static 
stress 

c/5 

Time 

Stress ratio/? = 1.0 

The behavior of a material under varying stresses is dependent on the manner of the 
variation. One method used to characterize the variation is called stress ratio. Two types of 
stress ratios are commonly used, defined as 

Stress ratio R = 

Stress ratio A = 

o-„ minimum stress 

maximum stress o"n,.,, 

alternating stress CT„ 

mean stress cr.,. 

(5-3) 

Static Stress 

When a part is subjected to a load that is applied slowly, without shock, and is held at a con
stant value, the resulting stress in the part is called static .stress. An example is the load on a 
structure due to the dead weight ofthe building materials. Figure 5-1 shows a diagram of stress 
versus time for static loading. Because a,„̂ ^ = a„„n, the stress ratio for static stress is /? = 1.0. 

Static loading can also be assumed when a load is applied and is removed slowly and 
then reapplied, if the number of load applications is small, that is, under a few thousand cy
cles of loading. 

Repeated and Reversed Stress 

A stress reversal occurs when a given element of a load-carrying member is subjected to 
a certain level of tensile stress followed by the same level of compressive stress. If this 
stress cycle is repeated many thousands of times, the stress is called repeated and reversed. 
Figure 5-2 shows the diagram of stress versus time for repeated and reversed stress. Be
cause a^in = ~CF,n„, the stress ratio is /? = - 1.0, and the mean stress is zero. 

An important example in machine design is a rotating circular shaft loaded in bend
ing such as that shown in Figure 5-3. In the position shown, an element on the bottom of 
the shaft experiences tensile stress while an element on the top of the shaft sees a com
pressive stress of equal magnitude. As the shaft is rotated 180" from the given position, 
these two elements experience a complete reversal of stress. Now if the shaft continues to 
rotate, all parts ofthe shaft that are in bending see repeated, reversed stress. This is a de
scription of the classical loading case of reversed bending. 
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FIGURE 5-2 
Repeated, reversed 
stress 

Stres.s ratio /? = - 1,0 

FIGURE 5-3 
R. R. Moore fatigue 
test device 

Test section Rotating shaft 

Load 
diagram 

H'/2 

Shear 
force 0 

-W/2 

Bending 
moment 

(W/l)a-

This type of loading is often caWeA fatigue loading, and a machine of the type shown 
in Figure 5-3 is called a standard R. R. Moore fatigue test device. Such machines are used 
to test materials for their ability to resist repeated loads. The material property called 
endurance strength is measured in this manner. More is said later in this chapter about en
durance strength. Actually, reversed bending is only a special case of fatigue loading, since 
any stress that varies with time can lead to fatigue failure of a part. 

Fluctuating Stress 

When a load-carrying member is subjected to an alternating stress with a nonzero mean, the 
loading produces fluctuating stress. Figure 5-4 shows four diagrams of stress versus Ume 
for this type of stress. Differences among the four diagrams occur in whether the various 
stress levels are positive (tensile) or negative (compressive). Any varying stress with a 
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FIGURE 5-4 
Fluctuating stresses 

00 

C/T) 

On 

^AK 
a,,,,,, (tensile) 

Time 
(«) Tensile mean stress 

all stresses tensile 
0</?< 1.0 

(c) Compressive mean stress — 
cr,̂ a,, tensile 

Omin compressive 
- 3 C < / ? < - | . 0 

(/') Tensile mean stress 

a max tensile 
*̂ min compressive 

-1.0</?<0 

(J5 

(</) Compressive mean stress • 
all stiesses compressive 

1.0 < /? < -̂-

FIGURE 5-5 
Repeated, one-direction 
stress, a special case of 
fluctuating stress 

Time 

Stress ratio /? = 0 

nonzero mean is considered a fluctuating stress. Figure 5-4 also shows the possible ranges 
of values for the stress ratio R for the given loading patterns. 

A special, frequently encountered case of fluctuating stress is repeated, one-direction 
stress, in which the load is applied and removed many times. As shown in Figure 5-5. the 
stress varies from zero to a maximum with each cycle. Then, by observation. 

^ = ' ' "minAmux = 0 

An example of a machine part subjected to fluctuating stress ofthe type shown in 
Figure 5-4(a) is shown in Figure 5-6. in which a reciprocating cam follower feeds 
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FIGURE 5-6 
Example of cyclic 
loading in which the 
flat spring is subjected 
to fluctuating stress 

\r / ////// A . 

Follower" 

p Bearing ^ 

Flat spring 

(a) Cross section of spring 
(enlarged) 

= 8.0 mm 
= 3.0 mm 

(b) Bail feed device 

spherical balls one at a time from a chute. The follower is held against the eccentric cam 
by a flat spring loaded as a cantilever. When the follower is farthest to the left, the spring 
is deflected from its free (straight) position by an amount yn,^ = 3.0 mm. When the fol
lower is farthest to the right, the spring is deflected to y„y^^ — 8.0 mm. Then, as the cam 
continues to rotate, the spring sees the cyclic loading between the minimum and maxi
mum values. Point A at the base of the spring on the convex side experiences the vary
ing tensile stresses ofthe type shown in Figure 5-4(a). Example Problem 5-1 completes 
the analysis of the stress in the spring at point A. 

Example Problem 5-1 For the flat steel spring shown in Figure 5-6, compute the maximum stress, the minimum 
stress, the mean stress, and the alternating stress. Also compute the stress ratio, R. The length 
L is 65 inm. The dimensions ofthe spring cross .section are t = 0.80 mm and b = 6.0 mm. 

Solution Objective Compute the maximum, minimum, inean, and altemafing tensile stresses in the flat spring. 
Compute the stress ratio, R. 

Given Layout shown in Figure 5-6. The spring is steel: L = 65 mm. 

Spring cross section dimensions: / = 0.80 mm and b = 6.0 mm. 

Maximum deflection ofthe spring at the follower = 8.0 mm. 

Minimum deflection ofthe spring at the follower = 3.0 mm. 

Analysis Point A at the base of the spring experiences the maximum tensile stress. Determine the 
force exerted on the spring by the follower for each level of deflection using the formulas 
from Table A14-2, Case (a). Compute the bending moment at the base ofthe spring for each 
deflection. Then compute the stresses at point A using the bending stress formula, a = Mcll. 
U.se Equations (5-1), (5-2), and (5-3) for the mean and alternating stresses and R, 
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Results Case (a) of Table A14-2 gives the following formula for the amount of deflection of a can
tilever for a given applied force: 

y = PL'/3EI 

Solve for the force as a function of deflection: 

P = 3EIy/L^ 

Appendix 3 gives the modulus of elasticity for steel to be £ = 207 GPa. The moment of in
ertia, /, for the spring cross section is found from 

/ = bty\2 = (6.00mm)(0.80mm)yi2 = 0.256 mm-' 

Then the force on the spring when the deflection y is 3.0 mm is 

3(207 X 10'N/m-)(0.256mm^)(3.0mm) (1.0m-) 
P = — — -^ — — = 1 74 N 

(65 mm)- (10'̂  mm") 

The bending moment at the support is 

M = P-L = (1.74 N)(65 mm) = 113 N-mm 

The bending .stress at point A caused by this moment is 

Mc (113N-mm)(0.40mm) , , 

CT = ^ ^ = ^ ^^— = 176 N/mm- = 176 MPa 
/ 0.256 mm^ 

This is the lowest stress that the spring sees in service, and therefore <5„,,„ = 176 MPa. 
Because the force on the spring is proportional to the deflection, the force exerted 

when the deflection is 8.0 mm is 

P = (1.74N)(8.0mm)/(3.0mm) = 4.63 N 

The bending moment is 

M = PL = (4.63N)(65mm) = 301 N-mm 

The bending stress at point A is 

Mc (301 N-mm)(0.40mm) 
CT = — = ^ - ^ = 470 N/mm- = 470 MPa 

/ 0.256 mm^ 

This is the maximum stress that the spring sees, and therefore a„„, = 470 MPa. 
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Now the mean .stress can be computed: 

<r,„ = ( ( r_ + a™J/2 = (470 + 176)/2 = 323 MPa 

Finally, the alternating stress is 

<̂ , = (cr,.a. - cT,„J/2 = (470 - 176)/2 = 147 MPa 

The stress ratio is found using Equation (5-3): 

Stress ratio R = 
minimum stress _ o-mjn _ 176 MPa 

maximum stress o-mxx 470 MPa 
= 0.37 

Comments The sketch of stress versus time shown in Figure 5^(a) illustrates the form of the fluctuat
ing stress on the spring. In Section 5-9, you will see how to design parts subjected to this 
kind of stress. 

Shock or Impact Loading 

Loads applied suddenly and rapidly cause shock or impact. Examples include a ham
mer blow, a weight falling onto a structure, and the action inside a rock crusher. The 
design of machine members to withstand shock or impact involves an analysis of their 
energy-absorption capability, a topic not considered in this book. (See References 
8 to 13). 

Random Loading 

When varying loads are applied that are not regular in their amplitude, the loading is called 
random. Statistical analysis is used to characterize random loading for purposes of design 
and analysis. This topic is not covered in this book. See Reference 14. 

5-3 
ENDURANCE 

STRENGTH 

The endurance strength of a material is its ability to withstand fatigue loads. In general, it 
is the stress level that a material can survive for a given number of cycles of loading. If the 
number of cycles is infinite, the stress level is called the endurance limit. 

Endurance strengths are usually charted on a graph like that shown in Figure 5-7, 
called an '̂-A' diagram. Curves A. B, and D are representative of a material that does ex
hibit an endurance limit, such as a plain carbon steel. Curve C is typical of most nonfer
rous metals, such as aluminum, which do not exhibit an endurance limit. For such 
materials, the number of cycles to failure should be reported for the given endurance 
strength. 

Data for the endurance strength of the specific material for a part should be used 
whenever it is available, either from test results or from reliable published data. However, 
such data are not always readily available. Reference 13 suggests the following approxi
mations for the basic endurance strength for wrought steel: 

Endurance strength = 0.50(ulfimate tensile strength) = 0.50(5„) 
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FIGURE 5-7 Representative endurance strengths 

This approximation, along with published data, refers to the special ca.se of repeated and 
reversed bending stress in a polished steel specimen having a diameter of 0.300 in (7.62 
mm) as used in the R. R. Moore fatigue testing device shown in Figure 5-3. The next sec
tion discusses adjustments required when other, more realistic conditions exist. 

5-4 
ESTIMATED 

ACTUAL 
ENDURANCE 

STRENGTH, % 

If the actual material characteristics or operating conditions for a machine part are dif
ferent from those for which the basic endurance strength was determined, the fatigue 
strength must be reduced from the reported value. Some of the factors that decrease the 
endurance strength are discussed in this section. The discussion relates only to the en
durance strength for materials subjected to normal tensile stresses such as bending and 
direct axial tensile stress. Cases involving endurance strength in shear are discussed sep
arately in Section 5-9. 

We begin by presenting a procedure for estimating the actual endurance strength, 
s',. for the material for the part being designed. It involves applying several factors to 
the basic endurance strength for the material. Additional elaboration on the factors 
follows. 

Procedure for 
Estimating Actual 

Endurance 
Strength, ŝ  

1. Specify the material for the part and determine its ultimate tensile strength, s,„ con
sidering its condition, as it will be used in service. 

2. Specify the manufacturing process used to produce the part with special attention 
to the condition of the surface in the most highly stressed area. 

http://ca.se
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3. Use Figure 5-8 to estimate the modified endurance strength, s„. 

4. Apply a material factor, C^, from the following list. 

Wrought steel: C,„ = 1.00 Malleable cast iron: C,„ = 0.80 

Cast steel: C,„ = 0.80 Gray cast iron: C,„ = 0.70 

Powdered steel: C,„ = 0.76 Ductile cast iron: C„ = 0.66 

5. Apply a type-of-stress factor: C„ = 1.0 for bending stress; C„ = 0.80 for ax
ial tension. 

6. Apply a reliability factor, CR, from Table 5-1. 

7. Apply a size factor, C„ using Figure 5-9 and Table 5-2 as guides. 

8. Compute the estimated actual endurance strength, s',„ from 

.,; = ..„(CJ(Q,)(C«)(CJ (5^) 

These are the only factors that will be used consistently in this book. If data for other factors 
can be determined from additional research, they should be multiplied as additional terms in 
Equation 5-4. In most cases, we suggest accounting for other factors for which reasonable data 
cannot be found by adjusfing the value of the design factor as discus.sed in Secfion 5-8. 

Stress concentrations caused by sudden changes in geometry are. indeed, likely places 
for fatigue failures to occur. Care should be taken in the design and manufacture of cyclically 
loaded parts to keep stress concentration factors to a low value. We will apply stress concen
tration factors to the computed stress rather than to the endurance strength. See Section 5-9. 

While 12 factors affecfing endurance strength are discussed in the following secfion, 
note that the procedure just given includes only the first five. They are sutface finish, material 
factor, type-of-stress factor, reliabdity factor, and size factor. The others are mentioned to 
alert you to the variety of conditions you should investigate as you complete a design. How
ever, generalized data are difficult to acquire for all factors. Special testing or additional lit
erature searching should be done when conditions exist for which no data are provided in 
this book. The end-of-chapter references contain a huge amount of such information. 

Surface Finish 

Any deviation from a polished surface reduces endurance strength because the rougher sur
face provides sites where locally increased stresses or irregularities in the material struc
ture promote the initiation of microscopic cracks that can progress to fatigue failures. 
Manufacturing processes, corrosion, and careless handling produce detrimental surface 
roughening. 

Figure 5-8, adapted from data in Reference 11. shows estimates for the endurance 
strength .v„ compared with the ultimate tensile strength of steels for several practical surface 
conditions. The data first estimate the endurance strength for the polished specimen to be 
0.50 times the ultimate strength and then apply a factor related to the surface condition. U.S. 
Customary units are used for the bottom and left axes while SI units are shown on the top 
and right axes. Project vertically from the s„ axis to the appropriate curve and then hori
zontally to the endurance strength axis. 

The data from Figure 5-8 should not be extrapolated for su > 220 ksi 
(1520 MPa) without specific testing as empirical data reported in Reference 6 
are inconsistent at higher strength levels. 
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TABLE 5-1 
Approximate reliability 

factors, Cfl 

Desired reliability 

0.50 
0.90 
0.99 
0.999 

c. 
1.0 
0.90 
0.81 
0.75 

TABLE 5-2 Size factors 

U.S. customary units 

Size Range For D in inches 

D < 0.30 
0.30 < D < 2.0 
2.0< D < 10.0 

Cs = 1.0 
Cs = (D/0.3) "" 
Q = 0.859-0,02125D 

SI units 

Size Range 

D < 7.62 
7.62 < D < 
50 < D < 2 

50 
50 

For I) in mm 

Cs = 1.0 
Cs = (D/7.62)""" 
(7̂  = 0,859-(),()00837D 

FIGURE 5-9 Size factor 
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Ground surfaces are fairly smooth and reduce the endurance strength by a factor of 
approximately 0.90 for ,s„ < 160 ksi (1 100 MPa), decreasing to about 0.80 for s, = 220 ksi 
(1520 MPa). Machining or cold drawing produce a somewhat rougher surface because of 
tooling marks resulting in a reduction factor in the range of 0.80 to 0.60 over the range of 
strengths shown. The outer part of a hot rolled steel has a roughened oxidized scale that pro
duces a reduction factor from 0.72 to 0.30. If a part is forged and not subsequently ma
chined, the reduction factor ranges from 0.57 to 0.20. 

From these data it should be obvious that you must give special attention to surface 
finish for critical surfaces exposed to fatigue loading in order to benefit from the steel's ba
sic strength. Also, critical surfaces of fatigue-loaded parts must be protected from nicks, 
scratches, and corrosion because they drastically reduce fatigue strength. 

Material Factors 

Metal alloys having similar chemical composition can be wrought, cast, or made by pow
der metallurgy to produce the final form. Wrought materials are usually rolled or drawn, 
and they typically have higher endurance strength than cast materials. The grain structure 
of many cast materials or powder metals and the likelihood of internal flaws and inclusions 
tend to reduce their endurance strength. Reference 13 provides data from which the 
material factors listed in step 4 of the procedure outlined previously are taken. 

Type-of-Stress Factor 

Most endurance strength data are obtained from tests using a rotating cylindrical bar sub
jected to repeated and reversed bending in which the outer part experiences the highest stress. 
Stress levels decrease linearly to zero at the center ofthe bar. Because fatigue cracks usually 
initiate in regions of high tensile stress, a relatively small proportion of the material experi
ences such stresses. Contrast this with the case of a bar subjected to direct axial tensile stress 
for which all of the material experiences the maximum stress. There is a higher statisfical 
probability that local flaws anywhere in the bar may start fatigue cracks. The resuh is that 
the endurance strength of a material subjected to repeated and reversed axial stress is ap
proximately 80% of that from repeated and reversed bending. Therefore, we recommend that 
a factor C„ = 1.0 be applied for bending stress and C„ = 0.80 for axial loading. 

Reliability Factor 

The data for endurance strength for steel shown in Figure 5-8 represent average values de
rived from many tests of specimens having the appropriate uhimate strength and surface con
ditions. Naturally, there is variation among the data points; that is, half are higher and half 
are lower than the reported values on the given curve. The curve, then, represents a reliabil
ity of 509r. indicating that half of the parts would fail. Obviously, it is advisable to design 
for a higher reliability, say, 907r, 99%, or 99.9%. A factor can be used to esfimate a lower 
endurance strength that can be used for design to produce the higher reliability values. Ide
ally, a statistical analysis of actual data for the material to be used in the design should be 
obtained. By making certain assumptions about the form ofthe distribution of strength data, 
Reference 11 reports the values in Table 5-1 as approximate reliability factors, C^-

Size Factor—Circular Sections in Rotating Bending 

Recall that the basic endurance strength data were taken for a specimen with a circular cross 
section that has a diameter of 0.30 in (7.6 mm) and that it was subjected to repeated and re-
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versed bending while rotating. Therefore, each part ofthe surface is subjected to the max
imum tensile bending stress with each revolution. Furthermore, the most likely place for fa
tigue failure to initiate is in the zone of maximum tensile stress within a small distance of 
the outer surface. 

Data from References 2, 11, and 13 show that as the diameter of a rotating circular 
bending specimen increases, the endurance strength decreases because the stress gradient 
(change in stress as a function of radius) places a greater proportion of the material in the 
highly stressed region. Figure 5-9 and Table 5-2 show the size factor to be used in this 
book, adapted from Reference 13. These data can be used for either solid or hollow circu
lar sections. 

Size Factor—Other Conditions 

We need different approaches to determining the size factor when a part with a circular .sec
tion is subjected to repeated and reversed bending but it is iu)t rotating, or if the part has a 
noncircular cross section. Here we show a procedure adapted from Reference 13 that fo
cuses on the volume ofthe part that experiences 95% or more ofthe maximum stress. It is 
in this volume that fatigue failure is most likely to be initiated. Furthermore, in order to re
late the physical size of such sections to the size factor data in Figure 5-9, we develop an 
equivalent diameter, D,.. 

When the parts in question have a uniform geometry over the length of interest, the 
volume is the product of the length and the cross sectional area. We can compare differ
ent shapes by considering a unit length for each and looking only at the areas. As a base, 
let's begin by determining an expression for that part of a circular .section subjected to 95% 
or more of the maximum bending stress, calling this area, A^,^. Becau.se the .stress is di
rectly proportional to the radius, we need the area ofthe thin ring between the outside sur
face with the full diameter D and a circle who.se diameter is 0.95D. as shown in Figure 
5-10(a). Then, 

A,, = (TT/4)[D- - (0.95D)-] = 0.0766D- (5-5) 

You should demonstrate that this same equation applies to a hollow circular section as 
shown in Figure 5-10(b). This verifies that the data for size factor shown in Figure 5-9 and 
Table 5-2 apply directly to either the solid or hollow circular sections when they experience 
rotating bending. 

Nonrotating Circular Section in Repeated and Reversed Flexure. Now con
sider a solid circular section that does not rotate but that is flexed back and forth in repeated 
and reversed bending. Only the top and bottom segments beyond a radius of 0.475D expe
rience 95% or higher ofthe maximum bending stress as shown in Figure 5-I0(c). By using 
properties of a segment of a circle, it can be shown that 

A^^ = 0.0I05D- (5-6) 

Now we can determine the equivalent diameter. D^. for this area by equating equations 
(5-5) and (5-6) while designating the diameter in equation (5-5) as D, and then solving 
for D,. 

0.0766D,,- = 0.0I05D-
a = 0.370D (5-7) 

http://Becau.se
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FIGURE 5-10 
Geometry of sections 
for computing /Ags area 
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This same equation applies to a hollow circular section. The diameter. D^., can be used in 
Figure 5-9 or in Table 5-2 to find the size factor. 

Rectangular Section in Repeated and Reversed Flexure. The A,,^ area is shown 
in Figure 5-l()(d) as the two strips having a thickness of 0.025// at the top and bottom of 
the section. Therefore, 

A^s = 0.05 hb 

Equating this to A^^ for a circular .section gives, 

0.0766D,- = 0.05 hb 

D, = o.msViib 

This diameter can be used in Figure 5-9 or in Table 5-2 to find the size factor. 
Other shapes can be analyzed in a similar manner. 

(5-8) 

Other Factors 

The following factors are not included quantitatively in problem solutions in this book be
cause of the difficulty of finding generalized data. However, you should consider each one 
as you engage in future designs and seek additional data as appropriate. 
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Flaws. Internal flaws of the material, especially likely in cast parts, are places in which 
fatigue cracks initiate. Critical parts can be inspected by x-ray techniques for internal flaws. 
If they are not inspected, a higher-than-average design factor should bc specified for cast 
parts, and a lower endurance strength should be used. 

Temperature. Most materials have a lower endurance strength at high temperatures. 
The reported values are typically for room temperatures. Operation above 500' F (260"C) 
will reduce the endurance strength of most steels. See Reference 13. 

' f 

Nonuniform Material Properties. Many materials have different strength properties 
in different directions because ofthe manner in which the material was processed. Rolled 
sheet or bar products are typically stronger in the direction of rolling than they are in the 
transverse direction. Fatigue tests are likely to have been run on test bars oriented in the 
stronger direction. Stressing of such materials in the transverse direction may result in 
lower endurance strength. 

Nonuniform properties are also likely to exist in the vicinity of welds because of 
incomplete weld penetration, slag inclusions, and variations in the geometry of the part 
at the weld. Also, welding of heat-treated materials may alter the strength of the mate
rial because of local annealing near the weld. Some welding processes may result in the 
production of residual tensile stresses that decrease the effective endurance strength of 
the material. Annealing or normalizing after welding is often used to relieve these 
stresses, but the effect of such treatments on the strength of the base material must be 
considered. 

Residual S t r e s s e s . Fatigue failures typically initiate at locations of relatively high 
tensile stress. Any manufacturing process that tends to produce residual tensile stress 
will decrease the endurance strength ofthe component. Welding has already been men
tioned as a process that may produce residual tensile stress. Grinding and machining, 
especially with high material removal rates, also cause undesirable residual tensile 
stresses. Critical areas of cyclically loaded components should be machined or ground 
in a gentle fashion. 

Processes that produce residual compressive stresses can prove to be beneficial. Shot 
blasting and peening are two such methods. Shot blasting is performed by directing a high-
velocity stream of hardened balls or pellets at the surface to be treated. Peening uses a se
ries of hammer blows on the surface. Crankshafts, springs, and other cyclically loaded 
machine parts can benefit from these methods. 

Corrosion and Environmental Factors. Endurance strength data are typically 
measured with the specimen in air. Operating conditions that expose a component to water, 
salt solutions, or other corrosive environments can significantly reduce the effective en
durance strength. Corrosion may cause harmful local surface roughness and may also alter 
the internal grain structure and chemistry ofthe material. Steels exposed to hydrogen are 
especially affected adversely. 

Nitriding. Nitriding is a surface-hardening process for alloy steels in which the mate
rial is heated to 950°F (514X) in a nitrogen atmosphere, typically ammonia gas. followed 
by slow cooling. Improvement of endurance strength of 50% or more can be achieved with 
nitriding. 
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FIGURE 5-11 Effect 
of stress ratio R on 
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Effect of Stress Ratio on Endurance Strength. Figure 5-11 shows the general 
variation of endurance-strength data for a given material when the stress ratio R varies from 
- 1.0 to +1.0, covering the range of ca.ses including the following: 

• Repeated, reversed stress (Figure 5-3); R = - 1.0 

• Partially reversed fluctuating stress with a tensile mean stress [Figure 5^(b)]; 
- 1.0 < /? < 0 

• Repeated, one-direction tensile stress (Figure 5-6); R = 0 

• Fluctuating tensile .stress [Figure 5-4(a)]; 0 < /? < 1.0 

• Static stress (Figure 5-1); /? = 1 

Note that Figure 5-11 is only an example, and it should not be used to determine ac
tual data points. If such data are desired for a particular material, specific data for that ma
terial must be found either experimentally or in published literature. 

The most damaging kind of stress among those listed is the repeated, reversed stress 
with /? = - 1. (See Reference 6.) Recall that the rotating shaft in bending as shown in Figure 
5-3 is an example of a load-carrying member subjected to a stress ratio R = -\. 

Fluctuating stresses with a compressive mean stress as shown in Parts (c) and (d) of 
Figure 5-4 do not significantly affect the endurance strength ofthe material because fatigue 
failures tend to originate in regions of tensile stress. 

Note that the curves of Figure 5-11 show estimates of the endurance strength, s„. as 
a function ofthe ultimate tensile strength for steel. These data apply to ideal polished .spec
imens and do not include any of the other factors discussed in this section. For example, the 
curve for R = - 1.0 (reversed bending) shows that the endurance strength for steel is ap
proximately 0.5 times the ulfimate strength (0.50 x s„) for large numbers of cycles of load
ing (approximately 10' or higher). This is a good general estimate for steels. The chart also 
shows that types of loads producing R greater than - 1 . 0 but less than 1.0 have less of an 
effect on the endurance strength. This illustrates that using data from the reversed bending 
test is the most conservative. 
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5-5 
EXAMPLE 

PROBLEMS FOR 
ESTIMATING 

ACTUAL 
ENDURANCE 

STRENGTH 

We will not use Figure 5-11 directly for problems in this book because our procedure 
for esfimating the actual endurance strength starts with the use of Figure 5-8. which pre
sents data from reversed bending tests. Therefore, the effect of stress rafio is already in
cluded. Section 5-9 includes methods of analysis for loading cases in which the fluctuating 
stress produces a stress ratio different from R = - 1.0. 

This section shows two examples that demonstrate the application of the Procedure for Es
timating Actual Endurance Strength, .v,' that is presented in the previous section. 

Example Problem 5-2 Estimate the actual endurance strength of AISI 1050 cold-drawn steel when used in a cir
cular shaft subjected to rotating bending only. The .shaft will be machined to a diameter of 
approximately 1.75 in. 

Solution Objective Compute the estimated actual endurance strength of the shaft material. 

Given ^ js j 1050 cold-drawn steel, machined. 

Size of section: D — 1.75 in. 

Type of stress: Reversed, repeated bending. 

Analysis Use the Procedure for Estimating Actual Endurance Strength, 5,̂  

Step 1: The ultimate tensile strength: s„ = 100 ksi from Appendix 3. 

Step 2: Diameter is machined. 

Step 3: From Figure 5-8, s„ = 38 ksi 

Step 4: Material factor for wrought steel: C,„ = 1.0 

Step 5: Type-of-stress factor for reversed bending: C,, = 1.0 

Step 6: Specify a desired reliability of 0.99. Then C/? = 0.81 (Design decision) 

Step 7: Size factor for circular section with D = 1.75 in. 
From Figure 5-9, C, = 0.83. 

Step 8: Use Equation 5 ^ to compute the estimated actual endurance strength. 

s: = s„{CJiC„){CR)iC,) = 38ksi(1.0)(1.0)(0.81)(0.83) = 25.5 ksi 

Comments This is the level of stress that would be expected to produce fatigue failure in a rotating shaft 
due to the action of reversed bending. It accounts for the basic endurance strength of the 
wrought AISI 1050 cold-drawn material, the effect ofthe machined surface, the size ofthe 
section, and the desired reliability. 

Example Problem 5-3 Estimate the actual endurance strength of cast steel having an ultimate strength of 120 ksi 
when used in a bar subjected to a reversed, repeated, bending load. The bar will be 
machined to a rectangular cross section, 1.50 in wide x 2.00 in high. 
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Solution Objective Compute the estimated actual endurance strength of the bar material. 

Given Cast steel, machined: s,, = 120 ksi. 
Size of section: b ^ 1.50 in., /; = 2.00 in rectangular 
Type of stress: Repeated, reversed bending. 

Analysis Use the Procedure for Estimating Actual Endurance Strength .v,'. 

Step 1: The ultimate tensile strength is given to be s„ = 120 ksi. 

Step 2: Surfaces are machined. 

Step 3: From Figure 5-8. .v„ = 44 ksi 

Step 4: Material factor for cast steel: C„, = 0.80 

Step 5: Type-of-stress factor for bending: C„ = 1.00 

Step 6: Specify a desired reliability of 0.99. Then C^ = 0.81 (Design decision) 

Step 7: Size factor for rectangular section: First use Equation 5-8 to determine the 
equivalent diameter. 

D, = O.SO^Vhb = 0.808V(2.00in)(1.50in) = 1.40 in 

Then from Figure 5-9, C, = 0.85. 

Step 8: Use Equafion 5 ^ to compute the estimated actual endurance strength. 

.V,: = .s„{C,„)(C,){C,){C,) = 44ksi(0.80)(1.00)(0.81)(0.85) = 24.2 ksi 

5—6 It is the designer's responsibility to ensure that a machine part is safe for operafion under 
DESIGN reasonably foreseeable conditions. You should evaluate carefully the application in which 

PHILOSOPHY the component is to be used, the environment in which it will operate, the nature of applied 
loads, the types of stresses to which the component will be exposed, the type of material to 
be used, and the degree of confidence you have in your knowledge about the application. 
Some general considerations are; 

1. Application. Is the component to be produced in large or small quantities? What 
manufacturing techniques will be used to make the component? What are the con
sequences of failure in terms of danger to people and economic cost? How cost-
sensitive is the design? Are small physical size or low weight important? With 
what other parts or devices will the component interface? For what life is the com
ponent being designed? Will the component be inspected and serviced periodi
cally? How much time and expense for the design effort can be jusfified? 

2. Environment. To what temperature range will the component be exposed? Will the 
component be exposed to electrical voltage or current? What is the potential for 
corrosion? Will the component be inside a housing? Will guarding protect access 
to the component? Is low noise important? What is the vibration environment? 

3. Loads. Identify the nature of loads applied to the component being designed in as 
much detail as practical. Consider all modes of operation, including startup, shut 
down, normal operation, and foreseeable overloads. The loads should be charac
terized as static, repeated and reversed, fluctuating, shock, or impact as discussed 
in Section 5-2. Key magnitudes of loads are the maximum, tninimum, and mean. 
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Variations of loads over time should be documented as completely as practical. 
Will high mean loads be applied for extended periods of time, particularly at high 
temperatures, for which creep mu.st be considered? This information will influ
ence the details of the design process. 

4. Types of Stresses. Considering the nature of the loads and the manner of supporting 
the component, what kinds of stresses will be created: direct tension, direct com
pression, direct shear, bending, or torsional shear? Will two or more kinds of stres.ses 
be applied simultaneously? Are .stresses developed in one direction iuniaxially). two 
directions (biaxially). or three directions (triaxially)l Is buckling likely to occur? 

5. Material. Consider the required material properties of yield strength, ultimate ten
sile strength, ultimate compressive strength, endurance strength, stiffness, ductil
ity, toughness, creep resistance, corrosion resistance, and others in relation to the 
application, loads, stresses, and the environment. Will the component be made from 
a ferrous metal such as plain carbon, alloy, stainless, or structural steel, or cast iron? 
Or will a nonferrous metal such as aluminum, brass, bronze, titanium, magnesium, 
or zinc be used? Is the material brittle (percent elongation < 5%) or ductile (percent 
elongation > 5%)? Ducfile materials ai-e highly preferred for components subjected 
to fatigue, shock, or impact loads. Will plastics be used? Is the application suitable 
for a composite material? Should you consider other nonmetals such as ceramics 
or wood? Are thermal or electrical properties ofthe material important? 

6. Confidence. How reliable are the data for loads, material properties, and stress cal
culations? Are controls for manufacturing processes adequate to ensure that the 
component will be produced as designed with regard to dimensional accuracy, sur
face finish, and final as-made material properties? Will subsequent handling, use, 
or environmental exposure create damage that can affect the safety or life of the 
component? These considerations will affect your decision for the design factor, 
N, to be discussed in the next section. 

All design approaches must define the relationship between the applied stresses on a 
component and the strength of the material from which it is to be made, considering the 
condifions of service. The strength basis for design can be yield strength in tension, com
pression, or shear; ultimate strength in tension, compression, or shear; endurance strength; 
or some combinafion ofthese. The goal ofthe design process is to achieve a suitable design 
factor. N, (sometimes called a factor of safety) that ensures the component is safe. That is, 
the strength ofthe material must be greater than the applied stresses. Design factors are dis
cussed in the next secfion. 

The sequence of design analysis will be different depending on what has already been 
specified and what is left to be determined. For example, 

1. Geometry ofthe component and the loading are known: We apply the desired de
sign factor, N. to the actual expected stress to determine the required strength of 
the material. Then a suitable material can be specified. 

2. Loading is known and the material for the component has been specified: We 
compute a design stress by applying the desired design factor, N. to the appropri
ate .strength of the material. This is the maximum allowable stress to which any 
part of the component can be expo,sed. We can then complete the stress analysis to 
determine what shape and size ofthe component will ensure that stres.ses are safe. 

3. Loading is known, and the material and the complete geometry ofthe compo
nent have been specified: We compute both the expected maximum applied stress 
and the design stress. By comparing these stresses, we can determine the resulting 
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design factor, Â , for the proposed design and judge its acceptability. A redesign 
may be called for if the design factor is either too low (unsafe) or too high (over 
designed). 

Practical Considerations. While ensuring that a component is safe, the designer is 
expected to also make the design practical to produce, considering several factors. 

• Each design decision should be tested against the cost of achieving it. 

• Material availability must be checked. 

• Manufacturing considerations may affect final specifications for overall geometry, 
dimensions, tolerances, or surface finish. 

• In general, components should be as small as practical unless operating conditions 
call for larger size or weight. 

• After computing the minimum acceptable dimension for a feature of a component, 
standard or preferred sizes should be specified using normal company pracfice or 
tables of preferred sizes such as those listed in Appendix 2. 

• Before a design is committed to production, tolerances on all dimensions and ac
ceptable surface finishes must be specified so the manufacturing engineer and the 
production technician can specify suitable manufacturing processes. 

• Surface finishes should only be as smooth as required for the function of a partic
ular area of a component, considering appearance, effects on fatigue strength, and 
whether or not the area mates with another component. Producing smoother sur
faces increases cost dramatically. See Chapter 13. 

• Tolerances should be as large as possible while maintaining acceptable perform
ance of the component. The cost to produce smaller tolerances rises dramatically. 
See Chapter 13. 

• The final dimensions and tolerances for some features may be affected by the need 
to mate with other components. Proper clearances and fits must be defined, as dis
cussed in Chapter 13. Another example is the mounting of a commercially avail
able bearing on a shaft for which the bearing manufacturer specifies the nominal 
size and tolerances for the bearing seat on the shaft. Chapter 16 gives guidelines 
for clearances between the moving and stationary parts where either boundary or 
hydrodynamic lubricafion is used. 

• Will any feature of the component be subsequently painted or plated, affecfing the 
final dimensions? 

Deformations. Machine elements can also fail because of excessive deformation or vi
bration. From your study of strength of materials, you should be able to compute deforma
tions due to axial tensile or compressive loads, bending, torsion, or changes in temperature. 
Some of the basic concepts are reviewed in Chapter 3. For more complex shapes or load
ing pattems, computer-based analysis techniques such as finite element analysis (FEA) or 
beam analysis software are important aids. 

Criteria for failure due to deformation are often highly dependent on the machine's 
use. Will excessive deformation cause two or more members to touch when they should 
not? Will the desired precision of the machine be compromised? Will the part look or feel 
too flexible (flimsy)? Will parts vibrate excessively or resonate at the frequencies experi
enced during operation? Will rotating shafts exhibit a critical speed during operation, re
sulting in wild oscillafions of parts carried by the shaft? 
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This chapter will not pursue the quantitative analysis of deformation, leaving that to 
be your responsibility as the design of a machine evolves. Later chapters do address some 
critical cases such as the interference fit between two mating parts (Chapter 13), the posi
tion ofthe teeth of one gear relative to its mating gear (Chapter 9), the radial clearance be
tween a journal bearing and the shaft rotating within it (Chapter 16), and the deformation 
of springs (Chapter 19). Also, Section 5-10, as a part ofthe general design procedure, sug
gests some guidelines for limiting deflections. 

5—7 The term design factor, N, is a measure of the relative safety of a load-carrying component. 
DESIGN In most cases, the strength of the material from which the component is to be made is di-

FACTORS vided by the design factor to determine a design stress. <5j. sometimes called the allowable 
stress. Then the actual stress to which the component is subjected should be less than the 
design stress. For some kinds of loading, it is more convenient to set up a relationship from 
which the design factor, N, can be computed from the actual applied stres.ses and the 
strength of the material. Still in other cases, particularly for the case of the buckling of 
columns, as discussed in Chapter 6, the design factor is applied to the load on the column 
rather than the strength of the material. 

Section 5-9 presents metht:)ds for computing the design stress or design factor for 
several different kinds of loading and materials. 

The designer must determine what a reasonable value for the design factor should be 
in any given situation. Often the value ofthe design factor or the design stress is governed 
by codes established by standards-setting organizations such as the American Society of 
Mechanical Engineers, the American Gear Manufacturers Association, the U.S. Depart
ment of Defense, the Aluminum Association, or the American Institute of Steel Construc
tion. For structures, local or state building codes often prescribe design factors or design 
stresses. Some companies have adopted their own policies specifying design factors based 
on past experience with similar conditions. 

In the absence of codes or standards, the designer must use judgment to specify 
the desired design factor. Part of the design philosophy, discussed in Section 5-6, dis
cussed issues such as the nature ofthe application, environment, nature ofthe loads on 
the component to be designed, stress analysis, material properties, and the degree of 
confidence in data used in the design processes. All of these considerations affect the 
decision about what value for the design factor is appropriate. This book will use the fol
lowing guidelines. 

Ductile Materials 

1. Â  = 1.25 to 2.0, Design of structures under static loads for which there is a high 
level of confidence in all design data. 

2. N = 2.0 to 2.5, Design of machine elements under dynamic loading with aver
age confidence in all design data. (Typically used in problem solutions in this 
book.) 

3. Â  = 2,5 to 4,0. Design of static structures or machine elements under dynamic 
loading with uncertainty about loads, material properties, stress analysis, or the 
environment. 

4. Â  = 4.0 or higher. Design of static structures or machine elements under dynamic 
loading with uncertainty about some combination of loads, material properties, 
stress analysis, or the environment. The desire to provide extra safety to critical 
components may also justify these values. 
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Brittle Materials 

5. N = 3,0 to 4,0. Design of structures under static loads for which there is a high 
level of confidence in all design data. 

6. N = 4,0 to 8,0, Design of static structures or machine elements under dynamic 
loading with uncertainty about loads, material properties, stress analysis, or the 
environment. 

The following Sections 5-8 and 5-9 provide guidance on the introducfion ofthe de
sign factor into the design process with particular attention to the selection ofthe strength 
basis for the design and the computation of the design stress. In general, design for static 
loading involves applying the design factor to the yield strength or ultimate strength ofthe 
material. Dynamic loading requires the application of the design factor to the endurance 
strength using the methods described in Section 5-5 to estimate the actual endurance 
strength for the conditions under which the component is operating. 

5-8 
PREDICTIONS OF 

FAILURE 

Designers should understand the various ways that load-carrying components can fail in 
order to complete a design that ensures that failure does not occur. Several different meth
ods of predicting failure are available, and it is the designer's responsibility to select the 
one most appropriate to the conditions ofthe project. In this section we describe the meth
ods that have found a high level of use in the field and discuss the situations in which each 
is applicable. The factors involved are the nature ofthe load (static, repeated and reversed, 
or fluctuating), the type of material involved (ductile or brittle), and the amount of design 
effort and analysis that can be jusfified by the nature of the component or product being 
designed. 

The design analysis methods described in the following Section 5-9 define the rela
tionship between the applied stres.ses on a component and the strength ofthe material from 
which it is to be made that is most relevant to the conditions of service. The strength basis 
for design can be yield strength, ultimate strength, endurance strength, or some combina
tion of these. The goal of the design process is to achieve a suitable design factor, N. that 
ensures that the component is safe. That is, the strength ofthe material must be greater than 
the applied stres.ses. 

The following types of failure prediction are described in this section. Reference 12 
gives an excellent historical review of failure prediction and complete derivations of the 
fundamentals underlying the methods discus.sed here. 

Failure Prediction Method Uses 

1. Maximum normal .stress 

2. Modified Mohr 

3. Yield strength 

4. Maximum shear stress 

5. Distortion energy 

6. Goodman 

7. Gerber 

8. Soderberg 

Uniaxial static stress on brittle materials 

Biaxial static stress on brittle materials 

Uniaxial static stress on ductile materials 

Biaxial static stress on ductile materials [Moderately 

conservative] 

Biaxial or triaxial stress on ductile materials [Good predictor] 

Fluctuating stress on ductile materials [Slightly conservative] 

Fluctuating stress on ductile materials [Good predictor] 
Fluctuating stress on ductile materials [Moderately 
conservative] 
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Maximum Normal Stress Method for 
Uniaxial Static Stress on Brittle Materials 

The maximum normal stress theory states that a material will fracture when the maximum 
normal stress (either tension or compression) exceeds the ultimate strength of the material 
as obtained from a standard tensile or compressive test. Its use is limited, namely for brittle 
materials under pure uniaxial static tension or compression. When applying this theory, any 
stress concentration factor at the region of interest should be applied to the computed stress 
because brittle materials do not yield and therefore cannot redistribute the increased stress. 

The following equations apply the maximum normal stress theory to design. 

For tensile stress: 

For compressive stress: 

K,(j < CTj = s,„/N 

K,a < a j = sjN 

(5-9) 

(5-10) 

Note that many brittle materials such as gray cast iron have a significantly higher com
pressive strength than tensile strength. 

Modified Mohr Method for Biaxial Static Stress on Brittle Materials 

When stres.ses are applied in more that one direction or when normal stress and shear stress 
are applied simultaneously, it is necessary to compute the principal stres.ses, o, and cSi. us
ing Mohr's circle or the equations in Chapter 4. Stress concentrations should be included 
in the applied stresses before preparing Mohr's circle for brittle materials. 

For safety, the combination of the two principal stresses must lie within the area 
shown in Figure 5-12 that graphically depicts the modified Mohr theory. The graph is a plot 
ofthe maximum principal stress, O], on the horizontal axis (abscissa) and the minimum 
principal stress, 02, on the vertical axis (ordinate). 

Note that the failure criteria depend on the quadrant in which the principal stresses lie. 
In the first quadrant, both principal stresses are tensile, and failure is predicted when either one 
exceeds the ultimate tensile strength, î ,,,, ofthe material. Similarly, in the third quadrant, both 
principal stresses are compressive, and failure is predicted when either one exceeds the ulti
mate compressive strength, 5,,̂ , ofthe material. The failure lines for the second and fourth quad
rants are more complex and have been derived semi-empirically to correlate with test data. The 

FIGURE 5-12 
Modified Mohr 
diagram with example 
data and a load line 
plotted 

CT2 axis 

.-5,,, = 40 ksi 

y^S,i, = 40 ksi 

(J I axis 

Shear diagonal 

Load line 

Example data: 
S,„ = 40 ksi 
V = 180 ksi 
u^^ = 15 ksi 
CT2,4 = -80 ksi 

-180ksi = 5„ 
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ultimate tensile strength lines are extended from the first quadrant into the second and fourth 
quadrants to the point where each intersects the .shear diagonal, drawn at 45 degrees through 
the origin. Then the failure line proceeds at an angle to the ultimate compressive strength. 

For design, because ofthe many difterent shapes and dimensions of safe-stress zones 
in Figure 5-12, it is suggested that a rough plot be made ofthe pertinent part ofthe modi
fied Mohr diagram from actual material strength data. Then the actual values of a, and Oi 
can be plotted to ensure that they lie within the safe zone of the diagram. 

A load line can be an aid in determining the design factor, N, using the modified Mohr 
diagram. The assumption is made that stresses increase proportionally as loads increase. Ap
ply the following steps for an example stress state, /i, for which 0,^ = 15 ksi and O2A = -80 
ksi. The material is Grade 40 gray cast iron having .s,„ = 40 ksi and .s„, = 180 ksi. 

1. Draw the modified Mohr diagram as shown in Figure 5-12. 

2. Plot point/\ at (15, -80). 

3. Draw the load line from the origin through point A until it intersects the failure line 
on the diagram at the point labeled A/, 

4. Determine the distances CM = 81.4 ksi and OA^ — 112 ksi by scaling the diagram. 

5. Compute the design factor from Â  = OA^IOA = 112/81.4 = 1.38. 

6. Alternatively, the projections of points A and A, on the a, or O2 axes could be used 
because the value of A' is a ratio and similar triangles are formed as shown in 
Figure 5-12. 

7. In this example, the projections onto the a^ axis are: OA' = — 80 ksi, OA'f = -110 
ksi. Then, 

A' = OA',/OA' = -110/-80.0 = 1.38. 

Yield Strength Method for Uniaxial Static 
Normal Stresses on Ductile Materials 

This is a simple application of the principle of yielding in which a component is carrying a 
direct tensile or compressive load in the manner similar to the conditions of the .standard 
tensile or compressive test for the material. Failure is predicted when the actual applied 
stress exceeds the yield strength. Stress concentrations can normally be neglected for stafic 
stresses on ductile materials because the higher stresses near the stress concentrations are 
highly localized. When the local stress on a small part of the component reaches the yield 
strength of the material, it does in fact yield. In the process, the stress is redistributed to 
other areas and the component is still safe. 

The following equations apply the yield strength principle to design. 

For tensile stress: cr < CTJ = s,jN (5-11) 

For compressive stress: CT < o-j = .v,, /N (5-12) 

For most wrought ductile metals, .v,, = .v,,. 

Maximum Shear Stress Method for 
Biaxial Static Stress on Ductile Materials 

The maximum shear stress method of failure predicfion states that a ducfile material begins 
to yield when the maximum shear stress in a load-carrying component exceeds that in a 
tensile-test specimen when yielding begins. A Mohr's circle analysis for the uniaxial ten
sion test, discussed in Section 4-6, shows that the maximum shear stress is one-half of the 
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applied tensile stress. At yield, then, .s\,, = .s\72. We use this approach in this book to esfi
mate 5„,. Then, for design, use 

T,na.. <r, = .sjN = 0.5 sjN (5-13) 

The maximum shear stress method of failure prediction has been shown by experi
mentation to be somewhat conservative for ductile materials subjected to a combination of 
normal and shear stresses. It is relafively easy to use and is often chosen by designers. For 
more precise analysis, the distortion energy method is preferred. 

Distortion Energy Method for Static Biaxial 
or Triaxial Stress on Ductile Materials 

The distortion energy method has been shown to be the best predictor of failure for ductile ma
terials under static loads or completely reversed nonnal, shear, or combined stresses. It requires 
the definition ofthe new term, von Mises .stress, indicated by the symbol, o', that can be calcu
lated for biaxial stresses, given the maximum and minimum principal stresses, O] and O2, from 

CT' = Vo-f + CT2" - CT1CT2 (5-14) 

Failure is predicted when o' > .v,. The biaxial stress approach requires that the applied stress 
in the third orthogonal direction, typically a., is zero. 

Credit is given to R. von Mises for the development of Equation 5-14 in 1913. Because 
of additional contributions by H. Hencky in 1925, the method is sometimes called the von 
Mises-Hencky method. Be aware that the results from many finite element analysis software 
packages include the von Mises stress. Another term used is the octahedral shear stress. 

It is helpful to visualize the distortion energy failure prediction method by plotting a 
failure line on a graph with a, on the horizontal axis and o^ on the vertical axis as shown 
in Figure 5-13. The failure line is an ellipse centered at the origin and passing through the 
yield strength on each axis, in both the tensile and compressive regions. It is necessary that 
the material has equal values for yield strength in tension and compression for direct use of 
this method. The numerical scales on the graph are normalized to the yield strength so the 
ellipse passes through .s^/a, = 1.0 on the a, axis and similariy on the other axes. 
Combinations of principal .stresses that lie within the distortion energy ellipse are predicted 
to be safe, while those outside would predict failure. 

For design, the design factor, N. can be applied to the yield strength. Then use 

CT' < CTd = s,/N (5-15) 

For comparison, the failure prediction lines for the maximum shear stress method 
are shown also in Figure 5-13. With data showing that the distortion energy method is 
the best predictor, it can be seen that the maximum shear stress method is generally con
servative and that it coincides with the distortion energy ellipse at six points. In other re
gions, it is as much as 16% low. Note the 45° diagonal line through the second and fourth 
quadrants, called the shear diagonal. It is the locus of points where a, = a^ ^nd its in
tersection with the failure ellipse is at the point (-0.577, 0.577) in the second quadrant. 
This predicts failure when the shear stress is 0.577.s\. The maximum shear stress method 
predicts failure at 0.505,. thus quantifying the conservatism ofthe maximum shear stress 
method. 

Also shown in Figure 5-13 are the failure prediction lines for the maximum princi
pal stress method. It is coincident with the maximum shear stress lines in the first and third 
quadrants for which the two principal stresses have the same sign, either tensile (+) or 
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FIGURE 5-13 
Distortion energy 
method compared with 
maximum shear stress 
and maximum principal 
stress methods 

Distortion energy 

Maximum shear stress 

Maximum principal stress 

Shear diagonal 
(CT] = CT2) 

compressive (—). Therefore, it, too, is conservative in these regions. But note that it is dan
gerously nonconservative in the second and fourth quadrants. 

Alternate Form for the von Mises Stress. Equation 5-14 requires that the two princi
pal stresses be determined from Mohr's circle, equations 4-1 and 4—2, or from a finite element 
analysis. Often you will first determine the stresses in some convenient orthogonal directions, 
X and y, namely a,, G,, and T„. The von Mises stress can then be calculated direcfiy from 

CT' = V CTj" + CT," — CTjCT,, + 3 T „ , " 

For uniaxial stress with shear, a,, - 0, Equation (5-16) reduces to 

CT' = V CT," + 3T„-

(5-16) 

(5-17) 

Triaxial Distortion Energy Method. A more general expression of the von Mises 
(distortion energy) stress is required when principal stresses occur in all three directions, 
a,, O2, and o,. We normally order these stresses such that o, > O2 > ^i- Then, 

CT 2/2) [V(CT2-CT,)- + ( a 3 - C T , ) - + (a3-CT2)"] (5-18) 

Goodman Method for Fatigue Under Fluctuating Stress 
on Ductile Materials 

Recall from Section 5-2 that the term fluctuating stress refers to the condition in which a 
load-carrying component is subjected to a nonzero mean stress with an altemating stress 
superimposed on the mean stress (see Figure 5^) . The Goodman method of failure pre-
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FIGURE 5-14 
Modified Goodman 
diagram for fatigue of 
ductile materials 

Sample data 

AISI 1340 OQT 1300 
5„= 100 ksi 
s,. - 75 ksi 
s„. = 45 ksi 

+ 
-100 -80 

cr„ 

Load line 

Yield line 

Goodman line 

Load line 2 

diction, sketched in Figure 5-14, has been shown to provide a good correlation with ex
perimental data, falling just slightly below the scatter of data points. 

The Goodman diagram plots the mean stres.ses on the horizontal axis and the alter
nating .stresses on the vertical axis. Look first at the right part of the diagram representing 
fluctuating stresses with a tensile (+) mean stress. A straight line is drawn from the esti
mated actual endurance strength ofthe material, ,v,', on the vertical axis to the ultimate ten
sile strength, .v„, on the horizontal axis. Combinations of mean stress, a,„, and altemating 
stress, a„, above the line predict failure, while those below the line predict no failure from 
fatigue. The equation for the Goodman line is. 

s„ s„ 
(5-19) 

Design Equation. We can modify Equation 5-~th the ultimate and endurance strength val
ues, as shown in Figure 5-15, to depict a "safe stress" line. Furthermore, any stress concentra
tion factor in the region of interest should be applied to the altemating component but not to the 
mean stress component, because experimental evidence shows that the presence of a stress con
centration does not affect the contribution ofthe mean stress of fatigue failure. Making these ad
justments to the equation for the Goodman line gives. 

K,cj^ 

+ 
o-„ 

Â  
(5-20) 

This is the design equation we will use in this book for fluctuating stresses. 

FIGURE 5-15 
Modified Goodman 
diagram showing safe 
stress line 

Safe stress line 

Goodman line 

\ ' •'!( 
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Checking for Early Cycle Yielding, The Goodman line presents a difficulty near 
the right end becau.se it seems to allow a pure mean stress greater than the yield strength 
of the material. Furthermore, as some value of alternating stress is added to the mean 
stress, the actual maximum stress ranges above the mean and may cause yielding. From 
a pure fatigue consideration, this condition is acceptable, provided the applicafion can 
tolerate some local yielding in areas of high maximum stress. Any yielding would occur 
within the eariy cycles of loading, perhaps from the first cycle and certainly at less than 
1000 cycles. After yielding, the stresses would be redistributed and the component would 
continue to be safe. 

However, most designers choose to «o/ permit yielding anywhere. To accomplish 
this, the yield line is added to the Goodman diagram, drawn between the yield strength 
plotted on both axes. Now the line segments between points labeled A, B, and C define the 
failure line. Consider two load lines drawn from the origin and extended through inter
sections with all of the failure lines on the diagram. Load line 1 intersects the Goodman 
Hne first, indicafing that fatigue failure governs. Load line 2 intersects the yield line first 
and failure would commence as yielding. 

We recommend completing first the design based on fatigue using Equafion 5-20 and 
then checking for yielding separately. The design equafion for the yield line is, 

K.G., A'.CTm 1 

- ^ + ^ - ^ = - (5-21) 
Sy S^. N 

Here we do apply the stress concentration factor to the mean stress to ensure that 
yielding does not occur. In many cases, the safe stress line for fatigue actually falls com
pletely below the yield strength line, indicating that no yielding is expected. See Figure 
5-15. However, there may be a lower effecfive design factor for yielding than on fatigue 
failure, and you will need to judge whether this is acceptable or not. Equation 5-21 can be 
solved for A' based on yielding, giving. 

Fluctuating Stresses with Compressive Mean Stress. The left part of the Good
man diagram represents fluctuafing stresses with compressive {-) stresses. Experimental 
data show that the presence of compressive mean stress does not significantly degrade the 
fatigue life beyond that predicted by the altemating stress only. So the failure line extends 
horizontally to the left from the s', point on the alternating stress axis. Its limit is the yield 
line for compressive yielding. 

Gerber Method for Fluctuating Stress on Ductile Materials 

Those interested in a more precise predictor of fatigue failure propose the Gerber method, 
shown in Figure 5-16. The Goodman line is shown for comparison. The end points of 
each are the same, but the Gerber line is parabolic and follows generally among the ex
perimentally determined failure points, whereas the Goodman line lies below them. (See 
References 11 to 13.) This means that some failure points will lie below the Gerber line, 
an undesirable result. For this reason, we will use the Goodman line for problem solu
tions in this book. 

http://becau.se
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FIGURE 5-16 
Comparison of Gerber, 
Goodman, and 
Soderberg methods for 
fluctuating stresses on 
ductile materials 

Failure 
tests 

Gerber 

Goodman 

Soderberg 

The equafion of the Gerber line is. 

s.. 
0\T, 

s„ 
(5-23) 

Soderberg Method for Fluctuating Stress on Ductile Materials 

Another approach that has found significant use, and that was featured in eariier edi
tions of this book, is called the Soderberg method. Figure 5-16 shows the Soderberg 
failure line in comparison with the Goodman and Gerber lines. The equation of the 
Soderberg line is. 

Kp\, ^ CT^ 
= I (5-24) 

Drawn between the endurance strength and the yield strength, the Soderberg line is the most 
conservative of the three. One advantage of the Soderberg line is that it protects directly 
against early cycle yielding, whereas the Goodman and Gerber methods require the sec
ondary consideration ofthe yield line as discussed previously. However, the degree of con
servatism is considered too great for competifive eftlcient design. 

In summary, problem solving in this book will use the Goodman method for fluctu
ating stresses on ductile materials. It is only slightly conservative and its failure prediction 
line lies completely below the array of experimental failure data points. 

5—9 Here we summarize the recommended methods for design analysis based on the type of ma-
DESIGN terial (brittle or ductile), the nature ofthe loading (static or cyclical), and the type of stress 

ANALYSIS (uniaxial or biaxial). The fact that 16 different cases are discussed is an indication of the 
METHODS large variety of approaches available. As you read about each case, refer to Figure 5-17 to 

follow the relationships among the factors to be considered. 
For cases C, E, F, and I, which involve ductile materials under four different types of 

loading, both the maximum shear stress and distortion energy methods are included. Recall 
from the discussions in the previous section that the maximum shear stress method is the 
simpler to use but somewhat conservative. The distortion energy method is the most accu
rate predictor of failure, but it requires the additional step of computing the von Mises 
stress. Both methods will be illustrated in the example problems in this book; the distortion 
energy method is recommended. 
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Brittle 
material 

—\ Llse Modified Mohr method 
Case A and Figure 5-12 => 

Static 
loadini; 

Ductile 
material 

Determine material type, 
nature of loading, and 
type of stress (uniaxial 

or biaxial) 

Uniaxial 

Biaxial 

=> 
Use Yield Strength 
method Case CI 

Use Maximum Shear or Distortion 
Energy Case C2 or C3 

Constant 
amplitude 

Brittle 
material 

r ^ Not recommended 

r 
Cyclical 
loadiniz 

Ductile 
material 

Uniaxial 

Zero mean stress => Case D, E, or F 

Fluctuating stress => 
Goodman method 
Case G or H 

Biaxial = > 
von Mises stress —\ Goodman method 
a„, and CT.., 

= > Case II or 12 

Varying 
amplitude 

Brittle 
material 

Ductile 
material 

- ^ Not recommended 

z> Damage accumulation method 

FIGURE 5-17 Logic diagram for visualizing methods of design analysis 

Figure 5-17 includes a listing for the damage accuniulati<m method for when ducfile 
materials are subjected to cyclical loading with varying amplitude. This topic is discussed 
in Section 5-13. 

The following symbols are used in the various cases. 

.s„ or .s„, = ultimate tensile strength 

.9,,, = ultimate compressive strength 

i\ = yield strength or yield point 

5„, = yield strength in shear 

,v,' = endurance strength of material under actual conditions 

s[„ = endurance strength in shear under actual conditions 

CT = nominal applied stress, without K, 

Case A: Brittle Materials under Static Loads 

When the actual applied stress, a, is simple tension or compression in only one direcfion, 
use the maximum normal stress theory of failure. Because brittle materials do not yield, you 
should always apply stress concentration factors when computing the applied stress. 

Case A1: Uniaxial Tensile Stress 

K,u < CT,, = sjN (5-9) 
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Case A2: Uniaxial Compressive Stress 

K,G < CT., = sjN (5-10) 

Case A3: Biaxial Stress . Use Mohr's circle to determine thc principal stresses, o, and 
O;. If both principal stresses are of the same sign, either tensile or compressive, use Case 
Al or A2. If they are of different signs, use the modified Mohr method described in thc pre-
ceeding section and illustrated in Figure 5-12. Any stress concentration factors should be 
applied to the computed nominal stres.ses. 

Case B: Brittle Materials under Fatigue Loads 

No specific recommendation will be given for brittle materials under fatigue loads because 
it is usually not desirable to use a brittle material in such cases. When it is necessary to do 
so, testing should be done to ensure safety under actual conditions of service. 

Case C: Ductile Materials under Static Loads 

Three failure methods are listed. The yield strength method is only for uniaxial normal 
stres.ses. For shear or biaxial loads, the maximum shear stress method is simpler but some
what conservative. The distortion energy method is the best failure predictor. 

C1: Yield Strength Method for Uniaxial Static Normal Stresses 

For tensile stress: CT < CT^ = sjN (5-11) 

For compressive stress: (r < CT^ - .s\,/A' (5-12) 

C2: Maximum Shear Stress Method. Used for shear stresses and combined 
stresses. Determine the maximum shear stress from Mohr's circle. Then the design equa
tion is. 

Tnu. < T j = sjN = 0.50 sJN (5-13) 

C3: Distortion Energy Method, Used for shear stresses and combined stresses. Deter
mine the maximum shear stress from Mohr's circle. Then compute the von Mises stress from. 

CT' — V CTf + CTI" — CT|CT2 ( 5 - 1 4 ) 

The alternate equations (5-16). (5-17), or (5-18) from the preceding section can also be 
used. For design use, 

CT' < CTj = ,sv/A^ (5-15) 

Stress concentrations are not needed for static loading if IcKal yielding can be tolerated. 

Case D: Reversed, Repeated Normal Stress 

Figure 5-2 shows the general form of reversed, repeated normal stress. Note that the mean 
stress, Om, is zero and that the alternating stress, a,, is equal to the maximum stress. o,,,,„. 
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This case follows directly from the definition ofthe estimated actual endurance strength be
cause the rotating beam testing inethod is used to acquire the strength data. Also, it is a spe
cial case of fluctuating stress, covered by Equation 5-20 in the preceding secfion. With a 
zero mean stress, the design equation becomes, 

K(^nr,. < <T, = S:/N (5-25) 

Case E: Reversed, Repeated Shear Stress 

Again the maximum shear stress theory or the distortion energy theory can be used. First 
compute the maximum repeated shear stress, T,„^,. including any stress concentration fac
tor. The discussion for Case D applies for shear stress as well. 

Case E1: Maximum Shear Stress Theory 

.s'„ = 0.5 s', (estimate for endurance strength in shear) 
^,Tma,. < T,, = sjN = 0.5 sfjN (5-26) 

Case E2: Distortion Energy Theory 

s'„ = 0.577 .sf, (estimate for endurance strength in shear) 
,̂T„,a. < Ta = .sjN = 0.577 .sjN (5-27) 

Case F: Reversed Combined Stress 

Use Mohr's circle to find the maximum shear stress and the two principal stresses by using 
the maximum values ofthe applied stresses. 

Case Fl : Maximum Shear Stress Theory. Use Equation 5-26. 

Case F2: Distortion Energy Theory, Use Equation 5-27. 

Case G: Fluctuating Normal Stresses:The Goodman Method 

Use the Goodman method that was described in Section 5-8 and illustrated in Figure 5-15. 
A satisfactory design results if the combination ofthe mean stress and the alternating stress 
produces a point in the safe zone shown in Figure 5-15. Then you can use the Equation 
(5-20) to evaluate the design factor for fluctuating loads: 

A'.CT. CT,,, 1 

^ + — = - (5-20) 
Sn S„ N 

Case H: Fluctuating Shear Stresses 

The preceding development ofthe Goodman method can also be done for fluctuafing shear 
stresses instead of normal .stres.ses. The design factor equation would then be 

K.J., T„ 1 

^ + — = - (5-28) 
s.s„ -S.V,, A ^ 

In the absence of shear strength data, use the estimates. s'„= 0.577 s', and s^,, = 0.75 5„. 
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Case I: Fluctuating Combined Stresses 

The approach presented here is similar to the Goodman method described previously, but 
the eftect of the combined stresses is first determined by using Mohr's circle. 

Case 11, For the maximum shear stress theory, draw two Mohr's circles, one for the 
mean stresses and one for the alternating stresses. From the first circle, determine maximum 
mean shear stress, (T,„),^_,,. From the second circle, determine the maximum alternating 
shear stress, (rj^nax- Then use these values in the design equation 

'^/ P^ jn^ j^ iTnJnwx _ 1 

s', -v,,, A^ 
(5-29) 

In the absence of shear strength data, use the estimates, s'„ = 0.577 s', and s,„ = 0.75 .s„. 

Case 12. For the distortion energy theory, draw two Mohr's circles, one for the mean 
stresses and one for the alternating .stresses. From these circles, determine the maximum 
and minimum principal stresses. Then compute the von Mises stresses for both the mean 
and the altemating components from 

cr,„ vQ \m + ^Zn, 0-i,„CT \in'-'2m 

O',' = V CTI,, + CT^ - CT|„CT2„ 

The Goodman equation then becomes 

Kp^ ^ < 
s' s„ N 

(5-30) 

5-10 
GENERAL 

DESIGN 
PROCEDURE 

The earlier parts of this chapter have provided guidance related to the many factors involved 
in design of machine elements that must be safe when carrying the applied loads. This sec
tion brings these factors together so that you can complete the design. The general design 
procedure described here is meant to give you a feel for the process. It is not practical to pro
vide a completely general procedure. You will have to adapt it to the specific situations that 
you encounter. 

The procedure is set up assuming that the following factors are known or can be spec
ified or esfimated; 

General design requirements: Objectives and limitations on size, shape, weight, 
desired precision, and so forth. 

Nature of the loads to be carried. 

Types of stresses produced by the loads. 

Type of material from which the element is to be made. 

General description ofthe manufacturing process to be used, particularly with re
gard to the surface finish that will be produced. 

Desired reliability. 



198 Chapter 5 • Design for Different Types of Loading 

General Design 
Procedure 

1, Specify the objectives and limitations, if any, of the design, including desired life, 
size, shape, and appearance. 

2, Determine the environment in which the element will be placed, considering such 
factors as corrosion potential and temperature. 

3, Determine the nature and characteristics of the loads to be carried by the element, 
such as 

Static, dead, slowly applied loads. 

Dynamic, live, varying, repeated loads that may potentially cause fatigue failure. 

Shock or impact loads. 

4, Determine the magnitudes for the loads and the operating conditions, such as 

Maximum expected load. 

Minimum expected load. 

Mean and alternating levels for fluctuating loads. 

Frequency of load application and repetition. 

Expected number of cycles of loading. 

5, Analyze how loads are to be applied to determine the type of stresses produced, 
such as 

Direct normal stress, bending stress, direct shear stress, torsional shear stress, or 
some combination of stres.ses. 

6, Propose the basic geometry for the element, paying particular attention to 

Its ability to carry the applied loads safely. 

Its ability to transmit loads to appropriate support points. Consider the load paths. 

The use of efficient shapes according to the nature of the loads and the types of 
stresses encountered. This applies to the general shape of the element and to each 
of its cross sections. Achieving efficiency involves optimizing the amount and the 
type of material involved. In Chapter 20, Section 20-2 gives some suggesfions for 
efficient design of frames and members in bending and torsion. 

Providing appropriate attachments to supports and to other elements in the ma
chine or stmcture. 

Providing for the positive location of other components that may be installed on 
the element being designed. This may call for shoulders, grooves, holes, retaining 
rings, keys and keyseats, pins, or other means of fastening or holding parts. 

7, Propose the method of manufacturing the element with particular attenfion to the 
precision required for various features and the surface finish that is desired. Will 
it be cast, machined, ground, or polished, or produced by some other process? 
These design decisions have important impacts on the performance ofthe element, 
its ability to withstand fatigue loading, and the cost to produce it. 

8, Specify the material from which the element is to be made, along with its con
dition. For metals the specific alloy should be specified, and the condition 
could include such processing factors as hot rolling, cold drawing, and a spe
cific heat treatment. For nonmetals, it is often necessary to consult with ven
dors to specify the composition and the mechanical and physical properties of 
the desired material. Consult Chapter 2 and Section 20-2 in Chapter 20 for ad
ditional guidance. 
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9. Determine the expected properties of the selected material, for example 

Ultimate tensile strength, s„. 

Ultimate compressive strength, 5,„, if appropriate. 

Yield strength, Sy. 

Ductility as represented by percent elongation. 

Stiffness as represented by modulus of elasticity, E or G. 

10. Specify an appropriate design factor. Â , for the stress analysis using the guidelines 

discussed in Section 5-7. 

11. Determine which stress analysis method outlined in Section 5-9 applies to the de
sign being completed. 

12. Compute the appropriate design stress for use in the stress analysis. If fatigue 
loading is involved, the actual expected endurance strength ofthe material should 
be computed as outlined in Section 5 ^ . This requires the consideration of the 
expected size of the section, the type of material to be used, the nature of the 
stress, and the desired reliability. Because the size of the section is typically un
known at the start of the design process, an estimate must be made to allow the 
inclusion of a reasonable size factor, C,. You should check the estimate at the end 
of the design process to verify that reasonable values were assumed at this stage 
of the design. 

13. Determine the nature of any stress concentrations that may exist in the design at 
places where geometry changes occur. Stress analysis should be considered at all 
such places because of the likelihood of localized high tensile stresses that may 
produce fafigue failure. If the geometry ofthe element in the.se areas is known, de
termine the appropriate stress concentration factor, K,. If the geometry is not yet 
known, it is advisable to estimate the expected magnitude of A",. The estimate must 
then be checked at the end of the design process. 

14. Complete the required stress analyses at all points where the stress may be high 
and at changes of cross section to determine the minimum acceptable dimensions 
for critical areas. 

15. Specify suitable, convenient dimensions for all features of the element. Many de
sign decisions are required, such as 

The use of preferred basic sizes as listed in Table A2-1. 

The size of any part that will be installed on or attached to the element being ana
lyzed. Examples of this are shown in Chapter 12 on shaft design where gears, 
chain sprockets, bearings, and other elements are to be installed on the shafts. But 
many machine elements have similar needs to accommodate mating elements. 
Elements should not be significantly oversized without good reason in order to 
achieve an efficient overall design. 

Somefimes the manufacturing process to be used has an effect on the dimensions. 
For example, a company may have a prefen-ed set of cutting tools for use in pro
ducing the elements. Casting, rolling, or molding processes often have limitations 
on the dimensions of certain features such as the thickness of ribs, radii produced 
by machining or bending, variation in cross secfion within different parts ofthe el
ement, and convenient handling ofthe element during manufacture. 

http://the.se
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Consideration should be given to the sizes and shapes that are commercially avail
able in the desired material. This could result in significant cost reducfions both in 
material and in processing. 

Sizes should be compatible with standard company practices if pracfical. 

16. After completing all necessary stress analyses and proposing the basic sizes for all 
features, check all assumptions made earlier in the design to ensure that the ele
ment is sfill safe and reasonably efficient. See Steps 7, 12, and 13. 

17. Specify suitable tolerances for all dimensions, considering the performance ofthe 
element, its fit with mating elements, the capability of the manufacturing process, 
and cost. Chapter 13 may be consulted. The use of computer-based tolerance-
analysis techniques may be appropriate. 

18. Check to determine whether some part of the component may deflect excessively. If 
that is an issue, complete an analysis of the deflection of the element as designed to 
this point. Sometimes there are known limits for deflecfion based on the operafion of 
the machine of which the element being designed is a part. In the absence of such lim
its, the following guidelines may be applied based on the degree of precision desired: 

Deflection of a Beam Due to Bending 

General machine part: 0.000 5 to 0.003 in/in of beam length 

Moderate precision: 0.000 01 to 0.000 5 in/in 

High precision: 0.000 001 to 0.000 01 in/in 

Deflection (Rotation) Due to Torsion 

General machine part: 0.001 ° to 0.01 °/in of length 

Moderate precision: 0.000 02° to 0.000 4°/in 

High precision: 0.000 001° to 0.000 02°/in 

See also Section 20-2 in Chapter 20 for additional suggestions for efficient design. 
The results of the deflection analysis may cause you to redesign the component. 
Typically, when high stiffness and precision are required, deflecfion, rather than 
strength, will govem the design. 

19. Document the final design with drawings and specifications. 

20. Maintain a careful record of the design analyses for future reference. Keep in mind 
that others may have to consult these records whether or not you are sfill involved 
in the project. 

5-11 Example design problems are shown here to give you a feel for the applicafion of the 
DESIGN process oufiined in Secfion 5-10. It is not practical to illustrate all possible situafions, and 

EXAMPLES you must develop the ability to adapt the design procedure to the specific characteristics 
of each problem. Also note that there are many possible solutions to any given design 
problem. The selection of a final solution is the responsibility of you, the designer. 

In most design situations, a great deal more informafion will be available than is 
given in the problem statements in this book. But, often, you will have to seek out that 
information. We will make certain assumptions in the examples that allow the design 
to proceed. In your job, you must ensure that such assumptions are appropriate. The de
sign examples focus on only one or a few of the components of the given systems. In 
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real situations, you must ensure that each design decision is compatible with the total
ity ofthe design. 

Basic Design Decisions 

Design Example 5-1 A large electrical transformer is to be suspended from a roof truss of a building. The total 
weight of the transformer is 32 000 lb. Design the means of support. 

Solution Objective Design the means of supporting the transformer. 

Given The total load is 32 000 lb. The transformer will be suspended below a roof truss inside a 
building. The load can be considered to be static. It is assumed that it will be protected from 
the weather and that temperatures are not expected to be severely cold or hot in the vicin
ity of the transformer. 

Two straight, cylindrical rods will be used to support the transformer, connecting the top of 
its casing to the bottom chord of the roof truss. The ends of the rod will be threaded to al
low them to be secured by nuts or by threading them into tapped holes. This design exam
ple will be concerned only with the rods. It is assumed that appropriate attachment points 
are available to allow the two rods to share the load equally during service. However, it is 
possible that only one rod will carry the entire load at some point during installation. There
fore, each rod will be designed to carry the full 32 000 lb. 

We will use steel for the rods, and because neither weight nor physical size is critical 
in this application, a plain, medium-carbon steel will be used. We specify AISI 1040 cold-
drawn steel. From Appendix 3. we find that it has a yield strength of 71 ksi and moderately 
high ductility as represented by its \2% elongation. The rods should be protected from cor
rosion by appropriate coatings. 

The objective of the design analysis that follows is to determine the size of the rod. 

Analysis The rods are to be subjected to direct normal tensile stress. Assuming that the threads at the 
ends of the rods are cut or rolled into the nominal diameter of the rods, the critical place for 
stress analysis is in the threaded portion. 

Use the direct tensile stress formula. Equation (3-1): o = FIA. We will first compute 
the design stress and then compute the required cross-sectional area to maintain the stress 
in service below that value. Finally, a standard thread will be specified from the data in 
Chapter 18 on fasteners. 

Case Cl from Section 5-9 applies for computing the design stress becau.se the rod is 
made from a ductile steel and it cairies a stafic load. The design stress is 

CT, = .sjN 

We specify a design factor of A' = 3, because it is typical for general machine design and 
because there is some uncertainty about the actual installation procedures that may be used 
(see Secfion 5-7). Then 

CT,, = s,/N = (71 000psi)/3 = 23 667 psi 

Results In the basic tensile stress equation, a = FIA. we know F. and we will let o = o,/. Then the 

required cross-sectional area is 

A = F/cjj = (32 000 lb)/(23 667 lb/in") = 1.35 in" 

http://becau.se
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Comments 

A standard size thread will now be specified from the data in Chapter 18 on fasten
ers. You should be familiar with such data from earlier courses. Table A2-2(b) lists the ten
sile stress area for American Standard threads. A 11-6 UNC thread (l^-in-diameter rod with 
6 threads per in) has a tensile stress area of 1.405 in' which should be safisfactory for this 
application. 

The final design specifies a U-in-diameter rod made from AISI 1040 cold-drawn steel with 
1 s-6 UNC threads machined on each end to allow the attachment of the rods to the trans
former and to the truss. 

Design Example 5-2 A part of a conveyor system for a production operation is shown in Figure 5-18. Design the 
pin that connects the horizontal bar to the fixture. The empty fixture weighs 85 lb. A cast 
iron engine block weighing 225 lb is hung on the fixture to carry it from one process to an
other, where it is then removed. It is expected that the system will experience many thou
sands of cycles of loading and unloading of the engine blocks. 

Solution Objective Design the pin for attaching the fixture to the conveyor system. 

Given The general arrangement is .shown in Figure 5-18. The fixture places a shearing load that 
is alternately 85 lb and 310 lb (85 + 225) on the pin many thousands of times in the ex
pected life of the system. 

Basic Design Decisions It is proposed to make the pin from AISI 1020 cold-drawn steel. Appendix 3 lists s,. = 51 
ksi and .v„ = 61 ksi. The steel is ductile with 15'7f elongation. This material is inexpensive, 
and it is not necessary to achieve a particularly small size for the pin. 

The connection ofthe fixture to the bar is basically a clevis joint with two tabs at the 
top of the fixture, one on each side of the bar. There will be a close fit between the tabs and 
the bar to minimize bending action on the pin. Also, the pin will be a fairly close fit in the 
holes while still allowing rotation ofthe fixture relative to the bar. 

Analysis Case H from Section 5-9 applies for completing the design analysis because fluctuating 
shearing stresses are experienced by the pin. Therefore, we will have to determine rela
tionships for the mean and alternating stresses (T,„ and T„) in terms ofthe applied loads and 
the cross-sectional area ofthe bar. Note that the pin is in double shear, so two cross secfions 
resist the applied shearing force. In general, T — FI2A. 

Now we will use the basic forms of Equations (5-1) and (5-2) to compute the values 
for the mean and alternating forces on the pin: 

f^n, = (/'..a + F„,J/2 = (310 + 85)/2 = 1981b 

F. = (^max - Fm.n)/2 = ( 3 1 0 - 8 5 ) / 2 = 1 13 lb 

The stresses will be found from T,„ = F,„I2A and T„ = F^,I2A. 
The material strength values needed in Equation (5-28) for Case H are 

s,„ = 0.75 .v„ - 0.75(51 ksi) = 38.3 ksi = 38 300 psi 

sL = 0.577 s.: 
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View A-A 
Attachment of 
carrier to bar 

Load, fixture and engine block 

FIGURE 5-18 Conveyor system 

We must find the value of s', using the method from Section 5-4. We find from Figure 5-8 
that s„ = 2] ksi for the machined pin having a value of s„ = 61 ksi. It is expected that the 
pin will be fairiy small, so we will use C, = 1.0. The material is wrought steel rod, so C,„ 
= 1.0. Let's use C„ = 1.0 to be conservative because there is little information about such 
factors for direct shearing stress. A high reliability is desired for this application, so let's 
use Cf! = 0.75 to produce a reliability of 0.999 (see Table 5-1). Then 

(^R [-''nj ;0.75)(21 ksi) = 15.75 ksi = 15 750 psi 

Finally, 

0.577 s,: = 0.577 (15 750 psi) = 9088 psi 

We can now apply Equation (5-28) from Case H; 

Â  s s' 
" fN ' J I I I 

Because the pins will be of uniform diameter. K, - 1.0. 
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Substituting T„, = F,J2A and T„ = FJ2A found eariier gives 

1 
-I-

A' 2As,„ 2As:„ 

Let's use Â  = 4 because mild shock can be expected. 
Note that we now know all factors in this equation except the cross-secfional area of 

the pin. A, We can solve for the required area: 

A = 
N LL 

s,„ 

Finally, we can compute the minimum allowable pin diameter, D. from A 
D = \/4A /TT. 

= Tt.D'14 and 

Results The required area is 

4 1981b 
-h 

13 1b 
.38 300 lb/in- 9 088 Ib/in-

= 0.0352 in-

Now the required diameter is 

Final Design Decisions 
and Comments 

D = V4Ah = V4(0.0352 in" /IT = 0.212 in 

The computed value for the minimum required diameter for the pin, 0.212 in, is quite small. 
Other considerations such as bearing stress and wear at the surfaces that contact the tabs ofthe 
fixture and the bar indicate that a larger diameter would be preferred. Let's specify D = 0.50 in 
for the pin at this location. The pin will be of uniform diameter within the area ofthe bar and the 
tabs. It should extend beyond the tabs, and it could be secured with cotter pins or retaining rings. 

This completes the design of the pin. But the next design example deals with the hor
izontal bar for this same system. There are pins at the conveyor hangers to support the bar. 
They would also have to be designed. However, note that each ofthese pins carries only half 
the load of the pin in the fixture connection. These pins would experience less relafive mo
tion as well, so wear should not be so severe. Thus, let's use pins with D = 3/8 in = 0.375 
in at the ends of the horizontal bar. 

Design Example 5-3 A part of a conveyor system for a production operation is shown in Figure 5-18. The 
complete system will include several hundred hanger assemblies like this one. Design 
the horizontal bar that extends between two adjacent conveyor hangers and that supports 
a fixture at its midpoint. The empty fixture weighs 85 lb. A cast iron engine block weigh
ing 225 lb is hung on the fixture to carry it from one process to another, where it is then 
removed. It is expected that the bar will experience several thousand cycles of loading 
and unloading of the engine blocks. Design Example 5-2 considered this same system 
with the objective of specifying the diameter of the pins. The pin at the middle of the 
horizontal bar where the fixture is hung has been specified to have a diameter of 0.50 in. 
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Those at each end where the horizontal bar is connected to the conveyor hangers are 
each 0.375 in. 

Solution Objective Design the horizontal bar for the conveyor system. 

Basic Design Decisions 

Given The general arrangement is shown in Figure 5-18. The bar is simply supported at points 
24 in apart. A vertical load that is alternately 85 lb and 310 lb (85 + 225) is applied at the 
middle of the bar through the pin connecting the fixture to the bar. The load will cycle be
tween these two values many thousands of times in the expected life ofthe bar. The pin at 
the middle of the bar has a diameter of 0.50 in, while the pins at each end are 0.375 in. 

It is proposed to make the bar from steel in the form of a rectangular bar with the long di
mension of its cross section vertical. Cylindrical holes will be machined on the neutral axis 
ofthe bar at the support points and at its center to receive cylindrical pins that will attach the 
bar to the conveyor carriers and to the fixture. Figure 5-19 shows the basic design for the bar. 

The thickness of the bar, t, should be fairly large to provide a good bearing surface 
for the pins and to ensure lateral stability of the bar when subjected to the bending stress. 
A relatively thin bar would tend to buckle along its top surface where the stress is com
pressive. As a design decision, we will use a thickness of t - 0.50 in. The design analysis 
will determine the required height of the bar, h, assuming that the primary mode of failure 
is stress due to bending. Other possible modes of failure are discussed in the comments at 
the end of this example. 

An inexpensive steel is desirable because several hundred bars will be made. We 
specify AISI 1020 hot-rolled steel having a yield strength of ,s\ = 30 ksi and an ultimate 
strength of 5„ = 55 ksi (Appendix 3). 

Analysis Case G from Section 5-9 applies for completing the design analysis because fluctuating 
normal stress due to bending is experienced by the bar. Equation (5-20) will be used: 

o-„ K,G^, 

N 

In general, the bending stress in the bar will be computed from the flexure formula: 

CT = M/S 

where M = bending moment 
S = section modulus of the cross section of the bar 

Our approach will be to first determine the values for both the mean and the alter-
nafing bending moments experienced by the bar at its middle. Then the yield and en
durance strength values for the steel will be found. Furthermore, as shown in Figure 
A15-3, the stress concentration factor for this case can be taken as A", = 1.0 if the ratio of 
the hole diameter, d. to the height of the bar, h. is less than 0.50. We will make that as
sumption and check it later. Finally, Equation (5-20) includes the design factor, A'. Based 
on the application conditions, let's use A' = 4 as advised in item 4 in Section 5-7 because 
the actual use pattern for this conveyor system in a factory environment is somewhat un
certain and shock loading is likely. 

Betiding Moments Figure 5-19 shows the shearing force and bending moment diagrams for 
the bar when carrying just the fixture and then both the fixture and the engine block. The 
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0.375-in dia. 
Hole for carrier pin 
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FIGURE 5-19 Basic design of the horizontal bar and the load, shearing force, and bending moment diagrams 

maximum bending moment occurs at the middle ofthe bar where the load is applied. The 
values are M„„, = 1860 lb-in with the engine block on the fixture and M^,„ = 510 lb-in 
for the fixture alone. Now the values for the mean and alternating bending moments are cal
culated using modified forms of Equafions (5-1) and (5-2): 

M„, = (M„„, + M,„„)/2 = (1860 + 510)/2 = 11851b-in 

Ma = (M„,,, - M„,J/2 = (I860 - 510)/2 = 675 lb-in 

The stresses will be found from a„, = MJS and a„ = MJS. 
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Material Strength Values The material strength properties required are the ultimate strength 
s„ and the estimated actual endurance strength .s'. We know that the ultimate strength v„ = 
55 ksi. We now find .v,' using the method outlined in Section 5—1. 

Size factor, Cs: From Section 5-4, Equation 5-8 defines an equivalent diameter, D,,, 
for the rectangular section as. 

D, = 0.808 V/)/ 

We have specified the thickness of the bar to be t = 0.50 in. The height is unknown at this 
time. As an estimate, let's assume h = 2.0 in. Then, 

D, = 0.808V7^ = 0.808V(2.0)(0.50) = 0.808 in 

We can now use Figure 5-9 or the equations in Table 5-2 to find C, = 0.90. This value 
should be checked later after a specific height dimension is propo.sed. 

Material factor, C,„: Use C,„ = 1.0 for the wrought, hot-rolled steel. 

Stress-type factor, C„: Use C„ ^ 1.0 for repeated bending stress. 

Reliability factor, C^: A high reliability is desired. Let's use C„ = 0.75 to achieve a 
reliability of 0.999 as indicated in Table 5-1. 

The value of .s„ = 20 ksi is found from Figure 5-8 for hot-rolled steel having an ultimate 
strength of 55 ksi. 

Now, applying Equation (5-4) from Section 5-5. we have 

-<= (C„,)(C,)(r,,)(C).s„ = (1.0)(1.0)(0.75)(().90)(20ksi) - 13.5 ksi 

Solittion fn- the Required Sectitni Modulus At this point, we have specified all factors in 
Equation (5-20) except the section modulus of the cross section of the bar that is involved 
in each expression for stress as shown above. We will now solve the equation for the re
quired value of 5. 

Recall that we showed earlier that a,„ = MJS and a„ = MJS. Then 

-\-
f<,^., 

S = N 

S = 0.286 in-

M, 

M... K, M. 

s 

-H 

+ 

K,M„ 

S.s' s„ 
-\-

185 lb-in 

K,M„ 

1.0 (675 lb-in; 

.55 000 lb/in- 13 500 lb/in" . 

Results The required section modulus has been found to be 5 = 0.286 in'. We observed earlier that 
S = th'lb for a solid rectangular cross section, and we decided to use this form to find an 
initial estimate for the required height ofthe section, /;. We have specified t - 0.50 in. Then 
the estimated minimum acceptable value for the height /; is 

h = Vbslt = V6(0 .286in ' ) / (0 .50in) = 1.85 in 
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The table of preferred basic sizes in the decimal-inch system (Table A2-1) recommends 
/) = 2.00 in. We should first check the eariier assumption that the ratio dIh < 0.50 at the mid
dle of the bar. The actual ratio is 

d/h = (0.50in)/(2.00in) = 0.25 (okay) 

This indicates that our eariier assumption that K,= 1.0 is correct. Also, our assumed value 
of C, = 0.90 is correct because the actual height, // = 2.0 in, is identical to our assumed 
value. 

We will now compute the actual value for the section modulus of the cross secfion 
with the hole in it. 

t[h' - d') (0.50m)[(2.00m)-^- (0.50 in)-̂ ] 
S = = = O. jzs in' 

6// 6(2.00 in) 
This value is larger than the minimum required value of 0.286 in\ Therefore, the size ofthe 
cross section is satisfactory with regard to stress due to bending. 

Final Design Decisions In summary, the following are the design decisions for the horizontal bar of the conveyor 
and Comments hanger shown in Figure 5-19. 

1. Material: AISI 1020 hot-rolled steel. 

2. Size: Rectangular cross section. Thickness t = 0.50 in; height h = 2.00 in. 

3. Overall design: Figure 5-19 shows the basic features of the bar. 

4. Other considerations: Remaining to be specified are the tolerances on the dimen
sions for the bar and the finishing of its surfaces. The potential for corrosion should 
be considered and may call for paint, plating, or some other corrosion protection. 
The size ofthe cross section can likely be used with the as-received tolerances on 
thickness and height, but this is somewhat dependent on the design of the fixture 
that holds the engine block and the conveyor hangers. So the final tolerances will 
be left open pending later design decisions. The holes in the bar for the pins should 
be designed to produce a close sliding fit with the pins, and the details of specify
ing the tolerances on the hole diameters for such a fit are discussed in Chapter 13. 

5. Other possible modes of failure: The analysis used in this problem assumed that 
failure would occur due to the bending stresses in the rectangular bar. The dimen
sions were specified to preclude this from happening. Other possible modes are 
discussed here: 
a. Deflection ofthe bar as an indication ofstiflhess: The type of conveyor sys

tem described in this problem should not be expected to have extreme rigidity 
because moderate deflection of members should not impair its operafion. 
However, if the horizontal bar deflects so much that it appears to be rather flex
ible, it would be deemed unsuitable. This is a subjective judgment. We can use 
Case (a) in Table A14-2 to compute the deflection. 

y = FL-/4^EI 
In this design, 

F = 310 lb = maximum load on the bar 

L = 24.0 in = distance between supports 

£• = 30 X 10̂  psi = modulus of elasticity of steel 

/ - th /12 = moment of inertia of the cross section 

/ = (0.50in)(2.00in)Vl2 = 0.333 in"* 
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Then 

_ (3101b)(24.0in)^ 

' ~ 48(30 X 10" lb/in^)(0.333in^) = ""^^^'^'" 

This value .seems satisfactory. In Section 5-10, some guidelines were given 
for deflection of machine elements. One stated that bending deflections for 
general machine parts should be limited to the range of 0.000 5 to 0.003 in/in 
of beam length. For the bar in this design, the ratio of y/L can be compared to 
this range: 

y/L = (0.0089 in)/(24.0 in) = 0.0004 in/in of beam length 

Therefore, this deflection is well within the recommended range. 
b. Buckling ofthe bar: When a beam with a tall, thin, rectangular cross section is 

subjected to bending, it would be possible for the shape to distort due to buck
ling before the bending stresses would cause failure of the material. This is 
called elastic instability, and a complete di.scussion is beyond the scope of this 
book. However, Reference 16 shows a method of computing the critical buck
ling load for this kind of loading. The pertinent geometrical feature is the ra
tio of the thickness t of the bar to its height h. It can be shown that the bar as 
designed will not buckle. 

c. Bearing stress on the inside surfaces ofthe holes in the beam: Pins trans
fer loads between the bar and the mating elements in the conveyor system. 
It is possible that the bearing stress at the pin-hole interface could be 
large, leading to excessive deformation or wear. Reference 3 in Chapter 3 
indicates that the allowable bearing stress for a steel pin in a steel hole is 
0.905,. 

CThj = 0.90,sv - 0.90(30 000 psi) = 27 000 psi 

The actual bearing stress at the center hole is found using the projected area, Dpt. 

CTh = F/Dpt = (3101b)/(0.50in)(0.50in) = 1240 psi 

Thus the pin and hole are very safe for bearing. 

Design Example 5-4 A bracket is made by welding a rectangular bar to a circular rod as shown in Figure 5-20. 

Design the bar and the rod to carry a static load of 250 lb. 

Solution Objective The design process will be divided into two parts: 

1, Design the rectangular bar for the bracket. 

2, Design the circular rod for the bracket. 

Rectangular Bar 

Given The bracket design is shown in Figure 5-20. The rectangular bar carries a load of 250 
lb vertically downward at its end. Support is provided by the weld at its left end where 
the loads are transferred to the circular rod. The bar acts as a cantilever beam, 12 in 
long. The design task is to specify the material for the bar and the dimensions of its 
cross section. 
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FIGURE 5-20 
Bracket desiiin 

[{lenient ,\ Element H 

t /•= 250 1b 

FIGURE 5-21 Free-
body diagram of bar 

A/„ = /••/) 

A/i, = 250 lb( 12 ml = .^000 Ib-in acts in v-,- plane 

Basic Design Decisions 

Analysis and Results 

We will use steel for both parts of the bracket because of its relatively high stiffness, the 
ease of welding, and the wide range of strengths available. Let's specify AISI 1340 an
nealed steel having s, = 63 ksi and .v„ = 102 ksi (Appendix 3). The steel is highly ducfile, 
with a 269f elongation. 

The objective ofthe design analysis that follows is to determine the size ofthe cross 
section ofthe rectangular bar. Assuming that the loading and processing conditions are well 
known, we will use a design factor of N — 2 because of the static load. 

The free-body diagram of the cantilever bar is shown in Figure 5-21. along with the shear
ing force and bending moment diagrams. This should be a familiar case, leading to the judg
ment that the maximum tensile stress occurs at the top of the bar near to where it is 
supported by the circular rod. This point is labeled element A in Figure 5-21. The maxi
mum bending moment there is M = 3000 lb- in. The stress at A is 

CT,, = M/S 

where S = section modulus of the cross section of the bar. 

We will first compute the minimum allowable value for S and then determine the dimen
sions for the cross section. 
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Case Cl from Section 5-9 applies because of the static loading. Wc will first com
pute the design stress from 

CT, = sjN 

CT,, = sjN = (63 000psi)/2 = 31 500 psi 

Now we must ensure that the expected maximum stress a,, = M/S does not exceed the de
sign stress. We can substitute o^ = Gj and solve for 5. 

S = M/csj = (30001b-in)/(31 500 lb/in") = 0.095 in' 

The relationship for 5 is 

As a design decision, let's specify the approximate proportion for the cross-sectional di
mensions to be // = 3/. Then 

S = r/r/6 = /(3r)-/6 = 9ry6 = I.5r' 

The required minimum thickness is then 

/ =-V5/1.5 = • V(0.095in-)/1.5 = 0.399 in 

The nominal height ofthe cross section should be, approximately, 

/) = 3/ = 3(0.399 in) = 1.20 in 

Final Design Decisions In the fractional-inch system, standard sizes are selected to be / = 3/8 in = 0.375 in and 
and Comments /, = l̂  in = 1.25 in (see Table A2-1). Note that we chose a slightly smaller value for t 

but a slightly larger value for /;. We must check to see that the resulting value for 5 is 
satisfactory. 

S = //r/6 = (0.375 in)(1.25 in)-/6 = 0.0977 in" 

This is larger than the required value of 0.095 in\ so the design is satisfactory. 

Circular Rod 

Given The bracket design is shown in Figure 5-20. The design task is to specify the material for 
the rod and the diameter of its cross section. 

Basic Design Decisions Let's specify AISI 1340 annealed steel, the same as that used for the rectangular bar. Its 
properties are .s\ = 63 ksi and ,s„ = 102 ksi. 

Analysis and Results Figure 5-22 is the free-body diagram for the rod. The rod is loaded al its left end by the reac
tions at the end of the rectangular bar, namely, a downward force of 250 lb and a moment of 
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FIGURE 5-22 Free 
body diagram of rod 
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Element B 

x = F= 250 Ib 

Ml = Fu = 250 lb(8 in) = 2000 Ib-in (acts in y-z plane) 

To = Fb = 250 lb( 12 in) = 3000 Ib-in (see figure 5-21. TQ-M^) 

3000 lb • in. The figure shows that the moment acts as a torque on the circular rod, and the 
250-lb force causes bending with a maximum bending moment of 2000 Ib-in at the right 
end. Reactions are provided by the weld at its right end where the loads are transferred to 
the support. The rod then is subjected to a combined stress due to torsion and bending. El
ement B on the top ofthe rod is subjected to the maximum combined stress. 

The manner of loading on the circular rod is identical to that analyzed earlier in 
Section 4-6 in Chapter 4. It was shown that when only bending and torsional shear occur, 
a procedure called the equivalent torque method can be used to complete the analysis. First 
we define the equivalent torque, T^; 

T, = VW+T~ = V(2000)' + (3000)- = 3606 Ib-i 

Then the shear stress in the bar is 

T = TJZ, 

in 

where Z,, = polar section modulus 

For a solid circular rod. 

Zp = -iTDyi6 

Our approach is to determine the design shear stress and T^. and then solve for Zp, Case C2 us
ing the maximum shear stress theory of failure can be applied. The design shear stress is 

ij = Q,50s,/N = (0.5)(63 000 psi)/2 = 15 750 psi 

We let T — TJ and solve for Z :̂ 

Zr = Tjjj = (3606 lb-in)/(15 750 lb/in-) = 0.229 in^ 
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Now that we know Zp, we can compute the required diameter from 

D = Vl6Zy7T = Vl6(0.229 in')/TT = 1.053 in 

This is the minimum acceptable diameter for the rod. 

Final Design Decisions The circular rod is to be welded to the side of the rectangular bar, and we have specified the 
and Comments height of the bar to be 1̂  in. Let's specify the diameter of the circular rod to be machined 

to 1.10 in. This will allow welding all around its periphery. 

5-12 
STATISTICAL 

APPROACHES TO 
DESIGN 

The design approaches presented in this chapter are somewhat deterministic in the sense 
that data are taken to be discrete values, and analyses use the data to determine specific re
sults. The method of accounting for uncertainty with regard to the data themselves lies with 
the selection of an acceptable value for the design factor represented by the final design de
cision. Obviously this is a subjecfive judgment. Often decisions that are made to ensure the 
safety of a design cause many designs to be quite conservafive. 

Competitive pressures call for ever more efficient, less conservative designs. Through
out this book, recommendations are made to seek more reliable data for loads, material prop
erties, and environmental factors, providing more confidence in the results of design 
analyses and allowing lower values for the design factor as discussed in Section 5-7. A more 
robust and reliable product results from testing samples of the actual material to be used in 
the product; performing extensive measurements of loads to be experienced; investing in 
more detailed performance tesfing, experimental stress analysis, and finite element analysis; 
exerting more careful control of manufacturing processes; and life testing of prototype prod
ucts in realistic conditions where possible. All of these measures typically come with sig
nificant additional costs, and difficult decisions must be made about whether or not to 
implement them. 

In combination with the approaches listed previously, a greater use of statistical meth
ods (also called stochastic tnethods) is emerging to account for the inevitable variability of 
data by determining the mean values of critical parameters from several sets of data and 
quantifying the variability using the concepts of distributions and standard deviations. Ref
erences 13 and 14 provide guidance in these methods. Section 2 ^ provided a modest dis
cussion of this approach to account for the variability of materials property data. 

Industries such as automofive, aerospace, construction equipment, and machine tools 
devote considerable resources to acquiring useful data for operating conditions that will aid 
designers in producing more efficient designs. 

Samples of Statistical Terminology and Tools 

• Statistical methods analyze data to present useful information about the source of 
the data. 

• Stochastic methods apply probability theories to characterize variability in the data. 

• Data sets can be analyzed to determine the mean (average), the range of variation, 
and the standard deviation. 

• Inferences can be made about the nature of the distribution of the data, such as 
normal or lognormal. 
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FIGURE 5-23 
Illustration of statistical 
variation in failure 
potential 

Mean value of stress 

Mean value 
of strength 

Frequency of 
observations 

Overlapping areas 
predict failures 

Linear regression and other means of curve fitting can be employed to represent a 
set of data by mathematical functions. 

The distributions for applied loads and stresses can be compared with the distri
bution for the strength ofthe material to determine to what degree they overiap and 
the probability that a certain number of failures will occur. See Figure 5-23. 

The reliability of a component or a complete product can be quantified. 

The optimum assignment of tolerances can be made to reasonably ensure safis
factory perf'ormance of a product while allowing as broad a range of tolerances as 
practical. 

5—13 The fatigue design methods described thus far in this chapter have the goal to design a com-
FINITE LIFE AND 

DAMAGE 
ACCUMULATION 

METHOD 

ponent for infinite life by using the estimated actual endurance strength as the basis for de
sign and assuming that this value is the endurance limit. Applied repeated stress levels 
below this value will provide infinite life. Furthermore, the analyses were based on the as
sumption that the loading pattern was uniform over the life of the component. That is, the 
mean and alternating stresses do not vary over time. 

There are, however, many common examples for which a finite life is adequate for 
the application and where the loading pattern does vary with time. Consider the following. 

Finite Life Examples 

First, let's discuss the concept of finite life. Refer to the endurance strength curves in 
Figure 5-7 in Section 5-3. Data are plotted on a stress vs. number of cycles to failure graph 
(CT VS. N) with both axes using logarithmic scales. For the materials that exhibit an en
durance limit, it can be seen that the limit occurs for a life of approximately 10* cycles. 
How long would it take to accumulate 1 million cycles of load applications? Here are some 
examples. 

Bicycle brake lever: Assume that the brake is applied every 5.0 minutes while riding 4.0 
hours per day every day of each year. It would take more than 57 years to apply the brake 
1 million times. 

Lawn mower height-atdjustment mechanism: Consider a lawn mower used by a com
mercial lawn maintenance company. Assume that the cutting height for the mower is ad
justed to accommodate varying terrain three times per mowing and that the mower is used 
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40 fimes per week for all 12 months per year. It would take 160 years to accumulate 1 mil
lion cycles of load on the height adjustment mechanism. 

Automotive lift in a service station: Assume that the service technician lifts four auto
mobiles per hour, 10 hours per day, 6 days per week, each week of the year. It would take 
more than 80 years to accumulate 1 million cycles of load on the lift mechanism. 

Each of these examples indicates that it may be appropriate to design the load-
cartying members of the example systems for something less than infinite life. But many 
industrial examples do require design for infinite life. Here is an example. 

Parts feeding device: On an automated assembly system, a feeding device inserts 120 
parts per minute. If the system operates 16 hours per day, 6 days per week, each week of 
the year, it would take only 8.7 days to accumulate 1 million cycles of loading. It would .see 
35.9 million cycles in one year. 

When it can be justified to design for a finite life less than the number of cycles cor
responding to the endurance limit, you will need data similar to that in Figure 5-7 for the 
actual material to be used in the component. Testing the material yourself is preferred, but 
it would be a time-consuming and costly exercLse to acquire sufficient data to make statis
tically valid CT-N curves. References 1, 3, 6, and 14 may provide suitable data, or an addi
tional literature search may be required. Once reliable data are identified, use the endurance 
strength at the specified number of cycles as the starting point for computing the estimated 
actual endurance strength as described in Section 5-5. Then use that value in subsequent 
analyses as described in Section 5-9. 

Varying Stress Amplitude Examples 

Here we are looking for examples where the component experiences cyclical loading for a 
large number of cycles but for which the amplitude of the stress varies over time. 

Bicycle brake lever: Let's reconsider the braking action on a bicycle. Sometimes you 
need to bring the bike to a stop very quickly from a high speed, requiring a rather high force 
on the brake lever. Other times you may apply a lighter force to simply slow down a bit to 
safely negotiate a curve. 

Automotive suspension member: Suspension parts such as a strut, spring, shock ab
sorber, control arm, or fastener pass loads from the wheel to the frame of a car. The mag
nitude of the load depends on vehicle speed, the condition of the road, and driver action. 
Roads may be smoothly paved, potholed, or rough surfaced gravel. The vehicle may even 
be driven off-road where violent peaks of stress will be encountered. 

Machine tool drive system: Consider the lifetime of a milling machine. Its primary 
funcfion is to cut metal, and it takes a certain amount of torque to drive the cutter depend
ing on the machinability ofthe material, the depth of cut, and the feed rate. Surely the torque 
will vary significantly from job to job. During part of its operating time, there may be no 
cutting acfion at all as a new part is positioned or as the operation completes one cut and 
adjusts before making another. At times the cutter will encounter locally harder material, 
requiring higher torque for a short period of time. 

Cranes, power shovels, bulldozers, and other construction equipment: Here there 
are obviously varying loads as the equipinent is used for numerous tasks, such as hoisting 
large steel beams or small bracing members, digging through hard clay or soft sandy soil. 
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rapidly grading a hillside or performing the final smoothing of a driveway, or encountering 
a tree stump or large rock. 

How would you determine the loads that these devices would experience over fime? 
One method involves building a prototype and instrumenting critical elements with strain 
gages, load cells, or accelerometers. Then the system would be "put through its paces" over 
a wide range of tasks while loads and stresses are recorded as a function of time. Similar ve
hicles could be monitored to determine the frequency that different kinds of loading would 
be encountered over its expected life. Combining such data would produce a record from 
which the total number of cycles of stress at any given level can be estimated. Statistical 
techniques such as spectrum analysis. Fast Fourier Transform analysis, and time compres
sion analysis produce charts that summarize stress amplitude and frequency data that are 
useful for fatigue and vibration analysis. See Reference 14 for extended discussion ofthese 
techniques. 

Damage Accumulation Method 

The basic principle of damage accumulation is based on the assumption that any given 
level of stress applied for one cycle of loading contributes a certain amount of damage to 
a component. Refer again to Figure 5-7 and observe curve A for a particular heat-treated 
alloy steel. If this material were subjected to a repeated and reversed stress with a constant 
amplitude of 120 ksi, its predicted life is SxIO'* cycles. If the specimen experiences 100 
cycles at this stress level, it would exhibit damage amounfing to the ratio of 100/(5x10 ). 
A stress amplitude of 100 ksi corresponds to a life of approximately 1.8x10^ A total of 
2000 cycles at this stress level would produce damage of 2000/( 1.8x10'̂ ). A stress below 
82 ksi would not be expected to produce any damage because it is below the endurance 
limit ofthe material. 

This kind of logic can be used to predict the total life of a component subjected to a 
sequence of loading levels. Let n, represent the number of cycles of a specific stress level 
experienced by a component. Let A', be the number of cycles to failure for this stress level 
as indicated by an a-N curve such as those shown in Figure 5-7. Then the damage contri
bution from this loading is 

D, = njN, 

When several stress levels are experienced for different numbers of cycles, the cumulafive 
damage can be represented as, 

D, = '1 (njN,) (5-31) 
/ = / 

Failure is predicted when D^ = 1.0. This process is called the Miner linear cumidative-
daniage rule or simply Miner's rule in honor of his work in 1945. An example problem will 
now demonstrate the application of Miner's rule. 

Example Problem 5-5 Determine the cumulative damage experienced by a ground circular rod, 1.50 in diameter, 
subjected to the combination of the cycles of loading and varying levels of reversed, re
peated bending stress shown in Table 5-3. The bar is made from AISI 6150 OQTllOO al
loy steel. The CT-A^ curve for the steel is shown in Figure 5-7, curve A for the standard, 
polished R. R. Moore type specimen. 
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TABLE 5-3 Loading pattem for Example Problem 5-5 

Stress level 
(ksi) 

80 
70 
65 
60 
55 
45 

Cycles 

" i 

4000 
6000 

10 000 
25 000 
15 000 

1500 

Solution Given AISI 6150 OQT 1100 alloy steel rod. D = 1.50 in. Ground surface. 

Endurance strength data (CT-A'̂ ) .shown in Figure 5-7, curve A. 

Loading is reversed, repeated bending. Load history shown in Table 5-3. 

Analysis First adjust CT-/V data for actual conditions using methods of Section 5 ^ . Use Miner's rule 
to estimate portion of life u.sed by loading pattern. 

Results For AISI 6150 OQT 1100, ,s„ = 162 ksi (Appendix A4-6) 

From Figure 5-8, basic s„ = 74 ksi for ground surface 

Material factor. C,„ = 1.00 for wrought steel 

Type-of-stress factor, C„ = 1.0 for reversed, rotating bending stress 

Reliability factor. C/^ = 0.81 (Table 5-1) for R = 0.99 (Design decision) 

Size factor, C, = 0.84 (Figure 5-9 and Table 5-2 for D = 1.50 in) 

Estimated actual endurance strength, s', - Computed: 

.< = s„C,„C„C^C, = (74ksi)(1.0)(I.0)(0.81)(0.84) = 50.3 ksi 

This is the estimate for the endurance limit ofthe steel. In Figure 5-7, the endurance limit for 
the standard specimen is 82 ksi. The ratio ofthe actual to the standard data is, 50.3/82 = 0.61. 
We can now adjust the entire CT-A'curve by this factor. The result is shown in Figure 5-24. 

FIGURE 5-24 CT-A^ 
Curve for Example 
Problem 5-5 
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Now we can read the number of cycles of life, /V,, corresponding to each ofthe given load
ing levels from Table 5-3. The combined data for the number of applied load cycles, /i,, and 
the life cycles, N,, are now u.sed in Miner's rule. Equation 5-31, to determine the cumula

tive damage, D^, 

Stress level 
(ksi) 

Cycles Life cycles 
A', n.lN, 

80 
70 
65 
60 
55 
45 

4000 
6000 

10 000 
25 000 
15 000 
1500 

2.80 X IO"* 

6.60 XIO-* 

1.05 XIO' 
1.70 XIO' 
2.85 xlO' 

OD 

Total: 

0.143 
0.0909 

0.0952 
0.147 

0.0526 
0.00 

0.529 

Comment We can conclude from this number that approximately 53% of the life of the component 
has been accumulated by the given loading. For these data, the greatest damage occurs from 
the 60 ksi loading for 25 000 cycles. An almost equal amount of damage is cau.sed by the 
80 ksi loading for only 4000 cycles. Note that the cycles of loading at 45 ksi contributed 
nothing to the damage because they are below the endurance limit of the steel. 
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PROBLEMS 

Stress Ratio 
For each of Problems 1-9, draw a sketch of the variation of 
stress versus time, and compute the maximum stress, mini
mum stress, mean stress, alternating stress, and stress ratio, R. 
For Problems 6-9, analyze the beam at the place where the 
maximum stress would occur at any time in the cycle. 

1. A link in a mechanism is made from a round bar having a 
diameter of 10.0 mm. It is subjected to a tensile force that 
varies from 3500 to 500 N in a cyclical fashion as the 
mechanism runs. 

2. A strut in a space frame has a rectangular cross section of 
10.0 mm by 30.0 mm. It sees a load that varies from a ten
sile force of 20.0 kN to a compressive force of 8.0 kN. 

3. A link in a packaging machine mechanism has a square 
cross section of 0.40 in on a side. It is subjected to a load 
that varies from a tensile force of 860 lb to a compressive 
force of 1201b. 

4. A circular rod with a diameter of 3/8 in supports part of a 
storage shelf in a warehouse. As products are loaded and 
unloaded, the rod is subjected to a tensile load that varies 
from 1800 to 1501b. 

5. A part of a latch for a car door is made from a circular rod 
having a diameter of 3.0 mm. With each actuation, it sees 
a tensile force that varies from 780 to 360 N. 

6. A part of the structure for a factory automation system is 
a beam that spans 30.0 in as shown in Figure P5-6. Loads 
are applied at two points, each 8.0 in from a support. The 
left load f| = 1800 lb remains constantly applied, while 
the right load Fi = 1800 Ib is applied and removed fre
quently as the machine cycles. 

U 8 in 

f| = 18001b 

I4in 

F.= 1800 1b 

8in — 
D 

B C 

4 x 2 x 1 / 4 

Steel R 
tube ' 

Beam cross section 

FIGURE P5-6 (Problems 6 and 23) 

7. A cantilevered boom is part of an assembly machine 
and is made from an American Standard steel beam. 
84 X 7.7. A tool with a weight of 500 lb moves contin
uously from the end of the 60-in beam to a point 10 in 
from the support. 

8. A part of a bracket in the seat assembly of a bus is shown 
in Figure P5-8. The load varies from 1450 to 140 N as 
passengers enter and exit the bus. 

175 mm 

Load on bracket 
275 mm 

r-/A 

-U^ Simple supports 
Bracket 

L-/4 

• 450 mm 

-{ll-

12 mm 

[— 60 mm -4 
Section A-A 

FIGURE P5-8 Seat bracket (Problems 8, 19, and 20) 

9. A flat steel strip is used as a spring to maintain a force 
against part of a cabinet latch in a commercial printer as 
shown in Figure P5-9. When the cabinet door is open, the 
spring is deflected by the latch pin by an amount y, = 
0.25 mm. The pin causes the deflection to increase to 0.40 
mm when the door is closed. 

Simple 
support 

Spring is straight when 
unloaded prior to assembly. 

Spring shape when cabinet is open 

Spring shape when cabinet is closed 

Pin 

V| = 0.25 mm at pin 

U \\ -^ VT = 0,40 mm at pin 

Clamped support 

Cabinet | pr 
frame 

5,00 mm i— 

Cross section 
of spring 

FIGURE P 5 - 9 Cabinet latch spring (Problems 9 

and 22) 

0,60 mm 
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Endurance Strength 

For Problems 10-14. use the method oudined in Section 5-14 
to determine the expected actual endurance strength for the 
material. 

10. Compute the estimated actual endurance strength for a 
0.75-in-diaineter rod made from AISI 1040 cold-drawn 
steel. It is to be used in the as-rolled condition and subjected 
to repeated bending stress. A reliability of 99*^ is desired. 

11. Compute the estimated actual endurance strength for 
AISI 5160 OQT 1300 steel rod with a diameter of 20.0 
mm. It is to be machined and subjected to repeated bend
ing stress. A reliability of 999!̂  is desired. 

12. Compute the estimated actual endurance strength for AISI 
4130 WQT 1300 steel bar with a rectangular cross section 
of 20.0 mm by 60 mm. It is to be machined and subjected 
to repeated bending stress. A reliability of 99% is desired. 

13. Compute the estimated actual endurance strength for 
AISI 301 stainless steel rod. 1/2 hard, with a diameter of 
0.60 in. It is to be machined and subjected to repeated ax
ial tensile stress. A reliability of 99.9'7r is desired, 

14. Compute the estimated actual endurance strength for a 
machined rectangular steel bar (ASTM A242) 3,5 in high 
by 0,375 in thick, subjected to repeated bending stress. A 
reliability of 99% is desired. 

Design and Analysis 

15. A link in a mechanism is to be subjected to a tensile force 
that varies from 3500 to 500 Nina cyclical fashion as the 
mechanism runs. It has been decided to use AISI 1040 
cold-drawn steel. Complete the design ofthe link, speci
fying a suitable cross-sectional shape and dimensions. 

16. A circular rod is to support part of a storage shelf in a 
warehouse. As products are loaded and unloaded, the rod 
is subjected to a tensile kiad that varies from 1800 to 150 
lb. Specify a suitable shape, material, and dimensions for 
the rod. 

17. A strut in a space frame sees a load that varies from a ten
sile force of 20.0 kN to a compressive force of 8.0 kN. Spec
ify a suitable shape, material, and dimensions for the stmt. 

18. A part of a latch for a car door is to be made from a cir
cular rod. With each actuation, it sees a tensile force that 
varies from 780 to 360 N. Small size is important. Com
plete the design, and specify a suitable shape, material, 
and dimensions for the rod. 

19. A part of a bracket in the seat assembly of a bus is shown 
in Figure P5-8. The load varies from 1450 to 140 N as 
passengers enter and exit the bus. The bracket is made 
from AISI 1020 hot-rolled steel. Determine the resulting 
design factor. 

20. For the bus seat bracket described in Problem 19 and 
shown in Figure P5-8. propose an alternate design for the 
bracket, different from that shown in the figure, to achieve 
a lighter design with a design factor of approximately 4.0. 

21. A cantilevered boom is part of an assembly machine. A 
tool with a weight of 500 lb moves continuously from the 
end of the 60-in beam to a point 10 in from the support. 
Specify a suitable design for the boom, giving the mate
rial, the cross-sectional shape, and the dimensions. 

22. A Oat steel strip is used as a spring to maintain a force 
against part of a cabinet latch in a commercial printer as 
shown in Figure P5-9. When the cabinet door is open, 
the spring is deflected by the latch pin by an amount y, 
= 0.25 mm. The pin causes the deflection to increase to 
0.40 mm when the door is closed. Specify a suitable ma
terial for the spring if it is made to the dimensions shown 
in the figure. 

23. A part of the structure for a factory automation system is a 
beam that spans 30.0 in as shown in Figure P5-6. Loads are 
applied at two points, each 8.0 in from a support. The left 
load f I = 1800 Ib remains constantly applied, while the 
right load F, = 1800 lb is applied and removed frequently 
as the machine cycles. If the rectangular tube is made from 
ASTM A500 Grade B steel, is the proposed design satis
factory'.' Improve the design to achieve a lighter beam. 

24. Figure P5-24 shows a hydraulic cylinder that pushes a 
heavy tool during the outward stroke, placing a com
pressive load of 400 lb in the piston rod. During the re
tum stroke, the rod pulls on the tool with a force of 1500 
lb. Compute the resulting design factor for the 0.60-in-
diameter rod when subjected to this pattern of forces for 
many cycles. The material is AISI 4130 WQT 1300 steel. 
If the resulting design factor is much different from 4.0, 
determine the size of rod that would produce A' = 4.0. 

Hydraulic cylinder " Î Piston rod 
0.60-in dia. 

1^ 
Alternating 
force 

FIGURE P5-24 (Problem 24) 

25. The cast iron cylinder shown in Figure P5-25 carries only 
an axial compressive load of 75 000 lb. (The torque T = 
0.) Compute the design factor if it is made from gray cast 
iron. Grade 40, having a tensile ultimate strength of 40 ksi 
and a compressive ultimate strength of 140 ksi. 

26. Repeat Problem 25, except using a tensile load with a 
magnitude of 12 000 lb. 

27. Repeat Problem 25, except using a load that is a combi
nation of an axial compressive load of 75 000 lb and a tor
sion of 20 000 Ib-in. 

28. The shaft shown in Figure P5-28 is supported by bear
ings at each end, which have bores of 20.0 mm. Design 
the shaft to carry the given load if it is steady and the shaft 
is stationary. Make the dimension a as large as possible 
while keeping the stress safe. Determine the required di
ameter in the middle portion. The maximum fillet per-
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' T 

4.00-in 
dia. 

-0.25-in 
radius 

5.00-in 
dia. 

Fixed surface 

FIGURE P5-25 (Problems 25, 26, and 27) 

d = 20mm 
D = ? 

R = ? 

\r 

5.4 kN d = 20mm 

Length not 
to scale 

-125 mm 

-250 mm-

FIGURE P5-28 (Problems 28, 29, and 30) 

missible is 2.0 mm. Use AISI 1137 cold-drawn steel. Use 
a design factor of 3. 

29. Repeat Problem 28. except using a rotating shaft. 

30. Repeat Problem 28, except using a shaft that is rotating 
and transmitting a torque of 150 N • m from the left bear
ing to the middle of the shaft. Also, there is a profile key-
seat at the middle under the load. 

31. Figure P5-31 shows a proposed design for a seat sup
port. The vertical member is to be a standard pipe (see 
Table A16-6). Specify a suitable pipe to resist static loads 
simultaneously in the vertical and horizontal directions, 
as shown. The tube has properties similar to those of AISI 
1020 hot-rolled steel. Use a design factor of 3. 

32. A torsion bar is to have a solid circular cross section. It is 
to carry a fluctuating torque from 30 to 65 N • m. Use 
AISI 4140 OQT 1000 for the bar, and determine the re
quired diameter for a design factor of 2. Attachments pro
duce a stress concentration of 2.5 near the ends of the bar. 

33. Determine the required size for a square bar to be made 
from AISI 1213 cold-drawn steel. It carries a constant ax-

Seat 

Rigid surface 

FIGURE P5-31 (Problem 31) 

ial tensile load of 1500 lb and a bending load that varies 
from zero to a maximum of 800 Ib at the center of the 48-
in length of the bar. Use a design factor of 3. 

34. Repeat Problem 33, but add a constant torsional moment of 
1200 Ib • in to the other loads. 

In some of the following problems, you are asked to compute 
the design factor resulting from the design proposed for the 
given loading. Unless stated otherwise, assume that the ele
ment being analyzed has a machined surface. If the design fac
tor is significantly different from N = 3, redesign the 
component to achieve approximately A' = 3. (See the figures 
in Chapter 3.) 

35. A tensile member in a machine structure is subjected to a 
steady load of 4.50 kN. It has a length of 750 mm and is 
made from a steel tube, AISI 1040 hot-rolled, having an 
outside diameter of 18 mm and an inside diameter of 12 
mm. Compute the resulting design factor 

36. A steady tensile load of 5.00 kN is applied to a square bar, 
12 mm on a side and having a length of 1.65 m. Compute 
the stress in the bar and the resulting design factor if it is 
made from (a) AISI 1020 hot-rolled steel: (b) AISI 8650 
OQT 1000 steel: (c) ductile iron A536-84 (60-40-18): (d) 
aluminum alloy 6061-T6; (e) titanium alloy Ti-6A1-4V, 
annealed; (f) rigid PVC plastic; and (g) phenolic plastic. 

37. An aluminum rod. made from alloy 6061-T6, is made in 
the form of a hollow square tube, 2.25 in outside with a 
wall thickness of 0.125 in. Its length is 16.0 in. It carries an 
axial compressive force of 12 600 Ib. Compute the result
ing design factor. Assume that the tube does not buckle. 

38. Compute the design factor in the middle portion only of 
the rod AC in Figure P3-8 if the steady vertical force on 
the boom is 2500 lb. The rod is rectangular. 1.50 in by 
3.50 in. and is made from AISI 1144 cold-drawn steel. 

39. Compute the forces in the two angled rods in Figure P3-9 
for a steady applied force, F = 1500 lb. if the angle 9 is 
45°. Then design the middle portion of each rod to be cir
cular and made from AISI 1040 hot-rolled steel. Specify 
a suitable diameter. 
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40. Repeat Problem 39 if the angle 9 is 15°. 

41. Figure 3-26 shows a portion of a circular bar that is sub
jected to a repeated and reversed force of 7500 N. If the 
bar is made from AISI 4140 OQT 1000, compute the re
sulting design factor 

42. Compute the torsional shear stress in a circular shaft hav
ing a diameter of 50 mm when subjected to a torque of 
800 N • m. If the torque is completely reversed and re
peated, compute the resulting design factor. The material 
is AISI 1040 WQT 1000. 

43. If the torque in Problem 42 fluctuates from zero to the max
imum of 800 N • m. compute the resulting design factor 

44. Compute the torsional shear stress in a circular shaft 0.40 
inch in diameter that is due to a steady torque of 
88.0 lb • in. Specify a suitable aluminum alloy for the rod. 

Compute the required diameter for a solid circular shaft 
if it is transmitting a maximum of 110 hp at a speed of 560 
rpm. The torque varies from zero to the maximum. There 
are no other significant loads on the shaft. Use AISI 4130 
WQT 700. 

Specify a suitable material for a hollow shaft with an out
side diameter of 40 mm and an inside diameter of 30 mm 
when transmiuing 28 kilowatts (kW) of steady power at a 
speed of 45 radians per second (rad/s). 

Repeat Problem 46 if the power fluctuates from 15 to 28 kW. 

Figure P 5 ^ 8 shows part of a support bar for a heavy ma
chine, suspended on springs to soften applied loads. The ten
sile load on the bar varies from 12 500 Ib to a minimum of 
7500 lb. Rapid cycling for many million cycles is expected. 
The bar is made from AISI 6150 OQT 1300 steel. Compute 
the design factor for the bar in the vicinity ofthe hole. 

45. 

46 

47. 

48. 

Spring Spring 

FIGURE P5-48 (Problem 48) 

49. Figure P3-6I shows a valve stem from an engine sub
jected to an axial tensile load applied by the valve spring. 
The force varies from 0.80 to 1.25 kN. Compute the re

sulting design factor at the fillet under the shoulder. The 
valve is made from AISI 8650 OQT 1300 steel. 

50. A conveyor fixture shown in Figure P3-62 carries three 
heavy assemblies (1200 lb each). The fixture is machined 
from AISI 1144 OQT 900 steel. Compute the resulting 
design factor in the fixture, considering stress concentra
tions at the tlllets and assuming that the load acts axially. 
The load will vary from zero to the maximum as the con
veyor is loaded and unloaded. 

51. For the flat plate in tension in Figure P3-63, compute the 
minimum resulting design factor, assuming that the holes 
are sufficiently far apart that their effects do not interact. 
The plate is machined from stainless steel, UNS S17400 
in condition H1150. The load is repeated and varies from 
4000 to 6200 Ib. 

For Problems 52-56. select a suitable material for the member, 
considering stress concentrations, for the given loading to pro
duce a design factor of Â  — 3. 

52. Use Figure P3-64. The load is steady. The material is to 
be some grade of gray cast iron, ASTM A48. 

53. Use Figure P3-65. The load varies from 20.0 to 30.3 kN. 
The material is to be titanium. 

54. Use Figure P3-66. The torque varies from zero to 
2200 lb • in. The material is to be steel. 

55. Use Figure P3-67. The bending moment is steady. The 
material is to be ductile iron, ASTM A536. 

56. Use Figure P3-68. The bending moment is completely 
reversed. The material is to be stainless steel. 

57. Figure P5-57 shows part of an automatic screwdriver de
signed to drive .several million screws. The maximum 
torque required to drive a screw is 100 lb-in. Compute 
the design factor for the proposed design if the part is 
made from AISI 8740 OQT 1000. 

58. The beam in Figure P5-58 carries two steady loads, P = 
750 lb. Evaluate the design factor that would result if the 
beam were made from class 40 gray cast iron. 

59. A tension link is subjected to a repeated, one-direction 
load of 3000 Ib. Specify a suitable material if the link is 
to be steel and is to have a diameter of 0.50 in. 

60. One member of an automatic transfer device in a factory 
must withstand a repeated tensile load of 800 Ib and must 
not elongate more than 0.010 inch in its 25.0-in length. 
Specify a suitable steel material and the dimensions for 
the rod if it has a square cross section. 

61. Figure P5-6I shows two designs for a beam to carry a re
peated central load of 600 lb. Which design would have 
the highest design factor for a given material? 

62. Refer to Figure P5-61. By reducing the 8.0-in dimension, 
redesign the beam in Part (b) of the figure so that it has a 
design factor equal to or higher than that for the design in 
Part (a). 
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i 0.50-in dia. 

Material: 
AISI 8740 CD 0.30-in dia. 
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FIGURE P5-57 Screwdriver for Problem 57 
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FIGURE P5-58 Beam for Problem 58 
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FIGURE P5-61 Beam for Problems 61 , 62. and 63 
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63. Refer to Figure P5-61. Redesign the beam in Part (b) of 
the figure by first increasing the fillet radius to 0.40 in and 
then by reducing the 8.0-in dimension so that the new de
sign has a design factor equal to or higher than that for the 
design in Part (a). 

64. The part shown in Figure P5-64 is made from AISI 1040 HR 
steel. It is to be subjected to a repeated, one-direction force 
of 5000 lb applied through two 0.25-in-diameter pins in the 
holes at each end. Compute the resulting design factor 

65. For the part described in Problem 64, make at least three 
improvements in the design that will significantly reduce 
the stress without increasing the weight. The dimensions 
marked © are critical and cannot be changed. After the re
design, specify a suitable material to achieve a design fac
tor of at least 3. 

66. The link shown in Figure P5-66 is subjected to a tensile 
force that varies from 3.0 to 24.8 kN. Evaluate the design 
factor if the link is made from AISI 1040 CD steel. 

67. The beam shown in Figure P5-67 carries a repeated, re
versed load of 400 N applied at section C. Compute the 
resulting design factor if the beam is made from AISI 
1340 OQT 1300. 

68. For the beam described in Problem 67, change the steel's 
tempering temperature to achieve a design factor of at 
least 3.0. 

69. The cantilever shown in Figure P5-69 carries a down
ward load that varies from 300 to 700 lb. Compute the re
sulting design factor if the bar is made from AISI 1050 
HR steel. 

70. For the cantilever described in Problem 69, increase the 
size of the fillet radius to improve the design factor to at 
least 3.0 if possible. 

71. For the cantilever described in Problem 69, specify a suit
able material to achieve a design factor of at least 3.0 
without changing the geometry of the beam. 

72. Figure P5-72 shows a rotating shaft carrying a steady 
downward load of 100 lb at C. Specify a suitable material. 

73. The stepped rod shown in Figure P5-73 is subjected to a 
direct tensile force that varies from 8500 to 16 000 lb. If 
the rod is made from AISI 1340 OQT 700 steel, compute 
the resulting design factor 

74. For the rod described in Problem 73, complete a redesign 
that will achieve a design factor of at least 3.0. The two 
diameters cannot be changed. 

038 

-6.00 i t - . 

-2.00 -2.00-'-

^ P i „ 
2.00 ,© 

Flat plate. 0.25 in thick 

/- = 0.02 in 
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038 

0.25-in dia. 
force applied to pin 

FIGURE P5-64 Beam for Problems 64 and 65 

'— 1.50 in Flat plate thickness - 0.375 in 

FIGURE P5-66 Link for Problem 66 
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FIGURE P5-67 Beam for Problems 67 and 68 
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FIGURE P5-72 Shaft for Problem 72 
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FIGURE P5-73 Rod for Problems 73 and 74 

FIGURE P5-75 Beam for Problems 75 and 76 

75. The beam shown in Figure P5-75 carries a repeated, re
versed load of 800 lb alternately applied upward and 
downward. If the beam is made from AISI 1144 OQT 
1100. specify the smallest acceptable fillet radius at/4 to 
ensure a design factor of 3.0. 

76. For the beam described in Problem 75. design the section 
at B to achieve a minimum design factor of 3.0. Specify 
the shape, dimensions, and fillet radius where the smaller 
part joins the 2.00-by-2.00-in secfion. 
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Design Problems 
For each of the following problems, complete the requested 
design to achieve a minimum design factor of 3.0. Specify the 
shape, the dimensions, and the material fi>r the part to bc de
signed. Work toward an efficient design that will have a low 
weight. 

77. The link shown in Figure P5-77 carries a load of 3000 N 
that is applied and released many times. The link is ma
chined from a square bar. 12.0 mm on a side, from AISI 
1144 OQT 1100 steel. The ends must remain 12.0 mm 
square to facilitate the cimnection to mating parts. It is de
sired to reduce the size ofthe middle part ofthe link to re
duce weight. Complete the design. 

78. Complete ihc design of the beam shown in figure P5-7S 
to carry a large hydraulic motor, Thc beam is attached tn 
the two side rails of the frame of a truck. Because of the 
vertical accclciations experienced by the truck, the load 
on the beam varies from 1200 lb upward to 5000 Ib dov\ n-
ward. One-half ol the load is applied lo thc beam by each 
foot of the motor, 

79. A tensile member in a truss frame is subjected to a load 
that varies from 0 lo 6500 Ih as a traveling crane mows 
across the frame. Design the tensile member 

80. A hanger (or a conveyor system extends outward from 
two supports as shown in Figure P5-80, The load at the 
right end varies from 600 lo 3800 Ib. Design the hanger 

Middle section to be desitmed 

'— 12 mm square 

FIGURE P5-77 Link for Problem 77 

Side rai 
of truck 

Beam to bc 

FIGURE P5-78 Beam for Problem 78 

Hanuer to be 
d 

Load'' 

FIGURE P5-80 Hanger for the conveyor system for Problem 80 
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81. Figure P5-81 shows a yoke suspended beneath a crane 
beam by two rods. Design the yoke if the loads are ap
plied and released many times. 

82. For the system shown in Figure P5-81, design the two ver
tical rods if the loads are applied and released many times. 

83. Design the connections between the rods and the yoke 
and the crane beam shown in Figure P5-81. 

Crane beam 

^Z7 \7 

Rod 

^ 

Rod 

Ol 

jU I2in-

Yoke (to be designed) 

12in- 1-1.Z i n - 12in <A 

2800 Ib 1400 lb 

FIGURE P5-81 Yoke and rods for Problems 81 , 82, and 83 

2800 Ib 



Columns 

The Big Picture 

You Are the Designer 

6-1 Objectives of This Chapter 

6-2 Properties of the Cross Section of a Column 

6-3 End Fixity and Effective Length 

6-4 Slenderness Ratio 

6-5 Transition Slenderness Ratio 

6-6 Long Column Analysis: The Euler Formula 

6-7 Short Column Analysis: The J. B. Johnson Formula 

6-8 Column Analysis Spreadsheet 

6-9 Efficient Shapes for Column Cross Sections 

6-10 The Design of Columns 

6-11 Crooked Columns 

6-12 Eccentrically Loaded Columns 

229 



230 Chapters • Columns 

The 
Big 
Picture 

Columns 

Discussion Map 

• A column is a long, slender 
member that carries an axial 
compressive load and that 
fails due to buckling rather 
than due to failure of the 
material of the column. 

Discover 
Find at least 10 examples of columns. Describe them 
and how they are loaded, and discuss them with your 
colleagues. 
Try to find at least one column that you can load 
conveniently by hand, and observe the buckling 
phenomenon. 
Discuss with your colleagues the variables that seem to 
affect how a column fails and how much load it can 
carry before failing. 

This chapter will help you acquire some of the 
analytical tools necessary to design and analyze 
columns. 

A column is a structural member that carries an axial compressive load and that tends to fail by 
elastic instability, or buckling, rather than by crushing the material. Elastic instability is the 
condition of failure in which the shape of the column is insufficiently rigid to hold it straight 
under load. At the point of buckling, a radical deflection of the axis of the column occurs sud
denly. Then, if the load is not reduced, the column will collapse. Obviously this kind of cata
strophic failure must be avoided in structures and machine elements. 

Columns are ideally straight and relatively long and slender. If a compression mem
ber is so short that it does not tend to buckle, failure analysis must use the methods pre
sented in Chapter 5. This chapter presents several methods of analyzing and designing 
columns to ensure safety under a variety of loading conditions. 

Take a few minutes to visualize examples of column buckling. Find any object that 
appears to be long and slender, for example, a meter stick, a plastic ruler, a long wooden 
dowel with a small diameter, a drinking straw, or a thin metal or plastic rod. Carefully ap
ply a downward load on your column while resting the bottom on a desk or the floor. Try 
to make sure that it does not slide. Gradually increase the load, and observe the behavior of 
the column unril it begins to bend noticeably in the middle. Then hold that level of load. 
Don't increase it much beyond that level, or the column will likely break! 

Now release the load; the column should retum to its original shape. The material 
should not have broken or yielded. But wouldn't you have considered the column to have 
failed at the point of buckling? Wouldn't it be important to keep the applied load well be
low the load that caused the buckling to be initiated? 

Now look around you. Think of things you are familiar with, or take time to go out 
and find other examples of columns. Remember, look for relatively long, slender, load-
carrying members subjected to compressive loads. Consider parts of furniture, buildings, 
cars, trucks, toys, play structures, industrial machinery, and construction machinery. Try to 
find at least 10 examples. Describe their appearance: the material from which they are 
made, the way they are supported, and the way they are loaded. Do this activity in the class
room or with colleagues; bring the descriptions to class next session for discussion. 

Notice that you were asked to find relatively long, slender, load-carrying members. 
How will you know when a member is long and slender? At this point, you should just use 
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your judgment. If the column is available and you are strong enough to load it to buck
ling, go ahead and try it. Later in this chapter, we will quantify what the terms bnig and 
slender mean. 

If the columns you have seen buckle did not actually collapse, what property of the 
material is highly related to the phenomenon of buckling failure? Remember that the fail
ure was described as ela,stic instability. Then it should seem that the modidus ofelasticitv of 
the material is a key property, and it is. Review the definition of this property from Chapter 
1, and look up representative values in the tables of material properties in Appendices 3-13. 

Also note that we specified that the columns are to be initially straight and that loads 
are to be applied axially. What if these conditions are not met? What if the column is a little 
crooked before loading? Do you think that it would carry as much compressive loading as one 
that was straight? Why or why not? What if the column is loaded eccentrically, that is, the load 
is directed off-center, away from the centroidal axis ofthe column? How will that aft'ect the 
load-carrying ability? How does the manner of supporting the ends of the column aftect its 
load-carrying ability? What standards exist that guide designers when dealing with columns? 

The.se and other questions will be addressed in this chapter. Any time you are in
volved in a design in which a compressive load is applied, you should think about analyz
ing it as a column. The following You Are the Designer situation is a good example of such 
a machine design problem. 

You Are the Designer 

You are a member of a team that is designing a commer
cial compactor to reduce the volume of cardboard and pa
per waste so that the waste can be transported easily to a 
processing plant. Figure 6-1 is a sketch of the compaction 
ram that Is driven by a hydraulic cylinder under several 

FIGURE 6-1 Waste 
paper compactor 

thousand pounds of force. The connecting rod between 
the hydraulic cylinder and the ram must be designed as a 
column because it is a relatively long, slender compres
sion member. What shape should the cross section of the 
connecting rod be? From what material should it be 
made? How is it to be connected to the ram and to the hy
draulic cylinder? What are the final dimensions of the rod 
to be? You, the designer, must specify all of these factors. 

Piston rod 

Material to 
be compacted 

6—1 After completing this chapter, you will be able to: 
OBJECTIVES OF 

THIS CHAPTER 1- Recognize that any relatively long, slender compression member must be analyzed 
as a column to prevent buckling. 

2. Specify efficient shapes for the cross section of columns. 

3. Compute the rachus of gyration of a column cross section. 

http://The.se
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4. Specify a suitable value for the end-fixity factor, K, and determine the effective 
length of a column. 

5. Compute the slenderness ratio for columns. 

6. Select the proper method of analysis or design for a column based on the manner 
of loading, the type of support, and the magnitude of the slenderness ratio. 

7. Determine whether a column is long or short based on the value ofthe slenderness 
ratio in comparison with the column constant, 

8. Use the Eider formula for the analysis and design of long columns. 

9. Use the / B, Johnson formida for the analysis and design of short columns. 

10. Analyze crooked columns to determine the allowable load. 

11. Analyze columns in which the load is applied with a modest amount of eccentric
ity to determine the maximum predicted stress and the maximum amount of de
flection ofthe centerline of such columns under load. 

6-2 
PROPERTIES OF 

THE CROSS 
SECTION OF A 

COLUMN 

The tendency for a column to buckle is dependent on the shape and the dimensions of its 
cross section, along with its length and the manner of attachment to adjacent members or 
supports. Cross-sectional properties that are important are as follows: 

1. The cross sectional area, A. 

2. The moment of inertia of the cross section, /, with respect to the axis about which 
the value of / is minimum. 

3. The least value of the radius of gyration of the cross section, r. 

\^ Radius of Gyration 

The radius of gyration is computed from 

/' = (6-1) 

A column tends to buckle about the axis for which the radius of gyration and the moment 
of inertia are minimum. Figure 6-2 shows a sketch of a column that has a rectangular cross 
section. The expected buckling axis is K-K because both / and r are much smaller for that 
axis than for the X-X axis. You can demonstrate this phenomenon by loading a common 
ruler or meter stick with an axial load of sufficient magnitude to cause buckling. See 
Appendix 1 for formulas for / and r for common shapes. See Appendix 16 for structural 
shapes. 

6—3 
END FIXITY AND 

EFFECTIVE 
LENGTH 

The term end fixity refers to the manner in which the ends of a column are supported. The 
most important variable is the amount of restraint offered at the ends of the column to the 
tendency for rotation. Three forms of end restraint are pinned, fixed, and free. 

A piimed-end column is guided so that the end cannot sway from side to side, but it 
offers no resistance to rotation ofthe end. The best approximation ofthe pinned end would 
be a frictionless ball-and-socket joint. A cylindrical pin joint offers little resistance about 
one axis, but it may restrain the axis perpendicular to the pin axis. 

A fixed end is one that is held against rotation at the support. An example is a cylin
drical column inserted into a tight-fitting sleeve that itself is rigidly supported. The sleeve 
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FIGURE 6-2 
Buckling of a thin, 
rectangular column. 
(a) General appearance 
of the buckled column. 
(b) Radius of gyration 
for F-Kaxis. (c) Radius 
of gyration for X-X axis 

Force 

X -

(a) 

Column cross section 

t - Y 

Critical buckling axis 

For axis Y-Y: /• = 0.289? 

X 

For axis X-X: r = 0.289/; 

(b) (C) 

prohibits any tendency for the fixed end of the column to rotate. A column end securely 
welded to a rigid base plate is also a good approximation of a fixed-end column. 

The free end can be illustrated by the example of a flagpole. The top end of a flag
pole is unrestrained and unguided, the worst case for column loading. 

The manner of support of both ends of the column affects the effective length of the 
column, defined as 

o Effective Length L,. = KL (6-2) 

where L — actual length of the column between supports 
K = constant dependent on the end fixity, as illustrated in Figure 6-3 

The first values given for K are theoretical values based on the shape of the deflected 
column. The second values take into account the expected fixity ofthe column ends in real, 
practical structures. It is particularly diftlcult to achieve a true fixed-end column because of 
the lack of complete rigidity of the support or the means of attachment. Therefore, the 
higher value of K is recommended. 
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FIGURE 6-3 Values 
of A' for effective 
length, L, = KL, for 
different end 
connections 

A 

Shape of 
buckled 

column 

V 

/ 

Theoretical 
values 

Practical 
values 

Pi nned-pinned 
A'= 1.0 

A= 1.0 

(a) 

Fixed-fi.xed 
A' = 0.5 

K = 0.65 

ib) 

Fixed-free 
K=2.0 

A'= 2.10 

ic) 

Fi xed-pinned 
A-= 0.7 

7̂  = 0.8 

(d) 

6—4 The slenderness ratio is the ratio of the effective length of the column to its least radius of 
S L E N D E R N E S S gyration That is, 

RATIO 
O Slenderness Ratio Slenderness ratio = L,/r„,„ = KL/r,^,„ (6-3) 

We will use the slenderness ratio to aid in the selection of the method of performing the 
analysis of straight, centrally loaded columns. 

6—5 In the following sections, two methods for analyzing straight, centrally loaded columns are 
TRANSITION presented: (1) the Euler formula for long, slender columns and (2) the J. B. Johnson for-

S L E N D E R N E S S mula for short columns. 
RATIO The choice of which method to use depends on the value of the actual slenderness 

ratio for the column being analyzed in relation to the transition slenderness ratio, or 
column constant. C,, defined as 

o Column Constant C. = 
2iT-£ 

(6-4) 

where E = modulus of elasticity ofthe material ofthe column 
.s\ = yield strength of the material 

The use of the column constant is illustrated in the following procedure for analyz
ing straight, centrally loaded columns. 

Procedure for 
Analyzing 

Straight, Centrally 
Loaded Columns 

1. For the given column, compute its actual slenderness rafio. 

2. Compute the value of Q . 
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3. Compare C, with KLIr. Because C,, represents the value of the slenderness ratio 
that separates a long column from a short one, the result of the comparison indi
cates which type of analysis should be used. 

4. If the actual KLIr is greater than C,. the column is long. Use Euler's equation, as 
described in Section 6-6. 

5. If KLIr is less than C ,̂ the column is short. Use the J. B. Johnson formula, de
scribed in Section 6-7. 

Figure 6-4 is a logical flowchart for this procedure. 
The value ofthe column constant, or transition slenderness ratio, is dependent on the 

material properties of modulus of elasticity and yield strength. For any given class of ma
terial, for example, steel, the modulus of elasticity is nearly constant. Thus, the value of C, 
varies inversely as the .square root ofthe yield strength. Figures 6-5 and 6-6 show the re
sulting values for steel and aluminum, respectively, for the range of yield strengths expected 
for each material. The figures show that the value of C, decreases as the yield strength in
creases. The importance of this observation is discussed in the following section. 

6-6 
LONG COLUMN 
ANALYSIS: THE 

EULER FORMULA Analysis of a long column employs the Euler formula (see Reference 3): 

o Euler Formula for 
Long Columns P.. = 

TT- EA 

[KL/rf (6-5) 

kTi M F S G N ^^^ equation gives the critical load, P^,.. at which the column would begin to buckle. 
An altemative form ofthe Euler formula is often desirable. Note that, from Equation (6-5), 

_ TT' EA _ TT EA _ TT- EA f-

"• " (KL/rf ~ {KL)Jr' ~ (^KLf 

But, from the definition ofthe radius of gyration, r. 

o Alternative Form of 
Euler Formula 

Then 

TT- EA I _ TT- El 

{KL)-A ~ [KLf (6-6) 

This form of the Euler equation aids in a design problem in which the objective is to 
specify a size and a shape of a column cross section to carry a certain load. The moment 
of inertia for the required cross section can be easily determined from Equation (6-6). 

Notice that the buckling load is dependent only on the geometry (length and cross 
section) ofthe column and the stiffness ofthe inaterial represented by the modulus of elas
ticity. The strength of the material is not involved at all. For these reasons, it is often of no 
benefit to specify a high-strength material in a long column application. A lower-strength 
material having the same stiffness, E. would perform as well. 



FIGURE 6-4 
Analysis of a straight, 
centrally loaded 
column 
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FIGURE 6-5 
Transition slenderness 
rafio Cc vs. yield 
strength for steel 
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FIGURE 6-6 
Transition slenderness 
ratio Ĉ  vs. yield 
strength for aluminum 
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Design Factor and Allowable Load 

Because failure is predicted to occur at a limiting load, rather than a stress, the concept of a de
sign factor is applied differently than it is for most other load-carrying members. Rather than ap
plying the design factor to the yield strength or the ultimate strength ofthe material, we apply it 
to the critical load, from Equation (6-5) or (6-6). For typical machine design applicafions, a de
sign factor of 3 is used. For stationary columns with well-known loads and end fixity, a lower 
factor can be u.sed, such as 2.0. A factor of 1.92 is used in some construction applicafions. Con
versely, for very long columns, where there is some uncertainty about the loads or the end fix
ity, or where special dangers are presented, larger factors are advised. (See References 1 and 2.) 

In summary, the objective of column analysis and design is to ensure that the load ap
plied to a column is safe, well below the critical buckling load. The following definitions 
of terms must be understood: 

o Allowable Load 

P,, — critical buckling load 

f,, = allowable load 

P = actual applied load 

A' — design factor 
Then 

P,. = PJN 

The actual applied load, P, must be less than f „. 

Example Problem 6-1 A column has a solid circular cross section, 1.25 inches in diameter; it has a length of 4.50 
ft and is pinned at both ends. If it is made from AISI 1020 cold-drawn steel, what would be 
a safe column loading? 

Solution Objective Specify a safe loading for the column. 

Given Solid circular cross section: diameter = d = 

Both ends of the column are pinned. 

Material: AISI 1020 cold-drawn steel. 

1.25 in; length = L = 4.50 ft. 

Analysis Use the procedure in Figure 6-4. 

Results Step 1. For the pinned-end column, the end-fixity factor is AT = 1.0. The effective 
length equals the actual length; KL = 4.50 ft = 54.0 in. 

Step 2. From Appendix 1, for a solid round section, 

r = D/4 = 1.25/4 = 0.3125 in 

Step 3. Compute the slenderness ratio: 

KL 1-0(54) 

0.3125 = 173 

Step 4. Compute the column constant from Equation (6^) . For AISI 1020 cold-drawn 
steel, the yield strength is 51 000 psi. and the modulus of elasticity is 30 x 10" psi. Then 

C 
s,. 

2TT-E _ /2TT- (30 X 10') 

51 000 
= 108 
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Step 5. Because KLIr is greater than C,, the column is long, and Euler's formula 
should be used. The area is 

A = ——- = = 1.23 in-

Then the critical load is 

P = 
-n-EA fT^(30X 10") (1.23) 

{KL/rf {mf 
= 12 2001b 

At this load, the column should just begin to buckle. A safe load would be a reduced 
value, found by applying the design factor to the critical load. Let's use A' = 3 to compute 
the allowable load, P^, = P^JN; 

P„ = (12 200)/3 = 4067 1b 

Comment The safe load on the column is 4067 lb. 

6-7 
SHORT COLUMN 

ANALYSIS: THE 
J.B.JOHNSON 

FORMULA 

When the actual slenderness ratio for a column, KLIr, is less than the transition value, C,, 
then the column is short, and the J. B. Johnson formula should be used. Use of the Euler 
formula in this range would predict a critical load greater than it really is. 

The J. B. Johnson formula is written as follows: 

J. B. Johnson 
Formula for Short 

Columns 
F„ = A.S, 

s_jKL/rY_ 

4TT- E 
(6-7) 

FIGURE 6-7 
Johnson formula curves 

Figure 6-7 shows a plot of the results of this equation as a function of the slenderness ra
tio. KLIr. Notice that it becomes tangent to the result of the Euler formula at the transition 

180 
KL Slenderness ratio. — 
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fflDESIGN 
slenderness ratio, the limit of its application. Also, at very low values for the slenderness 
ratio, the second term of the equation approaches zero, and the critical load approaches the 
yield load. Curves for three different materials are included in the figure to illustrate the ef
fect of E and s,^. on the critical load and the transition slenderness ratio. 

The critical load for a short column is affected by the strength of the material in ad
dition to its stiffness, E. As shown in the preceding section, strength is not a factor for a long 
column when the Euler formula is used. 

Example Problem 6-2 Determine the critical load on a steel column having a rectangular cross section, 12 mm by 
18 mm, and a length of 280 mm. It is propo.sed to u.se AISI 1040 hot-rolled steel. The lower 
end of the column is inserted into a close-fitting socket and is welded securely. The upper 
end is pinned (see Figure 6-8). 

Solution Objective Compute the critical load for the column. 

Given Solid rectangular cross section: fi - 12 mm; // = 18 mm; L = 280 mm. 

The bottom of column is fixed; the top is pinned (see Figure 6-8). 

Material: AISI 1040 hot-rolled steel. 

Analysis Use the procedure in Figure 6-4. 

Results Step 1. Compute the slenderness ratio. The radius of gyration must be computed 
about the axis that gives the least value. This is the F-K axis, for which 

B 12 mm 
= 3.46 mm 

12 V l 2 

The column has a fixed-pinned end fixity for which K = 0.8. Then 

KL/r = [(0.8)(280)]/3.46 = 64.7 

FIGURE 6-8 Steel 

column 

280 mm | 
A 

-X 18 mm 

Y 
—12 mm-* 

Section A-A 

(a) Column cross section 

-Weld 

(/>) Skeicn of column 
insiallalion 

(c) Sketch of pinned 
connection 
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Step 2. Compute the transition slenderness ratio. For the AISI 1040 hot-rolled steel, 
E = 207 GPa and 5, = 290 MPa. Then, from Equation (6-4), 

C = 
2TT-(207 X 10" Pa) _ 

290 X lO '̂Pa 
Step 3. Then KLIr < C,; thus the column is short. Use the J. B. John.son formula to 

compute the critical load: 

.s,{KL/ry--
P.. = As, I-

4TT-£ 

P,, = (216 mm-)(290 N/mm-) 
(290 X IO"" Pa)(64.7)-

4TT-(207 X 10'Pa) 

P,, = 53.3 X 10- N = 53.3 kN 

(6-7) 

Comments This is the crifical buckling load. We would have to apply a design factor to determine the 
allowable load. Specifying Â  = 3 results in P^, = 17.8 kN. 

6—8 
COLUMN 

ANALYSIS 
SPREADSHEET 

Completing the process described in Figure 6 ^ using a calculator, pencil, and paper is te
dious. A spreadsheet automates the calculations after you have entered the pertinent data 
for the particular column to be analyzed. Figure 6-9 shows the output of a spreadsheet u.sed 
to solve Example Problem 6-1. The layout of the spreadsheet could be done in many ways, 
and you are encouraged to develop your own .style. The following comments describe the 
features of the given spreadsheet: 

1. At the top of the sheet, instructions to the user are given for entering data and for 
units. This sheet is for U.S. Customary units only. A different sheet would be used 
if Sl metric data were to be used. (See Figure 6-10, which gives the .solution for 
Example Problem 6-2.) 

2. On the left side of the sheet are listed the various data that must be provided by the 
user to run the calculations. On the right are listed the output values. Formulas for 
computing L^, C^. KLIr. and allowable load are written directly into the cell where 
the computed values show. The output data for the message "Column is: long" and 
the critical buckling load are produced by functions set up within macros written in 
Visual Basic and placed on a separate sheet ofthe spreadsheet. Figure 6-11 shows 
the two macros used. The first (LorS) carries out the decision process to test whether 
the column is long or short as indicated by comparison of its slenderness ratio with 
the column constant. The second (Per) computes the critical buckling load using ei
ther the Euler formula or the J. B. Johnson formula, depending on the result ofthe 
LorS macro. These functions are called by statements in the cells where "long" and 
the computed value ofthe critical buckling load (12 197 lb) are located. 

3. Having such a spreadsheet can enable you to analyze several design options 
quickly. For example, the given problem statement indicated that the ends were 
pinned, resulting in an end-fixity value of A' = 1. What would happen if both ends 
were fixed? Simply changing the value of that one cell to K = 0.65 would cause 
the enfire .sheet to be recalculated, and the revised value of critical buckling load 
would be available almost instantly. The result is that P,, = 28 868 lb, an increase 
of 2.37 times the original value. With that kind of improvement, you, the designer, 
might be inclined to change the design to produce fixed ends. 



COLUMN ANALYSIS PROGRAM Data from: Example Problem 6-1 

Refer to Figure 6 ^ for analysis logic. 

Enter data for variables in italics in shaded boxes. 

Data to Be Entered: 

Length and End Fixity: 

Column length, L = 54 in 
End fixity, K = 1 

Material Properties: 

Yield strength, Sy= 51,000 psi 
Modulus of elasticity E = 3.00E +07 psi 

Cross Section Properties: 

[Note: Enter /-or compute r = sqrt(///\).] 
[Always enter Area.] 
[Enter zero for / or r if not used.] 

Area, A = 
Moment of inertia, 1 = 

Or 
Radius of gyration, r = 

1.23 in^ 
Oin" 

0.3125 in 

Design Factor: 

Design factor on load, N 

Use consistent U.S. Customary units. 

Computed Values: 

Eq. length, Le= KL = 54.0 in 

Column constant, Ĉ  = 107.8 

Slender ratio, KL/r = 172.8 

Column is: long 

Critical buckling load = 12,197 Ib 

Allowable load = 4,066 Ib 

FIGURE 6-9 Spreadsheet for column analysis with data from Example Problem 6-
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COLUMN ANALYSIS PROGRAM 

Refer to Figure 6-4 for analysis logic. 

Enter data for variables in /Ya//cs in shaded boxes. 

Data to Be Entered: 

Length and End Fixity: 

Column length, L = 280 mm 
End fixity, K= 0.8 

Material Properties: 

Yield strength, Sy - 290 MPa 
Modulus of elasticity, E = 207 GPa 

Cross Section Properties: 

[Note: Enter r or compute r = sqrt(//>A).] 
[Always enter Area.] 
[Enter zero for / or r if not used.] 

Area, A = 216 mm^ 
Moment of inertia, I ^ 0 mm'* 

Or 
Radius of gyration, r= 3.5 mm 

Design Factor: 

Design factor on load, N = 3 

Data from: Example Problem 6-2 

Use consistent SI metric units. 

Computed Values: 

Eq. length, Le= KL = 224.0 mm 

Column constant, 0 . = 118.7 

Slender ratio, KL/r = 64.7 

Column is: short 

Critical buckling load = 53.32 kN 

Allowable load = 17.77 kN 

FIGURE 6-10 Spreadsheet for column analysis with data from Example Problem 6-

243 
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FIGURE 6-11 
Macros used in the 
column analysis 
spreadsheet 

' LorS Macro 
' Determines if column is long or short 
Function LorS(SR, CC) 

If SR > CC Then 
LorS = "long" 

Else 
LorS = "short" 

End If 
End Function 

Critical Load Macro 
' Uses Euler formula for long columns 
' Uses Johnson formula for short columns 
Function Pcr(LorS, SR, E, A, Sy) 
Const Pi = 3.1415926 

If LorS = "long" Then 
Per = Pi ' 2 * E * A / SR ' 2 
' E u l e r E q u a t i o n ; Eq. (6-4) 

E l s e 
Per = A * S y ( l - (Sy * SR ' 
' Johnson E q u a t i o n ; Eq. (6-7; 

End I f 
End F u n c t i o n 

2 / (4 P l 

6—9 
EFFICIENT 

SHAPES FOR 
COLUMN CROSS 

SECTIONS 

An efficient shape is one that provides good perfonnance with a small amount of material. 
In the case of columns, the shape ofthe cross secfion and its dimensions determine the value 
ofthe radius of gyration, /•. From the definition ofthe slenderness ratio, KLIr, we can see that 
as /• gets larger, the slenderness ratio gets smaller. In the critical load equations, a smaller 
slenderness ratio results in a larger critical load, the most desirable situation. Therefore, it is 
desirable to maximize the radius of gyration to design an efficient column cross section. 

Unless end fixity varies with respect to the axes of the cross section, the column will 
tend to buckle with respect to the axis with the least radius of gyrafion. So a column with 
equal values for the radius of gyration in any direction is desirable. 

Review again the definition ofthe radius of gyration: 

This equation indicates that for a given area of material, we should try to maximize the mo
ment of inertia to maximize the radius of gyration. A shape with a high moment of inertia 
has its area distributed far away from its centroidal axis. 

Shapes that have the desirable characteristics described include circular hollow pipes 
and tubes, square hollow tubing, and fabricated column sections made from structural 
shapes placed at the outer boundaries ofthe section. Solid circular secfions and solid square 
secfions are also good, although not as efficient as the hollow secfions. Figure 6-12(a-d) il
lustrates some ofthese shapes. The built-up section in (e) gives a rigid, boxfike section ap
proximating the hollow square tube in larger sizes. In the case of the section in Figure 
6-12(f), the angle sections at the corners provide the greatest contribution to the moment 
of inertia. The lacing bars merely hold the angles in position. The H-column in (g) has an 
equal depth and width and relatively heavy flanges and web. The moment of inertia with re
spect to the y-y axis is still smaller than for the .v-.v axis, but they are more nearly equal than 
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FIGURE 6-12 
Column cross sections 

±L. 

(a) Hollow circular (ii) Hollow square (c) Built-up section-
section-pipe section structural channels 
or tube with cover plates 

(c) Solid circular 
section 

Lacing bar 

Side 

((/) Solid square 
section 

.K 

LIJ 
^ 

(,!,') H-column 

Sample H-column 
data: 
W12 X 65 
r, = 5.28 in' 
r, = 3.02 in' 

(/) Fabricated section 
made from four 
structural angles 
joined by lacing bars 

for most other l-.sections designed to be used as beams with bending in only one direction. 
Thus, this shape would be more desirable for columns. 

6-10 
THE DESIGN OF 

COLUMNS 

ffi]DESIGN 

In a design situation, the expected load on the column would be known, along with the 
length required by the application. The designer would then specify the following: 

1. The manner of attaching the ends to the structure that affects the end fixity. 

2. The general shape of the column cross section (for example, round, square, rec
tangular, and hollow tube). 

3. The material for the column. 

4. The design factor, considering the application. 

5. The final dimensions for the column. 

It may be desirable to propose and analyze several different designs to approach an opti
mum for the application. A computer program or spreadsheet facilitates the process. 

It is assumed that items 1 through 4 are specified by the designer for any given trial. 
For some simple shapes, such as the solid round or square section, the final dimensions are 
computed from the appropriate formula: the Euler formula. Equation (6-5) or (6-6), or the 
J. B. Johnson formula. Equation (6-7). If an algebraic solution is not possible, iteration can 
be done. 

In a design situation, the unknown cross-sectional dimensions make computing the 
radius of gyration and therefore the slenderness ratio, KL/r. impossible. Without the slen
derness ratio, we cannot determine whether the column is long (Euler) or short (Johnson). 
Thus, the proper formula to use is not known. 

We overcome this difficulty by making an assumption that the column is either long 
or short and proceeding with the corresponding formula. Then, after the dimensions are 
determined for the cross section, the actual value of KL/r will be computed and compared 
with Q. This will show whether or not the correct formula has been used. If so, the com
puted answer is correct. If not, the alternate formula must be used and the computation 
repeated to determine new dimensions. Figure 6-13 shows a flowchart for the design 
logic described here. 



YES 

Column is 
long: 
dimensions 
correct 

Specify: 
PJ. N, L . K 

E. .tv shape 

Compute: 

C, = 
2TT-£ IO 

Assume column 
is long 

Compute: 

TC~E 

Euler's equation Equation (6-8) 

Specify or 
solve for 
dimensions 
of shape 

Compute: 
r, KLIr 

NO 

Column IS 
short: 
use Johnson's 
equation 

Specify or 
solve for 
dimensions such 
that P,, > NP^ Equation (6-7) 

Column is 
short — 
dimensions 
correct 

YES 

Recompute: 
r, KLIr 

FIGURE 6-13 Design of a straight, centrally loaded column 

NO 

KLIr is very nearly 
equal to C,—results 
from either Euler 
or Johnson equation will 
be nearly equal 
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Euler's Formula 
[^ Solved for 

Required Value of / 

Design: Assuming a Long Column 

Euler's formula is used if the assumption is that the column is long. Equation (6-6) would 
be the most convenient form because it can be solved for the moment of inertia, /: 

/ = 
P,, {KLf NPjKLf 

TT" £ TT" £ 

where P„ = allowable load, usually set equal to the actual maximum expected load 

(6-8) 

Required Diameter 
[^ for a Long, 

Solid Circular Column 

Having the required value for /, we can determine the dimensions for the shape by addi
fional computations or by scanning tables of data of the properties of commercially avail
able sections. 

The solid circular section is one for which it is possible to derive a final equation for 
the characteristic dimension, the diameter. The moment of inertia is 

/ = 
64 

Substitufing this into Equation (6-8) gives 

-^D' NPAKL)-
I 64 TT" E 

Solving for D yields 

D = 
'64NP^, (KL)-

TT- E 

1/4 
(6-9) 

Design: Assuming a Short Column 

The J. B. Johnson formula is used to analyze a short column. It is difficult to derive a con
venient form for use in design. In the general case, then, trial and error is used. 

For some special cases, including the solid circular section, it is possible to solve the 
Johnson formula for the characteristic dimension, the diameter: 

But 

Then 

P,, = As,. 1 -
sAKL/rf 

4'rT- E 

A = TTD-/4 

r = D/4 (from Appendix 1) 

P., = NP,. 

NP.^'^s. 

4NP^ 
TTSy 

= D~ 

4iT- £(D/4)^ 

sAKLf{\6) 

4TT- ED-

(6-7) 

Required Diameter 
for a Short, Solid 
Circular Column 

Solving for D gives 

D 
'4NP„ 45, (KL)-

+ 
7;s, TT" E 

1/2 (6-10) 
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Example Problem 6-3 Specify a suitable diameter of a solid, round cross section for a machine link if it is to can^ 
9800 lb of axial compressive load. The length will be 25 in, and the ends will be pinned. 
Use a design factor of 3. Use AISI 1020 hot-rolled steel. 

Solution Objective Specify a suitable diameter for the column. 

Given gQjjj circular cross section: L = 25 in; use N = 3. 

Both ends are pinned. 

Material: AISI 1020 hot-rolled steel. 

Analysis Use the procedure in Figure 6-13. Assume first that the column is long. 

Results From Equation (6-9), 

D = 
'64NPjKLf 1/4 '64(3)(9800)(25)-

TT-' (30 X 10^) T T ' £ 

D = 1.06 in 

The radius of gyration can now be found: 

r = D/4 = 1.06/4 = 0.265 in 

1/4 

The slenderness ratio is 

KL/r = [(1.0)(25)]/0.265 = 94.3 

For the AISI 1020 hot-rolled steel, \ = 30 000 psi. The graph in Figure 6-5 shows Q to 
be approximately 138. Thus, the actual KL/r is less than the transition value, and the col
umn must be redesigned as a short column, using Equation (6-10) derived from the John
son formula: 

Comments 

D = 

D = 

4NP, 4s,{KLyV/2 
^ + ——. 

. TTS, TT- £ 

4(3)(9800) 4(30 000)(25)' 
1.23 in (6-10) 

_(TT)(30 0 0 0 ) TT-(30 X 10") 

Checking the slenderness rafio again, we have 

KL/r= [(1.0)(25)]/(1.23/4) = 81.3 

This is still less than the transifion value, so our analysis is acceptable. A preferred size of 
D = 1.25 in could be specified. 

An alternate method of using spreadsheets to design columns is to use an analysis 
approach similar to that shown in Figure 6-9 but to use it as a convenient "trial and er
ror" tool. You could compute data by hand, or you could look them up in a table for A, 
/, and /- for any desired cross-sectional shape and dimensions and insert the values into 
the spreadsheet. Then you could compare the computed allowable load with the required 
value and choose smaller or larger sections to bring the computed value close to the re
quired value. Many iterations could be completed in a short amount of time. For shapes 
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CIRCULAR COLUMN ANALYSIS 

Refer to Figure 6-4 for analysis logic. 

Enter data for variables in italics in shaded boxes. 

Data to Be Entered: 

Length and End Fixity: 

Column length, L = 
End fixity, K = 

25 in 
1 

Material Properties: 

Yield strength, Sy^ 30 000 psi 
Modulus of elasticity, E = 3,00E + 07psi 

Cross Section Properties: 

[Note: A and r computed from] 
[dimensions for circular cross section] 
[in following section of this spreadsheet.] 

Area, A = 1.188 in^ 

Radius of gyration, r ^ 0.3075 in 

Properties for round column: 

Diameter for round column = 1.23 in 
I Area, 4 = 1.188 in^ 
? Radius of gyration, r = 0.3075 in 

Design Factor: 

Design factor on load, N 

Data from: Example Problem 6-3 

Use consistent U.S. Customary units. 

Computed Values: 

Eq. length, Lg = KL 25.0 in 

Column constant. Or 140.5 

Slender ratio, KL/r = 81.3 

Column is: short 

Critical buckling load = 29,679 Ib 

Allowable load = 9,893 Ib 

FIGURE 6-14 Spreadsheet for column analysis used as a tool to design a column with 
a round cross section 

that allow computing r and A fairiy simply, you could add a new section to the spread
sheet to calculate these values. An example is shown in Figure 6-14, where the differ
ently shaded box shows the calculations for the properties of a round cross section. The 
data are from Example Problem 6-3, and the result shown was arrived at with only four 
iterations. 
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FIGURE 6-15 
Illustration of crooked 
column 

-a. Crookedness 
(exaggeraled) 

Column is 
initially crool<ed 

6-11 
CROOKED 
COLUMNS 

The Euler and Johnson formulas assume that the column is straight and that the load acts 
in line with the centroid of the cross secfion of the column. If the column is somewhat 
crooked, bending occurs in addition to the column action (see Figure 6-15). 

The crooked column formula allows an inifial crookedness, a, to be considered (see 
References 6, 7, and 8): 

o Crooked Column 
Formula P:- ,s,.A+ \\ +f]P.,. 

s,AP,, 
Pa + — = 0 (6-11) 

where c = di.stance from the neutral axis ofthe cross section about which bending occurs 
to its outer edge 

P(.,. is defined to be the critical load found from the Euler formula. 

Although this formula may become increasingly inaccurate for shorter columns, it is 
not appropriate to switch to the Johnson formula as it is for straight columns. 

The crooked column formula is a quadratic with respect to the allowable load Pa-
Evaluating all constant terms in Equation (6-11) produces an equation of the form 

P; + C, P,, + C, = 0 
Then, from the solution for a quadratic equation. 

P„ = 0.5 [-C, - VCi - 4C.] 
The smaller ofthe two possible solutions is selected. 

Example Problem 6-4 A column has both ends pinned and has a length of 32 in. It has a circular cross secfion with 
a diameter of 0.75 in and an initial crookedness of 0.125 in. The material is AISI 1040 hot-
rolled steel. Compute the allowable load for a design factor of 3. 
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Solution Objective Specify the allowable load for the column. 

Given Solid circular cross section: D = 0.75 in; L = 32 in: use N = 3. 

Both are ends pinned. Initial crookedness ^ a = 0.125 in. 

Material: AISI 1040 hot-rolled steel. 

Analysis Use Equation (6-11). First evaluate C, and C .̂ Then solve the quadratic equation for P„ 

Results .V, = 42 000 psi 

A = TTDJA = ( ' IT)(0.75)-/4 = 0.442 in" 

;- = D/4 = 0.75/4 = 0.188 in 

c- = D/2 = 0.75/2 = 0.375 in 

KL/r = [(1.0)(32)]/0.188 = 171 

TT-EA TT-(30 000 000) (0.442; 

C, 

C, 

(KL/tf (171)-

- I 
•KA + (i + ^ ) p „ 

.s,.AP,, 
-—^ = 9.232 X IO'' 

= -9649 

= 4476 lb 

A'-

The quadratic is therefore 

P,; - 9649 P„ + 9.232 X 10'' = 0 

Comment From this, P, = 1077 Ib is the allowable load. 

Figure 6-16 shows the solution of Example Problem 6 ^ using a spreadsheet. 
Whereas its appearance is similar to that ofthe eariier column analysis spreadsheets, the de
tails follow the calculations needed to solve Equation (6-11). On the lower lefi, two special 
data values are needed: (1) the crookedness a and (2) the distance c from the neutral axis 
for buckling to the outer surface ofthe cross section. In the middle ofthe right part are listed 
some intermediate values used in Equation (6-11): C, and C. as defined in the solution to 
Example Problem 6 ^ . The result, the allowable load, P„. is at the lower right ofthe spread
sheet. Above that, for comparison, the computed value ofthe critical buckling load is given 
for a straight column ofthe same design. Note that this solufion procedure is most accurate 
for long columns. If the analysis indicates that the column is short rather than long, the de
signer should take note of how short it is by comparing the slenderness ratio, KL/r. with the 
column constant, C,. If the column is quite short, the designer should not rely on the accu
racy ofthe result from Equation (6-11). 

6 -12 An eccentric load is one that is applied away from the centroidal axis of the cross section 
ECCENTRICALLY ofthe column, as shown in Figure 6-17. Such a load exerts bending in addition to the col-

LOADED umn action that results in the deflected shape shown in the figure. The maximum stress in 
COLUMNS the deflected column occurs in the outermost fibers of the cross section at the midlength of 



CROOKED COLUMN ANALYSIS Data from: Example Problem 6-4 

Solves Equation 6-11 for allowable load. 

Enter data for variables in italics in shaded boxes. 

Data to Be Entered: 

Length and End Fixity: 

Column length, L = 
End fixity, K = 

32 in 
1 

Material Properties: 

Yield strength, Sy = 42,000 psi 
Modulus of elasticity E = 3.00E+07 psi 

Cross Section Properties: 

[Note: Enter r or compute r = sqrt(//>A).] 
[Always enter Area.] 
[Enter zero for / or r if not used.] 

Area, A = 
Moment of inertia, I = 

Radius of gyration, r = 

0.442 in^ 
Oin" 

0.188 in 

Values for Eq. (6-11): 

Initial crookedness = a = 0.125 in 
Neutral axis to outside = c = 0.375 in 

Design Factor: 

Design factor on load, N = 

Use consistent U.S. Customary units. 

Computed Values: 

Eq. length, L^= KL = 32.0 in 

Column constant, Or = 18.7 

Euler buckling load 4,491 Ib 

CiinEq. (6-11) = -9,678 
C2inEq. (6-11) = 9.259E+06 

Slender ratio, KL/r = 170.7 

Column is: long 

Straight Column 

Critical buckling load = 4,491 Ib 

Crooked Column 

Allowable load 1,076 Ib 

FIGURE 6-16 Spreadsheet for analysis of crooked columns 
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FIGURE 6-17 
Illustrafion of 
eccentrically loaded 
columns 

r 
e, Eccentricity-

Column is I 
initially straight 

1 

U2 

I ^^Deflected 
shape 

[ZilDESIGN 

Secant Formula 
for Eccentrically 

Loaded Columns 

the column where the maximum deflection, y^.^, occurs. Let's denote the stress at this point 
as 0/72- Then, for any applied load, P, 

CT L/2 
P 
A 

, ec (KL rp\ 
(6-12) 

(See References 4, 5, and 9.) Note that this stress is not directly proportional to the load. 
When evaluating the secant in this formula, note that its argument in the parentheses is in 
radians. Also, because most calculators do not have the secant function, recall that the se
cant is equal to 1/cosine. 

For design purposes, we would like to specify a design factor, Â , that can be applied 
to ihe failure load similar to that defined for straight, centrally loaded columns. However, 
in this case, failure is predicted when the maximum stress in the column exceeds the yield 
strength ofthe material. Let's now define a new term, P,, to be the load applied to the ec
centrically loaded column when the maximum stress is equal to the yield strength. Equa
fion (6-12) then becomes 

5 , 
A 

ec KL 
^7^'''[Yr^AE 

Now, if we define the allowable load to be 

PJN 

or 

P, = NP.. 

Design Equation 
for Eccentrically 

Loaded Columns 

this equation becomes 

Required Sy = 
NP., -fi-(fV^ (6-13) 

This equation cannot be solved for either A or P^,. Therefore, an iterative solution is re
quired, as will be demonstrated in Example Problem 6-6. 
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o 
Maximum 

Deflection in 
an Eccentrically 
Loaded Column 

Another critical factor may be the amount of deflection of the axis of the column due 
to the eccentric load: 

-•(fvli-'i '«-"» 
Note that the argument ofthe secant is the same as that u.sed in Equation (6-12). 

Example Problem 6-5 For the column of Example Problem 6-4, compute the maximum stress and deflection 
if a load of 1075 lb is applied with an eccentricity of 0.75 in. The column is initially 
straight. 

Solution Objective Compute the stress and the deflection for the eccentrically loaded column. 

Given Data from Example Problem 6 ^ , but eccentricity = e = 0.75 in. 

Solid circular cross section: D = 0.75 in; L - 32 in; Initially straight 

Both ends are pinned; KL = 32 in; /• = 0.188 in; c = DI2 = 0.375 in. 

Material: AISI 1040 hot-rolled steel; £ = 30 x lO"" psi. 

Analysis Use Equation (6-12) to compute maximum stress. Then use Equation (6-14) to compute 
maximum deflection. 

Results All terms have been evaluated before. Then the maximum stress is found from Equation (6-12): 

1075 
0 - / / 1 = 

^" 0.422 

UL/2 = 29 300 psi 

(0.75)(0.375) 
1 -I . _ _ _..— sec 

32 1075 
(0.188)- •'"V2(0.188)V (0.442)(30 X 10 )̂ 

The maximum deflection is found from Equation (6-14): 

0.75 sec 
32 1075 

2(0.188) V (0.442)(30 x 10") 
= 0.293 in 

Comments The maximum stress is 29 300 psi at the midlength of the column. The deflecfion there is 
0.293 in from the original straight central axis of the column. 

Example Problem 6-6 The stress in the column found in Example Problem 6-5 seems high for the AISI 1040 hot-
rolled .steel. Redesign the column to achieve a design factor of at least 3. 

Solution Objective Redesign the eccentrically loaded column of Example Problem 6-5 to reduce the stress and 
achieve a design factor of at least 3. 

Given Data from Example Problems d-A and 6-5. 
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Analysis Use a larger diameter. Use Equation (6-13) to compute the required strength. Then compare 
that with the strength of AISI 1040 hot-rolled steel. Iterate until the stress is satisfactory. 

Results Appendix 3 gives the value for the yield strength of AISI 1040 HR to be 42 000 psi. If we 
choose to retain the same material, the cross-sectional dimensions ofthe column must be in
creased to decrease the stress. Equation (6-13) can be used to evaluate a design altemative. 

The objective is to find suitable values for A. c. and /- for the cross section such that 
P., = 1075 lb; yV = 3; L,, = 32 in; e - 0.75 in; and the value ofthe entire right side ofthe 
equation is less than 42 000 psi. The original design had a circular cross section with a di
ameter of 0.75 in. Let's try increasing the diameter to D = 1.00 in. Then 

A = TTD'/4 = 'iT(1.00in)74 = 0.785 in-

r = D/4 = (1.00in)/4 = 0.250 in 

/•- = (0.250 in)- = 0.0625 in-

c = D/2 = (1.00in)/2 = 0.50 in 

Now let's call the right side of Equation (6-13) s[. Then 

5, 
3(1075) 

0.785 
(0.75)(0.50) 

• + (0.0625) ''' 
32 (3)(1075) 

2(0.250) V (0.785)(30 X 10") 

s' = 37 740 psi = required value of s^ 

This is a satisfactory result because it is just slightly less than the value of s, of 42 000 psi 
for the steel. 

Now we can evaluate the expected maximum deflecfion with the new design using 
Equation (6-14): 

.Vn.x = 0.75 sec 
32 1075 

^2(0.250) V (0.785)(30 X 10") 

Comments The diameter of 1.00 in is satisfactory. The maximum deflection for the column is 0.076 in. 

.Vmax = 0076 in 

Figure 6-18 shows the solution of the eccentric column problem of Example Prob
lem 6-6 using a spreadsheet to evaluate Equations (6-13) and (6-14). It is a design aid 
that facilitates the iteration required to determine an acceptable geometry for a column 
to carry a specified load with a desired design factor. Note that the data are in U.S. Cus
tomary units. At the lower left ofthe spreadsheet, data required for Equations (6-13) and 
(6-14) are entered by the designer, along with the other data discussed for earlier col
umn analysis spreadsheets. The "FINAL RESULTS" at the lower right show the com
puted value ofthe required yield strength ofthe material for the column and compare it 
with the given value entered by the designer near the upper left. The designer must en
sure that the actual value is greater than the computed value. The last part of the right 
side of the spreadsheet gives the computed maximum deflection of the column that oc
curs at its midlength. 



ECCENTRIC COLUMN ANALYSIS Data from: Example Problem 6-6 

Solves Equation (6-13) for design stress and Equation (6-14) for maximum deflection. 

Enter data for variables in italics in shaded boxes. 

Data to Be Entered: 

Length and End Fixity: 

Column length, L = 32 in 
End fixity, K = 1 

IVIaterial Properties: 

Yield strength, Sy = 42,000 psi 
Modulus of elasticity, E = 3.00E + 07 psi 

Cross Section Properties: 

[Note: Enter ror compute r = sqrt(//A).] 
[Always enter Area.] 
[Enter zero for / orr if not used.] 

Area, A = 0.785in^ 
Moment of inertia, 1 = Oin'* 

OR 
Radius of gyration, r = 0.250 in 

Values for Eqs. (6-13) and (6-14): 
Eccentricity, e = 0.75in 

Neutral axis to outside, c = 0.5 in 
Allowable load, P, = 7,075 Ib 

Design Factor: 
Design factor on load, N = 3 

-

Use consistent U.S. Customary units. 

Computed Values: 

Eq. length, /.e= KL= 32.0 in 

Column constant, Cc = 118.7 

Argument of sec = 0.749 for strength 
Value of secant = 1.3654 

Argument of sec = 0.432 for deflection 
Value of secant = 1.1014 

Slender ratio, KLIr = 128.0 

Column is: long 

FINAL RESULTS 

Req'd yield strength = 37,764 psi 
Must be less than actual yield strength: 

By = 42,000 psi 

Max deflection, y^^^ = 0.076 in 

FIGURE 6-18 Spreadsheet for analysis of eccentric columns 
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P R O B L E M S 

1. A column has both ends pinned and has a length of 32 in. 
It is made of AISI 1040 HR steel and has a circular shape 
with a diameter of 0.75 in. Determine the critical load. 

2. Repeat Problem 1 using a length of 15 in. 

3. Repeat Problem 1 with the bar made of aluminum 6061-T4. 

4. Repeat Problem I assuming both ends fixed. 

5. Repeat Problem 1 using a square cross section. 0.65 in on 
a side, instead ofthe circular cross section. 

6. Repeat Problem I with the bar made from high-impact 
acrylic plastic. 

7. A rectangular steel bar has a cross section 0.50 by 1.00 in 
and is 8.5 in long. The bar has pinned ends and is made of 
AISI 4150 OQT 1000 steel. Compute the critical load. 

8. A steel pipe has an outside diameter of 1.60 in, a wall 
thickness of 0.109 in, and a length of 6.25 ft. Compute the 
critical load for each of the end conditions shown in 
Figure 6-2. Use AISI 1020 HR steel. 

9. Compute the required diameter of a circular bar to be 
used as a column carrying a load of 8500 lb with pinned 
ends. The length is 50 in. Use AISI 4140 OQT 1000 steel 
and a design factor of 3.0. 

10. Repeat Problem 9 using AISI 1020 HR steel. 

11. Repeat Problem 9 with aluminum 20I4-T4. 

12. In Section 6-10, equations were derived for the design of 
a solid circular column, either long or short. Perform the 
derivation for a solid square cross section. 

13. Repeat the derivations called for in Problem 12 for a hol
low circular tube for any ratio of inside to outside diame
ter. That is, let the ratio R = IDIOD, and solve for the 
required OD for a given load, material, design factor, and 
end fixity. 

14. Determine the required dimensions of a column with a 
square cross section to carry an axial compressive load of 

6500 lb if its length is 64 in and its ends are fixed. Use a 
design factor of 3.0. Use aluminum 6061-T6. 

15. Repeat Problem 14 for a hollow aluminum tube (6061-
T6) with the ratio of IDIOD = 0.80. Compare the weight 
of this column with that of Problem 14. 

16. A toggle device is being used to compact scrap steel shav
ings, as illustrated in Figure P6-16. Design the two links 
of the toggle to be steel, AISI 5160 OQT 1000, with a cir
cular cross section and pinned ends. The force P required 
to crush the shavings is 5000 Ib. Use N = 3.50. 

17. Repeat Problem 16, but propo.se a design that will be 
lighter than the solid circular cross section. 

18. A sling, sketched in Figure P6-18, is to carry 18 000 Ib 
Design the spreader. 

19. For the sling in Problem 18, design the spreader if the an
gle shown is changed from 30° to 15°. 

20. A rod for a certain hydraulic cylinder behaves as a fixed-
free column when used to actuate a compactor of indus
trial waste. Its maximum extended length will be 10.75 ft. 
If it is to be made of AISI 1144 OQT 1300 steel, deter
mine the required diameter of the rod for a design factor 
of 2.5 for an axial load of 25 000 Ib. 

21. Design a column to carry 40 000 Ib. One end is pinned, 
and the other is fixed. The length is 12.75 ft. 

22. Repeat Problem 21 using a length of 4.25 ft. 

23. Repeat Problem 1 if the column has an initial crooked
ness of 0.08 in. Detemiine the allowable load for a design 
factor of 3. 

24. Repeat Problem 7 if the column has an initial crooked
ness of 0.04 in. Detennine the allowable load for a design 
factor of 3. 

25. Repeat Problem 8 if the column has an initial crooked
ness of O.l 5 in. Determine the allowable load for a design 
factor of 3 and pinned ends only. 

http://propo.se
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FIGURE P6-16 (Problems 
16 and 17) 

Crushing force = 5000 Ib 

Length typical 
both links 

Section .4 ,4 

^ 30° > < 

-6F '- ^ t -

L o a d - 18 000 Ib max 

FIGURE P6-18 (Problems 18 and 19) 

26. An aluminum (6()63-T4) column is 42 in long and has a 
square cross section. 1.25 in on a side. If it carries a com
pressive load of 1250 lb. applied with an eccentricity of 
0.60 in. compute the maximum stress in the column and 
the maximum deflection. 

27. A steel (AISI 1020 hot-rolled) column is 3.2 m long and 
is made from a standard 3-in Schedule 40 steel pipe (see 
Table A16-6). If a compressive load of 30.5 kN is applied 
with an eccentricity e)f 150 mm. compute the maximum 
stress in the column and the maximum detlection. 

28. A link in a mechanism is 14.75 in long and has a square 
cross section. 0.250 in on a side. It is made from annealed 
AISI 410 stainless steel. Use £ = 28 X 10" psi. If it car

ries a compressive load of 45 lb with an eccentricity of 
0.30 in, compute the maximum stress and the maximum 
deflection. 

29. A hollow square steel tube. 40 in long, is proposed for use 
as a prop to ht)ld up the ram of a punch press during in
stallation of new dies. The ram weighs 75 0(J0 lb. The 
prop is made from 4 x 4 x 1/4 structural tubing. It is made 
from steel similar to structural steel, ASTM A500 Grade 
C. If the load applied by the ram could have an eccentric
ity of 0.50 in, would the prop be safe? 

30. Determine the allowable load on a column 16.0 ft long 
made from a wide-flange beam shape. W5 x 19. The load 
will be centrally applied. The end conditions are some
what between fixed and hinged, say. K = 0.8. Use a de
sign factor of 3. Use ASTM A36 structural steel. 

31. Determine the allowable load on a fixed-end column hav
ing a length of 66 in if it is made from a steel American 
Standard Beam. S4 x 7.7. The material is ASTM A36 
structural steel. Use a design factor of 3. 

32. Compute the ma.ximum stress and deflection that can be 
expected in the steel machine member carrying an ec
centric load as shown in Figure P6-32. The load P is 
1000 Ib. If a design factor of 3 is desired, specify a suit
able steel. 

33. Specify a suitable steel tube from Table A16-5 to support 
one side of a platform as shown in Figure P6-33. The ma-

-72 in- 0.50 in u 
0.80 in 

A 

FIGURE P6-32 

-1.60 i n -

Section A-A 
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a 
Machine 

Platform 

Wall 18.5 ft 

Floor 

FIGURE P6-33 

terial has a yield strength of 36 ksi. The total load on the 
platform is 55 000 lb. uniformly distributed. 

34. Compute the allowable axial load on a steel channel. C5 
X 9. made from ASTM A36 structural steel. The channel 
is 112 in long and can be considered to be pinned at its 
ends. Use a design factor of 3. 

35. Repeat Problem 34 with the ends fixed rather than pinned. 

36. Repeat Problem 34. except consider the load to be applied 
along the outside of the web of the channel instead of be
ing axial. 

37. Figure P6-37 shows a 4 x 4 x 1/2 steel column made from 
ASTM A500 Grade B structural steel. To accommodate a 
special mounting restriction, the load is applied eccentri
cally as shown. Determine the amount of load that the 
column can safely support. The column is supported lat
erally by the stmcture. 

38. The device shown in Figure P6-38 is subjected to oppos
ing forces F. Determine the maximum allowable load to 
achieve a design factor of 3. The device is made from 
aluminum 6061-T6. 

39. A hydraulic cylinder is capable of exerting a force of 
5200 N to move a heavy casting along a conveyor The 
design ofthe pusher causes the load to be applied eccen
trically to the piston rod as shown in Figure P6-39. Is the 
piston rod safe under this loading if it is made from AISI 
416 stainless steel in the Q&T 1000 condition? Use E = 
200 GPa. 

L(Kld 

.S.O in 

4 x 4 x 1 / 2 
Steel tube lO.-SOft 

FIGURE P6-37 

2.5Q in 

-40.0 in-
^A 

T 
..'iO in 

0.40 in 

Section A-A 

FIGURE P6-38 
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T.SO m m 

Hydraulic 
cylinder 

Piston rod 

20 mm 

40. A standard 2-in schedule 40 steel pipe is proposed to be 
used to support the roof of a porch during renovation. Its 
length is 13.0 ft. The pipe is made from ASTM A50I 
structural steel. 

(a) Determine the safe load on the pipe to achieve a de
sign factor of 3 if the pipe is straight. 

(b) Determine the safe load if the pipe has an initial 
crookedness of 1.25 in. 

15mm 

Section A-A 

FIGURE P6-39 



PART II 

Design of a 
Mechanical Drive 

OBJECTIVES Part IT of this book contains nine chapters (Chapters 7-15) that help you gain experience 
AND CONTENT in approaching the design of an important complete device—a mechanical drive. The 

OF PART II drive, somefimes called a power transmission, serves the following functions: 

• It receives power from some kind of rotating source such as an electric motor, 
an internal combustion engine, a gas turbine engine, a hydraulic or pneumatic 
motor, a steam or water turbine, or even hand rotation provided by the operator. 

• The drive typically causes some change in the speed of rotation of the shafts 
that make up the drive so that the output shaft operates more slowly or faster 
than the input shaft. Speed reducers are more prevalent than speed increasers. 

• The active elements of the drive transmit the power from the input to the out
put shafts. 

• When there is a speed reduction, there is a corresponding increase in the torque 
transmitted. Conversely, a speed increase causes a reduction in torque at the 
output compared with the input of the drive. 

The chapters of Part II provide the detailed descriptions of the various machine ele
ments that are typically used in power transmissions: beh drives, chain drives, gears, shafts, 
bearings, keys, couplings, seals, and housings to holdall the elements together. You will leam 
the important features of these elements and the methods of analyzing and designing them. 

Of equal importance is the information provided on how the various elements in
teract with each other. You must be sensitive, for example, to how gears are mounted on 
shafts, how the shafts are supported by bearings, and how the bearings must be mounted 
securely in a housing that holds the system together. The final completed design must 
function as an integrated unit. 

THE PROCESS I" 'he design of a power transmission, you would typically know the following: 

OF DESIGNING 
A MECHANICAL 

DRIVE 

The nature ofthe driven machine: It might be a machine tool in a factory that 
cuts metal parts for engines; an electric drill used by professional carpenters or 
home craft workers; the axle of a farm tractor; the propeller shaft of a turbojet 
for an airplane; the propeller shaft for a large ship; the wheels of a toy train; a 
mechanical timing mechanism; or any other ofthe numerous products that need 
a controlled-speed drive. 
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• The level of power to be transmitted: From the examples just listed, the power 
demanded may range from thousands of horsepower for a ship, hundreds of 
horsepower for a large farm tractor or airplane, or a few watts for a timer or a toy. 

• The rotational speed oftlie drive motor or other prime mover: Typically the 
prime mover operates at a rather high speed of rotation. The shafts of standard 
electric motors rotate at about 1200. 1800. or 3600 revolutions per minute 
(rpm). Automotive engines operate from about 1000 to 6000 rpm. Universal 
motors in some hand tools (drills, saws, and routers) and household appliances 
(mixers, blenders, and vacuum cleaners) operate from 3500 to 20 000 rpm. Gas 
turbine engines for aircraft rotate many thousands of rpm. 

• The desired output speed ofthe transmission: This is highly dependent on the 
application. Some gear motors for instruments rotate less than 1.0 rpm. Pro
duction machines in factories may run a few hundred rpm. Drives for assembly 
conveyors may run fewer than 100 rpm. Aircraft propellers may operate at sev
eral thousand rpm. 

You, the designer, must then do the following: 

• Choose the type of power transmission elements to be used: gears, belt drives, 
chain drives, or other types. In fact, some power transmission systems use two 
or more types in series to optimize the performance of each. 

• Specify how the rotating elements are arranged and how the power transmis
sion elements are mounted on shafts. 

• Design the shafts to be safe under the expected torques and bending loads and 
properly locate the power transmission elements and the bearings. It is likely that 
the shafts will have several diameters and special features to accommodate keys, 
couplings, retaining rings, and other details. The dimensions of all features must 
be specified, along with the tolerances on the dimensions and surface finishes. 

• Specify suitable bearings to support the shafts and determine how they will be 
mounted on the shafts and how they will be held in a housing. 

• Specify keys to connect the shaft to the power transmission elements; couplings 
to connect the shaft from the driver to the input shaft of the transmission or to 
connect the output shaft to the driven machine; seals to effectively exclude con
taminants from entering the transmission; and other accessories. 

• Place all of the elements in a suitable housing that provides for the mounting of 
all elements and for their protection from the environment and their lubrication. 

CHAPTERS To guide you through this process of designing a mechanical drive. Part II includes the 
THAT MAKE UP following chapters. 

PART li Chapter 7: Belt Drives and Chain Drives emphasizes recognizing the variety of 
commercially available belt and chain drives, the critical design parameters, and the 
methods used to specify reasonably opfimum components of the drive systems. 

Chapter 8: Kinematics of Gears describes and defines the important geometric 
features of gears. Methods of manufacturing gears are discussed, along with the impor
tance of precision in the operation of the gears. The details of how a pair of gears oper
ates are described, and the design and the operation of two or more gear pairs in a gear 
train are analyzed. 
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Chapter 9: Spur Gear Design illustrates how to compute forces exerted by one 
tooth of a gear on its mating teeth. Methods of computing the stresses in the gear teeth 
are presented, and design procedures for specifying gear-tooth geometry and material 
are given to produce a safe, long-life gear transmission system. 

Chapter 10: Helical Gears, Bevel Gears, and Wormgearing contains ap
proaches similar to those described for spur gears, with special attention to the unique 
geometry of these types of gears. 

Chapter 11: Keys, Couplings, and Seals discusses how to design keys to be safe 
under the prevailing loads caused by the torque transmitted by them from the shaft to the 
gears or other elements. Couplings must be specified that accommodate the possible 
misalignment of connected shafts while transmitting the required torque at operating 
speeds. Seals must be specified for shafts that project through the sides of the housing 
and for bearings that must be kept free of contaminants. The maintenance of a reliable 
supply of clean lubricant for the active elements is essential. 

Chapter 12: Shaft Design discusses the fact that in addition to being designed to 
safely transmit the required torque levels at given speeds, the shafts will probably have 
several diameters and special features to accommodate keys, couplings, retaining rings, 
and other details. The dimensions of all features must be specified, along with the toler
ances on the dimensions and surface finishes. Completion ofthese tasks requires some of 
the skills developed in following chapters. So you will have to come back to this task later. 

Chapter 13: Tolerances and Fits discusses the fit of elements that are assembled 
together and that may operate on one another; this fit is critical to the pertormance and 
life of the elements. In some cases, such as fitting the inner race of a ball or roller bear
ing onto a shaft, the bearing manufacturer specifies the allowable dimensional variation 
on the shaft so that it is compatible with the tolerances to which the bearing is produced. 
There is typically an interference fit between the bearing inner race and the shaft diam
eter where the bearing is to be mounted. But there is a close sliding fit between the outer 
race and the housing that holds the bearing in place. In general, it is important for you 
to take charge of specifying the tolerances for all dimensions to ensure proper operation 
while allowing economical manufacture. 

Chapter 14: Rolling Contact Bearings focuses on commercially available rolling 
contact bearings such as ball bearings, roller bearings, tapered roller bearings, and others. 
You must be able to compute or specify the loads that the bearings will support, their 
speed of operation, and their expected life. From these data, standard bearings from man
ufacturers' catalogs will be specified. Then you must review the design process for the 
shafts as described for Chapter 12 to complete the specification of dimensions and toler
ances. It is likely that iterafion among the design processes for the power transmission el
ements, the shafts, and the bearings will be needed to achieve an optimum airangement. 

Chapter 15: Completion ofthe Design of a Power Transmission merges all of 
the preceding topics together. You will resolve the details of the design of each element 
and ensure the compatibility of mating elements. You will review all previous design de
cisions and assumptions and verify that the design meets specifications. After the indi
vidual elements have been analyzed and the iteration among them is complete, they must 
be packaged in a suitable housing to hold them securely, to protect them from contami
nants, and to protect the people who may work around them. The housing must also be 
designed to be compatible with the driver and the driven machine. That often requires 
special fastening provisions and means of locating all connected devices relative to one 
another. Assembly and service must be considered. Then you will present a final set of 
specifications for the entire power transmission system and document your design with 
suitable drawings and a written report. 
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The 
Big 
Picture 

Belt Drives and Chain Drives 

Discussion Map 

• Belts and chains are the 
major types of flexible power 
transmission elements. Belts 
operate on sheaves or 
pulleys, whereas chains 
operate on toothed wheels 
called sprockets. 

Discover 
Look around and identify at least one mechanical 
device having a belt drive and one having a chain drive 
system. 
Describe each system, and make a sketch showing 
how it receives power from some source and how it 
transfers power to a driven machine. 
Describe the differences between belt drives and chain 
drives. 

In this chapter, you will learn how to select suitable 
components for belt drives and chain drives from 
commercially available designs. 

Belts and chains represent the major types of flexible power transmission elements. 
Figure 7-1 shows a typical industrial application ofthese elements combined with a gear-
type speed reducer. This application illustrates where belts, gear drives, and chains are 
each used to best advantage. 

Rotary power is developed by the electric motor, but motors typically operate at too high 
a speed and deliver too low a torque to be appropriate for the final drive application. Remem
ber, for a given power transmission, the torque is increased in proportion to the amount that 
rotational speed is reduced. So .some speed reduction is often desirable. The high speed ofthe 
motor makes belt drives somewhat ideal for that first stage of reduction. A smaller drive pul
ley is attached to the motor shaft, while a larger diameter pulley is attached to a parallel shaft 
that operates at a correspondingly lower speed. Pulleys for belt drives are also called sheaves. 

However, if very large ratios of speed reduction are required in the drive, gear reduc
ers are desirable because they can typically accomplish large reductions in a rather small 
package. The output shaft ofthe gear-type speed reducer is generally at low speed and high 
torque. If both speed and torque are safisfactory for the application, it could be directly cou
pled to the driven machine. 

However, because gear reducers are available only at discrete reduction ratios, the output 
must often be reduced more before meeting the requirements ofthe machine. At the low-speed, 
high-torque condition, chain drives become desirable. The high torque causes high tensile forces 
to be developed in the chain. The eleinents ofthe chain are typically metal, and they are sized to 
withstand the high forces. The links of chains are engaged in toothed wheels called .sprockets to 
provide positive mechanical drive, desirable at the low-speed, high-torque conditions. 

In general, belt drives are applied where the rotational speeds are relatively high, as 
on the first stage of speed reduction from an electric motor or engine. The linear speed of a 
belt is usually 2500 to 6500 ft/min. which results in relatively low tensile forces in the belt. 
At lower speeds, the tension in the belt becomes too large for typical belt cross sections, 
and slipping may occur between the sides of the belt and the sheave or pulley that carries 
it. At higher speeds, dynamic effects such as centrifugal forces, belt whip, and vibration re
duce the effectiveness of the drive and its life. A speed of 4000 ft/min is generally ideal. 
Some belt designs employ high-strength, reinforcing strands and a cogged design that en
gages matching grooves in the pulleys to enhance their ability to transmit the high forces at 
low speeds. These designs compete with chain drives in many applications. 
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FIGURE 7-1 
Combination drive 
employing V-belts, a 
gear reducer, and a 
chain drive [Source for 
Part (/>): Browning 
Mfg. Division, 
Emerson Electric Co., 
Maysville, KYJ 

Electric 
motor 

V-belt drive 

~ -• Chain drive 

Driven 
machine 

(al Sketch of combination drive 

(/)) Photograph of an actual drive installation. Note 
that guards have been removed from the belt and 
chain drives to show detail. 

Where have you seen belt orives? Consider mechanical devices around your home or 
office; vehicles; construction equipment; heating, air conditioning, and ventilation systems; 
and industrial machinery. Describe their general appearance. To what was the input pulley 
attached? Was it operating at a fairly high speed? What was the size ofthe next pulley? Did 
it cause the second shaft to rotate at a slower speed'.' How much slower? Were there more 
stages of reduction accomplished by belts or by some other reducer? Make a sketch ofthe 
layout ofthe drive system. Make measurements if you can get access to the equipment safely. 

Where have you seen chain drives? One obvious place is likely to be the chain on a 
bicycle where the sprocket attached to the pedal-crank assembly is fairly large and that at
tached to the rear wheel is smaller. The drive sprocket and/or the driven sprocket assem-
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blies may have several sizes tt) allow the rider to select many different speed ratios to per
mit optimum operation under different conditions of speed and hill-climbing demands. 
Where else have you seen chain drives? Again consider vehicles, construction equipment, 
and industrial machinery. Describe and sketch at least one chain drive system. 

This chapter will help you learn to identify the typical design features of commer
cially available belt and chain drives. You will be able to specify suitable types and sizes to 
transmit a given level of power at a certain speed and to accomplish a specified speed ratio 
between the input and the output ofthe drive. Installation considerations are alst) described 
so that you can put your designs into successful systems. 

You Are the Designer 

A plant in Louisiana that produces sugar needs a drive 
system designed for a machine that chops long pieces of 
sugar cane into short lengths prior to processing. The 
machine's drive shaft is to rotate slowly at 30 rpm so that 
the cane is chopped smoothly and not beaten. The large 
machine requires a torque of 31 500 lb in to drive the 
chopping blades. 

Your company is asked to design the drive, and you are 
given the assignment. What kind of power source should 
be used? You might consider an electric motor, a gasoline 
engine, or a hydraulic motor. Most of these run at relatively 
high speeds, significantly higher than 30 rpm. Therefore, 
some type of speed reduction is needed. Perhaps you de
cide to use a drive similar to that shown in Figure 7 - 1 . 

Three stages of speed reduction are used. The input 
sheave of the belt drive rotates at the speed of the mo
tor, while the larger driven sheave rotates at a slower 
speed and delivers the power to the input of the gear re
ducer. The larger pari of the speed reduction is likely to 
be accomplished in the gear reducer, with the output 
shaft rotating slowly and providing a large torque. Re
member, as the speed of rotation of a rotating shaft de
creases, the torque delivered increases for a given 

power transmitted. But because there are only a limited 
number of reducer designs available, the output speed of 
the reducer will probably not be ideal for the cane chop
per input shaft. The chain drive then provides the last 
stage of reduction. 

As the designer, you must decide what type and size of 
belt drive to use and what the speed ratio between the 
driving and the driven sheave should be. How is the driv
ing sheave attached to the motor shaft? How is the driven 
sheave attached to the input shaft of the gear reducer? 
Where should the motor be mounted in relation to the gear 
reducer, and what will be the resulting center distance be
tween the two shafts? What speed reduction ratio will the 
gear reducer provide? What type of gear reducer should 
be used: helical gears, a worm and worm-gear drive, or 
bevel gears? How much additional speed reduction must 
the chain drive provide to deliver the proper speed to the 
cane-chopper shaft? What size and type of chain should 
be specified? What is the center distance between the out
put of the gear reducer and the input to the chopper? Then 
what length of chain is required? Finally, what motor 
power is required to drive the entire system at the stated 
conditions? The information in this chapter will help you 
answer questions about the design of power transmission 
systems incorporating belts and chains. Gear reducers 
are discussed in Chapter 8-10. 

7-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Describe the basic features of a belt drive system. 

2. Describe several types of belt drives. 

3. Specify suitable types and sizes of belts and sheaves to transmit a given level of 
power at specified speeds for the input and output shea\es. 

4. Specify the primary installation variables for belt drives, including center distance 
and belt length. 

5. Describe the basic features of a chain drive system. 

f^. Describe several types of chain drives. 
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FIGURE 7-2 Basic 
belt drive geometry 

Z>2 are 
pitch diameters 

7. Specify suitable types and sizes of chains and sprockets to transmit a given level 
of power at specified speeds for the input and output sprockets. 

8. Specify the primary installation variables for chain drives, including center dis
tance between the sheaves, chain length, and lubrication requirements. 

7-2 
TYPES OF BELT 

DRIVES 

A belt is a flexible power transmission element that seats tightly on a set of pulleys or 
sheaves. Figure 7-2 shows the basic layout. When the belt is used for speed reducfion, the 
typical case, the smaller sheave is mounted on the high-speed shaft, such as the shaft of an 
electric motor. The larger sheave is mounted on the driven machine. The belt is designed to 
ride around the two sheaves without slipping. 

The belt is installed by placing it around the two sheaves while the center distance be
tween them is reduced. Then the sheaves are moved apart, placing the belt in a rather high 
initial tension. When the belt is transmitting power, friction causes the belt to grip the driv
ing sheave, increasing the tension in one side, called the "tight side," ofthe drive. The ten
sile force in the belt exerts a tangential force on the driven sheave, and thus a torque is 
applied to the driven shaft. The opposite side ofthe belt is still under tension, but at a smaller 
value. Thus, it is called the "slack side." 

Many types of belts are available: flat belts, grooved or cogged belts, standard V-belts, 
double-angle V-belts. and others. See Figure 7-3 for examples. References 2-5 and 8-15 
give more examples and technical data. 

The flat belt is the simplest type, often made from leather or rubber-coated fabric. The 
sheave suiface is also flat and smooth, and the driving force is therefore limited by the pure fric
tion between the belt and the sheave. Some designers prefer flat belts for delicate machinery be
cause the belt will slip if the torque tends to rise to a level high enough to damage the machine. 

Synchrcnious belts, sometimes called timing belts [see Figure 7-3(c)], ride on sprock
ets having mating grooves into which the teeth on the belt seat. This is a posifive drive, lim
ited only by the tensile strength ofthe belt and the shear strength ofthe teeth. 

Some cog belts, such as that shown in Figure 7-3(b), are applied to standard V-grooved 
sheaves. The cogs give the belt greater flexibility and higher efficiency compared with stan
dard belts. They can operate on smaller sheave diameters. 

A widely used type of belt, particulariy in industrial drives and vehicular applications, 
is the V-hclt drive, shown in Figures 7-3(a) and 7 ^ . The V-shape causes the belt to wedge 
tightly into the groove, increasing friction and allowing high torques to be transmitted be
fore slipping occurs. Most belts have high-strength cords positioned at the pitch diameter 
of the belt cross section to increase the tensile strength of the belt. The cords, made from 
natural fibers, synthetic strands, or steel, are embedded in a firm rubber compound to pro-
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(a) Wrapped construction 
(h) Die cui, cog lype (c) Synchronous belt 

(d) Poly-rib belt 

le) Vee-band 

FIGURE 7-3 Examples of belt construction (Dayco Corp., Dayton, OH) 

(/) Double angle V-bell 

FIGURE 7-4 Cross 
section of V-belt and 
sheave groove 

Typical belt section 
and groove geometry 

Groove Belt 
y angle "^"^V ride-out 

Sheave 
outside 
diameter 

vide the flexibility needed to allow the belt to pass around the sheave. Often an outer fab
ric cover is added to give the belt good durability. 

The selecfion of commercially available V-belt drives is discussed in the next section. 

7—3 The typical arrangement ofthe elements of a V-belt drive is shown in Figure 7-2. The im-
V-BELT ORIVES portant observations to be derived from this arrangement are summarized here: 

1. The pulley, with a circumferential groove carrying the belt, is called a sheave (usu
ally pronounced "shiv"). 

2. The size of a sheave is indicated by its pitch diameter, slightly smaller than the out
side diameter ofthe sheave. 

3. The speed ratio between the driving and the driven sheaves is inversely propor
tional to the ratio ofthe sheave pitch diameters. This follows from the observation 
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that there is no slipping (under normal loads). Thus, the linear speed ofthe pitch 
line of both sheaves is the same as and equal to the belt speed, v'b. Then 

Vl, = /?|0J| = /?2W2 

But /?, = D,/2 and /?. = DJ2, Then 

D.O), DICOT 

»V. 

The angular velocity ratio is 

w, D. 
OJ. D | 

(7-1) 

(7-lA) 

(7-2) 

4. The relation.ships between pitch length, L. center distance, C, and the sheave di
ameters are 

L = 2C + 1.57 (D: + D, 
{D2 - D) 

4C 

C = 
B + VB- - 32 (D, - D,)-

(7-3) 

(7^) 

where fi = 4L - 6.28(D. + D,) 

5. The angle of contact of the belt on each sheave is 

e, = 18(J' - 2 sin" 

B. = 180" + 2sin"^ 

D. - D 

2C 

D. - D 

2C 

(7-5) 

(7-6) 

These angles are important because commercially available belts are rated with an 
assumed contact angle of 180'\ This will occur only if the drive ratio is 1 (no speed 
change). The angle of contact on the smaller ofthe two sheaves will always be less 
than 180'", requiring a lower power rating. 

6. The length of the span between the two sheaves, over which the belt is unsupported, is 

5 = JC 
D. - D, (7-7) 

This is important for two reasons: You can check the proper belt tension by measuring 
the amount of force required to deflect the belt at the middle of the span by a given 
amount. Also, the tendency for the belt to vibrate or whip is dependent on this length. 

The contributors to the stress in the belt are as follows: 
(a) The tensile force in the belt, maximum on the tight side ofthe belt. 
(b) The bending ofthe belt around the sheaves, inaximum as the tight side ofthe 

belt bends around the smaller sheave. 
(t) Centrifugal forces created as the belt moves around the sheaves. 

The maximum total stress occurs where the belt enters the smaller sheave, and 
the bending stress is a major part. Thus, there are recommended minimum 
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sheave diameters for standard belts. Using smaller sheaves drastically reduces 
belt life. 

8. The design value of the ratio of the tight side tension to thc slack side tension is 
5.0 for V-belt drives. The actual value may range as high as 10.0. 

Standard Belt Cross Sections 

Commercially available belts are made to one of the standards shown in Figures 7-5 
through 7-8. The alignment between the inch sizes and the metric sizes indicates that the 
paired sizes are actually the same cross section. A "soft conversion" was used to rename 
the familiar inch sizes with the number for the metric sizes giving the nominal top width 
in millimeters. 

The nominal value of the included angle between the sides of the V-groove ranges 
from 30° to 42°. The angle on the belt may be slightly different to achieve a tight fit in the 
groove. Some belts are designed to "ride out" ofthe groove somewhat. 

Many automotive applications use synchronous belt drives similar to that called a 
timing belt in Figure 7-3(c) or V-ribbed belts similar to that called a poly-rib belt in Figure 

FIGURE 7-5 Heavy-
duty industrial V-belts 1^1/2" ^ | ^ 2 1 / 3 2 " - - | 

Inch size: A B 
Metric size: 13C 17C 

' Number gives nominal top width in mm 

Inch size: 
Metric size: 

-11/4"- -11/2" 

3/4" 

D 
32C 

E 
38C 

29/32" 

FIGURE 7-6 
Industrial narrow-
section V-belts 

3/8" 

5/16" 

1" 

29/32" 

Inch sizes: 
Metric sizes: 

3V 
9N 

5V 
15N 

SV 
25 N 

Number gives nominal top width in mm 
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FIGURE 7-7 Light-
duty, fractional 
horsepower (FHP) 
V-belts 

Inch sizes: 
Metric sizes: 

3L 
9R 

4L 
12R 

5L 
16R 

Number gives nominal top width in mm 

FIGURE 7-8 
Automotive V-belts 

Inch sizes: 
Metric sizes: 

0.315" ().3sn" 0.440" 

0.250 
6A 

0.315 
SA 

0.380 
lOA 

0.440 
UA 

0.500" 

0.500 
13A 

Inch sizes: 
Metric sizes; 

L_ 0.600" —J L— 0.6(.0" —J U 0 

11/16 
15A 

3/4 
17A 

7/8 
20A 

1 
23A 

7-3(d). The following standards of the Society of Automotive Engineers (SAE) give di
mensions and performance standards for automotive belts. 

SAE Standard J636: V-belts and pulleys 

SAE Standard J637: Automotive V-belt drives 

SAE Standard J1278: Sl (metric) synchronous belts and pulleys 

SAE Standard Jl313: Automotive synchronous belt drives 

SAE Standard J1459: V-ribbed belts and pulleys 

7—4 The factors involved in selection of a V-belt and the driving and driven sheaves and proper in-
V-BELT DRIVE 

DESIGN 

fflDESIGN 
^^'n\^^\ 

stallation ofthe drive are summarized in this section. Abbreviated examples ofthe data avail
able from suppliers are given for illustration. Catalogs contain extensive data, and step-by-step 
instructions are given for their use. The basic data required for drive selecfion are the following: 

• The rated power of the driving motor or other prime mover 

• The service factor based on the type of driver and driven load 

• The center distance 

• The power rating for one belt as a function ofthe size and speed ofthe smaller sheave 

• The belt length 

• The size of the driving and driven sheaves 
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• The correction factor for belt length 

• The correction factor for the angle of wrap on the smaller sheave 

• The number of belts 

• The initial tension on the belt 

Many design decisions depend on the application and on space limitations. A few 
guidelines are given here: 

• Adjustment for the center distance must be provided in both directions from the 
nominal value. The center distance must be shortened at the time of installation to 
enable the belt to be placed in the grooves ofthe sheaves without force. Provision 
for increasing the center distance must be made to permit the initial tensioning of 
the drive and to take up for belt stretch. Manufacturers' catalogs give the data. One 
convenient way to accompli.sh the adjustment is the use of a take-up unit, as shown 
in Figure 14-10(b) and (c). 

• If fixed centers are required, idler pulleys should be used. It is best to use a grooved 
idler on the inside ofthe belt, close to the large sheave. Adjustable tensioners are 
commercially available to carry the idler. 

• The nominal range of center distances should be 

D. < C < 3 (D. + D|) (7-8) 

• The angle of wrap on the smaller sheave should be greater than 120°. 

• Mo.st commercially available sheaves are cast iron, which should be limited to 
6500-ft/min belt speed. 

• Consider an alternative type of drive, such as a gear type or chain, if the belt speed 
is less than 1000 ft/min. 

• Avoid elevated temperatures around belts. 

• Ensure that the shafts carrying mating sheaves are parallel and that the sheaves are 
in alignment so that the belts track smoothly into the grooves. 

• In multibelt installations, matched belts are required. Match numbers are printed 
on industrial belts, with 50 indicating a belt length very clo.se to nominal. Longer 
belts carry match numbers above 50; shorter belts below 50. 

• Belts must be installed with the initial tension recommended by the manufacturer. 
Tension should be checked after the first few hours of operation because seating 
and initial stretch occur. 

Design Data 

Catalogs typically give several dozen pages of design data for the various sizes of belts and 
sheave combinations to ease the job of drive design. The data typically are given in tabular 
form (.see Reference 2). Graphical form is also u.sed here so that you can get a feel for the 
variafion in performance with design choices. Any design made from the data in this book 
should be checked against a particular manufacturer's ratings before use. 

The data given here are for the narrow-section belts: 3V, 5V, and 8V. These three sizes 
cover a wide range of power transmission capacities. Figure 7-9 can be used to choose the 
basic size for the belt cross .section. Note that the power axis is design power, the rated 
power of the prime mover times the service factor from Table 7-1. 

Figures 7-10, 7-11, and 7-12 give the rated power per belt for the three cross sec
fions as a function of the pitch diameter of the smaller sheave and its speed of rotation. The 
i„u..i.,^ vertical lines in each figure give the standard sheave pitch diameters available. 

http://clo.se
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FIGURE 7-9 
Selection chain for 
narrow-section 
industrial V-belts 
(Dayco Corp., Dayton, 
OH) E 
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TABLE 7-1 V-belt service factors 

Driver type 

AC motors: Normal torque' 
DC motors: Shunt-wound 
Engines: Multiple-cylinder 

AC motors: High torque'' 
DC motors: Series-wound, 

compound-wound 
Engines: 4-cylinder or less 

Driven machine 
type 

Agitators, blowers, fans. 
centrifugal pumps. 
light conveyors 

Generators, machine tools. 
mixers, gravel conveyors 

Bucket elevators, textile 
machines, hammer mills. 
heavy conveyors 

Crushers, ball mills. 
hoists, rubber extruders 

Any machine that can choke 

<6h 
per day 

1.0 

1.1 

1.2 

1.3 
2.0 

6-15 h 
per day 

1.1 

1.2 

1.3 

1.4 
2.0 

> l 5 h 
per day 

1.2 

1.3 

1.4 

1.5 
2.0 

<6h 
per day 

1.1 

1.2 

1.4 

1.5 
2.0 

6-15 h 
per day 

1.2 

1.3 

1.5 

1.6 
2.0 

>15h 
per day 

1.3 

1.4 

1.6 

1.8 
2.0 

•'.Synchronous, split-phase, three-phase wilh siarting torque or breakdown torque less than 175% of full-load torque. 
'̂.Single-phase, three-phase with starting torque or breakdown torque greater than 175'/r of full-load torque. 

The basic power rating for a speed ratio of 1.00 is given as the solid curve. A given belt 
can carry a greater power as the speed ratio increases, up to a ratio of approximately 3.38. Fur
ther increases have little effect and may also lead to trouble with the angle of wrap on the 
smaller sheave. Figure 7-13 is a plot of the data for power to be added to the basic rating as a 
function of speed ratio for the 5V belt size. The catalog data ai'c given in a stepwise fashion. 



FIGURE 7-10 
Power rating: 3V belts 
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FIGURE 7-11 
Power rating: 5V belts 
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FIGURE 7-12 
Power rating: 8V belts 
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FIGURE 7-13 
Power added versus 
speed ratio: 5V belts 
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The maximum power added, for rafios of above 3.38, was used to draw the dashed curves in 
Figures 7-10, 7-11, and 7-12. In most cases, a rough interpolation between the two curves is 
satisfactory. 

Figure 7-14 gives the value of a correction factor, CQ, as a funcfion of the angle of 
wrap of the belt on the small sheave. 

Figure 7-15 gives the value ofthe correction factor, C ,̂ for belt length. A longer belt is de
sirable because it reduces the frequency with which a given part ofthe belt encounters the stress 
peak as it enters the small sheave. Only certain standard belt lengths are available (Table 7-2). 

Example Problem 7-1 illustrates the use ofthe design data. 



FIGURE 7-14 Angle 
of wrap correction 
factor, Ce 
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TABLE 7-2 

3V only 

25 
26.5 
28 
30 
31.5 
33.5 
35.5 
37.5 
40 
42.5 
45 
47.5 

165 

Standard belt lengths 

3V and 5V 

50 
53 
56 
60 
63 
67 
71 
75 
80 
85 
90 
95 

for 3V, 5V, and 8V belts (in) 

3V, 5V, and 8V 

100 
106 
112 
118 
125 
132 
140 

5V and SV 

150 
160 
170 
180 
190 
200 
212 
224 
236 
250 
265 
280 
300 
315 
335 
355 

SV only 

375 
400 
425 
450 
475 
500 

277 
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Example Problem 7-1 

Solution 

Design a V-bclt drive that has the input sheave on the shaft of an electric motor (normal 
torque) rated at 50.0 hp at 1160-rpm, full-load speed. The drive is to a bucket elevator in a 
potash plant that is to be used 12 hours (h) daily at approximately 675 rpm. 

Objective Design the V-belt drive. 

Given Power transmitted = 50 hp to bucket elevator 

Speed of motor = 1160 rpm; output speed = 675 rpm 

Analysis Use the design data presented in this section. The solution procedure is developed within 
the Results section ofthe problem solution. 

Results Step 1. Compute the design power. From Table 7-1, for a normal torque electric mo
tor running 12 h daily driving a bucket elevator, the service factor is 1.30. Then the design 
power is 1.30(50.0 hp) = 65.0 hp. 

Step 2. Select the belt section. From Figure 7-9, a 5V belt is recommended for 70.0 
hp at 1160-rpm input speed. 

Step 3. Compute the nominal speed ratio: 

Ratio = 1160/675 = 1.72 

Step 4. Compute the driving sheave size that would produce a belt speed of 4000 
ft/min, as a guide to selecting a standard sheave: 

TTD] n. 
Belt speed 12 

-ft/min 

Then the required diameter to give i-y, = 4000 ft/min is 

12r, 12(4000) 15 279 15 279 
D, = 

TTHi TT//, 1160 
13.17 in 

Step 5. Select trial sizes for the input sheave, and compute the desired size ofthe out
put sheave. Select a standard size for the output sheave, and compute the actual ratio and 
output speed. 

For this problem, the trials are given in Table 7-3 (diameters are in inches). 
The two trials in boldface in Table 7-3 give only about 1 % variation from the desired 

output speed of 675 rpm, and the speed of a bucket elevator is not critical. Because no space 
limitations were given, let's choose the larger size. 

Step 6. Determine the rated power from Figure 7-10, 7-11, or 7-12. 
For the 5V belt that we have selected. Figure 7-11 is appropriate. For a 12.4-in sheave 

at 1160 rpm, the basic rated power is 26.4 hp. Multiple behs will be required. The ratio is 
relatively high, indicating that some added power rafing can be used. This value can be es
timated from Figure 7-11 or taken directly from Figure 7-13 for the 5V belt. Power added 
is 1.15 hp. Then the actual rated power is 26.4 + 1.15 = 27.55 hp. 

Step 7. Specify a trial center distance. 
We can use Equation (7-8) to determine a nominal acceptable range for C: 

D.<C< 3(D. + D|) 

21.1 < C < 3(21.1 + 12.4) 

21.1 < C < 100.5 in 

In the interest of conserving space, let's try C = 24.0 in. 
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TABLE 7-3 Trial sheave sizes for Example Problem 7-1 

Standard driving 
sheave size. 

13.10 
12.4 
11.7 
10.8 
10.2 
9.65 
9.15 
8.9 

O, 

Approximate 
sheave 

dri 
size (1.7Z 

22.5 
21.3 
20.1 
18.6 
17.5 
16.6 
15.7 
15.3 

ven 
0|) 

Nearest standard 
sheave, DT 

21.1 
21.1 
21.1 
21.1 
15.9 
15.9 
15.9 
14.9 

Actual output 
speed (rpm) 

720 
682 
643 
594 
744 
704 
668 
693 

Step 8. Compute the required belt length from Equation (7-3): 

{D2-D,y-
L = 2C + 1.57(D3 + D,) + 4C 

(21.1 - 12.4)-
L = 2(24.0) + 1.57(21.1 + 12.4) + j ^ ^ ^ - 101.4 in 

Step 9. Select a standard belt length from Table 7-2, and compute the resulting ac
tual center distance from Equation (7-4). 

In this problem, the nearest standard length is 100.0 in. Then, from Equation (7^) , 

B = 4L- 6.28(0. + D,) = 4(100) - 6.28 (21.1 + 12.4) = 189.6 

189.6 + V(189.6)- - 32(21.1 - 12.4)- _ ^^ . 
C = — = 23.30 in 

Step 10. Compute the angle of wrap ofthe belt on the small sheave from Equation (7-5): 

e, = 180= - 2 sin' 
2C 

= 180° - 2 sin"' 
21.1 - 12.4 

2(23.30) 
= 158' 

Step 11. Determine the correction factors from Figures 7-14 and 7-15. For 0 - 158°, 
Ce = 0.94. For L = 100 in, C^ = 0.96. 

Step 12. Compute the corrected rated power per belt and the number of belts required 
to carry the design power: 

Corrected power = CHC^P = (0.94)(0.96)(27.55 hp) = 24.86 hp 

Number of belts = 65.0/24.86 = 2.61 belts (Use 3 belts.) 

Comments Summary of Design 

Input: Electric motor, 50.0 hp at 1160 rpm 
Service factor: 1.4 
Design power: 70.0 hp 
Belt: 5V cross section, 100-in length, 3 belts 
Sheaves: Driver, 12.4-in pitch diameter, 3 grooves, 5V. Driven, 21.1-in pitch diame
ter, 3 grooves, 5V 
Actual output speed: 682 rpm 
Center distance: 23.30 in 
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Belt Tension 

The initial tension given to a belt is critical because it ensures that the belt will not slip under the 
design load. At rest, die two sides ofthe belt have the same tension. As power is being transmit
ted, the tension in the tight side increases while the tension in the slack side decreases. Without 
the initial tension, the slack side would go totally loose, and the belt would not seat in the groove; 
thus, it would slip. Manufacturers' catalogs give data for the proper belt-tensioning procedures. 

Synchronous Belt Drives 

Synchronous belts are constructed with ribs or teeth across the underside ofthe belt, as shown 
in Figure 7-3(c). The teeth mate with corresponding grooves in the driving and driven pul
leys, called sprockets, providing a positive drive without slippage. Therefore, there is a fixed 
relationship between the speed ofthe driver and the speed ofthe driven sprocket. For this rea
son synchronous belts are often called timing beds. In contrast, V-belts can creep or slip with 
respect to their mating sheaves, especially under heavy loads and varying power demand. 
Synchronous action is critical to the successful operation of such systems as printing, mate
rial handling, packaging, and assembly. Synchronous belt drives are increasingly being con
sidered for applications in which gear drives or chain drives had been used previously. 

Figure 7-16 shows a synchronous belt mating with the toothed driving sprocket. Typ
ical driving and driven sprockets are shown in Figure 7-17. At least one ofthe two sprock
ets will have side flanges to ensure that the belt does not move axially. Figure 7-18 shows 

FIGURE 7-16 
Synchronous belt on 
driving sprocket 
(Copyright Rockwell 
Automation, used by 
permission) 

FIGURE 7-17 
Driving and driven 
sprockets for 
synchronous belt drive 
(Copyright Rockwell 
Automation, used by 
permission) 

FIGURE 7-18 
Dimensions of standard 
synchronous belts 

1.9mm (.075) 
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the four common tooth pitches and sizes for commercially available synchronous belts. The 
pitch is the distance from the center of one tooth to the center of the next adjacent tooth. 
Standard pitches are 5 mm, 8 mm, 14 mm, and 20 mm. 

Figure 7-3(c) shows detail of the construction of the cross section of a synchronous 
belt. The tensile strength is provided predominantly by high-strength cords made from 
fiberglass or similar materials. The cords are encased in a flexible rubber backing material, 
and the teeth are formed integrally with the backing. Often a fabric covering is used on those 
parts ofthe belt that contact the sprockets to provide additional wear resistance and higher 
net shear strength for the teeth. Various widths ofthe belts are available for each given pitch 
to provide a wide range of power transmission capacity. 

Commercially available sprockets typically employ .split-taper bushings in their hubs 
with a precise bore that provides a clearance of only 0.001 to 0.002 in (0.025 to 0.050 mm) 
relative to the shaft diameter on which it is to be mounted. Smooth, balanced, concentric 
operation results. 

The process of .selecting appropriate components for a synchronous belt drive is sim
ilar to that already discussed for V-belt drives. Manufacturers provide selection guides sim
ilar to those shown in Figure 7-19 that give the relationship between design power and the 
rotational speed of the smaller sprocket. These are used to determine the basic belt pitch re
quired. Also, numerous pages of performance data are given showing the power transmis
sion capacity for many combinations of belt width, driving and driven sprocket size, and 
center distances between the axes of the sprockets for specific belt lengths. In general the 
selection process involves the following steps. Refer to data and design procedures for spe
cific manufacturers as listed in Internet sites 2-5. 

General Selection 
Procedure for 

Synchronous Belt 
Drives 

1. Specify the speed of the driving sprocket (typically a motor or engine) and the de
sired speed of the driven sprocket. 

2. Specify the rated power for the driving motor or engine. 

3. Determine a service factor, using manufacturers' recommendations, considering 
the type of driver and the nature ofthe driven machine. 

4. Calculate the design power by multiplying the driver rated power by the service 
factor. 

5. Determine the required pitch of the belt from a specific manufacturer's data. 

6. Calculate the speed ratio between the driver and the driven sprocket. 

7. Select several candidate combinations ofthe number of teeth in the driver sprocket 
to that in the driven sprocket that will produce the desired ratio. 

8. Using the desired range of acceptable center distances, determine a standard belt 
length that will produce a suitable value. 

9. A belt-length correction factor may be required. Catalog data will show factors 
less than 1.0 for shorter center distances and greater than 1.0 for longer center dis
tances. This reflects the frequency with which a given part of the belt encounters 
the high-stress area as it enters the smaller sprocket. Apply the factor to the rated 
power capacity for the belt. 

10. Specify the final design details for the sprockets such as flanges, type and size of 
bushings in the hub, and the bore size to match the mating shafts. 

11. Summarize the design, check compatibility with other components ofthe system, 
and prepare purchasing documents. 
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FIGURE 7-19 Belt pitch selection guide for synchronous belts 
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Installation ofthe sprockets and the belt requires a nominal amount of center distance 
allowance to enable the belt teeth to slide into the sprocket grooves without force. Subse
quently, the center distance will normally have to be adjusted outward to provide a suitable 
amount of initial tension as defined by the manufacturer. The initial tension is typically less 
than that required for a V-belt drive. Idlers can be used to take up slack if fixed centers are 
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required between the driver and driven sprockets. However, they may decrease the life of 
the belt. Consult the manufacturer. 

In operation, the final tension in the tight side of the belt is much less than that de
veloped by a V-belt and the slack side tension is virtually zero. Thc results are lower net 
forces in the belt, lower side loads on the shafts carrying the sprockets, and reduced bear
ing loads. 

7-5 
CHAIN DRIVES 

A chain is a power transmission element made as a series of pin-connected links. The de
sign provides for flexibility while enabling the chain to transmit large tensile forces. See 
References 1, 6, and 7 for more technical information and manufacturers" data. 

When transmitting power between rotating shafts, the chain engages mating toothed 
wheels, called sprockets. Figure 7-20 shows a typical chain drive. 

The most common type of chain is the roller chain, in which the roller on each pin 
provides exceptionally low friction between the chain and the sprockets. Other types in
clude a variety of extended link designs used mostly in conveyor applications (see 
Figure 7-21). 

Roller chain is classified by its pitch, the distance between corresponding parts of ad
jacent links. The pitch is usually illustrated as the distance between the centers of adjacent 
pins. Standard roller chain carries a size designation from 40 to 240, as listed in Table 7—4. 
The digits (other than the final zero) indicate the pitch ofthe chain in eighths of an inch, as 
in the table. For example, the no. 100 chain has a pitch of 10/8 or 1̂  in. A series of heavy-
duty sizes, with the suffix H on the designation (60H-240H), has the same basic dimen
sions as the standard chain of the same number except for thicker side plates. In addition, 
there are the smaller and lighter sizes: 25, 35, and 41. 

The average tensile strengths ofthe various chain sizes are also listed in Table 7—4. 
These data can be used for very low speed drives or for applications in which the function 
ofthe chain is to apply a tensile force or to support a load. It is recommended that only \09c 
ofthe average tensile strength be used in such applications. For power transmission, the rat
ing of a given chain size as a function of the speed of rotation must be determined, as ex
plained later in this chapter. 

A wide variety of attachments are available to facilitate the application of roller 
chain to conveying or other material handling uses. Usually in the form of extended plates 

FIGURE 7-20 
Roller chain drive 
(Rexnord, Inc., 
Milwaukee, Wl) 
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FIGURE 7-21 Some 
roller chain styles 
(Rexnord, Inc., 
Milwaukee, WI) 
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^#|.f#|.|*!.i 
i#i.i#i.iH-l 

(t^i) Standard roller chain, 
single strand 

th) Standard roller chain, 
two-strand (also available 
with three and four strands) 

Jk 4fc.!XJt_Sk «e_ 

.•if4«l-f4«Lfi»4 (c) Heavy series roller chain 

td) Double-pitch drive chain 

le) Double-pitch conveyor chain 

TABLE 7-4 Roller chain sizes 

Chain 
number 

25 
35 
41 
40 
50 
60 
80 

100 
120 
140 
160 
ISO 
200 
240 

Pitch 
(in) 

1/4 
3/8 
1/2 
1/2 
5/8 
3/4 

1 

H 
U n 
2 

2i 
2 | 
3 

Roller 
diameter 

None 
None 
0.306 
0.312 
0.400 
0.469 
0.626 
0.750 
0.875 
1.000 
1.125 
1.406 
1.562 
1.875 

Roller 
width 

_ 

-
0.250 
0.312 
0.375 
0.500 
0.625 
0.750 
1.000 
1.000 
1.250 
1.406 
1.500 
1.875 

Link plate 
thickness 

0.030 
0.050 
0.050 
0.060 
0.080 
0.094 
0.125 
0.156 
0.187 
0.219 
0.250 
0.281 
0.312 
0.375 

Average tensile 
strength (lb) 

925 
2100 
2000 
3700 
6100 
8500 

14 500 
24 000 
34 000 
46 000 
58 000 
80 000 
95 000 

130 000 

or tabs with holes provided, the attachments make it easy to connect rods, buckets, parts 
pushers, part support devices, or conveyor slats to the chain. Figure 7-22 shows some at
tachment styles. 

Figure 7-23 shows a variety of chain types used especially for conveying and similar 
applications. Such chain typically has a longer pitch than standard roller chain (usually 
twice the pitch), and the link plates are heavier. The larger sizes have cast link plates. 
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FIGURE 7-22 Chain 
attachments 
(Rexnord, Inc., 
Milwaukee, WI) 

(a) Slats assembled to attachments to 
form a flat conveying surface 

(/)) y block assembled to attachments to 
convey round objects of varying diameters 

(< ) Attachments used as spacers to convey and 
position long objects 

7-6 
DESIGN OF 

CHAIN DRIVES 

ElDESIGN 

The rating of chain for its power transmission capacity considers three modes of failure: (1) 
fafigue of the link plates due to the repeated applicafion of the tension in the tight side of 
the chain, (2) impact ofthe rollers as they engage the sprocket teeth, and (3) galling between 
the pins of each link and the bushings on the pins. 

The ratings are based on empirical data with a smooth driver and a smooth load (serv
ice factor = I.O) and with a rated life of approximately 15 000 h. The important variables 
are the pitch of the chain and the size and rotational speed of the smaller sprocket. Lubri
cation is critical to the satisfactory operation of a chain drive. Manufacturers recommend 
the type of lubrication method for given combinations of chain size, sprocket size, and 
speed. Details are discussed later. 

Tables 7-5, 7-6. and 7-7 list the rated power for three sizes of standard chain: no. 
40 (1/2 in), no. 60 (3/4 in), and no. 80 (1.00 in). These are typical of the types of data 
available for all chain sizes in manufacturers' catalogs. Notice these features of the 
data: 

1. The ratings are based on the speed of the smaller sprocket and an expected life of 
approximately 15 000 hours. 

2. For a given speed, the power capacity increases with the number of teeth on the 
sprocket. Of course, the larger the number of teeth, the larger the diameter of the 
sprocket. Note that the use of a chain with a small pitch on a large sprocket pro
duces the quieter drive. 

3. For a given sprocket size (a given number of teeth), the power capacity in
creases with increasing speed up to a point; then it decreases. Fatigue due to 
the tension in the chain governs at the low to moderate speeds; impact on the 
sprockets governs at the higher speeds. Each sprocket size has an absolute 
upper-limit speed due to the onset of galling between the pins and the bushings 
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FIGURE 7-23 
Conveyor chains 
(Rexnord, Inc., 
Milwaukee. WI) 

Mill, narrow series 
(drive and conveyor sizes) 
Offset cast-link chain used primarily in the lumber 
industry for conveyor applications. 

Combination mitt 
(wide conveyor sizes) 
Cast block links and steel sidebar construction for 
drag conveyor applications. 

.-*f̂  Heavy-duty drag chain 
Cast steel offset block links. Used in ash and 
clinker conveyors. 

Pintle chain 
Chain constructed of a series of cast offset links 
coupled by steel pins or rivets. Suitable for slow-to 
moderate-speed drive, conveyor and elevator 
service. 

Roller-lop transfer 
Cast links with top rollers used in several strands to 
convey material transversely. 

w'^y^'^^'^aZ'.' ,nf''' •'"•^•'*-- 1 

Rooftop 
Cast root-shaped links used in several strands on 
transfer conveyors. 

Detachable 
Consists of unit links, each with an open-type hook 
that flexes on the end bar of the adjacent link. Used 
for slow- to moderate-speed drive and conveyor 
application. 

Drop-forged 
Drop-forged inner and outer links coupled by 
headed pins. Used for trolley, scraper, flight and 
similar conveyors. 

of the chain. This explains the abrupt drop in power capacity to zero at the lim
iting speed. 

4. The ratings are for a single strand of chain. Although multiple strands do increase 
the power capacity, they do not provide a direct multiple of the single-strand ca
pacity. Mulfiply the capacity in the tables by the following factors. 

Two strands: Factor =1.7 

Three strands: Factor = 2.5 

Four strands: Factor = 3.3 

5. The ratings are for a service factor of 1.0. Specify a service factor for a given ap
plication according to Table 7-8. 
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290 Chapter 7 • Belt Drives and Chain Drives 

TABLE 7-8 Service factors for chain drives 

Load type 

Smooth (agitators; fans: 
light, uniformly loaded 
conveyors) 

Hydraulic 
drive 

1.0 

Type of driver 

Electric motor 
or turbine 

1.0 

Internal combustion 
engine with 

mechanical drive 

1.2 

Moderate shock 
(machine tools, cranes, 
heavy conveyors, food 
mi.xers and grinders) 

Heavy shock (punch 
presses, hammer mills, 
recipnicaling conveyors, 
rollinn mill drive) 

1.2 

1.4 

1.3 

1.5 

1.4 

1.7 

Design Guidelines 
for Chain Drives The following are general recommendations for designing chain drives: 

1. The minimum number of teeth in a sprocket should be 17 unless the drive is op
erating at a very low speed, under 100 rpm. 

2. The maximum speed ratio should be 7.0, although higher ratios are feasible. Two 
or more stages of reduction can be used to achieve higher ratios. 

3. The center distance between the sprocket axes should be approximately 30 to 50 
pitches (30 to 50 times the pitch of the chain). 

4. The larger sprocket should normally have no more than 120 teeth. 

5. The preferred arrangement for a chain drive is with the centerline of the sprockets 
horizontal and with the tight side on top. 

6. The chain length must be an integral multiple ofthe pitch, and an even number of 
pitches is recommended. The center distance should be made adjustable to ac
commodate the chain length and to take up for tolerances and wear. Excessive sag 
on the slack side should be avoided, especially on drives that are not horizontal. A 
convenient relation between center distance (C), chain length (L), number of teeth 
in the small sprocket (A',), and number of teeth in the large sprocket {N.J, ex
pressed in pitches, is 

L = 2C + -^——- -t- -̂—̂  -2-
2 4'rT-C 

The center distance for a given chain length, again in pitches, is 

(7-9) 

C = + 
N. -f Â , 8 (A^. - yVi)2 

4TP 
(7-10) 

The computed center distance assumes no sag in either the tight or the slack side 
of the chain, and thus it is a maximum. Negative tolerances or adjustment must be 
provided. Adju.stment for wear must also be provided. 
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7. The pitch diameter of a sprocket with N teeth for a chain with a pitch of p is 

_ p 

^ " sin(I807yV) ^"^"^^^ 

8. The minimum sprocket diameter and therefore the minimum number of teeth in a 
sprocket are often limited by the size ofthe shaft on which it is mounted. Check 
the sprocket catalog. 

9. The arc of contact, 0,, of the chain on the smaller sprocket should be greater 
than 120°. 

0, = 180° - 2.sin-' [{D, - D,)/2C] (7-12) 

10. For reference, the arc of contact, 6;, on the larger sprocket is, 

0, = 180° + 2 sin"' [{D: - D,)/2C] (7-13) 

Lubrication 

It is essential that adequate lubrication be provided for chain drives. There are numer
ous moving parts within the chain, along with the interaction between the chain and the 
sprocket teeth. The designer must define the lubricant properties and the method of 
lubrication. 

Lubricant Properties. Petroleum-based lubricating oil similar to engine oil is recom
mended. Its viscosity must enable the oil to flow readily between chain surfaces that move 
relative to each other while providing adequate lubrication action. The oil should be kept 
clean and free of moisture. Table 7-9 gives the recommended lubricant for different ambi
ent temperatures. 

Method of Lubrication. The American Chain Association recommends three different 
types of lubrication depending on the speed of operation and the power being transmitted. 
See Tables 7-5 to 7-7 or manufacturer's catalogs for recommendations. Refer to the fol
lowing descriptions ofthe methods and the illustrations in Figure 7-24. 

Type A. Manual or drip lubrication: For manual lubrication, oil is applied copiously with 
a brush or a spout can, at least once every 8 h of operation. For drip feed lubrication, oil is 
fed directly onto the link plates of each chain strand. 

TABLE 7-9 Recommended lubricant for chain drives 

Ambient Recommended 
temperature lubricant 

cp 0(^ 

20 to 40 -7 to 5 SAE 20 
40 to 100 5 to 38 SAE.^0 

100 to 120 38 to 49 SAE 40 
120 to 140 49 to 60 SAE 50 



292 Chapter 7 • Belt Drives and Chain Drives 

FIGURE 7-24 
Lubrication methods 
(American Chain 
Association, 
Naples, FL) 

Sight-feed lubricator 

Wick-packed distributing pipe 

01 -a—a 
t t 
1 t 

TJ—IT 
t t 
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{a) Drip feed lubrication (Type A) 

Oil filler cap 

Oil gage Drain plug 

(b) Shallow bath lubrication (Type B) 

Oil 
filler cap 

Oil disc 

Support 
clip 

Oil gutter 

Oil gage 

Flexible metal Oil filler cap 
hose 

Casing split 

(c) Disc or slinger lubrication (Type B) 

Valve \ gage 
Oil Drain Oil spray 

Oil pump strainer plug pipe 

{d ) Oil stream lubrication (Type C) 

Type B. Bath or disc lubrication; The chain cover provides a sump of oil into which the 
chain dips continuously. Alternatively, a disc or a slinger can be attached to one ofthe shafts 
to lift oil to a trough above the lower strand of chain. The trough then delivers a stream of 
oil to the chain. The chain itself, then, does not need to dip into the oil. 

Type C. Od stream lubrication: An oil pump delivers a continuous stream of oil on the 
lower part of the chain. 

Example Problem 7-2 Design a chain drive for a heavily loaded coal conveyor to be driven by a gasoline engine 
through a mechanical drive. The input speed will be 900 rpm, and the desired output speed 
is 230 to 240 rpm. The conveyor requires 15.0 hp. 

Solution Objective Design the chain drive. 
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Given Power transmitted = 15 hp to a coal conveyor 

Speed of motor = 900 rpm; output speed range = 230 to 240 rpm 

Analysis Use the design data presented in this section. The solution procedure is developed within 
the Results section of the problem solution. 

Results Step 1. Specify a service factor and compute the design power. From Table 7-8, 
for moderate shock and a gasoline engine drive through a mechanical drive. SF = 1.4. 

Design power = 1.4(15.0) = 21.0 hp 

Step 2. Compute the desired ratio. Using the middle of the required range of output 
speeds, we have 

Ratio = (900 rpm)/(235 rpm) = 3.83 

Step 3. Refer to the tables for power capacity (Tables 7-5, 7-6, and 7-7), and select 
the chain pitch. For a single strand, the no. 60 chain with/7 = 3/4 in seems best. A I7-tooth 
sprocket is rated at 21.96 hp at 900 rpm by interpolation. At this speed, type B lubrication 
(oil bath) is required. 

Step 4. Compute the required number of teeth on the large sprocket: 

N2 = N^ X ratio = 17(3.83) = 65.11 

Let's u.se the integer: 65 teeth. 

Step 5. Compute the actual expected output speed: 

IU = n^{NjN.) = 900 rpm( 17/65) = 235.3 rpm (Okay!) 

Step 6. Compute the pitch diameters ofthe sprockets using Equation (7-11): 

= ^ = Q-75 in ^ 4 n o T 
^ ' .sin(1807A'i) sin( 180717) " 

n - /̂  _ 0.75 in ^ 15 504 • 
- " sin(1807A^2) ~ sin(180765) ' ' " ' " 

Step 7. Specify the nominal center distance. Let's use the middle ofthe recommended 

range, 40 pitches. 

Step 8. Compute the required chain length in pitches from Equation (7-9): 

Â . + Â i (A. - A|)-
L = 2C + ^ ^ + • s 

2 4TT C 
(.^ + 17 (65 - 17)-

L = 2(40) + ^ ' :; + , . , , ' = 122.5 pitches (7-9) 
^ ' 2 4-17- (40) 
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Step 9. Specify an integral number of pitches for the chain length, and compute the actual 
theoretical center distance. Let's use 122 pitches, an even number. Then, from Equation (7-10), 

C 

C 122 

N. + Â  
2 

65 + 

-f 

17 

L 
/v. + yv, 8{N2 - /V,)-

4TT-

+ 122 — 
65 + 17 8(65 - 17)-

417-
(7-10) 

C = 39.766 pitches = 39.766(0.75 in) = 29.825 in 

Step 10. Compute the angle of wrap of the chain for each sprocket using Equations 
(7-12) and (7-13). Note that the minimum angle of wrap should be 120 degrees. 

For the small sprocket, 

H, = 180" - 2 sin"' [{D. - D,)/2C] 

H, = 180° - 2.sin"' [(15.524 - 4.082)/(2(29.825))] = 158° 

Because this is greater than 120°, it is acceptable. 
For the larger sprocket, 

B, = 180° + 2sin ' (D. - D,)/2C] 

02 = 180° + 2 sin"' [(15.524 - 4.082)/(2(29.825))] = 202° 

Comments Summary of Design 

Figure 7-25(a) shows a sketch of the design to scale. 

Pitch: No. 60 chain. 3/4-in pitch 

Length: 122 pitches = 122(0.75) = 91.50 in 

Center distance: C = 29.825 in (maximum) 

Sprockets: Single-strand, no. 60. 3/4-in pitch 

Small: 17 teeth. D = 4.082 in 

Large: 65 teeth, D = 15.524 in 

Type B lubrication is required. The large sprocket can dip into an oil bath. 

39.60 

158- 5.52 

21.80 

{a) Chain drive system for E.xample Problem 7-2 {h) Chain drive system for Example Problem 7-3 

FIGURP] 7-25 Scale drawings of layouts for chain drives for Example Problems 7-2 and 7-3 
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Example Problem 7-3 Create an alternate design for the conditions of Example Problem 7-2 to produce a 

smaller drive. 

Solution Objective Design a smaller chain drive for the application in Example Problem 7-2. 

Given Power transmitted = 15 hp to a conveyor 
Speed of motor = 900 ipm; output speed range = 230 to 240 rpm 

Analysis Use a multistrand design to permit a smaller-pitch chain to be used to transmit the same de
sign power (21.0 hp) at the same speed (900 rpm). U.se the design data presented in this sec
tion. The solution procedure is developed within the Results section ofthe problem solution. 

Results Let's try a four-strand chain for which the power capacity factor is 3.3. Then the required 
power per strand is 

P = 21.0/3.3 = 6.36 hp 

From Table 7-5, we find that a no. 40 chain (1/2-in pitch) with a 17-tooth sprocket 
will be satisfactory. Type B lubrication, oil bath, can be used. 

For the required large sprocket, 

M = A, X ratio = 17(3.83) = 65.11 

Let's use /V; = 65 teeth. 
The sprocket diameters are 

P 0.500 in 
^ ' sin (180°/^,) sin(180/17) 

D. = P 0.500 in 

2.721 in 

= 10.349 in 
sin(180°/Ay2) sin(I80°/65) 

For the center distance, let's try the minimum recommended: C = 30 pitches. 

30(0.50 in) = 15.0 in 

The chain length is 

(.^ + 17 (65 - 17)-
I = '>(30) + "^ ' + -̂̂  ; = 102.9 pitches 

^^ ' 2 47T- (30) ^ 

Specify the integer length, L = 104 pitches = 104(0.50) = 52.0 in. The actual max
imum center distance is 

^ = 4 104 
65 + 17 

-I- 104 
65 + 17 8(65 - 17)-

4TT-

C = 30.54 pitches = 30.54 (0.50) = 15.272 in 

Compute the angle of wrap of the chain for each sprocket using Equations (7-12) and 
(7-13). Note that the minimum angle of wrap should be 120 degrees. 
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Comments 

For the small sprocket, 

6, = 180° - 2 sin"' [(D. - D|) /2C] 

B, = 180° - 2 sin"' [(10.349 - 2.721 )/(2( 15.272))] = 151.1° 

Becau.se this is greater than 120°, it is acceptable. 
For the larger sprocket, 

0, = 180° + 2 sin"' [(D. - D|)/2C] 

B. - 180° + 2 sin"' [(10.349 - 2.72I)/(2(15.272))] = 208.9° 

Summary 

Figure 7-25(b) shows the new design to the same scale as the first design. The space 
reduction is significant. 

Chain: No. 40, 1/2-in pitch, four-strand, 104 pitches, 52.0 in length 

Sprockets: No. 4 0 ^ (four strands), ^-in pitch 

Small: 17 teeth, D, = 2.721 in 

Large: 65 teeth, D. = 10.349 in 

Maximum center distance: 15.272 in 

Type B lubrication (oil bath) 

Spreadsheet for Chain Design 

Figure 7-26 shows a spreadsheet that assists in the design of chain drives using the proce
dure developed in this section. The user enters data shown in italics in the gray-shaded cells. 
Refer to Tables 7 ^ to 7-8 for required data. Results for Example Problem 7-3 are shown 
in the figure. 
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CHAIN DRIVE DESIGN 

Initial Input Data: 

Application: 
Drive/type: 

Driven machine: 
Power input: 

Service factor: 
input speed: 

Desired output speed: 

Example Problem 7-3—Multiple strands 

Coal Conveyor 
Engine-Mechanical drive 
Heavily loaded conveyor 

75 hp 
1.4 

900 rpm 
235 rpm 

Table 7-8 

Computed Data: 

Design power: 
Speed ratio: 

21 hp 
3.83 

Design Decisions—Chain Type and Teeth Numbers: 

Number of strands: 
Strand factor: 

Required power per strand: 
Chain number: 

Chain pitch: 
Number of teeth-Driver sprocket: 

Computed no. of teeth-Driven sprocket: 
Enter: Chosen number of teeth: 

4 
3.3 

6.36 hp 
40 
0.5 In 
17 

65.11 
65 

1 2 3 4 
1.0 1.7 2.5 3.3 

Tables 7-5, 7-6, or 7-7 

Computed Data: 

Actual output speed: 
Pitch diameter-Driver sprocket: 
Pitch diameter-Driven sprocket: 

235.4 rpm 
2.721 in 

10.349 in 

Center Distance, Chain Length and Angle of Wrap: 

Enter: Nominal center distance: 
Computed nominal chain length: 

Enter: Specified no. of pitches: 
Actual chain length: 

Computed actual center distance: 
Actual center distance: 

Angle of wrap-Driver sprocket: 
Angle of wrap-Driven sprocket: 

30 pitches 
102.9 pitches 

104 pitches 
52.00 in 

30.545 pitches 
15.272 in 

151.1 degrees 
208.9 degrees 

30 to 50 pitches recommended 

Even number recommended 

Should be greater than 120 degrees 

FIGURE 7-26 Spread sheet for chain design 
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INTERNET SITES RELATED TO BELT DRIVES AND CHAIN DRIVES 

1. American Chain A.ssociatiun. 
wuw.iimcricanchainassn.ori^ A national trade 
organization for companies providing products for the 
chain drive industry. Publishes standards and design aids 
for designing, applying, and maintaining chain drives 
and engineering chain conveyor systems. 

2. Dayco Belt Drives, www.dayco.com and 
www.markivaiito.com Manufacturer of Dayco 
industrial belt drive systems under Carlisle Power 
Transmission Products, Inc., and Dayco automotive belt 
drive systems under the MarklV Automotive Company. 

3. Dodge Power Transmission, wuu-.dodge-pt.com 
Manufacturer of numerous power transmission 
components, including V-belt and synchronous belt 
drive systems. Part of Rockwell Automation, Inc., which 
includes Reliance Electric motors and drives and Allen-
Bradley controls. 

4. Emerson Power Transmission. u\nr.emer.\on-
ept.com Manufacturer of numerous power 
transmission components including V-belt drives, 
synchronous belt drives, and roller chain drives through 
their Browning and Morse divisions. 

5. Gates Rubber Company. www.f^ate.s.cDm Rubber 
products for the automotive and industrial markets 
including V-belt drives and synchronous belt drives. 

6. Power Transmission wu\\:p(n\ertransmission.com 
A comprehensive website for companies providing 

products for the power transmission industry, many of 
which supply belt and chain drive systems. 

7. Putnam Precision Molding, Inc. 
w\vw.putnamprecisi<mmolding.com Producer of 
plastic injection molded mechanical drive components, 
including plastic chain, sprockets, and synchronous belt 
pulleys. 

8. Rexnord Corporation. www.rexiu)rd.com 
Manufacturer of power transmission and conveying 
components, including roller chain drives and 
engineered chain drive systems. 

9. Rubber Manufacturers Association, www.rma.org 
National trade association for the finished rubber 
products industry. Provides many standards and 
technical publications for the application of rubber 
products, including V-belt drives. 

10. SAE International, www.sae.org The Society of 
Automotive Engineers, the engineering society for 
advancing mobility on land or sea, in air or space. 
Offers standards on V-belts, synchronous belts, pulleys, 
and drives for automotive applications. 

11. T. B. Wood's Sons Company www.tbwoods.com 
Manufacturer of many mechanical drives products, 
including V-belt drives, synchronous belt drives, and 
adjustable speed drives. 

P R O B L E M S 

V-Belt Drives 

1. Specify the standard 3V belt length (from Table 7-2) that 
would be applied to two sheaves with pitch diameters of 
5.25 in and 13.95 in with a center distance of no more 
than 24.0 in. 

2. For the standard belt specified in Problem 1, compute the 
actual center distance that would result. 

3. For the standard belt specified in Problem 1, compute the 
angle of wrap on both of the sheaves. 

4. Specify the standard 5V belt length (from Table 7-2) that 
would be applied to two sheaves with pitch diameters of 8.4 
in and 27.7 in with a center distance of no more than 60.0 in. 

5. For the standard belt specified in Problem 4. compute the 
actual center distance that would result. 

6. For the standard belt specified in Problem 4, compute the 
angle of wrap on both of the sheaves. 

7. Specify the standard 8V belt length (from Table 7-2) that 
would be applied to two sheaves with pitch diameters of 13.8 
in and 94.8 in with a center distance of no more than 144 in. 

8. For the standard belt specified in Problem 7, compute the 
actual center distance that would result. 

9. For the standard belt specified in Problem 7, compute the 
angle of wrap on both of the sheaves. 

10. If the small sheave of Problem 1 is rotaUng at 1750 rpm, 
compute the linear speed ofthe belt. 

11. If the small sheave of Problem 4 is rotating at 1160 rpm, 
compute the linear speed ofthe belt. 

12. If the small sheave of Problem 7 is rotadng at 870 rpm, 
compute the linear speed ofthe belt. 

13. For the belt drive from Problems 1 and 10, compute the 
rated power, considering corrections for speed ratio, belt 
length, and angle of wrap. 

14. For the belt drive from Problems 4 and 11, compute the 
rated power, considering corrections for speed ratio, belt 
length, and angle of wrap. 

15. For the belt drive from Problems 7 and 12. compute the 
rated power, considering corrections for speed ratio, belt 
length, and angle of wrap. 

http://www.dayco.com
http://www.markivaiito.com
http://ept.com
http://www.f%5eate.s.cDm
http://www.rexiu)rd.com
http://www.rma.org
http://www.sae.org
http://www.tbwoods.com
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TABLE 7-10 

Problem 
number 

18. 
19. 
20. 
21. 
22. 

Driver 
type 

AC motor (HT) 
AC motor (NT) 
6-cylinder engine 
DC motor (compound) 
AC motor (HT) 

Driven 
machine 

Hammer mill 
Fan 
Heavy conveyor 
Milling machine 
Rock crusher 

Service 
t h/day) 

8 
22 
16 
16 
8 

Input 
speed 
(rpm) 

870 
1750 
1500 
1250 

870 

Input 
power 
(hp) 

25 
5 

40 
20 

100 

Nominal 
output 
speed 
(rpm) 

310 
725 
550 
695 
625 

Note: AT indicates a normal-torque electric motor. A/rindicates a high-torque eleclric motor 

16. Describe a standard 15N belt cross section. To what size 
belt (inches) would it be closest? 

17. Describe a standard 17A belt cross section. To what size 
belt (inches) would it be closest? 

For Problems 18-22 (Table 7-10). design a V-belt drive. 
Specify the belt size, the sheave sizes, the number of belts, the 
actual output speed, and the center distance. 

Roller Chain 

23. Describe a standard roller chain, no. 140. 

24. Describe a standard roller chain, no. 60. 

25. Specify a suitable standard chain to e.xert a static pulling 
force of 12501b. 

26. Roller chain is used in a hydraulic forklift truck to elevate 
the forks. If two strands suppon the load equally, which 
size would you specify for a design load of 5000 lb'.' 

27. List three typical failure modes of roller chain. 

28. Determine the power rating of a no. 60 chain, single-
strand, operating on a 20-tooth sprocket at 750 rpm. De
scribe the preferred method of lubrication. The chain 
connects a hydraulic drive with a meat grinder. 

29. For the data of Problem 28, what would be the rating for 
three strands? 

30. Determine the power rating of a no. 40 chain, single-
strand, operating on a 12-tooth sprocket at 860 rpm. De

scribe the preferred method of lubrication. The small 
sprocket is applied to the shaft of an electric motor. The 
output is to a coal conveyor. 

31. For the data of Problem 30, what would be the rating for 
four strands? 

32. Determine the power rating of a no. 80 chain, single-strand, 
operating on a 32-tooth sprocket at 1160 rpm. Describe the 
preferred method of lubrication. The input is an intemal 
combustion engine, and the output is to a fluid agitator 

33. For the data of Problem 32. what would be the rating for 
two strands'.' 

34. Specify the required length of no. 60 chain to mount on 
sprockets having 1 .S and 50 teeth with a center distance of 
no more than 36 in. 

35. For the chain specified in Problem 34. compute the actual 
center distance. 

36. Specify the required length of no. 40 chain to mount on 
sprockets having 11 and 45 teeth with a center distance of 
no more than 24 in. 

37. For the chain specified in Problem 36, compute the actual 
center distance. 

For Problems 38-42 (Table 7-11), design a roller 
chain drive. Specify the chain size, the sizes and number of 
teeth in the sprockets, the number of chain pitches, and the 
center distance. 

TABLE 7-11 

Problem 
number 

38. 
39. 
40. 
41. 
42. 

Driver 
type 

AC motor 
AC motor 
6-cylinder engine 
Steam turbine 
Hydraulic drive 

Driven 
machine 

Hammer mill 
Agitator 
Heavy conveyor 
Centrifugal pump 
Rock crusher 

Input 
speed 
(rpm) 

310 
750 
500 

2200 
625 

Input 
power 
(hp) 

25 
5 

40 
20 

100 

Nominal 
output 

speed 
(rpm) 

160 
325 
250 
775 
225 
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The 
Big 
Picture 

Kinematics of Gears 

Discussion Map 

• Gears are toothed, 
cylindrical wheels used for 
transmitting motion and 
power from one rotating 
shaft to another. 

• Most gear drives cause a 
change in the speed of the 
output gear relative to the 
input gear. 

• Some of the most common 
types of gears are spur 
gears, helical gears, bevel 
gears, and worm/wormgear 
sets. 

Discover 
Identify at least two machines or devices that employ 
gears. Describe the operation of the machines or 
devices and the appearance of the gears. 

This chapter will help you learn about the features of 
different kinds of gears, the kinematics of a pair of 
gears operating together, and the operation of gear 
trains having more than two gears. 

Gears are toothed, cylindrical wheels used for transmitting motion and power from one rotat
ing shaft to another. The teeth of a driving gear mesh accurately in the spaces between teeth on 
the driven gear as shown in Figure 8-1. The driving teeth push on the driven teeth, exerting a 
force perpendicular to the radius ofthe gear. Thus, a torque is transmitted, and because the gear 
is rotating, power is also transmitted. 

Speed Reduction Ratio. Often gears are employed to produce a change in the speed of 
rotation ofthe driven gear relative to the driving gear. In Figure 8-1, if the smaller top gear, 
called a pinion, is driving the larger lower gear, simply called the gear, the larger gear will 
rotate more slowly. The amount of speed reduction is dependent on the ratio of the number 
of teeth in the pinion to the number of teeth in the gear according to this relationship: 

np/iic = NjNp (8-1) 

The basis for this equation will be shown later in this chapter. But to show an example of its 
application here, consider that the pinion in Figure 8-1 is rotating at 1800 rpm. You can count 
the number of teeth in the pinion to be 11 and the number of teeth in the gear to be 18. Then 
we can compute the rotational speed ofthe gear by solving Equation (8-1) for n^: 

He = UpiNp/Nc) = (1800 rpm)(l 1/18) = 1100 rpm 

When there is a reduction in the speed of rotation of the gear, there is a simultaneous propor
tional increase in the torque transmitted to the shaft carrying the gear. More will be said about 
this later, also. 

Kinds of Gears. Several kinds of gears having different tooth geometries are in common 
use. To acquaint you with the general appearance of some, their basic descriptions are given 
here. Later we will describe their geometry more completely. 

Figure 8-2 shows a photograph of many kinds of gears. Labels indicate the major 
types of gears that are discussed in this chapter: spur gears, helical gears, bevel gears, and 
worm/wormgear sets. Obviously, the shafts that would carry the gears are not included in 
this photograph. 
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FIGURE 8-1 Pair of 
spur gears. The pinion 
drives the gear. 

Pinion: 11 teeth = Np 
Pitch circle 

Outside diameter 

Pitch diameter 

Tooth profile 
(involute) 

Pitch circle 

Center 
distance 

Gear: 18 teeth = NQ 

Spur gears have teeth that are straight and arranged parallel to the axis of the shaft 
that carries the gear. The curved shape of the faces of the spur gear teeth have a special 
geometry called an involute cuiye, described later in this chapter. This shape makes it pos
sible for two gears to operate together with smooth, positive transmission of power. Figure 
8-1 also shows the side view of spur gear teeth, and the involute curve shape is evident 
there. The shafts carrying the gears are parallel. 

The teeth of helical gears are arranged so that they lie at an angle with respect to the 
axis ofthe shaft. The angle, called the heli.x angle, can be virtually any angle. Typical helix 
angles range from approximately 10° to 30°, but angles up to 45° are practical. The helical 
teeth operate more smoothly than equivalent spur gear teeth, and stresses are lower. There
fore, a smaller helical gear can be designed for a given power-transmitting capacity as com
pared with spur gears. One disadvantage of helical gears is that an axial force, called a thrust 
force, is generated in addition to the driving force that acts tangent to the basic cylinder on 
which the teeth are arranged. The designer must consider the thrust force when selecting 
bearings that will hold the shaft during operation. Shafts carrying helical gears are typically 
arranged parallel to each other. However, a special design, called crossed helical gears, has 
45° helix angles, and their shafts operate 90° to each other. 

Bevel gears have teeth that are arranged as elements on the surface of a cone. The 
teeth of straight bevel gears appear to be similar to spur gear teeth, but they are tapered, be
ing wider at the outside and narrower at the top of the cone. Bevel gears typically operate 
on shafts that are 90° to each other. Indeed, this is often the reason for specifying bevel gears 
in a drive system. Specially designed bevel gears can operate on shafts that are at some an
gle other than 90°. When bevel gears are made with teeth that form a helix angle similar to 
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FIGURE 8-2 A variety of gear types (Boston Gear, Quincy, MA) 



304 Chapter 8 • Kinematics of Gears 

that in helical gears, they are called spiral bevel gears. They operate more smoothly than 
straight bevel gears and can be made smaller for a given power transmission capacity. When 
both bevel gears in a pair have the same number of teeth, they are called miter gears and 
are used only to change the axes of the shafts to 90 degrees. No speed change occurs. 

A rack is a straight gear that moves linearly instead of rotating. When a circular gear 
is mated with a rack, as shown toward the right side of Figure 8-2, the combination is called 
a rack and pinion drive. You may have heard that term applied to the steering mechanism 
of a car or to a part of other machinery. See Section 8-6 for more discussion about a rack. 

A worm and its mating wormgear operate on shafts that are at 90° to each other. They 
typically accomplish a rather large speed reduction ratio compared with other types of 
gears. The worm is the driver, and the wormgear is the driven gear. The teeth on the worm 
appear similar to screw threads, and, indeed, they are often called threads rather than teeth. 
The teeth of the wormgear can be straight like spur gear teeth, or they can be helical. Often 
the shape of the tip of the wormgear teeth is enlarged to partially wrap around the threads 
ofthe worm to improve the power transmission capacity ofthe set. One disadvantage ofthe 
worm/wormgear drive is that it has a somewhat lower mechanical efficiency than most 
other kinds of gears because there is extensive rubbing contact between the surfaces ofthe 
worm threads and the sides of the wormgear teeth. 

Where Have You Observed Gears? Think of examples where you have seen gears 
in actual equipment. Describe the operation ofthe equipment, particularly the power trans
mission system. Sometimes, of course, the gears and the shafts are enclosed in a housing, 
making it difficult for you to observe the actual gears. Perhaps you can find a manual for 
the equipment that shows the drive system. Or look elsewhere in this chapter and in 
Chapters 9 and 10 for some photographs of commercially available gear reducers. (Note: If 
the equipment you are obserx'ing is operating, be very- careful not to come in contact with 
any moving parts!) Try to answer these questions: 

• What was the source of the power? An electric motor, a gasoline engine, a steam 
turbine, a hydraulic motor? Or were the gears operated by hand? 

• How were the gears arranged together, and how were they attached to the driving 
source and the driven machine? 

• Was there a speed change? Can you determine how much of a change? 

• Were there more than two gears in the drive system? 

• What types of gears were used? (You should refer to Figure 8-2.) 

• What materials were the gears made from? 

• How were the gears attached to the shafts that supported them? 

• Were the shafts for mating gears aligned parallel to each other, or were they per
pendicular to one another? 

• How were the shafts themselves supported? 

• Was the gear transmission sy.stem enclosed in a housing? If so, describe it. 

This chapter will help you learn the basic geometries and kinematics of gears and 
pairs of gears operating together. You will also learn how to analyze gear trains having more 
than two gears so that you can describe the motion of each gear. Then you will leam how 
to devise a gear train to produce a given speed reduction ratio. In later chapters, you will 
learn how to analyze gears for their power transmission capacity and to design gear trains 
to transmit a given amount of power at a specified ratio of the speed of the input shaft to the 
speed of the output shaft. 
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You Are the Designer 

A gear-type speed reducer was described in Chapter 1, 
and a sketch of the layout of the gears within the reducer 
was shown in Figure 1-1 .You are advised to review that 
discussion now because it will help you understand how 
the present chapter on gear geometry and kinematics f\\s 
into the design of the complete speed reducer. 

Assume that you are responsible for the design of a 
speed reducer that will take the power from the shaft of 
an electric motor rotating at 1750 rpm and deliver it to a 
machine that is to operate at approximately 292 rpm. You 
have decided to use gears to transmit the power, and you 
are proposing a double-reduction speed reducer like that 
shown in Figure 8-3. This chapter will give you the infor
mation you need to define the general nature of the gears, 
including their arrangement and their relative sizes. 

The input shaft (shaft 1) is coupled to the motor shaft. 
The first gear of the gear train is mounted on this shaft and 
rotates at the same speed as the motor, 1750 rpm. Gear 
1 drives the mating gear 2, which is larger, causing the 
speed of rotation of shaft 2 to be slower than that of shaft 
1. But the speed is not yet down to 292 rpm as desired. 

The next step is to mount a third gear (gear 3) on shaft 
2 and mate it with gear 4 mounted on the output shaft, 
shaft 3. With proper sizing of all four gears, you should be 
able to produce an output speed equal or quite close to 
the desired speed. This process requires knowledge of 
the concept of velocity ratio and the techniques of de
signing gear trains as presented in this chapter. 

But you will also need to specify the appearance of 
the gears and the geometry of the several features that 
make up each gear. Whereas the final specification also 

requires the information from following chapters, you will 
learn how to recognize common forms of gears and to 
compute the dimensions of key features. This will be im
portant when completing the design for strength and 
wear resistance in later chapters. 

Let's say that you have chosen to use spur gears in 
your design. What design decisions must you make to 
complete the specification of all four gears? The following 
list gives some of the important parameters for each gear: 

• The number of teeth 
• The form of the teeth 

• The size of the teeth as indicated by the pitch 
• The width of the face of the teeth 
• The style and dimensions of the gear blank into 

which the gear teeth are to be machined 
• The design of the hub for the gear that facilitates its 

mounting to the shaft 
• The degree of precision of the gear teeth and the 

corresponding method of manufacture that can 
produce that precision 

• The means of attaching the gear to its shaft 
• The means of locating the gear axially on the shaft 

To make reliable decisions about these parameters, 
you must understand the special geometry of spur gears 
as presented first in this chapter. However, there are 
other forms of gears that you could choose. Later sec
tions give the special geometry of helical gears, bevel 
gears, and worm/wormgear sets. The methods of ana
lyzing the forces on these various kinds of gears are de
scribed in later chapters, including the stress analysis of 
the gear teeth and recommendations on material selec
tion to ensure safe operation with long life. 

Ball bearing 

Gear A 

GearB 

End view of gear pair I -
Gears A and B 

Section view of double-reduction gear type 
speed reducer 

End view of gear pair 2-
Gears C and D 

FIGURE 8-3 Conceptual design for a speed reducer 
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8-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Recognize and describe the main features of spur gears, helical gears, bevel gears, 
and worm/wormgear sets, 

2. Describe the important operating characteristics of the.se various types of gears 
with regard to the similarities and differences among them and their general ad
vantages and disadvantages. 

3. Describe the involute-tooth form and discuss its relationship to the law of gearing. 

4. Describe the basic functions of the American Gear Manufacturers Association 
(AGMA) and identify pertinent standards developed and published by this 
organization. 

5. Define velocity ratio as it pertains to two gears operating together. 

6. Specify appropriate numbers of teeth for a mating pair of gears to produce a given 
velocity ratio. 

7. Define train value as it pertains to the overall speed ratio between the input and output 
shafts of a gear-type speed reducer (or speed increaser) that uses more than two gears. 

8—2 Figure 8-4 shows several different styles of commercially available spur gears. When gears 
SPUR GEAR are large, the spoked design in Part (a) is often used to save weight. The gear teeth are ma-

STYLES chined into a relatively thin rim that is held by a set of spokes connecting to the hub. The 
bore of the hub is typically designed to be a close sliding fit with the shaft that carries the 

^̂ î AWSSVV'J 

(il) Spur gear with spoked 
design 

D. 
/ ; 

-.F. 

^ 

w 
X 

"mA 
sb 

-H 

Spoked 

(/)) Spur gear wilh solid hub 

hH 

Do D~ 

^asagggg, 
;/\AA/^b^WV 

(c) Rack-straight 
spur gear 

(d) Spur gear with 
thinned web 

D„ = outside dia. 

D= pitch dia. 

F = face width 

L= length of hub 

X = extension of hub 

beyond face 

H= hub dia. 

FIGURE 8-4 Spur gears (Emerson Power Transmission Corporation, Browning Division, Maysville, KY) 
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gear. A keyway is usually machined into the bore to allow a key to be inserted for positive 
transmission of torque. The illustration does not include a keyway because this gear is sold 
as a stock item, and the ultimate user finishes the bore to match a given piece of equipment. 

The solid hub design in Figure 8^ (b ) is typical of smaller spur gears. Here the fin
ished bore with a keyway is visible. The set screw over the keyway allows the locking of 
the key in place after assembly. 

When spur gear teeth are machined into a straight, fiat bar, the assembly is called a rack, 
as shown in Figure 8-4(c). The rack is essentially a spur gear with an infinite radius. In this form, 
the teeth become .straight-sided, rather than the curved, involute form typical of smaller gears. 

Gears with diameters between the small solid form [Part (b)] and the larger spoked form 
[Part (a)] are often produced with a thinned web as shown in Part (d), again to save weight. 

You as a designer may create special designs for gears that you implement into a me
chanical device or system. One useful approach is to machine the gear teeth of small pin
ions directly into the surface of the shaft that carries the gear. This is very often done for the 
input shaft of gear reducers. 

8—3 
SPUR GEAR 
GEOMETRY 
INVOLUTE-

TOOTH FORM 

The most widely used spur gear tooth form is the full-depth involute form. Its characteris
tic shape is shown in Figure 8-5. 

The involute is one of a class of geometric curves called conjugate curves. When two 
such gear teeth are in mesh and rotating, there is a con.stant angular velocity ratio between 
them: From the moment of initial contact to the moment of disengagement, the speed of the 
driving gear is in a constant proportion to the speed of the driven gear. The resulting action 
ofthe two gears is very smooth. If this were not the case, there would be some speeding up 
and slowing down during the engagement, with the resulting accelerations causing vibra
tion, noise, and dangerous torsional oscillations in the system. 

You can easily visualize an involute curve by taking a cylinder and wrapping a string 
around its circumference. Tie a pencil to the end of the string. Then start with the pencil 
tight against the cylinder, and hold the string taut. Move the pencil away from the cylinder 
while keeping the string taut. The curve that you will draw is an involute. Figure 8-6 is a 
sketch of the process. 

The circle represented by the cylinder is called the ba.se circle. Notice that at any position 
on the curve, the string represents a line tangent to the base circle and, at the same time, peipen
dicular to the involute. Drawing another base circle along the same centerline in such a position 
that the resulting involute is tangent to the first one, as shown in Figure 8-7, demonstrates that 
at the point of contact, the two lines tangent to the base circles are coincident and will stay in the 
same position as the base circles rotate. This is what happens when two gear teeth are in mesh. 

It is a fundamental principle of kinematics, the study of motion, that if the line drawn 
perpendicular to the surfaces of two rotating bodies at their point of contact always crosses 
the centerline between the two bodies at the same place, the angular velocity ratio of the 
two bodies will be constant. This is a statement ofthe law of gearing. As demonstrated here, 
the gear teeth made in the involute-tooth form obey the law. 

Of course, only the part of the gear tooth that actually comes into contact with the 
mating tooth needs to be in the involute form. 

FIGURE 8-5 
Involute-tooth form 

Involute tooth form 
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FIGURE 8-6 
Graphical generation of 
an involute curve 

Cylinder 
(base circle) 

String 

Involute 
curve 

FIGURE 8-7 Mating 
involutes 

Base circle 2 

Base circle 1 

8-4 
SPUR GEAR 

NOMENCLATURE 
AND GEAR-

TOOTH 
FEATURES 

EDDESIGN 

This section describes several feahires of individual spur gear teeth and complete gears. Terms 
and symbols used conform to American Gear Manufacturers Association (AGMA) standards. 
(See Reference 1 for a more complete set of definitions.) Figure 8-8 shows drawings of spur 
gear teeth, with the symbols for the various features indicated. These features are described next. 

Pitch Diameter 

Figure 8-9 shows teeth from two gears in mesh to demonstrate the relative positions of the 
teeth at several stages of engagement. One of the most important observations that can be 
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FIGURE 8-8 Spur 
gear teeth features 

Addendum 

DedenduTn/'^ thickness 

Clearance 
radius 

Dedendum 
circle Clearance 

circle 

FIGURE 8-9 Cycle 
of engagement of gear 
teeth 

Gear 2 
driven 

made from Figure 8-9 is that throughout the engagement cycle there are two circles, one 
from each gear, that remain tangent. These are called the pdch circles. The diameter of the 
pitch circle of a gear is its pitch diameter; the point of tangency is the pdch point. 

When two gears mesh, the smaller gear is called the pinion, and the larger is the gear. 
We will use the symbol Dp to indicate the pitch diameter of the pinion, and the symbol DQ 
for the pitch diameter of the gear. When referring to the number of teeth, we will use Â ;, for 
the pinion and NQ for the gear. 

Notice that the pitch diameter lies somewhere within the height ofthe gear tooth, and 
thus it is not possible to measure its diameter directly. It must be calculated from other 
known features of the gear; this calculation depends on understanding the concept of pitch, 
discussed in the following section. 

Pitch 
The spacing between adjacent teeth and the size of the teeth are controlled by the pitch of 
the teeth. Three types of pitch designation systems are in common use for gears: (1) circu
lar pitch, (2) diametral pitch, and (3) the metric module. 
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o Circular Pitch 

Circular Pitch, p. 

The distance from a point on a tooth of a gear at the pitch circle to a 
corresponding point on the next adjacent tooth, measured along the pitch circle, 
is the circular pitch {see Figure 8-8). 

Note that it is an arc length, usually in inches. To compute the value ofthe circular pitch, 
take the circumference of the pitch circle and divide it into a number of equal parts cor
responding to the number of teeth in the gear. Using N for the number of teeth, we have 

p = TTD/N (8-2) 

Notice that the tooth size increa.ses as the value ofthe circular pitch increases because there 
is a larger pitch circle for the same number of teeth. Also note that the basic sizes of the 
mating gear teeth must be the same for them to mesh properly. This observation leads to a 
very important rule: 

The pitch of two gears in mesh must be identical. 

This must be true whether the pitch is indicated as the circular pitch, the diametral pitch, or 
the metric module. Then Equation (8-2) can be written in terms of either the pinion or the 
gear diameter: 

Circular Pitch p = -nDjNQ = i^Dp/Np (8-3) 

Circular pitch is infrequently used now. It is sometimes an advantage to use this sys
tem when large gears are to be made by casting. To facilitate the layout of the pattem for 
the casting, lay off the chord of the arc length of the circular pitch. Also, some machines 
and product lines of machines have traditionally used circular pitch gears and continue to 
do so. Table 8-1 lists the recommended standard circular pitches for large gear teeth. 

Diametral Pitch, ^ , The most common pitch system used today in the United States is 
the diametral pitch system, the number of teeth per inch of pitch diameter. Its basic defini
tion is 

o Diametral Pitch PJ = NjDa = Np/Dp (8^) 

As such, it has units of in "' . However, the units are rarely reported, and gears are referred 
to as 8-pitch or 20-pitch, for example. One of the advantages of the diametral pitch system 
is that there is a set list of standard pitches, and most of the pitches have integer values. 
Table 8-2 lists the recommended standard pitches, with those of 20 and above caWed fine 
pdch and those below 20 called coarse pdch. 

TABLE 8-1 

10.0 
9.5 
9.0 
8.5 
8.0 

Standard circular 
pitches (in) 

7.5 
7.0 
6.5 
6.0 
5.5 

5.0 
4.5 
4.0 
3.5 

TABLE 8-2 Standard diametral pitches (teeth/in) 

Coarse pitch 
(PJ < 20) 

1 
1.25 
1.5 
1.75 

2 
2.5 
3 
4 

5 
6 
8 

10 

12 
14 
16 
18 

Fine pitch 
(PJ ^ 20) 

20 
24 
32 
48 
64 

72 
80 
96 

120 
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FIGURE 8-10 Gear 
tooth size as a function 
of diametral pitch 
(Barber-Colman 
Company, Loves 
Park, IL) 

Relation between 
Circular and 

Diametral Pitches 

Other intermediate values are available, but most manufacturers produce gears from 
this list of pitches. In any case, it is advisable to check availability before finally specifying 
a pitch. In problem solutions in this book, it isexpected that one of the pitches listed in Table 
8-2 will be used if possible. 

As stated before, the pitch of the gear teeth determines their size, and two mating 
gears must have the same pitch. Figure 8-10 shows the profiles of .some of the standard di
ametral pitch gear teeth, drawn actual size. That is, you can lay a given gear down on the 
page and compare its size with the drawing to obtain a good estimate of the pitch of the 
teeth. Notice that as the numerical value of the diametral pitch increases, the physical size 
of the tooth decreases, and vice versa. 

Sometimes it is necessary to convert from diametral pitch to circular pitch, or vice 
versa. Their definitions provide a simple means of doing this. Solving for the pitch diame
ter in both Equations (8-2) and (8-4) gives 

Equating these two gives 

D = Np/ir 
D = N/P, 

N/Pj = Np/tT or PJP = TT (8-5) 

From this equation, the equivalent circular pitch for a gear having a diametral pitch of 1 is 
p = ^/l = 3.1416. Referring to Tables 8-1 and 8-2, notice that the circular pitches listed 
are for the larger gear teeth, being preferred when the diametral pitch is less than 1. Di
ametral pitch is preferred for sizes equivalent to 1 pitch or smaller. 
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o IVIetric IVIodule 

Relation between 
IVIodule and 

Diametral Pitch 

Metric Module System, in the Sl, a common unit of length is the millimeter. The pitch 
of gears in the metric system is based on this unit and is designated the module, m. To find 
the module of a gear, divide the pitch diameter of the gear in millimeters by the number of 
teeth. That is. 

m = DjNc = D^/N^ (8-6) 

There is rarely a need to convert from the module system to the diametral pitch sys
tem. However, it is important to have a feel for the physical size of gear teeth. Because at 
this time people are more familiar with the standard diametral pitches, as shown in Figure 
8-10, we will develop the relationship between m and P,,. From their definifions, Equafions 
(8^) and (8-6), we can say 

m \/P, 

But recall that diametral pitch uses the inch unit, and module uses the millimeter. There
fore, the conversion factor of 25.4 mm per inch must be appUed. 

25.4 mm 
in 

Pj\n in 

(8-7) 

This reduces to 

m = 25,4/P,i 

For example, if a gear has a diametral pitch of 10, the equivalent module is 

m = 25.4/10 = 2.54 mm 

This is not a standard value for module, but it is close to the standard value of 2.5. So it can 
be concluded that a 10-pitch gear is of similar size to a gear with module 2.5. Table 8-3 
gives selected standard modules with their equivalent diametral pitches. 

Gear-Tooth Features 
In design and inspection of gear teeth, several special features must be known. Figure 8-8, 
presented earlier, and Figure 8-11, which shows segments of two gears in mesh, identify 
these features. They are defined in the list that follows. Table 8-4 gives the relationships 
needed to compute their values. See References 1, 2, 4, 7, and 8 for the relevant AGMA 
standards. References 9, 10, and 12 provide much additional data. Note that many ofthe 
computations involve the diametral pitch, again illustrating that the physical size of a gear 
tooth is determined by its diametral pitch. The definitions are for extemal gears. Internal 
gears are discussed in Section 8-6. 

• Addendum (a): The radial distance from the pitch circle to the outside of a tooth. 

• Dedendum (b): The radial distance from the pitch circle to the bottom of the 
tooth space. 

• Clearance (c): Thc radial distance from the top of a tooth to the bottom of the 
tooth space of the mating gear when the tooth is fully engaged. Note that 

Clearance c = b (8-«) 
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TABLE 8-3 Standard modules 

Module 
(mm) 

Tooth space 

Outside 
circle 

Equivalent 

P, 

FIGURE 8-11 Gear 
pair features 

0.3 
0.4 
0.5 
0.8 
1 
1.25 
1.5 
T 

2.5 
3 
4 
5 
6 
8 

10 
12 
16 
20 
25 

84.667 
63.500 
50.800 
31.750 
25.400 
20.320 
16.933 
12.700 
10.160 
8.466 
6.350 
5.080 
4.233 
3.175 
2.540 
2.117 
1.587 
1.270 
1.016 

Closest standard Pj 
(teeth/in) 

80 
64 
48 
32 
24 
20 
16 
12 
10 

8 

6 

5 
4 

3 

2.5 
2 
1.5 

1.25 
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o Outside Diameter 
Basic Definition 

TABLE 8-4 Formulas for gear-tooth features for 20° pressure angle 

Feature 

Addendum 
Dedendum 
Clearance 

Symbol 

a 
b 
c 

Full-depth involute system 

Coarse pitch 
(/*,/< 20) 

l//>, 
1.25/^, 
0.25/^,, 

Fine pitch 
(P,,^20) 

\IPu 
1.200IP,i + 0.002 
0.200/P,/ + 0.002 

Metric 
module 
system 

1.00m 
1.25m 
0.25m 

Outside diameter (DJ: The diameter of the circle that encloses the outside of the 
gear teeth. Note that 

D„ = D + 2a (8-9) 

Also note that both the pitch diameter, D, and the addendum, a, are defined in terms ofthe 
diametral pitch, P,,. Making these substitutions produces a very u.seful form ofthe equafion 
for outside diameter: 

o ., Outside Diameter 
in Terms of Pnand N 

Outside Diameter 
C^ in Metric 

IVIodule system 

o 

o 

Root Diameter 

Whole Depth 

Cy Worlcing Depth 

O Whole Depth 

C^ Tooth Thickness 

" P, P., P, 

In the metric module system, a similar equation can be derived: 

(8-10) 

D„ = inN + 2m = m{N -\- 2) (8-11) 

Root diameter (Dn): The diameter of the circle that contains the bottom of the 
tooth space; this circle is called the root circle. Note that 

Dp = D - 2b (8-12) 

Whole depth (h,): The radial distance from the top of a tooth to the bottom ofthe 
tooth space. Note that 

h, ^ a + b (8-13) 

Working depth Oh): The radial distance that a gear tooth projects into the tooth 
space of the mating gear. Note that 

and 
//, - a + a = 2a 

h, = h, + c 

(8-14) 

(8-15) 

Tooth thickness (t): The arc length, measured on the pitch circle from one side of 
a tooth to the other side. This is sometimes called the circidar thickness and has 
the theoretical value of one-half of the circular pitch. That is, 

t = p/2 = Tr/2P,/ (8-16) 

Tooth space: The arc length, measured on the pitch circle, from the right side of 
one tooth to the left side ofthe next tooth. Theoretically, the tooth space equals the 
tooth thickness. But for practical reasons, the tooth space is made larger (see 
"Backlash"). 
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• Backlash: If the tooth thickness were made identical in value to the tooth space, 
as it theoretically is, the tooth geometry would have to be absolutely precise for 
the gears to operate, and there would be no space available for lubrication ofthe 
tooth surfaces. To alleviate the.se problems, practical gears are made with the tooth 
space slightly larger than the tooth thickness, the difference being called the back
lash. To provide backlash, the cutter generating the gear teeth can be fed more 
deeply into the gear blank than the theoretical value on either or both of the mat
ing gears. Alternatively, backlash can be created by adjusting the center distance 
to a larger value than the theoretical value. 

The magnitude of backlash depends on the desired precision of the gear pair 
and on the size and the pitch ofthe gears. It is actually a design decision, balancing 
cost of production with desired performance. The American Gear Manufacturers 
Association (AGMA) provides recommendations for backlash in their standards. 
(See Reference 2.) Table 8-5 lists recommended ranges for several values of pitch. 

• Face width (F): The width of the tooth measured parallel to the axis of thc gear. 

• Fillet: The arc joining the involute-tooth profile to the root of the tooth space. 

• Face: The surface of a gear tooth from the pitch circle to the outside circle of the 
gear. 

• Flank: The surface of a gear tooth from the pitch circle to the root of the tooth 
space, including the fillet. 

TABLE 8-5 Recommended minimum backlash for coarse pitch gears 

A. Diametral 

P, 

18 
12 
8 
5 
3 
2 

1.25 

B. Metric 

Module. 
m 

1.5 
2 
3 
5 
8 

12 
18 

pitch 

module 

1 system (backlash in inches) 

2 

0.005 
0.006 
0.007 

system (backlash in 

50 

0.13 
0.14 
0.18 

4 

0.006 
0.007 
0.008 
0.010 
0.014 

Center distance. 

millimeters) 

100 

0.16 
0.17 
0.20 
0.26 
0.35 

8 

0.009 
0.010 
0.012 
0.016 
0.021 

Center distance. 

200 

0.22 
0.25 
0.31 
0.40 
0.52 

C(in) 

C(mm) 

16 

0.014 
0.016 
0.020 
0.025 
0.034 

400 

0.35 
0.41 
0.50 
0.62 
0.80 

32 

0.028 
0.033 
0.042 

800 

0.70 
0.82 
1.00 

Source: Extracted from AGMA 2002-688 Slandard, Tooth Tliickness .Specification und i\tcu.uo-cnient. wilh 
permis.sion ofthe publisher, American Gear Manufacturers Association, 1500 King Street. Suite 201. 
Alexandria. VA 22314. 
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• Center distance (C): The distance from the center of the pinion to the center ofthe 
gear; the sum of the pitch radii of two gears in mesh. That is, because radius = 
diameter/2, 

O Center Distance C = Da/2 + Dp/2 = {Da + Dp)/2 (8-17) 

Also note that both pitch diameters can be expressed in terms ofthe diametral pitch: 

Center Distance 
in terms of 

Na,Np, and P^ 

o Base Circle 
Diameter 

C = ^ ^ 
\Na 

[Pj 
-fr 

Npl 

Kl \ 

(NG + Np) 

2P, 
(8-18) 

It is recommended that Equation (8-18) be used for center distance becau,se all ofthe terms 
are usually integers, giving greater accuracy in the computation. In the metric module sys
tem, a similar equation can be derived: 

C = {Da + Dp)/2 = {inNa + mNp)/2 = [{NQ + Np)m]/2 (8-19) 

Pressure Angle 

The pressure angle is the angle between the tangent to the pitch circles and the 
line drawn normal {perpendicular) to the surface ofthe gear tooth {see Figure 
8-12). 

The normal line is sometimes referred to as the line of action. When two gear teeth are in 
mesh and are transmitting power, the force transferred from the driver to the driven gear tooth 
acts in a direction along the line of action. Also, the actual shape of the gear tooth depends 
on the pressure angle, as illustrated in Figure 8-13. The teeth in this figure were drawn ac
cording to the proportions for a 20-tooth, 5-pitch gear having a pitch diameter of 4.000 in. 

All three teeth have the same tooth thickness because, as stated in Equafion (8-16), 
the thickness at the pitch line depends only on the pitch. The difference between the three 
teeth shown is due to the different pressure angles because the pressure angle determines 
the size ofthe base circle. Remember that the base circle is the circle from which the invo
lute is generated. The line of action is always tangent to the base circle. Therefore, the size 
of the base circle can be found from 

Dl, — D cos (}) (8-20) 

FIGURE 8-12 
Pressure angle 

Line of 
centers 

0 = Pressure 
i angle 
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FIGURE 8-13 Full 
depth, involute-tooth 
form for varying 
pressure angles 

^ J-

<t> = 14' /2° <i> = 2 0 ° <t> = 2 5 ° 

Standard values of the pressure angle are established by gear manufacturers, and the pres
sure angles of two gears in mesh must be the same. Current standard pressure angles are 
14^°, 20°, and 25° as illustrated in Figure 8-13. Actually, the 14^°, tooth form is considered 
to be obsolete. Although it is sfill available, it should be avoided for new designs. The 20° 
tooth form is the most readily available at this time. The advantages and disadvantages of 
the different values of pressure angle relate to the strength of the teeth, the occurrence of 
interference, and the magnitude of forces exerted on the shaft. Interference is discussed in 
Section 8-5. The other points are discussed in a later chapter. 

Contact Ratio 

When two gears mesh, it is essential for smooth operation that a second tooth begin to make 
contact before a given tooth disengages. The term contact rado is used to indicate the aver
age number of teeth in contact during the transmission of power. A recommended minimum 
contact ratio is 1.2 and typical spur gear combinations often have values of 1.5 or higher. 

The contact ratio is defined as the ratio of the length of the line-of-action to the base 
pitch for the gear. The line-of-action is the straight-line path of a tooth from where it en
counters the outside diameter of the mating gear to the point where it leaves engagement. 
The base pitch is the diameter of the base circle divided by the number of teeth in the gear. 
A convenient fonnula for computing the contact ratio, nif is. 

/"/ 
VRJ - Rj + \/RJ - RiJ - C sin 4) 

^ p cos <}) 

where, 

(}) = Pressure angle 

R^P = Outside radius of the pinion = D„p/2 = {Np + 2)/{2Pj) 

Rhp = Radius ofthe base circle for the pinion = D,,p/2 = {Dp/2) cos (j) = {Np/2Pj) cos (j) 

R,a = Outside radius of the gear = D„G/2 = {NQ + 2)/{2Pj) 

Ri,G = Radius ofthe base circle for the gear = Dftc/2 = {Da/2) cos (^ = {Na/2P,j) cos <\> 

C = Center distance = {Np + Na)/{2P,,) 

p = Circular pitch = {-nDp/Np) = -n/Pj 

For example, consider a pair of gears with the following data: 

Np= \%,Na = 64.Pj= 8,(t) = 20° 
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Then, 

I^,P = {Np + 2)/{2P,) = (18 + 2)/[2(8)] = 1.250 in 

R„P = {Np/2Pj)cos<^ = 18/[2(8)]cos20° = 1.05715 in 

Poc = {No + 2)/(2P.) = (64 + 2)/[2(8)] = 4.125 in 

Pi.G = {Na/2P,)co^<\> = 64/[2(8)]cos20° = 3.75877 in 

C^ {Np + Na)/{2P,,) = (18 + 64)/[2(8)] = 5.125 in 

p = TT/PJ = TT/8 = 0.392699 in 

Finally, the contact ratio is. 

V ( 1.250)- - (1.05715)- + V(4.125)- - (3.75877)- - (5.125)sin20° 
"/, 

'"/ 

(0.392699)cos20° 
1.66 

This value is comfortably above the recommended minimum value of 1.20. 

Example Problem 8-1 For the pair of gears shown in Figure 8-1, compute all of the features of the gear teeth de
scribed in this section. The gears conform to the standard AGMA form and have a diame
tral pitch of 12 and a 20° pressure angle. 

Solution Given P,, ̂ \2: Np = l\: NQ =\^: <^ = 20 

Analysis We use Equations (8-2) through (8-20) and Table 8-4 to compute the features. Note that 
gears are precision mechanical components. Dimensions are typically produced to at 
least the nearest thousandth of an inch (0.001 in). Often, for more accurate gears, con
trolling to the nearest 0.0001 in is important. Also, in the inspection of gear features us
ing metrology techniques, it is important to know the standard dimension to a high degree 
of precision. 

The results for this problem are presented to a minimum of three decimal places or, for 
small dimensions, to four decimal places. A similar level of precision is expected in 
practice problems using this book. 

Results Pitch Diameters 
For the pinion. 

For the gear, 
Dp = Np/Pj = 11/12 = 0.9167 in 

DG = Na/P,,= 18/12 = 1.500 in 

Circular Pitch 
Three different approaches could be used. First, using Equation (8-5) is preferred. 

p = TT/PJ = -n/n = 0.2618 i in 



Section 8-4 • Spur Gear Nomenclature and Gear-Tooth Features 319 

Now, we can also use Equation (8-5): Note that either the pinion or the gear data may be 
used. For the pinion, 

p = TTDp/Np = IT(0.9167 in)/l 1 = 0.2618 in 
For the gear. 

P = TiDa/Na = IT(1.500 in)/18 = 0.2618 in 

Addendum 
From Table 8 ^ , 

a = \/P^ = 1/12 = 0.833 in 

Dedendum 

From Table 8-4, note that the 12-pitch gear is considered to be coarse. Thus, 

b = 1.25/P,y = 1.25/12 - 0.1042 in 

Clearance 
From Table 8 ^ , 

c = 0.25/P^ = 0.25/12 = 0.0208 in 

Outside Diameters 
Use of Equafion (8-10) is preferred for accuracy. For the pinion, 

D„p = {Np + 2)/Pj = (11 + 2)/12 = 1.0833 in 

For the gear, 

A,o- = {No + 2)/Pj = (18 + 2)/12 = 1.6667 in 

Root Diameters 
We use Equation (8-12). First, for the pinion, 

Df^P = Dp - 2b = 0.9167 in - 2(0.1042 in) = 0.7083 in 

For the gear, 

DpG = Da - 2b ^ 1.500 in - 2(0.1042 in) = 1.2917 in 

Whole Depth 
Using Equation (8-13). we have 

h, = a + b = 0.0833 in + 0.104 in = 0.1875 in 

Working Depth 
Using Equation (8-14), wc have 

h^ = 2a = 2(0.0833 in) = 0.1667 in 
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Tooth Thickness 
Using Equation (8-16), we have 

t = Tr/2Pj = V2(12) = 0.1309 in 

Center Distance 
Use of Equafion (8-18) is preferred: 

C={Na + Np)/{2P,) = (18 + 11)/[2(12)] = 1.2083 in 

Base Circle Diameter 
Using Equafion (8-20), we have 

D,,p = Dp cos 4) = (0.9167 in) cos (20°) = 0.8614 in 

Di,G = Da cos 4) = (1.500 in) cos (20°) = 1.4095 in 

8-5 
INTERFERENCE 

BETWEEN 
MATING SPUR 

GEAR TEETH 

For certain combinations of numbers of teeth in a gear pair, there is interference between 
the tip ofthe teeth on the pinion and the fillet or root ofthe teeth on the gear. Obviously this 
cannot be tolerated because the gears simply will not mesh. The probability that interfer
ence will occur is greatest when a small pinion drives a large gear, with the worst case be
ing a small pinion driving a rack. A rack is a gear with a straight pitch line; it can be thought 
of as a gear with an infinite pitch diameter [see Figure 8^(c)]. 

It is the designer's responsibility to ensure that interference does not occur in a given 
application. The surest way to do this is to control the minimum number of teeth in the pin
ion to the limiting values shown on the left side of Table 8-6. With this number of teeth or 
a greater number, there will be no interference with a rack or with any other gear. A designer 
who desires to use fewer than the listed number of teeth can use a graphical layout to test the 
combination of pinion and gear for interference. Texts on kinematics provide the necessary 
procedure. The right side of Table 8-6 indicates the maximum number of gear teeth that you 
can use for a given number of pinion teeth to avoid interference. (See References 9 and 11.) 

Using the information in Table 8-6, we can draw the following conclusions: 

1. If a designer wants to be sure that there will not be interference between any two 
gears when using the 14^°, full-depth, involute system, the pinion of the gear pair 
must have no fewer than 32 teeth. 

TABLE 8-6 Number of pinion teeth to ensure no 

For a pinion meshing with a rack 

Tooth form 

14j°, involute, full-depth 
20°, involute, full-depth 
25°, involute, full-depth 

Minimum number 
of teeth 

32 
18 
12 

nterference 

For a 20°, full-depth 
pinion meshing with a gear 

Number of 
pinion teeth 

17 
16 
15 
14 
13 

Maximum number 
of gear teeth 

1309 
101 
45 
26 
16 
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2. For the 20°, full-depth, involute .system, using no fewer than 18 teeth will ensure 
that no interference occurs. 

3. For the 25°, full-depth, involute system, using no fewer than 12 teeth will ensure 
that no interference occurs. 

4. If a designer desires to use fewer than 18 teeth in a pinion having 20°, full-depth 
teeth, there is an upper limit to the number of teeth that can be u.sed on the mating 
gear without interference. For 17 teeth in the pinion, any number of teeth on the gear 
can be used up to 1309, a very high number. Most gear drive systems use no more 
than about 200 teeth in any gear. But a 17-tooth pinion would have interference with 
a rack which is effectively a gear with an infinite number of teeth or an infinite pitch 
diameter. Similarly, the following requirements apply for 20° full-depth teeth; 

A 16-tooth pinion requires a gear having 101 or fewer teeth, producing a maxi
mum velocity ratio of Na/Np = 101/16 = 6.31. 

A 15-tooth pinion requires a gear having 45 or fewer teeth, producing a maximum 
velocity rafio of 45/15 = 3.00. 

A 14-tooth pinion requires a gear having 26 or fewer teeth, producing a maximum 
velocity ratio of 26/14 = 1.85. 

A 13-tooth pinion requires a gear having 16 or fewer teeth, producing a maximum 
velocity ratio of 16/13 = 1.23. 

As noted earlier, the Mj" system is considered to be obsolete. The data in Table 8-6 in
dicate one ofthe main disadvantages with that system: its potential for causing interference. 

Overcoming Interference 

If a proposed design encounters interference, there are ways to make it work. But caution 
should be exercised because the tooth form or the alignment ofthe mating gears is changed, 
causing the stress and wear analysis to be inaccurate. With this in mind, the designer can 
provide for undercutting, modification of the addendum on the pinion or the gear, or mod
ification of the center distance: 

Undercutting is the process of cutting away the material at the fillet or root ofthe 
gear teeth, thus relieving the interference. 

Figure 8-14 shows the result of undercutting. It should be obvious that this process weak
ens the tooth; this point is discussed further in the section on stresses in gear teeth. 

FIGURE 8-14 
Undercutting of a gear 
tooth 

Normal tooth 
fillet profile 

Undercut portion of tooth 
in highest stressed area 
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To alleviate the problem of interference, increase the addendum ofthe pinion while de
creasing the addendum of the gear. The center distance can remain the same as its theoreti
cal value for the number of teeth in the pair. But the resulting gears are, of course, 
nonstandard. (See Reference 10.) It is possible to make the pinion of a gear pair larger than 
standard while keeping the gear standard if the center distance for the pair is enlarged. (See 
Reference 9.) 

8-6 
VELOCITY RATIO 

AND GEAR 
TRAINS 

A gear train is one or more pairs of gears operating together to transmit power 

Normally there is a speed change from one gear to the next due to the different sizes ofthe 
gears in mesh. The fundamental building block ofthe total speed change ratio in a gear train 
is the velocity ratio between two gears in a single pair. 

c> Pitch Line 
Speed of a Gear 

Velocity Ratio 

The velocity ratio {VR) is defined as the ratio ofthe rotational speed ofthe input 
gear to that ofthe output gear for a single pair of gears. 

To develop the equation for computing the velocity rafio, it is helpful to view the action of 
two gears in mesh, as shown in Figure 8-15. The action is equivalent to the action of two 
smooth wheels rolling on each other without slipping, with the diameters ofthe two wheels 
equal to the pitch diameters of the two gears. Remember that when two gears are in mesh, 
their pitch circles are tangent, obviously, the gear teeth prohibit any slipping. 

As shown in Figure 8-15, without slipping there is no relative motion between the 
two pitch circles at the pitch point, and therefore the linear velocity of a point on either pitch 
circle is the same. We will use the symbol v, for this velocity. The linear velocity of a point 
that is in rotation at a distance R from its center of rotation and rotafing with an angular ve
locity, CO, is found from 

V, = /?U) (8-21) 

Using the subscript P for the pinion and G for the gear for two gears in mesh, we have 

V, = RpOip and r, = RaOiQ 

FIGURE 8-15 Two 
gears in mesh 

Pitch 
circles 

\7 is the linear velocity of 
any point on the pitch circle 
of either the pinion or the gear 
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This set of equations says that the pitch line speeds ofthe p\mon and the gear are the same. 
Equating these two and solving for oj/./co,, gives our definition for the velocity ratio, VR: 

VR = Mp/oia = Ra/Rp 

In general, it is convenient to express the velocity ratio in terms ofthe pitch diameters, the 
rotational speeds, or the numbers of teeth of the two gears in mesh. Remember that 

RG = Dal2 
Rp = Dpl2 

Da = NJP,, 
Dp = NpIP, 
Up = rotational speed ofthe pinion (in rpm) 
/?(, = rotational speed ofthe gear (in rpm) 

The velocity ratio can then be defined in any ofthe following ways: 

r > Velocity Ratio ^ „ /? Q ^ speedy size. 
" ^ for Gear Pair V̂ŷ  = _L = _!: = ^£ = __li = _ l i = JL >L = ^L (8-22) 

a>(; Ua Rp Dp Np speedy size,, 

Most gear drives are speed reducers; that is, their output speed is lower than their input 
speed. This results in a velocity ratio greater than 1. If a speed increaser is desired, then VR 
is less than 1. Note that not all books and articles use the same definition for velocity ratio. 
Some define it as the ratio of the output speed to the input speed, the inverse of our defini
tion. It is thought that the use of VR greater than 1 for the reducer—that is, the majority of 
the time—is more convenient. 

Train Value 

When more than two gears are in mesh, the term train value {TV} refers to the 
ratio ofthe input speed {for the first gear in the train) to the output speed {for the 
last gear in the train). By definition the train value is the product ofthe values of 
VRfor each gear pair in the train. In this definition, a gear pair is any set of two 
gears with a driver and a follower {driven) gear. 

Again, ZY will be greater than I for a reducer and less than 1 for an increaser. For ex
ample, consider the gear train sketched in Figure 8-16. The input is through the shaft car
rying gear A. Gear A drives gear B. Gear C is on the same shaft with gear B and rotates at 
the same speed. Gear C drives gear D, which is connected to the output shaft. Then gears 
A and B constitute the first gear pair, and gears C and D constitute the second pair. The ve
locity ratios are 

V/?| = njup 

V/?2 = llc/"l) 

The train value is 

TV = {VR,){VR,) = — — 
/'« n, •H "D 

But, because they are on the same shaft. n,i = Uc- and the preceding equation reduces to 

TV = njn,> 
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FIGURE 8-16 
Double-reduction gear 
train Only pitch circles 

of gears shown 

in) Side view (b) End view 

This is the input speed divided by the output speed, the basic definition of the train value. 
This process can be expanded to any number of stages of reduction in a gear train. 

Remember that any ofthe forms for velocity rafio shown in Equation (8-22) can be used 
for computing the train value. In design, it is often most convenient to express the velocity ra
tio in terms ofthe numbers of teeth in each gear because they must be integers. Then, once the 
diametral pitch or module is defined, the values of the diameters or radii can be determined. 

The train value ofthe double-reduction gear train in Figure 8-16 can be expressed in 
terms of the numbers of teeth in the four gears as follows; 

VR, = NJN^ 

Note that this is the number of teeth in the driven gear B divided by the number of teeth in the 
driving gear A. This is the typical format for velocity ratio. Then V7?2 can be found similarly: 

V/?2 = NjNc 

Thus, the train value is 

o Train Value 

TV = {VR,){VR,) = {N,/N,){N^/Na) 

This is usually shown in the form 

_ / ^ A^ _ product of number of teeth in the driven gears 
product of number of teeth in the driving gears NANC 

(8-23) 

This is the form for train value that we will use most often. 
The direction of rotation can be determined by observation, noting that there is a di

rection reversal for each pair of external gears. 

We will use the term positive train value to refer to one in which the input and 
output gears rotate in the same direction. Conversely, if they rotate in the opposite 
direction, the train value will be negative. 
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Example Problem 8-2 For the gear train shown in Figure 8-16, if the input shaft rotates at 1750 rpm clockwise, 
compute the speed ofthe output shaft and its direction of rotation. 

Solution We can find the output speed if we can determine the train value: 

TV = njup) = input speed/output speed 

Then 

But 

Now 

n„ = njTV 

TV - (VR UVA? ̂  - ^ ^ - 20 -̂ 4 _ 3.5 3.0 _ 10.5 _ 
TV - {VR,){VR,) - .̂̂  yv,̂  - 20 T8 - " T T - ~ r - '^"^ 

HD = njTV = (1750 rpm)/l0.5 = 166.7 rpm 

Gear A rotates clockwise; gear B rotates counterclockwise. 
Gear C rotates counterclockwise; gear D rotates clockwise. 

Thus, the train in Figure 8-16 is a positive train. 

Example Problem 8-3 Determine the train value for the train shown in Figure 8-17. If the shaft carrying gear A ro
tates at 1750 rpm clockwise, compute the speed and the direction ofthe shaft carrying gear E, 

Solution Look first at the direction of rotation. Remember that a gear pair is defined as any two gears 
in mesh (a driver and a follower). There are actually three gear pairs: 

Gear A drives gear B: A rotates clockwise; B, counterclockwise. 

Gear C drives gear D; C rotates counterclockwise; D, clockwise. 

Gear D drives gear E; D rotates clockwise; E, counterclockwise. 

Because gears A and E rotate in opposite directions, the train value is negative. Now 

TV = -{VR,){VR.){VR,) 

In terms of the number of teeth, 

NH Nn N, 
TV ^ - N, Na Nn 

Note that the number of teeth in gear D appears in both the numerator and the denominator 
and thus can be canceled. The train value then becomes 

_A^ A ^ ^ _ 7 0 50 
N^ Nc 20 18 

3.5 3.0 
= -10.5 

Gear D is called an idler As demonstrated here, it has no effect on the magnitude of the 
train value, but it does cause a direction reversal. The output speed is then found from 

TV = njn, 
n^ = njTV = (1750rpm)/(-10.5) = -166.7 rpm (counterclockwise) 
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FIGURE 8-17 
Double-reduction gear 
train with an idler. Gear 
D is an idler. 

Note: Gear D is 
an idler 

Only pitch 
circles of 
gears shown 

Ul) Side view ib) End view 

Idler Gear 
Example Problem 8-2 introduced the concept of an idler gear, defined as follows: 

Any gear in a gear train that performs as both a driving gear and a driven gear is 
called an idler gear or simply an idler. 

The main features of an idler are as follows: 

1. An idler does not affect the train value of a gear train because, since it is both a 
driver and a driven gear, its number of teeth appears in both the numerator and the 
denominator ofthe train value equation, Equafion (8-23). Thus, any pitch diame
ter size and any number of teeth may be used for the idler. 

2. Placing an idler in a gear train causes a direction reversal of the output gear. 

3. An idler gear may be used to fill a space between two gears in a gear train when 
the desired distance between their centers is greater than the center distance for the 
two gears alone. 

Internal Gear 

An internal gear is one for which the teeth are machined on the inside of a ring 
instead of on the outside of a gear blank. 

An internal gear mating with a standard, external pinion is illustrated at the lower left in 
Figure 8-2, along with a variety of other kinds of gears. 

Figure 8-18 is a sketch of an extemal pinion driving an intemal gear. Note the following: 

1. The gear rotates in the some direction as the pinion. This is different from the case 
when an extemal pinion drives an extemal gear. 
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FIGURE 8-18 
Internal gear driven by 
an external pinion 

Center Distance 
Internal Gear 

2. The center distance is 

C = Da/2 - Dp/2 = {Da - Dp)/2 = {Na/P, - Np/P,)/2 = (Â ,,. - Np)/{2P,) (8-24) 

The last form is preferred because its factors are all integers for typical gear 
trains. 

3. The descriptions of most other features of internal gears are the same as those 
for external gears presented earlier. Exceptions for an internal gear are as 
follows: 

The addendum, a, is the radial distance from the pitch circle to the inside of a tooth. 

The inside diameter, D,, is 

The root diameter, D/,, is 

where b = dedendum 

D, = D - 2a 

Dp = D + 2b 

Internal gears are used when it is desired to have the same direction of rotation for the 
input and the output. Also note that less space is taken for an internal gear mating with an 
external pinion compared with two extemal gears in mesh. 

Velocity of a Rack 
Figure 8-19 shows the basic configuration of a rack-and-pini<m drive. The function of such 
a drive is to produce a linear motion of the rack from the rotational motion of the driving 
pinion. The opposite is also tme: If the driver produces the linear motion ofthe rack, it pro
duces a rotational motion of the pinion. 
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Center line of pinion 
to back of rack 

Face 
width 

Overall 
thickness 

End view 

Pitch line —1 
to back 
of rack 

Back of rack taken 
as reference surface 
for location of pitch 
line of rack 

FIGURE 8-19 Rack driven by a pinion 

The linear velocity of the rack, i^. must be the same as the pitch line velocity of the 
pinion, v,, as defined by Equation (8-21), repeated here. Recall that Wp is the angular ve
locity of the pinion: 

Vyj = V, = RpMp = {Dp/2) Oip 

You must carefully consider units when using this equation. The angular velocity oip 
should be expressed in rad/s. Then the units for linear velocity will be in/s if the pitch di
ameter is in inches. If the pitch diameter is in mm, as in the metric module system, then 
the units for velocity will be mm/s. These units could be converted to m/s if that is more 
convenient. 

The concept of center distance does not apply directly for a rack-and-pinion set be
cause the center of the rack is at infinity. But it is critical that the pitch circle of the pin
ion be tangent to the pitch line of the rack as shown in Figure 8-19. The rack will be 
machined so that there is a specified dimension between the pitch line and a reference sur
face, typically the back ofthe rack. This is dimension B in Figure 8-19. Then the location 
of the center of the pinion can be computed using the relationships shown in the figure. 

Example Problem 8-4 Determine the linear velocity of the rack in Figure 8-19 if the driving pinion rotates at 125 
rpm. The pinion has 24 teeth and a diametral pitch of 6. 

Solution We will use Equation (8-21). First the pitch diameter of the pinion is computed using Equa
tion (8^) : 

Dp = Np/Pj = 24/6 - 4.000 in 

Now the rotational speed is converted to rad/s: 

Mp = (125rev/min(2TTrad/rev)(l min/60 s) = 13.09 rad/s 

Then the pitch line speed of the pinion and the linear velocity of the rack are both equal to 

v« = V, = (Dp/2)wp = (4.000 in/2)( 13.09 rad/s) = 26.2 in/s 
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8-7 
HELICAL GEAR 

GEOMETRY 

fflDESIGN 

Helical and spur gears are distinguished by thc orientation of their teeth. On spur gears, the 
teeth are straight and are aligned with the axis ofthe gear. On helical gears, the teeth are in
clined at an angle with the axis, that angle being called the heli.x angle. If the gear were very 
wide, it would appear that the teeth wind around the gear blank in a continuous, helical path. 
However, practical considerations limit the width ofthe gears so that the teeth normally ap
pear to be merely inclined with respect to thc axis. Figure 8-20 shows two examples of 
commercially available helical gears. 

The forms of helical gear teeth are very similar to those discussed for spur gears. The 
basic task is to account for the effect of the helix angle. 

Helix Angle 

The helix for a given gear can be either left-hand or right-hand. The teeth of a right-hand 
helical gear would appear to lean to the right when the gear is lying on a flat surface. Con
versely, the teeth of a left-hand helical gear would lean to the left. In normal installation, hel
ical gears would be mounted on parallel shafts as shown in Figure 8-20(a). To achieve this 
arrangement, it is required that one gear be ofthe right-hand design and that the other be left-
hand with an equal helix angle. If both gears in mesh are of the same hand, as shown in 
Figure 8-20(b), the shafts will be at 90 to each other. Such gears are called crossed helical 
gears. 

The parallel shaft arrangement for helical gears is preferred because it results in a 
much higher power-transmitting capacity for a given size of gear than the crossed helical 
arrangement. In this book, we will assume that the parallel shaft arrangement is being used 
unless otherwise stated. 

Figure 8-21 (a) shows the pertinent geometry of helical gear teeth. To simplify the 
drawing, only the pitch surface of the gear is shown. The pitch surface is the cylinder that 
passes through the gear teeth at the pitch line. Thus, the diameter ofthe cylinder is equal to 
the pitch diameter of the gear. The lines drawn on the pitch surface represent elements of 
each tooth where the surface would cut into the face of the tooth. These elements are in
clined with respect to a line parallel to the axis of the cylinder, and the angle of inclinafion 
is the helix angle, ^ (the Greek letter/>.S7). 

FIGURE 8-20 
Helical gears. These 
gears have a 45° helix 
angle. (Emerson Power 
Transmission 
Corporation, Browning 
Division, Maysville. 
KY) 

(a) Helical gears with parallel shafts (/') Crossed helical gears, shafts 
at richt angle 



330 Chapter 8 • Kinematics of Gears 
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ia) Perspective view of geometry and forces 

FIGURE 8-21 Helical gear geometry and forces 
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The main advantage of helical gears over spur gears is smoother engagement be
cause a given tooth assumes its load gradually instead of suddenly. Contact starts at one 
end of a tooth near the tip and progresses across the face in a path downward across the 
pitch line to the lower flank of the tooth, where it leaves engagement. Simultaneously, 
other teeth are coming into engagement before a given tooth leaves engagement, with 
the result that a larger average number of teeth are engaged and are sharing the applied 
loads compared with a spur gear. The lower average load per tooth allows a greater 
power transmission capacity for a given size of gear, or a smaller gear can be designed 
to carry the same power. 

The main disadvantage of helical gears is that an a.xial thrust load is produced as a 
natural result of the inclined anangement of the teeth. The bearings that hold the shaft car
rying the helical gear must be capable of reacting against the thrust load. 

The helix angle is specified for each given gear design. A balance should be sought 
to take advantage ofthe smoother engagement ofthe gear teeth when the helix angle is high 
while maintaining a reasonable value ofthe axial thrust load that increases with increasing 
helix angle. A typical range of values of helix angles is from 15° to 45°. 

Pressure Angles, Primary Planes, and Forces for Helical Gears 

To completely describe the geometry of helical gear teeth, we need to define two different 
pressure angles in addition to the helix angle. The two pressure angles are related to the 
three primary planes that are illustrated in Figure 8-21: (1) the tangential plane, (2) the 
transverse plane, and (3) the normal plane. Note that these planes contain the three or
thogonal components of the true total normal force that is exerted by a tooth of one gear on 
a tooth ofthe mating gear. It may help you to understand the geometry ofthe teeth, and the 
importance of that geometry, to see how it affects the forces. 
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We refer first to the true normafforce as W^.. It acts normal (perpendicular) to the 
curved surface ofthe tooth. In reality, we typically do not use the normal force itself in an
alyzing the performance ofthe gear. Instead we use its three orthogonal components: 

• The tangeittial force (al.so called thc transmittedfi>rce), W,, acts tangential to the 
pitch surface of the gear and perpendicular to the axis of the shaft carrying the 
gear. This is the force that actually drives the gear. Stress analysis and pitting re
sistance are both related to the magnitude ofthe tangential force. It is similar to W, 
u.sed in spur gear design and analysis. 

• The radial force, VV,., acts toward the center of the gear along a radius and tends 
to .separate the two gears in mesh. It is similar to W, used in spur gear design and 
analysis. 

• The axial force, W^, acts in the tangential plane parallel to the axis ofthe shaft 
carrying the gear. Another name for the axial force is the thrust. It tends to 
push the gear along the shaft. The thrust must be reacted by one of the bear
ings that carry the shaft, so this force is generally undesirable. Spur gears gen
erate no such force because the teeth are straight and are parallel to the axis of 
the gear. 

The plane containing the tangential force, IV,, and the axial force, VV,, is the 
tangential plane [see Figure 8-2 Kb)]. It is tangential to the pitch surface ofthe gear and 
acts through the pitch point at the middle ofthe face ofthe tooth being analyzed. 

The plane containing the tangential force, W,, and the radial force, W,., is the 
transverse plane [see Figure 8-21(c)|. It is perpendicular to the axis of the gear and acts 
through the pitch point at the middle ofthe face ofthe tooth being analyzed. The tran.sverse 
pressure angle, ^,, is defined in this plane as shown in the figure. 

The plane containing the true normal force, Wy. ^nd the radial force, VV,, is the 
normal plane [see Figure 8-21(d)). The angle between the normal plane and the transverse 
plane is the helix angle. i|i. Within the normal plane we can see that the angle between the 
tangential plane and the true normal force, Wy, is the norntal pressure angle, 4),,. 

In design of a helical gear, there are three angles of interest: (1) the helix angle, i|/; (2) 
the normal pressure angle.^i,; and (3) the transverse pressure angle, cj),. Designers must 
specify the helix angle and one ofthe two pressure angles. The other pressure angle can be 
computed from the following relationship: 

tan c|)„ = tan cj), cos \\i (8-25) 

For example, one manufacturer's catalog offers standard helical gears with a normal pres

sure angle of 14^" and a 45° helix angle. Then the transverse pressure angle is found from 

tan (f),, - tan cj), cos ij; 

tan 4), = tan <t)„/cos i|i = tan(14.5'')/cos(45°) = 0.3657 

4), = tan '(0.3657) = 20.09° 

Pitches for Helical Gears 
To obtain a clear picture of the geometry of helical gears, you must understand the follow

ing five different pitches. 
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Circular Pitch 

Normal 
Circular Pitch 

Diametral Pitch 

Normal 
Diametral Piltch 

Circular Pitch, p. Circular pitch is the distance from a point on one tooth to the corre
sponding point on the next adjacent tooth, measured at the pitch line in the transverse plane. 
This is the .same definition used for spur gears. Then 

p = TTD/N (8-26) 

Normal Circular Pitch, Pn- Normal circular pitch is the distance between correspon
ding points on adjacent teeth measured on the pitch surface in the normal direcfion. Pitches 
p and/),, are related by the following equation: 

/>„ = p cos ll/ (8-27) 

Diametral Pitch, P^. Diametral pitch is the ratio of the number of teeth in the gear to 
the pitch diameter. This is the same definition as the one for spur gears; it applies in con
siderations of the form of the teeth in the diametral or transverse plane. Thus, this pitch is 
sometimes called the transverse diametral pitch; 

PJ = N/D (8-28) 

Normal Diametral Pitch, P„<,. Normal diametral pitch is the equivalent diametral pitch 

in the plane normal to the teeth: 

P,„ = Pj/cos ll; 

It is helpful to remember these relationships; 

PJP = -^ 

P,ulPn = TT 

(8-29) 

(8-30) 

(8-31) 

Axial Pitch 

Axial Pitch, P^. Axial pitch is the distance between corresponding points on adjacent 
teeth, measured on the pitch surface in the axial direction; 

P, = p/ian i\i = TT/(^,/ tan i\f) (8-32) 

It is necessary to have at least two axial pitches in the face width to have the benefit of full 
helical action and its smooth transfer ofthe load from tooth to tooth. 

The use of equations (8-25) through (8-29) and Equation (8-32) is now illustrated in 
the following example problem. 

Example Problem 8-5 A helical gear has a transverse diametral pitch of 12, a transverse pressure angle of 14^°, 28 
teeth, a face width of 1.25 in. and a helix angle of 30°. Compute circular pitch, normal cir
cular pitch, normal diametral pitch, axial pitch, pitch diameter, and the normal pressure an
gle. Compute the number of axial pitches in the face width. 

Solution Circular Pitch 
Use Equation (8-30): 

p = TT//», = ^ / | 2 = 0.262 in 
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Normal Circular Pitch 
Use Equation (8-27): 

p„ = /? cos vl) = (0.262)COS(30) = 0.227 in 

Normal Diametral Pitch 
Use Equafion (8-29): 

P„j = P,//cosvl) = 12/COS(30) = 13.856 

Axial Pitch 
Use Equation (8-32): 

P, = p/tan 4/ = 0.262/tan(30) = 0.453 in 

Pitch Diameter 
Use Equation (8-28): 

D = N/Pj = 28/12 = 2.333 in 

Normal Pressure Angle 
Use Equation (8-25): 

4̂ , = tan '(tan 4>/cos 4̂ ) 

4)„ = tan~'[tan(14^)cos(30)] = 12.62° 

Number of Axial Pitches in the Face Width 

F/P, = 1.25/0.453 = 2.76 pitches 

Since this is greater than 2.0, there will be full helical action. 

8—8 
BEVEL GEAR 

GEOMETRY 

EIDESIGN 

Bevel gears are used to transfer motion between nonparallel shafts, usually at 90° to one an
other. The four primary styles of bevel gears are straight bevel, spiral bevel, zero spiral 
bevel, and hypoid. Figure 8-22 shows the general appearance of these four types of bevel 
gear sets. The surface on which bevel gear teeth are machined is inherently a part of a cone. 
The differences occur in the specific shape of the teeth and in the orientation of the pinion 
relative to the gear. (See References 3, 5, 13, and 14.) 

Straight Bevel Gears 

The teeth of a straight bevel gear are straight and lie along an element ofthe conical surface. 
Lines along the face of the teeth through the pitch circle meet at the apex of the pitch cone. 
As shown in Figure 8-22(f), the centerlines of both the pinion and the gear also meet at this 
apex. In the standard configuration, the teeth are tapered toward the center of the cone. 
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(«) Straight bevel ib) Spiral bevel 

(t) Zero sprial bevel (d) Hypoid 

(e) Photograph of straight 
bevel gear pair 

Mounting 
distance, l^jc 

(/) Key dimensions of straight bevel gear pair 

FIGURE 8-22 Types of bevel gears [Parts (a) through (d) extracted from ANSI/AGMA 2005-C96, Design 
Manual for Bevel Gears, with the permission of the publisher, the American Gear Manufacturers Associafion, 1500 
King Street, Suite 201, Alexandria, VA 22314. Photograph in (e) courtesy of Emerson Power Transmission 
Corporation, Browning Division, Maysville, KY 
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Key dimensions are specified either at the outer end of the teeth or at the mean, mid-
face position. The relafionships that control some ofthese dimensions are listed in Table 8-7 
for the case when the .shafts are at the 90° angle. The pitch cone angles for the pinion and the 
gear are determined by the ratio ofthe number of teeth, as shown in the table. Note that their 
sum is 90°. Also, for a pair of bevel gears having a ratio of unity, each has a pitch cone an
gle of 45°. Such gears, called miter gears, are used simply to change the direction of the 
shafts in a machine drive without affecting the speed of rotation. 

You should understand that many more features need to be specified before the gears 
can be produced. Furthermore, many successful, commercially available gears are made 
in some nonstandard form. For example, the addendum ofthe pinion is often made longer 
than that of the gear. Some manufacturers modify the slope of the root of the teeth to pro
duce a uniform depth, rather than using the .standard, tapered form. Reference 5 gives 
many more data. 

TABLE 8-7 Geometrical features of straight bevel gears 

Given Diametral pitch = Pj = Npid = NQID 

where Np = number of teeth in pinion 
NQ = number of teeth in gear 

Dimension Formula 

Gear ratio 
Pitch diameters: 

Pinion 
Gear 

Pitch cone angles: 
Pinion 
Gear 

Outer cone distance 
Face width must be specified. 

Nominal face width 
Maximum face width 

Mean cone distance 

Mean circular pitch 
Mean working depth 
Clearance 
Mean whole depth 
Mean addendum factor 
Gear mean addendum 
Pinion mean addendum 
Gear mean dedendum 
Pinion mean dedendum 
Gear dedendum angle 
Pinion dedendum angle 
Gear outer addendum 
Pinion outer addendum 
Gear outside diameter 
Pinion outside diameter 

ma = NclNp 

d = NplPj 
D = Na/Pj 

7 = tan \NplN(;) (lowercase Gree\i gamma) 
r = lar\~\N(j/Np) (uppercase Greek gamma) 
A„ = 0.5D/sin(r) 

OIP J (whichever is less) 
F„,,, = 0.30A,, 
/̂max = AJ3 or 
A,„ = A„ - 0.5F 
(Note: A,„ is defined for the gear, also called A,,,̂ .) 
p„ = (TT/PJ(A,„M„) 

h = (2.00IPj)(AJA„) 
c = 0.125/; 
h,„ = h + c 
r, = 0.210 + 0.290l{ma)-
OG = Cfh 

Up = h - OQ 

be = b,„ - aa 
bp = h,„ - Op 

8r; = tan"'' '(VA,„c) 
tan \hplA mG> 

<^,.G - <>G + 0.5Ftan bp 
a„p = Op -^ 0.5F tan 6̂ ; 
D„ = D + 2a„aCOsr 
d,, = J + 2a„pCOS, 7 

Source: Extracted from ANSI/AGMA 2005-C96, Desii>n Manual for Bevel Gears, with the permission of the 
publisher, the American Gear Manufacturers Association. 1500 King Street, Suite 201. Alexandria, VA 22314. 

file:///hplA
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The pressure angle, 4), is typically 20°, but 22.5° and 25° are often used to avoid in
terference. The minimum number of teeth for straight bevel gears is typically 12. More is 
said about the design of straight bevel gears in Chapter 10. 

The mounting of bevel gears is critical if satisfactory performance is to be achieved. 
Most commercial gears have a defined mounting distance similar to that shown in Figure 
8-22(f). It is the distance from some reference surface, typically the back ofthe hub ofthe 
gear, to the apex ofthe pitch cone. Because the pitch cones of the mafing gears have coin
cident apexes, the mounting distance also locates the axis of the mating gear. If the gear is 
mounted at a distance smaller than the recommended mounting distance, the teeth will 
likely bind. If it is mounted at a greater distance, there will be excessive backlash, causing 
noisy and rough operation. 

Spiral Bevel Gears 

The teeth of a spiral bevel gear are curved and sloped with respect to the surface ofthe 
pitch cone. Spiral angles, 4̂ . of 20° to 45° are used, with 35° being typical. Contact starts 
at one end of the teeth and moves along the tooth to its end. For a given tooth form and 
number of teeth, more teeth are in contact for spiral bevel gears than for straight bevel 
gears. The gradual transfer of loads and the greater average number of teeth in contact 
make spiral bevel gears smoother and allow smaller designs than for typical straight 
bevel gears. Recall that similar advantages were described for a helical gear relative to 
a spur gear. 

The pressure angle, 4). is typically 20° for spiral bevel gears, and the minimum num
ber of teeth is typically 12 to avoid interference. But nonstandard spiral gears allow as few 
as five teeth in the pinion of high-ratio sets if the tips of the teeth are trimmed to avoid in
terference. The rather high average number of teeth in contact (high contact ratio) for spi
ral gears makes this approach acceptable and can result in a very compact design. Reference 
5 gives the relationships for computing the geometric features of spiral bevel gears that are 
extensions of those given in Table 8-7. 

Zero Spiral Bevel Gears 

The teeth of a zero spiral bevel gear are curved somewhat as in a spiral bevel gear, but the 
spiral angle is zero. These gears can be used in the same mountings as straight bevel gears, 
but they operate more smoothly. They are sometimes called ZEROL® bevel gears 

Hypoid Gears 

The major difference between hypoid gears and the others just described is that the cen
terline of the pinion for a set of hypoid gears is offset either above or below the centerline 
of the gear. The teeth are designed specially for each combinafion of offset distance and 
spiral angle of the teeth. A major advantage is the more compact design that results, par
ticularly when applied to vehicle drive trains and machine tools. (See References 5,13, and 
14 for more data.) 

The hypoid gear geometry is the most general form, and the others are special cases. 
The hypoid gear has an offset axis for the pinion, and its curved teeth are cut at a spiral an
gle. Then the spiral bevel gear is a hypoid gear with a zero offset distance. A ZEROL® bevel 
gear is a hypoid gear with a zero offset and a zero spiral angle. A straight bevel gear is a hy
poid gear with a zero offset, a zero spiral angle, and straight teeth. 



Section 8-8 • Bevel Gear Geometry 337 

Example Problem 8-6 Compute the values for the geometrical features listed in Table 8-7 for a pair of straight 
bevel gears having a diametral pitch of 8, a 20° pressure angle, 16 teeth in the pinion, and 
48 teeth in the gear. The shafts are at 90°. 

Solution Given Pj = 8; Â ,, = 16; Â ^ = 48. 

Computed Values Gear Ratio 

ma = Na/Np = 48/16 = 3.000 

Pitch Diameter 
For the pinion. 

For the gear, 

Pdch Cone Angles 
For the pinion. 

d = Np/Pj = 16/8 = 2.000 in 

O = Na/Pj = 48/8 = 6.000 in 

For the gear. 

7 = \an-'{Np/Na) = tan"'(16/48) = 18.43° 

r = tan-'(yVc/A^p) = tan"'(48/16) = 71.57° 

Outer Cone Distance 

A„ = 0.5D/sin(r) = 0.5(6.00 in)/sin(71.57°) = 3.162 in 

Face Width 
The face width must be specified; 

F = 1.000 in 

Based on the following guidelines: 
Nominal face width: 

F,,, = 0.30A,, = 0.30(3.162 in) = 0.949 in 

Maximum face width: 

/Vnax = V 3 = (3.162 in)/3= 1.054 in 

or 

^™,.v= 10/^</= 10/8= l - '^ ' " 

Mean Cone Distance 

A = A r- = A - 0.5 F = 3.162 in - 0.5(1.00 in) = 2.662 in 

Ratio A,M„ = 2.662/3.162 = 0.842 (This ratio occurs in several following calculations.) 
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Mean Circular Pitch 

p,„ = {7r/P,){AjA,) = (TT /8 ) (0 .842 ) = 0.331 in 

Mean Working Depth 

h = (2 .00/ / ' , , ) (A,„ /4„) = (2.00/8)(0.842) = 0.210 in 

Clearance 

c = 0.125/i = 0.125(0.210 in) = 0.026 in 

Mean Whole Depth 

h,„ = /; + c = 0.210 in + 0.026 in = 0.236 in 

Mean Addendum Factor 

C| = 0.210 + 0.290/{ina)- = 0.210 + 0.290/(3.00)- = 0.242 

Gear Mean Addendum 

aa = cji = (0.242)(0.210 in) = 0.051 in 

Pinion Mean Addendum 

a,, = h - aa = 0.210 in - 0.051 in = 0.159 in 

Gear Mean Dedendum 

t>G = lh„ - "6- = 0.236 in - 0.051 in = 0.185 in 

Pinion Mean Dedendum 

bp = h,„ - Op = 0.236 in - 0.159 in = 0.077 in 

Gear Dedendum Angle 

ba = tan-'(&c/4,„a) = tan '(0.185/2.662) = 3.98° 

Pinion Dedendum Angle 

hp = tan-\bp/A„,a) = tan"'(0.077/2.662) = 1.66° 

Gear Outer Addendum 

afi = Oa + 0.5 F tan 5^ 

a,.a = (0.051 in) + (0.5)(1.00 in) tan(1.657°) = 0.0655 in 

Pinion Outer Addendum 

a„P = Op + 0.5 F tan 5^ 

a„P = (0.159 in) + (0.5)(1.00 in) tan(3.975°) = 0.1937 in 
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Gear Outside Diameter 

D„ = D + 2a„a cos V 

D„ = 6.000 in + 2(0.0655 in) cos(71.57) = 6.041 in 

Pinion Outside Diameter 

d„ = d + 2a,,p cos 7 
d„ = 2.000 in + 2(0.1937 in) cos(18.43°) = 2.368 in 

8-9 
TYPES OF 

WORMGEARING 

Wormgearing is used to transmit motion and power between nonintersecting shafts, usually 
at 90° to each other. The drive consists of a worm on the high-speed shaft which has the 
general appearance of a power screw thread: a cylindrical, helical thread. The worm drives 
a wormgear, which has an appearance similar to that of a helical gear. Figures 8-23 shows 
a typical worm and wormgear set. Sometimes the wormgear is referred to as a worm wheel 
or simply a wheel or gear (See Reference 6.) Worms and wormgears can be provided with 
either right hand or left hand threads on the worm and correspondingly designed teeth on 
the wormgear affecting the rotational direction of the wormgear. 

Several variations of the geometry of wormgear drives are available. The most com
mon one, shown in Figures 8-23 and 8-24, employs a cylindrical worm mating with a 
wormgear having teeth that are throated, wrapping partially around the worm. This is called 
a single-enveloping t}pe of wormgear drive. The contact between the threads of the worm 
and wormgear teeth is along a line, and the power transmission capacity is quite good. 
Many manufacturers offer this type of wormgear set as a stocked item. Installation of the 
worm is relatively easy because axial alignment is not very critical. However, the wormgear 
must be carefully aligned radially in order to achieve the benefit ofthe enveloping action. 
Figure 8-25 shows a cutaway of a commercial worm-gear reducer. 

Worm 

Wormgear 

i:rrr%. 
Worm 

FIGURE 8-23 Worms and wormgears (Emerson Power Transmission Corporation. 
Browning Division, Maysville, KY) 

Wormcear 
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FIGURE 8-24 
Single-enveloping 
wormgear set 

Double-thread 
worm, Nw = 2 

•Throated 
wormgear 

FIGURE 8-25 
Wormgear reducer 
(Rockwell 
Automation/Dodge 
Greenville, SC) 

Cast gray iron housing Lubrication system 

Ball bearing 

Worm gear 

Tapered roller 
bearing 

Solid output 
shaft with key 

Flange for mounting 
' a C-face motor 

Bored input shaft mates 
with motor shaft 

Worm 

Shaft seal Single reduction 
with Relialube system 

A simpler form of wormgear drive allows a special cylindrical worm to be used with 
a standard spur gear or helical gear. Neither the worm nor the gear must be aligned with 
great accuracy, and the center distance is not critical. However, the contact between the 
worm threads and the wormgear teeth is theoretically a point, drastically reducing the 
power transmission capacity of the set. Thus, this type is used mostly for nonprecision po
sitioning applications at low speeds and low power levels. 

A third type of wormgear set is the double-enveloping type in which the worm is 
made in an hourglass shape and mates with an enveloping type of wormgear. This results 
in area contact rather than line or point contact and allows a much smaller system to trans-
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8-10 
GEOMETRY OF 

WORMS AND 
WORMGEARS 

DESIGN 

mit a given power at a given reduction ratio. However, the worm is more difficult to manu
facture, and the alignment of both the worm and the wormgear is very critical. 

Pitches, p and P^ 
A basic requirement of the worm and wormgear set is that the axial pitch of the worm must 
be equal to the circidar pdch ofthe wormgear in order for them to mesh. Figure 8-24 shows 
the basic geometric features of a single-enveloping worm and wormgear set. Axial pitch, P,, 
is defmed as the distance from a point on the worm thread to the corresponding point on the 
next adjacent thread, measured axially on the pitch cylinder. As before, the circular pitch is 
defmed for the wormgear as the distance from a point on a tooth on the pitch circle of the 
gear to the corresponding point on the next adjacent tooth, measured along the pitch circle. 
Thus, the circular pitch is an arc distance that can be calculated from 

Circular Pitch p = TiDa/Nc (8-33) 

where Da = pitch diameter of the gear 
Na = number of teeth in the gear 

Some wormgears are made according to the circular pitch convention. But. as noted with 
spur gears, commercially available wormgear sets are usually made to a diametral pitch 
convention with the following pitches readily available: 48, 32, 24, 16, 12, 10, 8. 6, 5, 4, 
and 3. The diametral pitch is defined for the gear as 

Diametral Pitch P, = Na/Dc (8-34) 

The conversion from diametral pitch to circular pitch can be made from the following 
equation: 

PJP = IT (8-35) 

Number of Worm Threads, Nw 
Worms can have a single thread, as in a typical screw, or multiple threads, usually 2 or 4, 
but sometimes 3, 5. 6, 8, or more. It is common to refer to the number of threads as Nw and 
then to treat that number as if it were the number of teeth in the worm. The number of 
threads in the worm is frequently referred to as the number of starts; this is convenient be
cause if you look at the end of a worm, you can count the number of threads that start at the 
end and wind down the cylindrical worm. 

Lead 

Lead, L 
The lead of a worm is the axial distance that a point on the worm would move as the worm 
is rotated one revolution. Lead is related to the axial pitch by 

L = NwP, (8-36) 

Lead Angle, X 
The lead angle is the angle between the tangent to the worm thread and the line perpendi
cular to the axis ofthe worm. To visualize the method of calculating the lead angle, refer to 
Figure 8-26, which shows a simple triangle that would be formed if one thread ofthe worm 
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FIGURE 8-26 Lead 
angle 

Pitch circumference 
of worm 

were unwrapped from the pitch cylinder and laid flat on the paper. The length of the hy
potenuse is the length ofthe thread itself The vertical side is the lead, L. The horizontal side 
is the circumference ofthe pitch cylinder, TTDU,, where D^ is the pitch diameter ofthe worm. 
Then 

Lead Angle tan \ = L/itD^^ (8-37) 

Pitch Line Speed, v, 

As before, the pitch line speed is the linear velocity of a point on the pitch line for the worm 
or the wormgear. For the worm having a pitch diameter D^ in, rotating at /% rpm, 

Pitch Line 
Speed for worm 

For the wormgear having a pitch diameter Da in, rotating at Ua rpm. 

Pitch Line 
Speed for Gear V,r. = —7^;— ft/min ' tG 12 

Note that these two values for pitch line speed are not equal. 

Velocity Ratio, VR 

It is most convenient to calculate the velocity ratio of a worm and wormgear set from the 
ratio of the input rotational speed to the output rotational speed: 

o Velocity Ratio for 
Worm/Wormgear Set VR 

speed of worm 

speed of gear 
(8-38) 

Example Problem 8-7 A wormgear has 52 teeth and a diametral pitch of 6. It mates with a triple-threaded worm 
that rotates at 1750 rpm. The pitch diameter ofthe worm is 2.000 in. Compute the circular 
pitch, the axial pitch, the lead, the lead angle, the pitch diameter of the wormgear, the cen
ter distance, the velocity ratio, and the rotational speed of the wormgear. 

Solution Circular Pdch 

p = -a/Pj = TT/6 = 0.5236 i in 
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A.xial Pitch 

P, = p = 0.5236 in 

Lead 

L = N^P, = (3)(().5236) = 1.5708 in 

Lead Angle 

X = tan '(L/7T£)„,) = tan"'( 1.57()8/-TT2.000) 

X = 14.04 

Pdch Diameter 

Da = Na/Pj = 52/6 = 8.667 in 

Center Distance 

C = (D„. + Da)/2 - (2.000 + 8.667)/2 = 5.333 in 

Velocit^• Ratio 

Gear rpm 

VR - Na/Nw = 52/3 = 17.333 

"G = lUv/VR = 1750/17.333 = 101 rpm 

Pressure Angle 
Most commercially available wormgears are made with pressure angles of 14^°, 20°, 25°, 
or 30°. The low pressure angles are used with worms having a low lead angle and/or a low 
diametral pitch. For example, a 141° pressure angle may be used for lead angles up to about 
17°. For higher lead angles and with higher diametral pitches (smaller teeth), the 20° or 25° 
pressure angle is used to eliminate interference without excessive undercutting. The 20° 
pressure angle is the preferred value for lead angles up to 30°. From 30° to 45° of lead an
gle, the 25° pressure angle is recommended. Either the normal pressure angle, 4)„, or the 
transverse pressure angle, (J),, may be specified. These are related by 

Pressure Angle tant}),, = tan <^, cos \ (8-39) 

Self-Locking Wormgear Sets 
Self-locking is the condition in which the worm drives the woi-mgear, but if torque is ap
plied to the gear shaft, the worm does not turn. It is locked! The locking action is produced 
by the fricfion force between the worm threads and the wormgear teeth, and this is highly 
dependent on the lead angle. It is recommended that a lead angle no higher than about 5.0° 
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8-11 
TYPICAL 

GEOMETRY OF 
WORMGEAR 

SETS 

General 
Guidelines for 

Worm and 
Wormgear 

Dimensions 

be used in order to ensure that self-locking will occur. This lead angle usually requires the 
use of a single-threaded worm. Note that the triple-threaded worm in Example Problem 8-7 
has a lead angle of 14.04°. It is not likely to be self-locking. 

Considerable latitude is permissible in the design of wormgear sets because the worm and 
wormgear combination is designed as a unit. However, there are some guidelines. 

Typical Tooth Dimensions 

Table 8-8 shows typical values used for the dimensions of worm threads and gear teeth. 

Worm Diameter 

The diameter of the worm affects the lead angle, which in tum affects the efficiency of 
the set. For this reason, small diameters are desirable. But for practical reasons and 
proper proportion with respect to the wormgear, it is recommended that the worm di
ameter be approximately C° *'̂ '/2.2, where C is the center distance between the worm 
and the wormgear. Variation of about 30% is allowed. (See Reference 6.) Thus, the worm 
diameter should fall in the range 

1.6 < 
C 0.875 

D 
< 3.0 (8-40) 

w 
But some commercially available wormgear sets fall outside this range, especially in the 
smaller sizes. Also, those worms designed to have a through-hole bored in them for in
stallation on a shaft are typically larger than you would find from Equation (8-40). 
Proper proportion and efficient use of material should be the guide. The worm shaft must 
also be checked for deflection under operating loads. For worms machined integral with 
the shaft, the root of the worm threads determines the minimum shaft diameter. For 
worms having bored holes, sometimes called shell worms, care must be exercised to 
leave sufficient material between the thread root and the keyway in the bore. Figure 8-27 
shows the recommended thickness above the keyway to be a minimum of one-half the 
whole depth of the threads. 

TABLE 8-8 Typical tooth dimensions for worms and wormgears 

Dimension Formula 

Addendum 
Whole depth 
Working depth 
Dedendum 
Root diameter of worm 
Outside diameter of worm 
Root diameter of gear 
Throat diameter of gear 

a = 0.3183P, = IIP J 
h, = 0.6866P, = 2.151 IP J 
hk = 2a = 0.6366/'„ = 2IPa 
b^h,-a = 0.3683P, = \.\51IPd 

D,w = Dw-2b 
Doiv = Dw + 2a = Dw + h 
D,a = Dc-2b 

D, = DG + 2a 

Source: Standard AGMA Design Manual Cylindncal Wormgearing, with the permission of 
the publisher, American Gear Manufacturers Association, 1500 King Street, Suite 201, 
Alexandria, VA 22314. 

file:///./51IPd
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FIGURE 8-27 Shell 
worm 

0.5/7,(min) 

/i, whole depth 

FIGURE 8-28 
Wormgear details 

Outside dia. 
DOG 

Throat dia. 
D, 

Pitch dia. 

Face Width of 
Wormgear 

Wormgear Dimensions 

We are concerned here with the single-enveloping type of wormgear, as shown in Figure 
8-28. Its addendum, dedendum, and depth dimensions are assumed to be the same as 
those listed in Table 8-8, measured at the throat ofthe wormgear teeth. The throat is in 
line with the vertical centerline of the worm. The recommended face width for the wor
mgear is 

Fc= {Dlw- Diy (8^1) 

This corresponds to the length ofthe line tangent to the pitch circle of the worm and lim
ited by the outside diameter of the worm. Any face width beyond this value would not 
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be effective in resisting stress or wear, but a convenient value slightly greater than the 
minimum should be used. The outer edges of the wormgear teeth should be chamfered 
approximately as shown in Figure 8-28. 

Another recommendation, which is convenient for initial design, is that the face 
width of the gear should be approximately 2.0 times the circular pitch. Because we are 
working in the diametral pitch system, we will use 

Fa = 2p = 2ir/Pj (8-42) 

However, since this is only approximate and 2TT is approximately 6, we will use 

Fa = 6/Pj (8-43) 

If the gear web is thinned, a rim thickness at least equal to the whole depth ofthe 
teeth should be left. 

o Face Length 
of Worm 

Face Length of the Worm 

For maximum load sharing, the worm face length should extend to at least the point 
where the outside diameter of the worm intersects the throat diameter of the wormgear. 
This length is 

Fw = 2[DJ2)- - {Da/2 - af] 1/2 (8-44) 

Example Problem 8-8 

Solution 

A worm and wormgear set is to be designed to produce a velocity ratio of 40. It has been 
proposed that the diametral pitch of the wormgear be 8. based on the torque that must be 
transmitted. (This will be discussed in Chapter 10.) Using the relationships presented in this 
secfion, specify the following: 

Worm diameter. Dw 

Number of threads in the worm, Nw 

Number of teeth in the gear. Â ;̂ 

Actual center distance, C 

Face width of the gear. Fa 

Face length of the worm, Fw 

Minimum thickness ofthe rim ofthe gear 

Many design decisions need to be made, and mulfiple solutions could satisfy the require
ments. Presented here is one solution, along with comparisons with the various guidehnes 
di-scussed in this section. This type of analysis precedes the stress analysis and the deter
mination of the power-transmitting capacity of the worm and wormgear drive which is dis
cussed in Chapter 10. 

Trial Design; Let's specify a double-threaded worm: Â „, = 2. Then there must be 80 teeth 
in the wormgear to achieve a velocity ratio of 40. That is, 

VR = Na/Nw = 80/2 = 40 

With the known diametral pitch, Pj = 8, the pitch diameter of the wormgear is 

DG = Na/Pj = 80/8 = 10.000 in 
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An initial estimate for the magnitude ofthe center distance is approximately C = 6.50 in. 
We know that it will be greater than 5.00 in, the radius of the wormgear. Using Equation 
( 8 ^ 0 ) , the recommended minimum size of the worm is 

Dw = C""y3.0 = 1.71 in 

Similarly, the maximum diameter should be 

Dw= C""y i .6 = 3.21 in 

A small worm diameter is desirable. Let's specify Dw = 2.25 in. The actual center distance is 

C = {Dw + Da)/2 = 6.125 in 

Worm Outside Diaineter 

D„w = Dw + 2a = 2.25 + 2(1/P,/) = 2.25 + 2(1/8) = 2.50 in 

Whole Depth 

h, = 2.\51/Pj = 2.157/8 = 0.270 in 

Face Width for Gear 
Let's use Equation ( 8 ^ 1 ) : 

Fa = {Dlw - Dlf- = (2.50- - 2.25^) = 1.090 in 

Let's specify Fa = 1 25 in. 

Addendum 

a = \/Pj = 1/8 - 0.125 in 

Throat Diameter of Wormgear 

D, = Da + 2a = 10.000 + 2(0.125) = 10.250 in 

Recommended Minimum Face Length of Worm 

Fw - 2[{D,/2)- - {Da/2 - «)"]'/- = 3.16 in 

Let's specify Fw = 3.25 in. 

Miniinum Thickness ofthe Rim ofthe Gear 
The rim thickness should be greater than the whole depth: 

h, = 0.270 in 

8 - 1 2 The concept of train value was introduced in Section 8-6 and was applied to gear trains hav-
TRAIN VALUE ing all spur gears and a modest reducfion ratio. Trains of two to five gears having a single 

FOR COMPLEX speed reduction or a double reduction were included. This section expands on the concept 
GEAR TRAINS of train value to include a wider variety of gear types, higher reducfion ratios, and the op-

r.r,rtiinity to usc scvcral different arrangements of gears. 
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The basic definition of train value as shown in Equafion (8-23) will confinue to be 
used. Its general form is repeated here: 

product of number of teeth in the driven gears input speed 
TV = -^ -̂  = 7 

product of number of teeth in the driving gears output speed 

This is equivalent to saying that the train value is the product of the velocity ratios of the 
individual gear pairs in the train. 

When spur, helical, and bevel gears are used, the specific geometry ofthe gears and 
their teeth does not affect the train value. Also, when a worm/wormgear set is a part ofthe 
train, its data can be entered into the equation if we recall that the number of threads in the 
worm can be considered equivalent to the number of teeth in the driver of that set. 

Sketches of the gear trains are valuable to illustrate the arrangement of gears and to 
enable you to track the flow of power through the train, that is, how the motion is trans
ferred from the input shaft through the entire train to the output shaft. The sketches can be 
somewhat schematic, but they should show the relative positions ofthe gears and the shafts 
that carry the gears. Although sizes need not be drawn to scale, it is helpful to suggest the 
nominal size of the gears to aid in judging whether a given pair will produce a speed re
duction or a speed increase. Showing the pitch diameters of the gears will suffice. Recall 
that the motion of one gear on its mating gear is kinematically similar to the rolling of 
smooth cylinders on one another without slipping where the diameters for the cylinders are 
equal to the pitch diameters of the gears. But be sure to understand that any two gears in 
mesh must have compatible tooth forms. Only the kinematics ofthe train are being consid
ered here. Later, when the actual gears, shafts, bearings, and the housing are designed, many 
other geometric features and operating parameters must be considered. 

The sketching technique shown in Figure 8-29 will be used in this section and in the 
Problems section of this chapter. Gears are given letter designations, and the shafts carry
ing the gears are numbered. The data for the train shown in the figure should be interpreted 
as follows: 

• Gears A, B, C, and D are external type, either spur or helical. Their shafts (shafts 
1, 2, and 3) are parallel and are indicated only by their centerlines. Shaft 1 is the 
input to the train. It would typically be connected directly to a drive such as an 
electric motor. 

• Gear A drives gear B with a speed reduction because gear A is smaller than gear B, 
A change in direction of rotafion occurs. Gear C is on the same shaft as gear fi and 
rotates at the same speed and in the same direction. Gear C drives gear D with a 
speed reduction and a direction reversal. 

• Gears E and F are bevel gears, straight, or spiral, or some other tooth form. Their 
shafts (3 and 4) are perpendicular. 

• Gear G is a worm, and it is driving wormgear H, Their shafts (4 and 5) are per
pendicular, with shaft 5 directed out of the page. Note that we are seeing the side 
view of the pitch cylinder of the worm rotating about a vertical axis (shaft 4). We 
see the end view of wormgear H. 

• The small pinion / is also mounted on shaft 5 and rotates at the same speed and in 
the same direction as wormgear H. 

• Pinion / drives the internal gear J mounted on shaft 6 which is the output gear of 
the train. Note that shaft 6 rotates in the same direction as shaft 5. 
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Data for the gears in the train may be provided in a number of ways. If only speed of 
rotation is to be considered, the number of teeth in each gear will normally be given. If phys
ical size ofthe train, center distances, bearing placement, housing design, and detailed lay
out are to be considered, then other geometrical features such as diametral pitch, face width, 
gear blank style, hub style, and gear diameters will have to be specified. Most ofthese fea
tures are discussed in later chapters. We will give only the numbers of teeth in most cases 
in this chapter. But notice that if pitch diameter and diametral pitch of a pinion and gear are 
given, their numbers of teeth can be determined from 

P, = Np/Dp = Na/Da 

Np = PjDp 

NG = PjDa 

Also, we can use the definition of diametral pitch to show the relationship between the ra
tio of the numbers of teeth in a pair of gears and the ratio of their diameters: 

P, = Np/Dp - Na/Da 

Na/Np = Da/Dp 

This shows that the diameter ratio could replace the teeth ratio in the train value equation. 

Example Problem 8-9 Refer to Figure 8-29. Shaft 1 is a motor shaft and rotates at 1160 rpm. Compute the rota
tional speed ofthe output shaft, shaft 6. Data for the gears are as follows: 

N,= 18 
Â^ = 30 

Np = 34 
Np = 60 

Nc = 20 
Na — 2 (worm threads) 
A /̂= 16 

Nn = 62 
N„ = 40 
yv, = 88 

Solution We will compute the train value first: 

_ {Np){Nn){Np){N„){Nj) _ (34)(62)(60)(40)(88) 

{N,){Nc){N,){Na){Ni) (18)(20)(30)(2)(16) 
1288.2 

FIGURE 8-29 Gear 
train for Example 
Problem 8-9 
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Butrv = /;,//;,, Then 

/!, = /1,/rV = (1160 rpm)/l288.2 = 0.900 rpm 

Shaft 6 rotates 0.900 rpm. 

8—13 
DEVISING GEAR 

TRAINS 

Now we will show several methods for devising gear trains to produce a desired train value. 
The result will typically be the specification of the number of teeth in each gear and the gen
eral arrangement ofthe gears relative to each other. The determination ofthe types of gears 
will generally not be considered except for how they may aftect the direction of rotation or 
the general alignment of the shafts. Additional details can be specified after completion of 
the study of the design procedures in later chapters. 

A few general principles that were discussed earlier in this chapter are reviewed first. 

General 
Principles for 

Devising Gear 
Trains 

1. The velocity ratio for any pair of gears can be computed in a variety of ways as in
dicated in Equation (8-22). 

2. The number of teeth in any gear must be an integer. 

3. Gears in mesh must have the same tooth form and the same pitch. 

4. When external gears mesh, there is a direction reversal of their shafts. 

5. When an external pinion meshes with an internal gear, their shafts rotate in the 
same direcfion. 

6. An idler is a gear that performs as both a driver and a driven gear in the same train. 
Its size and number of teeth have no effect on the magnitude ofthe train value, but 
the direction of rotation is changed. 

7. Spur and helical gears operate on parallel shafts. 

8. Bevel gears and a worm/wormgear set operate on shafts perpendicular to each other. 

9. The number of teeth in the pinion of a gear pair should not be such that it causes 
interference with the teeth of its mafing gear. Refer to Table 8-6. 

10. In general, the number of teeth in the gear should not be larger than about 150. 
This is somewhat arbitrary, but it is typically more desirable to use a double-
reduction gear train rather than a very large, single-reduction gear pair. 

Hunting Tooth 

Some designers recommend that integer velocity ratios be avoided, if possible, because the 
same two teeth would come into contact frequently and produce uneven wear pattems on 
the teeth. For example when using a velocity ratio of exactly 2.0. a given tooth on the pin
ion would contact the same two teeth on the gear with every two revolutions. In Chapter 9 
you will learn that the pinion teeth are often made harder than the gear because the pinion 
experiences higher stresses. As the gears rotate, the pinion teeth tend to smooth any in
herent roughness of the gear teeth, a process sometimes called wearing in. Each tooth on 
the pinion has a slightly different geometry causing unique wear patterns on the few teeth 
with which it mates. 

A more uniform wear pattem will result if the velocity ratio in not an integer. Adding 
or subtracting one tooth from the number of teeth in the gear produces the result that each 
pinion tooth would contact a different gear tooth with each revolution and the wear pattem 
would be more uniform. The added or subtracted tooth is called the hunting tooth. Obviously 
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the velocity ratio for the gear pair will be slightly difterent, but that is often not a concem un
less precise timing between the driver and driven gears is required. Consider the following 
example. 

An initial design for a gear pair calls for the pinion to be mounted to the shaft of an 
electric motor having a nominal speed of 1750 rpm. Thc pinion has 18 teeth and the gear 
has 36 teeth, resulting in a velocity ratio of 36/18 or 2.000. The output speed would then be. 

Initial design: n = /;, (VA^G) = 1750 rpm (18/36) = 875 rpm 

Now consider adding or subtracting one tooth from the gear. The output speeds would be. 

Modified design: /;. 

Modified design: n-, 

/I, {Np/Na) = 1750 rpm (18/35) = 900 rpm 

/!, {Np/Na) = 1750 rpm (18/37) = 851 rpm 

The output speeds for the modified designs are less than 3.0 percent ditferent from the original 
design. You would have to decide if that is acceptable in a given design project. However, be 
aware that the motor speed is typically not exactly 1750 rpm. As discussed in Chapter 21, 
1750 rpm is the fiill load .speed of a four-po\e altemating current electric motor. When operat
ing at a torque less than the full load torque the speed would be greater than 1750 rpm. Con
versely, a greater torque would result in a slower speed. When precise speeds are required, a 
variable speed drive that can be adjusting according to actual loads is recommended. 

Several design procedures will now be demonstrated through example problems. It is 
not practical to ouUine a completely general procedure because ofthe many variables in any 
given design situation. You are advised to study the examples for their general approach, 
which you can adapt to future problems as needed. 

Design of a Single Pair of Gears to Produce a Desired Velocity Ratio 

Example Problem 8-10 Devise a gear train to reduce the speed of rotation of a drive from an electric motor shaft 

operating at 3450 rpm to approximately 650 rpm. 

Solution First we will compute the nominal train value: 

TV = (input speed)/(output .speed) = 3450/650 = 5.308 

If a single pair of gears is used then the train value is equal to the velocity ratio for that pair. 
That is, TV=VR^ Na/Np. 

Let's decide that spur gears having 20°, full-depth, involute teeth are to be used. Then 
we can refer to Table 8-6 and determine that no fewer than 16 teeth should be used for the 
pinion in order to avoid interference. We can specify the number of teeth in the pinion and 
use the velocity ratio to compute the number of teeth in the gear: 

Na = {VR){Np) = {5.m){Np) 

Conclusion and 
Comments 

Some examples are given in Table 8-9. 

The combination of Np = 26 and Na = 138 gives the most ideal result for the output speed. 
But all ofthe trial values give output speeds reasonably close to the desired value. Only two 
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TABLE 8-9 

Np 

16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

Computed 
Na = (5.308){/Vp) 

84.92 
90.23 
95.54 

100.85 
106.15 
111.46 
116.77 
122.08 
127.38 
132.69 
138.00 
143.31 
148.61 
153.92 

Nearest 
integer Â, 

85 
90 
96 

101 
106 
111 
117 
122 
127 
133 
138 
143 
149 
154 

Actual VR: 
, VR = NJNp 

85/16 = 5.31 
90/17 = 5.29 
96/18 = 5.33 

101/19 = 5.32 
106/20 = 5.30 
111/21 =5.29 
117/22 = 5.32 
122/23 = 5.30 
127/24 = 5.29 
133/25 = 5.32 
138/26 = 5.308 
143/27 = 5.30 
149/28 = 5.32 

Too large 

Actual output speed (rpm): 
nc = npA^R = npiNpINc) 

649.4 
651.7 
646.9 
649.0 
650.9 
652.7 
648.7 
650.4 
652.0 
648.5 
650.0 Exact 
651.4 
648.3 

are more than 2.0 rpm oft" the desired value. It remains a design decision as to how close the 
output speed must be to the stated value of 650 rpm. Note that the input speed is given as 
3450 rpm, the full load speed of an electric motor. But how accurate is that? The actual 
speed of the input will vary depending on the load on the motor. Therefore, it is not likely 
that the ratio must be precise. 

Equal Reduction Ratios for Compound Gear Trains 

Example Problem 8-11 Devise a gear train for a machine tool drive. The input is a shaft that rotates at exactly 1800 
rpm. The output speed must be within the range of 31.5 and 32.5 rpm. Use 20°, full-depth, 
involute teeth and no more than 150 teeth in any gear. 

Solution Permissible Train Values 
First let's compute the nominal train value that will produce an output speed of 32.0 rpm at 
the middle of the allowable range: 

TV„^^ = (input speed)/(nominal output speed) = 1800/32 = 56.25 

Similarly, we can compute the minimum and maximum allowable rafio: 

^min - (input speed )/(maximum output speed) 

^max = (input speed)/(minimum output speed) 

1800/32.5 = 55.38 

1800/31.5 = 57.14 

Possible Rado for Single Pair 
The maximum ratio that any one pair of gears can produce occurs when the gear has 150 
teeth and the pinion has 17 teeth (see Table 8-6). Then 

VR„ Na/Np = 150/17 = 8.82 
This is too low. 
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FIGURE 8-30 
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Possible Train Value for Double-Reduction Train 
If a double-reduction train is proposed, the train value will be 

TV = (V/?|)(V/?,) 

But the maximum value for either VR is 8.82. Then the maximum train value for the double-
reduction train is 

TY^,, = (8.82)(8.82) = (8.82)- = 77.9 

It can be concluded that a double-reducfion train should be practical. 

Optional Designs 
The general layout of the propo.sed train is shown in Figure 8-30. Its train value is 

TV = {VR,){VR,) = {N,/N,){Nn/Na) 

We need to specify the number of teeth in each of the four gears to achieve a train value 
within the range just computed. Our approach is to specify two ratios, VR^ and VRj, such 
that their product is within the desired range. One possibility is to let the two ratios be equal. 
To produce the middle train value, each velocity ratio must be the square root ofthe target 
ratio, 56.25. That is. 

VR^ = VR. = V56.25 = 7.50 

As shown in Table 8-10, we will u.se a process similar to that used in the previous example 
problem to select possible numbers of teeth. 

Any of the possible designs shown in Table 8-10 would produce acceptable results. 
For example, we could specify 

N,- 18 N„ = 135 Nr= 18 A^„= 135 

This combination would produce an output speed of exactly 32.0 rpm when the input speed 

was exactly 1800 rpm. 
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TABLE 8-10 

Computed 
A',. N,, = n.5HN,.) 

17 127,5 
17 127,5 
1S 135 
|y 142.5 
IS* 142.5 
20 150 

Nearest 
integer Â ,, 

12X 
127 
135 
143 
142 
150 

Actual VR: 
VR = NrJNp 

128/17 = 7.529 
127/17 = 7.470 
135/18 = 7.500 
14.Viy = 7.526 
142/19 = 7.474 
150/20 = 7.500 

Actual output speed (rpm): 
Ua^ np(VR)-

31.75 
32.25 
32.00 
31.78 
32.23 
32.00 

Factoring Approach for Compound Gear Trains 

Example Problem 8-12 Devise a gear train for a recorder fiir a precision measuring instrument. The input is a shaft 
that rotates at exactly 3600 rpm. The output speed must be within the range of 11.0 and 11.5 
rpm. Use 20°, full-depth, involute teeth; no fewer than 18 teeth; and no more than 150 teeth 
in any gear. 

Solution Nominal Target TV 

r\/„„„ = 3600/11.25 = 320 

Maxiinuni TV 

Miniiniiin TV 

Maximum Single VR 

n/„,„ = 3600/11.0 = 327.3 

7y,„„ = 3600/11.5 = 313.0 

V/?„„, = 150/18 = 8.33 

Maximum TV for Double Reductitm 

TV,,.,, = (8.333)- = 69.4 (too low) 

Maximum TV for Triple Reduction 

TV,,,,, = (8.333)' = 578 (okay) 

Design a triple-reduction gear train such as that shown in Figure 8-31. The train value 
is the product ofthe three individual velocity ratios: 

TV = {VR,){VR,){VR,) 

If we can find three factors of 320 that are within the range of the possible ratio for a sin
gle pair of gears, they can be specified for each velocity ratio. 
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FIGURE 8-31 
Triple-reduction gear 
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Factors of 320 
One method is to divide by the smallest prime numbers that will divide evenly into the given 
number, typically 2, 3, 5. or 7. For example, 

320/2 = 160 
160/2 = 80 

80/2 = 40 

40/2 = 20 
20/2 = 10 

10/2 = 5 

Then the prime factors of 320 are 2, 2. 2. 2. 2. 2. and 5. We desire a set of three factors, 
which we can find by combining each .set of three "2" factors into their product. That is, 

(2)(2)(2) = 8 

Then the three factors of 320 are 

(8)(8)(5) = 320 

Now let the number of teeth in the pinion of each pair be 18. The number of teeth in the 
gears will then be (8)(18) = 144or(5)(18) = 90. Finally, we can .specify 

N, 18 

Np = 144 

Na= 1: 

A',, 144 

Np= 18 

N^ =90 

Example Problem 8-13 

Residual Ratio 

Devise a gear train for a conveyor drive. The drive motor rotates at 1150 rpm, and it is desired 
that the output speed for the shaft that drives the conveyor be in the range of 24 to 28 rpm. Use a 
double-reduction gear train. Power transmission analysis indicates that it would be desirable for 
the reduction ratio for the first pair of gears to be somewhat greater than that for the second pair. 

Solution The start of this problem is similar to that for Example Problem 8-12. 
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Permissible Train Values 
First let's compute the nominal train value that will produce an output speed of 26.0 rpm at 

the middle ofthe allowable range: 

7V„„„, = (input speed)/(nominal output speed) = 1150/26 = 44.23 

Now we can compute the minimum and maximum allowable speed rafio: 

P^mm = (input .speed)/(maximum output speed) = 1150/24 = 47.92 

T'Vniax = (input speed)/(minimum output speed) = 1150/28 = 41.07 

Possible Ratio for Single Pair 
The maximum ratio that any one pair of gears can produce occurs when the gear has 150 teeth 
and the pinion has 17 teeth (see Table 8-6). Then 

V/?max = Na/Np = 150/17 = 8.82 (too low) 

Possible Train Value for Double-Reduction Train 

TV = (V/?,)(V/?:) 

But the maximum value for either VR is 8.82. Then the maximum train value is 

7Y„,, = (8.82)(8.82) = (8.82)- = 77.9 

A double-reduction train is practical. 

Optional Designs 
The general layout of the proposed train is shown in Figure 8-30. Its train value is 

TV = {VR,){VR,) = {Np/N,){Nn/Nc) 

We need to specify the number of teeth in each of the four gears to achieve a train value 
within the range just computed. Our approach is to .specify two rafios, V/?, and V7?2, such 
that their product is within the desired range. If the two ratios were equal as before, each 
would be the square root ofthe target ratio, 44.23. That is. 

V^i = VR. = \ /44 .23 = 6.65 

But we want the first ratio to be somewhat larger than the second. Let's specify 

VR, = 8.0 = {Np/N,) 

If we let pinion A have 17 teeth, the number of teeth in gear B must be 

NB = (A ,̂4)(8) = (17)(8) = 136 

Then the second ratio should be approximately 

{VR.) = TV{VR,) = 44.23/8.0 = 5.53 

This is the residual ratio left after the first ratio has been specified. Now if we specify 17 
teeth for pinion C, gear D must be 

VR. = 5.53 = Nn/Na = NjM 
Âo = (5.53)(17) = 94.01 
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Rounding this off to 94 is likely to produce an acceptable result. Finally, 

N., = 17 Np= 136 Nc = 17 Nn = 9 4 

We should check the final design: 

TV = (136/17)(94/I7) = 44.235 = njun 

The actual output speed is 

Un = njTV = (1150 rpm)/44.235 = 26.0 rpm 

This is right in the middle of the desired range. 
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P R O B L E I V I S 

Gear Geometry 

1. A gear has 44 teeth of the 20°, full-depth, involute form 
and a diametral pitch of 12. Compute the following: 

(a) Pitch diameter 

(b) Circular pitch 

(c) Equivalent module 

(d) Nearest standard module 

(e) Addendum 

(f) Dedendum 

(g) Clearance 

(h) Whole depth 

(i) Working depth 

(j) Tooth thickness 

(k) Outside diameter 

Repeat Problem I for the following gears: 

2. /V = 34: P^i = 24 

3. A' = 45; Pj = 2 

4. N= 18;/ ' . /= 8 

5. A' = 22; Pj= 1.75 

6. A' = 20: PJ = 64 

7. N= 180;/',, = 80 

8. A'= 28: P.; = 18 

9. A' = 28; P,i = 20 

For Problems 10-17, repeat Problem 1 for the follow
ing gears in the metric module system. Replace Part (c) with 
equivalent /*,/ and Part (d) with nearest standard Pj. 

10. N = 34; m = 3 

11. ^ = 45;//; = 1.25 

12. N = 18; w = 12 

13. N = 22; m = 20 

14. Â  = 20; /;; = I 

15. A'= I80;w = 0.4 

16. A' = 28:/» = 1.5 

17. N = 28; m = 0.8 

18. Define backlash, and discuss the methods used to pro
duce it. 

19. For the gears of Problems 1 and 12, recommend the 
amount of backlash. 

Velocity Ratio 

20. An 8-pitch pinion with 18 teeth mates with a gear having 
64 teeth. The pinion rotates at 2450 rpm. Compute the 
following: 

(a) Center distance 

(b) Velocity ratio 

(c) Speed of gear 

(d) Pitch line speed 

Repeat Problem 20 for the following data: 

21. P,, = 4;Np = 20; Ng = 92; Up = 225 rpm 

22. PJ = 20; Np = 30; A'c = 68; Up = 850 rpm 

23. PJ = 64; Np = 40; N^ = 250; Up = 3450 rpm 

24. PJ = \2:Np = 24; Na = 88; Up = 1750 rpm 

25. m = 2:Np = 22; Â -̂ = 68; Up = 1750 rpm 

26. m = 0.8; Np = 18; Â c = 48; Up = 1150 rpm 

27. m = 4:Np = 36; Na = 45; Up = 150 rpm 

28. m = \2;Np= 15; N^ = 36; Up = 480 rpm 

For Problems 29-32, all gears are made in standard 20°, 
full-depth, involute form. Tell what is wrong with the follow
ing statements: 

29. An 8-pitch pinion having 24 teeth mates with a lO-pitch 
gear having 88 teeth. The pinion rotates at 1750 rpm, and 
the gear at approximately 477 rpm. The center distance is 
5.900 in. 

30. A 6-pitch pinion having 18 teeth mates with a 6-pitch gear 
having 82 teeth. The pinion rotates at 1750 rpm, and the gear 
at approximately 384 rpm. The center distance is 8.3 in. 

31. A 20-pitch pinion having 12 teeth mates with a 20-pitch 
gear having 62 teeth. The pinion rotates at 825 rpm, and 
the gear at approximately 160 rpm. The center distance is 
1.850 in. 

http://www.powertransmissi(m.com
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32. A 16-pitch pinion having 24 teeth mates with a 16-pitch 
gear having 45 teeth. The outside diameter of the pinion 
is 1.625 in. The outside diameter of the gear is 2.938 in. 
The center distance is 2.281 in. 

Housing Dinnensions 

33. The gear pair described in Problem 20 is to be installed in 
a rectangular housing. Specify the dimensions X and Y as 
sketched in Figure P8-33 that would provide a minimum 
clearance of O.IO in. 

34. Repeat Problem 33 for the data of Problem 23. 

35. Repeat Problem 33 for the data of Problem 26, but make 
the clearance 2.0 mm. 

36. Repeat Problem 33 for the data of Problem 27. but make 
the clearance 2.0 mm. 

38. Use Figure P8-38. 

Input 

D 

Output 

^A =22 
A'B =30 
Nc = 68 
No = 25 
N^ = 68 

FIGURE P8-38 

39. Use Figure P8-39. 

FIGURE P8-33 (Problems 33. 34. 35, and 36) 

Analysis of Simple Gear Trains 
For the gear trains sketched in the given figures, compute the 
output speed and the direction of rotation of the output shaft if 
the input shaft rotates at 1750 rpm clockwise. 

37, Use Figure P8-37. 

Input 

C 

D H Output 

FIGURE P8-39 

40. Use Figure P8-40. 

/V4 = 20,Prf= 16 
Dg = 2.875 in 
Dc = 1.125 in 
N 

Nc 
D 38, Prf = 16 

18, Prf = 12 
D/r = 2.25 in 
NG= 18. Prf= 12 
NH= 30 

Input 

B 

D 

C 

N^ = 18 
Nn = 42 

18 Nr 

ND= 54 
Ni: = 24 

Np = 54 

Output 
Input 

C 

D 

^A = 

NB = 

Nc = 
No = 

80 
24 

60 
18 

Output 

FIGURE P8-37 FIGURE P8-40 
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Helical Gearing 

41. A helical gear has a transverse diametral pitch of 8, a 

trans\erse pressure angle of \4\', 45 teeth, a face width 

of 2.00 in, and a helix angle of 30°. Compute the circular 

pitch, normal circular pitch, normal diametral pitch, axial 

pitch, pitch diameter, and normal pressure angle. Then 

compute the number of axial pitches in the face width. 

42. A helical gear has a normal diametral pitch of 12, a nor
mal pressure angle of 20'", 48 teeth, a face width of 1.50 
in. and a helix angle of 45 ". Compute the circular pitch, 
normal circular pitch, transverse diametral pitch, axial 
pitch, pitch diameter, and transverse pressure angle. Then 
compute the number of axial pitches in the face width. 

43. A helical gear has a transverse diametral pitch of 6, a 
transverse pressure angle of I4j°, 36 teeth, a face width 
of 1.00 in. and a helix angle of 45°. Compute the circu
lar pitch, normal circular pitch, normal diametral pitch, 
axial pitch, pitch diameter, and normal pressure angle. 
Then compute the number of axial pitches in the face 
width. 

44. A helical gear has a normal diametral pitch of 24, a normal 
pressure angle of 14V'. 72 teeth, a face width of 0.25 in. 
and a helix angle of 45''. Compute the circular pitch, nor
mal circular pitch, transverse diametral pitch, axial pitch, 
pitch diameter, and transverse pressure angle. Then com
pute the number of axial pitches in the face width. 

Bevel Gears 

45. A straight bevel gear pair has the following data: Np= 15; 
Na = 45; P,, = 6: 20" pressure angle. Compute all ofthe 
geometric features from Table 8-7. 

46. Draw the gear pair of Problem 45 to scale. The following 
additional dimensions are given (refer to Figure 8-22). 
Mounting distance (Mjp) for the pinion = 5.250 in; Mj^ 
for the gear = 3.000 in: face width = 1.250 in. Supply 
any other needed dimensions. 

47. A straight bevel gear pair has the following data: Np = 25; 
Na = 50; P,, = 10; 20' pressure angle. Compute all ofthe 
geometric features from Table 8-7. 

48. Draw the gear pair of Problem 47 to scale. The following 
additional dimensions are given (refer to Figure 8-22). 
Mounting distance (Mjp) for the pinion = 3.375 in; Mj^ 
for the gear = 2.625 in; face width = 0.700 in. Supply 
any other needed dimensions. 

49. A straight bevel gear pair has the following data: Np= 18; 
N,, = 72; PJ = 12; 20" pressure angle. Compute all ofthe 
geometric features from Table 8-7. 

50. A straight bevel gear pair has the following data: A'p = 16; 
Na = 64; Pj = 32; 20" pressure angle. Compute all ofthe 
geometric features from Table 8-7. 

51. A straight bevel gear pair has the following data: A'p= 12; 
A',, = 36; PJ = 48; 20° pressure angle. Compute all ofthe 
geometric features from Table 8-7. 

Wormgearing 

52. A wormgear set has a single-thread worm with a pitch di
ameter of 1.250 in, a diametral pitch of 10, and a normal 
pressure angle of 14.5°. If the worm meshes with a worm-
gear having 40 teeth and a face width of 0.625 in, com
pute the lead, axial pitch, circular pitch, lead angle, 
addendum, dedendum, worm outside diameter, worm 
root diameter, gear pitch diameter, center distance, and 
velocity ratio. 

53. Three designs are being considered for a wormgear set 
to produce a velocity ratio of 20 when the wormgear ro
tates at 90 rpm. All three have a diametral pitch of 12, 
a worm pitch diameter of 1.000 in, a gear face width of 
0.500 in. and a normal pressure angle of 14.5°. One has 
a single-thread worm and 20 wormgear teeth; the sec
ond has a double-thread worm and 40 wormgear teeth; 
the third has a four-thread worm and 80 wormgear 
teeth. For each design, compute the lead, axial pitch, 
circular pitch, lead angle, gear pitch diameter, and cen
ter distance. 

54. A wormgear set has a double-threaded worm with a nor
mal pressure angle of 20°, a pitch diameter of 0.625 in, 
and a diametral pitch of 16. Its mating wormgear has 100 
teeth and a face width of 0.3125 in. Compute the lead, ax
ial pitch, circular pitch, lead angle, addendum, deden
dum. worm outside diameter, center distance, and 
velocity ratio. 

55. A wormgear set has a four-threaded worm with a nor
mal pressure angle of 14^°, a pitch diameter of 2.000 in, 
and a diametral pitch of 6. Its mating wormgear has 72 
teeth and a face width of 1.000 in. Compute the lead, ax
ial pitch, circular pitch, lead angle, addendum, deden
dum, worm outside diameter, center distance, and 
velocity ratio. 

56. A wonngear set has a single-threaded worm with a nor
mal pressure angle of 14^°, a pitch diameter of 4.000 in, 
and a diametral pitch of 3. Its mating wormgear has 54 
teeth and a face width of 2.000 in. Compute the lead, ax
ial pitch, circular pitch, lead angle, addendum, deden
dum. worm outside diameter, center distance, and 
velocity ratio. 

57. A wormgear set has a four-threaded worm with a normal 
pressure angle of 25°, a pitch diameter of 0.333 in, and 
a diametral pitch of 48. Its mating wormgear has 80 
teeth and a face width of 0.156 in. Compute the lead, ax
ial pitch, circular pitch, lead angle, addendum, deden
dum, worm outside diameter, center distance, and 
velocity ratio. 
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Analysis of Complex Gear Trains 

58. The input shaft for the gear train shown in Figure P8-58 
rotates at 3450 rpm. Compute the rotational speed of the 
output shaft. 

Input 
shaft 

N, 

^F 

^C 

iV, 
N^ 

Nc 
NH 

= 82 
= 17 
= 64 
= 20 
= 110 

II 
II 

II 

oo
 

oo
 

oo
 

D 

C 
H 

Output 
shaft 

FIGURE P8-58 Gear train for Problem 58 

59. The input shaft for the gear train shown in Figure P8-59 
rotates at 12 200 rpm. Compute the rotational speed of the 
output shaft. 

60. The input shaft for the gear train shown in Figure P8-60 
rotates at 6840 rpm. Compute the rotational speed of the 
output shaft. 

61. The input shaft for the gear train shown in Figure P8-61 
rotates at 2875 rpm. Compute the rotational speed of the 
output shaft. 

Worm 

Worm 

A^;y=72 

FIGURE P8-59 Gear train for Problem 59 
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A'., = 16 
N - 4 8 

H ^ 

ryf 

/ 

N, 
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/ ^ ' \ 
-> 

. = 18 

A „ = 4 S 

D 

E 

3 

F 

Output 
shaft 

4 

A^ = 1 2 A/,. = 60 

FIGURE P8-60 Gear train for Problem 60 
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FIGURE P8-61 Gear train for Problem 61 

Kinematic Design of a Single Gear Pair 

62. Specify the numbers of teeth for the pinion and gear of a 
single gear pair to produce a velocity ratio of TT as closely 
as possible. Use no fewer than 16 teeth nor more than 24 
teeth in the pinion. 

63. Specify the numbers of teeth for the pinion and gear of a 

single gear pair to produce a velocity ratio of V 3 as 

closely as possible. Use no fewer than 16 teeth nor more 

than 24 teeth in the pinion. 

64. Specify the numbers of teeth for the pinitm and gear of a 

single gear pair to produce a velocity ratio of V 3 8 as 

closely as possible. Use no fewer than 18 teeth nor more 

than 24 teeth in the pinion. 

65. Specify the numbers of teeth for the pinion and gear of a 
single gear pair to produce a velocity ratio of 7.42 as 
closely as possible. Use no fewer than 18 teeth nor more 
than 24 teeth in the pinion. 
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Kinematic Design of Gear Trains 
For Problems 66-75. devise a gear train using all external 
gears on parallel shafts. Use 20 full-depth involute teeth and no 
more than 150 teeth in any gear Ensure that there is no inter
ference. Sketch the layout for your design. 

Problem no. Input speed (rpm) Output speed range (rpm) 

66. 

67. 

68. 

69. 

70. 

71 . 

72. 

73. 

74. 

75. 

1800 

1800 

3360 

4200 

55{XJ 

5500 

1750 

850 

3000 

3600 

2.0 Exactly 

21.0 to 22.0 

12.0E,xacdy 

13.0 to 13.5 

221 to 225 

13.0 to 14.0 

146 to 150 

40.0 to 44.0 

548 to 552 U.se two pairs 

3.0 to 5.0 

For Problems 76-80, devise a gear train using any type of 
gears. Try for the minimum number of gears while avoiding in
terference and having no more that 150 teeth in any gear. 
Sketch your design. 

Problem no. Input speed (rpm) 

76. 3600 

77. 1800 

78. 3360 

79. 4200 

80. 5500 

Output speed (rpm) 

3.0 to 5.0 

8.0 Exacdy 

12.0 Exactly 

13.0 to 13.5 

13.0 to 14.0 
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Spur Gear Design 

Discussion Map 

n A spur gear has involute 
teeth that are straight and 
parallel to the axis of the 
shaft that carries the gear. 

Discover 
Describe the action of the teeth of the driving gear on 
those of the driven gear. What kinds of stresses are 
produced? 
How do the geometry of the gear teeth, the materials 
from which they are made, and the operating conditions 
affect the stresses and the life of the drive system? 

This chapter will help you acquire the skills to perform 
the necessary analyses and to design safe spur gear 
drive systems that demonstrate long life. 

A spur gear is one of the most fundamental types of gears. Its teeth are straight and par
allel to the axis of the shaft that carries the gear. The teeth have the involute form de
scribed in Chapter 8. So, in general, the action of one tooth on a mating tooth is like that 
of two convex, curved members in contact: As the driving gear rotates, its teeth exert a 
force on the mating gear that is tangential to the pitch circles of the two gears. Because 
this force acts at a distance equal to the pitch radius of the gear, a torque is developed in 
the shaft that carries the gear. When the two gears rotate, they transmit power that is pro
portional to the torque. Indeed, that is the primary purpose ofthe spur gear drive system. 

Consider the action described in the preceding paragraph: 

• How does that action relate to the design of the gear teeth? Look back at Figure 
8-1 in Chapter 8 as you consider this question and those that follow. 

• As the force is exerted by the driving tooth on the driven tooth, what kinds of 
stresses are produced in the teeth? Consider both the point of contact of one tooth 
on the other and the whole tooth. Where are stresses a maximum? 

• How could the teeth fail under the influence of these stresses? 

• What material properties are critical to allow the gears to carry such loads safely 
and with a reasonable life span? 

• What important geometric features affect the level of stress produced in the teeth? 

• How does the precision of the tooth geometry affect its operation? 

• How does the nature of the application affect the gears? What if the machine that 
the gears drive is a rock crusher that takes large boulders and reduces them to 
gravel made up of small stones? How would that loading compare with that of a 
gear system that drives a fan providing ventilation air to a building? 

• What is the influence of the driving machine? Would the design be different if an 
electric motor were the driver or if a ga.soline engine were u.sed? 

• The gears are typically mounted on shafts that deliver power from the driver to the 
input gear of a gear train and that take power from the output gear and transmit it 
to the driven machine. Describe various ways that the gears can be attached to the 
shafts and located with respect to each other. How can the shafts be supported? 

This chapter contains the kinds of information that you can use to answer such ques
tions and to complete the analysis and design of spur gear power transmission systems. 
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Later chapters cover similar topics for helical gears, bevel gears, and wormgearing, along 
with the design and specification of keys, couplings, seals, shafts, and bearings—all of 
which are needed to design a complete mechanical drive. 

You Are the Designer 

You have already made the design decision that a spur 
gear type of speed reducer is to be used for a particular 
application. How do you complete the design of the gears 
themselves? 

This is a continuation of a design scenario that was 
started in Chapter 1 of this book when the original goals 
were stated and when an overview of the entire book was 
given. The introduction to Part II continued this theme by 
indicating that the arrangement of the chapters is aligned 
with the design process that you could use to complete 
the design of the speed reducer. 

Then in Chapter 8, you, as the designer, dealt with the 
kinematics of a gear reducer that would take power from 
the shaft of an electric motor rotating at 1750 rpm and de
liver it to a machine that was to operate at approximately 
292 rpm. There you limited your interest to the decisions 
that affected motion and the basic geometry of the gears. 
It was decided that you would use a double-reduction 
gear train to reduce the speed of rotation of the drive sys
tem in two stages using two pairs of gears in series. You 
also learned how to specify the layout of the gear train, 
along with key design decisions such as the numbers of 

teeth in all of the gears and the relationships among the 
diametral pitch, the number of teeth in the gears, the pitch 
diameters, and the distance between the centers of the 
shafts that carry those gears. For a chosen diametral 
pitch, you learned how to compute the dimensions of key 
features of the gear teeth such as the addendum, deden
dum, and tooth width. 

But the design is not complete until you have speci
fied the material from which the gears are to be made 
and until you have verified that the gears will withstand 
the forces exerted on the gears as they transmit power 
and the corresponding torque. The teeth must not break, 
and they must have a sufficiently long life to meet the 
needs of the customer who uses the reducer. 

To complete the design, you need more data: How 
much power is to be transmitted? To what kind of ma
chine is the power from the output of the reducer being 
delivered? How does that affect the design of the gears? 
What is the anticipated duty cycle for the reducer in 
terms of the number of hours per day, days per week, 
and years of life expected? What options do you have for 
materials that are suitable for gears? Which material will 
you specify, and what will be its heat treatment? 

You are the designer. The information in this chapter 
will help you complete the design. 

9-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to demonstrate the competencies listed be
low. They are presented in the order that they are covered in this chapter. The primary ob
jectives are numbers 6, 7, and 8, which involve (a) the calculation of the bending strength 
and the ability of the gear teeth to resist pitting and (b) the design of gears to be safe with 
regard to both strength and pitting resistance. The competencies are as follows: 

1. Compute the forces exerted on gear teeth as they rotate and transmit power. 

2. Describe various methods for manufacturing gears and the levels of precision and 

quality to which they can be produced. 

3. Specify a suitable level of quality for gears according to the use to which they are 

to be put. 

4. Describe suitable metallic materials from which to make the gears, in order to pro
vide adequate performance for both strength and pitting resistance. 

5. Use the standards of the American Gear Manufacturers Association (AGMA) as 

the basis for completing the design of the gears. 

6. Use appropriate stress analyses to determine the relationships among the applied 
forces, the geometry of the gear teeth, the precision of the gear teeth, and other factors 
specific to a given application, in order to make final decisions about those variables. 



366 Chapter 9 • Spur Gear Design 

8. 

Perfonn the analysis ofthe tendency for the contact stresses exerted on the surfaces of 
the teeth to cause pitting of the teeth, in order to determine an adequate hardness ofthe 
gear material that will provide an acceptable level of pitting resistance for the reducer 

Complete the design ofthe gears, taking into consideration both the stress analysis 
and the analysis of pitting resi.stance. The result will be a complete specification of 
the gear geometry, the material for the gear, and the heat treatment of the material. 

9—2 As you .study this chapter, it is assumed that you are familiar with the geometry of gear fea-
C O N C E P T S tures and the kinematics of one gear driving another as presented in Chapter 8 and illus-

FROM PREVIOUS trated in Figures 8-1, 8-8, 8-11, 8-12, 8-13, and 8-15. (See also References 4 and 23.) 
C H A P T E R S Key relationships that you should be able to use include the following: 

Pitch line speed = v, = RM — (D/2)co 

where R = radius of the pitch circle 
D = pitch diameter 
CO = angular velocity of the gear 

Because the pitch line speed is the same for both the pinion and the gear, values for R, D, 
and can be for either. In the computation of stresses in gear teeth, it is usual to express the 
pitch line speed in the units of ft/min, while the size of the gear is given as its pitch diame
ter expressed in inches. Speed of rotation is typically given as n rpm—that is, n rev/min. 
Let's compute the unit-specific equation that gives pitch line speed in ft/min: 

C^ Pitch Line Speed (D/2) 
D in n rev 2Tr rad 1 ft 

O) 

mm rev 12 in 
(TTD/J/I2) ft/min (9-1) 

The velocity ratio can be expressed in many ways. For the particular case of a pinion 
driving a larger gear. 

Velocity Ratio tO^ PG 
Velocity ratio =VR = -^ = — = -^ 

^G I^G Rp D, 

Na 

Np 
(9-2) 

Gear Ratio 

A related ratio, /;;^, called the gear ratio, is often used in analysis ofthe performance 
of gears. It is always defined as the ratio of the number of teeth in the larger gear to the num
ber of teeth in the pinion, regardless of which is the driver. Thus, nia is always greater than 
or equal to 1.0. When the pinion is the driver, as it is for a speed reducer, IUQ is equal to VR, 
That is. 

Gear ratio = nia = Na/Np > 1.0 (9-3) 

Diametral Pitch 

The diametral pitch, Pj. characterizes the physical size of the teeth of a gear. It is re
lated to the pitch diameter and the number of teeth as follows: 

PJ = Na/Da = Np/Dp (9-4) 

The pressure angle, (|), is an important feature that characterizes the form of the in
volute curve that makes up the active face ofthe teeth of standard gears. See Figure 8-13. 
Also notice in Figure 8-12 that the angle between a normal to the involute curve and the 
tangent to the pitch circle of a gear is equal to the pressure angle. 
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9-3 
FORCES, 

TORQUE, AND 
POWER IN 
GEARING 

^ Torque 

To understand the method of computing stresses in gear teeth, consider the way power is 
transmitted by a gear system. For the simple single-reduction gear pair shown in Figure 
9-1, power is received from the motor by the input .shaft rotating at motor speed. Thus, 
torque in the shaft can be computed from the following equation: 

Torque = power/rotational speed = P/n (9-5) 

The input shaft transmits the power from the coupling to the point where the pinion is 
I k i JL) t !^ I vJ I >l mounted. The power is transmitted from the shaft to the pinion through the key. The teeth of 

' the pinion drive the teeth ofthe gear and thus transmit the power to the gear. But again, power 
transmission actually involves the application of a torque during rotation at a given speed. The 
torque is the product ofthe force acting tangent to the pitch circle ofthe pinion times the pitch 
radius ofthe pinion. We will use the symbol W, to indicate the tangential force. As described. 

Pillow 
block 
bearings 

Note: Only pitch circles 
of gears shown 

Pinion 

Reaction: 
WJ on pinion 

Bearings 

(a) Side view (h) View A-A showing tangential 
forces on both gears 

W,I2 
VV,/2 

Bearing reactions Resisting torque 
at coupling 

Driven gear 

(c) View A-A showing tangential and 
radial forces on the driven gear 

W,/2 

VV,/2 
Bearing reactions 

((/) Forces on a shaft 
carrying a spur gear 

FIGURE 9-1 Power flow through a gear pair 
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VV, is the force exerted by the pinion teeth on the gear teeth. But if the gears are rotating at a 
constant speed and are transmitting a uniform level of power, the system is in equilibrium. 
Therefore, there must be an equal and opposite tangential force exerted by the gear teeth back 
on the pinion teeth. This is an application of the principle of action and reaction. 

To complete the description of the power flow, the tangential force on the gear teeth 
produces a torque on the gear equal to the product of W, times the pitch radius ofthe gear. 
Because W, is the same on the pinion and the gear, but the pitch radius ofthe gear is larger 
than that of the pinion, the torque on the gear (the output torque) is greater than the input 
torque. However, note that the power transmitted is the same or slightly less because of me
chanical inefficiencies. The power then flows from the gear through the key to the output 
shaft and finally to the driven machine. 

From this description of power flow, we can see that gears transmit power by exert
ing a force by the driving teeth on the driven teeth while the reaction force acts back on the 
teeth of the driving gear. Figure 9-2 shows a single gear tooth with the tangential force W, 
acting on it. But this is not the total force on the tooth. Because of the involute form ofthe 
tooth, the total force transferred from one tooth to the mating tooth acts normal to the in
volute profile. This action is .shown as W„. The tangential force W, is actually the horizon
tal component of the total force. To complete the picture, note that there is a vertical 
component of the total force acting radially on the gear tooth, indicated by W,. 

We will start the computation of forces with the transmitted force, W,. because its 
value is based on the given data for power and speed. It is convenient to develop unit-
specific equations for W, because standard practice typically calls for the following units 
for key quantities pertinent to the analysis of gear sets: 

Forces in pounds (lb) 

Power in horsepower (hp) (Note that 1.0 hp = 550 lb • ft/s.) 

Rotational speed in rpm, that is, rev/min 

Pitch line speed in ft/min 

Torque in lb • in 

FIGURE 9-2 Forces 
on gear teeth (]) = pressure angle 
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C^ Tangential Force 

C^ Tangential Force 

Torque 

Radial Force 

Normal Force 

The torque exerted on a gear is the product of the transmitted load, VV,. and the pitch 
radius of the gear. The torque is also equal to the power transmitted divided by the rota
tional speed. Then 

T = W,{R) = W,{D/2) = P/n 

Then we can solve for the force, and the units can be adjusted as follows: 

2P 2P(hp) 550 lb-ft/s 1.0 rev 60 s/min 12 in 

Dn D(in)-n (rev/min) (hp) 2IT rad 

VV̂, - (126 000)(P) / ( / iD) lb 

ft 

(9-6) 

Data for either the pinion or the gear can be used in this equation. Other relationships are 
now developed because they are needed in other parts ofthe process of analyzing the gears 
or the shafts that carry them. 

Power is also the product of transmitted force, VV,, and the pitch line velocity: 

P=W,- V, 

Then, solving for the force and adjusting units, we have 

^ , = ^ 
P ( h p ) 550 lb-ft/s 60s/min 

V, IV (ft/min) 1.0 hp 

We may also need to compute torque in Ib-in: 

33 000(P)/( r , ) lb (9-7) 

P 
T = -

cu 

P ( h p ) 550 lb-ft/s 1.0 rev 60 .s/min 12 in 

/i (rev/min) 1.0 hp 277 rad 

T = 63 000 (P)/« Ib-in 

ft 

(9-8) 

These values can be computed for either the pinion or the gear by appropriate substitutions. 
Remember that the pitch line speed is the same for the pinion and the gear and that the 
transmitted loads on the pinion and the gear are the same, except that they act in opposite 
directions. 

The normal force. W„. and the radial force, VV,.. can be computed from the known VV, 
by using the right triangle relations evident in Figure 9-2: 

W, = W,Van(\> 

W„ = Wjcos (}> 

(9-9) 

(9-10) 

where cj) = pressure angle of the tooth form 

In addition to causing the stresses in the gear teeth, these forces act on the shaft. In 
order to maintain equilibrium, the bearings that support the shaft must provide the reac
tions. Figure 9-1 (d) shows the free-body diagram ofthe output shaft ofthe reducer. 



Power Flow and Efficiency 

The discussion thus far has focused on power, torque, and forces for a single pair of gears. 
For compound gearing having two or more pairs of gears, the flow of power and the over
all efficiency become increasingly important. 

Power losses in gear drives made from spur, helical, and bevel gears depend on the 
action of each tooth on its mating tooth, a combination of rolling and sliding. For accurate, 
well-lubricated gears, the power loss ranges from 0.59f to 2.0% and is typically taken to be 
approximately 1.07c (See Reference 26). Because this is quite small, it is cu.stomary to neg
lect it in sizing individual gear pairs; we do that in this book. 

Compound gear drives employ several pairs of gears in series to produce large speed 
reduction ratios. With 1.0% power loss in each pair, the accumulated power loss for the sys
tem can become significant, and it can affect the size of motor to drive the system or the ul
timate power and torque available for use at the output. Furthermore, the power loss is 
transferred to the environment or into the gear lubricant and, for large power transmissions, 
the management ofthe heat generated is critical to the overall performance ofthe unit. The 
viscosity and load-carrying ability of lubricants is degraded with increasing temperature. 

Tracking power flow in a simple or compund gear train is simple, the power is trans
ferred from one gear pair to the next with only a small power loss at each mesh. More com
plex designs may split the power flow at some point to two or more paths. This is typical of 
planetary gear trains. In such cases, you should consider the basic relationship among power, 
torque, and rotational speed shown in Equation (9-5), P = Tx n. We can present this in an
other form. Let the rotational speed, //, that is typically taken to be in the units of rpm, be the 
more general term angular velocity, co, in the units of rad/s. Now express the torque in terms 
of the transmitted forces, W,, and the pitch radius of the gear, R. That is, T = W,R, 
Equation (9-5) then becomes, 

P = T X n = W,Rio 

But /? (0 is the pitch line velocity for the gears, v. Then, 

P = W,RM = W,v, 

Knowing how the power splits enables the determination ofthe transmitted load at each mesh. 

9 - 4 The di.scussion of gear manufacture will begin with the method of producing the gear blank. 
GEAR Small gears are frequently made from wrought plate or bar, with the hub, web, spokes, and 

MANUFACTURE rim machined to final or near-final dimensions before the gear teeth are produced. The face 
width and the outside diameter of the gear teeth are also produced at this stage. Other gear 
blanks may be forged, sand cast, or die cast to achieve the basic form prior to machining. 
A few gears in which only moderate precision is required may be die cast with the teeth in 
virtually final form. 

Large gears are frequently fabricated from components. The rim and the portion into 
which the teeth are machined may be rolled into a ring shape from a flat bar and then 
welded. The web or spokes and the hub are then welded inside the ring. Very large gears 
may be made in .segments with the final assembly of the .segments by welding or by me
chanical fasteners. 

The popular methods of machining the gear teeth are form milling, shaping, and bob
bing. (See References 23 and 25.) 
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FIGURE 9-3 A 
variety of gear cutting 
tools (Gleason Cutting 
Tools Corporation, 
Loves Park, IL) 

(a) Form milling cutter (h) Spur gear shaper cutter 

:'>.if**> 

'^r. 'V, 

^ ^ ^ : < ^ 

(c) Hob for small pitch gears having large teeth (d) Hob for high pitch gears having small teeth 

\n form milling [Figure 9-3(a)], a milling cutter that has the shape ofthe tooth space 
is used, and each space is cut completely before the gear blank is indexed to the position of 
the next adjacent space. This method is used mostly for large gears, and great care is re
quired to achieve accurate results. 

Shaping [Figures 9-3(b) and 9—4] is a process in which the cutter reciprocates, usu
ally on a vertical spindle. The shaping cutter rotates as it reciprocates and is fed into the gear 
blank. Thus, the involute-tooth form is generated gradually. This process is frequently used 
for internal gears. 

Mobbing [Figures 9-3(c) and (d) and 9-5j is a process similar to milling except that 
the workpiece (the gear blank) and the cutter (the hob) rotate in a coordinated fashion. Here 
also, the tooth form is generated gradually as the hob is fed into the blank. 

The gear teeth are finished to greater precision after form milling, shaping, or bob
bing by the proces.ses of grinding, shaving, and honing. Being products of secondary 
processes, they are expensive and should be u.sed only where the operation requires high 
accuracy in the tooth form and spacing. Figure 9-6 shows a gear grinding machine. 
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(a) Shaping small extemal gear (/>) Shaping large internal gear 

FIGURE 9 ^ Gear shaping operations (Bourn & Koch, Inc., Rockford, IL) 

(a) Gear hobbing machine ib) Close-up view of bobbing process 

FIGURE 9-5 CNC 4-axis fear bobber close-up of gear bobbing process (Bourn & Koch, Inc., Rockford, IL) 

9—5 Quality in gearing is the precision of specific features of a single gear or the composite er-
GEAR QUALITY ror of a gear rotating in mesh with a precise master gear. The factors typically measured to 

determine quality are: 

Inde.x variation: The difference between the actual location of a point on the face of a 
gear tooth at the pitch circle and the corresponding point of a reference tooth, measured 
on the pitch circle. The variation causes inaccuracy in the action of mating gear teeth. 
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(a) Gear grinding machine (b) Close-up view of grinding process 

FIGURE 9-6 CNC gear grinder and close-up of gear grinding setup (Bourn & Koch, Inc., Rockford, IL) 

Tooth alignment: The deviation ofthe actual line on the gear tooth surface at the pitch 
circle from the theoretical line. Measurements are made across the face from one end 
to the other. For a spur gear the theoretical line is straight. For a helical gear it is a 
part of a helix. Measurement of tooth alignment is sometimes called the helix mea
surement. It is important becau.se excessive misalignment causes nonuniform loading 
on the gear teeth. 

Tooth profile: The measurement of the actual profile of the surface of a gear tooth 
from the point of the start of the active profile to the tip of the tooth. The theoretical 
profile is a true involute curve. Variations of the actual profile from the theoretical 
profile cause variations in the instantaneous velocity ratio between the two gears in 
mesh, affecting the smoothness ofthe motion. 

Root radius: The radius of the fillet at the base of the tooth. Variations from the the
oretical value can affect the meshing of mating gears, creating possible interference, 
and the stress concentration factors related to bending stress in the tooth. 

Runout: A measure ofthe eccentricity and out-of-roundness of a gear. Excessive runout 
causes the contact point on mating gear teeth to move radially during each revolution. 

Total composite variation: A measure of the variation in the center distance between 
a precise master gear and the test gear for a full revolution. The shaft of one gear is 
fixed and the shaft of the mating gear is permitted to move while the teeth are kept in 
fight mesh. Figure 9-7(a) shows a sketch of one arrangement. 

Standards for Gear Quality 

The allowable amounts of variations of the actual tooth form from the theoretical form, or 
the composite variation, are specified by the AGMA as a qualit}' number Detailed charts giv
ing the tolerances for many features are included in AGMA Standard 2000-A88 Gear Clas
sification and Inspection Handbook, Tolerances and Measuring Methods for Unassembled 
Spur and Helical Gears. The quality numbers range from 5 to 15 with increasing precision. 

http://becau.se
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FIGURE 9-7 
Recording of errors in 
gear geometry 
(Extracted from AGMA 
Standard 2000-A88, 
Gear Classification and 
Inspection Handbook, 
Tolerances and 
Measuring Methods for 
Uiutssembled Spur and 
Helical Gears 
(Including Metric 
Equivalents), with the 
permission of the 
publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria, VA 22314) 

Work gear 

indicator 

(a) Schematic diagram of a typical gear rolling fixture 

One revolution (360°) of work gear 

(/>) Chart of gear-tooth errors of a typical gear when run with a specified gear in a rolling fixture 

The actual tolerances are a function of the quality number, diametral pitch of the gear teeth, 
and the number of teeth of the gear. Table 9-1 shows representative data for the total com
posite tolerance for several quality numbers. 

The Intemational Organization for Standardization (ISO) defines a different set of 
quality numbers in its Standard 1328-1-1995, Cylindrical gears-ISO system of accu
racy-Part I; Defiintions and allowable values of deviations relevant to corresponding 
flanks of gear teeth and Standard 1328-2-1997 Cylindrical gears-ISO system of accu
racy-Part 2; Definitions and allowable values of deviations relevant to radical composite 
deviations and runout information. These standards difl'er greatly from the AGMA Stan
dard 2000-A88. One major difference is that the quality numbering system is reversed. 
Whereas in the AGMA Standard 2008, higher numbers indicate greater precision, in the 
ISO standard lower numbers indicate greater precision. 

The AGMA released two new standards just prior to the fime this book was prepared. 
AGMA 2015-1-AOl Accuracy Classification System-Tangential Measurements for Cylin
drical Gears applies a system in which lower grade numbers indicate lower tolerance val
ues, similar but not identical to the ISO method. Comparisons are shown in this standard 
among the new AGMA 2015. the former AGMA 2008. and ISO 1328. AGMA 915-1-A02 
Inspection Practices-Part 1; Cylindrical Gears-Tangential Measurements, deals with im-
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TABLE 9-1 Selected values for total composite tolerance 

AGMA Diametral Number of gear teeth 
quality 
lumber 

Q5 

Q8 

QIO 

Q12 

Q14 

pitch. 
PJ 

2 
8 

20 
32 

2 
8 

20 
32 

2 
8 

20 
32 

2 

8 
20 
32 

2 

8 
20 
32 

20 

0.0260 
0.0120 
0.0074 
0.0060 
0.0094 
0.0043 
0.0027 
0.0022 
0.0048 
0.0022 
0.0014 
0.0011 
0.0025 
0.0011 
0.000 71 
0.000 57 
0.0013 
0.000 57 
0.000 36 
0.000 29 

40 

0.0290 
0.0130 
0.0080 
0.0064 
0.0110 
0.0047 
0.0029 
0.0023 
0.0054 
0.0024 
0.0015 
0.0012 
0.0028 
0.0012 
0.000 77 
0.000 60 
0.0014 
0.000 62 
0.000 39 
0,000 31 

60 

0.0320 
0.0140 
0.0085 
0.0068 
0.0120 
0.0050 
0.0031 
0.0025 
0.0059 
0.0026 
0.0016 
0.0013 
0.0030 
0.0013 
0.000 81 
0.000 64 
0.0015 
0.000 67 
0.000 41 
0.000 33 

100 

0.0350 
0.0150 
0.0092 
0.(W73 
0.0130 
0.0055 
0.0034 
0.0027 
0.0066 
0.0028 
0.0017 
0.0014 
0.0034 
0.0014 
0.000 87 
0.000 69 
0.0017 
0.000 73 
0.000 45 
0,000 35 

200 

0.0410 
0.0170 
0.0100 
0.0080 
0.0150 
0.0062 
0.0037 
0.0029 
0.0076 
0.0032 
0.0019 
0.0015 
0.0039 
0.0016 
0.000 97 
0,000 76 
0,0020 
0.000 82 
0.000 50 
0.000 39 

Source: Extracted from AGMA Standard 2000-A88. Gear Classification and Inspection Handbook. Tolerances 
and Measuring Metliodsfor Unassembled Spur and Helical Gears (Including Metric Equivalents), with the 
permission of the publisher, American Gear Manufacturers Association, 1500 King Street, Suite 201. 
Alexandria. VA 22314. 

plementing the new grades. While the quality grades are not precisely the same, a rough set 
of equivalents follows. 

AGMA 2008 AGMA 2015 ISO 1328 AGMA 2008 AGMA 2015 ISO 1328 

Q5 

Q6 

Q7 

Q8 

Q9 

QIO 

All 

AlO 

A9 

A8 

A7 

12 

11 

10 

9 

8 

7 

Q U 

Q12 

Q13 

Q14 

Q15 

A6 

A5 

A4 

A3 

A2 

(Most precise) 

6 

5 

4 

3 

2 

Note that the sum ofthe quality number from AGMA 2008 and the corresponding accuracy 
classificafion number from AGMA 2015 or ISO 1328 is always 17. 

Some European manufacturers employ standards ofthe German DIN (Deutsche In
dustrie Normen) system whose quality numbers are similar to those of the ISO, although 
the detailed specifications of tolerances and measurement methods are not idenfical. 

In this book, because of the recent introduction of AGMA 2015, we use the quality 
numbers from AGMA 2000-A88 unless stated otherwise. Also, AGMA 2008 is integrated 
into the gear design methodology that follows in terms of the dynamic factor, K,. 
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(a) Overall view 

(b) Closeup view of probe 
and test gear 

FIGURE 9-8 Analytical measurement system for gear quality 
(Process Equipment Company. Tipp City. Ohio) 

IVIethods of Gear Measurement 

Two different approaches to determining gear quality are in use, functional measurement 
and analytical measurement. 

Functional measurement typically uses a system such as that sketched in Figure 
9-7(a) to measure total composite error. The variation in center distance is recorded for a 
complete revolufion as shown in Figure 9-7(b). The total composite variation is the maxi
mum spread between the highest and lowest points on the chart. In addition, the maximum 
spread on the chart for any two adjacent teeth is determined as a measure of the tooth-to-
tooth composite variation. The runout can also be determined from the total excursion of 
the mean line through the plot as shown. These data allow the determinafion ofthe AGMA 
quality number based primarily on the total composite variation and are often considered 
adequate for general-purpose gears in industrial machinery. 

Analyticcd measurement measures individual errors of index, alignment (helix), invo
lute profile, and other features. The equipment is a specially designed coordinate measure
ment system (CMM) with a highly accurate probe that scans the various important surfaces 
of the test gear and produces electronic and printed records of the variations. Figure 9-8 
shows one commercially available model of an analytical measurement system. Part (a) is an 
overall view while part (b) shows the probe engaging the teeth of the test gear. Figure 9-9 
shows two different types of output charts from an analytical measurement system. The index 
variation chart (a) shows the amount of index variation for each tooth relative to a specified 
datum tooth. The profile variation chart (b) shows a plot of the deviation of the actual tooth 
profile from the true involute. The tooth alignment chart, measuring the helix accuracy, is 
similar. Tabulated data are also given along with the corresponding quality number related 
to each measurement. 

Comparisons are automatically made with the theoretical tooth forms and with toler
ance values to report the resulting quality number in the AGMA, ISO, DIN, or a user-
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FIGURE 9-9 Typical output charts from an analytical measurement system 
(Process Equipment Company, Tipp City, Ohio) 

defined standard. Besides giving the quality numbers, the detailed data from analytical 
measurement systems are u.seful to the manufacturing staff in making adjustments to cut
ters or equipment setfings to improve the accuracy ofthe total process. 

Using the general capabilities of the analytical measurement system, dimensions 
of features other than those of the gear teeth may also be determined while the gear is 
in its fixture. For example, when a gear is machined onto a shaft, key shaft diameters 
and geometric features may be checked for dimensions, perpendicularity, parallelism, 
and concentricity. Gear segments, composite gears having two or more gears on the 
same shaft, splines, cam surfaces, and other special features can be inspected along with 
the gear teeth. 

Recommended Quality Numbers 

The data in Table 9-1 should impress you with the precision that is normally exercised in 
the manufacture and installation of gears. The design ofthe entire gear system, including 
the shafts, bearings, and housing, must be consistent with this precision. Of course, the 
system should not be made more precise than necessary because of cost. For this reason, 
manufacturers have recommended quality numbers that will give satisfactory perform
ance at a reasonable cost for a variety of applications. Table 9-2 lists several of these rec
ommendations. 

Also shown in Table 9-2 are recommendations for quality numbers for machine tool 
drives. Because this is such a wide range of specific applications, the recommended qual
ity numbers are related to the pitch line speed, defined as the linear velocity of a point on 
the pitch circle ofthe gear. Use Equation (9-1). We recommend using these values for any 
high-accuracy machinery. 
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TABLE 9-2 Recommended AGMA quality numbers 

Application 

Cement mixer drum drive 
Cement kiln 
Steel mill drives 
Grain harvester 
Cranes 
Punch press 
Mining conveyor 
Paper-box-making machine 
Gas meter mechanism 

Machine tool drives 

Pitch line speed 
(fpm) 

0-800 
800-2000 

2000-1000 
Over 4000 

Quality 
number 

3-5 
5-6 
5-6 
5-7 
5-7 
5-7 
5-7 
6-8 
7-9 

and drives for other h 

Quality 

6-
8-

10-
12-

Application 

Small power drill 
Clothes washing machine 
Printing press 
Computing mechanism 
Automotive transmission 
Radar antenna drive 
Marine propulsion drive 
Aircraft engine drive 
Gyroscope 

Quality 
number 

7-9 
8-10 
9-11 

10-11 
10-11 
10-12 
10-12 
10-13 
12-14 

ligh-quality mechanical systems 

number 

-8 
-10 
-12 
-14 

Pitch line speed 
(m/s) 

0 ^ 
4-11 

11-22 
Over 22 

9—6 
ALLOWABLE 

STRESS 
NUIVIBERS 

Later in this chapter, design procedures are presented in which two forms of gear-tooth fail
ure are considered. 

A gear tooth acts like a cantilever beam in resisting the force exerted on it by the mat
ing tooth. The point of highest tensile bending stress is at the root ofthe tooth where the in
volute curve blends with the fillet. The AGMA has developed a set of allowable bending 
.stress numbers, called 5,„, which are compared to computed bending stress levels in the 
tooth to rate the acceptability of a design. 

A second, independent form of failure is the pitting of the surface of the teeth, usu
ally near the pitch line, where high contact stres.ses occur. The transfer of force from the 
driving to the driven tooth theoretically occurs across a line contact because of the action 
of two convex curves on each other. Repeated application of these high contact stresses can 
cause a type of fatigue failure of the surface, resulting in local fractures and an actual loss 
of material. This is called pitting. The AGMA has developed a set of allowable contact 
stress numbers, called .v, which are compared to computed contact stress levels in the tooth 
to rate the acceptability of a design. (See References 10-12.) 

Representative data for s^„ and .?,„ are given in the following section for general in
formation and use in problems in this book. More extensive data are given in the AGMA 
standards listed at the end ofthe chapter. (See References 6. 8, and 9.) 

Many ofthe data given in this book for the design of spur and helical gears are taken 
from the AGMA Standard 2001-C95, Fundamental Rating Factors and Calculation Meth
ods for Involute Spur and Helical Gear Teeth, with permission of the publisher, American 
Gear Manufacturers Association. 1500 King Street, Suite 201, Alexandria, VA 22314. 
That document should be consulted for details beyond the discussion in this book. Data in 
the U.S. Customary System only are given here. A separate document, AGMA Standard 
2101-C95, has been published as a Metric Edition of AGMA 2001-C95. A brief summary 
of the differences between the terminology in these two standards is given later in this 
chapter. 
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9-7 
METALLIC 

GEAR 
MATERIALS 

^DESIGN 

Gears can be made from a wide variety of materials to achieve properties appropriate to the 
application. From a mechanical design standpoint, strength and pitting resistance are the 
most important properties. But, in general, the designer should consider the producibility 
ofthe gear, taking into account all ofthe manufacturing processes involved, from the prepa
ration of the gear blank, through the forming of the gear teeth, to the final assembly of the 
gear into a machine. Other considerations are weight, appearance, corrosion resistance, 
noise, and, of course, cost. This section discusses several types of metals used for gears. 
Plastics are covered in a later section. 

Steel Gear Materials 

Througll-Hardened Stee ls . Gears for machine tool drives and many kinds of 
medium- to heavy-duty speed reducers and transmissions are typically made from medium-
carbon steels. Among a wide range of carbon and alloy steels used are 

AISI1020 

AISI 4140 

AISI 6150 

AISI1040 

AISI 4340 

AISI 8620 

AISI 1050 

AISI 4620 

AISI 8650 

AISI 3140 

AISI5120 

AISI9310 

(See Reference 17.) AGMA Standard 200I-C95 gives data for the allowable bending stress 
number, .v,„, and the allowable contact stress number, .v,„, for steels in the through-hardened 
condition. Figures 9-10 and 9-11 are graphs relating the stress numbers to the Brinell hard
ness number for the teeth. Notice that only knowledge of the hardness is required because of 
the direct relationship between hardness and the tensile strength of steels. See Appendix 19 

FIGURE 9-10 
Allowable bending 
stress number for 
through-hardened steel 
gears, 5̂ , (Extracted 
from AGMA 2001-C95 
Standard, Fundamental 
Rating Factors and 
Calculation Methods 
for Involute Spur and 
Helical Gear Teeth. 
with permission of the 
publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria, VA 22314) 
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FIGURE 9-11 
Allowable contact 
stress number for 
through-hardened steel 
gears, .ŝ „ (Extracted 
from AGMA 2001-095 
Standard, Fundamental 
Rating Factors and 
Calculation Methods 
for Involute Spur and 
Helical Gear Teeth. 
with permission of the 
publisher. American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria, VA 22314) 
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for data that correlate the Brinell hardness number, HB, with the tensile strength of steel in 
ksi. The range of hardnesses covered by the AGMA data is from 180 to 400 HB, correspon
ding to a tensile strength of approximately 87 to 200 ksi. It is not recommended to use 
through-hardening above 400 HB because of inconsistent performance ofthe gears in serv
ice. Typically, case hardening is used when there is a desire to achieve a surface hardness 
above 400 HB. This is described later in this section. 

The hardness measurement for the allowable bending stress number is to be taken at 
the root of the teeth because that is where the highest bending stress occurs. The allowable 
contact stress number is related to the surface hardness on the face of the gear teeth where 
the mafing teeth experience high contact stresses. 

When selecting a material for gears, the designer must specify one that can be hard
ened to the desired hardness. Review Chapter 2 for discussions about heat treatment tech
niques. Consult Appendices 3 and 4 for representative data. For the higher hardnesses, 
say, above 250 HB, a medium-carbon-alloy steel with good hardenability is desirable. Ex
amples are AISI 3140, 4140, 4340, 6150, and 8650. Ductility is also rather important be
cause of the numerous cycles of stress experienced by gear teeth and the likelihood of 
occasional overloads, impact, or shock loading. A percent elongation value of 12% or 
higher is desired. 

The curves in Figures 9-10 and 9-11 include two grades of steel: Grade 1 and 
Grade 2. Grade 1 is considered to be the basic standard and will be used for problem so
lutions in this book. Grade 2 requires a higher degree of control ofthe microstructure, al
loy composition, greater cleanliness, prior heat treatment, nondestructive tesfing 
performed, core hardness values, and other factors. See AGMA Standard 2001-C95 (Ref
erence 6) for details. 

Case-Hardened Stee ls . Flame hardening, induction hardening, carburizing, and ni
triding are processes used to produce a high hardness in the surface layer of gear teeth. See 
Figure 2-13 and the related discussion in Section 2-6. These processes provide surface 
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TABLE 9-3 Allowable stress numbers for case-hardened steel gear materials 

Allowable bending 
stress number, .v,„ (ksi) 

Hardness 
at surface Grade 1 

Flame- or induction-hardened: 
50 HRC 45 
54 HRC 45 

Carburized and case-hardened 
55-64 HRC 55 
58-64 HRC 55 

Grade 2 Grade 3 

55 
55 

65 

Nitrided, through-hardened steels: 
83.5 HRI5N See Figure 9-14. 
84.5HRI5N See Figure 9-14. 

Nitrided. nitralloy 135M:'' 
87.5HR15N 
90.0HR15N 

Nitrided, nitralloy N:^ 
87.5HR15N 
90.0HR15N 

See Figure 9-15. 
See Figure 9-15. 

See Figure 9-15. 
See Figure 9-15. 

Nitrided. 2.57^ chrome (no aluminum): 
87.5HR15N See Figure 9-15. 
90.0HR15N See Figure 9-15. 

75 

Allowable contact 
stress number, .v„, (ksi) 

Grade 1 

170 
175 

180 
180 

150 
155 

170 

172 

155 
176 

Grade 2 

190 
195 

225 

163 
168 

183 

188 

172 
196 

Grade 3 

275 

175 
180 

195 

205 

189 
216 

Source: Extracted from AGMA Standard 2001 -C9.S. Fundamental Ratins.; Factors and Calculation Methods for 
Involute Spur and Helical Gear Teeth, wilh the permission of the publisher. American Gear Manufacturers 
Association, 1500 King Street. Suite 201. Alexandria. VA 22314, 

-"Nitralloy is a proprietary family of steels containing approximately 1 O'/r aluminum which enhances the 

fomiation of hard nitrides. 

hardness values from 50 to 64 HRC (Rockwell C) and correspondingly high values of s,„ 
and 5,„, as shown in Table 9-3. Special discussions are given below for each of the types of 
case-hardening processes. 

In addition to Grade 1 and Grade 2 as described earlier, case-hardened steel gears can 
be produced to Grade 3 which requires an even higher standard of control ofthe metallurgy 
and processing of the material. See AGMA Standard 2001-C95 (References 6 and 20) for 
details. 

Flame- and Induction-Hardened Gear Teeth. Recall that these processes involve 
the local heating of the surface of the gear teeth by high-temperature gas flames or electri
cal inducfion coils. By controlling the time and energy input, the manufacturer can control 
the depth of heating and the depth of the resulting case. It is essential that the heating oc
cur around the entire tooth, producing the hard case on the face of the teeth and tn the fillet 
and root areas, in order to use the stress values listed in Table 9-3. This may require a spe
cial design for the flame shape or the induction heater. 

The specifications for flame- or induction-hardened steel gear teeth call for a result
ing hardness of HRC 50 to 54. Because these processes rely on the inherent hardenability 
of the steels you must specify a material that can be hardened to these levels. Normally, 
medium-carbon-alloy steels (approximately 0.407r to 0.60% carbon) are specified. 
Appendices 3 and 4 list some suitable materials. 
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FIGURE 9-12 Effective case depth for carburized gears, //, (Extracted from AGMA 2001-C95 Standard, 
Fundainental Rating Factors and Calculation Metliodsfor Involute Spur and Helical Gear Teeth, with permission of 
the publisher, American Gear Manufacturers Association, 1500 King Street, Suite 201, Alexandria, VA 22314) 

Carburizing. Carburizing produces surface hardnesses in the range of 55 to 64 HRC. It 
results in some ofthe highest strengths in common use for gears. Special carburizing steels 
are listed in Appendix 5. Figure 9-12 shows the AGMA recommendafion for the thickness 
of the case for carburized gear teeth. The effective case depth is defined as the depth from 
the surface to the point where the hardness has reached 50 HRC. 

Nitriding. Nitriding produces a very hard but very thin case. It is specified for applica
tions in which loads are smooth and well known. Nitriding should be avoided when over
loading or shock can be experienced, becau,se the case is not sufficienfiy strong or well 
supported to resist such loads. Because of the thin case, the Rockwell 15N scale is used to 
specify hardness. 

Figure 9-13 shows the AGMA recommendation for the case depth of nitrided gears, 
defined as the depth below the surface at which the hardness has dropped to 110% of that 
at the core of the teeth. The values for the allowable bending stress number, s^„ are de
pendent on the conditions of the material in the core of the teeth because of the thin case 
for nitrided gears. Figure 9-14 gives the values for the general group of alloy steels used 
for gears that are through-hardened and then nitrided. Examples are AISI 4140 and AISI 
4340 and similar alloys. As with other through-hardened materials, the primary variable is 
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Equations for Minimum Total Case Depth for Nitrided, Case-Hardened Gears 

Nonnal case depth (in inches): 
'̂r mm = 0.0432896 - 0.00968115*P,/-H 0.00120185*P,/- - 6.79721 x lO-'̂ ^Pj-U 1.37117 x lO"*'*/^/ 
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Note: PJ - P„j for helical gear teeth 

FIGURE 9-13 Recommended case depth for nitrided gears, h, (Extracted from AGMA 2001-C95 Standard. 
Fundamental Rating Factors and Calculation Metliodsfor Involute Spur and Helical Gear Teeth, with permission of 
the publisher. American Gear Manufacturers Association. 1500 King Street, Suite 201, Alexandria, VA 22314) 

the Brinell hardness number HB. Also, special alloys have been developed for use in gears 
with the nitriding process. Data are shown in Table 9-3 and Figure 9-15 for tutralloy and 
an alloy called 2,5% chrome. 

Iron and Bronze Gear Materials 

Cast Irons. Two types of iron used for gears are gray cast iron and ductile (sometimes 
called nodidar) iron. Table 9-4 gives the common ASTM grades used, with their coire-
sponding allowable bending stress numbers and contact stress numbers. Reinember that 
gray cast iron is brittle, so care should be exercised when shock loading is possible. Also, 
the higher-strength forms of the other irons have low ductility. Austempered ductile iron 
(ADI) is being used in some important automotive applications. However, standardized al
lowable stress numbers have not yet been specified. 



384 Chapter 9 • Spur Gear Design 

FIGURE 9-14 
Allowable bending 
stress numbers for 
nitrided, through-
hardened steel gears 
(that is, AISI 4140. 
AISI 4340), .v,„ 
(Extracted from AGMA 
2001-C95 Standard, 
Fundamental Rating 
Factors and 
Calculation Methods 
for Involute Spur and 
Helical Gear Teeth. 
with permission of the 
publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria. VA 22314) 
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Allowable bending 
stress numbers for 
nitriding steel gears, 5,,, 
(Extracted from AGMA 
2001-C95 Standard. 
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Bronzes. Four families of bronzes are typically used for gears: (I) phosphor or fin 
bronze, (2) manganese bronze, (3) aluminum bronze, and (4) silicon bronze. Yellow brass 
is also used. Most bronzes are cast, but some are available in wrought form. Corrosion re
sistance, good wear properties, and low friction coefficients are some reasons for choosing 
bronzes for gears. Table 9 ^ shows allowable stress numbers for one bronze alloy in two 
common forms. 
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TABLE 9-4 Allowable stress numbers for iron and bronze gears 

Material 
designation 

Gray cast iron, ASTM A48. as cast 
Class 20 
Class 30 
Class 40 

Ductile (nodular) iron. ASTM A536 
60-40-18 annealed 
80-55-06 quenched and tempered 

100-70-03 quenched and tempered 
120-90-02 quenched and tempered 

Bronze, sand-cast. 
v„n„n = 40 ksi (275 MPa) 

Minimum 
hardness 

at surtace 
(HB) 

174 
201 

140 
179 
229 

269 

Allou 
sire 

(ksi) 

5 
8.5 

13 

->-i 

->•) 

27 
31 

able bendin<j 
ss number 

(MPa) 

35 
59 
90 

152 
152 
186 
214 

Allowable contact 
stress number 

(ksi) 

50 
65 
75 

77 
77 
92 

103 

(MPa) 

,̂ 45 
44X 
517 

530 
530 
634 
710 

Bronze, heat-treated, 
s „ = 90 ksi (620 MPa) 

5.7 

23.6 

39 

163 

30 

65 

207 

44S 

Source: Extracted trtMii AGMA Slandard 2l)()l-C^,l5 Fundainental Ralnii; Facl(ns and Calculation Methods fin-
Involute Spur and Helical Gear Teeth, u ith the permission nf the publisher. .AinLTican Gear Manufacturers 
Association. 1500 King Street. Suite 201. Alexandria. VA 22314. 

3 

9—8 The stress analysis of gear teeth is facilitated by consideration of the orthogonal force com-
STRESSES IN ponents, VV, and W,. as shown in Figure 9-2. 
GEAR TEETH The tangential force. W,. produces a bending moment on the gear tooth similar to that 

on a cantilever beam. The resulting bending stress is maximum at the base ofthe tooth in 
_^ _ _ , - . . , the fillet that joins the involute profile to the bottom of the tooth space. Taking the detailed 
-3 L w) I C j [\l geometry of the tooth into account, Wilfred Lewis developed the equation for the stress at 

the ba.se ofthe involute profile, which is now called the Lewis equation: 

o Lewis Equation 
for Bending Stress 

In Gear Teeth 

0-, 
^P,t 
FY 

(9-12) 

where VV, = tangential force 
PJ = diametral pitch of the tooth 
F = face width of the tooth 
Y = Lewis form factor, which depends on the tooth form, the pressure angle, the 

diametral pitch, the number of teeth in the gear, and the place where W, acts 

While the theoretical basis for the .stress analysis of gear teeth is presented, the Lewis 
equation must be modified for practical design and analysis. One important limitation is 
that it does not take into account the stress concentration that exists in the fillet ofthe tooth. 
Figure 9-16 is a photograph of a photoelastic stress analysis of a model of a gear tooth. It 
indicates a stress concentration in the fillet at the root of the tooth as well as high contact 
stresses at the mating surface (the contact stress is discussed in the following section). 
Comparing the actual stress at the root with that predicted by the Lewis equation enables 

http://ba.se
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FIGURE 9-16 
Photoelastic study of 
gear teeth under load 
(Measurements Group, 
Inc.. Raleish, NC) 

us to determine the stress concentration factor. K,. for the fillet area. Placing this into equa
tion (9-12) gives 

%P,K, 

FY 
(9-13) 

The value ofthe stress concentration factor is dependent on the form ofthe tooth, the 
shape and size of the fillet at the root of the tooth, and the point of application of the force 
on the tooth. Note that the value of the Lewis form factor, Y. also depends on the tooth 
geometry. Therefore, the two factors are combined into one term, the geometry factor, J, 
where J - Y/K,. The value of J also, of course, varies with the location of the point of ap
plication of the force on the tooth because Y and K, vary. 

Figure 9-17 shows graphs giving the values for the geometry factor for 20° and 25°, 
full-depth, involute teeth. The safest value to use is the one for the load applied at the tip of 
the tooth. However, this value is overly conservative because there is some load sharing by 
another tooth at the time that the load is initially applied at the tip of a tooth. The critical 
load on a given tooth occurs when the load is at the highest point of single-tooth contact, 
when the tooth carries the entire load. The upper curves in Figure 9-17 give the values for 
J for this condition. 

Using the geometry factor, J. in the stress equation gives 

"", FJ 
(9-14) 

The graphs in Figure 9-17 are taken from the former AGMA Standard 218.01 which 
has been superseded by the two new standards: AGMA 2001-C95, Fundamental Rating 
Factors and Calculatitni Methods for Involute Spur and Helical Gear Teeth. 1995, and 
AGMA 908-B89 (R1995), Geometry Factors for Determining the Pining Resistance and 
Bending .Strength of Spur, Helical and Herringbone Gear Teeth, 1995. Standard 908-B89 
includes an analytical method for calculating the geometry factor, J. But the values fori are 
unchanged from those in the former standard. Rather than graphs, the new standard reports 
values for J for a variety of tooth forms in tables. The graphs from the former standard are 
shown in Figure 9-17 so that you can visualize the variafion of 7 with the number of teeth 
in the pinion and the gear. 

Note also that J factors for only two tooth forms are included in Figure 9-17 and 
that the values are valid only for those forms. Designers must ensure that J factors for 
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FIGURE 9-17 
Geometry factor, J 
(Extract from AGMA 
218.01 Standard, 
Rating the Pining 
Resistance and 
Bending Strength of 
Spur and Helical 
Involute Gear Teeth, 
with the permission of 
the publisher. American 
Gear Manufacturers 
Association. 1500 King 
Street, Suite 201, 
Alexandria, VA 22314) 
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the tooth form actually used, including the form of the fillet, arc included in the stress 

analysis. 
Equation (9-14) can be called the modified Lewis equation. Other modifications to 

the equation are recommended by the AGMA in Standaid 2001-C95 for practical design to 
account for the variety of conditions that can be encountered in ser\ice. 
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The approach used by the AGMA is to apply a series of additional modifying fac
tors to the bending stress from the modified Lewis equation to compute a value called 
the bending stress number, s,. These factors represent the degree to which the actual 
loading case differs from the theoretical basis of the Lewis equation. The result is a bet
ter estimate of the real level of bending stress that is produced in the teeth of the gear 
and the pinion. 

Then, separately, the allowable bending stress number, s^„, is modified by a series of 
factors that affect that value when the environment is different from the nominal situafion 
assumed when the values for ,v,„ are set. The result here is a better estimate ofthe real level 
of the bending strength of the material from which the gear or the pinion is made. 

The design is completed in a manner that ensures that the bending stress number is 
less than the modified allowable bending stress number. This process .should be completed 
for both the pinion and the gear of a given pair because materials may be different; the 
geometry factor, J, is different; and other operating conditions may be different. This is 
demonstrated in example problems later in this chapter. 

Often the major decision to be made is the specification of suitable materials from 
which to make the pinion and the gear. In such cases, the required basic allowable bending 
stress number, .v,,,, will be computed. When steel is used, the required hardness of the ma
terial is found from the data described in Section 9-7. Finally, the material and its heat treat
ment are specified to ensure that it will have at least the required hardness. 

We proceed now with the discussion of the bending .stress number, s,. 

Bending Stress Number, s. 

The design analysis method used here is based primarily on AGMA Standard 2001-C95. 
However, because values for some of the factors are not included in the standard, data 
from other sources are added. These data illustrate the kinds of conditions that affect the 
final design. The designer ultimately has the responsibility for making appropriate design 
decisions. 

The following equation will be used in this book: 

O Bending Stress ^ ] ^ ^ ^ ^ ^ ^ ^g_^^^ 
Number, s, t pj o i m u \ v / 

where K„ = overload factor for bending strength 
A', = size factor for bending strength 
K,„ = load distribution factor for bending strength 
Kg = rim thickness factor 
A',, = dynamic factor for bending strength 

Methods for specifying values for these factors are discussed below. 

Overload Factor, K^, 

Overload factors consider the probability that load variations, vibrations, shock, speed 
changes, and other application-specific conditions may result in peak loads greater than W, 
being applied to the gear teeth during operation. A careful analysis of actual condifions 
should be made, and the AGMA Standard 2001-C95 gives no specific values for K„, Ref
erence 15 gives some recommended values, and many industries have established suitable 
values ba.sed on experience. 
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For problem solutions in this book, we will use the values shown in Table 9-5. The 
primary considerations are the nature of both the driving power source and the driven 
machine. An overload factor of 1.00 would be applied for a perfectly smooth electric 
motor driving a perfectly smooth generator through a gear-type speed reducer. Any 
rougher conditions call for a value of K„ greater than 1.00. For power sources we will 
use the following: 

Uniform: Electric motor or constant-speed gas turbine 

Light shock: Water turbine, variable-speed drive 

Moderate shock: Multicylinder engine 

Examples ofthe roughness of driven machines include the following: 

Uniform: Continuous-duty generator 

Light shock: Fans and low-speed centrifugal pumps, liquid agitators, variable-duty 
generators, uniformly loaded conveyors, rotary positive displacement pumps 

Moderate shock: High-speed centrifugal pumps, reciprocating pumps and compres
sors, heavy-duty conveyors, machine tool drives, concrete mixers, textile machinery, 
meat grinders, saws 

Heavy shock: Rock crushers, punch press drives, pulverizers, processing mills, tum
bling barrels, wood chippers, vibrating screens, railroad car dumpers 

Size Factor, Kg 

The AGMA indicates that the size factor can be taken to be 1.00 for most gears. But for 
gears with large-size teeth or large face widths, a value greater than 1.00 is recom
mended. Reference 15 recommends a value of 1.00 for diametral pitches of 5 or greater 
or for a metric module of 5 or smaller. For larger teeth, the values shown in Table 9-6 
can be used. 

Load-Distribution Factor, K, m 

The determination of the load-distribution factor is based on many variables in the de
sign of the gears themselves as well as in the shafts, bearings, housings, and the struc
ture in which the gear drive is installed. Therefore, it is one ofthe most difficult factors 
to specify. Much analytical and experimental work is continuing on the determination 
of values for K„,, 

TABLE 9-5 Suggested overload factors, K„ TABLE 9-6 Suggested size factors. A', 

Power source 

Uniform 
Light shock 
Moderate shock 

Uniform 

1.00 
1.20 
1.30 

Driven 

Light 
shock 

1.25 
1.40 
1.70 

M; achine 

Moderate 
shock 

1.50 
1.75 
2.00 

Heavy 
shock 

1.75 
2 25 
2.75 

Diametral 
pitch. PJ 

>5 
4 
3 
2 

1.25 

Metric 
module, /// 

<5 
6 
8 

12 
20 

Size factor, 

K. 

1.00 
1.05 
1.15 
1.25 
1.40 
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If the intensity of loading on all parts of all teeth in contact at any given fime were uni
form, the value of A',,, would be 1.00. However, this is seldom the case. Any ofthe following 
factors can cause misalignment of the teeth on the pinion relative to those on the gear: 

1. Inaccurate gear teeth 

2. Misalignment of the axes of shafts carrying gears 

3. Elastic deformations of the gears, shafts, bearings, housings, and support structures 

4. Clearances between the shafts and the gears, the shafts and the bearings, or the 
bearings and the housing 

5. Thermal distortions during operation 

6. Crowning or end relief of gear teeth 

AGMA Standard 2001-C95 presents extensive discussions of methods of determining val
ues for K,„. One is empirical and considers gears up to 40 in (1000 mm) wide. The other 
method is analytical and considers the stiffness and mass of individual gears and gear teeth 
and the total mismatch between mating teeth. We will not provide .so much detail. However, 
rough guidelines are given below. 

The designer can minimize the load-distribution factor by specifying the following: 

1. Accurate teeth (a high quality number) 

2. Narrow face widths 

3. Gears centered between bearings (straddle mounting) 

4. Short shaft spans between bearings 

5. Large shaft diameters (high stiffness) 

6. Rigid, stiff housings 

7. High precision and small clearances on all drive components 

You are advised to study the details of AGMA Standard 2001-C95 which covers a 
wide range of physical sizes for gear systems. But the gear designs discussed in this book 
are of moderate size, typical of power transmissions in light industrial and vehicular appli
cations. A more limited set of data are reported here to illustrate the concepts that must be 
considered in gear design. 

We will use the following equation for computing the value ofthe load-distribufion factor: 

K,„ =1 .0 + C^, + C„,„ (9-16) 

where C,,̂  = pinion proportion factor (see Figure 9-18) 
C,„„ = mesh alignment factor (see Figure 9-19) 

In this book, we are limiting designs to those with face widths of 15 in or less. Wider face 
widths call for additional factors. Also, some commercially successful designs employ 
modifications to the basic tooth form to achieve a more uniform meshing ofthe teeth. Such 
methods are not discussed in this book. 

Figure 9-18 shows that the pinion proportion factor is dependent on the actual face 
width of the pinion and on the ratio of the face width to the pinion pitch diameter. Figure 
9-19 relates the mesh alignment factor to expected accuracy of different methods of ap
plying gears. Open gearing refers to drive systems in which the shafts are supported in bear
ings that are mounted on structural elements of the machine with the expectation that 
relatively large misalignments will result. In commercial-quality enclosed gear units, the 
bearings are mounted in a specially designed housing that provides more rigidity than for 
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FIGURE 9-18 Pinion 
proportion factor, C,,/ 
(Extracted from AGMA 2001-
C95 Standard, Ftmdamental 
Rating Factors and Calculation 
Metliodsfor Involute Spur and 
Helical Gear Teeth, with 
permission of the publisher, 
American Gear Manufacturers 
Associafion, 1500 King Street, 
Suite 201, Alexandria, VA 
22314) 
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FIGURE 9-19 Mesh alignment factor. C„,„ (Extracted from AGMA 2001-C95 Standard, Fundainental Rating 
Factors and Calculation Metliodsfor Involute Spur and Helical Gear Teeth, with permission of the publisher, 
American Gear Manufacturers Association, 1500 King Street, Suite 201, Alexandria. VA 22314) 

open gearing, but for which the tolerances on individual dimensions are fairly loose. The 
precision enclosed gear units are inade to tighter tolerances. Extra-precision enclosed gear 
units are made to exacting precision and are often adjusted at assembly to achieve excellent 
alignment of the gear teeth. Experience with similar units in the field will help you gain bet
ter understanding among the different types of designs. 

Rim Thickness Factor, KB 

The basic analysis used to develop the Lewis equation assumes that the gear tooth behaves 
as a cantilever attached to a perfectly rigid support structure at its ba.se. If the rim of the gear 
is too thin, it can deform and cause the point of maximum stress to shift from the area of 
the gear-tooth fillet to a point within the rim. 

Figure 9-20 can be used to estimate the influence of rim thickness. The key geome
try parameter is called the backup ratio, nip, where 

mp = tp/h, 

tp = rim thickness 

h, = whole depth of the gear tooth 

http://ba.se
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FIGURE 9-20 Rim 
thickness factor, Kp 
(Extracted from AGMA 
2001-C95 Standard, 
Fundamental Rating 
Factors and 
Calculation Methods 
for Involute Spur and 
Helical Gear Teeth, 
with permission ofthe 
publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201. 
Alexandria. VA 22314) 
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For ///g > 1.2, the rim is sufficiently strong and stiff to support the tooth, and Kp = 1.0. The 
Kp factor can also be used in the vicinity of a keyseat where a small thickness of metal oc
curs between the top of the keyseat and the bottom of the tooth space. 

Dynamic Factor, /Ĉ  

The dynamic factor accounts for the fact that the load is assumed by a tooth with some de
gree of impact and that the actual load subjected to the tooth is higher than the transmitted 
load alone. The value of K, depends on the accuracy of the tooth profile, the elastic prop
erties of the tooth, and the speed with which the teeth come into contact. 

Figure 9-21 shows a graph of the AGMA-recommended values for K,., where the Q,. 
numbers are the AGMA-quality numbers refeiTed to earlier in Section 9-5. Gears in typ
ical machine design would fall into the classes represented by curves 5, 6, or 7, which are 
for gears made by bobbing or shaping with average to good tooling. If the teeth are finish-
ground or shaved to improve the accuracy of the tooth profile and spacing, curve 8, 9, 10, 
or 11 should be used. Under special conditions where teeth of high precision are used in 
applications where there is little chance of developing external dynamic loads, the shaded 
area can be used. If the teeth are cut by form milling, factors lower than those found from 
curve 5 should be used. Note that the quality 5 gears should not be used at pitch line 
speeds above 2500 ft/min. Note that the dynamic factors are approximate. For severe ap
plications, especially those operating above 4000 ft/min, approaches taking into account 
the material properties, the mass and inertia of the gears, and the actual error in the tooth 
form should be used to predict the dynamic load. (See References 12, 15, and 18.) 

Example Problem 9-1 Compute the bending stress numbers for the pinion and the gear of the pair of gears in Figure 
9-1. The pinion rotates at 1750 rpm, driven directly by an electric motor. The driven machine 
is an industrial saw requiring 25 hp. The gear unit is enclosed and is made to commercial 
standards. Gears are straddle-mounted between bearings. The following gear data apply: 

Np = 20 Na = 70 Pj = S F = 1.50 in Q, = 6 

The gear teeth are 20°, full-depth, involute teeth, and the gear blanks are solid. 
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FIGURE 9-21 
Dynamic factor, A'̂  
(Extracted from 
AGMA 2001-C95 
Standard 
Fiindamental, Rating 
Factors and 
Calculation Methods 
for Involute Spur and 
Helical Gear, Teeth. 
with the permission 
of the publisher. 
American Gear 
Manufacturers 
Association, 1500 
King Street, Suite 
201, Alexandria, VA 
22314) 
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^ = ^ 

0, = transmission accuracy grade number 

Solution We will use Equation (9-15) to compute the expected stress: 

FJ 
f^„ K, K,„ Kp A", 

We can first use the principles from Section 9-3 to compute the transmitted load on 

the gear teeth: 

O,, = Np/Pj = 20/8 = 2.500 in 

V, = T:Dpnp/\2 = 7T(2.5)( 1750)/12 = 1145 ft/min 

W, = 33 000(/ ' ) /r , = (33 000)(25)/(1145) = 7201b 

From Figure 9-17, we find that Jp = 0.335 and Ja = 0.420. 

file:///elocily
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The overioad factor is found from Table 9-5. For a smooth, uniform electric motor 
driving an industrial saw generating moderate shock. K„ = 1.50 is a reasonable value. 

The size factor A:, = 1.00 because the gear teeth with P^ = 8 are relatively small. See 
Table 9-6. 

The load distribution factor, K„,, can be found from Equafion (9-16) for commercial 
enclosed gear drives. For this design, F = 1.50 in, and 

F/Dp = 1.50/2.50 =0.60 

C,„ =0.04 (Figure 9-18) 

C„„= 0.15 (Figure 9-19) 

K,„ = 1.0 + C,„ + C,„„ = 1.0 + 0.04 + 0.15 = 1.19 

The rim thickness factor, Kp, can be taken as 1.00 because the gears are to be made 
from solid blanks. 

The dynamic factor can be read from Figure 9-21. For v, = 1145 ft/min and Q, = 6, 
K, = 1.45. 

The stress can now be computed from Equation (9-15). We will compute the stress 
in the pinion first: 

(720)(8) 
(1.50)(1.0)(1.19)(1.0)(1.45) = 29700psi '"" (1.50) (0.335) 

Notice that all factors in the stress equation are the same for the gear except the value ofthe 
geometry factor, J. Then the stress in the gear can be computed from 

% = ^A-fppG) = (29 700)(0.335/0.420) = 23 700 psi 

The stress in the pinion teeth will always be higher than the stress in the gear teeth because 
the value of 7 increases as the number of teeth increases. 

9—9 For safe operation, it is the designer's responsibility to specify a material that has an al-
SELECTION OF lowable bending stress greater than the computed stress due to bending from Equation 

GEAR IVIATERIAL (9-15). Recall that in Section 9-6, allowable stress numbers, 5,„. were given for a variety of 
BASED ON commonly used gear materials. Then it is necessary that 

BENDING 
STRESS .s, < s,, 

EJDESIGN These data are valid for the following condifions: 

Teinperature less than 250''F 

10̂  cycles of tooth loading 

Reliability of 99%: Less than one failure in 100 

Safety factor of 1.00 

In this book we will assume that the operating temperature of the gears is less than 250°F. 
For higher temperatures, testing is recommended to determine the degree of reduction in 
the .strength of the gear material. 
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Adjusted Allowable Bending Stress Numbers, s;, 

Data have been generated for different levels of expected life and reliability as discussed 
below. Designers may also choose to apply a factor of safety to the allowable bending stress 
number to account for uncertainties in the design analysis, material characteristics, or man
ufacturing tolerances, or to provide an extra measure of safety in critical applications. These 
factors are applied to the value of .v,„ to produce an adjusted albnvable bending stress num
ber which we will refer to as .v': 

s:, = s^jYj{SF-Kp) (9-17) 

Stress Cycle Factor, Y^ 

Figure 9-22 allows the determination of the life adjustment factor. K,v. if the teeth of 
the gear being analyzed are expected to experience a number of cycles of loading much 
different from 10^ Note that the general type of material is a factor in this chart for the 
lower number of cycles. For the higher number of cycles, a range is indicated by a 
shaded area. General design practice would use the upper line of this range. Critical ap
plications where pitting and tooth wear must be minimal may use the lower part of the 
range. 
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Calculafion of the expected number of cycles of loading can be done using 

N, = (60)(L)( /0(^) (9-18) 

where /V,, = expected number of cycles of loading 
L = design life in hours 
n = rotational speed of the gear in rpm 
q = number of load applications per revolution 

Design life is, indeed, a design decision based on the application. As a guideline, we will 
use a set of data created for use in bearing design and reported here as Table 9-7. Unless 
stated otherwise, we will use a design life of L = 20 000 h as listed for general industrial 
machines. The normal number of load applications per revolufion for any given tooth is typ
ically, of course, one. But consider the case of an idler gear that serves as both a driven and 
a driving gear in a gear train. It receives two cycles of load per revolution: one as it receives 
power from and one as it delivers power to its mafing gears. Also, in certain types of gear 
trains, one gear may deliver power to two or more gears mating with it. Gears in a plane
tary gear train often have this characteristic. 

As an example of the application of Equation (9-18), consider that the pinion in Ex
ample Problem 9-1 is designed to have a life of 20 000 h. Then 

yV, = {60){L){n){q) = (60)(20 000)( 1750)( 1) = 2.1 X lO''cycles 

Becau.se this is higher than 10 ,̂ an adjustment in the allowable bending stress number must 
be made. 

Reliability Factor, Kp 

Table 9-8 gives data that adjust for the design reliability desired. These data are based on 
statistical analyses of failure data. 

Factor of Safety, SF 

The factor of safety may be used to account for the following: 

TABLE 9-7 Recommended design life 

Application 

Domestic appliances 
Aircraft engines 
Automotive 
Agricultural equipment 
Elevators, industrial fans, multipurpose gearing 
Electric motors, industrial blowers, general 

industrial machines 
Pumps and compressors 
Critical equipment in continuous 24-h operation 

Design life 
(h) 

1000-2000 
1000-4000 
1500-5000 
3000-6000 
8000-15 000 

20 000-30 000 
40 000-60 000 

100 000-200 000 

.Source: Eugene A. Avallone and Theodore Baumeister 111, eds. Marks' Standard 
Handbook for Mechanical Engineers. 9th ed. NewYork: McGraw-Hill, 1986. 

TABLE 9-8 Reliability factor, Kp 

Reliability K, 

0.90, one failure in 10 
0.99, one failure in 100 
0.999. one failure in 1000 
0.9999, one failure in 10 000 

0.85 
1.00 
1.25 
1.50 

http://Becau.se
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• Uncertainties in the design analysis 

• Uncertainties in material characteristics 

• Uncertainties in manufacturing tolerances 

It may also be used to provide an extra measure of safety in critical applications. 
No general guidelines are published, and designers must evaluate the conditions of 

each application. Note, however, that many of the factors often considered to be a part of a 
factor of safety in general design practice have already been included in the calculations for 
s, and .9,,,. Therefore, a modest value for factor of safety should suffice, say, between 1.00 
and 1.50. 

Procedure for 
Selecting Gear 

Materials for 
Bending Stress 

The logic ofthe material selection process can be summarized as follows: The bending 
stress number from Equation (9-15) must be less than the adjusted allowable bending 
stress number from Equafion (9-17). That is, 

s, < -C 

Let's equate the expressions for these two values: 

^P, 
FJ f^„K,K,„KpK,. — s, < 5„ 

SF-Kp 
(9-19) 

To use this relationship for material selection, it is convenient to solve for s„,: 

K, {SF) 
(9-20) 

We will use this equafion for selecting gear materials ba.sed on bending stress. The list 
below summarizes the terms included in Equations (9-19) and (9-20) for your reference. 
You should review the more complete discussion of each before doing practice designs: 

VV, = tangential force on gear teeth = (63 000)P/n 

Pj = diametral pitch of the gear 

F = face width of the gear 

J = geometry factor for bending stress (see Figure 9-17) 

K^ = overload factor (see Table 9-5) 

A', = size factor (see Table 9-6) 

K,„ = mesh alignment factor = 1.0 + Ĉ^̂  + C,„„ (see Figures 9-18 and 9-19) 

KB = rim thickness factor (see Figure 9-20) 

K,. = velocity factor (see Figure 9-21) 

K^ = reliability factor (see Table 9-8) 

SF = factor of safety (design decision) 

r̂ v = bending strength stress cycle number (see Figure 9-22) 

Completing the calculation of the value of the left side of Equation (9-20) gives 
the required value for the allowable bending stress number, s,„. You should then go to the 
data in Section 9-7, "Gear Materials," to select a suitable material. Consider first 
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whether the material should be steel, cast iron, or bronze. Then consult the related tables 
of data. 

For steel materials, the following review should aid your selecfion: 

1. Start by checking Figure 9-10 to see whether a through-hardened steel will give 
the needed .v,„. If so, determine the required hardness. Then specify a steel mate
rial and its heat treatment by referring to Appendices 3 and 4. 

2. If a higher s^,, is needed, see Table 9-3 and Figures 9-14 and 9-15 for properties 
of case-hardened steels. 

3. Appendix 5 will aid in the selection of carburized steels. 

4. If flame or induction hardening is planned, specify a material with a good hard
enability, such as AISI 4140 or 4340 or similar medium-carbon-alloy steels. See 
Appendix 4. 

5. Refer to Figure 9-12 or 9-13 for recommended case depths for surface-hardened 
steels. 

For cast iron or bronze, refer to Table 9 ^ . 

Example Problem 9-2 Specify suitable materials for the pinion and the gear from Example Problem 9-1. Design 
for a reliability of fewer than one failure in 10 000. The application is an industrial saw that 
will be fully utilized on a normal, one-shift, five-day-per-week operation. 

Solution The results of Example Problem 9-1 include the expected bending stress number for both 
the pinion and the gear as follows: 

s,p = 29 700 psi s,a = 23 700 psi 

We should consider the number of stress cycles, the reliability, and the safety factor to com
plete the calculation indicated in Equafion (9-20). 

Stress Cycle Factor, K̂ .- From the problem statement, Up = 1750 rpm, Np = 20 teeth, and 
Na = 70 teeth. Let's use these data to determine the expected number of cycles of stress 
that the pinion and gear teeth will experience. The application conforms to common indus
try practice, calling for a design life of approximately 20 000 h as suggested in Table 9-7. 
The number of stress cycles for the pinion is 

N,p = (60)(L)(/2,„(<7) = (60)(20 000)(1750)(1) = 2.10 X lO'̂  cycles 

The gear rotates more slowly because ofthe speed reduction. Then 

iia = np{Np/Na) = (1750 rpm)(20/70) = 500 rpm 

We can now compute the number of stress cycles for each gear tooth: 

N,a = {60){L){na){q) - (60)(20 000)(500)( 1) = 6.00 X 10'cycles 
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Because both values are above the nominal value of 10̂  cycles, a value of Kyvmust be de
termined from Figure 9-22 for both the pinion and the gear: 

Yi,p = 0.92 Y^a = 0.96 

Reliability Factor, Kp; For the design goal of fewer than one failure in 10 000, Table 9-8 
recommends A"̂  = 1.50. 

Factor of Safety; This is a design decision. Reviewing the discussion of factors throughout 
Example Problem 9-1 and this problem, we see that virtually all factors typically consid
ered in adjusting stress on the teeth and strength of the material have been taken into ac
count. Furthermore, when we select a material, it will likely have strength and hardness 
values somewhat above the minimum acceptable values. Therefore, as a design decision, 
let's use 5 F = 1.00. 

Adjusted Value ofs^„; We can now complete Equation (9-20) and use it for material selec
tion. For the pinion. 

K,{SF) (1.50)(1.00) 
s, = 

'NP 0.92 
(29 700 psi) = 48 450 psi < s„ 

For the gear. 

Kp{SF) (1.50)(1.00) 

' NG 0.96 
(23 700 psi) = 37 050 psi < .s;, 

Comments 

Now. referring to Figure 9-10, and deciding to use Grade 1 steel, we find that the re
quired allowable bending stress number for the pinion is greater than permitted for a through-
hardened steel. But Table 9-3 indicates that a carburized, case-hardened steel with a case 
hardness of 55 to 64 HRC would be satisfactory, having a value of .v,„ = 55 ksi = 55 000 psi. 
Referring to Appendix 5, we see that virtually any ofthe listed carburized materials could be 
used. Let's specify AISI 4320 SOQT 300, having a core tensile strength of 218 ksi, \3% 
elongation, and a case hardness of 62 HRC. 

For the gear. Figure 9-10 indicates that a through-hardened steel with a hardness of 
320 HB would be satisfactory. From Appendix 3, let's specify AISI 4340 OQT 1000 hav
ing a hiu-dness of 363 HB, a tensile strength of 171 ksi, and 16% elongation. 

These materials should provide satisfactory .service, considering bending strength. The fol
lowing secfion considers the other major failure mode: pitting resistance. It is possible, per
haps likely, that the requirements to meet that condition will be more .severe than for bending. 

In addition to being safe from bending, gear teeth must also be capable of operating for the 
desired life without significant pitting ofthe tooth form. Pitting is the phenomenon in which 
small particles are removed from the surface of the tooth faces because of the high contact 
stresses, causing fatigue. Refer again to Figure 9-16 showing the high, localized contact 

_ stresses. Prolonged operation after pitting begins causes the teeth to roughen, and eventu-
I k î I D F ^ I f l l\l '̂̂ y ^^^ ^°^"^ '̂  deteriorated. Rapid failure follows. Note that both the driving and driven 
*^-^- teeth are subjected to these high contact stresses. 

9-10 
PITTING 

RESISTANCE OF 
GEAR TEETH 
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r-̂ ^ Hertz Contact 
^ Stress on Gear Teeth 

The action at the contact point on gear teeth is that of two extemally curved surfaces. 
If the gear materials were infinitely rigid, the contact would be a simple line. Actually, be
cause ofthe elasticity ofthe materials, the tooth shape deforms slightly, resulfing in the trans
mitted force acting on a small rectangular area. The resulting stress is called a contact stress 
or Hertz stress. Reference 24 gives the following form ofthe equation for the Hertz stress, 

CT, 
W. 
F u{[(l - v r ) / £ , ] + [(1 -vi)/E,]} \n r. 

-)-
1 (9-21) 

where the subscripts 1 and 2 refer to the materials of the two bodies in contact. The tensile 
modulus of elasticity is E and the Poisson's ratio is v W, is the contact force exerted be
tween the two bodies, and F is the length of the contacting surfaces. The radii of curvature 
of the two surfaces are called r, and ri. 

When Equation 9-21 is applied to gears. F is the face width of the gear teeth and W^ 
is the normal force delivered by the driving tooth on the driven tooth, found from Equation 
(9-10) to be, 

W^ = Wjcos (j) 

C^ Elastic Coefficient 

The second term is Equation 9-21 (including the square root) can be computed if the 
elastic properties of the materials for the pinion and gear are known. It is given the name 
elastic coefficient, Cp That is. 

Cp = 
7T{[(1 -Vp')/Ep] + [(1 -Va')/Ea]} 

(9-22) 

Table 9-9 gives values for the most common combinations of materials for pinions and 
gears. 

TABLE 9-9 

Pinion material 

Steel 

Mall, iron 

Nod. iron 

Cast iron 

Al. bronze 

Tin bronze 

Elastic coefficient. 

Modulus of 
elasticity, Ep, 

Ib/in-
(MPa) 

30 X IO*" 
(2 X 10') 
25 X 10'̂  
(1.7 X 10') 
24 X IO'' 
(1.7 X 10') 

22 X IO*" 
(1.5 X 10') 
17.5 X IO'' 
(1.2 X 10') 
16 X 10" 
(1.1 X 10') 

Cr 

Steel 
30 X 10" 
(2 X 10') 

2300 
(191) 
2180 
(181) 
2160 
(179) 
2100 
(174) 
1950 
(162) 
1900 
(158) 

Malleable 
iron 

25 X 10" 
(1.7 X 10') 

2180 
(181) 
2090 
(174) 
2070 
(172) 
2020 
(168) 
1900 
(158) 
1850 
(154) 

Gear material and modulus 
of elasticity. 

Nodular 
iron 

24 X 10" 
(1.7 X 10') 

2160 
(179) 
2070 
(172) 
2050 
(170) 
2000 
(166) 
1880 
(156) 
1830 
(152) 

£c. lb/in-(MPa) 

Cast 
iron 

22 X 10" 
(1.5 X 10') 

2100 
(174) 
2020 
(168) 
2000 
(166) 
1960 
(163) 
1850 
(154) 
1800 
(149) 

Aluminum 
bronze 

17.5 X 10" 
(1.2 X 10') 

1950 
(162) 
1900 
(158) 
1880 
(156) 
1850 
(154) 
1750 
(145) 
1700 
(141) 

Tin 
bronze 

16 X 10̂  
(1.1 X 10') 

1900 
(158) 
1850 
(154) 
1830 
(152) 
1800 
(149) 
1700 
(141) 
1650 
(137) 

Source: Extracted from AGMA Standard 2001-C95. Fundamental Rating Factors and Calculation Methods for Involute Spur and Helical Gear 
Teeth, with the permission ofthe publisher. American Gear Manufacturers Association. 1500 King Street, Suite 201, Alexandria, VA 22314. 
Note: Poisson's ratio = 0.30; units for C,, are (lb/in')'" or (MPa)'". 
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Contact Stress 
Number 

The terms /-, and /s are the radii of curvature of the involute tooth forms of the two 
mating teeth. These radii change continuously during the meshing cycle as the contact point 
moves from the top of the tooth through the pitch circle, and onto the lower flank of the 
tooth before leaving engagement. We can write the following equations for the radius of 
curvature when contact is at the pitch point. 

/•| = {Dp/2) sin (\) and (Dj2)s inc} , (9-23) 

However, the AGMA calls for the computation ofthe contact stress to be made at the low
est point of single tooth contact (LPSTC) becau.se above that point, the load is being shared 
with other teeth. Computation ofthe radii of curvature for the LPSTC is somewhat com
plex. A geometry factor for pitting, /, is defined by the AGMA to include the radii of cur
vature terms and the cos (p term in Equation (9-21) because they all involve the specific 
geometry of the tooth. The variables required to compute / are the pressure angle 4). the 
gear ratio nia = Na/Np, and the number of teeth in the pinion Â ,, Another factor is the pin
ion diameter that is not included in /. The contact stress equation then becomes. 

0-, = C, 
''\l FDpI 

(9-24) 

Values for the elastic coefficient, /, for a few common cases are graphed in Figure 9-23 and 
should be used for problem solving in this book. Appendix 19 provides an approach to com
puting the value for / for spur gears as given in Reference 3. 

As with the equation for bending stress in gear teeth, .several factors are added to the 
equation for contact stress as shown below. The resulting quantity is called the contact 
stress number, s.: 

s.. = C. 
W, K„ K, K,„ K, 

FDpl 
(9-25) 

This is the form ofthe contact stress equation that we will use in problem solutions. 
The values for the overload factor. K,,: the size factor. A",; the load-distribution factor, 

K,„: and the dynamic factor, K^. can be taken to be the same as the corresponding values for 
the bending stress analysis in the preceding sections. 

Example Problem 9-3 Compute the contact stress number for the gear pair described in Example Problem 9-1. 

Solution Data from Example Problem 9-1 are summarized as follows: 

Np^ 20 
A : „ = 1.50 

A ,̂; = 70. F = 1.50 in 
K,= 1.00 K,„= 1.19 

VV, = 720 lb Dp = 2.500 in 
K, = 1.45 

The gear teeth are 20°. full-depth, involute teeth. We also need the geometry factor for pit
ting resistance, I, From Figure 9-23(a), at a gear ratio of lUa = Na/Np = 70/20 = 3.50 and 
for A'p = 20. we read / = 0.108, approximately. 

The design analysis for bending strength indicated that two steel gears should be 
used. Then, from Table 9-9, we find that C„ = 2300. Then the contact stress number is 

s,. 

''V FDpl 

156 000p.si 

^ ^ ^ / M ^ M ^ = o30() /(720)(I.50)(I.0)(1.19)(1.45) 

(1.50)(2.50)(0.108) 
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FIGURE 9-23 
External spur pinion 
geometry factor. /, for 
standard center 
distances. All curves 
area for the lowest 
point of single-tooth 
contact on the pinion. 
(Extracted from AGMA 
Standard 218.01, 
Rating the Pitting 
Resistance and 
Bending Strength of 
Spur and Helical 
Involute Gear Teeth. 
with the permission of 
the publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria. VA 22314) 
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9-11 
SELECTION OF 

GEAR MATERIAL 
BASED ON 
CONTACT 

STRESS 

Because the pitting resulting from the contact stress is a different failure phenomenon from 
tooth failure due to bending, an independent specification for suitable materials for the pin
ion and the gear must now be made. In general, the designer must specify a material hav
ing an allowable contact stress number, .•»,„, greater than the computed contact stress 
number, .v,. That is. 

s, < s„ 
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•y~|rN E C I f~ [\| ^" Section 9-6, values for .v,„ were given for several materials that are valid for 10̂  cycles 
LiJj-^ L 2) I O I \l of loading at a reliability of 997^ if the material temperature is under 250 F For different 

life expectancy and reliability, other factors are added: 

s. < s., 
^ A ( C , N^H 

{SF)K, 
(9-26) 

Designs in this book are limited to applications where the operating temperature is less than 
250°F and so no temperature factor is applied. Data for the reduction in hardness and strength 
as a funcfion of temperature should be sought if higher temperatures are experienced. 

The reliability factor, Kp. is the same as that for bending stress: it is given in Table 9-8. 
The other factors in Equation (9-26) are discussed below. 

Pitting Resistance Stress Cycle Factor, Z/v 

The term Z,^ is the pitting resistance stress cycle factor and accounts for an expected num
ber of contacts different from 10̂  as was assumed when the data were produced for the al
lowable contact stress number. Figure 9-24 shows values for Zy where the solid-line curve 
is for most steels and the dashed-line curve is for nitrided steels. The number of cycles of 
contact is computed from Equation (9-18) and is the same as that used for bending. For the 
higher number of cycles, a range is indicated by the shaded area. General design practice 
would use the upper line of this range. Critical applications where pitting and tooth wear 
must he minimal may use the lower part ofthe range. 

Factor of Safety, SF 

The factor of safety is ba.sed on the same conditions as described for bending, and often the 
same value would be used for both bending and pitting resistance. Review that di.scussion 
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FIGURE 9-24 Pitfing resistance stress cycle factor. Z^ (Extracted from AGMA Standard 2001-C95. Fundainental 
Rating Factors and Calculation Methods for Involute Spur and Helical Gear Teeth, with permission of the publisher. 
American Gear Manufacturers A.ssociation, 1500 King Street, Suite 201. Alexandria. VA 22314) 
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in Section 9-9. However, if there are different levels of uncertainty, a different value should 
be chosen. No general guidelines are published. Because many factors are already consid
ered in the pitting resistance calculations, a modest value for factor of safety should suffice, 
say, between 1.00 and 1.50. 

Hardness Ratio Factor, CH 

Good gear design practice calls for making the pinion teeth harder than the gear teeth so 
that the gear teeth are smoothed and work-hardened during operation. This increases the 
gear capacity with regard to pitting resistance and is accounted for by the factor Cf^. Figure 
9-25 shows data for C^ for through-hardened gears that depend on the ratio of the hardness 
of the pinion and the hardness of the gear, expressed as the Brinell hardness number, and 
on the gear ratio where nia ~ Na/Np. Use the given curves for hardness rafios between 1.2 
and 1.7. For hardness ratios under 1.2, use C/y = 1.00. For hardness rafios over 1.7, use the 
value of CH for 1.7, as no substantial additional improvement is gained. 

Figure 9-26 shows data for Cp, when pinions are surface-hardened to 48 HRC or 
higher and the gear is through-hardened up to 400 HB. The parameters are the Brinell hard
ness number for the gear and the surface finish ofthe pinion teeth, expressed as/^ and meas
ured as the average roughness, /?„. Smoother teeth give a higher value of hardness factor 
and generally increase the pitting resistance of the gear teeth. 

Note that C^ is applied for the calculations for only the gear, not the pinion. 

When designing gears, the specification of the materials for the pinion and the gear 
is the final step. Therefore, the hardness for the two gears is unknown and a specific value 
for Cpi cannot be determined. It is recommended that an initial value of C^ = 1.00 be used. 
Then, after specifying the materials, a final value for C^ can be determined and used in 
Equation 9-27 to determine the final value of 5^,. 
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FIGURE 9-25 Hardness ratio facator, C^(through 
hardenced gears) (Extract from AGMA Standard 
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FIGURE 9-26 Hardness ratio factor, C// (surface-
hardened pinions) (Extracted from AGMA Standard 
2001-C95. Fundaineiital Rating Factors and Calculation 
Metliodsfor Involute Spur and Helical Gear Teeth, with 
permission of the publisher, American Gear 
Manufacturers Association, 1500 King Street, Suite 201, 
Alexandria, VA 22314) 
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Required 
C^ Allowable Contact 

Stress Number 

Procedure for Selecting Gear Materials for Pitting Resistance 

We can refer to the value on the right side of Equation (9-26) as the modified allowable 
contact stress number, as it accounts for nonstandard conditions under which the gears op
erate that are different from those assumed when the data for A,„ were determined as re
ported in Section 9-6. 

Transposing the modifying factors from Equation (9-26) to the left side ofthe equa
tion gives 

KH {SF) 

^N^H 
-V, < S, (9-27) 

This is the equation we will use to determine the required properties of most metallic ma
terials used for gears. We can summarize the procedure as follows. 

Procedure for 
Determining the 

Required 
Properties of 
Most Metallic 

Materials 

1. Solve for the contact stress number, ŝ^̂, from Equation (9-25) using the same fac
tors as those used for bending stress number. 

2. Use the value for A'̂  from the bending stress analysis, or evaluate it from Table 9-8. 

3. Use Figure 9-22 to find Zyy. 

4. Assume an initial value for the hardness ratio factor C^ = 1.00. 

5. Specify a safety factor, typically between 1.00 and 1.50, considering the degree of 
uncertainty in material property data, the gear precision, the severity of the appli
cation, or the danger presented by the application. 

6. Compute s^^. from Equation (9-27). 

7. Refer to data in Section 9-7, "Metallic Gear Materials," to select a suitable mate
rial. You should consider first whether the material should be steel, cast iron, or 
bronze. Then consult the related tables of data. 

For cast iron or bronze, refer to Table 9 ^ . For steel materials, the following review 
should aid your selection: 

1. Start by checking Figure 9-11 to see whether a through-hardened steel will give 
the needed s^,- If so, determine the required hardness. Then specify a steel mate
rial and its heat treatment by referring to Appendices 3 and 4. 

2. If a higher v is needed, see Table 9-3 for properties of case-hardened steels. 

3. Appendix 5 will aid in the selection of carburized steels. 

4. If flame or inducfion hardening is planned, specify a material with a good hard
enability, such as AISI 4140 or 4340 or similar medium-carbon-alloy steels. See 
Appendix 4. 

5. Refer to Figure 9-12 or 9-13 for recommended case depths for surface-hardened 
steels. 

6. If the specified pinion material has a significantly harder surface than the gear, re
fer to Figures 9-25 or 9-26 to determine a value for the hardness ratio factor C .̂ 
Use Equation 9-27 to recompute the required s^, and adjust the material selection 
if the data warrant a change. 
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Example Problem 9-4 

Solution 

Specify suitable materials for the pinion and the gear from Example Problem 9-3 based on 
contact stress. Application conditions are described in Example Problems 9-1 and 9-2. 

In Example Problem 9-3, we found that the expected contact stress number is s, = 156000 
psi. This should be modified as indicated in Equation (9-27). 

In Example Problem 9-2, we determined that a carburized, case-hardened steel 
would be used for the pinion, and a through-hardened steel should be used for the gear. 
We must complete the material selection for pitting resistance independently from the 
bending stress analysis. However, we could not specify a material with lower proper
ties than those specified in Example Problem 9-2 because then the bending strength 
would be inadequate. 

In Example Problem 9-2, we used Kp = 1.50 for the desired reliability of fewer than 
one failure in 10 000. We decided to use 5̂ ^ = 1.00 because we anticipated no unusual fac
tors in the application that have not already been taken into account by other factors. 

We can find Z^ from Figure 9-24 using 2.10x10^ cycles of loading on the pinion and 
6.00 X 10** cycles for the gear as computed in Example Problem 9-2. We find, then, that 

Z.p = 0.88 Z;vr; = 0.91 ^NP 

Let's complete the analysis for the pinion first. The hardness rafio factor does not ap
ply to the pinion. Then Equation (9-27) gives 

Kp{SF) _ (1.50)(1.00) 

Zyv '̂ " (0.88) 
(156 000 psi) = 265 900 psi < s. 

This value is quite high. Referring to Table 9-3, note that the only suitable listed 
material is a Grade 3 carburized and case-hardened steel having an allowable contact 
stress number of 275 ksi. Let's complete the calculations for the gear material and then 
discuss the results. 

Assume an initial value for the hardness ratio factor C^ = 1.00. Then 

Equation (9-27) gives 

KH{SF) 

^N ^H 
s, = 

(1.50)(1.00) 

(0.91)(1.00) 
(156 000 psi) = 257 100 psi < s^ 

Comments and Design 
Decisions 

This value is also quite high, requiring the same Grade 3 carburized and case-hardened steel 
to provide adequate pitting resistance. 

Specifying the Grade 3 carburized and case-hardened steel would be expected to pro
vide adequate strength and pitting resistance for this pair of gears. However, the design 
is marginal, and it would be expensive because of the special requirements of cleanli
ness for the material and other guarantees related to material composition and mi
crostructure. Most designs are executed using Grade 1 steel. It is recommended that the 
gears be redesigned to produce a lower bending stress and contact stress. In general, 
that can be achieved by using larger teeth (a smaller value for diametral pitch, Pj), a 
larger diameter for each gear, and a larger face width. Greater precision in the manu
facture of the gears, producing a higher quality number, Q^, would lower the dynamic 
factor and therefore reduce the bending stress number and the contact stress number. 
See section 9-15. 
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The next section outlines a design methodology for gears and provides guidelines for 
iterating on a design to produce alternatives from which we can select an optimum design 
for given conditions. In Section 9-14, a spreadsheet is developed that is useful for produc
ing multiple iterations. 

In Secfion 9-15, we use the same design requirements for the gear pair from Exam
ple Problems 9-1 through 9-4 as an example problem, inaking the necessary adjustments 
to our design decisions to ensure a satisfactory, economical gear design. 

Then, in Chapter 15. this same design is used as the basis for a comprehensive discus
sion of the completion of the design of a power transmission. Considered there are the final 
selection of the gear design parameters, the design of the shafts for both the pinion and the 
gear (Chapter 12), the selecfion of two rolling contact bearings for each shaft (Chapter 14), 
and the enclosure of the transmission components in a suitable housing. Consideration is 
given for the inclusion of belt or chain drives for the input or output shafts of the gear reducer 
to provide more flexibility of its use. Chapter 15, then, is the culmination of virtually all of 
the design procedures presented in Part 11 of the book from Chapter 7 through Chapter 14. 

9—12 In designs involving gear drives, normally the required speeds of rotation of the pinion and the 
DESIGN OF SPUR gear and the amount of power that the drive must transmit are known. These factors are deter-

GEARS mined from the application. Also, the environment and operating conditions to which the drive 
will be subjected must be understood. It is particularly important to know the type of driving 

I'i L) tl S I C J I\I device and the driven machine, in order to judge the proper value for the overioad factor. 
• The designer must decide the type of gears to use; the arrangement of the gears on their 

shafts; the materials of the gears, including their heat treatment; and the geometry of the gears: 
numbers of teeth, diametral pitch, pitch diameters, tooth form, face width, and quality numbers. 

This section presents a design procedure that accounts for the bending fatigue 
strength of the gear teeth and the pitting resistance, called suiface durability. This proce
dure makes extensive use ofthe design equations presented in the preceding .sections ofthe 
chapter and of the tables of material properties in Appendices 3 through 5. 8, and 12. 

You should understand that there is no one best solution to a gear design problem; 
several good designs are possible. Your judgment and creativity and the specific require
ments ofthe application will greatly affect the final design selected. The purpose here is to 
provide a means of approaching the problem to create a reasonable design. 

Design Objectives 

Some overall objectives of a design are listed below. The resulting drive should 

Be compact and small 

Operate smoothly and quietly 

Have long life 

Be low in cost 

Be easy to manufacture 

Be compatible with the other elements in the machine, such as bearings, shafts, the 
housing, the driver, and the driven machine 

The major objective ofthe design procedure is to define a safe, long-lasting gear drive. Gen
eral steps and guidelines are outlined here to produce a reasonable initial design. However, 
because of the numerous variables involved, several iterations are typically made to work to
ward an optimum design. Details ofthe procedure are presented in Example Problem 9-5. 
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Procedure for 
Designing a Safe 

and Long-Lasting 
Gear Drive 

Nominal Face 
Width 

2. 

3. 

4. 

From the design requirements, identify the input speed of the pinion, np, the de
sired output speed of the gear, nc, and the power to be transmitted, P, 
Choose the type of material for the gears, such as steel, cast iron, or bronze. 

Considering the type of driver and the driven machine, specify the overioad fac
tor, K^, using Table 9-5. The primary concern is the expected level of shock or im
pact loading. 

Specify a trial value for the diametral pitch. When steel gears are used. Figure 
9-27 provides initial guidance. The graph of design power transmitted versus the 
pinion rotational speed was derived for selected pitches and pinion diameters. 
Design power, P,,,, = K„P. Steel that is through hardened to HB 300 is used. Be
cause ofthe numerous variables involved, the value of Pj read from the figure is 
only an initial target value. Subsequent iterations may require considering a dif
ferent value. 

Specify the face width within the following recommended range for general ma
chine drive gears: 

8/P, <F< \6/P, 

Nominal value of F = 12/Pj (9-28) 

Guidelines for 
Adjustments in 

Successive 
Iterations 

The upper limit given tends to minimize alignment problems and ensure rea
sonably uniform loading across the face. When the face width is less than the 
lower limit, it is probable that a more compact design can be achieved with a dif
ferent pitch. Also, the face width normally is less than twice the pitch diameter 
of the pinion. 

6. Compute or specify the transmitted load, pitch line speed, quality number, geom
etry factor, and other factors required in the equations for bending stress and con
tact stress. 

7. Compute the bending stress and the contact stress on the pinion and gear 
teeth. Judge whether the stresses are reasonable (nether too low nor too high) 
in terms of being able to specify a suitable material. If not, select a new pitch 
or revise the number of teeth, pitch diameter, or face width. Typically the 
contact stress on the pinion is the limiting value for gears designed for a long 
life. 

8. Iterate the design process to seek more optimum designs. It is not unusual to 
make several trials before settling on a particular design. Using computer aids 
such as the spreadsheets described in Section 9-12 can make successive trials 
quickly. 

The following relationships should help you determine what changes in your design 
assumptions you should make after the first set of calculations to achieve a more op
timum design: 

• Decreasing the numerical value of the diametral pitch results in larger teeth 
and generally lower stresses. Also, the lower value of the pitch usually 
means a larger face width, which decreases stress and increases surface 
durability. 

• Increasing the diameter of the pinion decreases the transmitted load, generally 
lowers the stresses, and improves the surface durability. 
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Increasing the face width lowers the stress and improves the surface durability, 
but to a generally lesser extent than either the pitch or the pitch diameter 
changes discussed previously. 

Gears with more and smaller teeth tend to run more smoothly and quietly than 
gears with fewer and larger teeth. 

Standard values of diametral pitch should be u,sed for ease of manufacture and 
lower cost (see Table 8-2). 

Using high-alloy steels with high surface hardness results in the most compact 
system, but the cost in higher. 

Using very accurate gears (with ground or shaved teeth) results in a higher qual
ity number, lower dynamic loads, and consequently lower stresses and im
proved surface durability, but the cost is higher. 

The number of teeth in the pinion should generally be as small as possible to 
make the system compact. But the possibility of interference is greater with 
fewer teeth. Check Table 8-6 to ensure that no interference will occur. (See 
Reference 22.) 

FIGURE 9-27 
Design power 
transmitted vs. pinion 
speed for spur gears 
with different pitches 
and diameters 

600 1200 1800 2400 

Pinion speed, np (rpm) 

3000 3600 

For all curves: 20° full depth teeth; 
Np = 24; Nf; = 96; m,; = 4.00; F = 12/P,; Q, = 6 
Steel gears.HB 300; ,v,„ = 36000 psi; s„ = 126000 psi 
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Example Problem 9-5 Design a pair of spur gears to be used as a part of the drive for a chipper to prepare pulp-
wood for u.se in a paper mill. Intermittent use is expected. An electric motor transmits 3.0 
horsepower to the pinion at 1750 rpm and the gear must rotate between 460 and 465 rpm. 
A compact design is desired. 

Solution and General Step I. Considering the transmitted power. P. the pinion speed, Up, and the applica-
Oesign Procedure tion, refer to Figure 9-27 to determine a trial value for the diametral pitch, Pj. The 

overload factor. A',,, can be determined from Table 9-5, considering both the power 
source and the driven machine. 

For this problem, P = 3.0 hp and Up = 1750 rpm, K„ = 1.75 (uniform driver, 
heavy shock driven machine). Then Pj^., = (1.75) (3.0 hp) = 5.25 hp. Try 
Pj = 12 for the initial design. 

Step 2. Specify the number of teeth in the pinion. For small size, use 17 to 20 teeth 
as a start. 

For this problem, let's specify Â ,̂ = 18. 

Step 3. Compute the nominal velocity ratio from VR = Up/ua-

For this problem, use Ua — 462.5 rpm at the middle of the acceptable range. 

VR = Up/ua = 1750/462.5 = 3.78 

Step 4. Compute the approximate number of teeth in the gear from Na = NpfVR). 

For this problem. Na = Np(VR) = 18(3.78) = 68.04. Specify Na = 68. 

Step 5. Compute the actual velocity ratio from VR - Na/Np 

For this problem. V̂ ^ = Na/Np = 68/18 = 3.778. 

Step 6. Compute the actual output speed from Ua = Up (Np/Na). 

For this problem, Ua = Up (Np/Na) = (1750 rpm)( 18/68) = 463.2 rpm. OK. 

Step 7. Compute the pitch diameters, center distance, pitch line speed, and trans
mitted load and judge the general acceptability ofthe results. 

For this problem, the pitch diameters are: 

Dp = Np/Pj = 18/12 = 1.500 in 

Center distance: ^ o = A^o//'. = 68/12 = 5.667 m 

C= {Np + Na)/{2P,,) = (18 + 68)/(24) = 3.583 in 

Pitch line speed: V, = 7 r D ^ V l 2 = [ T T ( 1 . 5 0 0 ) ( 1 . 7 5 0 ) ] / 1 2 = 687 ft/min 

Transmitted load: W, = 33 000(P)/v, = 33 000(3.0)/687 = 144 lb 

These values .seem to be acceptable. 

Step 8. Specify the face width of the pinion and the gear using Equation (9-28) as 
a guide. 
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For this problem: Lower limit = 8/P,/ = 8/12 = 0.667 in. 

Upper limh = 16/P., = 16/12 = 1.333 in 

Nominal value = 12/P,/ = 12/12 = 1.00 in. Use this value. 

Step 9. Specify the type of material for the gears and determine C,, from Table 9-9. 

For this problem, specify two steel gears. C,, = 2300. 

Step 10. Specify the quality number, Q,., using Table 9-2 as a guide. Determine the 
dynamic factor from Figure 9-21. 

For this problem, specify Q, = 6 for a wood chipper. A", = 1.35. 

Step 11. Specify the tooth form, the bending geometry factors for the pinion and the 
gear from Figure 9-17 and the pitting geometry factor from Figure 9-23. 

For this problem, specify 20° full depth teeth. Jp = 0.325, Ja = 0.410, / = 0.104. 

Step 12. Determine the load distribution factor. A",,,, from Equation (9-16) and 
Figures 9-18 and 9-19. The precision class ofthe gear systein design must be spec
ified. Values may be computed from equations in the figures or read from the graphs. 

For this problem: F = 1.00 in. Dp = 1.500. F/Dp = 0.667. Then C,,, = 0.042. 

Specify open gearing for the wood chipper, mounted to the frame. C„„, = 0.264. 

Compute: K,„ = 1.0 + C,,, + C,„„ + 0.042 + 0.264 = 1.31 

Step 13. Specify the size factor. A", from Table 9-6. 

For this problem, K, = 1.00 for P,, = 12 

Step 14. Specify the rim thickness factor, Kp. from Figure 9-20. 

For this problem, specify a solid gear blank. Kp = 1.00. 

Step 15. Specify a service factor. SF. typically from 1.00 to 1.50. based on uncer
tainty of data. 

For this problem, there is no unusual uncertainty. Let SF = 1.00. 

Step 16. Specify a hardness ratio factor. C„. for the gear, if any. Use C^ = 1.00 for 
the early trials until materials have been specified. Then adjust C^ if significant dif
ferences exist in the hardness of the pinion and the gear. 
Step 17. Specify a reliability factor using Table 9-8 as a guideline. 

For this problem, specify a reliability of 0.99. Kp = 1.00. 

Step 18. Specify a design life. Compute the number of loading cycles for the pinion 
and the gear. Determine the stress cycle factors for bending (Ky) and pitting (Zy) for 
the pinion and the gear. 

For this problem, intermittent use is expected. Specify the design life to be 3000 
hours, similar to agricultural machinery. The numbers of loading cycles are: 

N,p = (60)(3000hr)(1750rpm)(l) = 3.15 x 10'cycles 

yv̂ ^ = (60)(3000hr)(462.5rpm)(l) = 8.33 X 10'cycles 

Then, from Figure 9-22, Y^^p = 0.96. Y^a = 0-98. From Figure 9-24, Z,VP = 0.92. Z,,a = 0.95. 
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Step 19. Compute the expected bending stresses in the pinion and the gear using 
Equation (9-15) . 

''' = ^7^^"^^^"-'^'^'^^' ^ (LQoX'25) (^•7-^)('-")('-3')(l-Q)(l-35) = 16400psi 

s,a = s,p{Jp/Ja) = (16 400)(0 .325/0 .410) = 13 000 psi 

Step 20. Adjust the bending stresses using Equation 9 -20 . 

For this problem, for the pinion: 

= (16 400) ^T-̂ T = 1 7 100psi 

For the 

•j./f/' 

gear: 

SaiG 

^ 0,p 

> S,a 

t^NP 

Kp{SF) 

^NG 

(1.00) (1.00) 
(1 ̂  000)^ - ^ = 13 300 psi 

Step 21. Compute the expected contact stress in the pinion and the gear from Equa
tion (9-25). Note that this value will be the same for both the pinion and the gear. 

W,K„K^K,„K, __ (144) (1 .75) (1 .0 ) (1 .31) (1 .35) 
^ W 'FDPI = ^ ^ Q ^ (1 .00)(1 .50)(0 .104) = •22900psi 

Step 22. Adjust the contact stresses for the pinion and the gear using Equation (9-27). 

Kp{SF) (1.00) (1.00) 
S,„p > S,p-j^ = (122 900) ^Q^^^ - 133 500 psi 

For the gear: 

Kp{SF) (1.00) (1.00) 

^ - > ^•" Z ^ = " ^ ^ ' « " (0 .95)(1 .00) = ' - ' ' « 0 P - ^ ' 

Step 23. Specify materials for the pinion and the gear that will have suitable through 
hardening or case hardening to provide allowable bending and contact stresses 
greater than those required from Steps 20 and 22. Typically the contact stress is the 
controlling factor. Refer to Figures 9 -10 and 9-11 and Tables 9 -3 and 9 ^ for data 
on required hardness. Refer to Appendices 3 to 5 for properties of steel to specify a 
particular alloy and heat treatment. 

For this problem contact stress is the controll ing factor. Figure 9-11 shows 
that through hardening of steel with a hardness of HB 320 is required for both the 
pinion and the gear. From Figure A 4 - 4 , we can specify AISI 4140 OQT 1000 
steel that has a hardness of HB 3 4 1 , giving a value of v = 140 000 psi. Ducfil
ity is adequate as indicated by the 18% elongation value. Other materials could 
be specified. 
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9—13 Section 8-4, "Gear Nomenclature and Gear-Tooth Features," described the metric module 
GEAR DESIGN 

FOR THE METRIC 
MODULE SYSTEM 

system of gearing and its relation to the diametral pitch system. As the design process was 
being developed in Sections 9-6 through 9-11, the data for stress analysis and surface dura
bility analysis were taken from charts using U.S. Customary units (in, lb. hp, ft/min, and 
ksi). Data for the metric module system were also available in the charts in units of mil
limeters (mm), newtons (N), kilowatts (kW), meters per second (m/s), and megapascals 
(MPa). But to use the SI data, we must modify some of the formulas. 

The following example problem uses Sl units. The procedure will be virtually the 
same as that used to design with U.S. Customary units. Those formulas that are converted 
to SI units are identified. 

Example Problem 9-6 A gear pair is to be designed to transmit 15.0 kilowatts (kW) of power to a large meat 
grinder in a commercial meat processing plant. The pinion is attached to the shaft of an elec
tric motor rotating at 575 rpm. The gear must operate at 270 to 280 rpm. The gear unit will 
be enclosed and of commercial quality. Commercially bobbed (quality number 5), 20°, full-
depth, involute gears are to be used in the metric module system. The maximum center dis
tance is to be 200 mm. Specify the design ofthe gears. Use Kp - C^ = SF = Z^ = 1.00. 

Solution The nominal velocity ratio is 

VR = 575/275 = 2.09 

Specify an overioad factor of K„ = 1.50 from Table 9-5 for a unifonn power source and 
moderate shock for the meat grinder. Then computer design power, 

PJ,, = K„P = (1.50)( 15 kW) = 22.5 kW 

From Figure 9-27, in = 4 is a reasonable trial module. Then 

Âp = 18 (design decision) 

Dp = Npin = (18)(4) = 72 mm 

/V̂ . = N,,{VR) = (18)(2.09) = 37.6 (Use 38.) 

Da = Nam = (38)(4) = 152 mm 

Final output speed = Ua = np{Np/Na) 

iia = 575 rpm X (18/38) = 272 rpm (okay) 

Center distance = C ^ {Np + Na)m/2 [Equation (8-18)] 

C = (18 + 38)(4)/2 = 112 mm (okay) 

In SI units, the pitch line speed in meters per second (m/s) is 

V, = 'TTDp«p/(60 000) 

where Dp is in mm and Up is in revolutions per minute (rpm). Then 

V, = [(IT)(72)(575)1/(60000) = 2.17 m/s 

In SI units, the transmitted load, W„ is in newtons (N). If the power, P. is in kW, and v, is in m/s, 

W, = 1000(P)/v, = (1000)(15)/(2.17) = 6920 N 
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In the U.S. Customary Unit System, it was recommended that the face width be approxi
mately F = 12IPj in. The equivalent Sl value is F = 12{m) mm. For this problem, F = 12(4) 
= 48 mm. Let's use F = 50 mm. 

Other factors are found as before. 

K, = Kp= \ .00 

A:,, = 1.34 (Figure 9-21) 

^,,,= 1.21 (Figures 9-19 and 9-19) (f-/Dp = 50/72 = 0.69) 

7^ = 0.315 70 = 0.380 [Figure 9-17(a)] 

Then the stress in the pinion is found from Equation (9-15), modified by letting 
PJ = \lni; 

W,K„K,KpK,„K,. (6920)(1.50)(1)(1.21)(1.34) 

^ - = f;^. = (50)(4)(0.315) ^ 2^^^P^ 

This is a reasonable stress level. The required hardness of grade 1 material is HB 360, as 
found in Figure 9-10. Proceed with design for pitting resistance. 

For two steel gears, 

K, = 1.0 

C/, = 191 (Table 9-10) 

7 = 0.092 (Figure 9-23) 

K, = 1.34 

K„ = 1.50 

K,„= 1.21 

The contact stress [Equation (9-25)] gives 

W,K„K,K„,K, _ (6920)(1.50)(1.0)(1.21)(1.34) 
•̂' ^ ^-V FDpl = ''' V (50)(72)(0:092) ' = ''''""'^ 

Converting to ksi gives 

s, = 1367 MPa X 1 ksi/6.895 MPa = 198 ksi 

From Table 9-3, the required surface hardness is HRC 58-64, case-carburized. Grade 2. 
Material selection from Appendix 5, for carburized steels, is as follows: 

AISI 4320 SOQT 300; .s„ = 1500 MPa; 13% elongafion. Grade 2 

Case-harden by carburizing to HRC 58 minimum 

Case depth: 0.6 mm minimum (Figure 9-12) 

Comment; Redesigning the gears to permit using Grade 1 material is recommended. 
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9-14 
COMPUTER-
AIDED SPUR 

GEAR DESIGN 
AND ANALYSIS 

This section presents one approach to assisting the gear designer with the many calcu
lations and judgments that must be made to produce an acceptable design. The spread
sheet shown in Figure 9-28 facilitates the completion of a prospective design for a pair 
of gears in a few minutes by an experienced designer. You must have studied all of the 
material in Chapters 8 and 9 in order to understand the data needed in the spreadsheet 
and to use it effectively. 

The recommended use ofthe spreadsheet is to create a .series of design iterations that 
allow you to progress toward an optimum design in a short amount of time. It follows the 
process outlined in Section 9-12 up to the point of computing the required allowable bend
ing stress number and the allowable contact stress number for both the pinion and the gear. 
The designer must use those data to specify suitable materials for the gears and their heat 
treatments. 

Given below is a discussion ofthe essential features ofthe spreadsheet. In general, 
it first calls for the input of basic performance data, allowing a proposed geometry to be 
specified. The final result is the completion ofthe stress analyses for bending and pitting 
resistance for both the pinion and the gear. Equations (9-19) and (9-20) are combined for 
the bending analysis. The analysis of pitting resistance uses Equations (9-25), and (9-27). 
The designer must provide data for the several factors in those equations taken from ap
propriate figures and charts or based on design decisions. Virtually all computations are 
performed by the spreadsheet, allowing the designer to exercise judgment based on the 
intermediate results. 

The format used for the spreadsheet helps the designer follow the process. After 
defining the problem at the top of the sheet, the first column at the left calls for several 
pieces of input data. Any value in italics within a gray-shaded area must be entered by the 
designer. White areas offer the results of calculations and provide guidance. The upper part 
ofthe second column also guides the designer in determining values for the several factors 
needed to complete the stress analyses for bending and pitting resistance. The area at the 
lower right of the spreadsheet gives the primary output data on which the design decisions 
for materials and heat treatments are based. 

The data in Figure 9-28 are taken from Example Problem 9-5 which was completed 
in the traditional manner in Section 9-12. 

Discussion of the Use of the Spur Gear Design Spreadsheet 

1. Describing the application: In the heading of the sheet, the designer is asked to 
describe the application for identification purposes and to focus on the basic uses 
for the gears. Of particular interest is the nature ofthe prime mover and the driven 
machine. 

2. Initial input data: It is assumed that designers begin with a knowledge of the 
power transmission requirement, the rotational speed of the pinion of the gear 
pair, and the desired output speed. Use Figure 9-27 to determine a trial value 
of the diametral pitch based on the design power to be transmitted and the ro
tational speed of the pinion. The number of teeth in the pinion is a critical de
sign decision because the size of the system depends on this value. Ensure 
against interference. 

3. Number of gear teeth: The spreadsheet computes the approximate number of gear 
teeth to produce the desired output speed from Na = Np(na/np). But. of course, 
the number of teeth in any gear must be an integer, and the actual value of Â '̂ is 
entered by the designer. 
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DESIGN SPUR OF GEARS 

initial Input Data: 

Input power: 
Input speed: 

Diametral pitch: 
Number of pinion teeth: 

Desired output speed: 

Computed number of gear teeth: 

Enter: Chosen no. of gear teeth: 

P = 
np = 

Np = 

NG= 

3 hp 
1,750. rpm 

12 
18 

462.5 rpm 

68.1 

68 

Computed Data: 

Actual output speed: 
Gear ratio: 

Pitch diameter, pinion: 
Pitch diameter, gear: 

Center distance: 
Pitch line speed: 

Transmitted load: 

mg = 
Dp = 
DG = 

C = 

463.2 rpm 
3.78 

1.500 in 
5.667 in 
3.583 in 

687 ft/min 
144 Ib 

Secondary Input Data: 

Face width guidelines (in): 

Enter; Face width: 

Ratio: Face width/pinion diameter: 
Recommended range of ratio: 

Enter: Elastic coefficient: 

Enter: Quality number: 

Enter: Bending geometry factors: 
Pinion: 

Gear: 
Enter: Pitting geometry factor: 

Min. 
0.667 

F 

Norn. Max. 
1.000 1.333 

= 1.000 in 

FIDp = 0.67 
FIDp < 2.00 

Cp = 

Qv = 

Jp -

JG -
1 --

= 2300 Table 9-9 

= 6 Table 9-2 

- 0.325 Fig. 9-17 
= 0.410 Fig. 9-17 
= 0.104 Fig. 9-23 

FIGURE 9-28 Spreadsheet solution for Example Problem 9-5 



Application: Wood chipper driven by an electric motor 
Example Problem 9-5 

Factors in Design Analysis: 

Alignment factor, K „ = 1.0 + Cp -̂i- C„ 

Pinion proportion factor, C pf 

If F<-/.0 lfF>-?.0 

0.042 0.042 

FIDp = 0.67 

[0.50 < FIDp < 2.00] 

Enter: Cp, = 0.042 Fig. 9-18 

Type of gearing: Open 
Mesh alignment factor, C^a = 0.264 

Commer 
0.143 

Precision 
0.080 

Ex. Prec. 
0.048 

Enter: C„ 0.264 Fig. 9-19 

Alignment factor: K„ 1.31 [Computed] 

Overioad factor: KQ = 1.75 
Size factor: K^ = 1.00 

Pinion rim thickness factor: KBP = 1.00 
Gear rim thickness factor: Kge = 100 

Table 9-5 
Table 9-6: Use 1.00 if P^ > 5. 
Fig. 9-20: Use 1.00 if solid blank. 
Fig. 9-20: Use 1.00 if solid blank. 

Dynamic factor: K^ 1.35 [Computed: See Fig. 9-21.] 

Service factor: SF = 1.00 
Hardness ratio factor: CH = 1-00 

Reliability factor: Kp = 1.00 

Enter: Design life: = 3000 hours 

Use 1.00 if no unusual conditions. 
Fig. 9-25 or 9-26; gear only 
Table 9-8: Use 1.00 for R=0.99. 

See Table 9-7. 

Pinion—Number of load cycles: A/p = 3.2E+08 

Gear—Number of load cycles: NQ = 8.3E-H07 

Bending stress cycle factor: y^p = 0.96 
Bending stress cycle factor: V^G = 0.98 

Pitting stress cycle factor: Zwp = 0.92 
Pitting stress cycle factor: Zf..,Q = 0.95 

Guidelines: Y^, Z, N' ^N 

10^ cycles >10^ <10^ 

1.00 
1.00 
1.00 
1.00 

0.96 
0.98 
0.92 
0.95 

Fig. 9-22 
Fig. 9-22 
Fig. 9-24 
Fig. 9-24 

Stress Analysis: Bending 

Pinion: Required s^, = 17,102 psi See Fig. 9-10 or 
Gear: Required s^, = 13,280 psi Table 9-3 or 9-4. 

Stress Analysis: Pitting 

Pinion: Required s^^ = 133,471 psi See Fig. 9-11 or 
Gear: Required s.^ = 129,256 psi Table 9-3 or 9-4. 

Specify materials, alloy and heat treatment, for most severe requirement. 

One possible material specification: 

Pinion: Requires HB > 320; AISI 4140 OQT 1000, HB = 341, S,, = 140,000 psi 

Gear: Requires HB > 320; AISI 4140 OQT 1000, HB = 341, S^^ = 140,000 psi 

FIGURE 9-28 Continued 

417 
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4. Computed data: The seven values reported in the middle of the first column are 
all determined from the input data, and they allow the designer to evaluate the suit
ability of the geometry of the proposed design at this point. Changes to the input 
data can be made at this time if any value is out of the desired range in the judg
ment of the designer. 

5. Secondary input data: When a suitable geometry for the gears is obtained, the de
signer enters the data called for at the lower part ofthe first column ofthe spread
sheet. The locations of data in pertinent tables and figures are listed. 

6. Factors in design analysis: The stress analysis requires many factors to ac
count for the unique situation of the design being pursued. Again, guidance is 
offered, but the designer must enter the values of the required factors. Many of 
the factors can have a value of 1.00 for normal conditions or to produce a con
servative result. 

7. Alignment factor: The alignment factor depends on two other factors: the pinion 
proportion factor and the mesh alignment factor as shown in Figures 9-18 and 
9-19. The suggested values in the white areas are computed from the equations 
given in the figures. Note the listed value of F/Dp. If F/Dp <0.50. use F/Dp = 0.50 
to find CJ,/. The designer must decide on the type of gearing to be used (open or 
clo.sed) and the degree of precision to be designed into the system. The final result 
is computed from the input data. 

8. Overload, size, and rim thickness factors: Consult Tables 9-5 and 9-6 along with 
Figure 9-20. Note that the rim thickness factor can be different for the pinion and 
the gear. Sometimes the smaller pinion is made from a solid blank while the larger 
gear can use a rim-and-spoke design. 

9. Dynamic factor: The spreadsheet uses the equations included in Figure 9-21 to 
compute the dynamic factor using the quality number and pitch line speed found 
from data in the first column. 

10. Service factor: This is a design decision as discussed in Section 9-12. Often a 
value of 1.00 is used if no unusual conditions are expected that are not already ac
counted for in other factors. Larger service factors allow for a higher degree of 
.safety or to account for uncertainties. 

11. Hardness ratio factor: This value depends on the ratio of the hardness of the pin
ion to the hardness ofthe gear teeth as shown in Figures 9-25 and 9-26. At the start 
of the design, these data are not known, and it is suggested that a value of C/y = 1.00 
be u.sed initially. Then, after one or more iterations are completed with tentative 
specifications for the pinion and gear materials, the value can be adjusted to refine 
the design. The factor C^ is applied only in the pitting resistance stress analysis for 
the gear, and it may allow the use of a less expensive or more ductile material with 
a lower hardness. 

12. Reliability factor: The designer must select a value from Table 9-8 according to 
the desired level of reliability. 

13. Stress cycle factors: Here the designer must specify the design life in hours of oper
ation for the gear pair being designed. Table 9-7 provides suggestions according to 
the use of the system. The number of cycles of stress is then computed for both the 
pinion and the gear, assuming the normal case of one cycle of one-direction stress per 
revolufion. If the gears operate in a reversing mode, as idlers, or in planetary gear 
trains, this calculation must be adjusted to account for the mulfiple cycles of stress 
expenenced in each revolution. Guidelines recommend factors of 1.00 for 10̂  cycles 



Section 9-15 • Use of the Spur Gear Design Spreadsheet 419 

tor which the allowable stress numbers are computed. For a larger number t)f cycles, 
equations given in Figures 9-22 and 9-24 are used to compute the recommended fac
tors. Because a variety of data are given for the case of fewer than 10̂  cycles, the de
signer is referred to the figures to determine the factors. In any case, the user of the 
spreadsheet must enter the selected values. 

14, Stress analyses for bending and pitting resistance: Finally, the required allow
able bending stress number and the required allowable contact stress number are 
computed using Equations (9-20) and (9-27), adjusted for the special values of 
factors for the pinion and the gear. 

15. Specification ofthe materials and their heat treatment: The final step is left to 
the designer to use the computed values from the stress analyses and to specify 
materials that will provide an adequate strength and surface hardness of the gear 
teeth. Pertinent data are listed in Figures 9-10 and 9-1 1 and Tables 9-3 and 9 ^ . 
The Appendices tables for material properties may also be consulted once the re
quired hardnesses of the materials are determined. 

9-15 
USE OFTHE 
SPUR GEAR 

DESIGN 
SPREADSHEET 

The spreadsheet developed in Section 9-14 is a useful tool that aids the designer in the 
process of completing a design for a pair of gears to be safe with regard to bending stresses 
in the teeth of the gears and for pitting resistance. The usc of the spreadsheet was demon
strated for the data in Example Problem 9-5 as shown in Figure 9-28. 

A more important use for the spreadsheet is to propose and analyze several design al
ternatives and to work toward a goal of optimizing the design with regard to size, cost, or 
other parameters important to a particular design objective. 

In this section, we usc the data for Example Pix)blems 9-1 through 9—1 to work to
ward an improved solution. The basic requirements were to produce a satisfactory design 
to transmit 25 hp with a pinion speed of 1750 rpm and a gear speed of 500 rpm. The ini
tial trial started in Example Problem 9-1 and carried through the other problems called for 
gears with a diametral pitch of 8 and 20 teeth in the pinion and 70 teeth in the gear. A qual
ity number of 6 was chosen. Although those sound like reasonable choices, it was shown 
that the resulting stresses were significantly higher than desirable, particularly the required 
allowable contact stress number. It was shown in Example Problem 9-4 that a Grade 3 
steel, case-hardened by carburizing, was required. This is a very expensive design because 
of the extreme controls on the material composition and cleanliness and because of the 
time-consuming heat treatment process. 

Designers for typical machine and vehicle drives would plan to use Grade 1 steels 
and standard quenching and tempering heat treatments. Where small size is critical or 
where cost is not a major concern, case hardening by carburizing. induction or flame hard
ening, or nitriding can be used. Therefore, it is usually desirable to produce several design 
alternatives that can be analyzed for cost and manufacturability. Then the final selection 
can be made with assurance that a reasonably optimum design has been identified. 

The spreadsheet in Figure 9-29 shows the combined results of Example Problems 
9-1 through 9-4. The resulting stresses are slightly different because of small differences 
in the factors computed by the spreadsheet formulas and those read from charts. This sum
mary can lead you to alternatives that meet the design goal of using only Grade 1 steels and 
achieving a cost-effective design. 

S u c c e s s i v e Iterations. We now continue the design process hy making carefully se
lected changes in design decisions using the Guidelines fi>r Adjustments in Successive It
erations from Section 9-12, just before Example Problem 9-5. The goal in this case is to 
reduce the required contact stress number to permit the use of lower cost Grade 1 steels. 
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Figures 9-30, 9-31, and 9-32 show three additional trial designs for the system de
scribed in Example Problem 9-1. Each ofthese designs reaches the goal of producing a prac
fical design that allows the use of Grade 1 steels. You should study these designs to ascertain 
the differences among the design decisions and the resulting required allowable stress num
bers for both bending and pitting resistance. Figure 9-33 summarizes the major results from 
all ofthe trials. 

DESIGN SPUR OF GEARS 

Initial Input Data: 

Input power: 
Input speed: 

Diametral pitch: 
Number of pinion teeth: 

Desired output speed: 

Computed number of gear teeth: 

Enter: Chosen no. of gear teeth: 

P= 25 hp 
np= 1750 rpm 
P,= 8 
Np= 20 
ns = 500 rpm 

70.0 

NG= 70 

Computed Data: 

Actual output speed: 
Gear ratio: 

Pitch diameter, pinion: 
Pitch diameter, gear: 

Center distance: 
Pitch line speed: 

Transmitted load: 

nG = 500.0 rpm 
mG = 3.50 
Dp = 2.500 in 
DG = 8.750 in 
C = 5.625 in 
v,= 1145 ft/min 

W,= 720 Ib 

Secondary Input Data: 

Face width guidelines (in): 

Enter: Face width: 

Ratio: Face width/pinion diameter: 
Recommended range of ratio: 

Enter: Elastic coefficient: 

Enter: Quality number: 

Enter: Bending geometry factors: 
Pinion: 
Gear: 

Enter: Pitting geometry factor: 

Min. Nom. Max. 
1.000 1.500 2.000 

F = 1.500 in 

FIDp = 0.60 
FIDp < 2.00 

Cp = 2300 

Q, = 6 

Jp = 0.335 
JG = 0.420 

1 = 0.108 

Table 9-9 

Table 9-2 

Fig. 9-17 
Fig. 9-17 
Fig. 9-23 

FIGURE 9-29 Spreadsheet solution for Example Problem 9-1 through 9 ^ 



Application: Industrial saw driven by an electric motor 
Example Problems 9-1 through 9-4 

Factors in Design Analysis: 

Alignment factor, K„ ^.o + Cp,+ c^, 

Pinion proportion factor, C pf 

U F<1.0 

0.035 

If F>7 .0 

0.041 

F/Dp = 0.60 

[0.50 < FIDp < 2.00] 

Enter: C. 'pf 0.041 Fig. 9-18 

Type of gearing: Open 
Mesh alignment factor, Cma = 0.272 

Commer 
0.150 

Precision 
0.086 

Ex. Prec. 
0.053 

Enter: C„ 0.15 Fig. 9-19 

Alignment factor: K^ = 1.19 [Computed] 

Overload factor: Kg = 1.50 
Size factor: K^ = 1.00 

Pinion rim thickness factor: KBP = 1.00 
Gear rim thickness factor: KeG = 1-00 

Table 9-5 
Table 9-6: Use 1.00 if P^ > 5. 
Fig. 9-20: Use 1.00 if solid blank. 
Fig. 9-20: Use 1.00 if solid blank. 

Dynamic factor: K^ 1.45 [Computed: See Fig. 9-21.] 

Service factor: SF = 1.00 
Hardness ratio factor: CH = 100 

Reliability factor: KR = 1.50 

Use 1.00 if no unusual conditions. 
Fig. 9-25 or 9-26; gear only 
Table 9-8: Use 1.00 for R=0.99. 

Enter Design life: = 20,000 hours See Table 9-7. 

Pinion—Number of load cycles: A/p = 2.1E-I-09 

Gear—Number of load cycles: NQ = 6.0E-H08 

Guidelines: Vw. •̂ w 

10'cycles >10 ' <10 ' 

Bending stress cycle factor: Y,^p = 0.93 

Bending stress cycle factor: y^G = 0.95 
Pitting stress cycle factor: Zr.jp = 0.88 
Pitting stress cycle factor: Z^G = 0.91 

1.00 
1.00 
1.00 
1.00 

0.93 
0.95 
0.88 
0.91 

Fig. 9-22 
Fig. 9-22 
Fig. 9-24 
Fig. 9-24 

Stress Analysis: Bending 

Pinion: Required s^, 
Gear: Required Sg, 

47,871 psi 
37,379 psi 

See Fig. 9-10 or 
Table 9-3 or 9-4. 

Stress Analysis: Pitting 

Pinion: Required s^c 
Gear: Required s^c 

265,989 psi See Fig. 9-11 or 
257,170 psi Table 9-3 or 9-4. 

Specify materials, alloy and heat treatment, for most severe requirement. 

One possible material specification: 

Pinion: Requires grade 3 carburized, case hardened steel 

Gear: Requires grade 3 carburized, case hardened steel 

FIGURE 9-29 Continued 
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Note that in all of the trials, the contact stress is critical. That is, the required hard
ness or case-hardening treatment for the gear teeth is most severe with regard to achieving 
adequate pitting resistance. The bending stress numbers are quite moderate. This situafion 
is typical for steel gears, and designers often work first toward a satisfactory contact stress 
and then check to ensure that the bending stress is acceptable. 

The trials shown in Figure 9-33 are arranged in order of increasing pinion diameter 
and increasing center distance, with the consequent decreasing of the bending and contact 

DESIGN SPUR OF GEARS 

Initial Input Data: 

Input power: 
Input speed: 

Diametral pitch: 
Number of pinion teeth: 

Desired output speed: 

Computed number of gear teeth: 

Enter: Chosen no. of gear teeth: 

P = 
np = 
P,= 
Np = 

A/G = 

25 
1750 

6 
18 

500 

63.0 

63 

hp 
rpm 

rpm 

Computed Data: 

Actual output speed: 
Gear ratio: 

Pitch diameter, pinion: 
Pitch diameter, gear: 

Center distance: 
Pitch line speed: 

Transmitted load: 

"G = 
nriG = 
Dp = 

DG = 

C = 
v,= 

W,= 

500.0 
3.50 

3.000 
10.500 
6.750 
1374 
600 

rpm 

in 
in 
in 
ft/min 
Ib 

Secondary Input Data: 

Face width guidelines (in): 

Enter: Face width: 

Ratio: Face width/pinion diameter: 
Recommended range of ratio: 

Enter: Elastic coefficient: 

Enter: Quality number-

Enter.- Bending geometry factors: 
Pinion: 

Gear: 
Enter: Pitting geometry factor: 

Min. Nom. Max. 
1.333 2.000 2.667 

F'= 

FIDp = 
FIDp < 

Cp = 

Qv = 

Jp = 
JG = 

1 = 

2.750 in 

0.92 
2.00 

2300 

8 

0.325 
0.410 
0.105 

Table 9-9 

Table 9-2 

Fig. 9-17 
Fig. 9-17 
Fig. 9-23 

FIGURE 9-30 Redesign for data of Example Problem 9-1, Trial 1 



Application: Industrial saw driven by an electric motor 
Redesign for data of Example Problem 9-1, Trial 1 

Factors in Design Analysis: 

Alignment factor, K„ 1.0+ Cpf+C„3 

Pinion proportion factor, C, pf 

If F<7 .0 

0.067 

If F>7 .0 

0.089 

F/Dp =0.92 

[0.50 < FIDp < 0.92] 

Enter: C, pf 0.089 Fig. 9-18 

Type of gearing: Open Commer. 
Mesh alignment factor, C„a = 0.292 0.170 

Precision 
0.102 

Ex. Prec. 
0.065 

Enter: C^^ = 0.17 Fig. 9-19 

Alignment factor: K„ 1.26 [Computed] 

Overload factor: K^ = 1.50 
Size factor: K^ = 1.00 

Pinion rim thickness factor: Kgp = 1.00 
Gear rim thickness factor: KflG = 100 

Table 9-5 
Table 9-6: Use 1.00 if P<^> 5. 
Fig. 9-20: Use 1.00 if solid blank. 
Fig. 9-20: Use 1.00 if solid blank. 

Dynamic factor: K„ 1.30 [Computed: See Fig. 9-21.] 

Service factor: SF = 1.00 
Hardness ratio factor: CH = 100 

Reliability factor: KR = 150 

Use 1.00 if no unusual conditions. 
Fig. 9-25 or 9-26; gear only 
Table 9-8: Use 1.00 for R = 0.99. 

Enter: Design life: = 20 000 hours See Table 9-7. 

Pinion—Number of load cycles: A/p = 2.1E-I-09 

Gear—Number of load cycles: A/g = 6.0E+08 

Guidelines: VM, Z^ 

10^ cycles >10^ <10'' 

Bending stress cycle factor: y /̂p = 0.93 
Bending stress cycle factor: V/vG = 0.95 

Pitting stress cycle factor: Zwp = 0.88 
Pitting stress cycle factor: Z^G = 0.91 

1.00 
1.00 
1.00 
1.00 

0.93 
0.95 
0.88 
0.91 

Fig. 9-22 
Fig. 9-22 
Fig. 9-24 
Fig. 9-24 

Stress Analysis: Bending 

Pinion: Required s^, = 16,009 psi See Fig. 9-10 or 
Gear: Required s^, = 12,423 psi Table 9-3 or 9-4. 

Stress Analysis: Pitting 

Pinion: Required s^^ = 161,968 psi See Fig. 9-11 or 
Gear: Required s,, = 156,629 psi Table 9-3 or 9-4. 

Specify materials, alloy and heat treatment, for most severe requirement. 

One possible material specification: 

Pinion: AISI 4140 Induction Hardened to 50 HRC, Grade 1 

Gear: AISI 4140 OQT 800, HB 429, Grade 1 

FIGURE 9-30 Continued 
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stresses. These are the most critical factors. Diametral pitch, face width, and quahty num
bers are also varied, but their effects are .secondary. 

The designs represented by Figures 9-30, 9-31, and 9-32 could all use the same ma
terial, provided that it could be hardened to the required levels. For example, specifying 
AISI 4340 Grade 1 steel or some similar medium-carbon-alloy steel would ensure that it 
could be flame or induction-hardened to a minimum of 50 HRC or through-hardened by 
quenching and tempering to the required 350 to 400 HB hardness on the Brinell scale. 

DESIGN SPUR OF GEARS 

Initial Input Data: 

Input power: 
Input speed: 

Diametral pitch: 
Number of pinion teeth: 

Desired output speed: 

Computed number of gear teeth: 

Enter: Chosen no. of gear teeth: 

P = 
np = 
P,= 
Np = 

t^G = 

NG = 

25 
1750 

8 
28 

500 

98.0 

98 

hp 
rpm 

rpm 

Computed Data: 

Actual output speed: 
Gear ratio: 

Pitch diameter, pinion: 
Pitch diameter, gear: 

Center distance: 
Pitch line speed: 

Transmitted load: 

/T7G = 

Dp = 

DG = 
C = 

W,= 

500.0 
3.50 

3.500 
12.250 

7.875 
1604 
514 

rpm 

in 
in 
in 
ft/min 
Ib 

Secondary Input Data: 

Face width guidelines (in): 

Enter Face width: 

Ratio: Face width/pinion diameter: 
Recommended range of ratio: 

Enter: Elastic coefficient: 

Enter: Quality number: 

Enter: Bending geometry factors: 
Pinion: 

Gear: 
Enter: Pitting geometry factor: 

Min. Nom. Max. 
1.000 1.500 2.000 

F = 

FIDp = 
FIDp < 

Op-

Qv = 

Jp = 
JG = 

/ = 

2.000 

0.57 
2.00 

2300 

8 

0.380 
0.440 
0.115 

in 

Table 9-9 

Table 9-2 

Fig. 9-17 
Fig. 9-17 
Fig. 9-23 

FIGURE 9-31 Redesign for data for Example Problem 9-1, Trial 2 



Application: Industrial saw driven by an electric motor 

Redesign for data of Example Problem 9-1, Trial 2 

Factors in Design Analysis: 

Alignment factor, K ,̂ = 1.0 + Cp -̂i- C„ 

Pinion proportion factor, C pf 

If F<7 .0 

0.032 

\\ F>1.0 

0.045 

FIDp = 0.57 

[0.50 < FIDp •- 2.00] 

Enter C, pf 0.045 Fig. 9-18 

Type of gearing: Open 
Mesh alignment factor, C^a = 0.280 

Commer 
0.158 

Precision 
0.093 

Ex. Prec. 
0.058 

Enter: C^^ = 0.158 Fig. 9-19 

Alignment factor: K„ 1.20 [Computed] 

Overload factor: KQ = 1.50 
Size factor: K^ = 1,00 

Pinion rim thickness factor: Kgp = 1.00 
Gear rim thickness factor: K^Q = 1-00 

Table 9-5 
Table 9-6: Use 1.00 if P^ > 5. 
Fig. 9-20: Use 1.00 if solid blank. 
Fig. 9-20: Use 1.00 if solid blank. 

Dynamic factor: K^ 1.30 [Computed: See Fig. 9-21.] 

Service factor: SF = 1.00 
Hardness ratio factor: C^ = 1.00 

Reliability factor: Kp = 1.50 

Use 1.00 if no unusual conditions. 
Fig. 9-25 or 9-26; gear only 
Table 9-8: Use 1.00 for R= 0.99. 

Enter: Design life: = 20,000 hours See Table 9-7. 

Pinion—Number of load cycles: Np = 2.1E-(-09 

Gear—Number of load cycles: A/g = 6.0E-^08 

Guidelines: Y^, Z^ 

10^ cycles >10^ <10^ 

Bending stress cycle factor: V/vp = 0.93 
Bending stress cycle factor: VV/G - 0.95 

Pitting stress cycle factor: Z^jp = 0.88 
Pitting stress cycle factor: Zf^Q = 0.91 

1.00 
1.00 
1.00 
1.00 

0.93 
0.95 
0.88 
0.91 

Fig. 9-22 
Fig. 9-22 
Fig. 9-24 
Fig. 9-24 

Stress Analysis: Bending 

Pinion: Required Sg, 
Gear: Required Sg, 

20,915 psi See Fig. 9-10 or 
17,682 psi Table 9-3 or 9-4. 

Stress Analysis: Pitting 

Pinion: Required s,, = 153,363 psi See Fig. 9-11 or 
Gear: Required s^^ = 148,307 psi Table 9-3 or 9-4. 

Specify materials, alloy and heat treatment, for most severe requirement. 

One possible material specification: 

Pinion: AISI 4140 OQT 800, HB 429, Grade 1 

Gear: AISI 4140 OQT 900, HB 388, Grade 1 

FIGURE 9-31 Continued 
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DESIGN SPUR OF GEARS 

Initial Input Data: 

Input power: 
Input speed: 

Diametral pitch: 
Number of pinion teeth: 

Desired output speed: 

Computed number of gear teeth: 

Enter: Chosen no. of gear teeth: 

P = 
np = 

Pci = 
Np = 

nG = 

NG = 

25 hp 
1,750 rpm 

6 
24 

500 rpm 

84.0 

84 

Computed Data: 

Actual output speed: 
Gear ratio: 

Pitch diameter, pinion: 
Pitch diameter, gear: 

Center distance: 
Pitch line speed: 

Transmitted load: 

riG = 
mG = 
Dp = 

DG = 
C = 

W,= 

500.0 
3.50 

4.000 
14.000 
9.000 
1833 
450 

rpm 

in 
in 
in 
ft/min 
Ib 

Secondary Input Data: 

Face width guidelines (in): 

Enter: Face width: 

Ratio: Face width/pinion diameter: 
Recommended range of ratio: 

Enter: Elastic coefficient: 

Enter: Quality number: 

Enter: Bending geometry factors: 
Pinion: 

Gear: 
Enter: Pitting geometry factor: 

Min. Nom. Max. 
1.333 2.000 2.667 

F -

FIDp = 
FIDp < 

Cp = 

Q. = 

Jp = 
JG = 

/ = 

2.000 

0.50 
2.00 

2300 

6 

0.360 
0.430 
0.112 

in 

Table 9-9 

Table 9-2 

Fig. 9-17 
Fig. 9-17 
Fig. 9-23 

FIGURE 9-32 Redesign for data for Example Problem 9-1, Trial 3 



Application: Industrial saw driven by an electric motor 

Redesign for data of Example Problem 9-1, Trial 3 

Factors in Design Analysis: 

Alignment factor, K^^ 1.0 + Cp -̂i- C^ 

Pinion proportion factor, Cpf = 

If F<1.0 

0.025 

If F>7 .0 

0.038 

FIDp = 0.50 

[0.50 < FIDp < 2.00] 

Enter C. •pf 0.038 Fig. 9-18 

Type of gearing: Open 
Mesh alignment factor, C,ria = 0.280 

Commer 
0.158 

Precision 
0.093 

Ex. Prec. 
0.058 

Enter: C^^ = 0.158 Fig. 9-19 

Alignment factor: K„ 1.20 [Computed] 

Overload factor: KQ = 150 
Size factor: K<, = 1.00 

Pinion rim thickness factor: KBP = 1.00 
Gear rim thickness factor: KgG = 1-00 

Table 9-5 
Table 9-6: Use 1.00 if P d ^ 5. 
Fig. 9-20: Use 1.00 if solid blank. 
Fig. 9-20: Use 1.00 if solid blank. 

Dynamic factor: K^ 1.56 [Computed: See Fig. 9-21.] 

Service factor: SF = 1.00 
Hardness ratio factor: CH = 1.00 

Reliability factor: KR = 1.50 

Use 1.00 if no unusual conditions. 
Fig. 9-25 or 9-26; gear only 
Table 9-8: Use 1.00 for R= 0.99. 

Enter: Design life: = 20,000 hours See Table 9-7. 

Pinion—Number of load cycles: Np = 2.1E-I-09 

Gear—Number of load cycles: NQ = 6.0E-I-08 

Guidelines: Y^j, Z^ 

10'cycles >10'' <10 ' 

Bending stress cycle factor: V^p = 0.93 
Bending stress cycle factor: YwG == 0.95 

Pitting stress cycle factor: Z,^p = 0.88 
Pitting stress cycle factor: ZwG = 0.91 

1.00 
1.00 
1.00 
1.00 

0.93 
0.95 
0.88 
0.91 

Fig. 9-22 
Fig. 9-22 
Fig. 9-24 
Fig. 9-24 

Stress Analysis: Bending 

Pinion: Required Sg, 
Gear: Required s^, 

16,961 psi 
13,901 psi 

See Fig. 9-10 or 
Table 9-3 or 9-4. 

Stress Analysis: Pitting 

Pinion: Required s^c 
Gear: Required Sg^ 

147,128 psi See Fig. 9-11 or 
142,277 psi Table 9-3 or 9 ^ . 

Specify materials, alloy and heat treatment, for most severe requirement. 

One possible material specification: 

Pinion: AISI 4140 OQT 800, HB 429, Grade 1 

Gear: AISI 4140 OQT 900, HB 388, Grade 1 

FIGURE 9-32 Continued 
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COMPARISON OF DESIGN ALTERNATIVES FOR DATA OF EXAMPLE PROBLEMS 9-1 
THROUGH 9-4 

P = 25hp 

Geometry, 0 

Np 

NG 

P, 
Dp (in) 

DG (in) 
C (in) 
W, (Ib) 
F (in) 

0 . 
K. 

Pinion speed = 1750 rpm Gear speed = 500 r pm 

Original Solution and Alternative Trials 

Problems 
9-1 through 9-4 

Alternative 
Trial 1 

uality, and Transmitted Load: 

20 
70 

8 
2.500 
8.750 
5.625 

720 
1.50 

6 
1.45 

18 
63 

6 
3.000 

10.500 
6.750 

600 
2.75 

8 
1.30 

Alternative 
Trial 2 

28 
98 

8 
3.500 

12.250 
7.875 

514 
2.00 

8 
1.33 

Alternative 
Trial 3 

24 
84 

6 
4.000 

14.000 
9.000 

450 
2.00 

6 
1.56 

Stresses: 

SatP (psi) 

Sa,G (psi) 

SacP (psi) 

SacG (psi) 

47,900 
37,400 

266,000 
257,100 

16,000 
12,450 

162,000 
156,700 

20,900 
17,700 

153,400 
148,300 

17,000 
13,900 

147,150 
142,300 

Materials: 

Pinion 

Gear 

Grade 3 
steel, 
carburized, 
case-
hardened 
Grade 3 
steel, 
carburized, 
case-
hardened 

Grade 1 
steel. 
induction-
hardened, 
50 HRC 
Grade 1 
steel. 
through-
hardened, 
400 HB 

Grade 1 
steel, 
through-
hardened, 
400 HB 
Grade 1 
steel. 
through-
hardened. 
370 HB 

Grade 1 
steel, 
through-
hardened, 
400 HB 
Grade 1 
steel, 
through-
hardened. 
350 HB 

Comments: 

All designs produce same gear ratio. 

Note change in diametral pitch. 
Increasing pinion diameter 
Increasing gear diameter 
Increasing center distance. 
Decreasing transmitted load. 
Face width varies. 
Note change in quality number 
Note change in dynamic factor 

Moderate bending stress. 
Moderate bending stress. 
Contact stress critical. 
Contact stress critical. 

Design goal is to use only Grade 1 
steels. 

FIGURE 9-33 Comparison of design alternative trials for data of Example Problem 9-1 

9-16 
POWER-

TRANSMITTING 
CAPACITY 

It is sometimes desirable to compute the amount of power that a gear pair can safely trans
mit after it has been completely defined. The power-transmitting capacity is the capacity 
when the tangential load causes the expected stress to equal the allowable stress number 
with all of the modifying factors considered. The capacity should be computed for both 
bending and pitting resistance and for both the pinion and the gear. 

When similar materials are used for both the pinion and the gear, it is likely that 
the pinion will be critical for bending stress. But the most critical condition is usually 
pitting resistance. The following relationships can be used to compute the power-
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transmitting capacity. In this analysis, it is assumed that the operating temperature of 
the gears and their lubricants is 250°F and that gears are produced with the appropriate 
surface finish. 

Bending 

We start with Equation (9-19) in which the computed bending stress number is compared 
with the modified allowable bending stress number for the gear: 

W,Pj _ Y^ 
PJ K„K,K,„KpK,. - s, < s^„ {SF)Kp 

But solving for W, gives 

W, = 
^(ii'N'^J 

{SF)KpK„K^K,„KpK^,Pj 

It was shown in Equation (9-6) that 

VV', ={l26 000){P)/{npDp) 

Then substituting into Equation (9-29) gives 

(I26 000)(/ ') s„Y,,FJ 

n^D, piyp {SF)KpK„K,K,„KpKP,, 

(9-29) 

Solving for P, we have 

P = 
.9,,, Y^ FJ npDp 

(126 000){Pj){SF) Kp K,. K, K,„ Kp K,. 
(9-30) 

This equation should be solved for both the pinion and the gear. Most variables will be the 

same except for 5,„, K ,̂ J, and possibly Kp. 

Pitting Resistance 
Here we start with Equations (9-25), (9-26). and (9-27) in which the computed contact 
stress number is compared with the modified allowable contact stress number for the gear. 
Equation (9-26) can be expressed in the form 

Sc = Cp 
W,K„KX„f<. ^ -^.U^NCH 

DpFl {SF)Kp 

Squaring both sides of this equation and solving for W, gives 

W,K„K,K,„K. 

D^FI 

W,= 

•\UZ,\CH 

{SF)KpCp 

DpFI 

K„K,K,„K,. {SF)KpCp\ 
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Now substituting this into Equation (9-6) and solving for the power P gives 

P = 

DpUpDpFI W,Dpnp 

126 000 " \26 000 K„K,K,„K„ {SF)KpCA 

npFI 

\26 000 K„K,K,„K„ 

•''m DpZf^Cn 
{SF)KpCp\ 

(9-31) 

Equations (9-30) and (9-31) should be used to compute the power-transmitting capacity 
for a pair of gears of known design with particular materials. 

9-17 
PRACTICAL 

CONSIDERATIONS 
FOR GEARS AND 

INTERFACES 
WITH OTHER 

ELEIVIENTS 

It is important to consider the design ofthe entire gear system when designing the gears be
cause they must work in harmony with the other elements in the system. This section will 
briefly discuss some ofthese practical considerations and will show commercially available 
speed reducers. 

Our discussion so far has been concerned primarily with the gear teeth, including the 
tooth form, pitch, face width, material selection, and heat treatment. Also to be considered 
is the type of gear blank. Figures 8-2 and 8-^ show several styles of blanks. Smaller gears 
and lightly loaded gears are typically made in the plain style. Gears with pitch diameters of 
approximately 5.0 in through 8.0 in are frequently made with thinned webs between the rim 
and the hub for lightening, with some having holes bored in the webs for additional light
ening. Larger gears, typically with pitch diameters greater than 8.0 in, are made from cast 
blanks with spokes between the rim and the hub. 

In many precision special machines and gear systems produced in large quantities, 
the gears are machined integral with the shaft carrying the gears. This, of course, eliminates 
some of the problems associated with mounting and location of the gears, but it may com
plicate the machining operations. 

In general machine design, gears are usually mounted on separate shafts, with the 
torque transmitted from the shaft to the gear through a key. This setup provides a positive 
means of transmitting the torque while permitting easy assembly and disassembly. The ax
ial location of the gear must be provided by another means, such as a shoulder on the shaft, 
a retaining ring, or a spacer (.see Chapters 11 and 12). 

Other considerations include the forces exerted on the shaft and the bearings that are 
due to the action ofthe gears. These subjects are discus.sed in Section 9-3. The housing de
sign must provide adequate support for the bearings and protection of the interior compo
nents. Normally, it must also provide a means of lubricating the gears. 

See References 12-15 and 18-19 for additional practical considerations. 

Lubrication 

The action of spur gear teeth is a combination of rolling and sliding. Because ofthe rel
ative motion, and because of the high local forces exerted at the gear faces, adequate lu
brication is critical to smoothness of operation and gear life. A continuous supply of oil 
at the pitch line is desirable for most gears unless they are lightly loaded or operate only 
intermittently. 

In splash-type lubrication, one ofthe gears in a pair dips into an oil supply sump and 
carries the oil to the pitch line. At higher speeds, the oil may be thrown onto the inside sur-
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faces ofthe case; then it flows down, in a controlled fashion, onto the pitch line. Simulta
neously, the oil can be directed to the bearings that support the shafts. One difficulty with 
the splash type of lubrication is that the oil is churned; at high gear speeds, excessive heat 
can be generated, and foaming can occur. 

A positive oil circulation system is used for high-speed and high-capacity sy.stems. A 
separate pump draws the oil from the sump and delivers it at a controlled rate to the mesh
ing teeth. 

The primary functions of gear lubricants are to reduce friction at the mesh and to keep 
operating temperatures at acceptable levels. It is essential that a continuous film of lubri
cant be maintained between the mating tooth surfaces of highly loaded gears and that there 
be a sufficient flow rate and total quantity of oil to maintain cool temperatures. Heat is gen
erated by the meshing gear teeth, by the bearings, and by the churning ofthe oil. This heat 
must be dissipated from the oil to the case or to some other external heat-exchange device 
in order to keep the oil itself below 160°F (approximately 70°C). Above this temperature, 
the lubricating ability of the oil, as indicated by its viscosity, is severely decreased. Al.so. 
chemical changes can be produced in the oil, decreasing its lubricity. Because ofthe wide 
variety of lubricants available and the many different conditions under which they must op
erate, it is recommended that suppliers of lubricants be consulted for proper .selection. (See 
also Reference 10.) 

The AGMA, in Reference 10, defines several types of lubricants for use in gear drives. 

• Rust and oxidation inhibited gear oils (called R & O) are petroleum based with 
chemical additives. 

• Compounded gear lubricants (Comp) blend 3% to \0% of fatty oils with petro
leum oils. 

• Extreme pressure lubricants (EP) include chemical additives that inhibit scuffing 
of gear tooth faces. 

• Synthetic gear lubricants (S) are special chemical formulations applied mostly in 
severe operating conditions. 

R & O lubricants are supplied in 14 viscosity grades (0 to 13) where the lower numbers re
fer to the lower viscosities. Similar numbers are used for the other types with modified 
grade designations carrying suffixes Comp. EP. or S. The recommended lubricant grade de
pends on the ambient temperature around the drive and the pitch line velocity ofthe lowest 
speed pair of gears in a reducer. See the Table 9-10. Wormgear drives call for higher vis
cosity grades. 

Commercially Available Gear-Type Speed Reducers 

By studying the design of commercially available gear-type speed reducers, you should get 
a better feel for design details and the relationships among the component parts: the gears, 
the shafts, the bearings, the housing, the means of providing lubrication, and the coupling 
to the driving and driven machines. 

Figure 9-34 shows a double-reduction spur gear speed reducer with an electric mo
tor rigidly attached. Such a unit is often called a gear motor. Figure 9-35 is similar, except 
that one of the stages of reduction uses helical gears (di.scussed in the next chapter). The 
cross-sectional drawing shown with Figure 9-36 gives a clear picture of the several com
ponents of a reducer. 
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The planetary reducer in Figure 9-37 has quite a different design to accommodate the 
placement of the sun, planet, and ring gears. Figure 9-38 shows the eight-speed transmis
sion from a large farm tractor and illustrates the high degree of complexity that may be in
volved in the design of transmissions. 

TABLE 9-10 Recommended lubricant grade for spur, helical, herringbone, and bevel 
gear drives. 

Pitch line velocity 

Less than 1000 ft/min 
Less than 5 m/s 
1000 to 3000 ft/min 
5 to 15 m/s 
3000 to 3000 ft/min 
13 to 25 m/s 
Over 3000 ft/min 
Over 23 m/s 

- fO'Flo 14 F 
- 4 0 X t o -

3S 

3S 

2S 

OS 

-10 C 

Ambient temperature 

14'Fto30°F 
- K r C t o lOX 

30°F to 9 3 T 
10Xto35°C 

Lubricant grade 

4 

3 

2 

0 

6 

5 

4 

2 

93°Ftol31°F 
33°C to 35°C 

8 

7 

6 

3 

E.xtracled from AGMA Standard 9005-D94. Industrial Gear Liilvication. with permission of the publisher. 
American Gear Manufactures Association. l.'̂ OO King Street. Suite 201. Alexandria, VA 22314. 

FIGURE 9-34 Double-reduction spur gear reducer 
(Bison Gear & Engineering Corporation, Downers 
Grove, IL) 

FIGURE 9-35 Double-reduction gear reducer. First 
stage, helical gears; second stage, spur gears, 
(Bison Gear & Engineering Corporation, Downers 
Grove. IL) 



FIGURE 9-36 
Concentric helical gear 
reducer (Peerless-
Winsmith Subsidiary 
HBD Industries, 
Springville, NY) 

(a) Cutaway of a concentric helical gear reducer "'^ Complete reducer 
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(c) Parts index 
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[b) Schematic arrangement of planetary gearing 

FIGURE 9-37 Planetary gear reducer 
(Rexnord, Milwaukee, WI) 
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FIGURE 9-38 
Eight-speed tractor 
transmission 
(CaselH, Racine. WI) 

9—18 Plastics are satisfying an important and growing part of the applications for gearing. Some 
PLASTICS of the numerous advantages of plastics in gearing systems compared with steels and other 
GEARING metals are: 

Lighter weight 

Lower inertia 

Possibility of running with little or no external lubrication 

Quieter operation 

Low sliding friction, which results in efficient gear meshing 

Chemical resistance and ability to operate in corrosive environments 

Ability to operate well under conditions of moderate vibration, shock, and impact 

Relatively low cost when made in large quantities 

Ability to combine several features into one part 

Accommodation of larger tolerances because of resiliency 

Material properties that can be tailored to meet the needs of the application 

Less wear among some plastics compared to metals in certain applications 

The advantages must be weighed against disadvantages such as: 

• Relatively lower strength of plastics as compared with metals 

• Lower modulus of elasticity 

• Higher coefficients of thermal expansion 

• Difficulty operating at high temperatures 

• Initial high cost for design, development, and mold manufacture 

• Dimensional change with moisture absorption that varies with conditions 

• Wide range of possible material formulations, which makes design more difficult 

Some plastic gears are cut using bobbing or shaping processes similar to those used to 
cut metallic gears. However, most plastic gears aie produced with the injection molding process 
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because of its ability to make large quantities rapidly with low unit cost. Mold design is critical 
because it must accommodate the shrinking that occurs as the molten plastic solidifies. The typ
ical successful approach accounts for predicted shrinkage by making the die larger than the re
quired finished gear size. However, the allowance is not unitbriii throughout the gear, and 
significant amounts of data are required about the material molding properties and the molding 
process itself to produce plastic gears with high dimensional accuracy. Computer-assisted mold 
design software that simulates the flow of molten plastic through the mold cavities and the cur
ing process is often used. The gear mold or the gear cutting tools are designed to produce di
mensionally accurate gear teeth with tooth thickness controlled to produce a proper amount of 
backlash during operation. The electrical discharge machining process (EDM) is typically used 
to produce accurate gear tooth forms in molds made from high-hardness, wear-resistant steels 
to ensure that large production runs can be made without replacing tooling. 

Plastic Materials for Gears 

The great variety of pla.stics available makes material selection difficult, and it is recom
mended that gear system designers consult with material suppliers, mold designers, and 
manufacturing staff during the design process. While simulation can aid in reaching a suit
able design, it is recommended that testing be done in realistic conditions before committing 
the design to production. Some of the more popular types of materials used for gears are 

Nylon 

Polycarbonate 

Polyimide 

Polysufones 

Acetal 

Polyurethane 

Phenolic 

Phenylene oxides 

ABS (acrylonitrile-butadiene-styrene) 

Polyester thermoplastic 

Polyphenylene sulfide 

Styrene-acrylonitrile (SAN) 

Designers must seek a balance of material characteristics appropriate to the application, 
considering, for example: 

Strength in flexure under fatigue conditions 

High modulus of elasticity for stiffness 

Impact strength and toughness 

Wear and abrasion resistance 

Dimensional stability under expected temperatures 

Dimensional stability due to moisture absorption from liquids and humidity 

Frictional performance and need for lubrication, if any 

Operation in vibration environments 

Chemical resistance and compatibility with the operating environment 

Sensitivity to ultraviolet radiation 

Creep resistance if operated under load for long periods of time 

Flame retarding ability 

Co.st 

Ease of processing and molding 

Assembly and disassembly considerations 

Compatibility with mating parts 

Environmental impact during processing, use, recycling, and disposal 
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The basic plastic materials listed previously are typically modified with fillers and ad
ditives to produce optimum as-molded properties. Some of these are: 

Fillers for strength reinforcement, toughness, moldability, long-term stability, 
thermal conductivity, and dimensional stability: Long glass fibers, chopped glass 
fibers, milled glass, woven glass fibers, carbon fibers, glass beads, aluminum flake, 
mineral, cellulose, rubber modifiers, wood flour, cotton, fabric, mica, talc, and cal
cium carbonate. 

Fillers to improve lubricity and overall frictional performance: PTFE (polytetra
fluoroethylene), silicone, carbon fibers, graphite powders, and molybdenum disul
fide (MoS,). 

Refer also to Secfion 2-17 in Chapter 2 for additional discussion about plastic materials, 
their properties, and special considerations for selecting plastics. 

Design Strength for Plastic Gear Materials 

Data are provided here for typical plastic materials used for gears. They can be applied to prob
lem solving in this book. However, verification of properties for materials to be actually used 
in a commercial application, with due regard for the operating conditions, should be acquired 
from the material supplier. The effects of temperature on strength, modulus, toughness, chem
ical stability, and dimensional precision are particularly important. Manufacturing processes 
must be controlled to ensure that final properties are consistent with prescribed values. 

Table 9-11 lists some selected data for allowable tooth bending stress in plastic gears. 
Much additional data for other materials can be found in References 2, 15, and 16. Note the 
significant increase in allowable strength provided by the glass reinforcement. The combi
nation of glass fibers and the basic plastic matrix performs like a composite material with 
the amount of filler typically ranging from 20% to 50%. 

Material suppliers may be able to provide fatigue data for plastics in charts such as 
those shown in Figure 9-39, showing allowable bending stress versus number of cycles to 
failure for DuPont Zytel*^ nylon resin and Delrin*^ acetal resin. These data are for molded 
gears operating at room temperature with diametral pitches shown, pitch line velocity below 
4000 ft/min, and confinuous lubrication. Reductions should be applied for cut gears, higher 
temperatures, different pitches, and different lubrication conditions. See Reference 16. 

TABLE 9-11 Approximate allowable 
tooth bending stress in plastic gears 

Approximate allowable 
bending stress, ksi (MPa) 

Material Unfilled Glass-filled 

ABS 3000(21) 6000(41) 
Acetal 3000(34) 7000(48) 
Nylon 6000(41) 12 000(83) 
Polycarbonate 6000(41) 9000(62) 
Polyester 3300(24) 8000(35) 
Polyurethane 2300(17) 

Source: Pla.stics Gearini>. Manchester. CT: ABA/PGT 
Publishing, 1994. 
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(b) Fatigue life data for DuPont'i^ Delrin acetal resin 

FIGURE 9-39 Fatigue life data for two types of plastic materials used for gears 
(DuPont Polymers, Wilmington. DE) 

Tooth Geometry 

In general, standard tooth geometry for plastic gears conforms to the configurations de
scribed in Section 8 ^ in Chapter 8. Standard diametral pitches from Table 8-2 and stan
dard metric modules from Table 8-3 should be used unless there are major advantages to 
using other values. Suppliers' ability to provide non.standard pitches should be investigated. 
Pressure angles of 14̂ °̂, 20°, and 25° are used, with 20° usually preferred. Standard for
mulas for addendum, dedendum, and clearance for full-depth involute teeth are listed in 
Table 8-4. Gear quality values are set similariy to those for metallic gears as discussed in 
Section 9-5. The typical AGMA quality number produced by injection molding is in range 
of 6 to 10. 

Designers somerimes use special tooth forms to tailor the strength of plastic gear 
teeth to the demands of particular applications. The 20° stub tooth system provides a 
shorter, broader tooth than the standard 20° full-depth tooth system, decreasing tooth-
bending stress. The Plastics Gearing Technology unit of the ABA-PGT company has 
developed another system that is finding favor with some designers. See References 1 
and 2. 

Many designers of plastic gears prefer to use a longer addendum on the pinion 
and a shorter addendum on the mating gear to produce more favorable operation be
cause of the grater flexibility of plastics as compared with metals. Tooth thickness is 
typically thinned on either or both of the pinion and gear to provide acceptable back
lash and to ensure that mating gears do not bind. Binding may result from deflection of 
the teeth under load or from expansions due to increa.sed temperature or moisture ab
sorption from exposure to water or high humidity. Enlarging the center distance is an
other method employed to adjust for backlash. Designers must specify these feature 
sizes on drawings and in specifications. Consult AGMA Standard 1106-A97 Tooth 
Proportions for Plastic Gears for details. Reference 2 provides useful tables of formu
las and data for adjustments to tooth form and center distance. Reference 16 recom
mends the range of backlash values shown in Figure 9-40. 
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FIGURE 9-40 
Recommended 
backlash for plastic 
gears 

ca 

.008 

.006 -

.004 

.002 

.20 

CQ 

.10 

.05 

1 2 3 

Module, w (mm) 
— I — I \—I 1 i r 

64 32 20 16 12 10 8 

Diametral pitch, Pj 

Shrinkage 

During manufacture of plastic gears using injection molding, enlarging the effective di
ametral pitch and the pitch diameter of the gear teeth cut into the mold accommodates 
shrinkage. The pressure is also adjusted. The nominal corrections are computed as follows: 

PJ. = (1 + 5 ) 
(9-32) 

cos (j)| = 
cos (^ 

(1 +S) 
(9-33) 

D, N/Pjc (9-34) 

where 5 = Shrinkage of material 
PJ = Standard diametral pitch for the gear 

PJ, = Modified diametral pitch of the teeth in the mold 
4) = Standard pressure angle for the gear 

4)I = Modified pressure angle of the teeth in the mold 
Â  = Number of teeth 

D, = Modified pitch diameter of teeth in the mold 

After molding, the teeth should very neariy conform to standard geometry. Additional ad
justments are sometimes made, relieving the tips ofthe teeth for smoother engagement and 
increasing the tooth width at the base near the point of highest bending stress. 

Stress Analysis 

Bending stress analysis for plastic gears relies on the basic Lewis formula introduced in 
Section 9-8, Equation (9-12). The modifying factors called for by the AGMA standards for 
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TABLE 9-12 Lewis tooth form factor, Y. for load near the pitch point 

Tooth Form 

Number 
Teeth 

14 
15 
16 
17 
18 
19 
20 
22 
24 
26 
28 
30 
34 
38 
43 
50 
60 
75 

100 
150 
300 

Rack 

141/° Full 
Depth 

-
-
-
-
-
-
-
-

0.309 
0.322 
0.333 
0.340 
0.333 
0.366 
0.373 
0.588 
0.604 
0.613 
0.622 
0.633 
0.630 
0.660 

20° Full 
Depth 

-
-
-

0.312 
0.321 
0.334 
0.344 
0.539 
0.372 
0.388 
0.597 
0.606 
0.628 
0.651 
0.672 
0.694 
0.713 
0.735 
0.757 
0.779 
0.801 
0.823 

20° 
Stub 

0.540 
0.566 
0.578 
0.587 
0.603 
0.616 
0.628 
0.648 
0.664 
0.678 
0.688 
0.698 
0.714 
0.729 
0.739 
0.758 
0.774 
0.792 
0.808 
0.830 
0.855 
0.881 

Source: DuPont Polymers. Wilmington. DE 

Steel gears are not specified for plastic gears at this time. We can account for uncertainty or 
shock loading by inserting a safety factor. The overload factor from Table 9-5 can be used 
a guide. Testing of the proposed design in realistic conditions should be completed. The 
bending stress equation then becomes 

"^.PASF) 
(T, = — (9-35) 

Values for the Lewis form factor, Y. shown in Table 9-12, describe the geometry of the in
volute gear teeth acting as a cantilever beam with the load applied near the pitch point. Thus 
Equarion (9-35) gives the bending stress at the root of the tooth. Most plastic gear designs 
call for a generous fillet radius between the start of the active involute profile on the flank 
ofthe tooth and the root, resulting in little if any stress concentration. 

Wear Considerations 
Wear of tooth surfaces in plastic gear teeth is a function of the contact stress between mat
ing teeth as it is with metal teeth. Equation (9-21) can be used compute the contact stress. 
However, published data are lacking for allowable contact stress values. 

In reality, lubrication and the combination of materials in mating gears play major 
roles in the wear life of the pair. Presented here are some general guidelines from Refer
ences 2 and 16. Communication with material suppliers and testing of propo.sed designs is 
recommended. 
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• Continuously lubricated gearing promotes the longest life. 

• With continuous lubrication and light loads, fafigue resistance, not wear, typically 
determines life. 

• Unlubricated gears tend to fail by wear, not fatigue, provided proper design bend
ing stresses are used. 

• When confinuous lubrication is not pracfical, inifially lubricaring the gearing can 
aid in the run-in process and add life compared with gears that are never lubricated. 

• When confinuous lubrication is not pracfical, the combination of a nylon pinion 
and an acetal gear exhibits low friction and wear. 

• Excellent wear performance for relatively high loads and pitch line speeds can be 
obtained by using a lubricated pair of a hardened steel pinion (HRC > 50) mating 
with a plastic gear made from nylon, acetal, or polyurethane. 

• Wear accelerates when operating temperatures rise. Cooling to promote heat dis
sipation can increase life. 

Gear Shapes and Assembly 

References 2 and 16 include many recommendations for the geometric design of gears con
sidering strength, inertia, and molding condifions. Many smaller gears are simply made 
with uniform thickness equal to the face width of the gear teeth. Larger gears often have a 
rim to support the teeth, a thinned web for lightening and material savings, and a hub to fa
cilitate mounting on a shaft. Figure 9^1 shows recommended proportions. Symmetrical 
cross sections are preferred, along with balanced section thicknesses to promote good flow 
of material and to minimize distortion during molding. 

Fastening gears to shafts requires careful design. Keys placed in shaft key seats and 
keyways in the hub of the gear provide reliable transmission of torque. For light torques, 
setscrews can be used, but slippage and damage ofthe shaft surface are possible. The bore 
of the gear hub can be lightly press fit onto the shaft with care to ensure that a sufficient 
torque can be transmitted while not overstressing the plastic hub. Knurling the shaft be
fore pressing the gear on increases the torque capability. Some designers prefer to use 
metal hubs to facilitate the use of keys. Plastic is then molded onto the hub to form the 
rim and gear teeth. 

Design Procedure 

Design of plastic gearing should consider a variety of possibilities, and it is likely to be an 
iterative process. The following procedure outlines the steps for a given trial using U.S. 
Customary units. 

F I G U R E 9-41 ^^_^^^m^xooth thickness 

Suggested plasfic gear /-><;^^^^^^:5>^-^' 
proportions 
(DuPont Polymers, 
Wilmington, DE) 

Note: L = D 
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Procedure for 
Designing Plastic 

Gears 

1. Determine the required horsepower, P to be transmitted and the speed of rotation, 
np, of the pinion in ipm. 

2. Specify the number of teeth, N, and select a trial diametral pitch diameter for the 
pinion. 

3. Compute the pinion diameter from Dp = Np/Pj, 

4. Compute the transmitted load, W, (in lb) from Equation (9-6), repeated here. 

W, = {\2b000){P)/{npDp) 

5. Specify the tooth form and determine the Lewis form factor Y from Table 9-12. 

6. Specify a safety factor, SF. Refer to Table 9-5 for guidance. 

7. Specify the material to be used and determine the allowable stress from Table 9-10 
or Figure 9-39. 

8. Solve Equation (9-35) for the face width, F, and compute its value from. 

11 

F = 
W,Pj {SF) 

s Y 
(9-36) 

9. Judge the suitability of the computed face width as it relates to the applicafion. 
Consider its mounting on a shaft, space available in the diametral and axial di
rections, and whether the general proportions are acceptable for injection 
molding. See References 2 and 16. No general recommendations are published 
for the face width of plastic gears and often they are narrower than similar 
metallic gears. 

10. Repeat steps 2 to 9 until a safisfactory design for the pinion is achieved. Specify 
convenient dimensions for the final value of the face width and other features of 
the pinion. 

Considering the desired velocity ratio between the pinion and the gear, compute 
the required number of teeth in the gear and repeat steps 3 to 9 using the same di
ametral pitch as the pinion. Using the same face width as for the pinion, the stress 
in the gear teeth will always be lower than in the pinion because the form factor Y 
will increase and all other factors will be the same. When the same material is to 
be used for the gear, it will always be safe. Alternatively, you could compute the 
bending stress directly from Equation 9-35 and specify a different material for the 
gear that has a suitable allowable bending stress. 

Example Problem 9-6 Design a pair of plastic gears for a paper shredder to transmit 0.25 horsepower at a pinion speed 
of 1160 rpm. The pinion will be mounted on the shaft of an electric motor that has a diameter 
of 0.625 in with a keyway for a 3/16 X 3/16 in key. The gear is to rotate approximately 300 
rpm. 

Given Data p = 0.25 hp, Up^W 60 rpm. 

Shaft diameter = D, = 0.625 in, Keyway for a 3/16 X 3/16 in key. 

Approximate gear speed = /;(, = 300 rpm 

Solution Use the design procedure outlined in this section. 
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Step 1: Consider the given data. 

Step 2: Specify Â ,̂ = 18 and Pj = 16 

Step 3: Dp = Np/Pj = 18/16= 1.125 in. This seems reasonable for mounting on the 

0.625 in motor shaft. 

Step 4: Compute the transmitted load, 

W,= {\26 000){P)/{npDp) = (126 000)(0.25)/[( 1160)(1.125)] = 24.1 lb 

Step 5: Specify 20° full depth teeth. Then Y = 0.521 for 18 teeth from Table 9-12. 

Step 6: Specify a safety factor, SF, The shredder will likely experience light shock; the 
preference is to operate the gears without lubrication. Specify SF - 1.50 from Table 9-5. 

Step 7: Specify unfilled nylon. From Table 9-11,5,,, = 6000 psi. 

Step 8: Compute the required face width using Equation (9-36). 

W,Pj{SF) (24.1)(16)(1.50) 

^ = - ^ ^ = (6000)(0.521) = ^-^ '^ " 

Step 9: The dimensions seem reasonable. 

StepIO: Appendix 2 lists a preferred size for the face width of 0.200 in. 

Comment In summary, the proposed pinion has the following features: 

PJ = 16, /Vp - 18 teeth, Dp= 1.125 in, F = 0.200 in. Bore = 0.625 in, 

Keyway for a 3/16 x 3/16 in key. Unfilled nylon material. 

Step 11: Gear design: Specify F = 0.200 in, Pj = 16. Compute the number of teeth 
in the gear. 

NG = Np (n/iic) = 18(1160/300) = 69.6 teeth 

Specify NQ = 70 teeth 

Pitch diameter of gear = D^ = N^/Pj = 70/16 = 4.375 in 

From Table 9-12, Yc = 0.728 by interpolation. 
Stress in gear teeth using Equation 9-35: 

_ W,Pj{SF) _ (24.1)(16)(1.50) _ . 

'^' FY (0.200)(0.728) ^^'-^ P^i 

Comment This stress level is safe for nylon. The gear could also be made from acetal to achieve bet
ter wear performance. 
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I N T E R N E T S I T E S R E L A T E D TO S P U R G E A R D E S I G N 

1. ABA-PGT, Inc. www.abapgt.com The ABA 
division produces molds for making pla.stic gears using 
injecUon molding; the PGT division is dedicated to 
plastic gearing technology. 

2. American Gear Manfuactures Association (AGMA) 
www.agma.org Develops and publishes voluntary, 
consensus standards for gears and gear drives. 

3. Bison Gear, Inc. www.bisongearcom Manufacturer 
of fractional horsepower gear reducers and gear motors. 

4. Boston Gear, Company, www.bostongearcom 
Manufacturer of gears and complete gear drives. Part ot 
the Colfax Power Transmission Group. Data provided 
for spur, helical, and worm gearing. 

5. DuPont Polymers www.plastics.duponr.com 
Information and data on plastics and their properties. 
Searchable database by type of plastic or application. 

6. Emerson Power Transmission Corporation. 
www.emerson-ept.coni The Browning Division 
produces spur, helical, bevel, and worm gearing and 
complete gear drives. 

7. Gear Industry Home Page. 
www.geartechnology.com Information source for 
many companies that manufacture or use gears or 
gearing systems. Includes gear machinery, gear cutting 
tools, gear materials, gear drives, open gearing, tooling 
& supplies, software, training and education. Publishes 

http://www.abapgt.com
http://www.agma.org
http://www.bisongearcom
http://www.bostongearcom
http://www.plastics.duponr.com
http://www.emerson-ept.coni
http://www.geartechnology.com
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Gear Technology Magazine: The Journal ifGear 
Manufacturing. 

8. Power Transmission Home Page. 
www.powertransmission.com Clearinghouse on the 
Internet for buyers, users and sellers of power 
transmission-related products and services. Included are 
gears, gear drives, and gear motors. 

9. Rockwell Automation/Dodge, www.dodge-pt.com 
Manufacturer of many power transmission components, 
including complete gear-type speed reducers, bearings, 
and components such as belt drives, chain drives, 
clutches, brakes, and couplings. 

10. Stock Drive Products-Sterling Instruments. 
www.sdp-si.com Manufacturer and distributor of 
commercial and precision mechanical components, 
including gear reducers. Site includes an extensive 
handbook of design and information on metallic and 
plastic gears. 

11. Peerless-Winsmith, Inc. www.winsmith.coni 
Manufacturer of a wide variety of gear reducers and 
power transmission products, including worm gearing. 

planetary gearing, and combined helical/worm gearing. 
Subsidiary of HBD Industries, Inc. 

12. Drivetrain Technology Center. 
www.arl.psu.edii/area.s/drivetrain/driverrain.hrml 
Research center for gear-type drivetrain technolgy. Part 
ofthe Applied Research Laboratory of Penn State 
University. 

13. Gleason Corporation, www.gleason.com 
Manufacturer of many types of gear cutting machines 
for bobbing, milling, and grinding. The Gleason Cutting 
Tools Corporation manufactures a wide variety of 
milling cutters, hobs, shaper cutters, shaving cutters, 
and grinding wheels for gear production equipment. 

14. Bourn & Koch, Inc. www.bourn-koch.com 
Manufacturer of bobbing, grinding, and other types of 
machines to produce gears, including the Barber-
Colman line. Also provides remanufacturing services 
for a wide variety of existing macahine tools. 

15. Star-SU, Inc. www.srar-su.coin Manufacturer of a 
wide variety of cutting tools for the gear industry, 
including hobs, shaping cutters, shaving cutters, bevel 
gear cutting tools, and grinding tools. 

P R O B L E M S 

Forces on Spur Gear Teeth 

1. A pair of spur gears with 20°. full-depth, involute teeth 
transmits 7.5 hp. The pinion is mounted on the shaft of an 
electric motor operating at 1750 rpm. The pinion has 20 
teeth and a diametral pitch of 12. The gear has 72 teeth. 
Compute the following: 

a. The rotational speed of the gear 

b. The velocity ratio and the gear ratio for the gear pair 

c. The pitch diameter of the pinion and the gear 

d. The center distance between the shafts carrying the 
pinion and the gear 

e. The pitch line speed for both the pinion and the gear 

f. The torque on the pinion shaft and on the gear shaft 

g. The tangential force acdng on the teeth of each gear 

h. The radial force acting on the teeth of each gear 

i. The normal force acting on the teeth of each gear 

2. A pair of spur gears with 20°, full-depth, involute teeth 
transmits 50 hp. The pinion is mounted on the shaft of an 
electric motor operating at 1150 rpm. The pinion has 18 
teeth and a diametral pitch of 5. The gear has 68 teeth. 
Compute the following: 

a. The rotational speed of the gear 

b. The velocity ratio and the gear ratio for the gear pair 

c. The pitch diameter of the pinion and the gear 

d. The center distance between the shafts carrying the 
pinion and the gear 

e. The pitch line speed for both the pinion and the 
gear 

f. The torque on the pinion shaft and on the gear 
shaft 

g. The tangential force acting on the teeth of each gear 

h. The radial force acting on the teeth of each gear 

i. The nonnal force acting on the teeth of each gear 

3. A pair of spur gears with 20°, full-depth, involute teeth 
transmits 0.75 hp. The pinion is mounted on the shaft of 
an electric motor operating at 3450 rpm. The pinion has 
24 teeth and diametral pitch of 24. The gear has 110 teeth. 
Compute the following: 

a. The rotational speed of the gear 

b. The velocity ratio and the gear ratio for the gear pair 

c. The pitch diameter of the pinion and the gear 

d. The center distance between the shafts carrying the 
pinion and the gear 

e. The pitch line speed for both the pinion and the gear 

f. The torque on the pinion shaft and on the gear shaft 

g. The tangential force acting on the teeth of each gear 

h. The radial force acting on the teeth of each gear 

i. The normal force acting on the teeth of each gear 

http://www.powertransmission.com
http://www.dodge-pt.com
http://www.sdp-si.com
http://www.winsmith.coni
http://www.arl.psu.edii/area.s/drivetrain/driverrain.hrml
http://www.gleason.com
http://www.bourn-koch.com
http://www.srar-su.coin


Problems 445 

4. For the data of Problem 1, repeat Parts (g). (h), and (i) if 
the teeth have 25° full depth instead of 20°. 

5. For the data of Problem 2, repeat Parts (g), (h), and (i) if 
the teeth have 25° full depth instead of 20°. 

6. For the data of Problem 3, repeat Parts (g), (h), and (i) if 
the teeth have 25° full depth instead of 20°. 

Gear Manufacture and Quality 

7. List three methods for producing gear teeth, and de
scribe each method. Include a description of the cutter 
for each method along with its motion relative to the gear 
blank. 

8. Specify a suitable quality number for the gears in the 
drive for a grain harvester. List the total composite tol
erance for a pinion in the drive having a diametral pitch 
of 8 and 40 teeth and for its mating gear having 100 
teeth. 

9. Specify a suitable quality number for the gears in the drive 
for a high-speed printing press. List the total composite 
tolerance for a pinion in the drive having a diametral pitch 
of 20 and 40 teeth and for its mating gear having 100 
teeth. 

10. Specify a suitable quality number for the gears in the 
drive for an automotive transmission. List the total com
posite tolerance for a pinion in the drive having a diame
tral pitch of 8 and 40 teeth and its mating gear having 100 
teeth. 

11. Specify a suitable quality number for the gears in the 
drive for a gyroscope used in the guidance system for a 
spacecraft. List the total composite tolerance for a pinion 
in the drive having a diametral pitch of 32 and 40 teeth 
and its mating gear having 100 teeth. 

12. Compare the values of total composite tolerance for the 
gears of Problems 8 and 10. 

13. Compare the values of total composite tolerance for the 
gears of Problems 8, 9, and 11. 

14. Specify a suitable quality number for the gears of Prob
lem 1 if the drive is part of a precision machine tool. 

15. Specify a suitable quality number for the gears of Prob
lem 2 if the drive is part of a precision machine tool. 

16. Specify a suitable quality number for the gears of Prob
lem 3 if the drive is part of a precision machine tool. 

Gear Materials 

17. Identify the two major types of stresses that are created in 
gear teeth as they transmit power Describe how the 
stresses are produced and where the maximum values ot 
such stresses are expected to occur. 

18. Describe the nature of the data contained in AGMA stan
dards that relate to the ability of a given gear tooth to with
stand the major types of stresses that it sees in operation. 

19. Describe the general nature of steels that are typically used 
for gears, and list at least five examples of suitable alloys. 

20. Describe the range of hardness that can typically be pro
duced by through-hardening techniques and used suc
cessfully in steel gears. 

21. Describe the general nature of the differences among 
steels produced as Grade 1, Grade 2, and Grade 3. 

22. Suggest at least three applications in which Grade 2 or 
Grade 3 steel might be appropriate. 

23. Describe three methods of producing gear teeth with 
strengths greater than can be achieved with through-
hardening. 

24. What AGMA standard should be consulted for data on 
the allowable stresses for steels used for gears? 

25. In the AGMA standard identified in Problem 24, for what 
other materials besides steels are strength data provided? 

26. Detennine the allowable bending stress number and the al
lowable contact stress number for the following materials: 

a. Through-hardened. Grade 1 steel with a hardness 
of 200 HB 

b. Through-hardened, Grade 1 steel with a hardness 
of 300 HB 

c. Through-hardened, Grade 1 steel with a hardness 
of400HB 

d. Through-hardened, Grade 1 steel with a hardness 
of 450 HB 

e. Through-hardened, Grade 2 steel with a hardness 
of 200 HB 

f. Through-hardened, Grade 2 steel with a hardness 
of 300 HB 

g. Through-hardened, Grade 2 steel with a hardness 
of 400 HB 

27. If the design of a steel gear indicates that an allowable 
bending stress number of 36 000 psi is needed, specify a 
suitable hardness level for Grade 1 steel. What hardness 
level would be required for Grade 2 steel? 

28. What level of hardness can be expected for gear teeth that 
are case-hardened by carburizing? 

29. Name three typical steels that are used in carburizing. 

30. What is the level of hardness that can be expected for 
gear teeth that are case-hardened by flame or induction 
hardening? 

31. Name three typical steels that are used for flame or in
duction hardening. What is an important property of such 
steels? 

32. What level of hardness can be expected for gear teeth that 
are nitrided? 

33. Determine the allowable bending stress number and 
the allowable contact stress number for the following 
materials: 
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a. Flame-hardened AISI 4140 steel. Grade 1, with a 
surface hardness of 50 HRC 

b. Flame-hardened AISI 4140 steel. Grade 1, with a 
surface hardness of 54 HRC 

c. Carburized and case-hardened AISI 4620 Grade 1 
steel, DOQT 300 

d. Carburized and case-hardened AISI 4620 Grade 2 
steel, DOQT 300 

e. Carburized and case-hardened AISI 1118 Grade 1 
steel, SWQT 350 

f. Nitrided, through-hardened. Grade 1 steel with a 
surface hardness of 84.5 HRN and a core hardness 
of 325 HB 

g. Nitrided, through-hardened. Grade 2 steel with a 
surt'ace hardness of 84.5 HRN and a core hardness 
of325HB 

h. Nitrided. 2.5% chrome. Grade 3 steel with a sur
face hardness of 90.0 HRN and a core hardness 
of 325 

i. Gray cast iron, class 20 

j . Gray cast iron, class 40 

k. Ductile iron, 100-70-03 

1. Sand-cast bronze with a minimum tensile strength of 
40 ksi (275 MPa) 

m. Heat-treated bronze with a minimum tensile 
strength of 90 ksi (620 MPa) 

n. Glass-filled nylon 

o. Glass-filled polycarbonate 

34. What depth should be specified for the case for a carbur
ized gear tooth having a diametral pitch of 6? 

35. What depth should be specified for the case for a carbur
ized gear tooth having a metric module of 6? 

Bending Stresses in Gear Teeth 
For Problems 36—41, compute the bending stress number, s,, 
using Equation (9-13). Assume that the gear blank is solid 
unless otherwise stated. (Note that the data in these problems 
are used in later problems through Problem 59. You are ad
vi.sed to keep solurions ro earlier problems accessible so rhar 
you can use data and results in later problems. The four prob
lems that are keyed to the same set of data require the analy
sis of bending stress and conracr srress and rhe 
corresponding specification of suitable materials based on 
those srresses. Larer design problems, 60-70, use rhe coin-
plere analysis within each problem.) 

36. A pair of gears with 20°, full-depth, involute teeth trans
mits 10.0 hp while the pinion rotates at 1750 rpm. The di
ametral pitch is 12, and the quality number is 6. The 
pinion has 18 teeth, and the gear has 85 teeth. The face 
width is 1.23 in. The input power is from an electric mo

tor, and the drive is for an industrial conveyor. The drive 
is a commercial enclosed gear unit. 

37. A pair of gears with 20°, full-depth, involute teeth trans
mits 40 hp while the pinion rotates at 1150 rpm. The di
ametral pitch is 6, and the quality number is 6. The pinion 
has 20 teeth, and the gear has 48 teeth. The face width is 
2.25 in. The input power is from an electric motor, and the 
drive is for a cement kiln. The drive is a commercial en
closed gear unit. 

38. A pair of gears with 20°, full-depth, involute teeth trans
mits 0.50 hp while the pinion rotates at 3450 rpm. The di
ametral pitch is 32, and the quality number is 10. The 
pinion has 24 teeth, and the gear has 120 teeth. The face 
width is 0.50 in. The input power is from an electric mo
tor, and the drive is for a small machine tool. The drive is 
a precision enclosed gear unit. 

39. A pair of gears with 25° full-depth, involute teeth trans
mits 15.0 hp while the pinion rotates at 6500 rpm. The di
ametral pitch is 10, and the quality number is 12. The 
pinion has 30 teeth, and the gear has 88 teeth. The face 
width is 1.50 in. The input power is from a universal elec
tric motor, and the drive is for an actuator on an aircraft. 
The drive is an extra-precision, enclosed gear unit. 

40. A pair of gears with 25°, full-depth, involute teeth trans
mits 125 hp while the pinion rotates at 2500 rpm. The di
ametral pitch is 4, and the quality number is 8. The pinion 
has 32 teeth, and the gear has 76 teeth. The face width is 
1.50 in. The input power is from a gasoline engine, and 
the drive is for a portable industrial water pump. The 
drive is a commercial enclosed gear unit. 

41 . A pair of gears with 25°. full-depth, involute teeth 
transmits 2.50 hp while the pinion rotates at 680 rpm. 
The diametral pitch is 10, and the quality number is 6. 
The pinion has 24 teeth, and the gear has 62 teeth. The 
face width is 1.25 in. The input power is from a vane-
type fluid motor, and the drive is for a small lawn and 
garden tractor. The drive is a commercial enclosed 
gear unit. 

Required Allowable Bending Stress Number 
For Problems A2-A1, compute the required allowable bending 
stress number, s^,,, using Equation (9-20). Assume that no un
usual conditions exist unless stated otherwise. That is, use a 
service factor, SF, of 1.00. Then specify a suitable steel and its 
heat treatment for both the pinion and the gear based on bend
ing stress. 

42. Use the data and results from Problem 36. Design for a re
liability of 0.99 and a design life of 20 000 h. 

43. Use the data and results from Problem 37. Design for a re
liability of 0.99 and a design life of 8000 h. 

44. Use the data and results from Problem 38. Design for a re
liability of 0.9999 and a design life of 12 000 h. Consider 
that the machine tool is a cridcal part of a production sys-
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tern calling for a service factor of 1.25 to avoid unex
pected down time. 

45. Use the data and results from Problem 39. Design for a re
liability of 0.9999 and a design life of 4000 h. 

46. Use the data and results from Problem 40. Design for a re
liability of 0.99 and a design life of 8000 h. 

47. Use the data and results from Problem 41. Design for a re
liability of 0.90 and a design life of 2000 h. The uncer
tainty of the actual use of the tractor calls for a service 
factor of 1.25. Consider using cast iron or bronze if the 
conditions permit. 

Pitting Resistance 
For Problems 48-53, compute the expected contact stress 
number, s,,, using Equation (9-25). Assume that both gears are 
to be steel unless stated otherwise. 

48. Use the data and results from Problems 36 and 42. 

49. Use the data and results from Problems 37 and 43. 

50. Use the data and results from Problems 38 and 44. 

51. Use the data and results from Problems 39 and 45. 

52. Use the data and results from Problems 40 and 46. 

53. Use the data and results from Problems 41 and 47. 

Required Allowable Contact Stress Number 
For Problems 54-59. compute the required allowable contact 
stress number, s^,. using Equation (9-27). Use a service factor, 
SF, of 1.00 unless stated otherwise. Then specify suitable ma
terial for the pinion and the gear based on pitting resistance. 
Use steel unless an earlier decision has been made to use an
other material. Then evaluate whether the earlier decision is 
still valid. If not, specify a different material according to the 
most severe requirement. If no suitable material can be found, 
consider redesigning the original gears to enable reasonable 
materials to be used. 

54. Use the data and results from Problems 36, 42, and 48. 

55. Use the data and results from Problems 37, 43, and 49. 

56. Use the data and results from Problems 38, 44, and 50. 

57. Use the data and results from Problems 39, 45, and 51. 

58. Use the data and results from Problems 40, 46, and 52. 

59. Use the data and results from Problems 41, 47, and 53. 

Design Problems 
Problems 60-70, describe design situations. For each, design 
a pair of spur gears, specifying (at least) the diametral pitch, 
the number of teeth in each gear, the pitch diameters of each 
gear, the center distance, the face width, and the material from 
which the gears are to be made. Design for recommended life 
with regard to both strength and pitting resistance. Work to
ward designs that are compact. Use standard values of di
ametral pitch, and avoid designs for which interference could 

occur. See Example Problem 9-3. Assume that the input to 
the gear pair is from an electnc motor unless otherwise stated. 

If the data are given in Sl units, complete the design in 
the metric module system with dimensions in millimeters, 
forces in newtons, and stresses in megapascals. See Example 
Problem 9-6. 

60. A pair of spur gears is to be designed to transmit 3.0 hp 
while the pinion rotates at 1200 rpm. The gear must rotate 
between 383 and 390 rpm. The gear drives a reciprocat
ing compressor. 

61. A gear pair is to be a part of the drive for a milling ma
chine requiring 20.0 hp with the pinion speed at 350 rpm 
and the gear speed to be between 180 and 190 rpm. 

62. A drive for a punch press requires 50.0 hp with the pinion 
speed of 900 rpm and the gear speed of 225 to 230 rpm. 

63. A single-cylinder gasoline engine has the pinion of a gear 
pair on its output shaft. The gear is attached to the shaft 
of a small cement mixer The mixer requires 2.5 hp while 
rotating at approximately 75 rpm. The engine is governed 
to run at approximately 900 rpm. 

64. A four-cylinder industrial engine runs at 2200 rpm and 
delivers 75 hp to the input gear of a drive for a large 
wood chipper used to prepare pulpwood chips for paper 
making. The output gear must run between 4500 and 
4600 rpm. 

65. A small commercial tractor is being designed for chores 
such as lawn mowing and snow removal. The wheel drive 
system is to be through a gear pair in which the pinion 
runs at 600 rpm while the gear, mounted on the hub ofthe 
wheel, runs at 170 to 180 rpm. The wheel is 300 mm in 
diameter The gasoline engine delivers 3.0 kW of power 
to the gear pair. 

66. A water turbine transmits 75 kW of power to a pair of 
gears at 4500 ipm. The output of the gear pair must drive 
an electric power generator at 3600 rpm. The center dis
tance for the gear pair must not exceed 150 mm. 

67. A drive system for a large commercial band saw is to be 
designed to transmit 12.0 hp. The saw will be used to cut 
steel tubing for automotive exhaust pipes. The pinion ro
tates at 3450 rpm, while the gear must rotate between 725 
and 735 rpm. It has been specified that the gears are to be 
made from AISI 4340 steel, oil quenched and tempered. 
Case hardening is not to be used. 

68. Repeat Problem 67. but consider a case-hardened carbur
ized steel from Appendix 5. Try to achieve the smallest 
practical design. Compare the result with the design from 
Problem 67. 

69. A gear drive for a special-purpose, dedicated machine 
tool is being designed to mill a surtace on a rough steel 
casting. The drive must transmit 20 hp with a pinion 
speed of 650 rpm and an output speed between 110 and 
115 rpm. The mill is to be used continuously, two shifts 
per day, six days per week, for at least five years. Design 
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the drive to be as small as practical to permit its being 
mounted close to the milling head. 

70. A cable dmm for a crane is to rotate between 160 and 166 
rpm. Design a gear drive for 25 hp in which the input pin
ion rotates at 925 rpm and the output rotates with the drum. 
The crane is expected to operate with a 50% duty cycle for 
120 hours per week for at least 10 years. The pinion and 
the gear of the drive must fit within the 24-in inside diam
eter of the drum, with the gear mounted on the dmm shaft. 

Power-Transmitting Capacity 

71. Determine the power-transmitting capacity for a pair of 
spur gears having 20°, full-depth teeth, a diametral pitch 
of 10, a face width of 1.25 in. 25 teeth in the pinion, 60 
teeth in the gear, and an AGMA quality class of 8. The 
pinion is made from AISI 4140 OQT 1000, and the gear 
is made from AISI 4140 OQT 1100. The pinion will ro
tate at 1725 rpm on the shaft of an electric motor. The 
gear will drive a centrifugal pump. 

72. Detennine the power-transmitting capacity for a pair of 
spur gears having 20°. full-depth teeth, a diametral pitch of 
6, 35 teeth in the pinion, 100 teeth in the gear, a face width 
of 2.00 in. and an AGMA quality class of 6. A gasoline en
gine drives the pinion at 1500 rpm. The gear drives a con
veyor for crushed rock in a quarry. The pinion is made from 
AISI 1040 WQT 800. The gear is made from gray cast iron, 
ASTM A48-83. class 30. Design for 15 000 hr life. 

73. It was found that the gear pair described in Problem 72 
wore out when driven by a 25-hp engine. Propose a re
design that would be expected to give indefinite life un
der the conditions described. Design for 15 000 hr life. 

Design of Double-Reduction Drives 

74. Design a double-reduction gear train that will transmit 
10.0 hp from an electric motor running at 1750 rpm to an 
assembly conveyor whose drive shaft must rotate be
tween 146 and 150 rpm. Note that this will require the de
sign of two pairs of gears. Sketch the anangement of the 
train, and compute the actual output speed. 

75. A commercial food waste grinder in which the final shaft 
rotates at between 40 and 44 rpm is to be designed. The 
input is from an electric motor running at 850 rpm and de
livering 0.50 hp. Design a double-reduction spur gear 
train for the grinder 

76. A small, powered hand drill is driven by an electric mo
tor running at 3000 rpm. The drill speed is to be approx

imately 550 rpm. Design the speed reducdon for the drill. 
The power transmitted is 0.25 hp. 

77. The output from the drill described in Problem 76 pro
vides the drive for a small bench-scale band saw similar 
to the one in Figure 1-1. The saw blade is to move with a 
linear velocity of 375 ft/min. The saw blade rides on 9.0-
in-diameter wheels. Design a spur gear reduction to drive 
the band saw. Consider using plastic gears. 

78. Design a rack-and-pinion drive to lift a heavy access 
panel on a furnace. A Ouid power motor rotating 1300 
rpm will provide 5.0 hp at the input to the drive. The lin
ear speed of the rack is to be at least 2.0 ft/s. The rack 
moves 6.0 ft each way during the opening and closing of 
the furnace doors. More than one stage of reduction may 
be used, but attempt to design with the fewest number of 
gears. The drive is expected to operate at least six times 
per hour for three shifts per day, seven days per week, for 
at least 15 years. 

79. Design the gear drive for the wheels of an industrial lift 
truck. Its top speed is to be 20 mph. It has been decided 
that the wheels will have a diameter of 12.0 in. A DC mo
tor supplies 20 hp at a speed of 3000 rpm. The design life 
is 16 hours per day, six days per week, for 20 years. 

Plastics Gearing 

80. Design a pair of plastic gears to drive a small band saw. 
The input is from a 0.50 hp electric motor rotating at 860 
rpm, and the pinion will be mounted on its 0.75-inch di
ameter shaft with a keyway for a 3/16 x 3/16 in key. The 
gear is to rotate between 265 and 267 rpm. 

81. Design a pair of plastic gears to drive a paper feed roll 
for an office printer. The pinion rotates at 88 rpm and 
the gear must rotate between 20 and 22 rpm. The power 
required is 0.06 hp. Work toward the smallest practical 
size. 

82. Design a pair of plastic gears to drive the wheels of a 
small remote control car The gear is mounted on the axle 
of the wheel and must rotate between 120 and 122 rpm. 
The pinion rotates at 430 rpm. The power required is 
0.025 hp. Work toward the smallest practical size using 
unfilled nylon. 

83. Design a pair of plastic gears to drive a commercial food-
chopping machine. The input is from a 0.65 hp electric 
motor rotating at 1560 rpm, and the pinion will be mounted 
on its 0.875-inch diameter shaft with a keyway for a 1/4 X 
1/4 in key. The gear is to rotate between 468 and 470 rpm. 
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The 
Big 
Picture 

Helical Gears, Bevel Gears, an(d Wormgearing 

Discussion Map 

• The geometry of helical 
gears, bevel gears, and 
wormgearing was described 
in Chapter 8. 

D The principles of stress 
analysis of gears were 
discussed in Chapter 9 for 
spur gears. Much of that 
information is applicable to 
the types of gears 
discussed in this chapter. 

Discover 
Review Chapters 8 and 9 now. 
Recall some of the discussion at the beginning of 
Chapter 8 about uses for gears that you see in your 
world. Review that information now, and focus your 
discussion on helical gears, bevel gears, and 
wormgearing. 

In this chapter, you acquire the skills to perform the 
necessary analyses to design safe gear drives that 
use helical gears, bevel gears, and wormgearing and 
that demonstrate long life. 

Much was said in Chapters 8 and 9 about the kinematics of gears and about the stress analysis 
and design of spur gears. That information is important to the objectives of this chapter, in 
which we extend the application of those concepts to the analysis and design of helical gears, 
bevel gears, and wormgearing. 

The basic geometry of helical gears was described in Section 8-7. The force sys
tem on helical gear teeth was also described, and that system is important to your under
standing ofthe stresses and modes of potential failure for helical gears that we discuss in 
this chapter. 

In Chapter 9, you learned how to analyze spur gears for bending strength and resis
tance to pitting ofthe surface ofthe teeth. This chapter modifies that same approach for ap
plication to the special geometry of helical gears. In fact, AGMA Standard 2001-C95, 
which we often referred to in Chapter 9 for spur gears, is the same reference that we u.se for 
helical gears. So you will need to refer to Chapter 9 from time to time. 

Similarly, the geometry of bevel gears was described in Section 8-8, and wormgear
ing was described in Sections 8-9 and 8-10. This chapter includes information about 
stresses in bevel gears and wormgearing. 

Figure 10-1 shows an example of a large, commercially available, double-reduction, 
parallel-shaft reducer employing helical gears. Notice that the shafts are supported in ta
pered roller bearings that have the ability to withstand the thrust loads created by the heli
cal gears. Chapter 14 elaborates on the selection of such bearings. 

Figure 10-2 shows another form of helical gear reducer in which the drive motor is 
mounted above the reducer, and the shaft ofthe driven machine is inserted directly through 
the hollow output shaft ofthe reducer. This allows the reducer to be supported by the frame 
ofthe driven machine. 

Refer to Figure 8-22 for drawings and photographs of bevel gear systems. The three-
dimensional force system that acts between the teeth of bevel gears requires great care in 
the installation and alignment ofthe gears and requires the use of bearings that can with
stand forces in all directions. The stress analysis is adapted from the approach described in 
Chapter 9. modified for the geometry of the bevel gear teeth. 

Refer to Figure 8-25 for a photograph of a commercially available wormgear reducer. 
Notice the use of tapered roller bearings here also to withstand the thrust forces created by 
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FIGURE 10-1 
Parallel shaft reducer 
(Emerson Power 
Transmission 
Corporation, Drive and 
Component Division. 
Ithaca, NY) 

Helical gearing 

Welded steel housin" 

Magnetic drain plug 

Splash lubrication system 

Carburi/ed and ground gearing 

Timken ® tapered roller 
bearings 

Output shaft 

npiit shaft 

FIGURE 10-2 
Helical shaft mount 
reducer (Emerson 
Power Transmission 
Corporation, Drive and 
Component Division. 
Ithaca, NY) 

Output gear 

Drive motor 
and belt 
drive 

Hollow 
output shall 

Shaft of 
nput shaft jriven 

Cast housing machine 

Pinions integral 
with shafts 

Input 
shaft 

Reducer with motor 
mounted to side of 
a machine 

wormgearing. The lubrication ofthe gears is highlighted in the photograph. Lubrication is 
important because sliding action between the worm threads and the wormgear teeth inher
ently occurs, causing frictional heat to be generated. Consistent lubrication ofthe gear mesh 
is critical to the performance, efficiency, and life of the system. 

This chapter presents more information about these factors in wormgearing system 
design. The design for strength and pitting resistance is presented foreach type of gear, with 
an analysis of the geometry and the forces exerted on the gears. 
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You Are the Designer 

The gear drives that were designed in Chapter 9 all as
sumed that spur gears would be used to accomplish the 
speed reduction or speed increase between the input 
and the output of the drive. But many other types of gears 
could have been used. Assume that you are the designer 
of the drive for the wood chipper described in Example 
Problem 9-5. How would the design be different if helical 
gears were used instead of spur gears? What forces 

would be created and transferred to the shafts carrying 
the gears and to the bearings carrying the shafts? Would 
you be able to use smaller gears? How is the geometry 
of helical gears different from that of spur gears? 

Rather than having the input and output shafts paral
lel as they were in designs up to this time, how can we 
design drives that deliver power to an output shaft at right 
angles to the input shaft? What special analysis tech
niques are applied to bevel gears and wormgearing? 

The information in this chapter will help you answer 
these and other questions. 

10-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to: 

1. De.scribe the geometry of helical gears and compute the dimensions of key features. 

2. Compute the forces exerted by one helical gear on its mating gear. 

3. Compute the stress due to bending in helical gear teeth and specify suitable mate
rials to withstand such stresses. 

4. Design helical gears for surface durability. 

5. Describe the geometry of bevel gears and compute the dimensions of key features. 

6. Analyze the forces exerted by one bevel gear on another and show how those 
forces are transferred to the shafts carrying the gears. 

7. Design and analyze bevel gear teeth for strength and surface durability. 

8. Describe the geometry of worms and wormgears. 

9. Compute the forces created by a wormgear drive system and analyze their effect 
on the shafts carrying the worm and the wormgear. 

10. Compute the efficiency of wormgear drives. 

11. Design and analyze wormgear drives to be safe for bending strength and wear. 
References 3, 4, 7, 8, and 17-22 are recommended for general guidelines for de
sign and application of helical gears, bevel gears, and wormgearing. 

1 0 - 2 Figure 10-3 shows a photograph of two helical gears in mesh and designed to be mounted 
FORCES ON on parallel shafts. This is the basic configuration that we analyze in this chapter. Refer to 

HELICAL GEAR Figure 10-4 for a representation of the force system that acts between the teeth of two hel-
TEETH ical gears in mesh. In Chapter 8, using the same figure, we defined the following forces: 

fflDESIGN W,v is the true normal force that acts perpendicular to the face of the tooth in the 
plane normal to the surface of the tooth. The normal plane is shown in Part (d) of 
Figure 10-4. We seldom need to use the value of W^ because its three orthogonal 
components, defined next, are used in the analyses performed for helical gears. 
The values for the orthogonal components depend on the following three angles 
that help define the geometry of the helical gear teeth: 

Normal pressure angle: cj),, 
Transverse pressure angle: 4), 
Helix angle: \\i 
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FIGURE 10-3 
Helical gears. These 
gears have a 45° helix 
angle. (Emerson Power 
Transmission 
Corporation, Drive and 
Component Division, 
Ithaca, NY) 
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(a) Perspective view of geometry and forces 

FIGURE 10-4 Helical gear geometry and forces 
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\j/= Helix angle 
tan»|/= WJW, 
W( = VV, tan y 

0, = Transverse 
pressure angle 

tan 0, = IV, / IV, 
VV, = W, tan 0, 

0„ = Normal 
pressure angle 

VV,. 
tan 0„ = 

W, 

W,/cos \(/ 
W, tan 0„ 

cos V)f 

For helical gears, the helix angle and one of the other two are specified. The third 
angle can be computed from 

tan (j),, = tan <}), cos ijj (10-1) 

W, is the tangential force that acts in the transverse plane and tangent to the pitch 
circle of the helical gear and that causes the torque to be transmitted from the 
driver to the driven gear. Therefore, this force is often called the transmitted force. 
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It is functionally similar to VV, used in the analysis of spur gears in Chapter 8. We 
can compute its value from the same equations, as follows: 

If the torque being transmitted (T) and the size of the gear (D) are known, 

W, = T/{D/2) (10-2) 

If the power being transmitted (P) and the rotational speed (n) are known, 

T = {P/n) (10-3) 

For the unit-specific situation where power is expressed in horsepower and the ro
tarional speed is in rpm, the torque in lb • in is 

T = 63 000{P)/n (10-4) 

Then the tangential force can also be expressed as 

W, = 63 000(P)/[(«)(D/2)] = \26 000{P)/[{n){D)] (10-5) 

If the pitch line speed, v, (ft/min) of the gear is known, along with the power be
ing transmitted (hp), the tangential load is 

W, = 33 000(P)/v, (10-6) 

The value of the tangential load is the most fundamental of the three orthog
onal components of the true normal force. The calculation of the bending stress 
number and the pitting resistance of the gear teeth depends on W,. 

• W^ is the radial force that acts toward the center of the gear perpendicular to the 
pitch circle and to the tangential force. It tends to push the two gears apart. As can 
be seen in Figure I0-4(c), 

W^ = W, tan 4), (10-7) 

where (J), = transverse pressure angle for the helical teeth 

• W^ is the a.xial force that acts parallel to the axis of the gear and causes a thrust 
load that must be resisted by the bearings carrying the shaft. With the tangential 
force known, the axial force is computed from 

W^ = W, tan \\f (10-8) 

Example Problem 10-1 A helical gear has a normal diametral pitch of 8, a normal pressure angle of 20°, 32 teeth, a 
face width of 3.00 in, and a helix angle of 15°. Compute the diametral pitch, the transverse 
pressure angle, and the pitch diameter. If the gear is rotating at 650 rpm while transmitting 
7.50 hp, compute the pitch line speed, the tangenrial force, the axial force, and the radial force. 

Solution Diametral Pitch [Equation (8-28)] 

PJ = Pnj cos ill = 8 cos (15) - 7.727 
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Transverse Pressure Angle [Equation (10-1)1 

4), = tan '(tan (j)„/cos i|j) 

(j), = tan '[tan(20)/cos(15)] - 20.65" 

Pitch Diameter [Equation (8-27)] 

D = N/Pj = 32/7.727 = 4.141 in 

Pitch Line Speed, v, [Equation (9-1)] 

V, = 1TD///12 = TT(4.14I)(650)/12 = 704.7 ft/min 

Tangential Force, W, [Equation (10-6)] 

W, = 33000{P)/v, = 33 000(7.5 )/704.7 = 351 lb 

Axial Force, W, [Equation (10-8)] 

W, = W,Vdn\\i = 351 tan(I5) = 941b 

Radial Force, W, [Equation (10-7)] 

VV,. = W,tan<^, = 351 tan(20.65) = 132 1b 

10-3 
STRESSES IN 

HELICAL GEAR 
TEETH 

ZDDESIGN 

We will use the same basic equarion for computing the bending stress number for helical gear 
teeth as we did for spur gear teeth in Chapter 9, given in Equation (9-15) and repeated here: 

-^, 
W,P, 
FJ 

K„K,K„,KpK, 

Figures 10-5, 10-6, and 10-7 show the values for the geometry factor. J, for helical gear 
teeth with 15°, 20°. and 22° normal pressure angles, respectively.' The Af factors are the same 
as those used for spur gears. See References 9 and 18 and the following locations for values: 

K„ = overioad factor (Table 9-5) 

K, = size factor (Table 9-6) 

K„, = load-distriburion factor [Figures 9-18 and 9-19 and Equation (9-16)] 

Kg = rim thickness factor (Figure 9-20) 

AT, = dynamic factor (Figure 9-21) 

I Figures 10-5, 10-6. and K)-7: 
Graphs for the geometry factor. J. for helical gears have been taken from AGMA Standard 218.01-1982. .Standard 
for Rating the Pitting Resi.stance and Bemlmf> Strength of Spur and Helical Involute Gear Teeth, wilh the 
permission of the publisher. American Gear Manufacturers Association, 1500 King Street. Suite 201. Alexandna. 
VA 22314. This standard has been superseded by two standards: (1) Standard 908-B89 (R1995), Geometry Factors 
for Detemiining the Pitting Resistance and Bending Strength of Spur Helical and Hernngh<me Gear Teeth. 1989; 
(2) Standard 2001-C95. Fundamental Rating Factors and Calculation Methods for Involute Spur and Helical Gear 
Teeth. 1995. The method of calculating the value tor J has not been changed. However, the new standards do not 
contain the graphs. Users are cautioned to ensure that geometry factors for a given design conform to the specific 
cutter geometry used to manufacture the gears. Standards 908-B89 (R 1995) and 2001-C95 should be consulted for 
the details of computing the values for J and for rating the perfonnance of the gear teeth. 



456 Chapter 10 • Helical Gears, bevel uears, ana wormgearing 

FIGURE 10-5 
Geometry factor (J) for 
15° normal pressure 
angle 

Generating rack 

Value for J is for an element of indicated 
numbers of teeth and a 75-tooth mate. 
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For design, a material must be specified that has an allowable bending stress number, s, 
greater than the computed bending stress number, s,. Design values of 5̂ , can be found: 

Figure 9-10: Steel, through-hardened. Grades 1 and 2 

Table 9-3: Case-hardened steels 

Figures 9-14 and 9-15: Nitrided gears 

Table 9 ^ : Cast iron and bronze 
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FIGURE 10-6 
Geometry factor (J) for 
20° normal pressure 
angle 
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(See also References 11, 16, and 21.) The data for steel, iron, and bronze apply to a design 
life of 10̂  cycles at a reliability of 99% (fewer than one failure in 100). If other values for 
design life or reliability are desired, the allowable stress can be modified using the proce
dure described in Section 9-9. 
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FIGURE 10-7 
Geometry factor (J) for 
22° normal pressure 
angle 
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10-4 
PITTING 

RESISTANCE 
FOR HELICAL 
GEAR TEETH 

Pitring resistance for helical gear teeth is evaluated using the same procedure as that dis
cussed in Chapter 9 for spur gears. Equation (9-25) is repeated here: 

C/' 
W,K„K,K,„K, 

FD„l (9-25) 

o J P L J i Vj N All of the factors are the same for helical gears except the geometry factor for pitting re
sistance, /. The values for C,, are found in Table 9-9. Note that the other K factors have the 
same values as the K factors discussed and identified in Section 10-3. 

Because ofthe larger variety of geometric features needed to define the form of hel
ical gears, it is not reasonable to reproduce all of the necessary tables of values or the 
complete formulas for computing /. Values change with the gear ratio, the number of teeth 
in the pinion, the tooth form, the helix angle, and the specific values for addendum, whole 
depth, and fillet radius. See References 6 and 13 for extensive discussions about the pro
cedures. To facilitate problem solving in this book. Tables 10-1 and 10-2 give a few val
ues for /. 

TABLE 10-1 Geometry factors for pitting resistance, /, for helical gears with 20° 
normal pressure angle and standard addendum 

A. Helix 

Gear 

teeth 

17 

21 

26 

35 

55 

135 

angle lli = 15.0° 

17 

0.124 

0.139 

0.154 

0.175 

0.204 

0.244 

21 

0.128 

0.143 

0.165 

0.196 

0.241 

Pinion teeth 

26 

0.132 

0.154 

0.187 

0.237 

35 

0.137 

0.171 

0.229 

55 

0.143 

0.209 

B. Helix angle >\i = 25.0° 

Gear 

teeth 

14 

17 

21 

26 

35 

55 

135 

14 

0.123 

0.137 

0.152 

0.167 

0.187 

0.213 

0.248 

17 

0.126 

0.142 

0.157 

0.178 

0.207 

0.247 

P 

21 

0.130 

0.146 

0.168 

0.199 

0.244 

nion teeth 

26 

0.1.34 

0.156 

0.189 

0.239 

35 

0.138 

0.173 

0.230 

55 

0.144 

0.210 

Source: Extracted from AGMA Standard 908-B89 (R 1995), Getmietry Factors for Determining the Pining 
Resistance and Bending Strength of Spur. Helical and Herringbone Gear Teeth, with the permission of the 
publisher, American Gear Manufacturers Association. 1500 King Street, Suite 201. Alexandria. VA 22314. 
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TABLE 10-2 Geometry factors for pitting resistance, /, for helical gears with 25° 
normal pressure angle and standard addendum 

A. Hel 

Gear 

teeth 

14 

17 

21 

26 

35 
55 

135 

B. Hel 

Gear 

teeth 

12 

14 

17 

21 

26 

35 

55 
135 

ix angle v|/ = 15.0' 

14 

0.130 

0.144 

0.160 

0.175 

0.195 

0.222 

0.257 

ix angle iJi = 25.0° 

12 

0.129 

0.141 

0.155 

0.170 

0.185 

0.203 

0.227 

0.259 

• 

17 

0.133 

0.149 

0.165 

0.186 

0.215 

0.255 

14 

0.132 

0.146 

0.162 

0.177 

0.197 

0.223 

0.258 

17 

0.135 

0.151 

0.166 

0.188 

0.216 

0.255 

Pinion teeth 

21 

0.137 

0.153 

0.175 

0.206 

0.251 

Pit nion teeth 

21 

0.138 

0.154 

0.176 

0.207 

0.251 

26 

0.140 

0.163 

0.195 

0.246 

1 

26 

0.141 

0.163 

0.196 

0.246 

35 

0.143 

0.178 

0.236 

35 

0.144 

0.178 

0.235 

55 

0.148 

0.214 

55 

0.148 

0.213 

Source: Extracted from AGMA Standard 908-889. Getmietry Factors for Determining the Pitting Resistance 
and Bending Strength of Spur, Helical and Herringbone Gear Teeth, with the permission of the publisher, 
American Gear Manufacturers Association. 1500 Kinu Street. Suite 201. Alexandria. VA 22314. 

For design, when the computed contact stress number is known, a material must be 
specified that has an allowable contact stress number, s^^., greater than s^.. Design values for 
i,„ can be found from the following: 

Figure 9-11: Steel, through-hardened. Grades I and 2 

Table 9-3: Steel, case-hardened. Grades 1, 2, and 3; flame- or inducrion-hardened, 
carburized. or nitrided 

Table 9 ^ : Cast iron and bronze 

10-5 
DESIGN OF 

HELICAL GEARS 

DESIGN 

The data from these sources apply to a design life of 10̂  cycles at a reliability of 99% (fewer 
than one failure in 100). If other values for design life or reliability are desired, or if a serv
ice factor is to be applied, the allowable contact stress number can be modified using the 
procedure described in Section 9-11. 

The example problem that follows illustrates the procedure to design helical gears. 



Section 10-5 • Design of Helical Gears 461 

Example Problem 10-2 A pair of helical gears for a milling machine drive is to transmit 65 hp with a pinion speed 
of 3450 rpm and a gear speed of 1100 rpm. The power is from an electric motor. Design 
the gears. 

Solution Of course, there are several possible solutions. Here is one. Let's try a normal diametral 
pitch of 12, 24 teeth in the pinion, a helix angle of 15°, a normal pressure angle of 20°, and 
a quality number of 8. 

Now compute the transverse diametral pitch, the axial pitch, the transverse pressure 
angle, and the pitch diameter. Then we will choose a face width that will give at least two 
axial pitches to ensure true helical action. 

PJ = Pj„ cos iji = 12cos(15°) = 11.59 

P = -^^^— - = 1 012 in 

' PJ{an^\, 11.59tan(15°) 

4), = tan"'(tancj)„/cos ^\)) = tan''[tan(20°)/cos(15°)] = 20.65° 

d = Dp/Pj = 24/11.59 = 2.071 in 
F = 2P, = 2(1.012) = 2.024 in (nominal face width) 

Let's use 2.25 in, a more convenient value. The pitch line speed and the transmitted 
load are 

V, = TiDp n/\2 = TT(2.071)(3450)/12 = 1871 ft/min 

W, = 33 000(hp)/v, = 33 000(65)/l871 = 11461b 

Now we can calculate the number of teeth in the gear: 

VR = NjNp = up/iia = 3450/1100 = 3.14 

N(j = Np{VR) = 24(3.14) = 75 teeth (integer value) 

The values for the factors in Equation (9-15) must now be determined to enable the 
calculation ofthe bending stress. The geometry factor for the pinion is found in Figure 10-6 
for 24 teeth in the pinion and 75 teeth in the gear: Jp = 0.48. The value of 7^ will be greater 
than the value of 7^, resulting in a lower stress in the gear. 

The K factors are 

K„ = overioad factor = 1.5 (moderate shock) 

K, = size factor = 1.0 

K,„ = load-distribution factor = 1.26 for FIDp = 1.09 and commercial-quality, en

closed gearing 

Kp = rim thickness factor = 1.0 (solid gears) 

K, = dynamic factor = 1.35 for Q, = 8 and r, = 1871 ft/min 

The bending stress in the pinion can now be computed: 

W,Pj 
s,p = -^r^- K„K,K,„KBK^. 

'>tp 

FJp 

(1146)(11.59) 

(2.25)(0.48) 
(1.50)(1.0)(1.26)(1.0)(1.35) = 31400psi 
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From Figure 9-10, a Grade 1 steel with a hardness of approximately 250 HB would be re
quired. Let's proceed to the design for pitring resistance. 

Use Equation (9-25): 

_ W,K„K,K„,K,. 

For two steel gears, C^ = 2300. Rough interpolation from the data in Table 10-1 for Âp = 
24 and NQ = 75 gives / = 0.202. It is recommended that the computational procedure de
scribed in the AGMA standards be used to compute a more precise value for critical work. 
The contact stress is then 

; 1146 1.50 1.0 1.26 1.35) ^„ ^ _ . 
s, = 2300. -!̂  = 128 200 psi 

^' (2.25)(2.071)(0.202) ^ 

Figure 9-11 indicates that a Grade 1 steel with a hardness of 310 HB would be recom
mended. Assuming that standard life and reliability factors are acceptable, we could spec
ify AISI 5150 OQT 1000, which has a hardness of 321 HB as listed in Appendix 3. 

Comments It is obvious that the contact stress governs this design. Let's adjust the solurion for a higher 
reliability and to account for the expected number of cycles of operation. Certain design de
cisions must be made. For example, consider the following: 

Design for a reliability of 0.999 (less than one failure in 1000): Kp = 1.25 
(Table 9-8). 

Design life: Let's design for 10 000 h of life as suggested in Table 9-7 for multi
purpose gearing. Then, using Equarion (9-18), we can compute the number of cy
cles of loading. For the pinion rotating at 3450 rpm with one cycle of loading per 
revolufion, 

N, = (60)(L)(/0(^) = (60)(10 000)(3450)(1.0) = 2.1 X 10'cycles 

From Figure 9-24, we find that Ẑv = 0.89. 

No unusual conditions seem to exist in this application beyond those already considered in 
the various K factors. Therefore, we use a service factor, SF, of 1.00. 

We can use Equation (9-27) to apply these factors. For the pinion, we use C/y = 1.00: 

(1.25)(1.00) 
(Qg9)(;QQ)(128 200psi) = 180 000 psi 

Table 9-3 indicates that Grade 1 steel, case-hardened by carburizing, would be suitable. 
From Appendix 5, let's specify AISI 4320 SOQT 450, having a case hardness of HRC 59 
and a core hardness of 415 HB. This should be satisfactory for both bending and pitring re
sistance. Both the pinion and the gear should be of this material. There is a modest differ
ence in the Z/v factor, but it should not lower the required allowable contact stress number 
below that requiring case hardening. Also, when both the pinion and the gear are case-
hardened, the hardness ratio factor, C/y, is 1.00. 
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10-6 
FORCES ON 

STRAIGHT BEVEL 
GEARS 

DESIGN 

Review Section 8-8 and Figure 8-22 for the geometry of bevel gears. Also see References 
1,5, and 12. 

Because of the conical shape of bevel gears and because of the involute-tooth form, 
a three-component set of forces acts on bevel gear teeth. Using notation similar to that for 
helical gears, we will compute the tangential force, VV,; the radial force, W,.; and the axial 
force, WJ. It is assumed that the three forces act concurrently at the midface of the teeth and 
on the pitch cone (see Figure 10-8). Although the actual point of application of the result
ant force is a little displaced from the middle, no serious error results. 

The tangential force acts tangential to the pitch cone and is the force that produces 
the torque on the pinion and the gear. The torque can be computed from the known power 
transmitted and the rotational speed: 

T = 63 000 P/n 

Then, using the pinion, for example, the transmitted load is 

W,p = T/r,„ 

where r,„ = mean radius ofthe pinion 

(10-9) 

FIGURE 10-8 
Forces on bevel gears 

Pinion: 16 teeth 

Y = Pitch cone angle 
for pinion 

Y = tan-1(/Vp/A'c) 

Vertex 

Gear: 48 teeth 

(a) Mating pinion and gear 
(only pitch cone surt'ace shown) 

it)) Free-body diagram: pinion 

Notes: Shaded area is 
pitch cone surface. 
Considering magnitudes: 

W,p = WIG 

W..n = W, .<P 
W,p = W 

rG 

'rP .xG 

(c) Free-body diagram: gear 
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The value of /,„ can be computed from 

r„, = d/2 - (F-/2)sin7 (10-10) 

Remember that the pitch diameter, d, is measured to the pitch line of the tooth at its large 
end. The angle, 7, is the pitch cone angle for the pinion as .shown in Figure 10-8(a). The ra
dial load acts toward the center of the pinion, perpendicular to its axis, causing bending of 
the pinion shaft. Thus, 

W^P = W, tan 4) cos 7 (10-11) 

The angle, <^, is the pressure angle for the teeth. 
The axial load acts parallel to the axis of the pinion, tending to push it away from the 

mating gear. It causes a thrust load on the shaft bearings. It also produces a bending mo
ment on the shaft because it acts at the distance from the axis equal to the mean radius of 
the gear. Thus, 

W^p = W, tan (J) sin 7 (10-12) 

The values for the forces on the gear can be calculated by the same equations shown 
here for the pinion, if the geometry for the gear is substituted for that of the pinion. Refer 
to Figure 10-8 for the relationships between the forces on the pinion and the gear in both 
magnitude and direction. 

Example Problem 10-3 For the gear pair described in Example Problem 8-6, calculate the forces on the pinion and 
the gear if they are transmitting 2.50 hp with a pinion speed of 600 rpm. The geometry fac
tors computed in Example Problem 8-6 apply. The data are summarized here. 

Summary of Pertinent Results from Example Problem 8-6 and Given Data 

Number of teeth in the pinion: Np = \6 

Number of teeth in the gear: NQ = 48 

Diametral pitch: Pj = 8 

Pitch diameter of pinion: d = 2.000 in 

Pressure angle: 4) = 20° 

Pinion pitch cone angle: 7 = 18.43° 

Gear pitch cone angle: T = 71.57° 

Face width: F = 1.00 in 

Rotational speed of pinion: Up = 600 rpm 

Power transmitted: P = 2.50 hp 

Solution Forces on the pinion are described by the following equations: 

V̂ , = T/r,„ 
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But 

Tp = 63 000(P)///p = [63()()0(2.50)]/6()0 = 263 Ib-in 

/•„, = d/2 - (F/2)sin7 

r„, = (2.000/2) - (l.()()/2)sin(18.43°) = 0.84 in 

Then 

W, = Tp/r,„ = 263 lb •in/0.84 in = 313 lb 

W,. = vy, tan <t) cos 7 = 313 lb tan(20°)cos( 18.43°) = 108 1b 

W, = W,tan(})sin7 = 313 lb tan(20°)sin(18.43°) = 361b 

To detennine the forces on the gear, first let's calculate the rotational speed ofthe gear: 

lie = np{Np/NQ) = 600 rpm(16/48) = 200 rpm 

Then 

TQ = 63 000(2.50)7200 = 788 lb in 

R,„ = D/2 - (F/2)sin F 

R,„ = 6.000/2 - (1.00/2)sin(71.57") = 2.53 in 

W, = TC/R,„ = (788 lbin)/(2.53 in) = 313 lb 

VV,. = VV, tan (J) cos r = 313 Ib tan(20°)cos(71.57") = 36 lb 

VV, = VV, tan cf) sin f = 313 lb tan(20°)sin(71.57") = 108 lb 

Note from Figure 10-8 that the forces on the pinion and the gear form an action-
reaction pair. That is, the forces on the gear are equal to those on the pinion, but they act in 
the opposite direction. Also, because ofthe 90° orientation ofthe shafts, the radial force on 
the pinion becomes the axial thrust load on the gear, and the axial thrust load on the pinion 
becomes the radial load on the gear. 

10-7 
BEARING 

FORCES ON 
SHAFTS 

CARRYING 
BEVEL GEARS 

Because of the three-dimensional force systein that acts on bevel gears, the calculation of 
the forces on shaft bearings can be cumbersome. An example is worked out here to show 
the procedure. In order to obtain numerical data, the arrangement shown in Figure 10-9 is 
proposed for the bevel gear pair that was the subject of Example Problems 8-6 and 10-3. 
The locafions for the bearings are given with respect to the vertex of the two pitch cones 
where the shaft axes intersect. 

Note that both the pinion and the gear are .straddle-mounted: that is, each gear is po
sirioned between the supporting bearings. This is the most prefen-ed an-angement because 
it usually provides the greatest rigidity and maintains the alignment of the teeth during 
power transmission. Care should be exerci.sed to provide rigid mountings and stiff shafts 
when using bevel gears. 

The arrangement of Figure 10-9 is designed so that the bearing on the right resists 
the axial thrust load on the pinion, and the lower bearing resists the axial thrust load on 
the gear. 
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FIGURE 10-9 
Layout of bevel gear 
pair for Example 
Problem 10-4 

1.75 

3.00 

-4.75-

- Bearing F) 

Example Problem 10-4 Compute the reaction forces on the bearings that support the shafts cairying the bevel gear 
pair shown in Figure 10-9. The values of Example Problems 8-6 and 10-3 apply. 

Solution Referring to the results of Example Problem 10-3 and Figure 10-8, we have li.sted the 
forces acting on the gears: 

Force 

Tangential 
Radial 
Axial 

Pinion 

W,p = 313 1b 
W,p= 108 1b 
W,p = 36 lb 

Gear 

W,Q = 313 1b 
W,Q = 36 lb 
W,o= 1081b 

It is critical to be able to visualize the directions in which these forces are acdng 
because ofthe three-dimensional force system. Notice in Figure 10-8 that a rectangu
lar coordinate system has been set up. Figure 10-10 is an isometric sketch ofthe free-
body diagrams of the pinion and the gear, simplified to represent the concurrent forces 
acting at the pinion/gear interface and at the bearing locations. Although the two free-
body diagrams are separated for clarity, notice that you can bring them together by mov
ing the point called vertex on each sketch together. This is the point in the actual gear 
system where the vertices of the two pitch cones lie at the same point. The two pitch 
points also coincide. 

For setting up the equations of static equilibrium needed to solve for the bearing re
actions, the distances a, b. c, d, Lp. and LQ are needed, as shown in Figure 10-9. These re
quire the two dimensions labeled .v and y. Note from Example Problem 10-3 that 

-v = /?„, = 2.53 in 

V = r„ = 0.84 in 
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FIGURE 10-10 
Free-body diagrams for 
pinion and gear shafts 

Vertex 

Bearin" C 

Pinion shaft 

Then 
a = .V - 1.50 = 2.53 - 1.50 

b = 4.75 - .V = 4.75 - 2.53 

c = 1.75 + V = 1.75 + 0.84 

d = 3.00 - y = 3.00 - 0.84 

Lp = 4.75 - 1.50 = 3.25 in 

LQ = 1.75 + 3.00 = 4.75 in 

= 1.03 in 

= 2.22 in 

= 2.59 in 

= 2.16 in 

These values are shown on Figure 10-10. 
To solve for the reactions, we need to consider the horizontal (.v--) and the vertical 

(.v-v) planes separately. It may help you to look also at Figure 10-11. which breaks out the 
forces on the pinion shaft in these two planes. Then we can analyze each plane using the 
fundamental equations of equilibrium. 

Bearing Reactions, Pinion Shaft: Bearings A and B 
Step 1. To find B- and A:, In the .v-;: plane, only W,p acts. Summing moments about 
A yields 

0 = W,p{a) - B^Lp) = 313(1.03) - fl,(3.25) 

B. = 99.2 lb 
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FIGURE 10-11 
Pinion shaft bending 
moments 

A. : 

2141b " 
" 1.03 

W 

E 2.22 

Wip 

3131b 

B. 

9 9 i b , , e ^ = . 

64.5 lb M , y 
a I 

V 
(lb) 0 

(Ib-in) 

220 = M£. 

(a) Horizontal plane (.v-:) 

.X 
1 ~)i 

By 
43.5 lb t 5.v̂  

0.84 
108 1b 

99 

V 0 

db) -64.5 

M 0 
(Ib-in) 

W,p ' \ 
36 1b 

361b 

43.5 

Maximum bending moment = ^ M^.- + M^y- = 

= ^220- + 96.62 

ib) Vertical plane (.v-y) 

Resultant 

240 Ib-in 

Summing moments about B yields 

0 = W,p{b) - A,{Lp) = 313(2.22) - A,{3.25) 

A. = 2141b 

Step 2. To find fl, and A,: In the .x-y plane, both W^p and W^p act. Summing moments 
about A yields 

0 = wA^') + W,p{rJ - B,{Lp) 

0 = 108(1.03) + 36(0.84) - fl,(3.25) 

fl, = 43.5 lb 

Summing moments about fl yields 

0 = W,p{b) + W,p{r,„) - A,{Lp) 

0 = 108(2.22) + 36(0.84) - A,.{3.25) 

A, = 64.5 lb 

Step 3. To find fl^: Summing forces in the .v-direction yields 

fl, = W,p = 36 lb 

This is the thrust force on bearing fl. 

Step 4. To find the total radial force on each bearing: Compute the resultant of the.v-
and c-components. 

A = V/ l ; + A] = V64.5- + 214- 2241b 

fl = Vfl; + B: = V43.5- + 99.2- = 108 lb 
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FIGURE 10-12 Gear 
shaft bending moments Q = 41 lb 

so 

fsi 

D.x-
77 1b 

.53 in 
W,G 
1081b 

WrG 
36 1b 

D, = 108 lb 

Cz — 
1421b 

P4 

Dz 
171 lb 

142 

W,xG 
1081b 

'~WtG 
3131b 

A = 108 1b 

-41 

0 -77 

V 
(Ib) 

(a) .v-y plane 

171 
V 

(lb) 

(b) y-z plane 

\66 = Mp^ 

Maximum bending 
moment at F 

Resultant = , M/r^- -h MpJ 

= x 166^ -(- 3682 

= 404 Ib-in 

-368 = M/7, 

Bearing Reactions, Gear Shaft: Bearings C and D 
Using similar methods, we can find the forces in Figure 10-12. 

C. 

D. 

D] 
D, 

= 1421b 
= 41.1 lb 

= 171 lb 

C = 148 lb (radial force on C) 

D = 188 lb (radial force on D) 
11. \ lb 

W,G = 108 lb (thrust force on D) 

Summary In selection of the bearings for these shafts, the following capacities are required: 

Bearing A: 224-lb radial 

Bearing fl.- 108-lb radial; 36-lb thrust 

Bearing C: 148-lb radial 

Bearing D.- 188-lb radial; 108-lb thrust 
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10-8 
BENDING 

MOMENTS ON 
SHAFTS 

CARRYING 
BEVEL GEARS 

Because there are forces acting in two planes on bevel gears, as discussed in the preceding 
section, there is also bending in two planes. The analysis ofthe shearing force and bending 
inoment diagrams for the shafts must take this into account. 

Figures 10-11 and l()-12show the resulting diagrams for the pinion and the gear shafts, 
respectively, for the gear pair used for Example Problems 8-6, 10-3, and 10-4. Notice that the 
axial thrust load on each gear provides a concentrated moment to the shaft equal to the axial 
load times the distance that it is offset from the axis ofthe shaft. Also notice that the maximum 
bending moment for each shaft is the resultant of the moments in the two planes. On the pin
ion shaft, the maximum moment is 240 lb • in at E, where the lines of action for the radial and 
tangential forces intersect the shaft. Similariy, on the gear shaft, the maximum moment is 404 
lb - in at /\ These data are used in the shafi design (as discussed in Chapter 12). 

10-9 
STRESSES IN 

STRAIGHT BEVEL 
GEAR TEETH 

HV Bending Stress 
^^ Number 

The stress analysis for bevel gear teeth is similar to that already presented for spur and hel
ical gear teeth. The maximum bending stress occurs at the root ofthe tooth in the fillet. This 
stress can be computed from 

s, = 
W, PJ K„ K, K„ 

FJ K 
(10-13) 

GHDESIGN 
The terms have all been used before. But there are minor difterences in the manner of eval
uating the factors, so they will be reviewed here. 

Tangential Force, W, 

Contrary to the way VV, was computed in the preceding section, we compute it here by us
ing the diameter of the gear at its large end, rather than the diameter at the middle ofthe 
tooth. This is more convenient, and the adjustment for the actual force distribution on the 
teeth is made in the value of the geometry factor, / Then 

Tangential Force 
on Bevel Gears W,= 

63 000{P) 
d/2 

(10-14) 

where T = torque transmitted (lb - in) 
/• = pitch radius ofthe pinion (in) 

P = power transmitted (hp) 
tip = rotational speed ofthe pinion (rpm) 
d = pitch diameter of the pinion at its large end (in) 

o Dynamic Factor for 
Bevel Gears 

Dynamic Factor, K^ 

The values for the dynamic factor for bevel gears are different from those for spur or heli
cal gears. Factors affecfing the dynamic factor include the accuracy of manufacture ofthe 
gear teeth (quality number Q): the pitch line speed, v,; the tooth load; and the sfiffness of 
the teeth. AGMA Standard 2003-A86 recommends the following procedure for compufing 
K, for the bending strength calculation and C, for pitting resistance: 

C,, = K, = 
K^ 

K, + V^. 
(10-15) 
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where 

u = (2)".5y 
125 

En + E, 

K^ = 85 - 10(«) 

If the equation for // results in a negative value, use u = 0. As a check on the specification 
of an appropriate value for the quality number, a minimum value for C, should be com
puted from 

C,,„,„ = ;^tan-'(v,/333) 

The value of the result of the inverse tangent calculation must be in radians. If the actual 
value of C, is less than C, „„„, a higher quality number should be specified. 

Size Factor, Kg 

Use the values from Table 9-6. 

Load-Distribution Factor, K, 
m 

Values are highly dependent on the manner of mounting both the pinion and the gear. The 
preferred mounting is called straddle mounting, in which the gear is between its supporting 
bearings. Figure 10-9 shows straddle mounting of both the pinion and the gear. In addition, 
sfiff, short shafts are recommended to minimize shaft deflections that cause misalignment 
of the gear teeth. 

Refer to AGMA Standard 2003-A86 (see Reference 10) for general methods of eval
uating K,„. For enclo.sed gearing with special care in mounting the gears and in controlling 
the form ofthe gear teeth. AGMA Standard 6010-F97 (Reference 13) recommends the val
ues in Table 10-3. The gears should be tested under load to ensure an optimum tooth con
tact pattem. We will use these values in problem solutions. 

Geometry Factor, J 

Use Figure 10-13 if the pressure angle is 20° and the shaft angle is 90°. 

TABLE 10-3 Load-distribution factors for bevel gears, K„ 

Type of gearing 

General 
commercial-quality 

High-quality, 
commercial gearing 

Both gears 
straddle-
mounted 

1.44 

1.20 

One gear 
straddle-
mounted 

1.58 

1.32 

Neither gear 
straddle-
mounted 

1.80 

1.50 

Source: Extracted from AGMA 6()I0-E88. Standard for Spur. Helical. Herringbone and Bevel Enclosed Drives, 
with the permission ofthe publisher. American Gear Manufacturers Association, 1500 King Street, Suite 201, 
Alexandria, VA 22314. 
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FIGURE 10-13 Geometry factor. J. for straight bevel gears with 20° pressure angle and 0.1201 Pj 
tool edge radius (Extracted from AGMA 6010-F97, Standard for Spur, Helical, Herringbone and Bevel 
Enclosed Drives, with permission of the publisher, American Gear Manufacturers Association, 1500 
King Street. Suite 201, Alexandria, VA 22314) 

Allowable Bending Stress Number 

The computed value for stress from Equation (10-13) can be compared with the allowable 
bending stress number from Tables 9-3 and 9 ^ and Figure 9-10. A life factor, Yf^, or a re
liability factor, A"̂ , can be applied as discussed in Chapter 9 if the design life is different 
from 10̂  cycles or if the desired reliability is different from 0.99. 

Example Problem 10-5 Compute the bending stress in the teeth ofthe bevel pinion shown in Figure 10-9. The data 
from Example Problem 10-3 apply: Â^ = 16; A'c = 48; Up = 600 rpm; P - 2.50 hp; Pj = 
8; d = 2.000 in; F" = 1.00 in. Assume that the pinion is driven by an electric motor and that 
the load provides moderate shock. The quality number, Q,, is to be 6. 
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Solution 
^ _ T _ 6 3 00Q(P) 1 

' r n,, d/2 
63 000(2.50) 

600 
1 

= 263 lb 2.000/2 

V, = TTdnp/]2 = TT(2 .000) (600) /12 = 314 ft/min 

A:,, = 1.50 (from Table 9-5) 

A:, = 1.00 

K,„ = 1.44 (both gears straddle-mounted, general commercial-quality) 

J = 0.230 (from Figure 10-13) 

The value for the dynamic factor. A',, must be computed from Equation (10-15), for Q = 6 
and v, = 314 ft/min. As a design decision, let's use two Grade 1 steel gears that are through-
hardened at 300 HB with .v,„ = 36 000 psi (Figure 9-10). The modulus of elasticity for both 
gears is 30 X IO*" psi. Then 

8 

(2) 

K, = 85 

C, = K 

' )V)?(6) 
(36 000) 125 

60 X 10*̂  
= 0.925 

10(/0 = 85 - 10(0.85) = 75.8 

K. 

IK. + 

76.5 

75.8 + V314 

0.92.S 

= 0.823 

Checking C, „,„ = (2/TT) tan"'(314/333) = 0.481. The value of C,, is acceptable. 
Then, from Equation (10-13), 

s, = 
W, PJ K„K,K„ 

FJ 

263)(8) (1.50)( 1.00) (1.44) 

K, (1.00) (0.230) (0.823) 
= 24 000 psi 

Referring to Figure 9-10, note that this is a very modest stress level for steel gears, requir
ing only about HB 180 for the hardness. If .stress were the only consideration, a redesign 
might be attempted to achieve a more compact system. However, normally the pitting re
sistance or surface durability of the teeth requires a harder material. The next section dis
cusses pitting. 

DESIGN OF 
BEVEL GEARS 

FOR PITTING 
RESISTANCE 

Contact Stress 
Number 

10—10 The approach to the design of bevel gears for pitting resistance is similar to that for spur 
gears. The failure mode is fatigue of the surface of the teeth under the influence of the con
tact .stress between the mating gears. 

The contact stress, called the Hertz, stress, s^., can be computed from 

^c ~ Ci,Ci, 
w c c 

Fdl C, 
(10-16) 

I if; | r \ P Q I ( ^ M The factors C,„ C,, and C„, are the same as K,„ K,. and K,„. used for computing the bending 
•̂̂ -*̂ - '-"-'• ^^ ' stress in the preceding section. The terms W„ F, and d have the same meanings as well. The 

factor Cp is the elastic coefficient and is the same as shown in Equation (9-23) and Table 9-9. 
For steel or cast iron gears. 
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FIGURE 10-14 
Geometry factors for 
straight and ZEROL® 
bevel gears 
(Extracted from AGMA 
2003-A86, Rating the 
Pitting Rcsistcince and 
Bending Strength of 
Generated Straight 
Bevel, ZEROL® Bevel, 
and Spiral Bevel Gear 
Teeth, with the 
permission of the 
publisher, American 
Gear Manufacturers 
Association, 1500 King 
Street, Suite 201, 
Alexandria, VA 22314) 

D. 
c 

OJ 

E 

0.020 0.040 0.060 0.080 0.100 
Geometry factor, / 

0.120 0.140 

C/, = 2300 for two steel gears (£ = 30 X 10̂  psi) 

C,, = 1960 for two cast iron gears (£ = 19 x 10̂  psi) 

C,, = 2100 for a steel pinion and a ca.st iron gear 

Using Cl, = 0.634 allows the use of the same allowable contact stress as for spur and heli
cal gears. 

The factor / is the geometry factor for surface durability and can be found from 
Figure 10-14. 

The Hertz contact stress, computed from Equation (10-16), should be compared with 
the allowable contact stress number, .̂ „,, from Figure 9-11 or Table 9-3 if the material is 
steel. For cast iron, use the values in Table 9 ^ . 

Example Problem 10-6 Compute the Hertz stress for the gear pair in Figure 10-9 for the conditions used in Exam
ple Problem 10-5: Np = 16; NQ = 48; Up = 600 rpm; Pj = 8; F = 1.00 in; d = 2.000 in. 
Both gears are to be steel. Specify a suitable steel for the gears, along with its heat treatment. 

Solution From Example Problem 10-5: W, = 263 lb, C„ = 1.50, C,, = 0.83, and C,„ = 1.44. For two 
steel gears, C,, = 2300. From Figure 10-14, / = 0.077. Then 

'•' ~ ^'•^'"J Fdl 

•v, = 97 500 psi 

W C C 

c 
(2300) (0.634) 263 (1.50)(1.44) 

(1.00)(2.000)(0.077) 0.823 

Comparing this value with the allowable contact stress number from Figure 9-11 
shows that a through-hardened. Grade 1 steel with a hardness of HB 220 is capable of with
standing this level of stress. Because this value is higher than that required for bending 
strength, it controls the design. 
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Practical Considerations for Bevel Gearing 

Factors similar to those discussed for spur and helical gears should be considered in the de
sign of systems using bevel gears. The accuracy of alignment and the accommodation of 
thrust loads discussed in the example problems are critical. Figures 10-15 and 10-16 show 
commercial applications. 

10-11 
FORCES, 

FRICTION, AND 
EFFICIENCY IN 

WORMGEAR 
SETS 

^DESIGN 

See Chapter 8 for the geometry of wormgear sets. Also see References 2, 14, 15. and 17. 
The force system acting on the worm/wormgear set is usually ct)nsidered to be made 

of three perpendicular components as was done for helical and bevel gears. There are a tan
gential force, a radial force, and an axial force acting on the worm and the wormgear. We 
will use the same notation here as in the bevel gear system. 

Figure 10-17 shows two orthogonal views (front and side) of a worm/wormgear 
pair, showing only the pitch diameters of the gears. The figure shows the separate worm 

Spiral bevel 
gearing, first stage 

Input shaft 

Helical gearing 
second and third stages 

Fabricated steel housing 

Fabricated steel housing 

FIGURE 10-15 Spiral bevel, right-angle reducer (Sumitomo Machinery Coiporation of America. Teterboro, NJ) 

FIGURE 10-16 
Final drive for a tractor 
(Case IH, Racine, WI) 
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FIGURE 10-17 
Forces on a worm and a 

Output 

Thrust and 
radial load 

Forces on Worms 
and Wormgears 

and wormgear with the forces acting on each. Note that because of the 90° orientation of 
the two shafts. 

M^,-0-= ^rW. 

(10-17) 

Of course, the directions of the paired forces are opposite because of the action/reaction 
principle. 

The tangential force on the wormgear is computed first and is based on the required 
operating conditions of torque, power, and speed at the output shaft. 

Sliding Velocity 
for Gear 

Coefficient of Friction, |JL 

Friction plays a major part in the operation of a wormgear set because there is inherently 
sliding contact between the worm threads and the wormgear teeth. The coefficient of fric
tion is dependent on the materials used, the lubricant, and the sliding velocity. Based on the 
pitch line speed ofthe gear, the sliding velocity is 

I', = i',o/sin \ (10-18) 

Sliding Velocity 
for Worm 

Based on the pitch line speed of the worm. 

v.v = v,i,,ycos \ (10-19) 

The term X is the lead angle for the worm thread as defined in equation (8-37). 
The AGMA (see Reference 15) recommends the following formulas to esfimate the 

coefficient of friction for a hardened steel worm (58 HRC minimum), smoothly ground, or 
polished, or rolled, or with an equivalent finish, operating on a bronze wormgear. The 
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FIGURE 10-18 
Coefficient of fricfion 
vs. sliding velocity for 
steel worm and bronze 
wormgear 
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choice of formula depends on the sliding velocity. Note: v^ must be in ft/min in the formu
las; 1.0 ft/min = 0.0051 m/s. 

Static Condition: v, = 0 
|JL = 0.150 

Low Speed: v, < 10 ft/min (0.051 m/s) 

IX, = 0.124 '̂ (-0.074V,'" 

Higher Speed: v, > 10 ft/min 

IX = O.IOS.''-'"'"•'""'' + 0.012 

Figure 10-18 is a plot of the coefficient p. versus the sliding velocity i',. 

(10-20) 

(10-21) 

Output Torque from Wormgear Drive, T^ 

In most design problems for wormgear drives, the output torque and the rotating speed of 
the output shaft will be known from the requirements of the driven machine. Torque and 
speed are related to the output power by 

Output Torque 
from Wormgear 

T = 
63 000{P,) 

(10-22) 

By refen-ing to the end view of the wormgear in Figure 10-17, you can see that the 

output torque is 

T„ = W,Q-rQ= W,Q{DQ/2) 
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Then the following procedure can be used to compute the forces acfing in a worm/ 
wormgear drive system. 

Procedure for Calculating the Forces on a WormAVormgear Set 

Given: 
Output torque, 7,„ in lb in 
Output speed, UQ, in rpm 
Pitch diameter of the wormgear, DQ, in inches 
Lead angle, \ 
Normal pressure angle, (j)„ 

Compute: 

W,Q = 2 TJDQ (10-23) 
cos (b,, sin X + a cos \ 

W,Q = W,Q -. f . , . (10-24) 
[cos 9„ cos X — p, sin A.J 

W,G sin ({)„ 
cos ())„ cos \ — p, sin A. WrG = _ „ ^ , _ , 4 " . .:„ , (10-25) 

The forces on the worm can be obtained by observation, using Equation (10-17). Equations 
(10-24) and (10-25) were derived using the components of both the tangenfial driving force 
on the wormgear and the friction force at the location of the meshing worm threads and wor
mgear teeth. The complete development of the equations is shown in Reference 20. 

Friction Force, Wf 

The friction force, Wf, acts parallel to the face of the worm threads and the gear teeth and 
depends on the tangential force on the gear, the coefficient of fricfion, and the geometry of 
the teeth: 

^/ = 7 xw • ? ^ T (10-26) 
(cos X)(cos 4)„) - |xsin\ 

Power Loss Due to Friction, P^ 

Power loss is the product of the friction force and the sliding velocity at the mesh. That is, 

VsW, 

'^ = 33066 <i«-2 )̂ 

In this equation, the power loss is in hp, i\ is in ft/min. and W^is in lb. 

Input Power, P, 

The input power is the sum of the output power and the power loss due to friction: 

P, = Po + PL (10-28) 

Efficiency, -x] 

Efficiency is defined as the ratio ofthe output power to the input power: 

in = Po/Pt (10-29) 
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FIGURE 10-19 
Efficiency of wormgear 
drive vs. lead angle 

- p = 0.02 
p = 0.04 
11^0.06 

20 30 40 50 
Lead angle, X (Degrees) 

60 

Efficiency for a wormgear drive with the usual case of the input coming through the worm 
can also be computed directly from the following equation. 

cos 4>„ - p. tan \ 
cos (j)„ -I- p./tan \ (10-30) 

Factors Affecting Efficiency 

As can be seen in Equation (10-26), the lead angle, the normal pressure angle, and the co
efficient of friction all affect the efficiency. The one that has the largest effect, and the one 
over which the designer has the most control, is the lead angle, \ . The larger the lead angle, 
the higher the efficiency, up to approximately \ = 45°. (See figure 10-19.) 

Now, looking back to the definition of the lead angle, note that the number of threads 
in the worm has a major effect on the lead angle. Therefore, to obtain a high efficiency, use 
multiple-threaded worms. But there is a disadvantage to this conclusion. More worm 
threads require more gear teeth to achieve the same ratio, resulting in a larger system over
all. The designer is often forced to compromise. 

Example Problem: Forces and Efficiency in Wormgearing 

Review now the results of Example Problem 8-7, in which the geometry factors for a par
ticular worm and wormgear set were computed. The following example problem extends 
the analysis to include the forces acting on the .system for a given output torque. 

Example Problem 10-7 The wormgear drive described in Example Problem 8-7 is transmitting an output torque of 
4168 Ib-in. The transverse pressure angle is 20°. The worm is made from hardened and 
ground steel, and the wormgear is bronze. Compute the forces on the worm and the worm-
gear, the output power, the input power, and the efficiency. 
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Solution Recall from Example Problem 8-7 that 

\ = 14.04° DQ = 8.667 in Wc = 101 ipm 
nw= 1750 rpm D^ = 2.000 in 

The normal pressure angle is required. From Equation (8-41), 

4)„ = tan-'(tan()),cosX) = tan-'(tan 20° cos 14.04°) = 19.45° 

Because they recur in several formulas, let's compute the following: 

sincl)„ = sin 19.45° = 0.333 

cos4)„ = cos 19.45° = 0.943 

cos \ = cos 14.04° = 0.970 

sin X = sin 14.04° = 0.243 

tan X = tan 14.04° = 0.250 

We can now compute the tangential force on the wormgear using Equafion (10-23) 

27; (2)(4168 Ib-in) 
w - —-
^" DQ 

8.667 in = 962 lb 

The calculations of the axial and radial forces require a value for the coefficient of fricfion 
that, in tum, depends on the pitch line speed and the sliding velocity. 

Pitch Line Speed ofthe Gear 

v,c = 'rrDc/iG/12 = I T ( 8 . 6 6 7 ) ( 1 0 1 ) / 1 2 = 229 ft/min 

Sliding Velocity [Equation (10-18)] 

V, = vjsin X = 229/sin 14.04° = 944 ft/min 

Coefficient of Friction: From Figure 10-18, at a sliding velocity of 944 ft/min, we can read 
jjL = 0.022. 

Now the axial and radial forces on the wormgear can be computed. 

Axial Force on the Wonngear [Equation 10-24] 

(0.943)(0.243) + (0.022)(0.970) 1V,G 9621b (o.943)(0.970) - (0.022)(0.243) 

Radial Force on the Wormgear [Equation 10-25] 

(962)(0.333) 
WrG = 

= 265 lb 

3521b (0.943)(0.970) - (0.022)(0.243)_ 

Now the output power, input power, and efficiency can be computed. 

Output Power [Equation 10-22] 

P.= 
TJIQ _ (4168 lb-in)(101 rpm) 

63 000 63 000 = 6.68 hp 
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The input power depends on the friction force and the consequent power loss due to 
friction. 

Friction Force [Equation 10-26] 

Wr = 
(0.022)(962 1b) 

^ (cosX)(cos(|)„) - ,xsinX (0.970)(0.943) - (().()22)(0.243) 
= 23.3 lb 

Power Loss Due to Friction [Equation (10-27)] 

PL = 
v,Wj _ (944ft/min)(23.3 1b) 

~ 33 000 
= 0.666 lb 

33 000 

Inpin Power [Equation (10-28)] 

P, = P„ + PL = 6.68 + 0.66 = 7.35 hp 

Efficiency [Equation (10-29)] 

P„ 6.68 hp 
Tl = 4 ( 1 0 0 % ) = ;r—T-^(100%) = 90.9% 

P, 7.35 hp 

Equation (10-30) could also be used to compute efficiency directly without computing 
friction power loss. 

Self-Locking Wormgear Sets 

Self-locking is the condition in which the worm drives the wormgear. but. if torque is ap
plied to the gear shaft, the worm does not tum. It is locked! The locking action is produced 
by the friction force between the worm threads and the wormgear teeth, and this is highly 
dependent on the lead angle. It is recommended that a lead angle no higher than about 5.0° 
be used in order to ensure that self-locking will occur. This lead angle usually requires the 
use of a single-threaded worm; the low lead angle results in a low efficiency, possibly as low 
as 60% or 70%. 

10-12 
STRESS IN 

WORMGEAR 
TEETH 

fflDESIGN 

We present here an approximate method of computing the bending stress in the teeth of 
the wormgear. Because the geometry of the teeth is not uniform across the face width, 
it is not possible to generate an exact solution. However, the method given here should 
predict the bending stress with sufficient accuracy to check a design because most 
worm/wormgear systems are limited by pitting, wear, or thermal considerations rather 
than strength. 

The AGMA, in its Standard 6034-B92, does not include a method of analyzing worm-
gears for strength. The method shown here was adapted from Reference 20. Only the worm-
gear teeth are analyzed because the worm threads are inherently stronger and are typically 
made from a stronger material. 

The stress in the gear teeth can be computed from 

a 
3L 
yFPn 

(10-31) 
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TABLE 10-4 Approximate Lewis form factor for 
wormgear teeth 

4>„ 

14:° 
20° 
25° 
30° 

.\' 

0.100 
0.125 
0.150 
0.175 

where Wj = dynamic load on the gear teeth 
y = Lewis form factor (see Table 10^) 
F = face width of the gear 

/>„ = normal circular pitch = p cos X = TT COS k/Pj 

The dynamic load can be estimated from 

W, = WJK, 

and 

K„ = 1200/(1200 + V,Q) 

TTDC"G/12 = pitch line speed ofthe gear 

(10-32) 

(10-33) 

(10-34) 

(10-35) 

Only one value is given for the Lewis form factor for a given pressure angle because the ac
tual value is very difficult to calculate precisely and does not vary much with the number 
of teeth. The actual face width should be used, up to the limit of two-thirds of the pitch di
ameter of the worm. 

The computed value of tooth bending stress from Equation (10-31) can be com
pared with the fatigue strength ofthe material ofthe gear. For manganese gear bronze, use 
a fatigue strength of 17 000 psi; for phosphor gear bronze, use 24 000 psi. For cast iron, 
use approximately 0.35 times the ultimate strength, unless specific data are available for 
fatigue strength. 

10-13 
SURFACE 

DURABILITY OF 
WORMGEAR 

DRIVES 

r^ Rated Tangential 
^ Load on Wormgears 

fflDESIGN 

AGMA Standard 6034-B92 (see Reference 15) gives a method for rating the surface dura
bility of hardened steel worms operating with bronze gears. The ratings are based on the 
ability of the gears to operate without significant damage from pitfing or wear. 

The procedure calls for the calculation of a rated tangential load, W,p, from 

where 

W, IR CM''F.C,„C,. (10-36) 

C, = materials factor (from Figure 10-20) 
DQ = pitch diameter of the wormgear. in inches 
F^, = effective face width, in inches. Use the actual face width of the wormgear 

up to a maximum of 0.67 D,,,. 
C,„ = ratio correction factor (from Figure 10-21) 
C, = velocity factor (from Figure 10-22) 
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1000 
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Bronze gear with worm having surface hardness ol .'SS HRC minimum 

.^ 
CA 

"rt 

^ 700 
2 
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500 

band-cast 

Refer to AGMA Standard 
6034-B 92 for specification of 
bronzes to which these factors 
apply. 

1 

Static-chill-cast 
or forged 
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\ , 

111' 

cast 

\ 

— 
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Mean gear diameter, D,„ (in) 
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j _ J 
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Mean gear diameter, D,„ (mm) 

1300 2000 2500 

FIGURE 10-20 Materials factor. C,. for center distance > 3.0 in (76 mm) (Extracted from AGMA Standard 6034-
B92, Practice for Enclosed Cylindrical Wonngear Speed Reducers and Gearmotors, with the permission of the 
pubhsher, American Gear Manufacturers Association, 1500 King Street, Suite 201, Alexandria, VA 22314) 

Conditions on the Use of Equation (10-36) 

The analysis is valid only for a hardened steel worm (58 HRC minimum) operat
ing with gear bronzes specified in AGMA Standard 6034-B92. The classes of 
bronzes typically used are tin bronze, phosphor bronze, manganese bronze, and 
aluminum bronze. The materials factor, C,, is dependent on the method of casting 
the bronze, as indicated in Figure 10-20. The values for C, ̂ ân be computed from 
the following formulas. 

Sand-Cast Bronzes: 

For DQ > 2.5 in. 

For DQ < 2.5 in. 
C, = 1189.636 - 476.545 log,o(Dc) (10-37) 

C, = 1000 
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FIGURE 10-22 Velocity factor, C,. vs. sliding velocity. 

Static-Chill-Cast or Forged Bronzes: 

ForDG>8.0in, 

For DQ < 8.0 in. 

C = 1411.651 - 455.825 log,n(Dc) 

C = 1000 

0.65 

0.60 

0.55 

0.50 

0.45 

0.40 

0.35 

0.30 

0.25 

0.20 

0.15 

0.10 

0.05 

3500 

(10-38) 

Centrifugally Cast Bronzes: 

For DQ > 25 in. 

For DQ < 25 in. 

C = 1251.291 - 179.750 log.ol^c) 

r = 1000 

(10-39) 

2. The wormgear diameter is the second factor in determining C,. The mean diame
ter at the midpoint of the working depth of the gear teeth should be used. If stan
dard addendum gears are used, the mean diameter is equal to the pitch diameter. 

3. Use the actual face width, F of the wormgear as F, if F < 0.667(Div). For larger 
face widths, use F, = 0.67 (D^), because the excess width is not effective. 
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4. The ratio correction factor, C„„ can be computed from the following formulas. 

For Gear Ratios, mQ, from 6 to 20 

C„, = 0.0200 {-nic + ^OmQ - 76)"' + 0.46 (10-40) 

For Gear Ratios, /w^ from 20 to 76 

C,„ = 0.0107 {-ml; + 56mQ + 5145)°' (10-41) 

For mr. > 76 

C,„= 1.1483 - 0.00658mc (10-42) 

5. The velocity factor depends on the sliding velocity, v„ computed from Equation 
(10-18) or (10-19). Values for C,, can be computed from the following formulas. 

For V, from 0 to 700 ft/min 

C, = 0.659£''-""""''' (10-43) 

For V, from 700 to 3000 ft/min 

C, = 13.31vM"-"'> (10^4) 

For V, > 3000 ft/min 

C = 65.52v<-""^) (10-45) 

6. The proportions of the worm and the wormgear must conform to the following 
limits defining the maximum and minimum pitch diameters of the worm in rela
tion to the center distance, C, for the gear set. All dimensions are in inches. 

Maximum Div = C""-y 1.6 (10-46) 

Minimum D„, = C""y3.0 (10-47) 

7. The shaft carrying the worm must be sufficiently rigid to limit the deflection of 
the worm at the pitch point to the maximum value of 0.005 V P , ' where P, is the 
axial pitch ofthe worm, which is numerically equal to the circular pitch, p, ofthe 
wormgear. 

8. When you are analyzing a given wormgear set, the value of the rated tangenfial 
load, W,p, must be greater than the actual tangential load, W,, for satisfactory life. 

9. Rafings given in this section are valid only for smooth systems such as fans or 
centrifugal pumps driven by an electric or hydraulic motor operating under 
10 hours per day. More severe conditions, such as shock loading, internal com
bustion engine drives, or longer hours of operation, require the appficafion of a 
service factor. Reference 15 lists several such factors based on field experience 
with specific types of equipment. For problems in this book, factors from 
Table 9-5 can be used. 
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Example Problem 10-8 Is the wormgear set described in Example Problem 8-7 satisfactory with regard to strength 
and wear when operating under the conditions of Example Problem 10-7? The wormgear 
has a face width of 1.25 in. 

Solution From previous problems and solutions, 

1̂ ,0 = 962 lb VR = niQ= 11.33 
v,Q = 229 ft/min v, = 944 ft/min 
DQ = 8.667 in D,y = 2.000 in 

Assume 58 HRC minimum for the steel worm. Assume that the bronze gear is sand-cast. 

Stress 

K,. = 1200/(1200 + V,Q) = 1200/(1200 + 229) = 0.84 

^j = W,a/K,. = 962/0.84 = 1145 lb 

F = 1.25 in 

y = 0.125 (from Table 10-4) 

p„ = p cos \ = (0.5236)cos 14.04° = 0.508 in 

Then 

_ ^d _ 1145 
"" ~ Jpp^, ~ (O.I25)(1.25)(0.508) " 1^430psi 

The guidelines in Section 10-12 indicate that this stress level would be adequate for 
either manganese or phosphor gear bronze. 

Suiface Durabdity: Use Equation (10-36): 

W,p = GDc'KC,„C. (10-36) 

C Factors: The values for the C factors can be found from Figures 10-20, 10-21, and 
10-22. We find 

C, = 740 for sand-cast bronze and DQ = 8.667 in 

C„, = 0.184 for/He = 17.33 

C, = 0.265 for v, = 944 ft/min 

We can use F^. = F = 1.25 in if this value is not greater than 0.67 times the worm diame
ter. For DW = 2.000 in, 

0.61DW= (0.67)(2.00in) = 1.333 in 

Therefore, use F^. = 1.25 in. Then the rated tangential load is 

W,,^ = (740)(8.667)"'(1.25)(0.814)(0.265) = 1123 1b 

Because this value is greater than the actual tangential load of 962 lb, the design should be sat
isfactory, provided that the conditions defined for the application of Equation (10-36) are met. 
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PROBLEMS 

Helical Gearing 

1. A helical gear has a transverse diametral pitch of 8, a 
transverse pressure angle of \4'A°, 45 teeth, a face width 
of 2.00 in, and a helix angle of 30°. 

(a) If the gear transmits 5.0 hp at a speed of 1250 rpm, 
compute the tangential force, the axial force, and the 
radial force. 

(b) If the gear operates with a pinion having 15 teeth, 
compute the bending stress in the pinion teeth. The 
power comes from an electric motor, and the drive is 
to a reciprocating pump. Specify a quality number 
for the teeth. 

(c) Specify a suitable material for the pinion and the 
gear considering both strength and pitting resistance. 

2. A helical gear has a normal diametral pitch of 12. a nor
mal pressure angle of 20°, 48 teeth, a face width of 
1.50 in, and a helix angle of 45°. 

(a) If the gear transmits 2.50 hp at a speed of 1750 rpm, 
compute the tangential force, the axial force, and the 
radial force. 

(b) If the gear operates with a pinion having 16 teeth, 
compute the bending stress in the pinion teeth. The 
power comes from an electric motor, and the drive is 
to a centrifugal blower. Specify a quality number for 
the teeth. 

(c) Specify a suitable material for the pinion and the gear 
considering both strength and pitting resistance. 

3. A helical gear has a transverse diametral pitch of 6, a 
transverse pressure angle of 14V:°, 36 teeth, a face width 
of 1.00 in, and a helix angle of 45°. 

(a) If the gear transmits 15.0 hp at a speed of 2200 rpm. 
compute the tangential force, the axial force, and the 
radial force. 

(b) If the gear operates with a pinion having 12 teeth, 
compute the bending stress in the pinion teeth. The 
power comes from a six-cylinder gasoline engine, 
and the drive is to a concrete mixer Specify a qual
ity number for the teeth. 

(c) Specify a suitable material for the pinion and the gear 
considering both strength and pining resistance. 

4. A helical gear has a normal diametral pitch of 24, a nor
mal pressure angle of 141^°, 72 teeth, a face width of 0.25 
in, and a helix angle of 45°. 

(a) If the gear transmits 0.50 hp at a speed of 3450 rpm. 
compute the tangential force, the axial force, and the 
radial force. 

(b) If the gear operates with a pinion having 16 teeth, 
compute the bending stress in the pinion teeth. The 

power comes from an electric motor, and the drive is 
to a winch that will experience moderate shock. 
Specify a quality number for the teeth. 

(c) Specify a suitable material for the pinion and the 
gear considering both strength and pitting resistance. 

For Problems 5-11, complete the design of a pair of 
helical gears to operate under the stated conditions. Spec
ify the geometry of the gears and the material and its heat 
treatment. Assume that the drive is from an electric mo
tor unless otherwise specified. Consider both strength and 
pitting resistance. 

5. A pair of helical gears is to be designed to transmit 5.0 hp 
while the pinion rotates at 1200 rpm. The gear drives a re
ciprocating compressor and must rotate between 385 and 
390 rpm. 

6. A helical gear pair is to be a part of the drive for a milling 
machine requiring 20.0 hp with the pinion speed at 550 ipm 
and the gear speed to be between 180 and 190 rpm. 

7. A helical gear drive for a punch press requires 50.0 hp 
with the pinion rotating at 900 rpm and the gear speed at 
225 to 230 rpm. 

8. A single-cylinder gasoline engine has the pinion of a hel
ical gear pair on its output shaft. The gear is attached to 
the shaft of a small cement mixer The mixer requires 
2.5 hp while rotating at approximately 75 rpm. The en
gine is governed to run at approximately 900 rpm. 

9. A four-cylinder industrial engine runs at 2200 rpm and 
delivers 75 hp to the input gear of a helical gear drive for 
a large wood chipper used to prepare pulpwood chips for 
paper making. The output gear must run between 4500 
and 4600 rpm. 

10. A small commercial tractor is being designed for chores 
such as lawn mowing and snow removal. The wheel drive 
system is to be through a helical gear pair in which the 
pinittn runs at 450 rpm while the gear, mounted on the 
hub of the wheel, runs at 75 to 80 rpm. The wheel has an 
18-in diameter The twei-cylinder gasoline engine delivers 
20.0 hp to the wheels. 

11. A water turbine transmits 15.0 hp to a pair of helical gears 
at 4500 rpm. The output of the gear pair must drive an 
electric power generator at 3600 rpm. The center distance 
for the gear pair must not exceed 4.00 in. 

12. Determine the power-transmitting capacity of a pair of 
helical gears having a normal pressure angle of 20°, a he
lix angle of 15 ', a normal diametral pitch of 10. 20 teeth 
in the pinion. 75 teeth in the gear, and a face width of 
2.50 in, if they are made from AISI 4140 OQT 1000 steel. 
They are of typical commercial quality. The pinion will 
rotate at 1725 rpm on the shaft of an electric motor. The 
gear will drive a centrifugal pump. 
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13. Repeat Problem 12 with the gears made from AISI 4620 
DOQT 300 carburized, case-hardened steel. Then com
pute the axial and radial forces on the gears. 

Bevel Gears 

14. A straight bevel gear pair has the following data: Â ,. 
= 15; N(; = 45; Pj = 6; 20° pressure angle. If the gear 
pair is transmitting 3.0 hp, compute the forces on both 
the pinion and the gear. The pinion speed is 300 rpm. 
The face width is 1.25 in. Compute the bending stress 
and the contact stress for the teeth, and specify a suitable 
material and heat treatment. The gears are driven by a 
gasoline engine, and the load is a concrete mixer pro
viding moderate shock. Assume that neither gear is 
straddle-mounted. 

15. A straight bevel gear pair has the following data: A',. = 
25; Nc = 50; Pj = 10; 20° pressure angle. If the gear 
pair is transmitting 3.5 hp, compute the forces on both 
the pinion and the gear. The pinion speed is 1250 rpm. 
The face width is 0.70 in. Compute the bending stress 
and the contact stress for the teeth, and specify a suitable 
material and heat treatment. The gears are driven by a 
gasoline engine, and the load is a conveyor providing 
moderate shock. Assume that neither gear is straddle-
mounted. 

16. Design a pair of straight bevel gears to transmit 5.0 hp at 
a pinion speed of 850 rpm. The gear speed should be ap
proximately 300 rpm. Consider both strength and pitting 
resistance. The driver is a gasoline engine, and the driven 
machine is a heavy-duty conveyor 

17. Design a pair of straight bevel gears to transmit 0.75 hp at 
a pinion speed of 1800 rpm. The gear speed should be ap
proximately 475 rpm. Consider both strength and pitting 
resistance. The driver is an electric motor, and the driven 
machine is a reciprocating saw. 

Wormgearing 

18. A wormgear set has a single-thread worm with a pitch 
diameter of 1.250 in, a diametral pitch of 10, and a nor
mal pressure angle of 14.5°. If the worm meshes with 
a wormgear having 40 teeth and a face width of 
0.625 in, compute the gear pitch diameter, the center 
distance, and the velocity ratio. If the wormgear set is 
transmitting 924 Ib-in of torque at its output shaft, 
which is rotating at 30 rpm. compute forces on the 

gear, efficiency, input speed, input power, and stress on 
the gear teeth. If the worm is hardened steel and the 
gear is chilled bronze, evaluate the rated load, and de
termine whether the design is satisfactory for pitting 
resistance. 

19. Three designs are being considered for a wormgear set 
to produce a velocity ratio of 20 when the worm gear 
rotates at 90 rpm. All three have a diametral pitch of 12, 
a worm pitch diameter of 1.000 in, a gear face width of 
0.5(J0 in, and a normal pressure angle of 14.5°. One has 
a single-thread worm and 20 wormgear teeth; the sec
ond has a double-thread worm and 40 wormgear teeth; 
the third has a four-thread worm and 80 wormgear 
teeth. For each design, compute the rated output torque, 
considering both strength and pitting resistance. The 
worms are hardened steel, and the wormgears are 
chilled bronze. 

20. For each of the three designs proposed in Problem 19, 
compute the efficiency. 

The data for Problems 21, 22, and 23 are given in 
Table 10-5. Design a wormgear set to produce the de
sired velocity ratio when transmitting the given torque 
at the output shaft for the given output rotational speed. 

TABLE 10-5 Data for Problems 21 - 2 3 

Problem VT? 
Torque 
(Ib-in) 

Output speed 
(rpm) 

21. 
22. 
23. 

7.5 
3 

40 

984 
52.5 

4200 

80 
600 
45 

24. Compare the two designs described in Table 10-6 when 
each is transmitting 1200 Ib-in of torque at its output 
shaft, which rotates at 20 rpm. Compute the forces on the 
worm and the wormgear, the efficiency, and the input 
power required. 

TABLE 10-

Design 

A 
B 

PJ 

6 
10 

-6 De: 

A', 

1 
2 

signs 

Na 

30 
60 

for Problem 24 

o„ 

2.000 
1.250 

Fc 

1.000 
0.625 

Pressure angle 

14.5° 
14.5° 
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The 
Big 
Picture 

Keys, Couplings, ancj Seals 

Discussion Map 

• Keys and couplings connect 
functional parts of 
mechanisms and machines, 
allowing moving parts to 
transmit pov\/er or to locate 
parts relative to each other. 

D Retaining rings hold 
assemblies together or hold 
parts on shafts, such as 
keeping a sprocket in 
position or holding a wheel 
on an axle. 

n Seals protect critical 
components by excluding 
contaminants or by retaining 
fluids inside the housing of a 
machine. 

Discover 

Look around you and identify several examples of the 
use of keys, couplings, retaining rings, and seals in 
automobiles, trucks, home appliances, shop tools, 
gardening equipment, or bicycles. 

This chapter will help you understand the functions 
and design requirements of such devices. In addition, 
you will learn to recognize commercially available 
designs and apply them properly. 

Think of how two or more parts of a machine can be connected for the purpose of locafing one 
part with respect to another. Now think about how that connection must be designed if the parts 
are moving and if power must be transmitted between them. 

This chapter presents information on commercially available products that accom
plish these functions. The generic categories of keys, couplings, and seals actually encom
pass numerous different designs. 

A Af V is used to connect a drive member such as a belt pulley, chain sprocket, or gear 
to the shaft that carries it. See Figure 11-1. Torque and power are transmitted across the key 
to or from the shaft. But how does the power get into or out of the shaft? One way might be 
that the output from the shaft of a motor or engine is connected to the input shaft of a trans
mission through a flexible coupling that reliably transmits power but allows for some mis
alignment between the shafts during operation because ofthe flexing of frame members or 
through progressive misalignment due to wear. 

Seals may be difficult to see because they are typically encased in a housing or are 
covered in some way. Their function is to protect critical elements of a machine from con
tamination due to dust, dirt, or water or other fluids while allowing rotating or translating 
machine elements to move to accomplish their desired funcfions. Seals exclude undesirable 
materials from the inside of a mechanism, or they hold critical lubrication or cooling fluids 
inside the housing of the mechanism. 

Look at machines that you interact with each day, and identify parts that fit the de
scriptions given here. Look in the engine compartment of a car or a truck. How are drive 
pulleys, linkages, latches, the hinges for the hood, the fan, the windshield wipers, and any 
other moving part connected to something else—the frame of the car, a rotating shaft, or 
some other moving part? If you are familiar with the inner workings ofthe engine and trans
mission, describe how those parts are connected. Look at the steering and suspension sys
tems, the water pump, the fuel pump, the brake fluid reservoir, and the suspension struts or 
shock absorbers. Try to see where seals are used. Can you see the universal joints, some
times called the constant-velocity (CV) joints, in the drive train? They should be connect-
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ing the output shaft from the transmission to the final parts of the drive train as the power 
is delivered to the wheels. 

Find a small lawn or garden tractor at home or at a local home store. Typically their 
mechanisms are accessible, although protected from casual contact for safety reasons. 
Trace how power is transmitted from the engine, through a transmission, through a drive 
chain or belt, and all the way to the wheels or to the blade of a mower. How are functional 
parts connected together? 

Look at home appliances, power tools in a home shop, and gardening equipment. Can 
you see parts that are held in place with retaining rings'^These are typically thin, flat rings that 
are pressed onto shafts or inserted into grooves to hold a wheel on a shaft, to hold a gear or a 
pulley in position along the length of a shaft, or to simply hold some part ofthe device in place. 

How are the keys, couplings, seals, retaining rings, and other connecting devices 
made? What materials are used? How are they installed? Can they be removed? What kinds 
of forces must they resist? How does their special geometry accomplish the desired func
tion? How could they fail? 

This chapter will help you become familiar with such mechanical components, with 
some of the manufacturers that offer commercial versions, and with correct application 
methods. 

You Are the Designer 

In the first part of Chapter 8, you were the designer of a 
gear-type speed reducer whose conceptual design is 
shown in Figure 8-3. It has four gears, three shafts, and 
six bearings, all contained within a housing. How are the 
gears attached to the shafts? One way is to use keys at 
the interface between the hub of the gears and the shaft. 
You should be able to design the keys. How is the input 
shaft connected to the motor or engine that delivers the 
power? How is the output shaft connected to the driven 
machine? One way is to use flexible couplings. You 
should be able to specify commercially available cou
plings and apply them properly, considering the amount 
of torque they must transmit and how much misalign
ment they should permit. 

How are the gears located axially along the shafts? 
Part of this function may be provided by shoulders ma
chined on the shaft. But that works only on one side. On 
the other side, one type of locating means is a retaining 
ring that is installed into a groove in the shaft after the 
gear is in place. Rings or spacers may be used at the 
left of gears A and B and at the right of gears C and D. 
Notice that the input and output shafts extend outside 
the housing. How can you keep contaminants from the 
outside from getting inside? How can you keep lubri
cating oil inside? Shaft seals can accomplish that func
tion. Seals may also be provided on the bearings to 
retain lubricant inside and in full contact with the rotat
ing balls or rollers of the bearing. 

You should be familiar with the kinds of materials used 
for seals and with their special geometries. These con
cepts are discussed in this chapter. 

11-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Describe several kinds of keys, 

2. Specify a suitable size key for a given size shaft. 

3. Specify suitable materials for keys. 

4. Complete the design of keys and the corresponding keyways and keyseats, giving 
the complete geometries. 

5. Describe splines and determine their torque capacity. 

6. Describe several alternate inethods of fastening machine elements to shafts. 

7. Describe rigid couplings and flexible couplings. 
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8. Describe several types of flexible couplings. 

9. Describe universal joints. 

10. Describe retaining rings and other means of locating elements on shafts. 

11. Specify suitable seals for shafts and other types of machine elements. 

11-2 A key is a machinery component placed at the interface between a shaft and the hub of a 
KEYS power-transmitting element for the purpose of transmitting torque [see Figure ll-l(a)]. 

The key is demountable to facilitate assembly and disassembly ofthe shaft system. It is in-
r ^ p C I ( ^ M stalled in an axial groove machined into the shaft, called a keyseat, A similar groove in the 

hub of the power-transmitting element is usually called a keyway, but it is more properiy 
also a keyseat. The key is typically installed into the shaft keyseat first; then the hub key-
seat is aligned with the key, and the hub is slid into position. 

Square and Rectangular Parallel Keys 

The most common type of key for shafts up to 65 inches in diameter is the square key, as il
lu.strated in Figure 1 l-l(b). The rectangular key. Figure 1 l-l(c), is recommended for larger 
shafts and is used for smaller shafts where the shorter height can be tolerated. Both the 
square and the rectangular keys are referred to as parallel keys because the top and bottom 
and the sides ofthe key are parallel. (See Intemet site 1.) 

Table 11-1 gives the preferred dimensions for parallel keys as a funcfion of shaft di
ameter, as specified in ANSI Standard B17.1-1967. The width is nominally one-quarter of 
the diameter of the shaft. (See Reference 6.) 

The keyseats in the shaft and the hub are designed so that exacfiy one-half of the 
height of the key is bearing on the side of the shaft keyseat and the other half on the side of 
the hub keyseat. Figure 11-2 shows the resulting geometry. The distance Tis the radial dis
tance from the theoretical top of the shaft, before the keyseat is machined, to the top edge 
of the finished keyseat to produce a keyseat depth of exactly H/2. To assist in machining 

FIGURE 11-1 
Parallel keys (Source 
for (d): Driv-Lok, Inc., 
Sycamore, IL) w 

H = W 

X 

(a) Key and keyseat applied to 
a gear and shaft 

(b) Square key 

w 

H < W 

,1 
(c) Rectangular key 

{dj Commercially available keys 
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TABLE 11-1 Key size vs. shaft diameter 

Nominal 

Over 

5/16 

7/16 

9/16 

7/8 

l i 

li 

1̂  

2i 

2l 

3\ 
3 

35 
4\ 

5: 
6̂  
l\ 

9 

11 

13 

15 

18 

22 

26 

shaft diameter 

Tolincl.) 

7/16 

9/16 

7/8 

ll 

li 
l l 

2l 

2l 

3l 

3l 

4^ 

51 

6\ 

li 

9 

11 

13 

15 

18 

22 

26 

30 

Width, W 

3/32 

1/8 

3/16 

1/4 

5/16 

3/8 

1/2 

5/8 

3/4 

7/8 

1 

15 

1: 

ll 

2 

2\ 

3 

31 

4 

5 

6 

7 

Nominal key size 

Hei 

Square 

3/32 

1/8 

3/16 

1/4 

5/16 

3/8 

1/2 

5/8 

3/4 

7/8 

1 

li 
1 

1: 
l l 
2 

25 

3 

35 

ight, H 

Rectangular 

3/32 

1/8 

3/16 
1/4 
1/4 

3/8 
7/16 
1/2 
5/8 

3/4 

7/8 

1 
15 
15 
ll 
2 

1 
25 

3 
1 

35 

4 

5 

Source: Reprinted from ANSI Standard B17.1 -1967( R98). by permission of the American Society of Mechanical 

Engineers. All rights reserved. 

Note: Values in nonshaded areas are preferred. Dimensions are in inches. 

and inspecfing the shaft or the hub, the dimensions 5 and Tcan be computed and .shown on 
the part drawings. The equations are given in Figure 11-2. Tabulated values of Y, S, and T 
are available in References 6 and 9. 

As discussed later in Chapter 12, keyseats in shafts are usually machined with either 
an end mill or a circular milling cutter, producing the profile or sled runner keyseat, re
spectively (refer to Figure 12-6). In general practice, the keyseats and keys are left with es
sentially square corners. But radiused keyseats and chamfered keys can be used to reduce 
the stress concentrations. Table 11-2 shows suggested values from ANSI Standard B 17.1. 
When using chamfers on a key, be sure to take that factor into account when computing the 
bearing stress on the side of the key [.see Equation (11-3)]. 

As altemates to the use of parallel keys, taper keys, gib head keys, pin keys, and 
Woodmft' keys can be used to provide special features of installation or operation. Figure 
11-3 shows the general geometry of the.se types of keys. 

Taper Keys and Gib Head Keys 
Taper keys are designed to be inserted from the end of the shaft after the hub is in position 
rather than installing the key first and then sliding the hub over the key as with parallel keys. 

http://the.se
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FIGURE 11-2 
Dimensions for parallel 
keyseats 

(y)Chordal height 

[b) Depth ot'shaft keyseat 

Y = 
p _ >/p2 - H-'J 

D - Y - H D - H -t- V/JJ _ u/2 

X H/2 

(c) Depth of hub keyseat 

T = D Y + ^ + C D •¥ H •¥ V D ^ -I- c 

Symbols 
C = Allowance 

-I- 0.(X)5-in clearance for parallel keys 
- 0.020-in interference for taper keys 

D — Nominal shaft or bore dia., in 
H = Nominal key height, in 
W = Nominal key width, in 
Y = Chordal height, in 

TABLE 11-2 Suggested fillet radii and key chamfers 

Over 

1/8 
1/4 
1/2 
7/8 
U 

HI2, keyseat depth 

To(incl.) 

1/4 
1/2 
7/8 
ll 
ll 

Fillet radius 45° chamfer 

IJ 

1/32 
1/16 
1/8 

3/16 
1/4 
3/8 

3/64 
5/64 
5/32 
7/32 
9/32 
13/32 

Source: Reprinted from ASME B17.1 -1967 by pennission of the American Society of Mechanical Engineers. All 
rights reserved. 

Note: All dimensions are given in inches. 

The taper extends over at least the length of the hub, and the height, H, measured at the end 
of the hub, is the same as for the parallel key. The taper is typically 1/8 in per foot. Note 
that this design gives a smaller bearing area on the sides of the key, and the bearing stress 
must be checked. 

The gib head key [Figure 1 l-3(c)] has a tapered geometry inside the hub that is the 
same as that ofthe plain taper key. But the extended head provides the means of extracfing 
the key from the same end at which it was installed. This is very desirable if the opposite 
end is not accessible to drive the key out. 
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FIGURE 11-3 Key 
types 

—w-

•Hub length-

H 

For locating position 
/ ' o f dimension H 

(fl) Plain taper key (b) Alternate plain laper key 

Pin key 
Hub 

Shaft 

(c) Gib head taper key id) Pin key 

Typical geometry 
for B > 1 <A in 

(e) Woodruff keys 

*Note: Plain and gib head taper keys have a 1/8" taper in 12" 

Pin Keys 

The/?//? key, shown in Figure 1 l-3(d), is a cylindrical pin placed in a cylindrical groove 
in the shaft and hub. Lower .stress concentration factors result from this design as com
pared with parallel or taper keys. A close fit between the pin and the groove is required 
to ensure that the pin does not move and that the bearing is uniform along the length of 
the pin. 

Woodruff Keys 

Where light loading and relatively easy as.sembly and disassembly are desired, the Woodruff 
ke\ should be considered. Figure 1 l-3(e) shows the standard configuration. The circular 
groove in the shaft holds the key in position while the mating part is slid over the key. The 
stress analysis for this type of key proceeds in the manner discussed below for the parallel 
key, taking into consideration the particular geometry of the Woodruff key. ANSI Standard 
B 17.2-1967 lists the dimensions for a large number of standard Woodruff keys and their 
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T A B L E 11-3 

Key 
number 

202 
204 
406 
608 
810 

1210 
1628 
2428 

Woodruff key 

Nominal 
key size. 
WX B 

1/16 X 1/4 
1/16 x i / 2 
1/8 X 3/4 
3/16 X 1 
1/4 X \\ 
3/8 X \\ 
Ml X 3: 
3/4 X 3: 

dimensions 

Actual 
length. 

F 

0.248 
0.491 
0.740 
0.992 
1.240 
1.240 
2.880 
2.880 

Height 
of key. 

C 

0.104 
0.200 
0.310 
0.435 
0.544 
0.544 
0.935 
0.935 

Shaft 
keyseat 
depth 

0.0728 
0.1668 
0.2455 
0.3393 
0.4170 
0.3545 
0.6830 
0.5580 

Hub 
keyseat 
depth 

0.0372 
0.0372 
0.0685 
0.0997 
0.1310 
0.1935 
0.2560 
0.3810 

Source: Reprinted from ASME B 17.2-1967. by permission ofthe American Society of Mechanical Engineers. 
All rights reserved. 

Note: All dimensions are given in inches. 

mating keyseats. (See Reference 7.) Table 11 -3 provides a sampling. Note that the key num
ber indicates the nominal key dimensions. The last two digits give the nominal diameter, B, 
in eighths of an inch, and the digits preceding the last two give the nominal width, W, in 
thirty-seconds of an inch. For example, key number 1210 has a diameter of 10/8 in (\\ in), 
and a width of 12/32 in (3/8 in). The actual size ofthe key is slightly smaller than half of 
the full circle, as shown in dimensions C and F in Table 11-3. 

Selection and Installation of Keys and Keyseats 

The key and the keyseat for a particular application are usually designed after the shaft di
ameter is specified by the methods of Chapter 12. Then, with the shaft diameter as a guide, 
the size ofthe key is selected from Table 11-1. The only remaining variables are the length 
ofthe key and its material. One of these can be specified, and the requirements for the other 
can then be computed. 

Typically the length of a key is specified to be a substantial portion ofthe hub length 
ofthe eleinent in which it is installed to provide for good alignment and stable operafion. 
But if the keyseat in the shaft is to be in the vicinity of other geometric changes, such as 
shoulder fillets and ring grooves, it is important to provide some axial clearance between 
them so that the effects of the stress concentrations are not compounded. 

The key can be cut off square at its ends or provided with a radius at each end when 
installed in a profile keyseat to improve location. Square cut keys are usually used with the 
sled-runner-type key.seat. 

The key is somefimes held in position with a set screw in the hub over the key. How
ever, the reliability of this approach is questionable becau.se of the possibility of the set 
screw's backing out with vibration ofthe assembly. Axial location ofthe assembly should 
be provided by more positive means, such as shoulders, retaining rings, or spacers. 

1 1 - 3 
MATERIALS FOR 

KEYS Keys are most often made from low-carbon, cold-drawn .steel. For example, AISI 1020 CD 
is listed in Appendix 3 as having an ultimate tensile strength of 61 ksi (420 MPa), a yield 

D E S I G N ^̂ ''̂ "S^*^ "^ '̂̂ ' l̂ -̂ ' '•^^- '^P^)' ^"d a 15% elongation. This is adequate strength and ducfil-
.>Mi\\(\ '̂ y ^̂ '̂" "̂ "̂ ^ applications. Standard key stock conforming to the dimensions of ANSI Stan-

( ' ^ -̂  <Ĵ r<J B17.1 (Table 11-1) is available from industrial supply centers in similar materials. 

IL 
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11-4 
STRESS 

ANALYSIS TO 
DETERMINE KEY 

LENGTH 

[EIDESIGN 

You should check the actual material and guaranteed strength of key stock used in critical 
applications. 

If the low-carbon steel is not suftlciently strong, higher-carbon steel, such as AISI 
1040 or 1045. could be used, also in the cold-drawn condition. Heat-treated steels could be 
used to gain even higher strength. However, the material should retain good ductility as in
dicated by a percent elongation value greater than about 10%, particulariy when shock or 
impact loads could be encountered. 

There are two basic modes of potential failure for keys transmitting power: (1) shear across 
the shaft/huh interface and (2) compression failure due to the bearing action between the 
sides of the key and the shaft or hub material. The analysis for either failure mode requires 
an understanding of the forces that act on the key. Figure 11—4 shows the idealized case in 
which the torque on the shaft creates a force on the left side of the key. The key in turn ex
erts a force on the right side of the hub keyseat. The reaction force of the hub back on the 
key then produces a set of opposing forces that place the key in direct shear over its cross 
section, VV = L, The magnitude of the shearini: force can be found from 

F = T/{D/2) 

The shearing stress is then 

T = 
~iY 

A, {D/2){WL) DWL 
(11-1) 

In design, we can set the shearing stress equal to a design stress in shear for the maximum 
shear stress theory of failure: 

TJ = 0.5sjN 

Then the required length of the key is 

L = 
TjDW 

(11-2) 

FIGURE 1 1 ^ 
Forces on a key 

Force /• 
distnbulcd 
over hearing 
area, I (H 2) 

(a) Pictorial view 

Shear plane-
Shear area - 11 / 

1 oree ol-
shall on kev 

-n-

[b) Side view 
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The failure in bearing is related to the compressive stress on the side of the key, the 
side ofthe shaft keyseat, or the side ofthe hub keyseat. The area in compression is the same 
for either ofthese zones, L X (HI2). Thus, the failure occurs on the surface with the lowest 
compressive yield strength. Let's define a design stress for compression as 

a J = sjN 

Then the compressive stress is 

F T _ 4 r 
"" ^~A,^ {D/2){L){H/2) ~ 'DLH ^^^'^^ 

Letting this stress equal the design compressive stress allows the computation of the re
quired length of the key for this mode of failure: 

4T 
L = - - - (11^) 

UjDH 

In typical industrial applications, N = 3 is adequate. 
For the design of a square key in which the strength of the key material is lower than 

that of the shaft or the hub. Equations (11-2) and (11-4) produce the same result. Subsfi
tuting the design stress into either equation would give 

^ - ^ 

But be sure to evaluate the length from Equation (11-4) if either the shaft or the hub has a 
lower yield strength than the key. 

Design Procedure l. Complete the design of the shaft into which the key will be installed, and specify 
for Parallel Keys the actual diameter at the location of the keyseat. 

2. Select the size of the key from Table 11-1. Use a square key with W = H'\f the 
shaft size is 6.50 in or smaller. Use a rectangular key if the diameter is greater than 
6.50 in. Then the key width VV will be greater than the height H, requiring that both 
Equation (11-2) and (11^) be used to determine the length. 

3. Specify the material for the key, usually AISI 1020 CD steel. A higher-strength 
material can be used. 

4. Determine the yield strength of the materials for the key, the shaft, and the hub. 

5. If a square key is used and the key material has the lowest strength, use Equafion 
(11-5) to compute the minimum required length ofthe key. This length will be sat
isfactory for both shear and bearing stress. 

6. If a rectangular key is used, or if either the shaft or the hub has a lower strength 
than the key, use Equation (11^) to compute the minimum required length ofthe 
key based on bearing stress. Also, use Equation (11-2) or (11-5) to compute the 
minimum required length based on shear of the key. The larger of the two com
puted lengths governs the design. Check to be sure that the computed length is 
shorter than the hub length. If not, a higher-strength material must be selected and 
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the design process repeated. Alternatively, two keys or a spline can be used instead 
of a single key. 

7. Specify the actual length of the key to be equal to or longer than the computed min
imum length. A convenient standard size should be specified using the preferred 
basic sizes shown in Appendix A2-1. The key should extend over all or a sub
stantial part of the length of the hub. But the keyseat should not run into other 
stress raisers such as shoulders or grooves. 

8. Complete the design of the keyseat in the shaft and the keyway in the hub using 
the equations in Figure 11-2. ANSI Standard B17.1 should be consulted for stan
dard tolerances on dimensions for the key and the keyseats. 

Example Problem 11-1 A portion of a shaft where a gear is to be mounted has a diameter of 2.00 in. The gear trans
mits 2965 lb- in of torque. The shaft is to be made of AISI 1040 cold-drawn steel. The gear 
is made from AISI 8650 OQT 1000 steel. The width ofthe hub ofthe gear mounted at this 
location is 1.75 in. Design the key. 

Solution 

Summary 

From Table 11-1. the standard key dimension for a 2.00-in-diameter shaft would be 1/2 in 
square. See Figure 11-5 for the proposed design. 

Material selection is a design decision. Let's choose AISI 1020 CD steel with 5, = 
51 000 psi. 

A check of the yield strengths of the three materials in the key, the shaft, and the hub 
indicates that the key is the weakest material. Then Equation (11-5) can be used to com
pute the minimum required length ofthe key: 

L = 
4(2965)(3] ATN ^ 

DWs, ~ (2.00)(0.50)(51 000) 
0.698 in 

This length is well below the width ofthe hub ofthe gear. Notice that the design ofthe shaft 
includes retaining rings on both sides of the gear. It is desirable to keep the keyseat well 
clear of the ring grooves. Therefore, let's specify the length of the key to be 1.50 in. 

In summary, the key has the following characteristics: 

Material: AISI 1020 CD steel 

Width: 0.500 in 

Height: 0.500 in 

Length: 1.50 in. 

Figure 11-5 shows some details of the completed design. A profile keyseat in the shaft is 
shown. 

Shear and Bearing Areas for Woodruff Keys 

The geometry of Woodruff keys makes it more difficult to determine the shear area and the 
bearing area for use in stress analyses. Figure 1 l-3(e) shows that the bearing area on the 
side of the key in the keyseat is a segment of a circle. The shear area is the product of the 
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FIGURE 11-5 
Details for proposed 
design of key and 
keyseats 

0.30 in a 
• 1.00 in • 

I..SO in 

Top view of keyseat 
in shaft 

1.7.3 in-

T 
i/:xi/2X IV: key 
Ring groove 

0.25 in = HI2 

Shaft section at keyseat 

Hub section at keyseat 

chord of that segment times the thickness ofthe key. The following equafions describe the 
geometry: 

Given 

B = nominal diameter of the cylinder of which the key is a part 

W = width (thickness) ofthe key 

C = full height of the key 

d, = depth of the keyseat in the shaft 

Results 

Shear area = A, = 2wVd,{B - d,) (11-6) 

To define the equations for the bearing areas on the side of the key in the shaft and in 
the hub, we first define three geometric variables, G, L, and J, as follows: 

G = (TT/180)5 cos-'{2[(fi/2) - d,]/B} 

L = 2Vd^ {B - d,) 

J= (TT/I80)5 cos-'{2[(fi/2) - C]/B] 
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Bearing Area in Shaft 

4.har. = 0.5{C(5/2) - L[{B/2) - J j 

A,,,, = 0.5{y(fi/2) - F[{B/2) - C]\ shjlt 

(11-7) 

(11-8) 

11—5 A spline can be described as a series of axial keys machined into a shaft, with correspon-
SPLINES ding grooves machined into the bore of the mating part (gear, sheave, sprocket, and so on: 

see Figure 11-6). The splines perform the same function as a key in transmitting torque 
from the shaft to the mating element. The advantages of splines over keys are many. Be
cause usually four or more splines are used, as compared with one or two keys, a more uni
form transfer of the torque and a lower loading on a given part of the shaft/hub interface 
result. The splines are integral with the shaft, so no relative motion can occur as between a 
key and the shaft. Splines are accurately machined to prtivide a controlled fit between the 
mating internal and external splines. The surface of the spline is often hardened to resist 
wear and to facilitate its use in applications in which axial motion ofthe mating element is 
desired. Sliding motion between a standard parallel key and the mating element should not 
be permitted. Because of the multiple splines on the shaft, the mating element can be in
dexed to various positions. 

Splines can be either straight-sided or involute. The involute form is preferred be
cause it provides for self-centering of the mating eleinent and because it can be machined 
with standard hobs used to cut gear teeth. 

Straight-Sided Splines 

Straight splines are made according to the specifications of the Society of Automotive En
gineers (SAE) and usually contain 4, 6. 10. or 16 splines. Figure 1 1-6 shows the six-spline 

FIGURE 11-6 
Straight-sided spline 

(a) General form of spline connection 

(b) Internal spline 
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TABLE 11-4 Formulas for SAE straight s 

w, 
No. of for all splines fits 

Four 0.24 ID 
Six 0.250D 
Ten 0.156D 
Sixteen 0.098D 

A: 
Permanent 

fit 

h d 

0.075D 0.850D 
0.050D 0.900D 
0.045D 0.9 lOD 
0.045D 0.9 lOD 

plines 

B: 
To slide 

without load 

/; d 

0.125D 0.750D 
0.075D 0.850D 
0.070D 0.860D 
0.070D 0.860D 

C. 
To slide 

under load 

h d 

O.I OOD 0.800D 
0.095D 0.810D 
0.095D 0.8 lOD 

Note: These formulas give the maximum dimensions for W. h. and d. 

version, from which you can see the basic design parameters of D (major diameter), d (mi
nor diameter), W (spline width), and h (spline depth). The dimensions for d, W, and h are 
related to the nominal major diameter D by the formulas given in Table 11-4. Note that the 
values of/? and d differ according to the use of the spline. The permanent fit. A, is used when 
the mating part is not to be moved after installafion. The B fit is used if the mating part will 
be moved along the shaft without a torque load. When the mating part must be moved un
der load, the C fit is used. 

The torque capacity for SAE splines is based on the limit of 1000-psi bearing stress 
on the sides of the splines, from which the following formula is derived: 

7 = \OOONRh 

where N = number of splines 
R — mean radius of the splines 
h = depth ofthe splines (from Table 11-4) 

(11-9) 

The torque capacity is per inch of length of the spline. But note that 

R = 
T 9 

D -\- d 

Then 

h = -{D- d) 

T = lOOO/V —'- = \000N-
^ - 8 

(11-10) 

This equation can be further refined for each of the types of splines in Table 1 1 ^ by sub
stitution of the appropriate relationships for A' and d. For example, for the six-spline ver
sion and the B fit, N = 6,d = 0.850D. and d- = 0.1225D-. Then 

[D- - 0.1225D-] 
T = 1000(6) ^ J = 208D-

Thus, the required diameter to transmit a given torque would be 

D = Vr/208 

file:///OOONRh
file:///000N


Section 11-5 • Splines 505 

In these formulas, dimensions are in inches and the torque is in pound-inches. We use this 
same approach to find the torque capacities and required diameters for the other versions of 
.straight splines (Table 11-5). 

The graphs in Figure 11-7 enable you to choose an acceptable diameter for a spline 
to carry a given torque, depending on the desired fit. A, B, or C. The data were taken from 
Table 11-5. 

Involute Splines 

Involute splines are typically made with pressure angles of 30°, 37.5°, or 45°. The 30° form 
is illustrated in Figure 11-8, showing the two types of fit that can be specified. The major 
diaineter fit produces accurate concentricity between the shaft and the mating element. In 

TABLE 11-5 Torque capacity for straight splines per 
inch of spline length 

Number of 
splines Fit 

Torque 
capacity 

Required 
diameter 

4 

4 

6 

6 

6 

10 

10 

10 

16 

16 

16 

A 

B 

A 

B 

C 

A 

B 

C 

A 

B 

C 

139D-

2\9D-

143D-

208£>-

270D-

215D-

326D-

430D-

344D-

52ID-

688D-

Vr/m 
VT/219 

Vr/i43 
Vr/208 
V'r/270 
Vr/2i5 
Vr/m, 
VT/430 

VT/344 

Vr/521 
\/r/688 

c 

Torque capacity per inch of spline length, in-lb 

FIGURE 11-7 Torque capacity per inch of spline length, lb • in 
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FIGURE 11-8 
30° involute spline 

(a) Side-fit spline 

A' = Number of spline teeth 
P = Diametral pitch 
D = N/P ^ Pitch dia. 
p — Tc/P = Circular pitch 

Minor dia.: 

Internal: 

External: 

N - I 
P 

N - 1.35 

Note chamfer on tips of 
external spline teeth 

(b) Major dia. fit spline 

Major dia.: 

Internal: " ^ '''' 

External: 

P 
N + 1 

P 
N + I 

side fit 

major dia. fit 

the side fit, contact occurs only on the sides of the teeth, but the involute form tends to cen
ter the shaft in the mating splined hub. 

Figure 11-8 also gives some of the basic formulas for key features of involute splines 
in the U.S. Customary Unit System with dimensions in inches. (See Reference 4.) The 
terms are similar to those for involute spur gears which are discussed more completely in 
Chapter 8. The basic spline size is governed by its diametral pitch, P: 

P - N/D (11-11) 

where N = number of spline teeth 
D = pitch diameter 

The diametral pitch, then, is the number of teeth per inch of pitch diameter. Only even num
bers of teeth from 6 to 60 are typically used. Up to 100 teeth are used on some 45° splines. 
Note that the pitch diameter lies within the tooth and is related to the major and minor di
ameters by the relafionships shown in Figure 11-8. 

The circular pitch, p, is the distance from one point on a tooth to the corresponding 
point on the next adjacent tooth, measured along the pitch circle. To find the nominal value 
of p, divide the circumference of the pitch circle by the number of spline teeth. That is, 

p = -nD/N (11-12) 

But because P — N/D, we can also say 

p = TT/P (11-13) 
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The tooth thickness, t, is the thickness of the tooth measured along the pitch circle. 
Then the theoretical value is 

/ = p/2 = TT/2P 

The nominal value of the width of the tooth space is equal to /. 

Standard Diametral Pitches. The following are the 17 standard diametral pitches in 
common use: 

16 2.5 

20 

3 

24 

4 

32 

5 

40 

6 

48 

8 

64 

10 

80 

12 

128 

The common designation for an involute spline is given as a fraction. P/P,, where P, is called 
the stub pitch and is always equal to 2P. Thus, if a spline had a diametral pitch of 4, it would 
be called a 4/8 pitch spline. For convenience, we will u.se only the diametral pitch. 

Length of Splines. Common designs use spline lengths from 0.75D to 1.25D, where 
D is the pitch diameter of the spline. If these standards are used, the shear strength of the 
splines will exceed that of the shaft on which they are machined. 

Metric Module Splines. The dimensions of splines made to metric standards are re
lated to the module, in, where 

in D/N (11-14) 

and both D and m are in millimeters. (See Reference 5.) Note that the symbol Z is used in 
place of A' for the number of teeth in standards describing metric splines. Other features of 
metric splines can be found from the following formulas: 

Pitch diameter = D = mA' (11-15) 
Circular pitch = p = trni (11-16) 

Basic tooth thickness = t = Tr/»/2 (11-17) 

Standard Modules. There are 15 standard modules: 

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 
2.50 3 4 5 6 8 10 

Design Aids 

Refer to References 9, 11, and 12 for additional design guidelines. Reference 9 includes 
extensive tables of data for splines and oft'ers application and design information. Refer
ence 11 gives information on the application, operation, dimensioning, and manufacture of 
involute splines as applied to automotive applications. Data are included on allowable shear 
stress, allowable compressive stress, wear life factor, spline overioad factor, and fatigue lite 
factor. Reference 12 is an SAE aerospace standard that defines an involute spline with a 
30° pressure angle and a full fillet radius that reduces the stress concentration in the area 
of the root. 
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11-6 
OTHER 

METHODS OF 
FASTENING 

ELEMENTS TO 
SHAFTS 

The following discussion will acquaint you with some of the ways in which power-
transmifting elements can be attached to shafts without keys or splines. (See Reference 10.) 
In most cases the designs have not been standardized, and analysis of individual cases, con
sidering the forces exerted on the elements and the manner of loading of the fastening 
means, is necessary. In several ofthe designs, the analysis of shear and bearing will follow 
a procedure similar to that shown for keys. If a satisfactory analysis is not possible, tesfing 
of the as.sembly is recommended. 

Pinning 

With the element in position on the shaft, a hole can be drilled through both the hub and the 
shaft, and a pin can be inserted in the hole. Figure 11-9 shows three examples of this ap
proach. The straight, solid, cylindrical pin is subjected to shear over two cross sections. If 
there is a force, F, on each end of the pin at the shaft/hub interface, and if the shaft diame
ter is D, then 

T - 2F{D/2) = FD 

or F = 77D. With the symbol d representing the pin diameter, the shear stress in the pin is 

F T AT 
T = 

A, D(W-/4) D{'nd-) 
(11-18) 

Letting the shear stress equal the design stress in shear as before, solving for d gives the re
quired pin diameter: 

FIGURE 11-9 
Pinning 

d = 
47 

D{'n){':j) 
(11-19) 

Sometimes the diameter ofthe pin is purposely made small to ensure that the pin will break 
if a moderate overload is encountered, in order to protect critical parts of a mechanism. 
Such a pin is called a shear pin. 

One problem with a cylindrical pin is that fitting it adequately to provide precise lo
cation ofthe hub and to prevent the pin from falling out is difficult. The taper pin overcomes 
some of these problems, as does the spin spring pin shown in Figure 1 l-9(c). For the split 
spring pin, the hole is made slightly smaller than the pin diameter so that a light force is re
quired to assemble the pin in the hole. The spring force retains the pin in the hole and holds 

(a) Cylindrical pin (b) Taper pin (c) Spring pin 



Section 11-6 • Other Methods of Fastening Elements to Shafts 509 

the assembly in posifion. But, of course, the presence of any of the pin-type connections 
produces stress concentrations in the shaft. (See Internet site 1.) 

Keyless Hub to Shaft Connections 

Using a steel ring compressed tighfiy around a smooth shaft allows torque to be transmit
ted between the hub of a power-transmitting element and a shaft without having a key be
tween the two elements. Figure 11-10 shows a commercially available product called a 
Locking Assembly'^'^' from Ringfeder® Corporation that employs this principle. 

The Locking Assembly''''"* employs steel rings with opposing mating tapers held to
gether with a series of fasteners. With the Locking AssemblyT'"' placed completely within a 
counter bore of the hub of virtually any kind of power-transmitfing element such as a gear, 
sprocket, fan wheel, cam, coupling, or turbine rotor, the fasteners can then be tightened. Ini
tially there is a small clearance between the inside diameter of the locking device and the 
shaft as well as the hub bore. This clearance facilitates easy assembly and positioning ofthe 
hub. After the hub is positioned in the desired location on the shaft, the fasteners are tight
ened to a specified torque in a specific sequence. As the bolts are tightened, they draw the 
opposing tapered rings together, generating a radial movement of the inner ring toward the 
shaft and a simultaneous outward movement of the outer ring toward the ID of the hub. 
Once the initial clearances are eliminated, further tightening of the bolts results in a high 
pressure against the shaft and the hub. When the bolts are properly torqued using a torque 
wrench, the final contact pressure combined with friction allows for the transmission of a 
predetermined and predictable amount of torque between the hub and the shaft. 

The connection can transmit axial forces in the form of thrust loads as well as torque 
as with helical gears, for example. Rated torque values range from a few hundred Ib-ft for 
smaller units to more than 1 million Ib-ft for shafts with diameters of 20 inches. Unlike a 
thennal or pressure fit connecfion, the locking device can be easily removed since it is a me
chanical shrink fit. The pressures generated within the locking device itself allow the 
stresses to remain within the elasfic limits ofthe materials. Removal is simply done by care
fully loosening the screws, thus allowing the rings to slide apart and retum the Locking As-
semblyT'"' to its original relaxed condition. The element can then be repositioned or 
removed at any time. Some locking devices have .self-releasing taper angles, which allow 
them to self-release when the fasteners are loosened. Other locking devices have self-
locking tapers that require the gentle pressing apart of the locking device parts. Different 
applications dictate which type of device is better suited. 

Advantages ofthe keyless connecfion are the elimination of keys, keyways, or splines, 
and the cost of machining them; tight fit of the driving element around the shaft; the ability 
to transmit reversing or dynamically changing loads; and easy assembly, disassembly, and 
adjustment ofthe elements. General engineering information is provided on the Intemet site 
for Ringfeder® (Corporation listed at the end of this chapter for installation dimensions, tol
erances, lubrication, and surface finishes required. The rated torque values are for use on 

FIGURE 11-10 
Ringfeder® Locking 
Assemblies 
(Ringfeder® 
Corporafion, 
Westwood, NJ) 

(a) A variety of styles 
(b) Locking assembly 

applied to a gear 
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Three-sided P3 extemal profile 

Polygon profile produced in a variety ot products Four-sided PC4 extemal profile 

FIGURE 11-11 Polygon hub to shaft connections (General Polygon Systems, Inc., Millville, NJ) 

solid shafts; hollow shafts require additional analysis. Special considerafions are necessary 
for the hub design to ensure that stresses remain below the yield strength ofthe hub material. 

Polygon Hub to Shaft Connection 

Figure 11-11 shows a shaft to hub connection that employs special mating polygon shapes to 
transmit torque without keys or splines. See Intemet site 17 for available sizes and application 
information. Gemian standards DIN 32711 and 32712 describe the forms. They can be pro
duced on shaft sizes from 0.188 in (4.76 mm) to 8.00 in (203 mm). The three-sided configura
tion is called the P3 profile, and the four-sided design is called the PC4 profile. CNC tuming 
and grinding can be used to produce the extemal form while broaching typically produces the 
intemal form. Torque is transmitted by distributing the load on each side ofthe polygon, elim
inating the sheaiing action inherent with keys or splines. Dimensions can be controlled for fight 
or press fits for precision, backlash-free location or with a sliding fit for ease of assembly. 

Split Taper Bushing 

A split taper bushing (see Figure 11-12) uses a key to transmit torque. Axial locafion on 
the shaft is provided by the clamping action of a split bushing having a small taper on its 
outer surface. When the bushing is pulled into a mating hub with a set of capscrews, the 
bushing is brought into tight contact with the shaft to hold the assembly in the proper axial 
position. The small taper locks the assembly together. Removal of the bushing is accom
plished by removing the capscrews and using them in push-off holes to force the hub off 
the taper. The assembly can then be easily disassembled. 

Set Screws 

A set screw is a threaded fastener driven radially through a hub to bear on the outer surface 
of a shaft (see Figure 11-13). The point of the set screw is flat, oval, cone-shaped, cupped, 
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FIGURE 11-12 Split 
taper bushing 
(Emerson Power 
Transmission 
Corporation, Drive and 
Component Division, 
Ithaca. NY) 

^ TIP Bushing Bushings applied 

FIGURE 11-13 
Set screws 

Set screws 

or any of several proprietary forms. The point bears on the shaft or digs slightly into its sur
face. Thus, the set screw transmits torque by the friction between the point and the shaft or 
by the resistance ofthe material in shear. The capacity for torque transmission is .somewhat 
variable, depending on the hardness of the shaft material and the clamping force created 
when the screw is installed. Furthermore, the screw may loosen during operation because 
of vibration. For these reasons, set screws should be u.sed with care. Some manufacturers 
provide set screws with plastic inserts in the side among the threads. When the set screw is 
.screwed into a tapped hole, the plastic is deformed by the threads and holds the screw se
curely, resisting vibration. Using a liquid adhesive also helps resist loosening. 

Another problem with using .set screws is that the shaft surf'ace is damaged by the 
point; this damage may make disassembly difficult. Machining a flat on the surt'ace of the 
shaft may help reduce the problem and also produce a more consistent assembly. 

When set screws are properly assembled on typical industrial shafting, their force ca
pability is approximately as follows (see Reference 9): 

ScrcM' Diaineter 

1/4 in 

3/8 in 

1/2 in 

3/4 in 

l in 

Holding Force 

1001b 

250 lb 

5001b 

1300 lb 

2500 lb 
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FIGURE 11-14 
Tapered shaft for 
fastening machine 
elements to shafts 

(a) Taper and screw 

(b) Taper and nut 

Taper and Screw 

The power-transmitting element (gear, sheave, sprocket, or other) that is to be mounted 
at the end of a shaft can be secured with a screw and a washer in the manner shown in 
Figure 1 l-14(a). The taper provides good concentricity and moderate torque transmis
sion capacity. Because of the machining required, the connection is fairly costly. A 
modified form uses the tapered shaft with a threaded end for the application of a nut, 
as shown in Figure 1 l-14(b). The inclusion of a key lying in a keyseat machined par
allel to the taper increases the torque-transmitting capacity greatly and ensures positive 
alignment. 

Press Fit 

Making the diameter of the shaft greater than the bore diameter of the mating element re
sults in an interference fit. The resulting pressure between the shaft and the hub permits the 
transmission of torque at fairly high levels, depending on the degree of interference. This is 
discussed more fully in Chapter 13. Sometimes the press fit is combined with a key, with 
the key providing the positive drive and the press fit ensuring concentricity. 

Molding 

Plasfic and die cast gears can be molded directly to their shafts. Often the gear is applied to 
a location that is knurled to improve the ability to transmit torque. A modificafion of this 
procedure is to take a separate gear blank with a prepared hub, locate it over the proper po
sition on a shaft, and then cast zinc into the space between the shaft and the hub to lock them 
together. 
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1 1 - 7 The term coupling refers to a device used to connect two shafts together at their ends for the 
COUPLINGS purpose of transmitting power. There are two general types of couplings: rigid and flexible. 

Rigid Couplings 

Rigid couplings are designed to draw two shafts together tightly so that no relative motion 
can occur between them. This design is desirable for certain kinds of equipment in which 
precise alignment of two shafts is required and can be provided. In such cases, the coupling 
must be designed to be capable of transmitting the torque in the shafts. 

A typical rigid coupling is shown in Figure 11-15, in which flanges are mounted on 
the ends of each shaft and are drawn together by a series of bolts. The load path is then from 
the driving shaft to its flange, through the bolts, into the mating flange, and out to the driven 
shaft. The torque places the bolts in shear. The total shear force on the bolts depends on the 
radius of the bolt circle, D <̂72, and the torque, T. That is, 

F = T/{DJ2) = 2T/D,,, 

Letting Â  be the number of bolts, the shear stress in each bolt is 

T = 
27 

(11-20) 
A, A'(m/74) D,,7V( 17^-/4) 

Letting the stress equal the design stress in shear and solving for the bolt diameter, we have 

87 
D,, Nir J,I 

(11-21) 

Notice that this analysis is similar to that for pinned connections in Section 11-6. The 
analysis assumes that the bolts are the weakest part of the coupling. 

Rigid couplings should be used only when the alignment of the two shafts can be 
maintained very accurately, not only at the time of installation but also during operation of 
the machines. If significant angular, radial, or axial misalignment occurs, stresses that are 
difficult to predict and that may lead to early failure due to fatigue will be induced in the 
shafts. These difficulties can be overcome by the use of flexible couplings. 

Flexible Couplings 

Flexible couplings are designed to transmit torque smoothly while permitting some axial, 
radial, and angular misalignment. The flexibility is such that when misalignment does 

FIGURE 11-15 
Rigid coupling 
(Rockwell 
Automation/Dodge, 
Greenville, SC) 

d = Bolt diameter 

Cutaway view 
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occur, parts of the coupling move with little or no resistance. Thus, no significant axial or 
bending stresses are developed in the shaft. 

Many types of flexible couplings are available commercially, as shown in Figures 
11-16 through 11-24. Each is designed to transmit a given limiting torque. The manufac
turer's catalog lists the design data from which you can choose a suitable coupling. Re-

Elastometric member bonded 
to steel flanges and hubs 

FIGURE 11-16 Chain coupling. Torque is 
transmitted through a double roller chain. Clearances 
between the chain and the sprocket teeth on the two 
coupling halves accommodate misalignment. (Emerson 
Power Transmission Corporation, Ithaca, NY) 

FIGURE 11-17 Ever-Flex coupling. The features of 
this coupling are that it (1) generally minimizes 
torsional vibration; (2) cushions shock loads; (3) 
compensates for parallel misalignment up to 1/32 in; 
(4) accommodates angular misalignment of ±3°; and 
(5) provides adequate end float. ±1/32 in. (Emerson 
Power Transmission Corporation, Ithaca, NY) 

FIGURE 11-18 Grid-Flex coupling. Torque is 
transmitted through a flexible spring steel grid. Flexing 
of the grid permits misalignment and makes it 
torsionally resilient to resist shock loads. (Emerson 
Power Transmission Corporation, Ithaca, NY) 

FIGURE 11-19 Gear coupling. Torque is 
transmitted between crown-hobbed teeth from the 
coupling half to the sleeve. The crown shape on the 
gear teeth permits misalignment. (Emerson Power 
Transmission Corporation, Ithaca, NY) 
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FIGURE 11-20 
Bellows coupling. The 
inherent flexibility of 
the bellows 
accommodates the 
misalignment. 
(Stock Drive Products, 
New Hyde Park, NY) 

FIGURE 11-21 
PARA-FLEX® 
coupling. Using an 
elastomeric element 
permits misalignment 
and cushions shocks. 
(Rockwell 
Automation/Dodge, 
Greenville, SC) 

FIGURE 11-22 
Dynaflex® coupling. 
Torque is transmitted 
through elastomeric 
material that flexes to 
permit misalignment 
and to attenuate shock 
loads. (Lord 
Corporation, Erie, PA) 

f • # •• 

member that torque equals power divided by rotational speed. So for a given size of cou
pling, as the speed of rotation increases, the amount of power that the coupling can trans
mit also increa.ses, although not always in direct proportion. Of course, centrifugal effects 
determine the upper limit of speed. 

The degree of misalignment that can be accommodated by a given coupling should 
be obtained from the manufacturer's catalog data, with values varying with the size and 
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FIGURE 11-23 
Jaw-Type coupling 
(Emerson Power 
Transmission 
Corporation, Ithaca. 
NY) 

Inserts 

(a) Assembled coupling 

Neoprene 
(normal duty 
applications) 

Bronze, 
oil impregnated 
(low-speed, 
high-torque 
applications) 

Polyurethane 
(extra capacity 
at medium to 
high speed) 

(b) Types of inserts 

FIGURE 11-24 
FORM-FLEX® 
coupling. Torque is 
transmitted from hubs 
through laminated 
flexible elements to the 
spacer. (T. B. Wood's 
Incorporated, 
Chambersbers. PA) 

design ofthe coupling. Small couplings may be limited to parallel misalignment of 0.005 in, 
although larger couplings may allow 0.030 in or more. Typical allowable angular misalign
ment is ±3°. Axial movement allowed, sometimes called end float, is up to 0.030 in for many 
types of couplings. (See References 1-3 and the Internet sites for the manufacturers.) 

11-8 
UNIVERSAL 

JOINTS 

When an application calls for accommodating misalignment between mating shafts that 
is greater than the three degrees typically provided by flexible couplings, a universal joint 
is often employed. Figures 11-25 to 11-29 show some ofthe styles that are available. An
gular misalignments of up to 45 degrees are possible at low rotational speeds with single 
universal joints like that shown in Figure 11-25, consisting of two yokes, a center bear
ing block, and two pins that pass through the block at right angles. Approximately 20 to 
30 degrees is more reasonable for speeds above 10 rpm. Single universal joints have the 
disadvantage that the rotational speed of the output shaft is nonuniform in relafion to the 
input shaft. 

A double universal joint as shown in Figure 11-26 allows the connected shafts to be 
parallel and oft'set by large amounts. Furthermore, the second joint cancels the nonuniform 
oscillation ofthe first joint so the input and output rotate at the same uniform speed. 

Figure 11-27 shows a vehicular universal joint connecfing an engine or transmission 
to the drive wheels used in some rear-wheel drive cars, light and heavy tmcks, agricultural 
equipment, and construction vehicles. The spider assembly contains needle-bearing rollers 
on each arm. The right end shows a ball stud yoke, a flange yoke, and a center coupling 
yoke that make up a double Cardan universal joint. Another style, called a constant veloc
ity joint, or simply a CV joint, is often used as a key component of front wheel drive and all 
wheel drive vehicle drivelines. 
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FIGURE 11-25 Universal joint components 
(Curtis Universal Joint Co., Inc.. Springfield, MA) 

FIGURE 11-26 Double universal joint 
(Curtis Universal Joints Co., Inc.. Springfield, MA) 

Bearings „ Snap ring 
Spider Seal j "^JP f 

Ball stud yoke Flange yoke 

Spider 

Coupling yoke 

(b) Automotive propeller shaft with 
(a) Automotive universal joint components double Cardan universal joint 

FIGURE 11-27 Automotive universal joints (Pontiac Motor Division. General Motors Corp.. Pontiac. Ml) 

Figure 11-28 shows a heavy-duty industrial type double universal joint. Some of this 
type will have a two-part connecting tube that is splined to allow for sizable changes in ax
ial position as well as accommodating the angular or parallel misalignment. 

Figure 11-29 shows a novel design called the Cornay"^' universal joint that produces 
tme constant velocity ofthe output shaft through all drive angles up to 90 degrees. Com
pared with standard universal joint designs, the CornayT "̂̂ 'joint can operate at higher speeds, 
carry higher torque levels, and produce less vibration. 

Manufacturers' literature should be consulted for specifying a suitable size of universal 
joint for a given application. The primary variables involved are the torque to be transmitted, 
the rotational speed, and the angle at which the joint will be operating. A speed/angle factor 
is computed as the product of the rotational speed and the operating angle. From this value. 
an operating use factor is determined that is applied to the basic torque load to compute the 
required rated torque for the joint. All manufacturers provide such data in their catalogs. 
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FIGURE 11-28 
Industrial universal 
joint (Spicer 
Driveshaft, Inc.. Dana 
Corp., Toledo, OH) 

FIGURE 11-29 
Cornay"^' universal 
joint (Drive 
Technologies, Inc., 
Longmont, CO) 

11-9 
RETAINING 
RINGS AND 

OTHER MEANS 
OF AXIAL 

LOCATION 

The preceding .sections of this chapter have focused on means of connecfing machine ele
ments to shafts for the purpose of transmitting power. Therefore, they emphasized the abil
ity of the elements to withstand a given torque at a given speed of rotation. It must be 
recognized that the axial location ofthe machine elements must also be ensured by the de
signer. 

The choice of the means for axial location depends heavily on whether or not axial 
thrust is transmitted by the element. Spur gears, V-belt sheaves, and chain sprockets pro
duce no significant thrust loads. Therefore, the need for axial location affects only inciden
tal forces due to vibration, handling, and shipping. Although not severe, these forces should 
not be taken lightly. Movement of an element in relation to its mating element in an axial 
direction can cause noise, excessive wear, vibration, or complete disconnection ofthe drive. 
Any bicycle rider who has experienced the loss of a chain can appreciate the consequences 
of misalignment. Recall that for spur gears, the strength of the gear teeth and the wear re
sistance are both directly proportional to the face width of the gear. Axial misalignment de
creases the eftective face width. 

Some of the methods discussed in Section 11-6 for fastening elements to shafts for 
the purpose of transmitting power also provide some degree of axial location. Refer to the 
discussions of pinning, keyless hub to shaft connections, split taper bushings, set screws, 
the taper and screw, the taper and nut, the press fit, molding, and the several methods of me
chanically locking the elements to the shaft. 
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Among the wide variety of other means available for axial location, we will discuss 
the following: 

• Retaining rings 

• Collars 

• Shoulders 

• Spacers 

• Locknuts 

Retaining Rings 

Retaining rings are placed on a shaft, in grooves in the shaft, or in a housing to prevent the 
axial movement of a machine element. Figure 11-30 shows the wide variety of styles of 
rings available from one manufacturer. The different designs allow for either internal or ex
temal mounting of the ring. The amount of axial thmst load capacity and the shoulder 
height provided by the different ring styles also vary. The manufacturer's catalog provides 
data on the capacity and installation data for the rings. Figure 11-31 shows examples of re
taining rings in use. 

Collars 

A collar is a ring slid over the shaft and positioned adjacent to a machine element for the 
purpose of axial location. It is held in position, typically, by set screws. Its advantage is that 
axial locafion can be set virtually anywhere along the shaft to allow adjustment of the po
sition at the time of assembly. The disadvantages are chiefly those related to the use of set 
screws themselves (Section 11-6). 

FIGURE 11-30 
Standard Tmarc® 
retaining ring series 
(Courtesy Tmarc 
Company LLC, 
Millbum, NJ) 
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FIGURE 11-31 
Retaining rings applied 
to a water conditioner 
mechanism (Courtesy 
Truarc Company LLC, 
Millbum, NJ) 

FIGURE 11-32 
Application of spacers 

Retaining 
ring 

Shoulders 

A shoulder is the vertical surface produced when a diameter change occurs on a shaft. Such 
a design is an excellent method for providing for the axial location of a machine element, 
at least on one side. Several ofthe shafts illustrated in Chapter 12 incorporate shoulders. 
The main design considerations are providing (1) a sufficiently large shoulder to locate the 
element effectively and (2) a fillet at the base of the shoulder that produces an acceptable 
stress concentration factor and that is compatible with the geometry of the bore of the mat
ing element (see Chapter 12, Figures 12-2 and 12-7). 

Spacers 

A spacer is similar to a collar in that it is slid over the shaft against the machine element that 
is to be located. The primary difference is that set screws and the like are not necessary because 
the spacer is positioned between two elements and thus controls only the relative position be
tween them. Typically, one of the elements is positively located by some other means, such as 
a shoulder or a retaining ring. Consider the shaft in Figure 11-32, on which two spacers locate 
each gear with respect to its adjacent bearing. The bearings are in tum located on one side by 
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FIGURE 11-33 
Locknut and 
lockwasher for 
retaining bearings. 
Dimensions are given 
in manufacturer's 
catalog; part sizes are 
compatible with 
standard bearing sizes. 
(SKF Industries, Inc., 
Norristown, PA) 

Bearing Lockwasher ^ H T ^ ^ 

i ^ 1 / Locknut \ - X l ^ 

Shaft 
8 + L + T 

Locknut Lockwasher 
(c) 

the housing supporting their outer races. The gears also seat against shoulders on one side. The 
retaining ring on the shaft secures the subassembly piior to installing it into the housing. 

Locknuts 

When an element is located at the end of a shaft, a locknut can be used to retain it on one 
side. Figure 11-33 shows a bearing retainer type of locknut. These are available as stock 
items from bearing suppliers. 

Caution against Overconstraint 

One practical consideration in the matter of axial location of machine elements is exercis
ing care that elements are not overconstrained. Under certain conditions of differential ther
mal expansion or with an unfavorable tolerance stack, the elements may be forced together 
so tightly as to cause dangerous axial stres.ses. At tiines it may be desirable to locate only 
one bearing positively on a shaft and to permit the other to tloat slightly in the axial direc
tion. The floating element may be held lightly with an axial spring force accommodating 
the thermal expansion without creating dangerous forces. 

11—10 Seals are an important part of machine design in situations where the following condi-
TYPES OF SEALS tions apply: 

1. Contaminants must be excluded from critical areas of a machine. 

2. Lubricants must be contained within a .space. 

3. Pressurized fluids must be contained within a component such as a valve or a hy
draulic cylinder. 
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Some ofthe parameters affecting the choice ofthe type of sealing system, the mate

rials u.sed, and the details of its design are as follows: 

1. The nature of the fluids to be contained or excluded. 

2. Pressures on both sides of the seal. 

3. The nature of any relative motion between the seal and the mating components. 

4. Temperatures on all parts of the sealing system. 

5. The degree of sealing required: Is some small amount of leakage permissible? 

6. The life expectancy of the system. 

7. The nature of the solid materials against which the seal must act: corrosion poten
tial, smoothness, hardness, wear resistance. 

8. Ease of service for replacement of worn sealing elements. 

The number of designs for sealing systems is virtually limitless, and only a brief 
overview will be presented here. More comprehensive coverage can be found in Refer
ence 8. Often, designers rely on technical information provided by manufacturers of com
plete sealing systems or specific sealing elements. Also, in critical or unusual situations, 
testing of a proposed design is advised. See Internet sites 12-15. 

The choice of a type of sealing system depends on the duty that it must perform. Com
mon conditions in which seals must operate are listed here, along with some ofthe types of 
seals used. 

1. Stafic conditions such as sealing a closure on a pressurized container: elastomeric 
O-rings; T-rings; hollow metal O-rings; and sealants such as epoxies, silicones, 
and butyl caulking (Figure 11-34). 

FIGURE 11-34 
O-rings and T-rings 
used as static seals 

Cover plate 

r 1 
O-ring 

^^^^^^^ 
Ring groove 

(fl) O-ring installed 
without compression. 

Backup rings 

((/) Initial installation of 
T-ring and backup rings. 

Clamped 
Pressurized 

(/?) Compressed O-ring. 
Approximately 10% 
squeeze recommended. 

Clamped 

(h) Backup rings squeeze 
bottom and sides of 
T-rings. 

(c) O-ring installed with 
clearance permits 
extrusion into space. 
Damage to ring can occur. 

Pressurized 

I Px^i'^^^^^^^HxXXJ 

(c) Pressure causes T-ring to 
move backup ring into 
gap. Harder backup ring 
does not extrude. 
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2. Sealing a closed container while allowing relative movement of some part, such 
as diaphragms, bellows, and boots (Figure 11-35). 

3. Sealing around a continuously reciprocating rod or piston, such as in a hydraulic 
cylinder or a spool valve in a hydraulic system: lip seal; U-cup seal; V-packing; 
and split ring seals, sometimes caWedpiston rings (Figure 11-36). 

FIGURE 11-35 
Application of a 
diaphragm seal 

-^ A.xial movement 

Pressure 

FIGURE 11-36 Lip 
seals. U-cup seal, 
wiper, and O-rings 
applied to a hydraulic 
actuator 
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FIGURE 11-37 Face 
seals 

4. Sealing around a rotating shaft such as the input or output shafts of a speed re
ducer, transmission, or engine: lip seal; wipers and scrapers; and face seals 
(Figure 1 1-37). 

5. Protection of rolling-element bearings supporting shafts to keep contaminants 
from the balls and rollers (Figure 11-38). 

6. Sealing the active elements of a pump to retain the pumped fluid: face seals and 
V-packing. 

Housing (stationary) 

Mating ring-
(rotating) 

Shaft (rotating) 

7 1 ^ Elastomeric lip seal 

(a) Lip-type face seal 

Housing 

M. K 

Primary seal ring 
(stationary) 

1 ^ = 
Sealing face 

ib) Mechanical face seal 

Spring 

FIGURE 11-38 Seal 
for ball bearing 

Enlarged \ iew 
of seal 

Outer race 
(stationary! 
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7. Sealing infrequently moved elements such as a valve stem of a fluid-flow control 
valve: compression packings and V-packings. 

8. Sealing between hard, rigid surfaces such as between a cylinder head and the block 
of an engine: resilient gaskets. 

9. Circumferential seals, such as at the tips of turbine blades, and on large, high
speed rotating elements: labyrinth seals; abradable seals; and hydrostatic 
seals. 

11-11 
SEAL MATERIALS 

Most seal materials are resilient to peimit the sealing points to follow minor variations in 
the geometry of mating surfaces. Flexing of parts of the seal cross section also occurs in 
some designs, calling for resiliency in the materials. Alternatively, as in the case of hollow 
metal O-rings, the shape ofthe seal allows the flexing of hard materials to occur. Face seals 
require rigid, hard materials that can withstand constant sliding motion and that can be pro
duced with fine accuracy, flatness, and smoothness. 

Elastomers 

Resilient seals such as O-rings. T-rings, and lip seals are often made from synthetic elas
tomers such as the following: 

Neoprene 

Fluorocarbon 

Butadiene 

Polysulfide 

Polyacrylate 

Butyl 

Silicone 

Polyester 

Polyurethane 

PNF (Phosphonitrilic 
tluoroelastomer) 

Nitrile (Buna-AA) 

Fluorosilicone 

Ethylene propylene 

Epichlorohydrin 

Many proprietary formulations within these general classifications are available under trade 
names from seal producers and plastics manufacturers. 

Properties needed in a given installation will limit the selection of candidate materi
als. The following list gives soine ofthe more prevalent requirements for seals and some of 
the materials that meet those requirements: 

Weather resistance: Silicone, fluorosilicone. fluorocarbon. ethylene propylene, 
polyurethane, polysulfide, polyester, neoprene, epichlorohydrin, and PNF. 
Petroleum fluid resistance: Polyacrylate, polyester, PNF. nitrile. polysulfide. 
polyurethane, fluorocarbon, and epichlorohydrin. 
Acid resistance: Fluorocarbon. 
High-temperature operation: Ethylene propylene, fluorocarbon, polyacrylate. sili
cone, and PNF. 

Cold-temperature operation: Silicone, fluorosilicone. ethylene propylene, and PNF. 

Tensile strength: Butadiene, polyester, and polyurethane. 

Abrasion resistance: Butadiene, polyester, and polyurethane. 

Impermeability: Butyl, polyacrylate, polysulfide, and polyurethane. 
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Rigid Materials 

Face seals, and the parts of other types of sealing systems against which elastomers seal, 
require rigid materials that can withstand the sliding action and that are compatible with the 
environment around the seal. Some typical rigid materials used in sealing systems are de
scribed in the following list: 

Metals: Carbon steel, stainless steel, cast iron, nickel alloys, bronze, and tool steels. 

Plastics: Nylon, filled polytetrafluoroethylene (PTre) , and polyimide. 

Carbon, ceramics, tungsten-carbide. 

Plating: Chromium, cadmium, tin, nickel, and silver. 

Flame-sprayed compounds. 

Packings 

Packings for sealing shafts, rods, valve stems, and similar applications are made from a va
riety of materials, including leather, cotton, flax, several types of plastics, braided or twisted 
wire made from copper or aluminum, laminated cloth and elastomeric materials, and flex
ible graphite. 

Gaskets 

Common gasket materials are cork, cork and mbber compounds, filled mbber, paper, re
silient plastics, and foams. 

Shafts 

When radial lip seals are required around shafts, the shafts are typically steel. They should 
be hardened to HRC 30 to resist scoring of the surface. Tolerance on the diameter of the 
shaft on which the seal bears should conform to the following recommendations to ensure 
that the seal lip can follow the variations: 

Shaft Diameter (in) Tolerance (in) 

D < 4.000 ±0.003 

4.000 < D < 6.000 ±0.004 

D > 6.000 ±0.005 

The surface of the shaft and any areas over which the seal must pass during installation 
should be free of burrs to protect against tearing the seal. A surface finish of 10 to 20 |xin 
is recoinmended, with adequate lubrication to ensure full contact and to reduce friction be
tween the seal and the shaft surface. 
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1. Driv-Lok, Inc. www.driv-lok.c<mi Manufacturer of a 
wide variety of parallel keys and press-fit fastening devices 
such as grooved pins, dowel pins, spring pins, and studs. 

2. Ringfeder Corporation, www.ringfeder-usa.com 
Manufacturer of keyless hub to shaft locking devices. 

3. Rockwell Automation/Dodge. www.dodge-pt.c(mi 
Manufacturer of a wide variety of power transmission 
components, including tlexible couplings, gearing, belt 
drives, clutches and brakes, and bearings. 

4. Emerson Power Transmission, Inc. www.emerson-
ept.com Manufacturer of a wide variety of power 
transmission equipment including flexible couplings 
and universal joints under the Kop-Flex, Browning, and 
Morse brands. Other brands include McGill. Rollway, 
Sealmaster, and Van Gorp for gearing, belt drives, chain 
drives, bearings, conveyor pulleys, and clutches. 

5. Dana Corporation, www.dana.com and www. 
spicerdriveshaft.com Manufacturer of tlexible 
couplings, universal joints, and driveshafts for vehicular 
and industrial applications using the Dana and Spicer 
brand names. 

6. GKN Drivetech, Inc. www.gkndrivetech.com 
Manufacturer of constant velocity (CV) joints and 
driveline components for vehicular applications. 

7. Stock Drive Products/Sterling Instrument, n u vt. 
sdp-si.com Manufacturer and distributor of precision 
machine components and assemblies, including tlexible 
couplings, gearing, clutches and brakes, fasteners, and 
many others. 

8. T. B. Wood's Incorporated, www.thwoods.com 
Manufacturer of mechanical, electrical, and electronic 
industrial power transmission products, including 
flexible couplings, synchronous belt drives, V-belt 
drives, gearmotors, and gearing. 

9. Curtis Universal Joint Company, www.citrtisuniversal. 
com Manufacturer of universal joints for the industrial 
and aerospace markets. 

10. Cooper Power Tools/Apex Operation. 
www.cooperindiistries.com Manufacturer of universal 
joints for the military, aerospace, performance racing, 
and industrial power transmission markets. 

11. Truarc Company LLC. www.triiarcctnp.com 
Manufacturer of a wide variety of retaining rings for 
industrial, commercial, military, and consumer 
products. 

12. Federal Mogul Corporation/National Seals, www. 
federal-inogul.com/national Manufacturer of seals for 
engines, transmissions, wheels, difl'erentials. and 
indu.strial applications. Site includes an electronic 
catalog for vehicular seals. 

13. American Seal Company, www.aniericanseal.com 
Manufacturer of O-rings. backups, .square rings, and 
custom molded parts. 

14. Industrial Gasket & Shim Company, www.ig.scinp.com 
Manufacturer of gaskets, shims, and custom fabricated 
seals, e.xpansion joints, and industrial sealants. 

15. American High Performance Seals, Inc. www.ahps. 
net Manufacturer of a wide variety of wipers and 
seals for rods, pistons, and rotary applications. Site 
includes numerous graphic representations of seal 
cross .sections and tables of materials and their 
properties. 

16. Lord Corporation, www.loidinpd.com Manufacturer 
of tlexible couplings, vibration mounts, and shock 
isolation mounts using elastomeric materials bonded to 
metals. Site includes catalog data for selecting couplings 
and other products. 

17. General Polygon Systems, Inc. www.generalp(dygon. 
com Providers of mechanical shaft to hub connections 
using the polygon system. 

18. Drive Technologies, LLC www.drivetechnologies. 
com Developer and manufacturer of the Comay''''' 
universal joint, drive shafts, power take-offs, CV joints, 
and complete drive systems. 
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P R O B L E M S 

For Problems 1—t and 7, determine the required key geometry: 
length, width, and height. Use AISI 1020 cold-drawn steel for 
the keys if a satisfactory design can be achieved. If not, use a 
higher-strength material. Unless otherwise stated, assume that 
the key material is weakest when compared with the shaft ma
terial or the mating elements. 

1. Specify a key for a gear to be mounted on a shaft with a 
2.00-in diameter The gear transmits 21 000 Ib-in of 
torque and has a hub length of 4.00 in. 

2. Specify a key for a gear carrying 21 000 lb • in of torque 
if it is mounted on a 3.60-in-diameter shaft. The hub 
length of the gear is 4.00 in. 

3. A V-belt sheave transmits 1112 lb • in of torque to a 1.75-
in-diameter shaft. The sheave is made from ASTM class 
20 cast iron and has a hub length of 1.75 in. 

4. A chain sprocket delivers 110 hp to a shaft at a rotational 
speed of 1700 rpm. The bore of the sprocket is 2.50 
inches in diameter The hub length is 3.25 in. 

5. Specify a suitable spline having a B fit for each of the ap
plications in Problems 1—4. 

6. Design a cylindrical pin to transmit the power, as in Prob
lem 4. But design it so that it will fail in shear if the power 
exceeds 220 hp. 

7. Specify a key for both the sprocket and the wormgear 
from Example Problem 12—4. Note the specifications for 
the final shaft diameters at the end ofthe problem. 

Describe a Woodruff key no. 204. 

Describe a Woodruff key no. 1628. 

Make a detailed drawing of a Woodruff key connection 
between a shaft and the hub of a gear The shaft has a di
ameter of 1.500 in. Use a no. 1210 Woodruff key. Di
mension the keyseat in the shaft and the hub. 

Repeat Problem 10, using a no. 406 Woodruff key in a 
shaft having a 0.500-in diameter 

Repeat Problem 10, using a no. 2428 Woodruft" key in a 
shaft having a 3.250-in diameter 

13. Compute the torque that could be transmitted by the key 
of Problem 10 on the basis of shear and bearing if the key 
is made from AISI 1020 cold-drawn steel with a design 
factor of N = 3. 

14. Repeat Problem 13 for the key of Problem 11. 

15. Repeat Problem 13 for the key of Problem 12. 

16. Make a drawing of a four-spline connection having a 
major diameter of 1.500 in and an A fit. Show critical 
dimensions. 

17. Make a drawing of a 10-spline connection having a ma
jor diameter of 3.500 in and a B fit. Show critical 
dimensions. 

8. 

9. 

10. 

11. 

12. 

18. Make a drawing of a 16-spline connection having a ma
jor diameter of 2.500 in and a C fit. Show critical 
dimensions. 

19. Determine the torque capacity of the splines in Prob
lems 16-18. 

20. Describe the manner in which a set screw transmits 
torque if it is used in place of a key. Discuss the disad
vantages of such an arrangement. 

21. Describe a press fit as it would be used to secure a power 
transmission element to a shaft. 

22. Describe the main differences between rigid and flexible 
couplings as they affect the stresses in the shafts that they 
connect. 

23. Discuss a major disadvantage of using a single universal 
joint to connect two shafts with angular misalignment. 

24. Describe five ways to locate power transmission elements 
positively on a shaft axially. 

25. Describe three situations in which seals are applied in 
machine design. 

26. List eight parameters that should be considered when 
selecting a type of seal and specifying a particular 
design. 

27. Name three means of sealing a pressurized container un
der static conditions. 

28. Name three methods of sealing a closed container while 
allowing relative movement of some part. 

29. Name four types of seals used on reciprocating rods or 
pistons. 

30. Name three types of seals applied to rotating shafts. 

31. Describe the method of sealing a ball bearing from con
taminants. 

32. Describe an O-ring seal, and sketch its installation. 

33. Describe a T-ring seal, and sketch its installation. 

34. Describe some advantages of T-ring seals over O-rings. 

35. Describe a diaphragm seal and the type of situation in 
which it is used. 

36. Describe suitable methods of sealing the sides of a pis
ton against the inner walls of the cylinder of a hydraulic 
actuator 

37. Describe the function of a scraper or wiper on a 
cylinder rod. 

38. Describe the essential elements of a mechanical face seal. 

39. Name at least six kinds of elastomers commonly used 
for seals. 

40. Name at least three kinds of elastomers that are recom
mended for use when exposed to weather. 
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41. Name at least three kinds of elastomers that are rec
ommended for use when exposed to petroleum-based 
fluids. 

42. Name at least three kinds of elastomers that are rec
ommended for use when exposed to cold-temperature 
operation. 

43. Name at least three kinds of elastomers that are rec
ommended for use when exposed to high-temperature 
operation. 

44. A sealing application involves the following conditions: 
exposure to high-temperature petroleum fluids; imper
meability. Specify a suitable elastomer for the seal. 

45. A sealing application involves the following conditions: 
exposure to high temperature and weather; impermeabil
ity; and high strength and abrasion resistance. Specify a 
suitable elastomer for the seal. 

46. Describe suitable shaft design details where elastomeric 
seals contact the shaft. 
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Shaft Design 

Discussion Map 

n A shaft is a rotating machine 
component that transmits 
power. 

Discover 
Identify examples of mechanical systems that incorporate 
power-transmitting shafts. Descnbe their geometry and 
the forces and torques that are exerted on them. 
What kinds of stresses are produced In the shaft? 
How are other elements mounted on the shaft? Plow 
does the shaft geometry accommodate them? How is 
the shaft supported? What kinds of beatings are used? 

This chapter provides approaches that you can use to 
design shafts that are safe for their intended use. But 
you have the final responsibility for the design. 

A shaft is the component of a mechanical device that transmits rotational motion and power 
It is integral to any mechanical system in which power is transmitted from a prime mover, 
such as an electric motor or an engine, to other rotafing parts ofthe system. Can you idenfify 
some kinds of mechanical systems incorporating rotating elements that transmit power? 

Here are some examples: gear-type speed reducers, belt or chain drives, conveyors, 
pumps, fans, agitators, and many types of automation equipment. What others can you think 
of? Consider household appliances, lawn maintenance equipment, parts of a car, power tools, 
and machines around an oftice or in your workplace. Describe them and discuss how shafts are 
used. From what source is power delivered into the shaft? What kind of power-transmitting el
ement, if any, is on the shaft it.self? Or is the shaft simply transmitting the rotational inotion and 
torque to some other element? If .so, how is the shaft connected to that element? 

Visualize the forces, torques, and bending moments that are created in the shaft dur
ing operation. In the process of transmitting power at a given rotational speed, the shaft is 
inherently subjected to a torsional moment, or torque. Thus, torsional shear stress is devel
oped in the shaft. Also, a shaft usually cairies power-transmitting components, such as 
gears, belt sheaves, or chain sprockets, which exert forces on the shaft in the transverse di
rection (perpendicular to its axis). These transverse forces cause bending moments to be de
veloped in the shaft, requiring analysis ofthe stress due to bending. In fact, most shafts must 
be analyzed for combined stress. 

Describe the specific geometry of shafts from some types of equipment that you can ex
amine. Make a sketch of any variations in geometry that may occur, such as changes in di
ameter, to produce shoulders, grooves, key.seats, or holes. How are any power-transmitting 
elements held in position along the length of the shaft? How are the shafts supported? Typi
cally, bearings are u.sed to support the shaft while permitting rotation relative to the housing 
ofthe machine. What kinds of bearings are used? Do they have rolling elements such as ball 
bearings? Or are they smooth-surtaced bearings? What materials are used? 

It is likely that you will find much diversity in the design of the shafts in different 
kinds of equipment. You should see that the funcfions of a shaft have a large influence on 
its design. Shaft geometry is greatly affected by the mating elements such as bearings, cou
plings, gears, chain sprockets, or other kinds of power-transmitting elements. 

This chapter provides approaches that you can use to design shafts that are safe for 
their intended use. But the final responsibility for the design is yours because it is imprac
tical to predict in a book all conditions to which a given shaft will be subjected. 

531 
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You Are the Designer 

Consider the gear-type speed reducer shown in Figures 
1-12 and 8-3. As you continue the design, three shafts 
must be designed. The input shaft carries the first gear in 
the gear train and rotates at the speed of the prime 
mover, typically an electric motor or an engine. The mid
dle shaft carries two gears and rotates more slowly than 
the input shaft because of the first stage of speed reduc
tion. The final gear in the train is carried by the third shaft, 
which also transmits the power to the driven machine. 
From what material should each shaft be made? What 

torque is being transmitted by each shaft, and over what 
part of the shaft is it acting? How are the gears to be lo
cated on the shafts? How is the power to be transmitted 
from the gears to the shafts, or vice versa? What forces 
are exerted on the shaft by the gears, and what bending 
moments result? What forces must the bearings that 
support each shaft resist? What are the minimum ac
ceptable diameters for the shafts at all sections to ensure 
safe operation? What should be the final dimensional 
specifications for the many features of the shafts, and 
what should be the tolerances on those dimensions? The 
material in this chapter will help you make these and 
other shaft design decisions. 

12-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Propose reasonable geometries for shafts to carry a variety of types of power-
transmitting elements, providing for the secure location of each element and the 
reliable transmission of power. 

2. Compute the forces exerted on shafts by gears, belt sheaves, and chain sprockets. 

3. Determine the torque distribution on shafts. 

4. Prepare shearing force and bending moment diagrams for shafts in two planes. 

5. Account for stress concentration factors commonly encountered in shaft design. 

6. Specify appropriate design stresses for shafts. 

7. Apply the shaft design procedure recommended by the standard, ANSI B106.IM-
1985, Design of Transmission Shafting, to determine the required diameter of 
shafts at any section to resist the combination of torsional shear stress and bend
ing stress. 

8. Specify reasonable final dimensions for shafts that satisfy strength requirements 
and installation considerations and that are compatible with the elements mounted 
on the shafts. 

9. Consider the influence of shaft rigidity on its dynamic perfonnance. 

1 2 - 2 Because of the simultaneous occurrence of torsional shear stresses and normal stresses due 
SHAFT DESIGN to bending, the stress analysis of a shaft virtually always involves the use of a combined 

PROCEDURE stress approach. The recommended approach for shaft design and analysis is the distortion 
energy theory of failure. This theory was introduced in Chapter 5 and will be discussed 

fTfTlP) F S I ( j N "^^^^ ̂ ""^ '" Section 12-5. Vertical shear stresses and direct normal stresses due to axial 
^ " ^ ' loads may also occur. On very short shafts or on portions of shafts where no bending or tor

sion occurs, such stresses may be dominant. The discussions in Chapters 3,4, and 5 explain 
the appropriate analysis. 

The specific tasks to be performed in the design and analysis of a shaft depend on the 
shaft's proposed design in addition to the manner of loading and support. With this in mind, 
the following is a recommended procedure for the design of a shaft. 
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Procedure for 
Design of a Shaft 

1. Determine the rotafional speed of the shaft. 

2. Determine the power or the torque to be transmitted by the shaft. 

3. Determine the design of the power-transmitfing components or other devices that 
will be mounted on the shaft, and specify the required location of each device. 

4. Specify the location of bearings to support the shaft. Normally two and only two 
bearings are used to support a shaft. The reactions on bearings supporting radial 
loads are assumed to act at the midpoint of the bearings. For example, if a single-
row ball bearing is used, the load path is assumed to pass directly through the balls. 
If thrust (axial) loads exist in the shaft, you must specify which bearing is to be de
signed to react against the thrust load. Then the bearing that does not resist the 
thrust should be permitted to move slightly in the axial direcfion to ensure that no 
unexpected and undesirable thrust load is exerted on that bearing. 

Bearings should be placed on either side of the power-transmitting ele
ments if possible to provide stable support for the shaft and to produce reason
ably well-balanced loading of the bearings. The bearings should be placed close 
to the power-transmitting elements to minimize bending moments. Also, the 
overall length of the shaft should be kept small to keep deflections at reasonable 
levels. 

5. Propose the general form of the geometry for the shaft, considering how each element 
on the shaft will be held in position axially and how power transmission from each 
element to the shaft is to take place. For example, consider the shaft in Figure 12-1, 
which is to carry two gears as the intermediate shaft in a double-reduction, spur gear-
type speed reducer. Gear A accepts power from gear P by way of the input shaft. The 
power is transmitted from gear A to the shaft through the key at the interface between 

FIGURE 12-1 
Intermediate shaft for a 
double-reduction, spur 
gear-type speed reducer 

"T~ Spur gear: 20 in 
X " 20° FD teeth 

\t 
B 

-^ lOin — •15 i n 

Pitch circle 

Outside 
diameter 
of gear 

Spur gear: 10 in 
20° FD leelh 

Shall to be 
designed, 
mating gears 
not shown in 
this view 

Gear pairs as viewed 
from right end ot shat 

Input: Gear P drives gear A Output: Gear C drives gear Q 
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FIGURE 12-2 
Proposed geometry for 
the shaft in Figure 
12-1. Sharp fillets at/-,, 
ty, well-rounded fillets 
at r,, /s, r.i: profile 
keyseats at A, C, 

Sharp fillets at r-^, r^ 

Well-rounded fillets at r^, rj, r^ 

Profile keyseats zi A, C 

Retaining ring groove-

7. 

8. 

9. 

10. 

11. 

the gear hub and the shaft. The power is then transmitted down the shaft to point C, 
where it passes through another key into gear C. Gear C then transmits the power to 
gear Q and thus to the output shaft. The locations of the gears and bearings are dic
tated by the overall configuration of the reducer. 

It is now decided that the bearings will be placed at points B and D on the 
shaft to be designed. But how will the bearings and the gears be located so as to en
sure that they stay in position during operation, handling, shipping, and so forth? 
Of course, there are many ways to do this. One way is proposed in Figure 12-2. 
Shoulders are to be machined in the shaft to provide surfaces against which to seat 
the bearings and the gears on one side of each element. The gears are restrained on 
the other side by retaining rings snapped into grooves in the shaft. The bearings will 
be held in position by the housing acting on the outer races of the bearings. Key-
seats will be machined in the shaft at the location of each gear. This proposed geom
etry provides for positive location of each element. 

Determine the magnitude of torque that the shaft sees at all points. It is recom
mended that a torque diagram be prepared, as will be shown later. 

Determine the forces that are exerted on the shaft, both radially and axially. 

Resolve the radial forces into components in perpendicular directions, usually ver
tically and horizontally. 

Solve for the reactions on all support bearings in each plane. 

Produce the complete shearing force and bending moment diagrams to determine 
the distribution of bending moments in the shaft. 

Select the material from which the shaft will be made, and specify its condition: 
cold-drawn, heat-treated, and so on. Refer to Table 2-4 in Chapter 2 for sugges
tions for steel materials for shafts. Plain carbon or alloy steels with medium car
bon content are typical, such as AISI 1040, 4140, 4340, 4640, 5150, 6150, and 
8650. Good ductility with percent elongation above about 12% is recommended. 
Determine the ultimate strength, yield strength, and percent elongation of the se
lected material. 
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12. Determine an appropriate design stress, considering the manner of loading 
(smooth, shock, repeated and reversed, or other). 

13. Analyze each critical point ofthe shaft to determine the minimum acceptable di
ameter of the shaft at that point in order to ensure safety under the loading at that 
point. In general, the critical points are several and include those where a change 
of diameter takes place, where the higher values of torque and bending moment 
occur, and where stress concentrations occur. 

Specify the final dimensions for each point on the shaft. Normally, the results from 
Step 13 are used as a guide, and convenient values are then chosen. Design details 
such as tolerances, fillet radii, shoulder heights, and keyseat diinensions must also 
be specified. Sometimes the size and the tolerance for a shaft diameter are dictated 
by the element to be mounted there. For example, ball bearing manufacturers' cat
alogs specify limits for bearing seat diameters on shafts. 

14 

12-3 
FORCES 

EXERTED ON 
SHAFTS BY 

MACHINE 
ELEMENTS 

This process will be demonstrated after the concepts of force and stress analysis are 
presented. 

Gears, belt sheaves, chain sprockets, and other eleinents typically carried by shafts ex
ert forces on the shaft that cause bending moments. The following is a discussion of 
the methods for computing these forces for some cases. In general, you will have to 
use the principles of statics and dynamics to determine the forces for any particular 
element. 

Spur Gears 

The force exerted on a gear tooth during power transmission acts normal (perpendicular) to 
the involute-tooth profile, as discussed in Chapter 9 and shown in Figure 12-3. It is con
venient for the analysis of shafts to consider the rectangular components of this force act
ing in the radial and tangential directions. It is most convenient to compute the tangential 
force, W,, directly from the known torque being transmitted by the gear. For U.S. Custom
ary units. 

Torque T = 63 000 {P)/n (12-1) 

FIGURE 12-3 
Forces on teeth of a 
driven gear 

Radial force IV,-

Driven gear 

/F,v Nonnal force 

Pressure angle 

W, 
Tangential force 

Driving gear 
Radial line on 
both gears 
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Tangential Force W, = T/{D/2) (12-2) 

where P = power being transmitted in hp 
n = rotational speed in rpm 
T — torque on the gear in lb • in 
D = pitch diameter of the gear in inches 

The angle between the total force and the tangential component is equal to the pres
sure angle, ()), ofthe tooth form. Thus, if the tangential force is known, the radial force can 
be computed directly from 

Radial Forces W, = W, tan (j) (12-3) 

and there is no need to compute the normal force at all. For gears, the pressure angle is typ
ically l 4 ° , 20°, or 25°. 

Directions for Forces on Mating Spur Gears 

Representing the forces on gears in their correct directions is essential to an accurate 
analysis of forces and stresses in the shafts that carry the gears. The force system shown 
in Figure \2^{a) represents the action of the driving gear A on the driven gear B. The 
tangential force, W,. pushes perpendicular to the radial line causing the driven gear to ro
tate. The radial force, W^, exerted by the driving gear A, acts along the radial line tending 
to push the driven gear B away. 

An important principle of mechanics states that for each action force, there is an equal 
and opposite reaction force. Therefore, as shown in Figure 12^(^), the driven gear pushes 
back on the driving gear with a tangential force opposing that of the driving gear and a ra
dial force that tends to push the driving gear away. For the orientation of the gears shown 
in Figure 12^ , note the following directions for forces: 

FIGURE 12-4 
Directions for forces on 
mating spur gears. 

W^ on gear B 
pushes gear B away 

VV, on gear B 
W, on gear A 

W^ on gear A-
pushes gear A 
away 

(a) Forces exerted on 
gear B by gear A. 
Action forces—gear A 
drives gear B. 

(b) Forces exerted on 
gear A by gear B. 
Reaction forces. 
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Action: Driver pushes on driven gear 

W,: Acts to the left 

VV,.: Acts downward 

Reaction: Driven gear pushes hack on driver 

Wf. Acts to the right 

VV,: Acts upward 

In summary, whenever you need to determine the direction of forces acting on a given 
gear, first determine whether it is a driver or a driven gear. Then visualize the action 
forces of the driver. If the gear of interest is the driven gear, these are the forces on it. If 
the gear of interest is the driver gear, the forces on it act in the opposite directions to the 
action forces. 

Helical Gears 

In addition to the tangential and radial forces encountered with spur gears, helical gears pro
duce an axial force (as di.scussed in Chapter 10). First compute the tangential force from 
Equations (12-1) and (12-2). Then, if the helix angle of the gear is vjj, and if the normal 
pressure angle is (j)„, the radial load can be computed from 

Radial Force W^ = W, tan (J)„/cos \\i (12^) 

The axial load is 

Axial Force W, = W, tan \\i (12-5) 

Bevel Gears 

Refer to Chapter 10 to review the formulas for the three components of the total force on 
bevel gear teeth in the tangential, radial, and axial directions. Example Problem 10-4 gives 
a comprehensive analysis of the forces, torques, and bending moments on shafts carrying 
bevel gears. 

Worms and Wormgears 

Chapter 10 also gives the formulas for computing the forces on worms and wormgears in 
the tangential, radial, and axial directions. See Example Problem 10-10. 

Chain Sprockets 

Figure 12-5 shows a pair of chain sprockets transmitting power. The upper part ofthe chain 
is in tension and produces the torque on either sprocket. The lower part of the chain, re
ferred to as the slack side, exerts no force on either sprocket. Therefore, the total bending 
force on the shaft carrying the sprocket is equal to the tension in the tight side of the chain. 
If the torque on a certain sprocket is known. 

Force in Chain F, = T/{D/2) (12-6) 

where D = pitch diameter of that sprocket 
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FIGURE 12-5 
Forces on chain 
sprockets Rotation 

Driving 
sprocket 

Rotation 

Rotation 

T^ = Torque exerted 
on sprocket A 
by the shaft 

Tg = Reaction torque 
exerted on sprocket B 
by the shaft 

Notice that the force, F,, acts along the direction ofthe tight side ofthe belt. Because 
of the size difference between the two sprockets, that direction is at some angle from the 
centerline between the shaft centers. A precise analysis would call for the force, F^, to be 
resolved into components parallel to the centerline and peipendicular to it. That is, 

F„ = F, cos 6 and F ,̂ = F, sin 6 

where the .v-direction is parallel to the centerline 
the y-direction is perpendicular to it 
the angle 0 is the angle of inclination of the tight side of the chain with respect to 
the .v-direction 

These two components of the force would cause bending in both the .v-direction and 
the y-direction. Alternatively, the analysis could be carried out in the direction ofthe force, 
F,, in which single plane bending occurs. 

If the angle 6 is small, little error will result from the assumption that the entire force, 
F ,̂ acts along the .v-direction. Unless stated otherwise, this book will use this assumption. 

C^ Net Driving Force 

V-Belt Sheaves 

The general appearance of the V-belt drive system looks similar to the chain drive system. 
But there is one important difference: Both sides of the V-belt are in tension, as indicated 
in Figure 12-6. The tight side tension, F,, is greater than the "slack side" tension, Fi, and 
thus there is a net driving force on the sheaves equal to 

F,= F. (12-7) 

o 
The magnitude of the net driving force can be computed from the torque transmitted: 

Net Driving Force F^ = T/{D/2) (12-8) 
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FIGURE 12-6 
Forces on belt sheaves 
or pulleys 

Rotation 

Driving 
sheave 

Rotation 

Rotation 

Net torque on A 
74 = (Fi- F2){D^/2) 

Ff. = F, + F, 

Rotation 

Driven 
sheave 

Rotation 

Rotation 

Fg = Bending force 
on shaft 

Net torque on B 
TB = iFi - F2) (Dg/2) 

Bending Force 
on Shaft 

for V-Belt Drive 

But notice that the bending force on the shaft carrying the sheave is dependent on the .sum, 
F\ + F2 — Fy. To be more precise, the components of F, and FT parallel to the line of cen
ters of the two sprockets should be used. But unless the two sprockets are radically differ
ent in diameter, little error will result from Fg = F, -I- Fi. 

To determine the bending force, Fg, a second equation involving the two forces F, 
and FJ is needed. This is provided by assuming a ratio ofthe tight side tension to the slack 
side tension. For V-belt drives, the ratio is normally taken to be 

F| /F. = 5 (12-9) 

It is convenient to derive a relationship between F,^ and Fg of the form 

Fg = CF^ (12-10) 

where C = constant to be determined 

Fg ^ f V + j ^ 
Fv F, - F. 

But from Equation (12-9). F, = 5F.. Then 

F, + F. 5F. + F. 6F. 
C = 

F, 5F. - F, 4F. 
1.5 

Equation (12-10) then becomes, for V-belt drives, 

F g = 1.5F;,= 1.5F/(D/2) 

(12-11) 

(12-12) 
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It is customaiy to consider the bending force, Fg, to act as a single force in the di
rection along the line of centers ofthe nvo sheaves as shown in Figure 12-6. 

Bending Force 
C^ on Shaft 

for Flat-Belt Drive 

Flat-Belt Pulleys 

The analysis of the bending force exerted on shafts by flat-belt pulleys is identical to that 
for V-belt sheaves except that the ratio of the tight side to the slack side tension is typically 
taken to be 3 instead of 5. Using the same logic as with V-belt sheaves, we can compute the 
constant C to be 2.0. Then, for flat-belt drives. 

Fg = 2.0F;v = 2.0T/{D/2) (12-13) 

Flexible Couplings 

More detailed discussion of flexible couplings was pre.sented in Chapter 11, but it is im
portant to observe here how the u.se of a flexible coupling affects the design of a shaft. 

A flexible coupling is u.sed to transmit power between shafts while accommodating 
minor misalignments in the radial, angular, or axial directions. Thus, the shafts adjacent to 
the couplings are subjected to torsion, but the misalignments cause no axial or bending loads. 

12—4 In order to mount and locate the several types of machine elements on shafts properly, a fi-
STRESS nal design typically contains several diameters, keyseats, ring grooves, and other geomet-

CONCENTRATIONS ric discontinuities that create stress concentrations. The shaft design proposed in Figure 
IN SHAFTS 12-2 is an example of this observation. 

, These stress concentrations must be taken into account during the design analysis. 
iTi "~) F S I Cl N "̂̂ ^ '̂  problem exists because the true design values of the stress concentration factors, K,, 

are unknown at the start of the design process. Most of the values are dependent on the di
ameters of the shaft and on the fillet and groove geometries, and these are the objectives of 
the design. 

You can overcome this dilemma by establishing a set of preliminary design values for 
commonly encountered stress concentration factors, which can be used to produce initial 
estimates for the minimum acceptable shaft diameters. Then, after the refined dimensions 
are selected, you can analyze the final geometry to determine the real values for stress con
centration factors. Comparing the final values with the preliminary values will enable you 
to judge the acceptability ofthe design. The charts from which the final values of A'j can be 
determined are found in Figures A15-1 and A15-4. 

Preliminary Design Values for /C, 

Considered here are the types of geometric discontinuities most often found in power-
transmitting shafts: keyseats, shoulder fillets, and retaining ring grooves. In each case, a sug
gested design value is relatively high in order to produce a conservative result for the first 
approximation to the design. Again it is emphasized that the final design should be checked 
for .safety. That is, if the final value is less than the original design value, the design is still safe. 
Conversely, if the final value is higher, the stress analysis for the design must be rechecked. 

Keyseats. A key.seat is a longitudinal groove cut into a shaft for the mounting of a key, 
permitting the transfer of torque from the shaft to a power-transmitting element, or vice 
versa. The detail design of keys was covered in Chapter 11. 
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FIGURE 12-7 
Keyseats 

3-

" ^ ^ ^ ^ ^ 

(a) Profile keyseat 

^ ^ ^ ^ ^ 

ih) Sled runner keyseat 

Two types of keyseats are most frequently used: profile and sled runner (see Figure 
12-7). The profile keyseat is milled into the shaft, using an end mill having a diameter equal 
to the width of the key. The resulting groove is flat-bottomed and has a sharp, square cor
ner at its end. The sled runner keyseat is produced by a circular milling cutter having a width 
equal to the width of the key. As the cutter begins or ends the keyseat, it produces a smooth 
radius. For this reason, the stress concentration factor for the sled runner keyseat is lower 
than that for the profile keyseat. Normally used design values are 

K, = 2.0 (profile) 

K, — 1.6 (sled runner) 

Each of these is to be applied to the bending stress calculation for the shaft, using the full 
diameter of the shaft. The factors take into account both the reduction in cross section and 
the effect ofthe discontinuity. Consult the references listed for more detail about stress con
centration factors for keyseats. (See Reference 6.) If the torsional shear stress is fluctuating 
rather than steady, the stress concentration factor is also applied to that. 

Shoulder Fillets. When a change in diameter occurs in a shaft to create a shoulder 
against which to locate a machine element, a stress concentration dependent on the ratio 
ofthe two diameters and on the radius in the fillet is produced (see Figure 12-8). It is rec
ommended that the fillet radius be as large as possible to minimize the stress concentra
tion, but at times the design ofthe gear, bearing, or other element affects the radius that can 
be used. For the purpose of design, we will classify fillets into two categories: sharp and 
well-rounded. 

The term sharp here does not mean truly sharp, without any fillet radius at all. Such 
a shoulder configuration would have a very high stress concentration factor and should be 
avoided. Instead, sharp describes a shoulder with a relatively small fillet radius. One situa
tion in which this is likely to occur is where a ball or roller bearing is to be located. The in
ner race ofthe bearing has a factory-produced radius, but it is small. The fillet radius on the 



542 Chapter 12 • Shaft Design 

FIGURE 12-8 
Fillets on shafts 

r = radius = 0.0.̂  

{a) Example of sharp fillet 
(A:,= 2.5 for bending) 

r= radius = 0.17 

(b) Example of well-rounded fillet 
{K,= 1.5 for bending) 

shaft must be smaller yet in order for the bearing to be seated properly against the shoulder. 
When an element with a large chamfer on its bore is located against the shoulder, or when 
nothing at all seats against the shoulder, the fillet radius can be much larger (well-rounded), 
and the corresponding stress concentration factor is smaller. We will use the following val
ues for design for bending: 

K, = 2.5 (sharp fillet) 

A', = 1.5 (well-rounded fillet) 

Referring to the chart for stress concentration factors in Figure A15-1, you can see that 
these values correspond to ratios of rid of approximately 0.03 for the sharp fillet case and 
0.17 for the well-rounded fillet for a Did ratio of 1.50. 

Retaining Ring Grooves. Retaining rings are used for many types of locating tasks in 
shaft applications. The rings are installed in grooves in the shaft after the element to be re
tained is in place. The geometry ofthe groove is dictated by the ring manufacturer. Its usual 
configuration is a shallow groove with straight side walls and bottom and a small fillet at 
the base of the groove. The behavior of the shaft in the vicinity of the groove can be ap
proximated by considering two sharp-filleted shoulders positioned close together. Thus, the 
stress concentration factor for a groove is fairly high. 
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For preliminary design, we will apply K, = 3.0 to the bending stress at a retaining ring 
groove to account for the rather sharp fillet radii. The stress concentration factor is not ap
plied to the torsional shear stress if it is steady in one direction. 

The computed estimate for the tnininiutn required diameter at a ring groove is at the 
base oftlie groove. You should increase this value hy appro.ximately 6% to account for the 
typicol groove depth to determine the nominal size for the shaft. Apply a ring groove factor 
of 1.06 to the computed required diameter 

12-5 
DESIGN 

STRESSES FOR 
SHAFTS 

In a given shaft, several different stress conditions can exist at the same time. For any part 
ofthe shaft that transmits power, there will be a torsional .shear stress, while bending stress 
is usually present on the same parts. Only bending stres.ses may occur on other parts. Some 
points may not be subjected to either bending or torsion but will experience vertical shear
ing stress. Axial tensile or compressive stresses inay be superimposed on the other stresses. 
Then there may be some points where no significant stresses at all are created. 

Thus, the decision of what design stress to use depends on the particular situation at 
the point of interest. In many shaft design and analysis projects, computations must be done 
at several points to account completely for the variety of loading and geometry conditions 
that exist. 

Several cases discussed in Chapter 5 for computing design factors, N. are useful for 
determining design stresses for shaft design. The bending stresses will be assumed to be 
completely reversed and repeated because ofthe rotation ofthe shaft. Because ductile ma
terials perform better under such loads, it will be assumed that the material for the shaft 
is ductile. It will also be assumed that the torsional loading is relatively constant and act
ing in one direction. If other situations exist, consult the appropriate case from Chapter 5. 

The symbol ij will be used for the design stress when a shear .stress is the basis for 
the design. The .symbol Oj will be u.sed when a normal stress is the basis. 

Design Shear Stress—Steady Torque 

It was stated in Chapter 5 that the best predictor of failure in ductile materials due to a steady 
shear stress was the distortion energy theory in which the design shear stress is computed from 

(12-14) ij - sJ{N\/3) = (0.577.v,)/yV 

We will use this value for steady torsional shear stress, vertical shear stress, or direct shear 
stress in a shaft. 

Design Shear Stress—Reversed Vertical Shear 

Points on a shaft where no torque is applied and where the bending moments are zero or 
very low are often subjected to significant vertical shearing forces which then govern the 
design analysis. This typically occurs where a bearing supports an end of a shaft and where 
no torque is transmitted in that part of the shaft. 

Figure 12-9(a) shows the distribution of vertical shearing stresses on such a circular 
cross section. Note that the maximum shearing stress is at the neutral axis ofthe shaft, that 
is, at the diameter. The stress decreases in a roughly parabolic manner to zero at the outer 
surtace ofthe shaft. Recall from strength of materials that the maximum vertical shearing 
stress for the special case of a solid circular cross section can be computed from 

Tn.,x = 4V/3/\ 
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FIGURE 12-9 
Shearing stress in a 
rotating shaft due to 
vertical shearing 
force, V 

(a) Distribution of shearing 
stress on a circular 
cross section of a shaft 
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Time 

(b) Variation of shearing stress 
on a given element at the 
surface of a circular rotating shaft 

where V = vertical shearing force 
A = area of the cross section 

Where stress concentration factors are to be considered, 

Tn,ax = f(,{4V/3A) 

Also note, as shown in Figure 12-9, that the rotation of the shaft causes any point at 
the outer part of the cross section to experience a reversing shearing stress that varies from 
+ Tn,̂ ^ to zero to -T,,,^^ to zero in each revolution. Then the stress analysis should be com
pleted using Equation (5-15) in Case E in Section 5-9 of Chapter 5 dealing with design 
stresses: 

N = s' /T 

' ' ""v/i/ ' max 

We recommend using the distortion energy theory. Then the endurance strength in shear is 

s'l, = 0.5775,' 
Thus, Equation (5-15) can be written in the form 

N = 0.577. , : /T, , , 

Expressed as a design stress, this is 

TJ = 0,511s;jN 

Now letting T^^, = TJ = K,(AV)/3A gives 

K,{AV) 0,511s;, 

3A N 

Solving for A' gives 

Â  
0.5775;(3A) 0.4335;(A) 

K,{AV) K,{V) 
(12-15) 
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Equation (12-15) is useful if the goal is to evaluate the design factor for a given magnitude 
of loading, a given geometry for the shaft, and given material properties. 

Now, solving for the required area gives 

_ K,{V)N _ 2.3\K,{V)N 

^ ~ 0.433.V,: ~ < 

But our usual objective is the design of the shaft to determine the required diameter. By 
substituting 

A = TTD-/A 

we can solve for D: 

O " '̂'"'nf,^!*; D = V2.94 K,{V)N/s: (12-16) 

This equation should be used to compute the required diameter for a shaft where a verti
cal shearing force V is the only significant loading present. In most shafts, the resulting 
diameter will be much smaller than that required at other parts of the shaft where signifi
cant values of torque and bending moment occur. Also, practical considerations may re
quire that the shaft be somewhat larger than the computed minimum to accommodate a 
reasonable bearing at the place where the shearing force is equal to the radial load on the 
bearing. 

Implementation of Equations (12-15) and (12-16) has the complication that values 
for the stress concentration factor under conditions of vertical shearing stress are not well 
known. Published data, such as that in the Appendices of this book and in Reference 5, re
port values for stress concentration factors for axial normal stress, bending normal stress, 
and torsional shear stress. But values for vertical shearing stress are rarely reported. As an 
approximation, we will use the values for K, for torsional shear stress when using these 
equations. 

Design Normal Stress—Fatigue Loading 

For the repeated, reversed bending in a shaft caused by transverse loads applied to the ro
tating shaft, the design stress is related to the endurance strength ofthe shaft material. The 
actual conditions under which the shaft is inanufactured and operated should be considered 
when specifying the design stress. 

Refer to the discussion in Section 5 ^ in Chapter 5 for the method of computing the 
estimated actual endurance strength, s,',, for use in shaft design. The process starts with us
ing the graph in Figure 5-8 to determine the endurance strength as a function of the ulti
mate tensile strength ofthe material, adjusted for the surface finish. Equation (5-4) adjusts 
this value by applying four factors for the type of material, the type of stress, reliability, and 
the size of the cross section. When rotating steel shafts are being designed, the values for 
the material factor and the type of stress factor are both equal to 1.0. Use Table 5-1 for the 
reliability factor. Use Figure 5-9 or the equations in Table 5-2 to determine the size factor. 

Note that any stress concentration factor will be accounted for in the design equation 
developed later. Other factors, not considered here, that could have an adverse eft'ect on the 
endurance strength of the shaft material, and therefore on the design stress, are tempera
tures above approximately 400°F (200°C); variation in peak stress levels above the nomi
nal endurance strength for some periods of time; vibration; residual stresses; case 
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hardening; interference fits; corrosion; thermal cycling; plating or surface coatings; and 
stresses not accounted for in the basic stress analysis. Testing on actual components is rec
ommended for such conditions. 

For parts of the shaft subjected to only reversed bending, let the design stress be 

a , = .s'jN (12-17) 

Design Factor, N 

Refer to the discussion in Section 5-7 in Chapter 5 for recommended values ofthe design 
factor. We will use A' = 2.0 for typical shaft designs where there is average confidence in 
the data for material strength and loads. Higher values should be u.sed for shock and impact 
loading and where uncertainty in the data exists. 

12-6 
SHAFTS IN 

BENDING AND 
TORSION ONLY 

Examples of shafts subjected to bending and torsion only are those carrying spur gears, 
V-belt sheaves, or chain sprockets. The power being transmitted causes the torsion, and 
the transverse forces on the elements cause bending. In the general case, the transverse 
forces do not all act in the same plane. In such cases, the bending moment diagrams 
for two perpendicular planes are prepared first. Then the resultant bending moment at 
each point of interest is determined. The process will be illustrated in Example Prob
lem 12-1. 

A design equation is now developed based on the assumption that the bending 
stress in the shaft is repeated and reversed as the shaft rotates, but that the torsional shear 
stress is nearly uniform. The design equation is based on the principle shown graphically 
in Figure 12-10 in which the vertical axis is the ratio ofthe reversed bending stress to 
the endurance strength ofthe material. (See Reference 8.) The horizontal axis is the ra
tio of the torsional shear stress to the yield strength of the material in shear. The points 
having the value of 1.0 on these axes indicate impending failure in pure bending or pure 
torsion, respectively. Experimental data show that failure under combinations of bend-

FIGURE 12-10 
Basis for shaft design 
equation for repeated 
reversed bending stress 
and steady torsional 
shear stress 
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ing and torsion roughly follows the curve connecting these two points, which obeys the 
following equation: 

{<y/-<y- + (T/.VJ^ = 1 (12-18) 

We will use .v,, = .s\,/V3 for the distortion energy theory. Also, a design factor can be in
troduced to each term on the left side of the equation to yield an expression based on design 
stresses: 

{Na/s:y- + {NTV~3/.SS- = 1 

Now we can introduce a stress concentration factor for bending in the first term only, be
cause this stress is repeated. No factor is needed for the torsional shear stress term because 
it is assumed to be steady, and stress concentrations have little or no effect on the failure po
tential. Then 

{K,N(j/s:)- + (/VTV3/.SV)- = 1 (12-19) 

For rotating, solid, circular shafts, the bending stress due to a bending moment, M, is 

CT = M/S (12-20) 

where S - -n-DV32 is the rectangular section modulus. The torsional shear stress is 

T = F/Z„ 

where Z,, = JTD''/\6 is the polar section modulus. 

(12-21) 

Note that Zp = 2S and that, therefore. 

7/(25) 

Substituting these relationships into Equation (12-19) gives 

'K,NM' 

. Ss; 
'NTV3~ 
[ 2S.S, \ 

(12-22) 

Now the terms Â  and S can be factored out, and the terms V 3 and 2 can be brought out
side the bracket in the torsion term: 

K,M 
-I-

We now take the square root of the entire equation: 

N 
S 

K,M 
+ 

Let S = 'ITDV32 for a solid circular shaft. 

32Â  / K,M 
TTD-

-\- = 1 (12-23) 
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32N 

TTD-

K,M 
+ (12-23) 

Design 
Equation for fsjĵ ^^ ^ ^ ^,^,^ solve for the diameter D: 
Shaft Design 

D 
'32/V / 
[ T T V 

' K,l^' - 3 

+ 4 
L 

T 1/3 

(12-24) 

Equation (12-24) is used for shaft design in this book. It is compatible with the stan
dard ANSI B106.1M-1985. (See Reference 1.) Note that Equation (12-24) can also be used 

12—7 for pure bending or pure torsion. 
SHAFT DESIGN 

EXAMPLE 

Design Example 12-1 Design the shaft shown in Figures 12-1 and 12-2. It is to be machined from AISI 1144 OQT 
1000 steel. The shaft is part of the drive for a large blower system supplying air to a fur
nace. Gear A receives 200 hp from gear P. Gear C delivers the power to gear Q. The shaft 
rotates at 600 rpm. 

Solution First determine the properties of the steel for the shaft. From Figure A4-2, 5̂  = 83 000 psi, 
.v„ =118 000 psi, and the percent elongation is 19%. Thus, the material has good ductility. 
Using Figure 5-8, we can estimate .v„ = 42 000 psi. 

A size factor should be applied to the endurance strength because the shaft will be 
quite large to be able to caiTy 200 hp. Although we do not know the actual size at this time, 
we might select C, = 0.75 from Figure 5-9 as an estimate. 

A reliability factor should also be specified. This is a design decision. For this prob
lem, let's design for a reliability of 0.99 and use C^ = 0.81. Now we can compute the esti
mated actual endurance strength: 

.V,; = .v„CC« = (42 000)(0.75)(0.81) = 25 500 psi 

The design factor is taken to be Â  = 2. The blower is not expected to present any un
usual shock or impact. 

Now we can compute the torque in the shaft from Equation (12-1): 

T = 63 000(P)/n = 63 000(200)/600 = 21 000 Ib-in 

Note that only that part of the shaft from A to C is subjected to this torque. There is zero 
torque from the right of gear C over to bearing D. 

Forces on the Gears: Figure 12-11 shows the two pairs of gears with the forces acting on 
gears A and C shown. Observe that gear A is driven by gear P, and gear C drives gear Q. It 
is very iinportant for the directions ofthese forces to be correct. The values ofthe forces are 
found from Equations (12-2) and (12-3). 

W,, = 

W,, = 

W,Q = 

W,c = 

TJ[DJ2) = 21 000/(20/2) = 2100 lb i 

W„tan{<^) = 2100tan(20°) = 764 1b -^ 

TQ/{DQ/2) = 21 000/(10/2) = 4200 lb >l 

W,c{an{^) = 4200tan(20°) = 15291b <-
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FIGURE 12-11 
Forces on gears A 
andC 

B and D are bearings 

(a) Pictorial view of forces on gears A and C 

^,A 

Forces on 
gear A 

Input: Gear P drives gear A 
Action case 

(b) Forces on gear A 

Output: Gear C drives gear Q 
Reaction case 

(c) Forces on gear C 

Forces on the Shaft: The next step is to show these forces on the shaft in their proper 
planes of action and in the proper direction. The reactions at the bearings are computed, 
and the shearing force and bending moment diagrams are prepared. The results are shown 
in Figure 12-12. 

We continue the design by computing the minimum acceptable diameter of the shaft 
at several points along the shaft. At each point, we will observe the magnitude of torque and 
the bending moment that exist at the point, and we will estimate the value of any stress con
centration factors. If more than one stress concentration exist in the vicinity ofthe point of 
interest, the larger value is u.sed for design. This assumes that the geometric discontinuities 
themselves do not interact, which is good practice. For example, at point A, the keyseat 
should end well before the shoulder fillet begins. 

1. Point A: Gear A produces torsion in the shaft from A and to the right. To the left 
of A, where there is a retaining ring, there are no forces, moments, or torques. 

The moment at A is zero because it is a free end of the shaft. Now we can use 
Equation (12-24) to compute the required diameter for the shaft at A. using only 
the torsion term. 

D, = 

D, = 

' 32N 
TT \ 

r32(2) 
TT 

IH^\] 
U\sJ\ 

I/.1 

/3 /21 000 V ' 
V 4 \ 83 0 00 / 

/3 

.65 in 

2. Point B: Point B is the location of a bearing with a sharp fillet to the right of B and 
a well-rounded fillet to the left. It is desirable to make Dj at least slightly smaller 
than Dy at the bearing seat to permit the bearing to be slid easily onto the shaft up 
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FIGURE 12-12 
Load, shear, and 
moment diagrams for 
the shaft in Figure 
12-10 

KA 
I 764 lb 

B 

A 10 i 

Shearing 0 
force, y 

(Ib) 

Bending ^' 
moment, M 

(Ib.in) 

n 15 in 
458 lb 

1-764 

-7640 

C 
1223 lb I 1223 lb I 

KA 
21001b 

B 

• 10 in 
115291b 
Kc 

D 10 in I 

-306 

1223 

- 1 2 230 

(a) Horizontal plane, x-direction 

Shearing 0 
force, V 

(lb) 

Bending " 
moment, M 

(Ib.in) 

15 in 
4620 lb 

Kc 
14200 lb 

D 
C lOi 

1680 lb Hhl 

^Dy 

2100 

2520 

-1< 
16 800 

' -2I 000 
(b) Vertical plane, >>-direction 

to the place where it is pressed to its final position. There is usually a light press 
fit between the bearing bore and the shaft seat. 

To the left of B (diameter D.), 

7 = 21 000 lb-in 

The bending moment at B is the resultant of the moment in the x- and y-planes 
from Figure 12-12: 

MB = VMI + Mi = V(7640)- + (21000)- - 22 350 lb-

K, = 1.5 (well-rounded fillet) 

Using Equation (12-24) because of the combined stress condition, 

'32A^' 

in 

D. = 

D. = 

TT 

32(2) 

TT 

J , , / ~r \ J . 

1/-1 

1.5(22 350) 

25 500 
21 000 
83 000 

1/3 
(12-24a) 

= 3.30 in 

At B and to the right of B (diameter Dj), everything is the same, except the 
value of K, = 2.5 for the sharp fillet. Then 

D,= 
32(2) 

TT 

2.5(22 350) 

25 500 ^ ! 

21000 
83 000 

I/.3 

= 3.55 in 

Notice that D^ will be larger than D, in order to provide a shoulder for the 
bearing. Therefore, it will be safe. Its actual diameter will be specified after we 
have completed the stress analysis and selected the bearing at B. The bearing man-
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ufacturer's catalog will specify the minimum acceptable diameter to the right of 
the bearing to provide a suitable shoulder against which to seat the bearing. 
Point C: Point C is the location of gear C with a well-rounded fillet to the left, a 
profile keyseat at the gear, and a retaining ring groove to the right. The use of a 
well-rounded fillet at this point is actually a design decision that requires that the 
design of the bore of the gear accommodate a large fillet. Usually this means that 
a chamfer is produced at the ends of the bore. The bending moment at C is 

M. VMI; + Ml, = V{\2230y-+ (16 800)- = 20 780 Ib-in 

To the left of C the torque of 21 000 Ib-in exists with the profile keyseat 
giving K, = 2.0. Then 

D, = 
32(2) 

TT 

L0(20 780) 
25 500 

21 000 
83 000 

1/3 

3.22 in 

To the right of C there is no torque, but the ring groove suggests K, = 3.0 for 
design, and there is reversed bending. We can use Equation (12-24) with K, = 3.0, 
M = 20 780 lb-in and 7 = 0. 

D, = 
32(2) 

TT 

(3.0)(20 780)y 
25 500 j 

1/3 

= 3.68 in 

Applying the ring groove factor of 1.06 raises the diameter to 3.90 in. 
This value is higher than that computed for the left of C, so it governs the de

sign at point C. 

Point D: Point D is the seat for bearing D, and there is no torque or bending 
moment here. However, there is a vertical shearing force equal to the reaction 
at the bearing. Using the resultant ofthe x- and y-plane reactions, the shearing 
force is 

Va = V(1223)-+ (1680)- = 2078 lb 

We can use Equation (12-16) to compute the required diameter for the shaft at this 
point: 

D = V2.94 K,{V)N/s; (12-16a) 

Referring to Figure 12-2, we see a sharp fillet near this point on the shaft. Then a 
stress concentration factor of 2.5 should be used: 

D, 
2.94(2.5)(2078)(2) 

25 500 
.094 in 

This is very small compared to the other computed diameters, and it will usually 
be so. In reality, the diameter at D will probably be made much larger than this 
computed value because ofthe size of a reasonable bearing to carry the radial load 
of 2078 lb. 
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Summary The computed minimum required diameters for the various parts ofthe shaft in Figure 12-2 
are as follows: 

D| = 1.65 in 

D. = 3.30 in 

D, = 3.55 in 

D5 = 3.90 in 

D5 = 1.094 in 

Also, D4 must be somewhat greater than 3.90 in in order to provide adequate shoulders for 
gear C and bearing B. 

12-8 
RECOMMENDED 

BASIC SIZES FOR 
SHAFTS 

When mounting a commercially available element, of course, follow the manufacturer's 
recommendation for the basic size of the shaft and the tolerance. 

In the U.S. Customary Unit System, diameters are usually specified to be common 
fractions or their decimal equivalents. Appendix 2 lists the preferred basic sizes that you 
can use for dimensions over which you have control in decimal-inch, fractional-inch, and 
metric units. (See Reference 2.) 

When commercially available, unmounted bearings are to be used on a shaft, it is 
likely that their bores will be in metric dimensions. Typical sizes available and their deci
mal equivalents are listed in Table 14-3. 

Design Example 12-2 

Solution 

Specify convenient decimal-inch dimensions for the six diameters from Design Example 
12-1. Choose the bearing seat dimensions from Table 14-3. Choose all other dimensions 
from Appendix 2. 

Table 12-1 shows one possible set of recommended diameters. 
Diameters D, and D5 are the decimal equivalents of the metric diameters of the inner 

races of bearings from Table 14—3. The procedures in Chapter 14 would have to be used to 
determine whether bearings having those diameters are suitable to carry the given radial 
loads. Also, D4 would have to be checked to see whether it provides a sufficienfiy high shoul
der against which to seat the bearing mounted at point B on the shaft. Then detailed specifi
cations for fillet radii, lengths, keyseats, and retaining ring grooves would have to be defined. 
The actual values for stress concentration factors and the size factor should then be deter
mined. Finally, the stress analysis should be repeated to ensure that the resulting design fac
tor is acceptable. Equation (12-23) can be solved for Â  and evaluated for actual conditions. 

TABLE 12-1 Recommended diameters 

Mating 
part 

Diameter 
number 

Minimum 
diameter 

(from Design Example 12-1 and Fig 12-2) 

Specified 
diameter 

(basic size) 

Gear 
Nothing 
Bearing 
Nothing 
Gear 
Bearing 

D^ 
Dl 

D, 

D, 

T>5 

D, 

1.65 in 
3.30 in 
3.55 in 

>D} or D5 

3.90 in 
1.094 in 

1.800 in 
3.400 in 
3.7402 in (95 mm) 
4.400 in 
4.000 in 
3.1496 in (80 mm) 
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12-9 
ADDITIONAL 

DESIGN 
EXAMPLES 

Two additional design examples are given in this section. The first is for a shaft that con
tains three difterent types of power transmission devices: a V-belt sheave, a chain sprocket, 
and a spur gear. Some of the forces are acting at angles other than vertical and horizontal, 
requiring the resolution ofthe bending forces on the shaft into components before the shear
ing force and bending moment diagrams are created. Design Example 1 2 ^ involves a shaft 
carrying a wormgear and a chain sprocket. The axial force on the wormgear presents a slight 
modification ofthe design procedure. Except for these differences, the design procedure is 
the same as that for Design Example 12-1. Thus, much ofthe detailed manipulation of for
mulas is omitted. 

Design Example 12-3 The .shaft shown in Figure 12-13 receives 110 hp from a water turbine through a chain 
sprocket at point C. The gear pair at E delivers 80 hp to an electrical generator. The V-belt 
sheave at A delivers 30 hp to a bucket elevator that carries grain to an elevated hopper. The 
shaft rotates at 1700 rpm. The sprocket, sheave, and gear are located axially by retaining 
rings. The sheave and gear are keyed with sled runner keyseats, and there is a profile key-
seat at the sprocket. Use AISI 1040 cold-drawn steel for the shaft. Compute the minimum 
acceptable diameters D^ through D-, as defined in Figure 12-13. 

Solution First, the material properties for the AISI 1040 cold-drawn steel are found from Appendix 3: 

s, = l\ 000 psi s„ = 80 000 psi 

V-belt sheave î jjj 
6.00 in PD Chain sprocket 

10.00 in PD 

Spur gear 
20° FD 
12.00 in PD 

(a) Side view of shaft 

Input trom 
water turbine 

Gear £ drives 
gear Q 
to generator 

(b) Orientation of elements A, C. and £ as viewed from right end of shaft 

FIGURE 12-13 Shaft design 
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Then from Figure 5-8, ,v„ = 30 000 psi. Let's design for a reliability of 0.99 and use 
Cif = 0.81. The shaft size should be moderately large, so we can assume C, = 0.85 as a rea
sonable estimate. Then the modified endurance strength is 

.V,: = s„GC, = (30 000)(0.85)(0.81) = 20 650 psi 

This application is fairly smooth: a turbine drive and a generator and a conveyor at 
the output points. A design factor of A' = 2 should be satisfactory. 

Torque Distribution in the Shaft: Recalling that all of the power comes into the shaft at C, 
we can then observe that 30 hp is delivered down the shaft from C to the sheave at A. Also, 
80 hp is delivered down the shaft from C to the gear at E, From these observations, the 
torque in the shaft can be computed: 

7 = 63 000(30)/1700 = 1112 Ib-in from A to C 

T = 63 000(80)/1700 = 2965 Ib-in from C to £ 

Figure 12-14 shows a plot of the torque distribution in the shaft superimposed on the sketch of 
the shaft. When designing the shaft at C we will use 2965 lb - in at C and to the right, but we 
can use 1112 lb - in to the left ofC. Notice that no part of the shaft is subjected to the full 110 
hp that comes into the sprocket at C. The power splits into two parts as it enters the shaft. When 
analyzing the sprocket itself, we must use the full 110 hp and the corresponding torque: 

T = 63 000( 110)/1700 = 4076 Ib-in (torque in the sprocket) 

.̂ 000 

.£ 2000 
X) 

3-

1000 

Ky\ 

7= 1112 Ib-in 
delivered by 
sheave A 

1112 ib-in 

l^ 

7"= 4076 Ih-in input 
from sprocket C 

B 

\^A Bearing 

From A to C 
Power = -̂ 0 hp 
'f= 1112 Ib-in 

C 

From C to E 
Power = 80 hp 
r=2965 Ib-in 

D 

Chain sprocket \L.\ 

^A Bearing 

2965 Ib-in 

r=2965 Ib-in 
delivered 
by gear £ 

Spur gear 

FIGURE 12-14 Torque distribution in the shaft 
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Forces: We will compute the forces at each element separately and show the component 
forces that act in the vertical and horizontal planes, as in Design Example 12-1. Figure 
12-15 shows the directions ofthe applied forces and their components for each element. 

1. Forces on sheave A: Use Equations (12-7), (12-8), and (12-12): 

F^ ^ F^ - F. = TJ{DJ2) = 1112/3.0 = 371 lb (net driving force) 

F^ = 1.5 F^ - 1.5(371) = 5561b (bending force) 

The bending force acts upward and to the left at an angle of 60° from the hori
zontal. As shown in Figure 12-15, the components ofthe bending force are 

F4, - F, cos(60°) = (556)cos(60°) = 2781b ^ (toward the left) 

F,^, = F,sin(60°) = (556)sin(60°) = 482 lb t (upward) 

2. Forces on sprocket C: Use Equation (12-6): 

Fc = Tc/{Dc/2) = 4076/5.0 = 815 lb 

This is the bending load on the shaft. The components are 

Fc, = FcS\n{AO°) = (815)sin(40°) = 524 1b ^ (to the left) 

Fcy = Ff-cos(40°) = (815)cos(40°) = 624 lb i (downward) 

(b) Forces on shaft 
at sheave A 

{a) Pictorial view 
showing forces 

(c) Forces on shaft 
at sprocket C 

FIGURE 12-15 Forces resolved into .x- and v-components 

(d) Forces on gear £ E Drives Q. 



556 Chapter 12 • Shaft Design 

3. Forces on gear E: The transmitted load is found from Equation (12-2), and the 
radial load from Equation (12-3). The directions are shown in Figure 12-15. 

Fr, = W,L = T,J{DJ2) = 2965/6.0 = 494 lb t (upward) 

Fl, = VV,t = VV,/Jan(ct)) = (494)tan(2(r) = 1801b <- (to the left) 

Load, Shear, and Moment Diagrams: Figure 12-16 shows the forces acting on the shaft at 
each element, the reactions at the bearings, and the shearing force and bending moment di
agrams for both the horizontal (.v-) and vertical (v-) planes. In the figure, the computations 
ofthe resultant bending moment at points B. C, and D are also shown. 

Design ofthe Shaft: We will use Equation (12-24) to determine the minimum acceptable di
ameter of the shaft at each point of interest. Because the equation requires a fairly large num
ber of individual operations, and because we will be using it at least seven fimes, it may be 
desirable to write a computer program ju.st for that operation. Or the use of a spreadsheet 
would be nearly ideal. See Section 12-10. Note that we can use Equafion (12-24) even 
though there is only torsion or only bending by entering zero for the missing value. 

Equation (12-24) is repeated here for reference. In the solution below, the data used 
for each design point are listed. You may want to verify the calculations for the required 
minimum diameters. The design factor of A' = 2 has been used. 

D = 
32N 

TT 

K,MY 3 
.V,: / ^ 4 V.T, 

1/3 

1. Point A: Torque = 1112 lb - in; moment = 0. The sheave is located with retaining 
rings. Because the torque is steady, we will not use a stress concentration factor in 
this calculation, as discussed in Section 12-4. But then we will find the nominal 
diameter at the groove by increasing the computed result by about 6%. The result 
should be conservative for typical groove geometries. 

Using Equation (12-24), D, = 0.65 in. Increasing this by 6% gives D, = 0.69 in. 

FIGURE 12-16 
Load, shear, and 
moment diagrams 
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Mc = V1982 -I- 48002 = 4804 Ib'in 

MD = V10802 -(- 29642 = 3155 IbMn 

(fe) Vertical plane 
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2. To the left of point B: This is the relief diameter leading up to the bearing seat. A 
well-rounded fillet radius will be specified for the place where D. joins Dy. Thus, 

Summary with 
Convenient Values 

Specified 

Moment = 3339 lb-in K, = 1.5 Torque = 1112 Ib-in 

ThenD. = 1.70 in. 

3. At point B and to the right: This is the bearing seat with a shoulder fillet at the 
right, requiring a fairiy sharp fillet: 

Torque = 1112 lb-in Moment = 3339 Ib-in K, = 2.5 

Then D, = 2.02 in. 

4. At point C: It is planned that the diameter be the same all the way from the right 
of bearing B to the left of bearing D. The worst condition is at the right of C, where 
there is a ring groove and the larger torque value is 

Torque = 2965 Ib-in Moment = 4804 Ib-in K, = 3.0 

Then D^ = 2.57 in after applying the ring groove factor of 1.06. 

5. At point D and to the left: This is a bearing seat similar to that at B: 

Torque = 2965 Ib-in Moment = 3155 Ib-in K, = 2.5 

Then D, = 1.98 in. 

6. To the right of point D: This is a relief diameter similar to D.: 

Torque = 2965 Ib-in Moment = 3155 Ib-in K, = 1.5 

ThenDf, = 1.68 in. 

7. At point E: The gear is mounted with retaining rings on each side: 

Torque = 2965 Ib-in Moment = 0 K, = 3.0 
Then D-, = 0.96 in after applying the ring groove factor of 1.06. 

Using Appendix 2. we specify convenient fractions at all places, including bearing seats 
(see Table 12-2). It is assumed that inch bearings ofthe pillow block type will be used. 

We decided to make the diameters D^. D^. Df,, and Dj the same to minimize machin
ing and to provide a little extra safety factor at the ring grooves. Again the bearing bore sizes 
would have to be checked against the load rating ofthe bearings. The size of D4 would have 
to be checked to see that it provides a sufficient shoulder for the bearings at B and D. 

The size factor and the stress concentration factors must also be checked. 

TABLE 12-2 

Mating 
part 

Specification of values 

Diameter 
number 

Minimum 
diameter 

Specified diameter 

Fraction Decimal 

Sheave 
Nothing 
Bearing 
Sprocket 
Bearing 
Nothing 
Gear 

D, 
D: 
D, 
D, 
D, 
D, 
D, 

0.69 
1.70 
2.02 
2.57 
1.98 
1.68 
0.96 

I4 

1! 
2\ 
2I 
2 
ll 
ll 

1.750 
1.750 
2.250 
2.750 
2.000 
1.750 
1.750 
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Design Example 12-4 A wormgear is mounted at the end of the shaft as shown in Figure 12-17. The gear has the 
same design as that discussed in Example Problem 10-7 and delivers 6.68 hp to the shaft 
at a speed of 101 rpm. The magnitudes and directions ofthe forces on the gear are given in 
the figure. Notice that there is a system of three orthogonal forces acting on the gear The 
power is transmitted by a chain sprocket at B to drive a conveyor removing cast iron chips 
from a machining system. Design the shaft. 

Solution The torque on the shaft from the wormgear at point D to the chain sprocket at B is 

T = W,^j{DcJ2) = 962(4.333) - 4168 Ib-in 

The force on the chain sprocket is 

F,, = T/{DJ2) = 4168/(6.71/2) = 12421b 

This force acts horizontally toward the right as viewed from the end of the shaft. 

Bending Moinent Diagrams: Figure 12-18 shows the forces acting on the shaft in both the 
vertical and the horizontal planes and the corresponding shearing force and bending moment 
diagrams. You should review these diagrams, especially that for the vertical plane, to grasp 
the eftect of the axial force of 265 lb. Notice that because it acts above the shaft, it creates a 
bending moment at the end ofthe shaft of 1148 lb - in. It also affects the reactions at the bear
ings. The resultant bending moments at B. C, and D are also shown in the figure. 

In the design of the entire system, we must decide which bearing will resist the axial 
force. For this problem, let's specify that the bearing at C will transfer the axial thrust force 
to the housing. This decision places a compressive stress in the shaft from C to D and re
quires that means be provided to transmit the axial force from the wormgear to the bearing. 
The geometry proposed in Figure 12-17 accomplishes this, and it will be adopted for the 
following stress analysis. The procedures are the same as those used in Design Examples 
12-1 through 12-3, and only summary results will be shown. The consideration ofthe ax
ial compressive stress is discussed, along with the computations at point C on the shaft. 

Material Selection and Design Strengths: A medium-carbon steel with good ductility and 
a fairiy high strength is desired for this demanding application. We will use AISI 1340 OQT 
1000 (Appendix 3), having an ultimate strength of 144 000 psi, a yield strength of 132 000 

FIGURE 12-17 
Shaft design 

^F^ = Chain tension 

Forces on wormgear: 
KG = 962 Ib tangential 
KG = 352 Ib radial 
Ŵ C = 265 Ib axial 
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FIGURE 12-18 
Load, shear, and 
moment diagrams for 
the shaft in Figure 
12-16 
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(/j) Vertical plane 

psi, and a 17% elongafion. From Figure 5-8 we estimate s„ = 50 000 psi. Let's u.se an ini
fial size factor of 0.80 and a reliability factor of 0.81. Then 

< = (50 000psi)(0.80)(0.81) = 32 400 psi 

Because the use of the conveyor is expected to be rough, we will use a design factor of 
N = 3, higher than average. 

Except at point A, where only a vertical shear stress exists, the computation of the 
minimum required diameter is done using Equation (12-24). 

1. Point A: The left bearing mounts at point A. carrying the radial reaction force only, 
which acts as a vertical shearing force in the shaft. There is no torque or bending 
moment here. 

The vertical shearing force is 

V = VRi, + Ri, = V(507)2 + (40.8)- = 509 lb 

We can use Equation (12-16) to compute the required diameter for the shaft at this 
point: 

D = V2.9A K,{V)N/.s;, (12-16) 

Referring to Figure 12-17, we see a sharp fillet near this point on the shaft. Then 
a stress concentration factor of 2.5 should be used: 

D = 
2.94(2.5)(509)(3) 

= 0.588 in 
32 400 

As seen before, this is quite small, and the final specified diameter will probably 
be larger, depending on the bearing selected. 
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2. Point B: The chain sprocket mounts at point B, and it is located axially by retain
ing rings on both sides. The critical point is at the right of the sprocket at the ring 
groove, where 7 = 4168 lb • in, M = 2543 lb - in, and K, = 3.0 for bending. 

The computed minimum diameter required is DT = 1.93 in at the base of 
the groove. We should increase this by approximately 6%, as discussed in 
Section 12-3. Then 

D. = 1.06(1.93 in) = 2.05 in 

3. To the left of point C: This is the relief diameter for the bearing seat. The diame
ter here will be specified to be the same as that at B, but different condifions oc
cur: Torque = 4168 lb - in, M = 4854 lb - in, and K,= 1.5 for the well-rounded fillet 
for bending only. The required diameter is 1.91 in. Because this is smaller than that 
at B, the previous calculation will govern. 

4. At point C and to the right: The bearing will seat here, and it is assumed that the 
fillet will be rather sharp. Thus, 7 = 4168 lb - in. M = 4854 lb - in, and K, = 2.5 for 
bending only. The required diameter is D, - 2.26 in. 

The axial thrust load acts between points C and D. The inclusion of this load 
in the computations would greatly complicate the solution for the required diam
eters. In most cases, the axial normal stress is relatively small compared with the 
bending stress. Also, the fact that the stress is compressive improves the fafigue 
performance of the shaft, because fatigue failures normally initiate at points of 
tensile stress. For these reasons, the axial stress is ignored in these calculations. 
The computed diameters are also interpreted as nominal minimum diameters, and 
the final selected diameter is larger than the minimum. This, too, tends to make 
the shaft safe even when there is an added axial load. When in doubt, or when a 
relatively high axial tensile stress is encountered, the methods of Chapter 5 should 
be applied. Long shafts in compression should also be checked for buckling. 

5. Point D: The wormgear mounts at point D. We will specify that a well-rounded 
fillet will be placed to the left of D and that there will be a sled runner keyseat. 
Thus, r = 4168 lb - in. yV/ = 1148 lb - in. and AT, = 1.6 for bending only. The com
puted required diameter is Ds = 1.24 in. Notice that D4 must be greater than either 
D, or D, because it provides the means to transfer the thrust load from the wor
mgear to the inner race of the bearing at C. 

Summary and Selection Table 12-3 presents a summary of the required diameters and the specified diameters for aU parts 
of Convenient ofthe shaft in this design example. See Figure 12-17 for the locations ofthe five diameters. 

Diameters For this application we have chosen to use fractional-inch dimensions from Appendix 2 
except at the bearing seats, where the use of metric bearing bores from Table 14-3 are selected. 

TABLE 12-3 

Mating 
part 

Bearing A 
Sprocket B 
Bearing C 
(Shoulder) 
Wormgear D 

Summary of shaft diameters 

Diameter 
number 

0, 
Dl 

D, 
D, 
D, 

Minimum 
diameter 

0.59 in 
2.05 in 
2.26 in 

>D, 
1.24 in 

Specified 

Fraction 
(metric) 

(35 mm) 
24 in 

(65 mm) 
3 in 
1: in 

diameter 

Decimal 

1.3780 in 
2.250 in 
2.5591 in 
3.000 in 
1.500 in 
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12-10 
SPREADSHEET 
AID FOR SHAFT 

DESIGN 

A spreadsheet is useful to organize the data required to compute the minimum required 
shaft diameter at various points along a shaft and to complete the calculation using Equa
tions (12-16) and (12-24). Note that Equation (12-24) can be used for bending only, tor
sion only, or the combination of bending and torsion. 

Figure 12-19 shows a typical example, using U.S. Customary units, for data from 
Design Example 12-1. Describe the application in the upper panel for future reference. 
Then complete the following steps: 

• Enter the shaft material specification along with its ultimate and yield strength 
properties found from tables in the Appendices. 

DESIGN OF SHAFTS 

Application: Design Example 12-1, Drive for a Blower System 
Diameter D3—To right of point B—Bending and torsion 

This design aid computes the mininum acceptable diameter for shafts using Equation (12-24) for 
shafts subjected to steady torsion and/or rotating bending. 

Equation (12-16) is used when only vertical shear stress is present. 

Input Data: 

Shaft material specification: 
Tensile strength: 

Yield strength: 
Basic endurance strength: 

Size factor: 
Reliability factor: 

Modified endurance strength: 
Stress concentration factor: 

Design factor: 

(Insert values in italics.) 

AISI 1144 OQT 1000 Steel 
Su= 118 000 psi 
Sy = 83 000 psi 
Sn = 42 000 psi 
Cs= 0.75 
OR = 0.81 
Sn = 25 515 psi 
K,= 2.5 Sharp fillet 

N= 2 Nominal A/=2 

From Figure 5-8 
From Figure 5-9 
From Table 5-1 
Computed 

Shaft Loading Data: Bending and Torsion 

Bending moment components: 
Combined bending moment: 

Torque: 

Minimum shaft diameter: 

M, = 21 000 Ib-in 
M = 22 347 Ib-in 
T= 21000 Ib-in 

D = 3.55 in 

My=7640 Ib-in 
Computed 

Computed from Eq. (12-24) 

Shaft Loading Data: Vertical Shearing Force Only 

Shearing force components: 
Combined shearing force: 

iVIinimum shaft diameter: 

V, = 764 Ib 
V = 2633 Ib 

D = 1.232 in 

Vy= 25201b 
Computed 

Computed from Eq. (12-16) 

FIGURE 12-19 Spreadsheet aid for shaft design 
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• Find the basic endurance strength from Figure 5-8 considering the ultimate ten
sile strength and the manner of producfion (ground, machined, etc.). 

• Enter values for the size factor and the reliability factor. The spreadsheet then com
putes the modified endurance strength, .y,'. 

• Enter the stress concentration factor for the point of interest. 

• Enter the design factor. 

• After analysis such as that shown in Design Example 12-1, enter the torque and the 
components of the bending moment in the .v- and y-planes that exist at the point of 
interest along the shaft. The spreadsheet computes the combined bending moment. 

• Enter the components of the vertical shearing force in the A- and y-planes. The 
spreadsheet computes the combined shearing force. 

The minimum acceptable shaft diameters from both Equation (12-16) (vertical shear only) 
and Equation (12-24) (torsion and/or bending) are computed. You must observe which re
quired diameter is larger 

12—11 The design processes outlined in this chapter thus far have concentrated on stress analysis 
SHAFT RIGIDITY and ensuring that the shaft is safe with regard to the bending and torsional shear stresses 

AND DYNAMIC imposed on the shaft by power-transmitting elements. Rigidity of the .shaft is also a major 
CONSIDERATIONS concern for .several reasons: 

1. Excessive radial deflection of the shaft may cause active elements to become 
misaligned, resulting in poor performance or accelerated wear. For example, 
the center distance between shafts carrying precision gears should not vary 
more than approximately 0.005 in (0.13 mm) from the theoretical dimension. 
Improper meshing of the gear teeth would occur and actual bending and con
tact stresses could be significantly higher than those predicted in the design for 
the gears. 

2. Guidelines are reported in Section 20-2 in Chapter 20 for the recommended 
limits for bending and torsional deflection of a shaft according to its intended 
precision. 

3. Shaft deflection is also an important contributor to a tendency for shafts to vibrate 
as they rotate. A flexible shaft will oscillate in both bending and torsional modes, 
causing movements that are greater than the static deflections due just to gravity 
and applied loads and torques. A long slender shaft tends to whip and whiri with 
relatively large deformations from its theoretical straight axis. 

4. The shaft itself and the elements mounted on it should be balanced. Any amount 
of unbalance causes centrifugal forces to be created that rotate with the shaft. 
Large unbalances and high rotating speeds may create unacceptable force levels 
and shaking of the rotating system. An example with which you may be familiar 
is an automobile wheel that is "out of balance." You can actually feel the vibrafion 
through the steering wheel as you drive. Having the tire and wheel balanced re
duces the vibration to acceptable levels. 

5. The dynamic behavior of the shaft may become dangerously destructive if it is op
erated near its critical speed. At critical speed, the system is in resonance, the de
flection of the shaft continues to increase virtually without bound, and it will 
eventually self-destruct. 
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Critical speeds of typical machinery shaft designs are several thousand revoluti(ms 
per minute. However, many variables are involved. Long shafts used for vehicular drive 
shafts, power screws, or agitators may have much lower critical speeds and they must be 
checked. It is typical to keep operating speeds to at least 209f below or above the critical 
speed. When operating above the critical speed, it is necessary to accelerate the shaft rap
idly through the critical speed because it takes time for dangerous oscillations to develop. 

Analysis to determine the critical speed is complex, and computer programs are avail
able to assist in the calculations. See Internet site 1. The objective is to determine the natu
ral frequency of the shaft while carrying the static weight of elements such as gears, 
sprockets, and pulleys. The stift'ness of bearings is also a factor. One fundamental expres
sion for natural frequency, co„, is. 

0J„ Vk/^i 

where k is the stiffness of the shaft and m is its mass. It is desirable to have a high critical 
speed, well above operating speed, so stiffness should be high and mass low. The primary 
variables over which a designer has control are the material and its modulus of elasticity, E. 
its density, p, the shaft diaineter, D, and the shaft length, L. The following functional rela
tionship can help to understand the influence of each ofthese variables: 

(o, oc (D/L-)V£7p 

where the symbol oc indicates proportionality among the variables. Using this function as a 
guide, the following actions can reduce potenfial problems with deflecfions or critical .speeds. 

1. Making the shaft more rigid can prevent undesirable dynamic behavior. 

2. Larger shaft diameters add rigidity. 

3. Shorter shaft lengths reduce deflections and lower critical speeds. 

4. Placing active elements on the shaft close to support bearings is recommended. 

5. Reducing the weight of elements carried by the shaft reduces static deflection and 
lowers critical speed. 

6. Selection of a inaterial for the shaft with a high ratio of £/p is desirable. While 
most metals have similar ratios, that for composite materials is typically high. For 
example, long driveshafts for vehicles that must operate at high speeds are fre
quently made from hollow tubular composite materials using carbon fibers. 

7. Bearings should have a high stift'ness in terms of radial deflection as a function 
of load. 

8. Mountings for bearings and housings should be designed with high rigidity. 

9. References 3, 4, 5, and 7 provide additional information and analytical methods 
for estimating critical speeds. References 9-11 di.scuss machinery vibration. 

12 -12 At times it is desirable to transmit rotational motion and power between two points that are 
FLEXIBLE not aligned with each other. Flexible shafts can be used in such situations to couple a driver, 

SHAFTS such as a motor, to a driven device along a curved or dynamically moving path. The flexi
bility allows the driven point to be offset from the driving point in either parallel or angular 
fashion. Unidirectional shafts are used for power transmission in applications such as 
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automation systems, industrial machinery, agricultural equipment, aircraft actuators, seat ad
justers, medical devices, denfistry, speedometers, woodworking, and jeweler's tools. Bidi
rectional flexible shafts are used in remote control, valve actuation, and safety devices. They 
can often provide more design flexibility than other design opfions such as right-angle gear 
drives or universal joints. The offset between the driver and driven machine can be as much 
as 180° provided that the bend radius is above a specified minimum. Torque capacity in
creases with increasing bend radius. Eftlciencies are in the range from 90% to 95%. 

The construction consists of a flexible cable-like core connected to fitfings on each 
end. The fittings facilitate connection with the driving and driven machines. The casing pro
tects nearby equipment or people from contact with the rotating core. Designs are available 
for transmitting power in either direction, clockwise or counterclockwise. Some will oper
ate bidirectionally. 

The capacity of a flexible shaft is reported as the torque that can be transmitted reliably 
versus the minimum bend radius ofthe shaft. Internet site 7 includes selection data for a large 
range of sizes with capacities from as low as 0.20 to almost 2500 Ib-in (0.03 to 282 N-m). 
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I N T E R N E T S I T E S FOR S H A F T D E S I G N 

1. Hexagon Software, www.hexagon.de Computer 
software called WLl -I- for .shaft calculations. Can 
handle up to 100 cylindrical or conical shaft segments 
and up to 50 individual forces. Computes shearing force 
and bending moment diagrams, slope, deflection, 
bending .stresses, and shearing stresses. Critical speeds 
for flexure and torsional vibration are calculated. 

2. Spinning Composites, www.spinning-
composites.com Manufacturer of composite shafts for 
vehicular and industrial applications. Includes 
discussion of critical speeds. 

3. Advanced Composite Products and Technology, 
Inc. www.acpt.com Manufacturer of composite 
products for aerospace, military, commercial and 
industrial markets, including driveshafts and high
speed rotors. 

4. Kerk Motion Products, Inc. www.kerkmotion.com 
Manufacturer of lead screws for industrial applications. 
Site includes data for critical speeds and discussion 
about the factors involved. 

5. Orand Systems, Inc. www.orandsystems.com 
Developer and distributor of Beam 2D Stress Analysis 
software. Analyzes beams with numerous loads, cross 
sections, and support conditions. Load, shearing force, 
bending moment, slope, and deflection outputs in 
graphical and numerical data formats. Can be used for 
the bending calculations for shafts. 

6. MDSolids. www-.mdsolids.com Educational software 
for stress analysis that includes several modules 
including beams, torsion, trusses, and columns. 

7. S. S. White Company, www.sswt.com Manufacturer 
of flexible shafts. Site includes rating charts for torque 

http://www.hexagon.de
http://www.spinningcomposites.com
http://www.spinningcomposites.com
http://www.acpt.com
http://www.kerkmotion.com
http://www.orandsystems.com
http://www.sswt.com
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capacity versus the minimum radius of the shaft during 

operation. 

8. Elliott Manufacturing Co. www.elliottmfg.com 

Manufacturer of flexible shafts. 

9. Suhner Transmission Co. www.subnercom 
Manufacturer of tlexible shafts, spiral bevel gears, and 
small, high speed air motors and electric motors. Site 
includes rating charts for power and torque capacity of 
flexible shafts. 

P R O B L E M S 

Forces and Torque on Shafts—Spur Gears 

1. See Figure P12-1. The shaft rotating at 550 rpm carries a 
spur gear B having 96 teeth with a diametral pitch of 6. 
The teeth are of the 20°, full-depth, involute form. The 
gear receives 30 hp from a pinion directly above it. Com
pute the torque delivered to the shaft and the tangential 
and radial forces exerted on the shaft by the gear 

C 

rr 
20-in dia. 
flat-bell 
pulley 

10-in dia. 
spur gear 
20° FD 6-in dia. 

chain sprocket 

C drives Q 

FIGURE P12-2 (Problems 2, 12, 13, and 25) 

D E F 

- 4 -

FIGURE P12-1 (Problems 1,14, and 24) 

2. See Figure Pl 2-2. The shaft rotating at 200 rpm carries 
a spur gear C having 80 teeth with a diametral pitch of 
8. The teeth are of the 20°, full-depth, involute form. 
The gear delivers 6 hp to a pinion directly below it. 
Compute the torque delivered by the shaft to gear C and 
the tangential and radial forces exerted on the shaft by 
the gear. 

3. See Figure P12-3. The shaft rotating at 480 rpm carries a 
spur pinion B having 24 teeth with a diametral pitch of 8. 
The teeth are of the 20°, full-depth, involute form. The 
pinion delivers 5 hp to a gear directly below it. Compute 
the torque delivered by the shaft to pinion B and the tan
gential and radial forces exerted on the shaft by the pinion. 

3-in dia. 
spur gear 
20° FD 

B drives Q 

M^ 

10-in dia 
chain 
sprocket 

4-in dia. 
V-belt sheaves 

FIGURE P12-3 (Problems 3, 15, 16, and 26) 

http://www.elliottmfg.com
http://www.subnercom
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A B c 
—8—4^6-4-^ -36-

16-in spur gear 
20° FD 

. Jl4-in chain sprockets (Cand D) 

FIGURE P 1 2 - ^ (Problems 4, 19, and 27) 

4. See Figure PI2-4. The shaft rotating at 120 rpm car
ries a spur gear A having 80 teeth with a diametral 
pitch of 5. The teeth are ofthe 20°. full-depth, involute 
form. The gear receives 40 hp from a pinion to the right 
as shown. Compute the torque delivered to the shaft 
and the tangential and radial forces exerted on the shaft 
by the gear. 

5. See Figure P12-5. The shaft rotating at 240 rpm carries a 
spur gear D having 48 teeth with a diametral pitch of 6. 
The teeth are of the 20°. full-depth, involute form. The 
gear receives 15 hp from pinion Q located as shown. 
Compute the torque delivered to the shaft and the tan
gential and radial forces exerted on the shaft by the gear 

Resolve the tangential and radial forces into their hori
zontal and vertical components, and determine the net 
forces acting on the shaft at D in the horizontal and ver
tical directions. 

6. See Figure P12-6. The shaft rotating at 310 rpm carries 
a spur pinion E having 36 teeth with a diametral pitch of 
6. The teeth are of the 20°, full-depth, involute form. The 
pinion delivers 20 hp to a gear to the left as shown. Com
pute the torque delivered by the shaft to pinion E and the 
tangential and radial forces exerted on the shaft by the 
pinion. Include the weight ofthe pinion. 

7. See Figure P12-7. The shaft rotating at 480 rpm car
ries a spur gear C having 50 teeth with a diametral 

6-in chain sprocket 

Q drives D 

FIGURE P I 2 - 5 (Problems 5. 20, 21 , and 28) 
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22-in dia. 
V-belt sheave 
1201b 

6-in spur gear 
20° FD 
45 1b 

£ drives Q 

FIGURE P12-6 (Problems 6 and 29) 

- — 6 -

5-in spur gear 
20°FD 

A drives P 

FIGURE P12-7 (Problems 7, 8, and 30) 

—4-

C 

riD I J£ 

10-in spur gear 
20° FD 

Dand £ 
6-in V-belt sheaves* 

Q drives C 

pitch of 5. The teeth are of the 20°, full-depth, invo
lute form. The gear receives 50 hp from a pinion di
rectly below it. Compute the torque delivered to the 
shaft and the tangential and radial forces exerted on 
the shaft by the gear. 

See Figure P12-7. The shaft rotating at 480 rpm carries a 
spur pinion A having 30 teeth with a diametral pitch of 6. 
The teeth are of the 20°, full-depth, involute form. The 
pinion delivers 30 hp to a gear to the left as shown. Com
pute the torque delivered by the shaft to pinion A and the 
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6-in V-belt 
sheave 

6-in gear 

FIGURE P12-9 (Problems 9, 10, 11, and 31) 

tangential and radial forces exerted on the shaft by the 
pinion. 

9. See Figure P12-9. The shaft rotating at 220 rpm carries a 
spur pinion C having 60 teeth with a diametral pitch of 10. 
The teeth are of the 20°, full-depth, involute form. The 
pinion delivers 5 hp to a gear directly above it. Compute 
the torque delivered by the shaft to pinion C and the tan
gential and radial forces exerted on the shaft by the pinion. 

10. See Figure Pl 2-9. The shaft rotating at 220 rpm carries 
a spur gear D having 96 teeth with a diametral pitch of 
8. The teeth are of the 20°. full-depth, involute form. 
The gear receives 12.5 hp from a pinion directly below 
it. Compute the torque delivered to the shaft and the tan
gential and radial forces exerted on the shaft by the gear. 

11. See Figure F12-9. The shaft rotating at 220 rpm car
ries a spur pinion F having 60 teeth with a diametral 
pitch of 10. The teeth are of the 20°, full-depth, invo
lute form. The pinion delivers 5 hp to a gear located as 
shown. Compute the torque delivered by the shaft to 
pinion F and the tangential and radial forces exerted on 
the shaft by the pinion. Resolve the forces into their 
horizontal and vertical components, and determine the 
net forces acting on the shaft at F in the horizontal and 
vertical directions. 

Forces and Torque on Shafts—Sprockets 
and Belt Sheaves 

12. See Figure P12-2. The shaft rotating at 200 rpm carries a 
6-in-diameter chain sprocket D that delivers 4 hp to a 
mating sprocket above. Compute the torque delivered by 
the shaft to sprocket D and the force exerted on the shaft 
by the sprocket. 

13. See Figure P12-2. The shaft rotating at 200 rpm carries a 
20-in-diameter flat-belt pulley at A that receives 10 hp 
from below. Compute the torque delivered by the pulley to 
the shaft and the force exerted on the shaft by the pulley. 

14. See Figure P12-1. The shaft rotating at 550 rpm carries a 
10-in-diameter V-belt sheave at D that delivers 30 hp to a 
mating sheave as shown. Compute the torque delivered by 
the shaft to the sheave and the total force exerted on the 
shaft by the sheave. Resolve the force into its horizontal 
and vertical components, and show the net forces acting 
on the shaft at D in the horizontal and vertical directions. 

15. See Figure 12-3. The shaft rotating at 480 rpm carries a 
10-in-diameter chain sprocket at C that receives 11 hp 
from a mating sprocket below and to the left as shown. 
Compute the torque delivered to the shaft by the sprocket 
and the total force exerted on the shaft by the sprocket. 
Resolve the force into its horizontal and vertical compo
nents, and show the net forces acting on the shaft at C in 
the horizontal and vertical directions. 

16. See Figure 12-3. The shaft rotadng at 480 rpm carries two 
4-in-diameter sheaves at D and E that each deUver 3 hp to 
mating sheaves as shown. Compute the torque delivered 
by the shaft to each sheave and the total force exerted on 
the shaft by each sheave. Resolve the force at E into its 
horizontal and vertical components, and show the net 
forces acting on the shaft at E in the horizontal and verti
cal directions. 

17. See Figure P12-17. The shaft rotating at 475 rpm carries 
a 10-in V-belt sheave at C that receives 15.5 hp from a 
mating sheave to the left as shown. Compute the torque 
delivered to the shaft at C by the sheave and the total force 
exerted on the shaft at C by the sheave. 
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6-in-dia. 
flat-bell pulley 

FIGURE P12-17 (Problems 17. 18, and 32) 

18. See Figure P12-17. The shaft rotating at 475 rpm carries 
a 6-in-diameter fiat-belt pulley at D that delivers 3.5 hp to 
a mating pulley above and to the right as shown. Compute 
the torque delivered to the shaft by the pulley and the to
tal force exerted on the shaft by the pulley. Resolve the 
force into its horizontal and vertical components, and 
show the net forces acting on the shaft at D in the hori
zontal and vertical directions. 

19. See Figure F12-4. The shaft rotating at 120 rpm carries 
two identical 14-in-diameter chain sprockets at C and D. 
Each sprocket delivers 20 hp to mating sprockets to the 
left as shown. Compute the torque delivered by the shaft 
to each sprocket and the total force exerted on the shaft by 
each sprocket. 

20. See Figure P12-5. The shaft rotating at 240 rpm carries a 
12-in-diameter V-beh sheave at A that delivers 10 hp to a 
mating sheave directly below. Compute the torque deliv
ered by the shaft to the sheave and the total force exerted 
on the shaft at A by the sheave. 

21. See Figure P12-5. The shaft rotating at 240 rpm car
ries a 6-in-diameter chain sprocket at E that delivers 
5.0 hp to a mating sprocket to the right and above as 
shown. Compute the torque delivered by the shaft to 
the sprocket and the total force exerted on the shaft 
by the sprocket. Resolve the force into its horizontal 
and vertical components, and show the net forces 
acting on the shaft at E in the horizontal and vertical 
directions. 

Forces and Torque on Shafts—Helical Gears 

22. See Figure P12-22. The shaft is rotating at 650 rpm. 
and it receives 7.5 hp through a flexible coupling. The 

power is delivered to an adjacent shaft through a single 
helical gear B having a normal pressure angle of 20° 
and a helix angle of 15°. The pitch diameter for the gear 
is 4.141 in. Review the discussion of forces on helical 
gears in Chapter 10. and use Equations (12-1), (12-2), 
(12-4), and (12-5) in this chapter to verify the values 
for the forces given in the figure. Draw the complete 
free-body diagrams for the shaft in both the vertical 
plane and the horizontal plane. Then draw the complete 
shearing force and bending moment diagrams for the 
shaft in both planes. 

Flexible 
coupling 

im En 
Dg = 4.141 in 
H',B = 351 lb 

= 132 1b 
= 94 1b 

FIGURE P12-22 (Problems 22 and 33) 
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Forces and Torque on Shafts—Wormgears 
23. See Figure P12-23. The shaft is rotating at 1750 rpm, and it 

receives 7.5 hp through a 5.00-in V-belt drive from a mating 
belt sheave directly below. The power is delivered by a worm 
with a pitch diameter of 2.00 in. The forces on the worm 
were computed in Design Example 12-4 and are shown in 
the figure. Review the description of these forces and the 
method of computing them. Draw the complete free-body 
diagrams for the shaft in both the vertical plane and the hor
izontal plane. Then draw the complete shearing force and 
bending moment diagrams for the shaft in both planes. 

Comprehensive Shaft Design Problems 
For each of the following problems, it will be necessary to do 
the following: 

(a) Determine the magnitude of the torque in the shaft at 
all points 

(b) Compute the forces acting on the shaft at all power-
transmitting elements 

(c) Compute the reactions at the bearings 

(d) Draw the complete load, shear, and bending moment 

diagrams 

Neglect the weight of the elements on the shafts, unless 
otherwise noted. 

The objective of any problem, at the discretion ofthe in
structor, could be any of the following: 

• Design the complete shaft, including the specification 
of the overall geometry and the consideration of stress 
concentration factors. The analysis would show the 
minimum acceptable diameter at each point on the shaft 
to be safe from the standpoint of strength. 

• Given a suggested geometry of one part of the shaft, 
specify the minimum acceptable diameter for the shaft 
at that point. 

• Specify the required geometry at any selected element 
on the shaft: a gear, sheave, bearing, or other 

• Make a working drawing of the design for the shaft, fol
lowing the appropriate stress analysis, and specify the 
final dimensions. 

• Suggest how the given shaft can be redesigned by mov
ing or reorienting the elements on the shaft to improve 
the design to produce lower stresses, smaller shaft size, 
more convenient assembly, and so on. 

• Incorporate the given shaft into a more comprehensive 
machine, and complete the design of the entire ma
chine. In most problems, the type of machine for which 
the shaft is being designed is suggested. 

24. The shaft in Figure P12-1 is part of a drive for an au
tomated transfer system in a metal stamping plant. 
Gear Q delivers 30 hp to gear B. Sheave D delivers the 
power to its mating sheave as shown. The shaft carry
ing B and D rotates at 550 rpm. Use AISI 1040 cold-
drawn steel. 

25. The shaft in Figure P12-2 rotates at 200 rpm. Pulley A re
ceives 10 hp from below. Gear C delivers 6 hp to the mat
ing gear below it. Chain sprocket D delivers 4 hp to a 
shaft above. Use AISI 1117 cold-drawn steel. 

26. The shaft in Figure P12-3 is part of a special machine de
signed to reclaim scrap aluminum cans. The gear at B de
livers 5 hp to a chopper that cuts the cans into small 
pieces. The V-belt sheave at D delivers 3 hp to a blower 
that draws air through the chopper V-belt sheave E deliv
ers 3 hp to a conveyor that raises the shredded aluminum 
to an elevated hopper The shaft rotates at 480 rpm. All 
power comes into the shaft through the chain sprocket at 
C. Use AISI 1137 OQT 1300 steel for the shaft. The ele
ments at B, C, D. and E are held in position with retain
ing rings and keys in profile keyseats. The shaft is to be 
of uniform diameter, except at its ends, where the bear
ings are to be mounted. Determine the required diameter 

V-Belt sheave 
5.00 in PD 

End view of worm 

Bearing 

W,n, = 352 lb 

FIGURE P12-23 (Problems 23 and 34) 



Problems 571 

27. The shaft in Figure PI2-4 is the drive shaft for a large, 
bulk material conveyor The gear receives 40 hp and ro
tates at 120 rpm. Each chain sprocket delivers 20 hp to 
one side of the conveyor. Use AISI 1020 cold-drawn 
steel. 

28. The shaft in Figure Pl 2-5 is part of a conveyor drive sys
tem that feeds crushed rock into a railroad car. The shaft 
rotates at 240 rpm and is subjected to moderate shock 
during operation. All power is input to the gear at D. The 
V-beh sheave at A delivers 10.0 hp vertically downward. 
Chain sprocket E delivers 5.0 hp. Note the position of the 
gear Q, which drives gear D. 

29. Figure P12-6 illustrates an intermediate shaft of a punch 
press that rotates at 310 rpm while transmitting 20 hp 
from the V-belt sheave to the gear The flywheel is not ab
sorbing or giving up any energy at this time. Consider the 
weight of all elements in the analysis. 

30. The shaft in Figure P12-7 is part of a material handling 
system aboard a ship. All power comes into the shaft 
through gear C which rotates at 480 rpm. Gear A deliv
ers 30 hp to a hoist. V-belt sheaves D and E each deliver 
10 hp to hydraulic pumps. Use AISI 3140 OQT 1000 
steel. 

31. The shaft in Figure P12-9 is part of an automatic ma
chining system. All power is input through gear D. Gears 
C and F drive two separate tool feed devices requiring 
5.0 hp each. The V-belt sheave at B requires 2.5 hp to 
drive a coolant pump. The shaft rotates at 220 rpm. All 
gears are spur gears with 20°, full-depth teeth. Use AISI 
1020 cold-drawn steel for the shaft. 

32. The shaft in Figure Pl 2-17 is part of a grain-drying sys
tem. At A is a propeller-type fan that requires 12 hp when 
rotating at 475 rpm. The fan weighs 34 lb, and its weight 
should be included in the analysis. The tlat-belt pulley at 
D delivers 3.5 hp to a screw conveyor handling the grain. 
All power comes into the shaft through the V-belt sheave 
at C. Use AISI 1144 cold-drawn steel. 

33. Figure Pl 2-22 shows a helical gear mounted on a shaft 
that rotates at 650 rpm while transmitting 7.5 hp. The 
gear is also analyzed in Example Problem 10-1, and 
the tangential, radial, and axial forces on it are shown 
in the figure. The pitch diameter of the gear is 4.141 in. 
The power is delivered from the shaft through a flexi
ble coupling at its right end. A spacer is used to posi
tion the gear relative to bearing C. The thrust load is 
taken at bearing/!. 

34. The shaft shown in Figure P12-23 is the input shaft of a 
wormgear drive. The V-belt sheave receives 7.5 hp from 
directly downward. The worm rotates at 1750 rpm and 
has a pitch diameter of 2.000 in. This is the driving worm 
for the wormgear described in Design Example 12-4. 
The tangential, radial, and axial forces are shown in the 
figure. The worm is to be machined integrally with the 

35. 

shaft, and it has a root diameter of 1.614 in. Assume that 
the gci)metry of the root area presents a stress concen
tration factor of 1.5 for bending. Analyze the stress in the 
area ofthe worm thread root, and specify a suitable ma
terial for the shaft. 

The double-reduction, helical gear reducer shown in Fig
ure PI 2-35 transmits 5.0 hp. Shaft 1 is the input, rotating 
at 1800 rpm and receiving power directly from an electric 
motor through a tlexible coupling. Shaft 2 rotates at 
900 rpm. Shaft 3 is the output, rotating at 300 rpm. A 
chain sprocket is mounted on the output shaft as shown 
and delivers the power upward. The data for the gears are 
given in Table 1 2 ^ . 

Input 

FIGURE P12-35 (Problem 35) 

TABLE 1 2 ^ 

Gear 

P 
B 
C 

Q 

Diametral 
pitch 

8 
8 
6 
6 

Pitch 
diameter 

1.500 in 
3.000 in 
2.(J00 in 
6.000 in 

Number 
of teeth 

12 
24 
12 
36 

Face 
width 

0.75 in 
0,75 in 
1.00 in 
1.00 in 
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Each gear has a \4'A° normal pressure angle and a 
45 helix angle. The combinations of left- and right-
hand helixes are arranged so that the axial forces oppose 
each other on shaft 2 as shown. Use AISI 4140 OQT 
1200 for the shafts. 

36. Complete the design of the shafts carrying the bevel 
gear and pinion shown in Figure 10-8. The forces on 
the gears, the bearing reactions, and the bending mo
ment diagrams are developed in Example Problems 
10-3 and 10-4 and are shown in Figures 10-8 through 
10-12. Assume that the 2.50 hp enters the pinion shaft 
from the right through a flexible coupling. The power is 
delivered by way ofthe lower extension ofthe gear shaft 
through another tlexible coupling. Use AISI 1040 OQT 
1200 for the shafts. 

37. The vertical shaft shown in Figure PI2-37 is driven at a 
speed of 600 rpm with 4.0 hp entering through the bevel 
gear Each of the two chain sprockets delivers 2.0 hp to 
the side to drive mixer blades in a chemical reactor ves
sel. The bevel gear has a diametral pitch of 5, a pitch di
ameter of 9.000 in, a face width of 1.31 in, and a pressure 
angle of 20°. Use AISI 4140 OQT 1000 steel for the shaft. 

See Chapter 10 for the methods for computing the forces 
on the bevel gear 

38. Figure P12-38 shows a sketch for a double-reduction 
spur gear train. Shaft I rotates at 1725 rpm, driven di
rectly by an electric motor that transmits 15.0 hp to the re
ducer The gears in the train all have 20°, full-depth teeth 
and the following numbers of teeth and pitch diameters: 

Gear A 
18 teeth 
1.80-india. 

G e a r C 
24 teeth 
4.00-in dia. 

GearB 
54 teeth 
5.40-in dia. 

G e a r D 
48 teeth 
8.00-in dia. 

Note that the speed reduction for each gear pair is pro
portional to the ratio of the number of teeth. Therefore, 
shaft 2 rotates at 575 rpm, and shaft 3 rotates at 
287.5 rpm. Assume that all shafts carry 15.0 hp. The 
distance from the middle of each bearing to the middle 
of the face of the nearest gear is 3.00 in. Shaft 2 has a 

Bearing ^ 

T~r 2.46 3.25 

^ 

^ 1 - * -

Chain sprockets 
10.00 in PD 

Bearing 

3.75 

• * " £ f2 

^ 2 

2.50 

3.50 

_L 

FIGURE P12-37 Bevel gears shown in section for Problem 37. See Chapter 10. 
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39. 

length of 5.00 in between the two gears, making the to
tal distance between the middle of the two bearings 
equal to 11.00 in. The extensions of the input and the 
output shafts carry torque, but no bending loads are ex
erted on them. Complete the design of all three shafts. 
Provide for profile keyseats for each gear and sled-
runner keyseats at the outboard ends of the input and 
output shafts. Provide for the location of each gear and 
bearing on the shaft. 

Figure P12-39 shows a speed reducer with a V-belt drive 
delivering power to the input shaft and a chain drive tak

ing power from the output shaft and delivering it to a con
veyor The drive motor supplies 12.0 hp and rotates 1150 
rpm. The speed reductions of the V-belt drive and the 
chain drive are proportional to the ratio ofthe diameter of 
the driving and driven sheaves or sprockets. The arrange
ment of the gears in the reducer is the same as that de
scribed in Figure PI2-38 and Problem 38. Determine the 
forces applied to the motor shaft, to each of the three 
shafts of the reducer, and to the conveyor drive shaft. 
Then complete the design of the three shafts of the re
ducer, assuming that all shafts transmit 12.0 hp. 

Reducer 

® 
Input 

^ 

® 
© 

B -

B 

- S 

C 

m-

s 
® 

U D 
Output 

FIGURE P12-38 Gear reducer for Problems 38 and 39 

5.6-in dia. 

0.6-in dia. 

35° 

End view of V-belt drive 

End view of chain drive 

FIGURE P12-39 Drive system for Problem 39 
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FIGURE PI 2-40 
Drive system for 
Problem 40 

Drive 
motor 

Output 
to cmsher 

Gear Q 

Input 

^ £ Shaft (2) 

Gear A 
4.00-in dia. 

Output 
to conveyor 

Gear £ 
2.50-in dia. 

Pressure angle 
20° for all gears 

40. 

41. 

Figure Pl 2-40 shows a drive for a system to cmsh coal 
and deliver it by conveyor to a railroad car Gear A de
livers 15 kW to the crusher, and gear E delivers 7.5 kW 
to the conveyor All power enters the shaft through gear 
C. The shaft carrying gears A. C, and E rotates at 480 
rpm. Design that shaft. The distance from the middle of 
each bearing to the middle of the face of the nearest gear 
is 100 mm. 

A shaft is to be designed for a linkage of a windshield 
wiper mechanism for a truck (see Figure P12-41). A 20-N 
force is applied to lever 1 by an adjacent link. The reaction 
force, F,. on lever 2 is transmitted to another link. The dis
tance, d. between elements is 20.0 mm. Bearings A and C 
are straight, cylindrical, bronze bushings, 10.0 mm long. 
Design the shaft and levers 1 and 2. 

FIGURE P12^1 Shaft and levers for windshield 
wiper system for Problem 41 
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Tolerances and Fits 

Discussion Map 

• A tolerance is the 
permissible variation on key 
dimensions of mechanical 
parts. You, as a designer, 
must specify the tolerance 
for each dimension, 
considering how it will 
perform and how it will be 
manufactured. 

• Two or more parts may be 
assembled together either 
with a clearance fit, allowing 
free relative motion, or with 
an intederence fit, where the 
two parts must be pressed 
together and therefore will 
not move during operation 
of the device. 

Discover 
Identify examples of products for which precise 
dimensional tolerances would be appropriate and some 
for which looser tolerances are permitted. 
Look for examples of mechanical parts that have 
clearance fits and some that have intederence fits. 
Describe the reasons why the designer may have made 
the design in this way 

This chapter will help you acquire the competency to 
specify suitable fits for mating parts and the 
dimensional tolerances that will produce the desired fit. 

The objective of most ofthe analysis procedures discussed in this book is to determine the min
imum acceptable geometric size at which a component is safe and performs properly under 
specified conditions. As a designer, you must also then specify the final dimensions for the 
components, including the tolerances on those dimensions. 

The term tolerance refers to the permissible deviation of a dimension from the specified 
basic size. The proper performance of a machine can depend on the tolerances specified for 
its parts, particularly those that must fit together for location or for suitable relative motion. 

The term/?? usually refers to the clearances that are permissible between mating parts 
in a mechanical device that must assemble easily and that must often move relative to each 
other during normal operation of the device. Such fits are usually called running or sliding 
fits, Fd can also refer to the amount of inteiference that exists when the inside part should 
be larger than the outside part. Interference fits are used to ensure that mafing parts do not 
move relative to each other. 

Look for examples of parts for mechanical devices that have clearance fits. Any ma
chine having shafts that rotate in plane surface bearings should have such parts. This type 
of bearing is called a journal bearing, and there must be a small but reliable clearance be
tween the shaft and the bearing to permit smooth rotation of the shaft. But the clearance 
cannot be too large, or the operation of the machine will appear to be too crude and rough. 

Consider also any assembly having hinges that allow one part to rotate relative to the 
other, such as an access door or panel or the cover of a container. The hinge parts will have 
a clearance fit. Many types of measuring equipment, such as calipers, dial indicators, and 
electronic probes, that have moving parts must be designed carefully to maintain the ex
pected precision of the measurements while allowing reliable motion. On the other end of 
the spectrum is the rather loose fit that is typical of toys and some other types of recreation 
equipment. The fit of the wheel of a child's wagon onto its axle is typically quite large to 
allow free rotation and to permit easy assembly. We will show in this chapter that the wide 
range of fits that are encountered in practice are designed by specifying a class of fit and 
then determining the allowable range of key dimensions of mating parts. 

576 
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Look also for examples where two parts are assembled so that they cannot move rel
afive to one another. They are held tightly together becau.se the inside part is larger than the 
outside part. Perhaps some parts of your car are like that. 

This chapter will help you design parts that must have clearance or interference fits. 
When an interference fit occurs, it is often desirable to predict the level of stress to which 
the mating parts are subjected. That topic will also be covered in this chapter. 

You Are the Designer 

Assume that you are responsible for the design of the 
gear-type speed reducer discussed in Chapter 1 and 
sketched in Figure 1-12. The sketch is repeated here as 
Figure 13-1. The input and output shafts each carry one 
gear while being supported on two bearings mounted in 
the housing. The gears are keyed to the shafts to permit 
the transmission of torque from the shaft to the gear, or 
vice versa. The material in Chapter 12 will help you to de
sign the shafts themselves. Chapter 14 discusses bear
ing selection and application. The results of these design 
decisions include the calculation of the minimum accept
able diameter for the shaft at any section and the specifi
cation of suitable bearings to carry the loads applied with 
a reasonable life. The bearing manufacturer will specify 
the tolerances on the various dimensions of the bearing. 
Your job is to specify the final dimensions for the shaft at 
all points, including the tolerances on those dimensions. 

Consider the part of the input shaft where the first gear 
in the train is mounted. What is a convenient nominal size 
to specify for the shaft diameter at the location of the 
gear? Do you want to be able to slide the gear easily over 
the left end of the shaft and up against the shoulder that 
locates it? If so, how much clearance should be allowed 
between the shaft and the bore of the gear to ensure ease 
of assembly while still providing accurate location of the 
gear and smooth operation? When the shaft is machined, 
what range of dimensions will you allow the manufactur
ing staff to produce? What surface finish should be spec
ified for the shaft, and what manufacturing process is 

Input 
shaft 

FIGURE 13-1 Conceptual design for a speed reducer 

required to produce that finish? What is the relative cost 
of the manufacturing operation? Similar questions must 
be answered for the bore of the gear 

Rolling contact bearings, such as the familiar ball 
bearing, are designed to be installed on the shaft with an 
intederence fit,Tha\ is, the inside diameter of the bearing 
is smaller than the outside diameter of the shaft where 
the bearing is to be seated. A significant force is required 
to press the bearing onto the shaft. What dimensions do 
you specify for the shaft at the bearing seat? How much 
interference should be specified? How much stress is 
produced in the shaft because of the interference fit? As 
the designer you must answer these questions. 

13-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Define the terms tolerance, allowance, unilateral tolerance, and bilateral tolerance. 

2. Describe the relationships among tolerances, production processes, and cost. 

3. Specify basic sizes for dimensions according to a set of preferred sizes. 

4. Use the ANSI Standard B4.1, Preferred Limits and Fds for Cylindrical Parts, to 
specify tolerances, fits, and clearances. 

5. Specify transitional, interference, and force fits. 
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6. Compute the pressure created between parts subjected to interference fits and the 
resulfing stresses in the mating members. 

7. Use a spreadsheet to assist in the calculation of stresses for interference fits. 

8. Specify appropriate geometric dimensions and tolerancing controls for mating parts. 

13-2 
FACTORS 

AFFECTING 
TOLERANCES 

AND FITS 

Consider the plain surface bearings designed in Chapter 16. A critical part ofthe design is 
the specification of the diametral clearance between the journal and the bearing. The typi
cal value is just a few thousandths of an inch. But some variation must be allowed on both 
the journal outside diameter and the bearing inside diameter for reasons of economy of 
manufacture. Thus, there will be a variation ofthe actual clearance in producfion devices, 
depending on where the individual mating components fall within their own tolerance 
bands. Such variations must be accounted for in the analysis of the bearing performance. 
Too small a clearance could cause seizing. Conversely, too large a clearance would reduce 
the precision ofthe machine and adversely affect the lubrication. 

The mounting of power transmission elements onto shafts is another situation in which 
tolerances and fits must be considered. A chain sprocket for general-purpose mechanical 
drives is usually produced with a bore that will easily slide into posifion on the shaft during 
assembly. But once in place, it will transmit power smoothly and quietly only if it is not ex
cessively loose. A high-speed turbine rotor must be installed on its .shaft with an interference 
fit. eliminating any looseness that would cause vibrations at the high rotational speeds. 

When relative motion between two parts is required, a clearance fit is necessary. But 
here, too, there are differences. Some measuring instruments have parts that must move 
with no perceptible looseness (somefimes caWedplay) between mating parts which would 
adversely affect the accuracy of measurement. An idler sheave in a belt drive system must 
rotate on its shaft reliably, without the tendency to seize, but with only a small amount of 
play. The requirement for the mounting of a wheel of a child's wagon on its axle is much 
different. A loose clearance fit is satisfactory for the expected use of the wheel, and it per
mits wide tolerances on the wheel bore and on the axle diameter for economy. 

13—3 
TOLERANCES, 
PRODUCTION 
PROCESSES, 
AND COST 

A unilateral tolerance deviates in only one direction from the basic size. A bilateral toler
ance deviates both above and below the basic size. The total tolerance is the difference be
tween the maximum and minimum permissible dimensions. 

The term allowance refers to an intentional dift'erence between the maximum material 
limits of mafing parts. For example, a positive allowance for a hole/shaft pair would define the 
minimum clearance between the mating parts from the largest shaft mating with the smallest 
hole. A negative allowance would result in the shaft being larger than the hole {interference). 

The term fit refers to the relative looseness (clearance fit) or tightness (interference fit) 
of mating parts, especially as it aft'ects the motion of the parts or the force between them after 
assembly. Specifying the degree of clearance or interference is one ofthe tasks ofthe designer 

It is costly to produce components with very small tolerances on dimensions. It is the 
designer's responsibility to set the tolerances at the highest possible level that results in sat
isfactory operafion of the machine. Certainly judgment and experience must be exercised 
in such a process. In quantity production situations, it may be cost-effective to test proto
types with a range of tolerances to observe the limits of acceptable performance. 

In general, the production of parts with small tolerances on their dimensions requires 
multiple processing steps. A shaft may first have to be turned on a lathe and then ground to 
produce the final dimensions and surface finish. In extreme cases, lapping may be required. 
Each subsequent step in the manufacture adds cost. Even if different operafions are not re
quired, the holding of small tolerances on a single machine, such as a lathe, may require 
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FIGURE 13-2 
Machining costs versus 
surface finish specified 
[Reprinted with 
permission from the 
Association for 
Integrated 
Manufacturing 
Technology (formerly 
the Numerical Control 
Society)] 
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several passes, ending with a fine finish cut. Cutting tool changes must be more frequent, 
also, as wear of the tool takes the part out of tolerance. 

The production of part features with sinall tolerances usually involves finer surface fin
ishes as well. Figure 13-2 shows the general relationship between the surface finish and the rel
ative cost of producing a part. The typical total tolerance produced by the processes described is 
included in the figure. The increase in cost is dramatic for the small tolerances and fine finishes. 

Figure 13-3 presents the relationship between the surface finish and the machining 
operations available to produce it. 

The basic reference for tolerances and fits in the United States is the ANSI Standard 
B4.1 -1967, Preferred Limits and Fits for Cylindrical Parts. Metric dimensions should con
form to ANSI B4.2-1978, Preferred Metric Limits and Fits. The most recent version should 
be consulted. (See References 1 and 2.) 

An international body, the International Organization for Standardization (ISO), 
gives metric data for limits and fits in Recommendation 286 (ISO R286), used in Europe 
and many other countries. 

The term tolerance grade refers to a set of tolerances that can be produced with an 
approximately equal production capability. The actual total tolerance allowed within each 
grade depends on the nominal size ofthe dimension. Smaller tolerances can be achieved for 
smaller dimensions, and vice versa. Standards ISO R286 and ANSI B4.1 include complete 
data for tolerance grades from 01 through 16 as shown in Table 13-1. Tolerances are sinaller 
for the smaller grade number. 

A sampling of tolerance data for machined parts for a few grades and ranges of size 
is given in Table 13-2. Figure 13-2 shows the capability of selected manufacturing 
processes to produce work within the given tolerance grades. 
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FIGURE 13-3 
Finishes produced by 
various techniques 
(roughness average, /?„) 

Technique 

micrometers (^m) 

50 25 12.5 6.3 3.2 1.6 0.80 0.40 0.20 0.10 0.05 0.025 0.012 

Microinches (p inch) 

2000 1000 500 250 125 63 32 16 8 4 2 1 0.5 

Flame-cut 
Forging 
Sawing 
Planing, shaping 

Drilling 
Chemical milling 
Discharge machining 
Milling 

Broaching 
Boring 
Tuming 

Electrolytic grinding 
Burnishing 
Grinding 
Honing 

Polishing 
Lapping 

Isupertinisning 

i ^ 

- -

—H 

f 

I = Average industrial application (values may vary under special conditions) 

TABLE 13-1 Tolerance grades 

Application Tolerance grades 

Measuring tools 
Fits of machined parts 
Material, as supplied 
Rough forms (casting, 

sawing, forging, etc. 

01 
4 
8 

12 

0 
5 
9 

13 

1 
6 

10 
14 

2 
7 

11 
15 

3 
8 

12 
16 

4 
9 

13 

5 
10 
14 

6 
11 

TABLE 13-2 Tolerances for some tolerance grades 

Nominal 
size (in) 

0.24-0.40 
0.40-0.71 
0.71-1.19 
1.19-1.97 
1.97-3.15 
3.15-t.73 
4.73-7.09 

4 

0.15 
0.20 
0.25 
0.3 
0.3 
0.4 
0.5 

5 

0.25 
0.3 
0.4 
0.4 
0.5 
0.6 
0.7 

6 
Tolerance 

7 
grade 

8 

Tolerances in thousandths of 

0.4 
0.4 
0.5 
0.6 
0.7 
0.9 
1.0 

0.6 
0.7 
0.8 
1.0 
1.2 
1.4 
1.6 

0.9 
1.0 
1.2 
1.6 
1.8 
2.2 
2.5 

9 

an inch 

1.4 
1.6 
2.0 
2.5 
3.0 
3.5 
4.0 

10 

2.2 
2.8 
3.5 
4.0 
4.5 
5.0 
6.0 

11 

3.5 
4.0 
5.0 
6.0 
7.0 
9.0 

10.0 
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13-4 
PREFERRED 
BASIC SIZES 

The first step in specifying a dimension for a part is to decide on the basic size, that di
mension to which the tolerances are applied. The analysis for strength, deflection, or per
formance of the part determines the nominal or minimum size required. Unless special 
conditions exist, the basic size should be chosen from the lists of preferred basic sizes in 
Table A2-1 for fractional-inch sizes, decimal-inch sizes, and metric sizes from the Sl. If 
possible, select from the first-choice column. If a size between two first-choice sizes is re
quired, the .second-choice column should be used. This will limit the number of sizes typi
cally encountered in the manufacture of products and will lead to cost-effective 
.standardization. The choice of system depends on the policies ofthe company and the mar
ket for the product. 

13-5 
CLEARANCE FITS 

When there must always be a clearance between mating parts, a clearance fit is specified. 
The designation for standard clearance fits from ANSI Standard B4.1 for members that 
must move together is the running or sliding clearance fit (RC). Within this standard, there 
are nine classes, RCl through RC9, with RCl providing the smallest clearance, and RC9 
the largest. The following descriptions for the individual members of this class should help 
you to decide which is most appropriate for a given application. 

RCl (close sliding fit): Accurate location of parts that must assemble without per
ceptible play. 

RC2 (sliding fit): Parts that will move and turn easily but are not intended to run 
freely. Parts may seize with small temperature changes, especially in the larger 
sizes. 

RC3 (precision running fit): Precision parts operating at slow speeds and light loads 
that must run freely. Changes in temperature may cause diftlculties. 
RC4 (close running fit): Accurate location with minimum play for use under mod
erate loads and speeds. A good choice for accurate machinery. 
RC5 (medium running fit): Accurate machine parts for higher speeds and/or loads 
than for RC4. 

RC6 (medium running fit): Similar to RC5 for applications in which larger clearance 
is desired. 
RC7 (free running fit): Reliable relative motion under wide temperature variations 
in applications where accuracy is not critical. 

RC8 (loose running fit): Permits large clearances, allowing the use of parts with 
commercial, "as-received" tolerances. 
RC9 (loose running fit): Similar to RC8, with approximately 50% larger clearances. 

The complete standard ANSI B4.1 lists the tolerances on the mating parts and the re
sulting limits of clearances for all nine classes and for sizes from zero to 20U in. (See also 
References 4, 5, and 9.) Table 13-3 is abstracted from the standard. Let RC2 represent the 
precision fits (RCl, RC2. RC3); let RC5 represent the accurate, reliable running fits (RC4 
to RC7); and let RC8 represent the loose fits (RC8, RC9). 

The numbers in Table 13-3 are in thousandths of an inch. Thus, a clearance of 2.8 
from the table means a difference in size between the inside and outside parts ot 0.0028 in. 
The tolerances on the hole and the shaft are to be applied to the basic size to determine the 
limits of size for that dimension. 

In applying tolerances and the allowance to the dimensions of mating parts, de
signers use the basic hole system and the basic shaft system. In the basic hole system, the 
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TABLE 13-3 Clearance fits (RC) 

Nominal 
size range 

(in) 

Over To 

0-0.12 

0.12-0.24 

0.24-0.40 

0.40-0.71 

0.71-1.19 

1.19-1.97 

1.97-3.15 

3.15^.73 

4.73-7.09 

7.09-9.85 

9.85-12.41 

Class RC2 

L
im

it
s o

f 
cl

ea
ra

nc
e 

0.1 
0.55 

0.15 
0.65 

0.2 
0.85 

0.25 
0.95 

0.3 
1.2 

0.4 
1.4 

0.4 
1.6 

0.5 
2.0 

0.6 
2.3 

0.6 
2.6 

0.7 
2.8 

Standard 
limits 

Hole 

-H0.25 
0 

+().} 
0 

-H0.4 
0 

+0A 
0 

-hO.5 
0 

-H0.6 
0 

-1-0.7 
0 

-H0.9 
0 

-HI.O 
0 

-M.2 
0 

-M.2 
0 

Shaft 

-0 .1 
- 0 . 3 

-0 .15 
-0 .35 

-0 .2 
-0 .45 

-0.25 
-0.55 

-0 .3 
-0 .7 

-0 .4 
-0 .8 

-0 .4 
- 0 . 9 

-0 .5 
- I . l 

- 0 . 6 
-1 .3 

-0 .6 
-1 .4 

-0 .7 
-1 .6 

Class RC5 

L
im

it
s 

of
 

cl
ea

ra
nc

e 

0.6 
1.6 

0.8 
2.0 

1.0 
2.5 

1.2 
2.9 

1.6 
3.6 

2.0 
4.6 

2.5 
5.5 

3.0 
6.6 

3.5 
7.6 

4.0 
8.6 

5.0 
10.0 

Standard 
limits 

Hole 

-H0.6 
- 0 

-hO.7 
- 0 

-H0.9 
- 0 

+ ].0 
- 0 

-hl.2 
- 0 

4-1.6 
- 0 

-HI.8 
- 0 

+ 2.2 
- 0 

-H2.5 
- 0 

-1-2.8 
- 0 

-H3.0 
- 0 

Shaft 

- 0 . 6 
-1 .0 

-0 .8 
- 1 . 3 

- 1 . 0 
-1 .6 

-1 .2 
- 1 .9 

-1 .6 
-2 .4 

-2 .0 
-3 .0 

-2 .5 
-3 .7 

-3 .0 
- 4 . 4 

-3 .5 
-5 .1 

-4 .0 
-5 .8 

-5 .0 
-7 .0 

Class RC8 

L
im

it
s 

of
 

cl
ea

ra
nc

e 

2.5 
5.1 

2.8 
5.8 

3.0 
6.6 

3.5 
7.9 

4.5 
10.0 

5.0 
11.5 

6.0 
13.5 

7.0 
15.5 

8.0 
18.0 

10.0 
21.5 

12.0 
25.0 

Standard 
limits 

Hole 

-H.6 
0 

-1-1.8 
0 

-H2.2 
0 

-t-2.8 
0 

+ 3.5 
0 

-1-4.0 
0 

-H4.5 
0 

-H5.0 
0 

-^6.0 
0 

-H7.0 
0 

-H8.0 
0 

Shaft 

-2 .5 
-3 .5 

-2 .8 
- 4 . 0 

-3 .0 
-4 .4 

-3 .5 
-5 .1 

-4 .5 
-6 .5 

- 5 . 0 
-7 .5 

- 6 . 0 
- 9 . 0 

- 7 . 0 
-10.5 

- 8 . 0 
-12 .0 

-10 .0 
-14.5 

-12 .0 
-17 .0 

Nominal 

size range 
(in) 

Over To 

0-0.12 

0.12-0.24 

0.24-0.40 

0.40-0.71 

0.71-1.19 

1.19-1.97 

1.97-3.15 

3.15^.73 

4.73-7.09 

7.09-9.85 

9.85-1241 

Source: Reprinted from ANSI Standard B4. 

Note: Limits are in thousandths of an inch. 

1-1967 by permission of The American Society of Mechanical Engineers. All rights reserved. 

design size of the hole is the basic size, and the allowance is applied to the shaft; the ba
sic size is the minimum size of the hole. In the basic shaft system, the design size ofthe 
shaft is the basic size, and the allowance is applied to the hole; the basic size is the max
imum size of the shaft. The basic hole system is preferred. 

Figure 1 3 ^ shows a graphical display of the tolerances and fits for all nine RC 
classes when applied to a shaft/hole combination in which the basic size is 2.000 in and the 
basic hole system is used. Note that such a diagram shows the total tolerance on both the 
shaft and the hole. The tolerance for the hole always starts at the basic size, while the shaft 
tolerance is oft'set below the basic size to provide for the minimum clearance (smallest hole 
combined with the largest shaft). The maximum clearance combines the largest hole with 
the smallest shaft. This figure also shows the dramatic range of clearances provided by the 
nine classes within the RC system. 
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FIGURE 13-4 RC 
fits for basic hole size 
of 2.00 in showing 
tolerances for hole and 
shaft, minimum 
clearance and 
maximum clearance 
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The codes within the tolerance bars in Figure 13-4 refer to the tolerance grades men
tioned earlier. The capital H combined with a tolerance grade number is used for the hole 
in the basic hole system for which there is no fundamental deviation from the basic size. 
The lowercase letters in the shaft tolerance bars indicate some fundamental deviation of the 
shaft size from the basic size. Then the tolerance is added to the fundamental deviation. The 
size of the tolerance is indicated by the number. 
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ISO standard R286 for limits and fits also uses the letter/number codes. For example, 
a specification for a shaft/hole combination with a basic size of 50 mm that is to provide a 
free running fit (similar to RC7) could be defined on a drawing as 

Hole: 050 H9 Shaft: 050 dS 

No tolerance values need to be given on the drawing. 

Example Problem 13-1 

Solution 

A shaft carrying an idler sheave for a belt drive system is to have a nominal size of 2.00 in. 
The sheave must rotate reliably on the shaft, but with the smoothness characteristic of ac
curate machinery. Specify the limits of size for the shaft and the sheave bore, and list the 
limits of clearance that will result. Use the basic hole system. 

An RC5 fit should be satisfactory in this application. From Table 13-3, the hole tolerance 
limits are +1.8 and - 0 . The sheave hole then should be within the following limits: 

Sheave Hole 

2.0000 + 0.0018 = 2.0018 in (largest) 

2.0000 - 0.0000 = 2.0000 in (smallest) 

Notice that the smallest hole is the basic size. 
The shaft tolerance limits are —2.5 and —3.7. The resulting size limits are as follows: 

Shaft Diameter 

2.0000 - 0.0025 = 1.9975 in (largest) 

2.0000 - 0.0037 = 1.9963 in (smallest) 

Figure 13-5 illustrates these results. 
Combining the smallest shaft with the largest hole gives the largest clearance. Con

versely, combining the largest shaft with the smallest hole gives the smallest clearance. 
Therefore, the limits of clearance are 

2.0018 - 1.9963 = 0.0055 in (largest) 

2.0000 - 1.9975 = 0.0025 in (smallest) 

These values check with the limits of clearance in Table 13-3. Notice that the total toler
ance for the shaft is 0.0012 in, and for the hole 0.0018 in, both relatively small values. 

FIGURE 13-5 An 
RC5 fit using the basic 

hole system 
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Shaft ^ 
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Maximum: 
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2.0000 
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Locational Clearance Fits 

Another clearance fit system is available for parts for which control of the location is de
sired although the parts will normally not move in relation to each other in operation. Called 
locational clearance (LC) fits, they include eleven classes. The first four, LC 1 to LC4, have 
a zero clearance (size to size) as the lower limit of the fit. regardless of size or class. The 
upper limit of fit increa.ses with both the size ofthe parts and the class number. Classes LC5 
through LCI 1 provide some positive clearance for all sizes, increasing with the size ofthe 
parts and with the class. Numerical values for the tolerances and fits for these classes have 
been published. (See References 1, 4, 5, and 9.) 

13—6 Inteiference fits are those in which the inside member is larger than the outside member, re-
INTERFERENCE quiring the application of force during assembly. There is some deformation ofthe parts af-

FITS ter assembly, and a pressure exists at the mating surfaces. 
Force fits are designed to provide a controlled pressure between mating parts 

throughout the range of sizes for a given class. They are used where forces or torques are 
transmitted through the joint. Instead of being assembled through the application of force, 
similar fits are obtained by shrink fitting, in which one member is heated to expand it while 
the other remains cool. The parts are then assembled with little or no force. After cooling, 
the same dimensional interference exists as for the force fit. Locational inteiference fits are 
u.sed for location only. There is no movement between parts after assembly, but there is no 
special requirement for the resulting pressure between mating parts. 

Force Fits (FN) 
As shown in Table 1 3 ^ , five classes of force fits are defined in ANSI Standard B4.1. (See 
References 1, 4, 5, and 9.) 

FNl (light drive fit): Only light pressure required to assemble mating parts. Used for 
fragile parts and where no large forces must be transmitted across the joint. 

FN2 (medium drive fit): General-purpose class used frequently for steel parts of 
moderate cross section. 

FN3 (heavy drive fit): Used for heavy steel parts. 

FN4 (force fit): Used for high-strength assemblies where high resulting pressures are 
required. 

FN5 (force fit): Similar to FN4 for higher pressures. 

The use of shrink fit methods is desirable in most cases of interference fits and is vir
tually required in the heavier clas.ses and larger-size parts. The temperature increase re
quired to produce a given expansion for assembly can be computed from the basic 
definition ofthe coefficient of thermal expansion: 

6 = aLiAt) (13-1) 

where 8 = total deformation desired (in or mm) 
a = coefficient of thermal expansion (in/in°F or mm/min°C) 
L = nominal length of member being heated (in or mm) 

Ar = temperature difference (°F or °C) 

For cylindrical parts, L is the diameter and 5 is the change in diameter required. Table 13-5 
gives the values for a for several materials. (See Reference 9 for more data.) 
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TABLE 13-4 Force and shrink fits (FN) 

Nominal 

si/.e range 

(in) 

Over To 

0-0.12 

0.12-0.24 

0.24-0.40 

0.40-0.56 

0.56-0.71 

0.71-0.95 

0.95-1.19 

1.19-1.58 

1.58-1.97 

1.97-2.56 

2.56-3.15 

3.15-3.94 

3.94-4.73 

4.73-5.52 

5.52-6..W 

Class FN 1 

L
im

it
s 

o
f 

in
te

rf
er

en
ce

 

0.05 

0.5 

0.1 

0.6 

0.1 

0.75 

0.1 

0.8 

0.2 

0.9 

0.2 

1.1 

0.3 

1.2 

0.3 

1.3 

0.4 

1.4 

0,6 

1.8 

0.7 

1.9 

0.9 

2.4 

1.1 

2.6 

1.2 

2.9 

1.5 

3.2 

SlundanJ 

limits 

Hole 

+ 0.25 
- 0 

+ 0.3 

- 0 

+ 0.4 

- 0 

+ 0.4 
- 0 

+ 0.4 

- 0 

+ 0.5 
- 0 

+ 0.5 
- 0 

+ 0.6 

- 0 

+ 0.6 
- 0 

+ 0.7 
- 0 

+0.7 

- 0 

+0.9 

- 0 

+ 0.9 

- 0 

+ 1.0 

- 0 

+ 1.0 
- 0 

Shaft 

+ 0.5 

+ 0.3 

+ 0.6 

+ 0.4 

+0.75 

+ 0.5 

+ 0.8 

+ 0.5 

+ 0.9 

+ 0.6 

+ 1.1 

+ 0.7 

+ 1.2 

+ 0.8 

+ 1.3 
+ 0.9 

+ 1.4 

+ 1.0 

+ 1.8 

+ 1.3 

+ 1.9 

+ 1.4 

+ 2.4 

+ 1.8 

+ 2.6 

+ 2.0 

+ 2.9 

+ 2.2 

+ 3.2 

+ 2.5 

Class FN2 

L
im

it
s 

of
 

in
te

rf
er

en
ce

 

0.2 

0.85 

0.2 

1.0 

0.4 

1.4 

0.5 
1.6 

0.5 
1.6 

0.6 

1.9 

0.6 

1.9 

0.8 

2.4 

0.8 

2.4 

0.8 

2.7 

1.0 
2.9 

1.4 

3.7 

1.6 

3.9 

1.9 

4.5 

2.4 

5.0 

Standard 

limits 

Hole 

+ 0.4 

- 0 

+ 0.5 

- 0 

+0.6 

- 0 

+ 0.7 

- 0 

+ 0.7 

- 0 

+ 0.8 

- 0 

+ 0,8 

- 0 

+ 1.0 
- 0 

+ 1.0 

- 0 

+ 1,2 
- 0 

+ 1,2 

- 0 

+ 1,4 

- 0 

+ 1,4 

- 0 

+ 1,6 

- 0 

+ 1,6 

- 0 

Shaft 

+ 0,85 

+ 0,6 

+ 1,0 

+ 0,7 

+ 1,4 

+ 1,0 

+ 1,6 

+ 1,2 

+ 1,6 

+ 1,2 

+ 1,9 

+ 1,4 

+ 1,9 

+ 14 

+ 2,4 

+ 1,8 

+ 2,4 

+ 1,8 

+ 2.7 

+ 2,0 

+ 2.9 

+ 2,2 

+ 3,7 

+ 2.8 

+ 3.9 

+ 3.0 

+ 4.5 

+ 3,5 

+ 5,0 

+ 4,0 

Class FN3 

L
im

it
s 

of
 

in
te

rf
er

en
ce

 

0,8 

2.1 

1.0 
2.6 

1,2 

2.8 

1.3 

3.2 

1.8 

3.7 

2,1 

4,4 

2,6 

4,9 

3.4 

6.0 

3.4 

6.0 

Standard 

limits 

Hole 

+0.8 

- 0 

+ 1.0 
- 0 

+ 1.0 

- 0 

+ 1.2 
- 0 

+ 1.2 

- 0 

+ 1.4 

- 0 

+ 1.4 

- 0 

+ 1.6 

- 0 

+ 1.6 

- 0 

Shaft 

+ 2.1 

+ 1.6 

+ 2.6 

+ 2,0 

+ 2,8 

+ 2,2 

+ 3,2 

+ 2,5 

+ 3.7 

+ 3.0 

+4.4 

+ 3.5 

+4.9 

+ 4,0 

+6.0 

+ 5.0 

+ 6.0 

+ 5.0 

Class FN4 

L
im

it
s 

of
 

in
te

rf
er

en
ce

 

0,3 

0.95 

0.4 

1.2 

0,6 

1,6 

0.7 

1,8 

0,7 

1.8 

0.8 

2.1 

1.0 

2.3 

1.5 

3.1 

1.8 

3.4 

2.3 

4.2 

2.8 

4.7 

3.6 

5.9 

4.6 

6.9 

5.4 

8.0 

5.4 

8.0 

Standard 

limits 

Hole 

+ 0.4 

- 0 

+ 0.5 

- 0 

+ 0.6 

- 0 

+0.7 

- 0 

+ 0.7 

- 0 

+ 0.8 

- 0 

+0.8 

- 0 

+ 1.0 

- 0 

+ 1.0 

- 0 

+ 1.2 

- 0 

+ 1.2 

- 0 

+ 1,4 

- 0 

+ 1.4 

- 0 

+ 1,6 

- 0 

+ 1,6 

- 0 

Shaft 

+ 0,95 

+0,7 

+ 1.2 

+ 0.9 

+ 1.6 

+ 1.2 

+ 1.8 

+ 1.4 

+ 1.8 

+ 1.4 

+ 2.1 

+ 1.6 

+ 2.3 

+ 1.8 

+ 3.1 

+ 2.5 

+ 3 4 

+ 2.8 

+ 4.2 

+ 3.5 

+ 4.7 

+ 4.0 

+ 5.9 

+ 5.0 

+ 6.9 

+ 6.0 

+ 8.0 

+ 7.0 

+ 8.0 

+ 7.0 

Class FN5 

L
im

it
s 

of
 

in
te

rf
er

en
ce

 

0.3 

1.3 

0.5 

1.7 

0,5 

2,0 

0.6 

2.3 

0.8 

2.5 

1.0 

3.0 

1.3 

3.3 

1.4 

4.0 

2,4 

5,0 

3,2 

6,2 

4.2 

7.2 

4.8 

8.4 

5.8 

9.4 

7.5 

11.6 

9.5 

13.6 

Standard 

limits 

Hole 

+0.6 

- 0 

+0.7 

- 0 

+0.9 

- 0 

+ 1,0 

- 0 

+ 1.0 

- 0 

+ 1.2 

- 0 

+ 1.2 
- 0 

+ 1.6 

- 0 

+ 1.6 

- 0 

+ 1.8 

- 0 

+ 1.8 

- 0 

+ 2.2 

- 0 

+ 2.2 

- 0 

+ 2.5 

- 0 

+ 2.5 

- 0 

Shaft 

+ 1,3 

+0,9 

+ 1,7 

+ 1.2 

+ 2.0 

+ 1,4 

+2,3 

+ 1,6 

+ 2,5 

+ 1,8 

+ 3,0 

+ 2,2 

+3.3 

+ 2,5 

+4,0 

+ 3,0 

+5,0 
+4,0 

+6.2 

+ 5.0 

+7.2 

+6.0 

+ 84 

+7.0 

+94 

+ 8.0 

+ 11.6 

+ 10.0 

+ 13.6 

+ 12.0 

Source: Reprinted i 

Note: Limits are in 

Tom ASME B4.1-1967. by permission of The American Society of Mechanical Engineers. All rights reser\'ed. 
thousandths of an inch. 

13—7 The location transition (LT) fit is used where accuracy of location is important, but where 
TRANSITION FITS a small amount of clearance or a small amount of interference is acceptable. There are six 

classes, LTI to LT6. In any class there is an overlap in the tolerance limits for both the hole 
and the shaft so that possible combinations produce a small clearance, a small interference, 
or even a size-to-size fit. Complete tables of data for these fits are published in References 
1,4, 5, and 9. 
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TABLE 13-5 Coefficient of thermal expansion 

Material 

Steel: 
AISI 1020 
AISI 1050 
AISI 4140 

Stainless steel: 
AISI 301 
AISI430 

Aluminum: 
2014 
6061 
Bronze: 

Coefficient of thermal 
expansion, a 

in/in°F 

6.5 X 10 "̂  
6.1 X 10"* 
6.2 X 10 * 

9.4 X 10"* 
5.8 X 10 * 

12.8 X 10 * 
13.0 X 10 * 
10.0 X 10 * 

mm/mm °C 

11.7 X 10 " 
ll.OX 10"* 
11.2 X 10'* 

16.9 X 10 * 
10.4 X 10 * 

23.0 X 10 * 
23.4 X 10"* 
18.0 X 10"* 

13-8 
STRESSES FOR 

FORCE FITS 

When force fits are used to secure mechanical parts, the interference creates a pressure act
ing at the mating surfaces. The pressure causes stresses in each part. Under heavy force fits 
or even with lighter fits in fragile parts, the stresses developed can be great enough to yield 
ductile materials. A permanent set results, which normally destroys the usefulness of the 
assembly. With brittle materials such as cast iron, actual fracture may result. 

The stress analysis applicable to force fits is related to the analysis of thick-walled 
cylinders. The outer member expands under the infiuence ofthe pressure at the mating sur
face, with the tangential tensile stress developed being a maximum at the mating surface. 
There is a radial stress equal to the pressure itself. Al.so, the inner member contracts because 
ofthe pressure and is subjected to a tangential compressive stress along with the radial com
pressive stress equal to the pressure. (See Reference 10.) 

The usual objective of the analysis is to determine the magnitude of the pressure due to 
a given interference fit that would be developed at the mating surfaces. Then the stresses due 
to this pressure in the mating members are computed. The following procedure can be used: 

o 

o 

Procedure for 
Computing 

Stresses for 
Force Fits 

Pressure Created 
by Force Fit 

Pressure Created 
by Force Fit, Two 

Different Materials 

Determine the amount of interference from the design of the parts. For standard 
force fits. Table 13-4 can be used. The maximum limit of interference would, of 
course, give the maximum stresses for the parts. Note that the interference values 
are based on the total interference on the diameter, which is the sum of the expan
sion of the outer ring plus the contraction of the inner member (see Figure 13-6). 

Compute the pressure at the mating surface from Equation (13-2) if both mem

bers are ofthe same material: 

P = 
Eh 
2 b 

y- - b'){b'- - a') 

. 2b-{c- - a-) 
(13-2) 

Use Equafion (13-3) if they are of different materials: 

8 
P = 

2b 
1 c' + b~ 

EAc'-b' 
+ V. -F 

1 b' + a-
- V, (13-3) 
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FIGURE 13-6 
Terminology for 
interference fit 

Mating surface where 
interference occurs 

where p — pressure at the mating surface 
8 = total diametral interference 
E = modulus of elasticity of each member if they are the same 

E„ = modulus of elasticity of outer member 
E, = modulus of elasticity of inner member 
v„ = Poisson's ratio for outer member 
V, - Poisson's ratio for inner member 

Tensile Stress in 
Outer IVIember 

Compressive 
Stress in 

Inner Member 

3. Compute the tensile stress in the outer member from 

CT„ 
/ c' -F b' \ (tensile at the inner surface 
\c' — b-) in the tangential direction) 

4. Compute the compressive stress in the inner member from 

[b' + aA 
^, = -P\ 

(compressive at the outer surface 
in the tangenfial direction) 

(13-4) 

(13-5) 

5. If desired, the increase in the diameter of the outer member due to the tensile stress 
can be computed from 

8 = 
2bp c" + b-

T + v„ (13-6) 

6. If desired, the decrease in the diameter of the inner member due to the compres
sive stress can be computed from 

8, = -
2bp b- + a-

b — a 
Vi (13-7) 

The stresses computed from Equations (13-4) and (13-5) were derived assuming that 
the two cylinders are of equal length. If the outer member is shorter than the inner member, 
the stresses are higher at its ends by as much as a factor of 2.0. Such a factor should be ap
plied as a stress concentration factor. 
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In the absence of applied shear stresses, the tensile stress in the tangential direction 
in the outer member is the maximum principal stress and can be compared with the yield 
strength of the material to determine the resulting design factor. 

Example Problem 13-2 shows the application ofthese relationships. Then a spread
sheet is listed to solve the same equations, with sample output showing the solution to Ex
ample Problem 13-2. 

Example Problem 13-2 A bronze bushing is to be installed into a steel sleeve as indicated in Figure 13-6. The bush
ing has an inside diameter of 2.000 in and a nominal outside diameter of 2.500 in. The steel 
sleeve has a nominal inside diameter of 2.500 in and an outside diameter of 3.500 in. 

1. Specify the limits of size for the outside diameter of the bushing and the inside di
ameter of the sleeve in order to obtain a heavy drive fit, FN3. Determine the lim
its of interference that would result. 

2. For the maximum interference from 1, compute the pressure that would be devel
oped between the bushing and the sleeve, the .stress in the bushing and the sleeve, 
and the deformation of the bushing and the sleeve. Use £ = 30 X 10̂  psi for the 
steel and £ = 17 X 10* for the bronze. Use \' = 0.27 for both materials. 

Solution For 1, from Table 1 3 ^ , for a part size of 2.50 in at the mating surface, the tolerance limits 
on the hole in the outer member are -1-1.2 and - 0 . Applying these limits to the basic size 
gives the dimension limits for the hole in the steel sleeve: 

2.5012 in 

2.5000 in 

For the bronze insert, the tolerance limits are +3.2 and -1-2.5. Then the size limits for the 
outside diameter of the bushing are 

2.5032 in 

2.5025 in 

The limits of interference would be 0.0013 to 0.0032 in. 
For 2, the maximum pressure would be produced by the maximum interference, 

0.0032 in. Then, using a = 1.00 in, b^ 1.25 in, c= 1.75 in, E„ = 30 X 10̂  psi, £ ,= 17 
X 10̂  psi, and v„ = v, = 0.27 from Equafion (13-3), 

P = 
(2)(1.25) 

p = 3518 psi 

1 /1.75^ + 1.25̂  ^ ,_27 + - ^ — l i ^ ± ^ - 0.27 
.30 X 10̂  V 1.75- - 1.25- • / 17 X IO*- V 1.25' - 1.00" 

The tensile stress in the steel sleeve is 

, „ . , f 4 ^ U 3 5 , 8 f i ^ ^ i ^ ^ l = l0 846ps, 
:'- - b' Vl.75- - 1.25 OS-
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The compressive stress in the bronze bushing is 

(b' + a'\ „ , „ / l . 2 5 - + LOOM _ , . ^ . . • 
0-, = -p\ — -. \ = -3518 I ̂ ^—, 7̂ —^ ) - -16025 psi 

a' 1.25' - 1.00^ 

The increase in the diameter of the sleeve is 

8 = 

8 = 

2bp :- + b-
b-

2(1.25)(35I8) 

30 X 10"" 

1.75- + 1.25' 
1.75- - 1.25-

+ 0.27 = 0.00 098 in 

The decrease in the diameter of the bushing is 

8, = -
2bp b'- + a' 

8 ,= 
2(1.25)(3518) 

17 X 10* 
1.25- + 1.00-
1.25- - 1.00-

+ 0.27 = 0.00 222 in 

Note that the sum of 8„ and 8, equals 0.0032, the total interference, 8. 

The spreadsheet to analyze force fits is shown in Figure 13-7. The data shown are 
from Example Problem 13-2. 

STRESSES FOR FORCE FITS 
Refer to Figure 13-6 for geometry 

Input Data: 

Inside radius of inner member: 
Outside radius of inner member: 
Outside radius of outer member: 

Total interference: 
Modulus of outer member: 
Modulus of inner member: 

Poisson's ratio for outer member: 
Poisson's ratio for inner member: 

Data from: Example Problem 13-2 

Numerical values in italics must be inserted for each problem. 

a 
b 
c 
d 

Eo 
E, 
^0 

Vi 

1.0000 in 
1.2500 in 
1.7500 in 
0.0032 in 

= 3.00E+07 psi 
= 1.70E+07 psi 

0.27 
0.27 

Computed Results 

Pressure at mating surface: 

Tensile stress in outer member: 
Compressive stress in inner member: 

Increase in diameter of outer member: 
Decrease in diameter of inner member: 

P 

0-; 

6o 
5/ 

3,518 psi 

10 846 psi 
= - 1 6 025 psi 

= 0.00 098 in 
= 0.00 222 in 

Using Equation (13-3) 

Using Equation (13-4) 
Using Equation (13-5) 

Using Equation (13-6) 
Using Equation (13-7) 

FIGURE 13-7 Spreadsheet solution for pressure, stresses, and deformations in cylindrical members mafing 
with a force fit 
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13-9 
GENERAL 

TOLERANCING 
METHODS 

It is the designer's responsibility to establish tolerances on each dimension of each compo
nent in a mechanical device. The tolerances must ensure that the component fulfills its func
tion. But it should also be as large as practical to permit economical manufacture. This pair 
of conflicting principles must be dealt with. See comprehensive texts on technical drawing 
and interpretation of engineering drawings for general principles (References 4, 5, and 8). 

Special attention should be paid to the features of a component that mate with other 
components and with which they must operate reliably or with which they must be accu
rately located. The fit of the inner races of the bearings on the shafts is an example of such 
features. Others in this reducer are the clearances between parts that must be assembled to
gether easily but that must not have large relative motion during operation. 

Where no other component mates with certain features of a given component, the tol
erances should be as large as practical so that they can be produced with basic machining, 
molding, or casting processes without the need for subsequent finishing. It is often recom
mended that blanket tolerances be given for such dimensions and that the precision with 
which the basic size is stated on the drawing implies a certain tolerance. For decimal di
mensions in U.S. Customary units, a note similar to the following is often given: 

DIMENSIONS IN inches. TOLERANCES ARE AS FOLLOWS UNLESS 
OTHERWISE STATED. 

XX.X = ±0.050 

XX.XX = ±0.010 

XX.XXX = ±0.005 

XX.XXXX = ±0.0005 

ANGLES: ±0.50° 

where X represents a specified digit 

For example, if a given dimension has a basic size of 2.5 inches, the dimension can be stated 
on the drawing in any of four ways with different interpretations: 

2.5 

2.50 

2.500 

2.5000 

means 
means 

means 

means 

2.5 ± 0.050 or limits of 2.550 to 2.450 in 

2.50 ± 0.010 or limits of 2.510 to 2.490 in 

2.500 ± 0.005 or limits of 2.505 to 2.495 in 

2.5000 ± 0.0005 or limits of 2.5005 to 2.4995 in 

Any other desired tolerance must be specified on the dimension. Of course, you may select 
different standard tolerances according to the needs of the system being designed. 

Similar data for metric drawings would appear as follows: 

DIMENSIONS IN mm. TOLERANCES ARE AS FOLLOWS UNLESS 
OTHERWISE STATED. 

XX = ±1.0 

XX.X = ±0.25 

XX.XX = ±0.15 

XX.XXX = ±0.012 

ANGLES: ±0.50° 

Some tolerance notes also relate the degree of precision to the nominal size of the fea
ture, with tighter tolerances on smaller dimensions and looser tolerances on larger 
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dimensions. The international tolerance (IT) grades, discussed in Secfion 13-3, use 
this approach. 

Geometric Dimensioning and Tolerancing (GD&T). The geometric dimensioning 
and tolerancing (GD&T) method is used to control location, form, profile, orientafion, and 
runout on a dimensioned feature. Its purpose is to ensure proper assembly and/or operation 
of parts, and it is especially useful in quantity production of interchangeable parts. The com
plete definition of the method is given in the ANSI Standard Y14.5M-1994 (Reference 3). 
Reference 8 shows some applications and demonstrates the interpretation of the numerous 
symbols. 

Figure 13-8(a) shows some of the more common geometric symbols. Part (b) il
lustrates their use in a feature control frame, containing the symbol for the feature geo
metric characteristic being controlled, the tolerance on the dimension or form, and the 
datum to which the given feature is to be related. For example, in part (c), the smaller 
diameter is to be concentric with the larger diameter (datum -A-) within a tolerance of 
0.010 in. 

Surface Finish. The designer should also control the surface finish of all features crit
ical to the performance of the device being designed. This includes the mating surfaces 
which have already been discussed. But also any surface that experiences relatively high 
stresses, particularly reversed bending, should have a smooth surface. 

See Figure 5-8 for a rough indication of the effect of surface finishes between, for 
example, machined and ground surfaces on the basic endurance strength of steels. In gen
eral ground surfaces have an average roughness, R^,. of 16 pin (0.4 pm). Figure 13-3 
shows the expected range of surface finish for many kinds of machining processes. Note 
that turning is reported to be capable of producing that level of surface finish, but it is at 
the limit of its capability and will likely require very fine finish cuts with sharp-edged 
tooling having a broad radius nose. The more nominal surface finish from turning, milling, 
broaching, and boring is 63 pin (1.6 pm). This would correspond to the machined cate
gory in Figure 5-8. 

Bearing seats on shafts for accurate machinery are typically ground, particularly in 
the smaller sizes under 3.0 in (80 mm), with a maximum allowable average roughness of 
16 pin (0.4 pm). Above that size and up to 20 in (500 mm), 32 pin (0.8 pm) is allowed. See 
manufacturers' catalogs. 

13—10 Careful control of the tolerances on the dimensions of machine parts is the responsibility 
ROBUST of both the product designer and the manufacturing staff. The goal is to ensure the func-

PRODUCT tionality of the product while permitting economical manufacture. Often these goals seem 
DESIGN incompatible. 

Robust product design is a tool that can help. (See Reference 11 and Intemet sites 3 
and 6.) It is a technique in which a sequence of experiments is undertaken to determine the 
variables in a product's design that most aff'ect its performance. Then the optimum limits 
on those variables are defined. The concepts can be used for dimensions, material proper
ties, control setfings, and many other factors. 

The design of the experiments used to implement a robust product is critical to the 
success ofthe design. An initial screening experiment is used to select the most significant 
variables. Then additional experiments are run to determine the response of the system to 
combinations ofthese variables. Computer-generated plots of results estabfish limits for the 
significant variables. 
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Angularity 
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0 0.008 
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n 

" 

© 0 0.010 A 

' 

- A -

• 

(c) Concentricity 

0.750-0.745 

0.012 B 

1.250 
1.245' 

- B -

0.004 

7 
0 

I 
0.750 
0.745 

-0.004 tolerance 

((') Straightness 

CJ 0.002 -0.002 tolerance 

(/) Flatness 

/ / 0.005 B -0.005 tolerance 

- B -

(d) Symmetry 

FIGURE 13-8 Examples of geometric tolerancing 

(g) Parallelism; planes 

/ / 0 0.005 A 

- A -

(/;) Parallelism: cylinders 

0.008 

- A 

(/) Perpendicularity 
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Robust product design is based on the Taguchi method, an important element in the 
process of improving manufacturing quality developed by Dr. Genichi Taguchi. He showed 
how design of experiments can be u.sed to produce products of consistently high quality that 
are insensitive to the operating environment. (See Reference 11.) 

Controlling dimensions and tolerances to minimize variation can be accom
plished using statistical analysis tools. The designer models the type and magnitude of 
the expected size variation for a set of mating components. Simulation software pre
dicts the final assembly configuration considering the "tolerance stack" ofthe individ
ual components. The analysis can be done in either two or three dimensions. See 
Internet site 5. 

The major goal of these methods is the allocation of tolerances on critical di
mensions of mating parts that ensure satisfactory operation under all foreseeable con
ditions of component manufacture, assembly, environment, and use. Maintaining 
reasonable manufacturing costs is also an important consideration. Many manufactur
ers practice these methods, particularly in the automotive, aerospace, military, and 
high-production consumer products markets. Computer-assisted techniques are avail
able to facilitate the process. Most comprehensive, solid modeling, computer-aided de
sign systems include statistically based tolerance analysis as a standard feature. 
Internet site 7 describes the activities of the Association for the Development of 
Computer-Aided Tolerancing Systems (ADCATS), a consortium of several industries 
and Brigham Young University. 
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INTERNET SITES RELATED TO T O L E R A N C E S AND FITS 

Engineering Fundamentals, www.efunda.com A 
comprehensive site offering design information on 
numerous topics, including geometric dimensioning and 
tolerancing. 

Engineers Edge, www.engineersedge.com A 
comprehensive site offering design information on 
numerous topics, including geometric dimensioning and 
tolerancing. 

http://www.efunda.com
http://www.engineersedge.com
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3. iSixSigma. www.i.si.x.sigma.com/me/taguchi/ A free 
information resource about quality management, 
including robust design, Taguchi methods, and six 
sigma quality management. 

4. Engineering Bookstore. 
www.engineeringbooksnire.com A site offering 
technical books in many fields, including geometric 
dimensioning and tolerancing. 

5. Dimensional Control Systems, Inc. www..^dcs.com 
A developer and vendor of software for managing and 
controlling the dimensions and tolerances of components 
and assemblies in three dimensions. Variations can be 
modeled and simulated to ensure that quality objectives 
for fit, finish, and functionality are met. 

6. DRM Associates, www.npd-sdliiiinns.coiii/rohust.htiiil 
An extensive site on the subject of new product 
development (NPD). including robust design, design of 
experiments, Taguchi methods, geometric dimensioning 
and tolerancing. variability reduction, and tolerance 
design and analysis for components and assemblies. 
Select the navigation button for NPD Badr of 
Knowledge for a comprehensive index of topics. 

7. ADCATS. http://adcats.ct.h\u.cdii The Association 
for the Development of Computer-Aided Tolerancing 
Systems (ADCATS) at Brigham Young University. 

8. Drafting Zone, www.draftingzone.com Information 
on mechanical drafting standards and practices. Genium 
Publishing Corporation. 

P R O B L E M S 

Clearance Fits 

1. Specify the class of fit, the limits of size, and the limits of 
clearance for the bore of a slow-moving but heavily 
loaded conveyor roller that must rotate freely on a sta
tionary shaft under heavy load. The nominal diameter of 
the shaft is 3.500 in. Use the basic hole system. 

2. A sine plate is a measuring device that pivots at its base, 
allowing the plate to assume different angles that are set 
with gage blocks for precision. The pin in the pivot has a 
nominal diameter of 0.5000 in. Specify the class of fit, the 
limits of size, and the limits of clearance for the pivot. 
Use the basic hole system. 

3. A child's toy wagon has an axle with a nominal diameter 
of 5/8 in. For the wheel bore and axle, specify the class of 
fit, the limits of size, and the limits of clearance. Use the 
basic shaft system. 

4. The planet gear of an epicyclic gear train must rotate re
liably on its shaft while maintaining accurate position 
with respect to the mating gears. For the planet gear bore 
and its shaft, specify the class of fit, the limits of size, and 
the limits of clearance. Use the basic hole system. The 
nominal shaft diameter is 0.800 in. 

5. The base of a hydraulic cylinder is mounted to the frame 
of a machine by means of a clevis joint, which allows the 
cylinder to oscillate during operation. The clevis must 
provide reliable motion, but some play is acceptable. For 
the clevis holes and the pin, which have a nominal diam
eter of 1.25 in, specify the class of fit, the limits of size, 
and the limits of clearance. Use the basic hole system. 

6. A heavy door on a furnace swings upward to permit ac
cess to the interior of the furnace. During various modes 
of operation, the door and its hinge assembly see temper
atures of 50°F to 500°F. The nominal diaineter of each 
hinge pin is 4.00 in. For the hinge and its pin, specify the 

class of fit, the limits of size, and the limits of clearance. 
Use the basic shaft system. 

7. The stage of an industrial microscope pivots to permit the 
mounting of a variety of shapes. The stage must move 
with precision and reliability under widely varying tem
peratures. For the pin mount for the stage, having a nom
inal diameter of 0.750 in. specify the class of fit, the 
limits of size, and the limits of clearance. Use the basic 
hole system. 

8. An advertising sign is suspended from a horizontal rod 
and is allowed to swing under wind forces. The rod is to 
be commercial bar stock, nominally 1.50 inches in diam
eter For the mating hinges on the sign, specify the class 
of fit, the limits of size, and the limits of clearance. Use 
the basic shaft system. 

9. For any of Problems 1-8. make a diagram of the toler
ances, fits, and clearances for your specifications, using a 
method similar to that in Figure 13-4. 

Force Fits 

10. A spacer made of AISI 1020 hot-rolled steel is in the form 
of a hollow cylinder with a nominal inside diameter of 
3.25 in and an outside diameter of 4.()()0 in. It is U) be 
mounted on a solid steel shaft v\ ith a hea\ y force fit. Spec
ify the dimensions for the shaft and sleeve, and compute 
the stress in the sleeve after installation. Use the basic hole 
system. 

11. A bronze bushing, with an inside diameter of 3.50 in 
and a nominal outside diameter of 4.00 in. is pressed 
into a steel sleeve having an outside diameter of 4.50 
in. For an FN3 class of fit. specify the dimensions of 
the parts, the limits of interference, and the stresses 
created in the bushing and the slee\e. Use the basic 
hole system. 

http://www.i.si.x.sigma.com/me/taguchi/
http://www.engineeringbooksnire.com
http://www..%5edcs.com
http://www.npd-sdliiiinns.coiii/rohust.htiiil
http://adcats.ct.h/u.cdii
http://www.draftingzone.com
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12. It is proposed to install a steel rod with a nominal diame
ter of 3.00 inches in a hole of an aluminum cylinder with 
an outside diameter of 5.00 in, with an FN5 force fit. 
Would this be satisfactory? 

13. The allowable compressive stress in the wall of an alu
minum tube is 8500 psi. Its outside diameter is 2.000 in, 
and the wall thickness is 0.065 in. What is the maximum 
amount of intert'erence between this tube and a steel 
sleeve that can be tolerated? The sleeve has an outside di
ameter of 3.00 in. 

14. To what temperature would the spacer of Problem 10 
have to be heated so that it would slide over the shaft 

with a clearance of 0.002 in? The ambient temperature 
is 75°E 

15. For the bronze bushing and the steel sleeve of Problem 
II, the ambient temperature is 75°F. How much would 
the bronze bushing shrink if placed in a freezer at -20°F? 
Then to what temperature would the steel sleeve have to 
be heated to provide a clearance of 0.004 in for assembly 
on the cold bushing? 

16. For the bronze bushing of Problem 11, what would be the 
final inside diameter after assembly into the sleeve if it 
started with an inside diameter of 3.5000 in? 
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The 
Big 
Picture 

Rolling Contact Bearings 

Discussion Map 

• Beatings are used to 
support a load while 
permitting relative motion 
between two elements of a 
machine. 

• Some bearings use rolling 
elements, such as spherical 
balls or cylindrical or 
tapered rollers. This results 
in a very low coefficient of 
friction. 

Discover 
Look for examples of bearings on machines, cars, 
trucks, bicycles, and consumer products. 
Describe the bearings, including how they are installed 
and what kinds of forces are exerted on them. 

This chapter presents information about such 
bearings and gives methods for analyzing bearings 
and for selecting commercially available bearings. 

The purpose of a bearing is to support a load while permitting relative motion between two el
ements of a machine. The term rolling contact hearings refers to the wide variety of bearings 
that use spherical balls or some other type of roller between the stationary and the moving el
ements. The most common type of bearing supports a rotating shaft, resisfing purely radial 
loads or a combination of radial and axial (thrust) loads. Some bearings are designed to carry 
only thrust loads. Most bearings are used in applications involving rotation, but some are used 
in linear motion applications. 

The components of a typical rolling contact bearing are the inner race, the outer race, 
and the rolling elements. Figure 14-1 shows the common single-row, deep-groove ball 
bearing. Usually the outer race is stationary and is held by the housing of the machine. The 
inner race is pressed onto the rotating shaft and thus rotates with it. Then the balls roll be
tween the outer and inner races. The load path is from the shaft, to the inner race, to the 
balls, to the outer race, and finally to the housing. The presence of the balls allows a very 
smooth, low-friction rotation of the shaft. The typical coefficient of friction for a rolling 
contact bearing is approximately 0.001 to 0.005. These values reflect only the rolling ele
ments themselves and the means of retaining them in the bearing. The presence of seals, ex
cessive lubricant, or unusual loading increases these values. 

Look for consuiner products, industrial machinery, or transportation equipment (cars, 
trucks, bicycles, and so on), and identify any uses of rolling contact bearings. Be sure that 
the machine is turned off, and then try to gain access to the mechanical drive shafts used to 
transmit power from a motor or an engine to some moving parts ofthe machine. Are these 
shafts supported in ball or roller bearings? Or are they supported in plain surface bearings 
in which the shaft passes through cylindncal members called bushings or bearings, typi
cally with lubricants present between the rotating shaft and the stationary bearing? Plain 
surface bearings are discussed in Chapter 16. 

For the shafts that are supported in ball or roller bearings, describe the bearing. How 
is it mounted on the shaft? How is it mounted in the housing of the machine? Can you iden
tify what kinds of forces are acting on the bearing and in what directions they act? Are the 
forces directed radially toward the centerline of the shaft? Is there any force that acts par
allel to the axis of the shaft? Compare the bearings that you find with the photographs that 
are in this chapter. Which varieties of bearings have you found? Measure or estimate the 
physical size ofthe bearings, particularly the diameter ofthe bore that is in contact with the 
shaft, the outside diameter, and the width. Can you see the rolling elements—balls or 
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FIGURE 14-1 
Single-row, deep-
groove ball bearing 
(NSK Corporation, 
Ann Arbor, MI) 

Outer raee 

Inner race 

Riillinj; element 
(ball) 

Retainer 
or ease 

r> Outside 
diameter 

rollers? If so, .sketch them and estimate their diameters and/or lengths. Are any of the rolling 
elements tapered rollers like those shown later in this chapter in Figure 14-7? 

When you complete this chapter, you will be able to identify several kinds of rolling 
contact bearings and specify suitable bearings to carry specified loads. You will also be able 
to apply such bearings properly, planning for their installation on shafts and in housings. 

You Are the Designer 

In Chapter 12, you were the designer of a shaft that was 
rotating at 600 rpm carrying two gears as a part of a 
power transmission system. Figures 12-1 and 12-2 
showed the basic layout that was proposed. The shaft 
was designed to be supported on two bearings at points 
Band D.Then, in Example Problem 12-1, we completed 
the force analysis by computing the forces applied to the 
shaft by the gears and then computing the reactions at 
the bearings. Figure 12-11 showed the results, summa
rized here: 

Rg, = 458 Ib Rgy = 4620 Ib 

RD,= 1223 1b RDy= 16801b 

where x refers to the horizontal direction and y refers to 
the vertical direction. All forces on the bearings are in the 

radial direction. Your task now is to specify suitable rolling 
contact bearings for the shaft to withstand those forces 
and transfer them from the shaft to the housing of the 
speed reducer 

What kind of bearing should be selected? How do 
the forces just identified affect the choice? What life 
expectancy is reasonable for the bearings, and how 
does that affect the selection of the bearings? What 
size should be specified? How are the bearings to be 
installed on the shaft, and how does that affect the de
tailed design of the shaft? What limit dimensions 
should be defined for the bearing seats on the shaft? 
How is the bearing to be located axially on the shaft? 
How is it to be installed in the housing and located 
there? How is lubrication to be provided for the bear
ings? Is there a need for shields and seals to keep 
contaminants out of the bearings? The information in 
this chapter will help you make these and other design 
decisions. 
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THIS CHAPTER 

14_1 After complefing this chapter, you will be able to: 

OBJECTIVES OF 
1. Identify the types of rolling contact bearings that are commercially available, and 

select the appropriate type for a given application, considering the manner of load
ing and installation conditions. 

2. Use the relationship between forces on bearings and the life expectancy for the 
bearings to determine critical bearing selection factors. 

3. Use manufacturers" data for the performance of ball bearings to specify suitable 
bearings for a given application. 

4. Recommend appropriate values for the design life of bearings. 

5. Compute the equivalent load on a bearing corresponding to combinafions of ra
dial and thrust loads applied to it. 

6. Specify mounting details for bearings that affect the design ofthe shaft onto which 
the bearing is to be seated and the housing into which it is to be installed. 

7. Compute the equivalent loads on tapered roller bearings. 

8. Describe the special design of thrust bearings. 

9. Describe several types of commercially available mounted bearings and their ap
plication to machine design. 

10. Understand certain practical considerations involved in the application of bear
ings, including lubrication, sealing, limiting speeds, bearing tolerance classes, and 
standards related to the manufacture and application of bearings. 

11. Consider the effects of varying loads on the life expectancy and specification of 
bearings. 

1 4 - 2 
TYPES OF 
ROLLING 

CONTACT 
BEARINGS 

Here we will discuss seven different types of rolling contact bearings and the applicafions in 
which each is typically used. Many variations on the designs shown are available. As each 
is discussed, refer to Table 14-1 for a comparison of the performance relative to the others. 

Radial loads act toward the center of the bearing along a radius. Such loads are typ
ical of those created by power transmission elements on shafts such as spur gears, V-belt 
drives, and chain drives. Thrust loads are those that act parallel to the axis ofthe shaft. The 
axial components ofthe forces on helical gears, worms and wormgears, and bevel gears are 
thrust loads. Also, bearings supporting shafts with vertical axes are subjected to thrust loads 
due to the weight of the shaft and the elements on the shaft as well as from axial operafing 
forces. Misalignment refers to the angular deviation of the axis of the shaft at the bearing 
from the true axis of the bearing itself. An excellent rating for misalignment in Table 14-1 
indicates that the bearing can accommodate up to 4.0° of angular deviation. A bearing with 

TABLE 14-1 Comparison 

Bearing type 

Single-row, deep-groove ball 
Double-row, deep-groove ball 
Angular contact 
Cylindrical roller 
Needle 
Spherical roller 
Tapered roller 

of bearing types 

Radial load 
capacity 

Good 
Excellent 
Good 
Excellent 
Excellent 
Excellent 
Excellent 

Thrust load 
capacity 

Fair 
Good 
Excellent 
Poor 
Poor 
Fair/good 
Excellent 

Misalignment 
capability 

Fair 
Fair 
Poor 
Fair 
Poor 
Excellent 
Poor 
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a fair rating can withstand up to 0.15°, while a poor rating indicates that rigid shafts with 
less than 0.05° of misalignment are required. Manufacturers' catalogs should be consulted 
for specific data. Check Internet sites 1-8. 

Single-Row, Deep-Groove Ball Bearing 

Sometimes called Conrad bearings, the single-row, deep-groove ball bearing (Figure 14-1) 
is what most people think of when the term ball bearing is used. The inner race is typically 
pressed on the shaft at the bearing seat with a slight interference fit to ensure that it rotates 
with the shaft. The spherical rolling elements, or balls, roll in a deep groove in both the in
ner and the outer races. The spacing ofthe balls is maintained by retainers or "cages." While 
designed primarily for radial load-carrying capacity, the deep groove allows a fairly sizable 
thrust load to be carried. The thrust load would be applied to one side ofthe inner race by a 
shoulder on the shaft. The load would pass across the side ofthe groove, through the ball, to 
the opposite side ofthe outer race, and then to the housing. The radius ofthe ball is slightly 
smaller than the radius of the groove to allow free rolling of the balls. The contact between 
a ball and the race is theoretically at a point, but it is actually a small circular area because 
ofthe deformation ofthe elements. Becau.se the load is carried on a small area, very high lo
cal contact stresses occur. To increase the capacity of a single-row bearing, a bearing with a 
greater number of balls, or larger balls operating in larger-diameter races, should be used. 

Double-Row, Deep-Groove Ball Bearing 

Adding a second row of balls (Figure 14-2) increases the radial load-carrying capacity of 
the deep-groove type of bearing compared with the single-row design becau.se more balls 
share the load. Thus, a greater load can be carried in the same space, or a given load can be 
carried in a smaller space. The greater width of double-row bearings often adversely affects 
the misalignment capability. 

Angular Contact Ball Bearing 

One side of each race in an angular contact bearing is higher to allow the accommodation 
of greater thrust loads compared with the standard single-row, deep-groove bearing. The 
sketch in Figure 14-3 shows the preferred angle of the resultant force (radial and thrust 
loads combined), with commercially available bearings having angles of 15° to 40°. 

FIGURE14-2 Double-row, deep-groove ball 
bearing (NSK Corporation, Ann Arbor, MI) 

FIGURE 14-3 Angular contact ball bearing (NSK 
Corporation, Ann Arbor, MI) 

http://becau.se
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Cylindrical Roller Bearing 

Replacing the spherical balls with cylindrical rollers (Figure 14-4), with corresponding 
changes in the design of the races, gives a greater radial load capacity. The pattem of con
tact between a roller and its race is theoretically a line, and it becomes a rectangular shape 
as the members deform under load. The resulting contact stress levels are lower than for 
equivalent-sized ball bearings, allowing smaller bearings to carry a given load or a given-
size bearing to carry a higher load. Thrust load capacity is poor because any thrust load 
would be applied to the side ofthe rollers, causing rubbing, not true rolling motion. It is rec
ommended that no thrust load be applied. Roller bearings are often fairly wide, giving them 
only fair ability to accommodate angular misalignment. 

Needle Bearing 

Needle bearings (Figure 14-5) are actually roller bearings, but they have much smaller-
diameter rollers, as you can see by comparing Figures 14-4 and 14-5. A smaller radial 
space is typically required for needle bearings to carry a given load than for any other type 
of rolling contact bearing. This makes it easier to design them into many types of equip
ment and components such as pumps, universal joints, precision instruments, and house
hold appliances. The cam follower shown in Figure 14-5(b) is another example in which 
the antifriction operation of needle bearings can be built-in with little radial space required. 
As with other roller bearings, thrust and misalignment capabilities are poor. 

Spherical Roller Bearing 

The spherical roller bearing (Figure 14-6) is one form of self-aligning bearing, so called 
because there is actual relative rotation of the outer race relative to the rollers and the inner 
race when angular misalignments occur. This gives the excellent rating for misalignment 
capability while retaining virtually the same ratings on radial load capacity. 

FIGURE 14-4 
Cylindrical roller 
bearing (NSK 
Corporation, Ann 
Arbor, MI) 
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FIGURE 14-5 
Needle bearings 
(McGill Manufacturing 
Co., Inc., Bearing 
Division, 
Valparaiso, IN) 

(a) Single- and double-row needle bearings 

(b) Needle bearings adapted to eam followers 

FIGURE 14-6 
Spherical roller bearing 
(NSK Corporation, 
Ann Arbor, MI) 

FIGURE 14-7 
Tapered roller bearing 
(NSK Corporation, 
Ann Arbor, MI) 

Tapered Roller Bearing 

Tapered roller bearings (Figure 14-7) are designed to take substantial thrust loads along 
with high radial loads, resulting in excellent ratings on both. They are often u.sed in wheel 
bearings for vehicles and mobile equipment and in heavy-duty machinery having inherently 
high thrust loads. Section 14-12 gives additional information about their application. 
Figures 8-25, 9-36, 10-1, and 10-2 show tapered roller bearings applied in gear-type speed 
reducers. 
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FIGURE 14-8 
Thrust hearings 
(Andrews Bearing 
Corp., Spartanburg, 
SC) 

rzy*^ '^ <-^ 

(a) Example of ball thrust bearings 

Ic) Examples of roller thrust bearings 

^ ^ 
W*M ^ • • " B 

^ i ^̂ Ŝ  
(b) Typical cross section of ball thrust bearing Standard cylindrical roller-thrust bearing 

Self-aligning thrust bearing 

14-3 
THRUST 

BEARINGS 

The bearings discussed so far in this chapter have been designed to carry radial loads or a 
combination of radial and thrust loads. Many machine design projects demand a bearing 
that resists only thrust loads, and several types of standard thrust bearings are commercially 
available. The same types of rolling elements are used: spherical balls, cylindrical rollers, 
and tapered rollers (see Figure 14-8). 

Most thrust bearings can take little or no radial load. Then the design and the selec
tion of such bearings are dependent only on the magnitude of the thrust load and the design 
life. The data for basic dynamic load rating and basic static load rating are reported in man
ufacturers' catalogs in the same way as they are for radial bearings. 

14-4 
MOUNTED 
BEARINGS 

In many types of heavy machines and special machines produced in small quanfities, 
mounted bearings rather than unmounted bearings are selected. The mounted bearings pro
vide a means of attaching the bearing unit directly to the frame of the machine with bolts 
rather than inserting it into a machined recess in a housing as is required in unmounted 
bearings. 

Figure 14-9 shows the most common configuration for a mounted bearing: the pillow 
block. The housing is made from formed steel, cast iron, or cast steel, with holes or slots pro
vided for attachment during assembly ofthe machine, at which time alignment ofthe bearing 
unit is adjusted. The bearings themselves can be of virtually any ofthe types discussed in the 
preceding sections; ball, tapered roller, or spherical roller is preferred. Misalignment capa
bility is an important application consideration because of the conditions of use of such bear
ings. This capability is provided either in the bearing construction itself or in the housing. 
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FIGURE 14-9 Ball 
bearing pillow block 
(Rockwell 
Automation/Dodge) 

Self-aligning 
outer raee 

Rolling 
element 
(balls) 

Inner raee 

Slotted 
mounting 
holes Loeking 

collar 

Housing 

FIGURE 14-10 
Forms of mounted 
bearings (Rockwell 
Automation/Dodge) 

(a) 4-Bolt flange bearing 
(b> Take-up bearing 

1 
CIBUUUVVUUUUUUUUUUUUUUUUWULUI IUUUUUUUUUIBID 

• v / J - %N or * 

tn ,1 V. ir> 

• r ( travel)-

(c) Top angle take-up frames 

Because the bearing itself is similar to tho.se already discussed, the selection process 
is also similar. Most catalogs provide extensive charts of data listing the load-carrying ca
pacity at specified rated life values. Internet site 7 includes an example. 

Other forms of mounted bearings are shown in Figure 14-10. Thefiange units are de
signed to be mounted on the vertical side frames of machines, holding horizontal shafts. 
Again, several bearing types and sizes are available. The term take-up unit refers to a bear
ing mounted in a housing, which in turn is mounted in a frame that allows movement ofthe 
bearing with the shaft in place. Used on conveyors, chain drives, belt drives, and similar ap
plications, the take-up unit permits adjustment of the center distance of the drive compo
nents at the time of installation and during operation to accommodate wear or stretch of 
parts of the assembly. 

http://tho.se


606 Chapter 14 • Rolling Contact Bearings 

TABLE 14-2 Comparison of bearing materials 

Room-temperature 
hardness, HRC 

Room-temperature 
elastic modulus 

Maximum operating 
temperature 

Density, kg/m' 

Silicon 
nitride 

78 

45 X 10" psi 
310 GPa 
2200°F 
1200°C 
3200 

52100 
steel 

62 

30 X 10" psi 
207 GPa 

360°F 

\m°c 
7800 

Material 

440C stainless 
steel 

60 

29 X 10" psi 
200 GPa 

500°F 
260°C 
7800 

M50 
steel 

64 

28 X 10̂  psi 

193 GPa 
600°F 
320°C 
7600 

14-5 
BEARING 

MATERIALS 

The load on a rolling contact bearing is exerted on a small area. The resulting contact stresses 
are quite high, regardless ofthe type of bearing. Contact stresses of approximately 300 000 psi 
are not uncommon in commercially available bearings. To withstand such high stresses, the 
balls, rollers, and races are made from a very hard, high-strength steel or ceramic. 

The most widely used bearing material is AISI 52100 steel, which has a very high car
bon content, 0.95% to 1.10%, along with 1.30% to 1.60% chromium, 0.25% to 0.45% man
ganese, 0.20% to 0.35% silicon, and other alloying elements with low, but controlled, 
amounts. Impurities are carefully minimized to obtain a very clean steel. The material is 
through-hardened to the range of 58-65 on the Rockwell C scale to give it the ability to resist 
high contact stress. Some tool steels, particularly M1 and M50, are also used. Case hardening 
by carburizing is used with such steels as AISI 3310, 4620, and 8620 to achieve the high sur
face hardness required while retaining a tough core. Careful control of the case depth is re
quired because critical stresses occur in subsurface zones. Some more lightly loaded bearings 
and those exposed to corrosive environments use AISI 440C stainless steel elements. 

Rolling elements and other components can be made from ceramic materials such as 
silicon nitride (Si3N4). Although their cost is higher than that of steel, ceramics offer sig
nificant advantages as shown in Table 14-2. (See Reference 6.) Their light weight, high 
strength, and high temperature capability make them desirable for aerospace, engine, mil
itary, and other demanding applications. 

1 4 - 6 Despite using steels with very high strength, all bearings have a finite life and will eventu-
LOAD/LIFE ally fail due to fatigue because of the high contact stres.ses. But, obviously, the fighter the 

RELATIONSHIP load, the longer the life, and vice versa. The relationship between load, P, and life, L, for 
rolling contact bearings can be stated as 

Relationship 
between Bearing 

Load and Life 

L2 
(14-1) 

where k = 3.00 for ball bearings 
k = 3.33 for roller bearings 

1 4 - 7 
BEARING The selection of a rolling contact bearing from a manufacturer's catalog involves consider-

MANUFACTURERS' ations of load-carrying capacity and the geometry of the bearing. Table 14-3 shows a por-
DATA tion of the data from a catalog for two sizes of single-row, deep-groove ball bearings. 
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610 Chapter 14 • Rolling Contact Bearings 

FIGURE 14-11 
Relative sizes of 
bearing series Radius of 

bearing bore 

Bearing 
series 

Extremely 
light, 1900 Light, 200 Heavy, 400 

Standard bearings are available in several classes, typically extra-light, light, medium, 
and heavy classes. The designs differ in the size and number of load-carrying elements (balls 
or rollers) in the bearing. The bearing number usually indicates the class and the size ofthe 
bore ofthe bearing. Most bearings are manufactured with nominal dimensions in metric units, 
and the last two digits of the bearing number indicate the nominal bore size. The bore-size 
convention can be seen from the data in Table 14-3. Note that for bore sizes 04 and above, the 
nominal bore dimension in millimeters is five times the last two digits in the bearing number 

The number preceding the last two digits indicates the class. For example, several 
manufacturers use series 100 to indicate extra-light, 200 for light, 300 for medium, and 400 
for heavy-duty classes. The three digits may be preceded by others to indicate a special de
sign code ofthe manufacturer, as is the case in Table 14-3. Figure 14-11 shows the rela
tive size ofthe different classes of bearings. 

Inch-type bearings are available with bores ranging from 0.125 through 15.000 in. 
Considering load-carrying capacity first, the data reported for each bearing design 

will include a basic dynainic load rating, C, and a basic static load rating, C„, 
The basic static load rating is the load that the bearing can withstand without perma

nent deformation of any component. If this load is exceeded, the most probable result would 
be the indentation of one of the bearing races by the rolling elements. The deformation 
would be similar to that produced in the Brinell hardness test, and the failure is sometimes 
referred to as brinelling. Operation ofthe bearing after brinelling would be very noisy, and 
the impact loads on the indented area would produce rapid wear and progressive failure of 
the bearing. 

To understand the basic dynamic load rating, it is necessary first to discuss the con
cept of the rated life of a bearing. Fatigue occurs over a large number of cycles of load
ing; for a bearing, that would be a large number of revolutions. Also, fadgue is a statistical 
phenomenon with considerable spread of the actual life of a group of bearings of a given 
design. The rated life is the standard means of reporting the results of many tests of bear
ings of a given design. It represents the life that 90*7̂  of the bearings would achieve suc
cessfully at a rated load. Note that it also represents the life that 10% ofthe bearings would 
not achieve. The rated life is thus typically referred to as the L,,, life at the rated load. 

Now the basic dynainic load rating can be defined as that load to which the bearings 
can be subjected while achieving a rated life (L,,,) of 1 million revolufions (rev). Thus, the 
manufacturer supplies you with one set of data relating load and life. Equation (14-1) can 
be used to compute the expected life at any other load. 

You should be aware that different manufacturers use other bases for the rated life. 
For example, some use 90 million cycles as the rated life and determine the rated load for 
that life. Also, some will report average life, for which 50% of the bearings will not sur-
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vive. Thus, average life can be called the Ls,, life, not the L,,,. Note that the average life is 
approximately five times as long as the L,,, life. (See Internet site 2.) Be sure that you un
derstand the basis for the ratings in any given catalog. (See References 2, 5, 7, 8, and 11 for 
additional analysis of roller bearing performance.) 

Example Problem 14-1 A catalog lists the basic dynamic load rating for a ball bearing to be 7050 lb for a rated life 
of 1 million rev. What would be the expected L,,, life of the bearing if it were subjected to 
a load of 3500 lb? 

Solution In Equation (14-1), 

P, = C = 7050 lb 

Pv = PJ = 3500 lb 

Li = lO'̂ rev 

k = 3 

(basic dynamic load rating) 

(design load) 

(L|o life at load C) 

(ball bearing) 

Then letting the life, L ,̂ be called the design life. Lj. at the design load. 

L, = L, = L, i ^ \ = 10'' ( ^ V ' " " - 8.17 X lO'̂ rev 
[ 3500 j 

This must be interpreted as the L,,, life at a load of 3500 Ib. 

-|4—g We will use the method developed in Example Problem 14-1 to refine the procedure for 
DESIGN LIFE computing the required basic dynamic load rating C for a given design load Pj and a given 

design life Lj. If the reported load data in the manufacturer's literature is for IO'' revolutions. 
Equation (14-1) can be written as 

Design Life 

Basic Dynamic 
Load Rating 

L,/=(C/P,,)'(10') 

The required C for a given design load and life would be 

C = P,/(L/10'') 
,h.\/k 

(14-2) 

(14-3) 

Most people do not think in terms of the number of revolutions that a shaft makes. 
Rather, they consider the speed of rotation of the shaft, usually in rpm, and the design life 
of the machine, usually in hours of operation. The design life is specified by the designer, 
considering the application. As a guide. Table 14-4 can be used. Now, for a specified de
sign life in hours, and a known speed of rotation in rpm, the number of design revolutions 
for the bearing would be 

Lj= (h)(rpm)(60 min/h) 

Example Problem 14-2 Compute the required basic dynamic load rating, C for a ball bearing to carry a radial load 
of 650 lb from a shaft rotating at 600 rpm that is part of an assembly conveyor in a manu

facturing plant. 
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TABLE 14-4 Recommended design life for bearings 

Application 
Design life 

^10- h 

Domestic appliances 
Aircraft engines 
Automotive 
Agricultural equipment 
Elevators, industrial fans, multipurpose gearing 
Electric motors, industrial blowers, general industrial machines 
Pumps and compressors 
Critical equipment in continuous, 24-h operation 

1000-2000 
1000-4000 
1500-5000 
3000-6000 
8000-15 000 

20 000-30 000 
40 000-60 000 

100 000-200 000 

Source: Eugene A. Avallone and Theodore Baumeister III, eds., Marks' Standard Handbook for Mechaniccd 
Engineers. 9lh ed. New York: McGraw-Hill. 1986. 

Solution From Table 14-4, let's select a design life of 30 000 h. Then Lj is 

LJ = (30 000 h)(600 rpm)(60 min/h) - 1.08 X 10" rev 

From Equafion (14-3), 

C = 650(1.08 X lO'^/lO'')'" = 66701b 

Required 
C^ Basic Dynamic 

Load Rating 

To facilitate calculations, some manufacturers provide charts or tables of life factors 
and speed factors that make computing the number of revolutions unnecessary. Note that 
the rated life of I million rev would be achieved by a shaft rotating at 33 \ rpm for 500 h. If 
the actual speed or desired life is different from these two values, a speed factor,/;v> ^nd a 
life factor, fi^, can be determined from charts such as those shown in Figure 14-12. The fac
tors account for the load/life relationship of Equation (14-1). The required basic dynamic 
load rating, C, for a bearing to carry a design load, Pj, would then be 

C = PJL/IN (14-4) 

Speed, rpm 
in 

(a) Ball bearings 

- T -
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FIGURE 14-12 Life and speed factors for ball and roller bearings 
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Other catalogs u.se different approaches, but they are all based on the load/life relationship 
of Equation (14-1). 

If we solved Example Problem 14-2 by using the charts of Figure 14-12, the fol
lowing would result: 

//v = 0.381 (for 600 rpm) 

A = 3.90 (for30 000-hhfe) 

C = 650(3.90)7(0.381) = 66541b 

This compares closely with the value of 6670 lb found previously. 

14-9 
BEARING 

SELECTION: 
RADIAL LOADS 

ONLY 

The selection of a bearing takes into consideration the load capacity, as discussed, and the 
geometry ofthe bearing that will ensure that it can be installed conveniently in the machine. 
We will first consider unmounted bearings carrying radial loads only. Then we will consider 
unmounted bearings carrying a combination of radial and thrust loads. The term unmounted 
refers to the case in which the designer must provide for the proper application ofthe bear
ing onto the shaft and into a housing. 

The bearing is normally selected after the shaft design has progressed to the point 
where the required minimum diameter of the shaft has been determined, using the tech
niques pre.sented in Chapter 12. The radial loads are also known, along with the orientation 
of the bearings with respect to other elements in the machine. 

Procedure for 
Selecting a 

Bearing—Radial 
Load Only 

1 ^ Equivalent Load, 
^ Radial Load Only 

Specify the design load on the bearing, usually called equivalent load. The method 
of determining the equivalent load when only a radial load, R, is applied takes into 
account whether the inner or the outer race rotates. 

VR (14-5) 

The factor V is called a rotation factor and takes the value of 1.0 if the inner 
race ofthe bearing rotates, the usual case. Use V = 1.2 if the outer race rotates. 

2. Determine the minimum acceptable diameter of the shaft that will limit the bore 
size of the bearing. 

3. Select the type of bearing, using Table 14-1 as a guide. 

4. Specify the design life ofthe bearing, using Table 14-4. 

5. Determine the speed factor and the life factor if such tables are available for the 
selected type of bearing. We will use Figure 14-12. 

6. Compute the required basic dynamic load rafing. C from Equation (14-1), 
(14-3), or (14-4). 

7. Identify a set of candidate bearings that have the required basic dynamic load rating. 

8. Select the bearing having the most convenient geometry, also considering its cost 
and availability. 

9. Determine mounting conditions, such as shaft seat diameter and tolerance, hous
ing bore diameter and tolerance, means of locating the bearing axially, and special 
needs such as seals or shields. 
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Example Problem 14-3 

Solution 

Select a single-row, deep-groove ball bearing to carry 650 lb of pure radial load from a shaft 
that rotates at 600 rpm. The design life is to be 30 000 h. The bearing is to be mounted on 
a shaft with a minimum acceptable diameter of 1.48 in. 

Note that this is a pure radial load and the inner race is to be pressed onto the shaft and rotate 
with it. Therefore, the factor V= 1.0 in Equafion (14-5), and the design load is equal to the ra
dial load. These are the same data used in Example Problem 14-2, where we found the required 
basic dynamic load rafing, C to be 6670 lb. From Table 14-3, giving design data for two classes 
of bearings, we find that we could use a bearing 6211 or a bearing 6308. Either has a rated C 
of just over 6670 lb. But note that the 6211 has a bore of 55 mm (2.1654 in), and the 6308 has 
a bore of 40 mm (1.5748 in). The 6308 is more nearly in line with the desired shaft size. 

Summary of Data for the Selected Bearing 

Bearing number: 6308, single-row, deep-groove ball bearing 

Bore: J = 40 mm (1.5748 in) 

Outside diameter: D = 90 mm (3.5433 in) 

Width: B = 23 mm (0.9055 in) 

Maximum fillet radius: r — 0.059 in 

Basic dynamic load rafing: C = 7050 lb 

14-10 
BEARING 

SELECTION: 
RADIAL AND 

THRUST LOADS 
COMBINED 

o Equivalent Load 
with Radial 

and Thrust Loads 

[SIDESIGN 

When both radial and thrust loads are exerted on a bearing, the equivalent load is the con
stant radial load that would produce the same rated life for the bearing as the combined 
loading. The method of computing the equivalent load, P, for such cases is presented in the 
manufacturer's catalog and takes the form 

P = VXR + YT (14-6) 
where P = equivalent load 

V = rotation factor (as defined) 
R = applied radial load 
T = applied thrust load 
X — radial factor 
Y — thrust factor 

The values of X and Y vary with the specific design of the bearing and with the magnitude of 
the thrust load relative to the radial load. For relatively small thrust loads, X = 1 and y = 0, so 
the equivalent load equation reverts to the form of Equation (14-5) for pure radial loads. To in
dicate the limiting thrust load for which this is the case, manufacturers list a factor called e. If 
the ratio T/R > e. Equation (14-6) must be used to compute P, If T/R < e. Equation (14-5) is 
used. Table 14-5 shows one set of data for a single-row, deep-groove ball bearing. Note that 

TABLE 14-5 Radial and thrust factors for single-row, deep-groove ball bearings 

e 

0.19 
0.22 
0.26 
0.28 
0.30 

TIC,, 

0.014 
0.028 
0.056 
0.084 
0.110 

Y 

2.30 
1.99 
1.71 
1.55 
1.45 

e 

0.34 
0.38 
0.42 
0.44 

TIC, 

0.170 
0.280 
0.420 
0.560 

Y 

1.31 
1.15 
1.04 
1.00 

Note: X = 0.56 for all values of Y. 
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both e and K depend on the ratio 77C„. where C„ is the static load rating of a particular bearing. 
This presents a difficulty in bearing selection because the value of C„ is not known until the 
bearing has been selected. Therefore, a simple trial-and-error method is applied. If a significant 
thrust load is applied to a beaiing along with a radial load, petfonn the following steps: 

Procedure for 
Selecting a 

Bearing—Radial 
and Thrust Load 

1. Assume a value of Y from Table 14-5. The value Y =^ 1.50 is reasonable, being at 
about the middle of the range of possible values. 

2. Compute P = VXR + YT. 

3. Compute the required basic dynamic load rating C from Equation (14-1), (14-3), 
or (14-4). 

4. Select a candidate bearing having a value of C at least equal to the required value. 

5. For the selected bearing, determine C,,. 

6. Compute T/C„. 

7. From Table 14-5. determine e, 

8. If T/R > e, then determine Y from Table 14-5. 

9. If the new value of Y is different from that assumed in Step 1, repeat the process. 

10. If T/R < e, use Equation (14-5) to compute P, and proceed as for a pure radial load. 

Example Problem 14-4 Select a single-row, deep-groove ball bearing from Table 14-3 to carry a radial load of 
1850 lb and a thrust load of 675 lb. The shaft is to rotate at 1150 rpm, and a design life of 
20 000 h is desired. The minimum acceptable diameter for the shaft is 3.10 in. 

Solution Use the procedure outlined above. 

Step 1. Assume Y = 1.50. 

Step 2. P = VXR + YT= (1.0)(0.56)( 1850) + (1.50)(675) = 20491b. 

Step 3. From Figure 14-12. the speed factor/v = 0.30. and the life factor/^ = 3.41. 
Then the required basic dynamic load rating C is 

C = PfdfN = 2049(3.41 )/(0.30) = 23 300 Ib 

Step 4. From Table 14-3. we could use either bearing number 6222 or 6318. The 6318 
has a bore of 3.5433 in and is well suited to this application. 

Step 5. For bearing number 6318, C„ = 22 500 lb. 

Step 6. T/C„ = 675/22 500 = 0.03. 

Step 7. From Table 14-5. e = 0.22 (approximately). 

Step 8. T/R = 675/1850 = 0.36. Because T/R > e, we can find Y = 1.97 from 
Table 14-5 by interpolation based on T/C„ = 0.03. 

Step 9. Recompute/' = (1.0)(0.56)( 1850) + (l.97)(675) = 23661b: 
C = 2366(3.41)/ (0.30) = 26 900 lb 

The bearing number 6318 is not satisfactory at this load. Let's choose bearing num

ber 6320 and repeat the process from Step 5. 

Step 5. C„ = 29 800 lb. 

Step 6. T/C„ = 675/29 800 = 0.023. 

Step 7.e = 0.20. 
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Step 8. T/R > e. Then K = 2.10 using T/C„ = 0.023. 
Step 9. P = (1.0)(0.56)(I850) + (2.10)(675) = 2454 lb. Thus, 

C = 2454(3.41 )/(0.30) = 27 900 Ib 

Because bearing number 6320 has a value of C = 30 000 lb, it is safisfactory. 

Adjustment of Life Rating for Reliability 

Thus far we have used the basic L|o life for selecfing rolling contact bearings. This is the 
general industrial practice and the basis for data published by most bearing manufacturers. 
Recall that L,,, life indicates a 90% probability that the selected bearing would carry its rated 
dynamic load for the specified number of design hours. That leaves a 10% probability that 
any given bearing would have a lower life. 

Certain applications call for greater reliability. Examples can be found in the aerospace, 
military, instrumentation, and medical fields. It is then desirable to be able to adjust the ex
pected life of a bearing for higher reliability. The following equafion provides a method. 

where 

A,/.= C«L,o (14-7) 

Z-io = Life in millions of revolutions for 90% reliability 
L,,/̂  = Life adjusted for reliability 
CR = Adjustment factor for reliability 

Table 14-6 gives values of C^ for reliabilities between 90% and 99%. 
It should be noted that one result of designing for higher reliability is that the bearings 
would be larger and more expensive. 

14-11 
MOUNTING OF 

BEARINGS 

[fflDESIGN 

Up to this point, we have considered the load-carrying capacity of the bearings and the bore 
size in selecting a bearing for a given application. Although these are the most critical pa
rameters, the successful application of a bearing must consider its proper mounfing. Bear
ings are precision machine elements. Great care must be exercised in their handling, 
mounting, installation, and lubrication. 

The primary considerations in the mounting of a bearing are as follows: 

• The shaft seat diameter and tolerances 

• The housing internal bore and tolerances 

• The shaft shoulder diameter against which the inner race of the bearing will be 
located 

Table 14-6 Life adjustment factors for reliability, C^ 

Reliability (%) 

90 
95 
96 
97 
98 
99 

c. 
1.0 
0.62 
0.53 
0.44 
0.33 
0.21 

Life designadon 

^/« 
z., 
L, 
L, 
L, 

L, 
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• The housing shoulder diameter provided for locating the outer race 

• The radius of the fillets at the base of the shaft and housing shoulders 

• The means of retaining the bearing in position 

In a typical installation, the bore of the bearing makes a light interference fit on the 
shaft, and the outside diameter ofthe outer race makes a close clearance fit in the housing 
bore. To ensure proper operation and life, the mounting dimensions must be controlled to a 
total tolerance of only a few ten-thousandths of an inch. Most catalogs specify the limit di
mensions for both the shaft seat diameter and the housing bore diameter. 

Likewise, the catalog will specify the desirable shoulder diameters for the shafi and 
the housing that will provide a secure surface against which to locate the bearing while en
suring that the shaft shoulder contacts only the inner race and the housing shoulder contacts 
only the outer race. Table 14-3 includes these values. 

The fillet radius .specified in the catalog (see r in Table 14-3) is the maximum per
missible radius on the shaft and in the housing that will clear the external radius on the bear
ing races. Using too large a radius would not permit the bearing to seat tightly against the 
shoulder. Of course, the actual fillet radius should be made as large as possible up to the 
maximum to minimize the stress concentration at the shoulder. 

Bearings can be retained in the axial direction by many of the means described in 
Chapter 11. Three popular methods are retaining rings, end caps, and locknuts. Figure 
14-13 shows one possible arrangement. Note that for the left bearing, the shaft diameter is 
slightly smaller to the left of the bearing seat. This allows the bearing to be slid easily over 
the shaft up to the place where it must be pressed on. The retaining ring for the outer race 
could be supplied as a part of the outer race instead of as a separate piece. 

The right bearing is held on the shaft with a locknut threaded on the end of the shaft. 
See Figure 14-14 for the design of standard locknuts. The internal tab on the lockwasher 
engages a groove in the shaft, and one of the external tabs is bent into a groove on the nut 
after it is seated to keep the nut from backing off. The external cap not only protects the 
bearing but also retains the outer race in position. 

Care must be exercised to ensure that the bearings are not overly constrained. If both 
bearings are held tightly, any changes in dimensions due to thermal expansion or unfavor
able tolerance stackup would cause binding and could lead to dangerous unexpected loads 

FIGURE 14-13 
Bearing mounting 
illustration 

Locknul 
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FIGURE 14-14 
Locknut and 
lockwasher for 
retaining bearings 
(SKF USA, Inc., 
Norristown, PA) 

Bearing Lockwasher 

Shaft 

roove 
shaft 

X Thread for 
locknut 

B + L ->r T 

Locknut Lockwasher 
(c) 

on the bearings. It is desirable to give one bearing complete location while allowing the 
other bearing to float axially. 

1 4 - 1 2 
TAPERED 

ROLLER 
BEARINGS 

fflDESIGN 

The taper on the rollers of tapered roller bearings, evident in Figure 14-7, results in a load 
path different from that for the bearings discussed thus far. Figure 14-15 shows two tapered 
roller bearings supporting a shaft with a combination of a radial load and a thrust load. The 
design of the shaft is such that the thrust load is resisted by the left bearing. But a peculiar 
feature of this type of bearing is that a radial load on one of the bearings creates a thrust on 
the opposing bearing, also; this feature must be considered in analysis ofthe bearing. 

The location of the radial reaction must also be determined with care. Part (b) of 
Figure 14-15 shows a dimension a that is found by the intersecfion of a line perpendicu
lar to the axis of the roller and the centerline of the shaft. The radial reaction at the bearing 
acts through this point. The distance a is reported in the tables of data for the bearings. 

The American Bearings Manufacturers" Association (ABMA) recommends the fol
lowing approach in computing the equivalent loads on a tapered roller bearing: 

Equivalent Load 
for Tapered 

Roller Bearing 
PA = 0 .4F rA 0.5-fR« + YJ, M'/A 

PH = F,H 

where P., = equivalent radial load on bearing A 
P/j = equivalent radial load on bearing B 
F,4 = applied radial load on bearing A 
F,ii - applied radial load on bearing B 
r,, = thrust load on bearing A 
Y^ = thrust factor for bearing A from tables 
Y^ = thrust factor for bearing B from tables 

(14-8) 

(14-9) 
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FIGURE 14-15 
Example of tapered 
roller bearing 
installation 

6800-lb 
radial load 

-ri rm 
D -I \--

•4 
. ^ 

{a) Shaft loading and support (b) Bearing details 

TABLE 14-

Bore 

1.0000 
1.5000 
1.7500 
2.0000 
2.5000 
3.0000 
3.5000 

-7 Tapered rollei 

Outside 
diameter 

2.5000 
3.0000 
4.0000 
4.3750 
5.0000 
6.0000 
6.3750 

bearing data 

Width 

0.8125 
0.9375 
1.2500 
1.5000 
1.4375 
1.6250 
1.8750 

a 

0.583 
0.690 
0.970 
0.975 
1.100 
1.320 
1.430 

Thrust 
factor, Y 

1.71 
1.98 
1.50 
2.02 
1.65 
1.47 
1.76 

Basic dynamic 
load rating, C 

8370 
12 800 
21 400 
26 200 
29 300 
39 700 
47 700 

Note: Dimensions are in inches. Load C is in pounds for an /.,„ life of I million re\. 

Table 14-7 shows an abbreviated set of data from a catalog to illustrate the method 
of computing equivalent loads. 

For the .several hundred designs of standard tapered roller bearings available com
mercially, the value of the thrust factor varies from as small as 1.07 to as high as 2.26. In 
design problems, a trial-and-error procedure is usually necessary. Example Problem 14-5 
illustrates one approach. 

Example Problem 14-5 The shaft shown in Figure 14-15 carries a transverse load of 6800 lb and a thrust load of 
2500 Ib. The thrust is resisted by bearing A. The shaft rotates at 350 rpm and is to be used 
in a piece of agricultural equipment. Specify suitable tapered roller bearings for the shaft. 

Solution The radial loads on the bearings are 

F,^ = 6800(4 in/10 in] 

F,« = 6800(6 in/10 in) 

T^ = 2500 lb 

= 2720 Ib 

= 4080 lb 
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To use Equation (14-8), we must assume values of Y^ and Y^. Let's use Y^ = Y^ = 1.75. 
Then 

P^ = 0.40(2720) + 0.5 | ^ 4080 + 1.75(2500) = 75031b 

rB 4080 Ib 

Using Table 14-4 as a guide, let's select 4000 h as a design life. Then the number of 
revolutions would be 

Lj = (4000 h)(350 rpm)(60 min/h) = 8.4 X 10̂  rev 

The required basic dynamic load rating can now be calculated from Equafion (14-3), using 
k = 3.33: 

c, = p,{U\oY' 
CA = 7503(8.4 x lOVlO^)"'" = 28 4001b 

Similarly, 

Q = 4080(8.4 X lOVlO^)'̂ '" = 15 400 lb 

From Table 14-7, we can choose the following bearings. 

Bearing A 

d = 2.5000 in D = 5.0000 in 

C = 29 300 Ib r^ = 1.65 

Bearing B 

d = 1.7500 in D = 4.0000 in 

C = 214001b Ys = 1.50 

We can now recompute the equivalent loads: 

P, = 0.40(2720) + 0.5 j ^ 4080 + 1.65(2500) = 74571b 

PB = PrB = 4080 lb 

From these, the new values of Ĉ  = 28 200 lb and C^ = 15 400 Ib are still safisfac
tory for the selected bearings. 

One caution must be observed in using the equations for equivalent loads for tapered 
roller bearings. If, from Equation (14-8), the equivalent load on bearing A is less than the 
applied radial load, the following equation should be used. 

If P,\ < F^^, then let P^ = F,.^ and compute P«. 

Ps = 0,AF,s + 0.5 ^ F,., - YsT, (14-10) 
'A 
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A similar analysis is used for angular contact ball bearings in which the design of the 
races results in a load path similar to that for tapered roller bearings. Figure 14-3 shows 
an angular contact bearing and the angle through the pressure center. This is equivalent to 
the line perpendicular to the axis of the tapered roller bearing. The radial reaction on the 
bearing acts through the intersecfion of this line and the axis ofthe shaft. Also, a radial load 
on one bearing induces a thrust load on the opposing bearing, requiring the application of 
the equivalent load formulas ofthe type used in Equations (14-8) and (14-10). The angle 
ofthe load line in commercially available angular contact bearings ranges from 15° to 40°. 

14-13 
PRACTICAL 

CONSIDERATIONS 
IN THE 

APPLICATION OF 
BEARINGS 

This section will discuss lubrication of bearings, installation, preloading, sfiffness, opera
tion under varying loads, sealing, limiting speeds, and standards and bearing tolerance 
classes related to the manufacture and application of bearings. 

Lubrication 

The functions of lubrication in a bearing unit are as follows: 

1. To provide a low-friction film between the rolling elements and the races of the 
bearing and at points of contact with cages, guiding surfaces, retainers, and so on. 

2. To protect the bearing components from corrosion. 

3. To help dissipate heat from the bearing unit. 

4. To carry heat away from the bearing unit. 

5. To help dispel contaminants and moisture from the bearing. 

Rolling contact bearings are usually lubricated with either grease or oil. Under nor
mal ambient temperatures (approximately 70°F) and relatively slow speeds (under 500 
rpm), grease is safisfactory. At higher speeds or higher ambient temperatures, oil lubrica
fion applied in a continuous flow is required, possibly with external cooling of the oil. 

Oils used in bearing lubrication are usually clean, stable mineral oils. Under lighter 
loads and lower speeds, light oil is used. Heavier loads and/or higher speeds require heav
ier oils up to SAE 30. A recommended upper limit for lubricant temperature is 160°F. The 
choice of the correct oil or grease depends on many factors, .so each application should be 
discussed with the bearing manufacturer. In general, a kinematic viscosity of 13 to 21 cen
tistokes should be maintained at the operating temperature ofthe lubricant in the bearing. 
Manufacturer's recommendations should be sought. 

In some critical applications such as bearings in jet engines and very-high-speed de
vices, lubricating oil is pumped under pressure to an enclosed housing for the bearing where 
the oil is directed at the rolling elements themselves. A controlled retum path is also pro
vided. The temperature of the oil in the sump is monitored and controlled with heat ex
changers or refrigerafion to maintain oil viscosity within acceptable limits. Such systems 
provide reliable lubrication and ensure the removal of heat from the bearing. 

See Secfion 14-14 for additional discussion about the importance of oil film thick
ness in bearings. Reference 7 contains an extensive amount of information on this subject. 

Greases used in bearings are mixtures of lubricating oils and thickening agents, usu
ally soaps such as lithium or barium. The soaps act as carriers for the oil which is drawn out 
at the point of need within the bearing. Additives to resist corrosion or oxidation of the oil 
itself are sometimes added. Classifications of greases specify the operating temperatures to 
which the greases will be exposed, as defined by the American Bearing Manufacturers' As
sociafion (ABMA), and outlined in Table 14-8. 
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TABLE 14-8 Types of grea.ses used for bearing lubricafion 

Operation temperature 
Group Type of grease range (°F) 

I General-purpose -40-250 
II High-temperature 0-300 

III Medium-temperature 32-200 
IV Low-temperature -67-225 
V Extremely high-temperature Up to 450 

Installation 

It has already been stated that most bearings should be installed with a light interference 
fit between the bore ofthe bearing and the shaft to preclude the possibility of rotafion of 
the inner race of the bearing with respect to the shaft. Such a condition would result in un
even wear of the bearing elements and early failure. To install the bearing then requires 
rather heavy forces applied axially. Care must be exercised so that the bearing is not dam
aged during installation. The installation force should be applied directly to the inner race 
ofthe bearing. 

If the force were applied through the outer race, the load would be transferred through 
the rolling elements to the inner race. Because of the small contact area, it is likely that such 
transfer of forces would overstress some element, exceeding the static load capacity. 
Brinelling would result, along with the noise and rapid wear that accompany this condition. 
For large bearings it may be necessary to heat the bearing to expand its diameter in order to 
keep the installafion forces within reason. Removal of bearings intended for reuse requires 
similar precautions. Bearing pullers are available to facilitate this task. 

Preloading 

Some bearings are made with intemal clearances that must be taken up in a particular di
rection to ensure satisfactory operation. In such cases, preloading must be provided, usu
ally in the axial direction. On horizontal shafts, springs are typically used, with axial 
adjustment of the spring deflection sometimes provided to adjust the amount of preload. 
When space is limited, the use of Belleville washers is desirable because they provide high 
forces with small deflections. Shims can be used to adjust the actual deflecfion and preload 
obtained (see Chapter 19). On vertical .shafts the weight ofthe shaft assembly itself may be 
sufficient to provide the required preload. 

Bearing Stiffness 

Stiffness is the deflection that a given bearing undergoes when carrying a given load. Usu
ally the radial stiffness is most important because the dynamic behavior of the rotating 
shaft system is affected. The critical speed and the mode of vibrafion are both funcfions 
of the bearing stiffness. Generally speaking, the softer the bearing (low sfiffness), the 
lower the critical speed of the shaft assembly. Stiffness is measured in the units used for 
springs, such as pounds per inch or newtons per millimeter. Of course, the stiffness values 
are quite high, with values of 500 000 to 1 000 000 lb/in reasonable. The manufacturer 
should be consulted when such information is needed, because it is rarely included in stan
dard catalogs. 
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Operation under Varying Loads 

The load/life relationships used thus far assume that the load is reasonably constant in mag
nitude and direction. If the load varies considerably, an effective mean load must be used 
for determining the expected life ofthe bearing. (See References 4 and 7.) Oscillating loads 
also require special analysis because only a few ofthe rolling elements share the load. See 
Section 14-15 for additional information about life prediction under varying loads. 

Sealing 

When the bearing is to operate in dirty or moist environments, special shields and seals are usu
ally specified. They can be provided on either or both sides of the rolling elements. Shields are 
typically metal and are fixed to the stationary race, but they remain clear of the rotating race. 
Seals are made of elastomeric materials and do contact the rotating race. Bearings fitted with 
both seals and shields and precharged at the factory with grease are sometimes called 
pennanently lubricated. Although such bearings are likely to give many years of satisfactory 
service, extreme conditions can produce a degradation ofthe lubricating properties ofthe grease. 
The presence of seals also increases the friction in a bearing. Sealing can be provided outside 
the bearing in the housing or at the shaft/housing interface. On high-speed shafts, a labyrinth 
seal, consisfing of a noncontacting ring around the shaft with a few thousandths of an inch ra
dial clearance, is frequently used. Grooves, .sometimes in the form of a thread, are machined in 
the ring; the relative motion of the shaft with respect to the ring creates the sealing action. 

Limiting Speeds 

Most catalogs list limifing speeds for each bearing. Exceeding these limits may result in ex
cessively high operating temperatures due to friction between the cages supporting the 
rolling elements. Generally, the limiting speed is lower for larger bearings than for smaller 
bearings. Also, a given bearing will have a lower limiting speed as loads increase. With spe
cial care, either in the fabrication of the bearing cage or in the lubrication of the bearing, 
bearings can be operated at higher speeds than those listed in the catalog. The manufacturer 
should be consulted in such applications. The use of ceramic rolling elements with their 
lower mass can result in higher limiting speeds. 

Standards 

Several groups are involved in standard setting for the bearing industry. A partial list is 
given here: 
American Bearing Manufacturers Association (ABMA) 

Annular Bearing Engineers Committee (ABEC) 

Roller Bearing Engineers Committee (RBEC) 

Ball Manufacturers Engineers Committee (BMEC) 

American National Standards Institute (ANSI) 

International Standards Organization (ISO) 

Many standards are listed by the ANSI and ABMA organizations. Two of them are listed 

here: 

Load Ratings and Fatigue Life for Ball Bearings, ABMA 9 

Load Ratings and Fatigue Life for Roller Bearings. ABMA 11 
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Tolerances 

Several different tolerance classes are recognized in the bearing industry to accommodate 
the needs of the wide variety of equipment using rolling contact bearings. In general, of 
course, all bearings are precision machine elements and should be treated as such. As noted 
before, the general range of tolerances is of the order of a few ten-thousandths of an inch. 
The standard tolerance classes are defined by ABEC, as identified below. 

ABEC I: Standard radial ball and roller bearings 

ABEC 3: Semiprecision instrument ball bearings 

ABEC 5: Precision radial ball and roller bearings 

ABEC 5P: Precision instrument ball bearings 

ABEC 7: High-precision radial ball bearings 

ABEC 7P: High-precision instrument ball bearings 

Most machine applications would use ABEC 1 tolerances, the data for which are usually 
provided in the catalogs. Machine tool spindles requiring extra smooth and accurate run
ning would use ABEC 5 or ABEC 7 classes. 

14-14 
IMPORTANCE OF 

OIL FILM 
THICKNESS IN 

BEARINGS 

In bearings operated at heavy loads or high speeds, it is critical to maintain a film of lubri
cating oil at the surface of the rolling elements. A steady supply of clean lubricant with an 
adequate viscosity is required. With careful analysis ofthe geometry ofthe bearing, the speed 
of rotation, and the properties of the lubricant, it is possible to estimate the thickness ofthe 
oil film between the rolling elements and the races. Although the film thickness may be only 
a few microinches, it has been shown that oil starvation of the contact area is a chief cause 
of premature failure of rolling contact bearings. Conversely, if a film thickness significantly 
greater than the height of surface roughness features can be maintained, the expected life will 
be several times greater than published data from catalogs. (See References 4 and 7.) 

The nature of the lubrication at the interface between rolling elements and the races 
is called elastohydrodynamic lubrication because it depends on the specific elastic defor
mation of the mating surfaces under the influence of high contact stresses and the creation 
of a pressurized film of lubricant by the dynamic action ofthe rolling elements. 

The data needed to evaluate film thickness for ball bearings are given in the follow
ing lists: 

Bearing Geometry Factors 

Ball diameter 

Number of balls 

Radius of curvature of the inner race groove in both the circumferential and the axial 
direcfions 

Pitch diameter of the bearing; the average of the bore diameter and the outside diameter 

Surface roughness of the balls and the races 

Contact angle for angular contact bearings 

Bearing Material Factors 

Modulus of elasticity of balls and races 

Poisson's ratio 
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Lubricant Factors 

Dynamic viscosity at the operating temperature within the bearing 

Pressure coeftlcient of viscosity; the change of viscosity with pressure 

Operational Factors 

Rotational speed of both the inner and the outer races 

Radial load 

Thrust load 

The details ofthe analysis are given in Reference 7. 
The results ofthe analysis include the following: 

The minimum film thickness of the lubricant. //„ 

The composite roughness ofthe balls and the races, S 

The ratio A = h,JS 

The service life ofthe bearing is dependent on the value of A: 

• If A < 0.90, a life less than the manufacturer's rated life is to be expected becau.se 
of surface damage due to inadequate lubricant film. 

• If A is in the range of 0.90 to 1.50, rated .service life can be expected. 

• If A is in the range of 1.50 to 3.0, an increase of life of up to three times the rated 
life is possible. 

• If A is greater than 3.0, a life of up to six times the rated life is possible. 

General Recommendations for Achieving Long Life for Bearings 

1. Choose a bearing with an adequate rated life using the procedures outlined in this 
chapter. 

2. Ensure that the bearing has a fine surface finish and is not damaged by rough hand
ling, poor installation practices, corrosion, vibration, or exposure to electrical cur
rent flow. 

3. Ensure that operating loads are within the design values. 

4. Supply the bearing with a copious flow of clean lubricant at an adequate viscosity 
at the operating temperature within the bearing according to the bearing manufac
turer's recommendations. Provide external cooling for the lubricant if necessary. 
For an exisfing system, this is the factor over which you have the most control 
without a significant redesign of the system itself. 

5. If redesign is possible, design the system to operate at as low a speed as possible. 

14—15 The design and analysis procedures u.sed so far in this book assumed that the bearing would 
LIFE PREDICTION operate at a single design load throughout its life. It is possible to predict the life of the bear-
UNDER VARYING ing under such conditions fairly accurately using manufacturers' data published in catalogs. 

LOADS If loads vary with fime, a modified procedure is required. 
One procedure that is recommended by bearing manufacturers is called the 

Palmgren-Miner rule, or sometimes simply Miner's ride. References 10 and 11 describe 
their work, and Reference 9 discusses a modified approach more tailored to bearings. 
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The basis of Miner's rule is that if a given bearing is subjected to a series of loads of 
different magnitudes for known lengths of time, each load contributes to the eventual fail
ure of the bearing in proportion to the ratio ofthe load to the expected life that the bearing 
would have under that load. Then the cumulative effect ofthe series of loads must account 
for all such contributions to failure. 

A similar approach, described in Reference 7, introduces the concept of mean effec
tive load, F,,,: 

Mean Effective 
C^ Load under 

Varying Loads 

^ fI.i{FfN,y/t> 
(14-11) 

where F, = individual load among a series of / loads 
Â, = number of revolutions at which F, operates 
N = total number of revolutions in a complete cycle 
p = exponent on the load/life relationship; p = 3 for ball bearings, andp = 10/3 

for rollers 

Alternatively, if the bearing is rotating at a constant speed, and because the number 
of revolutions is proportional to the time of operation. A', can be the number of minutes of 
operation at F,. and Â  is the sum of the number of minutes in the total cycle. That is. 

^ = A'l + yv. + N, 

Then the total expected life, in millions of revolutions ofthe bearing, would be 

L = (14-12) 

Example Problem 14-6 A single-row, deep-groove ball bearing number 6308 is subjected to the following set of 
loads for the given times: 

Condition 
1 
2 
3 

Fi 

650 lb 
7501b 
2501b 

Time 
30 min 
10 min 
20 min 

This cycle of 60 min is repeated continuously throughout the life ofthe bearing. The shaft 
carried by the bearing rotates at 600 rpm. Estimate the total life ofthe bearing. 

Solution Using Equation (14-11), we have 

'ijfmyr (14-lla) 

/ 30(650)- + 10(750)- + 20(250)-'\'/3 
Fn, = I , n , . n , . n ^ ^ 1 = 5 9 7 lb 

30 + 1 0 + 20 
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Now use Equation (14-12): 

(14-12a) 

From Table 14-3, for the 6308 bearing, we find that C = 7050 lb. Then 

/7050V' , , , ^ .„. 
L = I = 1647 million rev 

At a rotational speed of 600 rpm, the number of hours of life would be 

L = 
1647 X lO'-rev min 

1 600 rev 60 min 
= 45 745 h 

Note that this is the same bearing used in Example Problem 14-3 which was selected to op
erate at least 30 000 h when canying a steady load of 650 lb. 
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I N T E R N E T S I T E S R E L A T E D TO R O L L I N G C O N T A C T B E A R I N G S 

Torrington Company, www.torrington.com 
Manufacturer of rolling contact bearings and motion 
control components and assemblies under the 
Torrington, Fafnir, and Kilian brands. Online catalog. 

SKF USA, Inc. www.skfusa.coni or http://products. 
skf.com Manufacturer of rolling contact bearings 
under the SKF brand. Online catalog. 

FAG Bearings, http://fag.com or www.fagauto.com 
Manufacturer of rolling contact bearings under the FAG 

brand. Online catalog. A subsidiary ofthe INA 
Corporation. 

4. INA USA Corporation, www.ina.com/us 
Manufacturer of rolling contact bearings, cam followers, 
linear motion bearings, plain bearings, thiust bearings, and 
turntable bearings under the INA brand. 

5. NSK Corporation, www.iisk.coin or www.tec.nsk.com 
Manufacturer of rolling contact hearings under the NSK 
brand. Online catalog. 
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6. Timken Corporation, www.timken.com 
Manufacturer of rolling contact bearings under the 
Timken brand. Online catalog. 

7. Rockwell Automation/Dodge, www.dodge-pt.com 
Manufacturer of numerous power transmission 
products, including mounted rolling contact bearings 
along with many other types of bearings. Online 
catalog. 

8. Emerson Power Transmission, www.emer.son-ept. 
com Manufacturer of numerous power transmission 
products, including bearings from their Browning, 
McGill, Rollway, and Sealmaster units. Online catalog. 

9. PowerTransmission.com. www.powertransinission. 
com A site that lists numerous manufacturers of 

power transmission components including rolling 
contact bearings, gears, gear drives, clutches, couplings, 
motors, and more. Descriptive information about the 
listed companies is provided along with links to their 
websites. 

10. Machinery Lubrication, www.machinerylubrication. 
com On online .service of Machinery Lubrication 
Magazine providing technical articles and information 
on lubrication of industrial machinery, including 
bearings. 

11. American Bearing Manufacturers Association. 
www.abma-dc.org A non-profit association of 
manufacturers of anti-friction bearings. ABMA defines 
national standards for bearings. 

P R O B L E M S 

1. A radial ball bearing has a basic dynamic load rating of 
2350 lb for a rated (Lm) life of 1 million rev. What would 
its L|,| life be when operating at a load of 1675 lb? 

2. Determine the required basic dynamic load rating for a 
bearing to carry 1250 lb from a shaft rotating at 880 rpm 
if the design life is to be 20 000 h. 

3. A catalog lists the basic dynamic load rating for a ball 
bearing to be 3150 Ib for a rated life of 1 million rev. What 
would be the L^,, life ofthe bearing if it were subjected to 
a load of (a) 2200 lb and (b) 4500 lb? 

4. Compute the required basic dynamic load rating, C, for a 
ball bearing to carry a radial load of 1450 lb at a shaft 
speed of 1150 rpm for an industrial fan. 

5. Specify suitable bearings for the shaft of Example Prob
lem 12-1. Note the data contained in Figures 12-1, 12-2, 
12-10, and 12-11. 

6. Specify suitable bearings for the shaft of Example Prob
lem 12-3. Note the data contained in Figures 12-12, 
12-14, and 12-15. 

7. Specify suitable bearings for the shaft of Example Problem 
12-4. Note the data contained in Figures 12-17 and 12-18. 

8. For any of the bearings specified in Problem 2-7, make 
a scale drawing of the shaft, the bearings, and the part 
of the housing to support the outer races of the bear
ings. Be sure to consider fillet radii and axial location 
of the bearings. 

9. A bearing is to carry a radial load of 455 lb and no thrust 
load. Specify a suitable bearing from Table 14-3 if the 
shaft rotates at 1150 rpm and the design life is 20 000 h. 

For each of the problems in Table 14-9, repeat Problem 
9 with the new data. 

TABLE 14-9 

Problem 
number 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

Radial 
load 

857 lb 
1265 1b 
235 lb 

2875 Ib 
3.8 kN 
5.6 kN 

10.5 kN 
1.2 kN 

Thmst 
load 

0 
645 1b 

88 1b 
13501b 

0 
2.8 kN 
0 
0.85 kN 

rpm 

450 
210 

1750 
600 

3450 
450 

1150 
860 

Design 
life, h 

30 000 
5000 

20 000 
15 000 
15 000 

2000 
20 000 
20 000 

18. In Chapter 12, Figures P12-1 through Pl 2-40 showed 
shaft design exercises related to the problems at the 
end of the chapter For each bearing of each shaft, 
specify a suitable bearing from Table 14-3. If the shaft 
design has already been completed to the point that the 
minimum acceptable diameter of the shaft at the bear
ing seat is known, consider that diameter when speci
fying the bearing. Note the Chapter 12 problem 
statements for the speed of the shaft and the loading 
data. 

19. Bearing number 6332 from Table 14-3 is carrying the set 
of loads in Table P14-19 while rotating at 600 rpm. Com-

http://www.timken.com
http://www.dodge-pt.com
http://www.emer.son-ept
http://PowerTransmission.com
http://www.powertransinission
http://www.machinerylubrication
http://www.abma-dc.org
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Compute the expected L,,, life for the bearing under these 
conditions if the cycle repeats continuously. 

TABLE P14-19 

Condition 

1 
2 

Load, F, 

4500 lb 
2500 lb 

Time, A', 

25 min 
15 min 

20. Bearing number 6318 from Table 14-3 is carrying the set 
of loads in Table P14-20 while rotating at 600 rpm. Com
pute the expected Lio life for the bearing under these con-
didons if the cycle repeats continuously. 

TABLE P14-20 

Condition 

1 
2 

Load, F, 

2500 lb 
15001b 

Time, N, 

25 min 
15 min 

21. Bearing number 6211 from Table 14-3 is carrying the set 
of loads in Table P14-21 while rotadng at 1700 rpm. 
Compute the expected L,o life for the bearing under these 
conditions if the cycle repeats continuously. 

TABLE P14-

Condition 

1 
2 
3 

-21 

Load. F, 

6001b 
2001b 
1001b 

Time, Â, 

480 min 
115 min 
45 min 

22. Bearing number 6211 from Table 14-3 is carrying the set 
of loads in Table P14-22 while rotadng at 1700 rpm. 
Compute the expected L,o life for the bearing under these 
conditions if the cycle repeats continuously. 

TABLE P14-

Condition 

1 
2 
3 

-22 

Load, F, 

4501b 
1801b 
501b 

Time, Â, 

480 min 
115 min 
45 min 

23. Bearing number 6206 from Table 14-3 is carrying the set 
of loads in Table P14-23 while rotating at 101 rpm for 
one 8-h shift. Compute the expected Lm life for the bear
ing under these conditions if the cycle repeats continu
ously. If the machine operates two shifts per day, six days 
per week, in how many weeks would you expect to have 
to replace the bearing? 

TABLE P14-23 

Condition Load, F, Time, N, 

5001b 
8001b 
100 Ib 

6.75 h 
0.40 h 
0.85 h 

24. Bearing number 6212 from Table 14-3 is carrying the set 
of loads in Table P14-24 while rotating at 101 rpm for 
one 8-h shift. Compute the expected L,,, life for the bear
ing under these conditions if the cycle repeats continu
ously. If the machine operates two shifts per day, six days 
per week, in how many weeks would you expect to have 
to replace the bearing? 

TABLE P14-

Condition 

1 
2 
3 

-24 

Radial load 

17501b 
6001b 
2801b 

Thrust load 

3501b 
2501b 
1101b 

Time, N, 

6.75 h 
0.40 h 
0.85 h 

25. Compute the basic dynamic load rating, C, for a ball 
bearing to carry a radial load of 1450 lb at a shaft 
speed of 1150 rpm for 15 000 hours. Use a reliability 
of 95%. 

26. Compute the basic dynamic load rating, C, for a ball bear
ing to carry a radial load of 509 lb at a shaft speed of 
101 rpm for 20 000 hours. Use a reliability of 99%. 

27. Compute the basic dynamic load rating, C, for a ball bear
ing to carry a radial load of 436 lb at a shaft speed of 
1700 rpm for 5000 hours. Use a reliability of 97%. 

28. Compute the basic dynamic load rating, C, for a ball 
bearing to carry a radial load of 1250 lb at a shaft speed 
of 880 rpm for a design life of 20 000 hours. Use a relia
bility of 95%. 
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The 
Big 
Picture 

Completion of the Design of a Power Transmission 

Discussion Map 

• Now we bring together the 
concepts and design 
procedures from the last 
eight chapters to complete 
the design of the power 
transmission. 

Discover 

Consider how all of the machine elements that you 
have studied in Chapters 7-14 fit together 
Think also about the entire life cycle of the 
transmission, from its design to its disposal. 

This chapter presents a summary of the steps that 
you should take to complete the design. Some 
procedures are quite detailed. You should be able to 
apply this experience to any design you are 
responsible for in the future. 

This is where all of the work of Part II of this book comes together. In Chapters 7-14, you 
leamed important concepts and design procedures for many kinds of machine elements that 
could all be part of a given power transmission. In each ca.se, we mentioned how the elements 
need to work together. Now we show the approach to completing the design of a power trans
mission which demonstrates an integrated approach and illustrates the title of this book. 
Machine Elements in Mechanical Design. The emphasis is on the whole design. 

The lesson of this chapter is that you as a designer must constantly keep in mind how 
the part you are currently working on fits with other parts and how its design can affect the 
design of other parts. You must also consider how the part is to be manufactured, how it may 
be serviced and repaired as necessary, and how it will eventually be taken out of service. 
What will happen to the materials in the product when they have served their useful life as 
part of your current project? 

Although we are using a power transmission in this example, the skills and insights 
that you will acquire should be transferable to the design of almost any other mechanical 
device or system. 

15-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Bring together the individual components of a mechanical, gear-type power trans
mission into a unified, complete system. 

2. Resolve the interface questions where two components fit together. 

3. E.stablish rea.sonable tolerances and limit dimensions on key dimensions of com
ponents, especially where as.sembly and operation of the components are critical. 

4. Verify that the final design is safe and suitable for its intended purpo.se. 

5. Add details to some of the components that were not considered in eariier analyses. 

1 5 - 2 The project to be completed in this chapter is the design of a single-reduction speed reducer that 
DESCRIPTION OF uses spur gears. We will use the data from Example Problem 9-1 in which the gears for the 

THE POWER drive for an industrial saw were designed. You should review that problem now and note that it 
TRANSMISSION was carried forward through Example Problems 9-1 through 9-4. It was considered again in 

TO BE DESIGNED Section 9-15 where we refined the design using the spreadsheet developed in Section 9-14. 

631 
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We will also use elements of the mechanical design process that were fu-st outlined 
in Chapter 1 in Sections 1-4 and 1-5. We will state the funcfions and design requirements 
for the power transmission, establish a set of criteria for evaluafing design decisions, and 
implement the design tasks that were outlined in Section 1-5. References 4,7, 8, and 9 pro
vide addifional approaches that you may find useful for other design projects. 

Basic Statement of the Problem 

We will design a power transmission for an industrial saw that will be used to cut tubing for 
vehicle exhaust pipes to length prior to the forming processes. The saw will receive 25 hp 
from the shaft of an electric motor rotating at 1750 rpm. The drive shaft for the saw should 
rotate at approximately 500 rpm. 

Functions, Design Requirements, and Selection Criteria 
for the Power Transmission 

Functions. The functions of the power transmission are as follows: 

1. To receive power from an electric motor through a rotating shaft. 

2. To transmit the power through machine elements that reduce the rotafional speed 
to a desired value. 

3. To deliver the power at the lower speed to an output shaft which uhimately drives 
the saw. 

Design Requirements. Additional information is presented here for the specific case 
of the industrial saw. You would normally be responsible for acquiring the necessary infor
mafion and for making design decisions at this point in the design process. You would be 
involved in the design of the saw and would be able to discuss its desirable features with 
colleagues in marketing, sales, manufacturing planning, and production management and 
field service, and, perhaps, with customers. The kinds of information that you should seek 
are illustrated in the following list: 

1. The reducer must transmit 25 hp. 

2. The input is from an electric motor whose shaft rotates at a full-load speed of 
1750 rpm. It has been proposed to use a NEMA frame 284T motor having a shaft 
diameter of 1.875 in and a keyway to accommodate a 1/2 X 1/2 in key. See 
Chapter 21, Figure 21-18 and Table 21-3, for more data on the dimensions of 
the motor. 

3. The output of the reducer delivers power to the saw through a shaft that rotates be
tween 495 and 505 rpm. The speed reduction ratio should then be in the range of 
3.46 to 3.53. 

4. A mechanical efficiency of greater than 95% is desirable. 

5. The minimum torque delivered to the saw should be 2950 lb • in. 

6. The saw is a band saw. The cutting operation is generally smooth, but moderate 
shock may be encountered as the saw blade engages the tubes and if there is any 
binding ofthe blade in the cut. 

7. The speed reducer will be mounted on a rigid plate that is part of the base of the 
saw. The means of mounting the reducer should be specified. 

8. It has been decided that flexible couplings may be used to connect the motor shaft 
to the input shaft of the reducer and to connect the output shaft directly to the shaft 
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of the main drive wheel for the band saw. The design for the shaft for the band-
saw drive has not yet been completed. It is likely that its diameter will be the same 
as that of the output shaft of the reducer. 

Whereas a small, compact size for the reducer is desirable, space in the machine 
base should be able to accommodate most reasonable designs. 

The saw is expected to operate 16 hours per day, 5 days per week, with a design 
life of 5 years. This is approximately 20 000 hours of operation. 

The machine base will be enclosed and will prevent any casual contact with the re
ducer. However, the functional components of the reducer should be enclosed in 
their own rigid housing to protect them from contaminants and to provide for the 
safety of those who work with the equipment. 

The saw will operate in a factory environment and should be capable of operation 
in the temperature range of 50°F to 100°F. 

13. The saw is expected to be produced in quantities of 5000 units per year. 

14. A moderate cost is critical to the marketing success ofthe saw. 

10 

11 

12 

Selection Criteria. The list of criteria should be produced by an interdisciplinary team 
composed of people having broad experience with the market for and use of such equip
ment. The details will vary according to the specific design. As an illustration ofthe process, 
the following criteria are suggested for the present design: 

1. Safety: The speed reducer should operate safely and provide a safe environment 
for people near the machine. 

2. Cost: Low cost is desirable so that the saw appeals to a large set of customers. 

3. Small size. 

4. High reliability. 

5. Low maintenance. 

6. Smooth operation; low noise; low vibration. 

15-3 
DESIGN 

ALTERNATIVES 
AND SELECTION 
OFTHE DESIGN 

APPROACH 

There are many ways that the speed reduction for the saw can be accomplished. Figure 15-1 
shows four possibilities: (a) belt drive, (b) chain drive, (c) gear-type drive connected 
through flexible couplings, and (d) gear-type drive with a belt drive on the input side and 
connected to the saw with a flexible coupling. 

Reference 6 includes a more extensive set of altematives and a more detailed analysis. 

Selection of the Basic Design Approach 

Table 15-1 shows an example of the rating that could be done to select the type of design 
to be produced for the speed reducer for the saw. A 10-point scale is used, with 10 being 
the hiî hest rating. Of course, with more information about the actual application, a differ
ent design approach could be selected. Also, it may be desirable to proceed with more than 
one design to determine more ofthe details, thus allowing a more rational decision. A mod
ification ofthe design decision matrix calls for weighting factors to be assigned to each cri
terion to reflect its relative importance. See References 3 and 7 and Internet site I for 
extensive discussions of rational decision analysis techniques. 

On the basis of this decision analysis, let's proceed with (c), the design of a gear-t\pe 
speed reducer using flexible couplings to connect with the drive motor and the driven shaft 
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TABLE 15-1 Decision analysis chart 

Criteria 

I. Safety 
2. Cost 
3. Size 
4. Reliability 
5. Maintenance 
6. Smoothness 

(a) 
Beh 

6 
9 
5 
7 
6 
8 

Totals: 41 

(b) 
Chain 

6 
8 
6 
6 
5 
6 

31 

Altematives 
(c) 

Gear with 
flexible 

couplings 

9 
7 
9 

10 
9 
9 

53 

(d) 
Gear 

with input 
belt drive 

7 
6 
6 
7 
6 
8 

40 

634 
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of the saw. It is considered to have a higher level of safety for operators and maintenance 
people because its rotating components are enclosed. The input and output shafts and the 
couplings can be covered at the time of installation. Reliability is expected to be higher be
cause precision metallic parts are used and the drive is enclosed in a sealed housing. The 
flexing of belts and the significant number of moving parts in a chain drive are judged to 
provide lower reliability. Initial cost may be higher than for belt or chain drives. However, 
it is expected that maintenance will be somewhat less, leading to lower cost overall. The 
space taken by the design should be small, simplifying the design of other parts of the saw. 
Design alternative (d) is attractive if there is some interest in providing a variable speed op
eration in the future. By using different belt drive ratios, we can achieve different cutting 
speeds for the saw. A further alternative would be to consider a variable-speed electric drive 
motor, either to replace the need for a reducer at all or to be used in conjunction with the 
gear-type reducer. 

15-4 
DESIGN 

ALTERNATIVES 
FOR THE GEAR-
TYPE REDUCER 

Now that we have selected the gear-type reducer, we need to decide which type to use. Here 
are some alternatives: 

1. Single-reduction spur gears: The nominal ratio of 3.50 : I is reasonable for a sin
gle pair of gears. Spur gears produce only radial loads which simplify selection of 
the bearings that support the shafts. Efficiency should be greater than 959'f with 
reasonable precision ofthe gears, bearings, and seals. Spur gears are relatively in
expensive to produce. Shafts would be parallel and should be fairly easy to align 
with the motor and the drive shaft for the saw. 

2. Single-reduction helical gears: These gears are equally practical as spur gears. Shaft 
alignment is similar. A smaller size should be possible because of the greater capac
ity of helical gears. However, axial thmst loads would be created which must be ac
commodated by the bearings and the housing. Cost is likely to be somewhat higher 

3. Bevel gears: These gears produce a right-angle drive which may be desirable, but 
not necessary in the present design. They are also somewhat more difficult to de
sign and assemble to achieve adequate precision. 

4. Worm and wormgear drive: This drive also produces a right-angle drive. It is typi
cally used to achieve a higher reduction ratio than 3.50: I. Efficiency is usually much 
lower than the 95% called for in the design requirements. Heat generation could be 
a problem with 25 hp and the lower eftlciency. A larger motor could be required to 
overcome the loss of power and still provide the required torque at the output shaft. 

Design Decision for the Gear Type 

For the present design, we choose the single-reduction spur gear reducer. Its simplicity is 
desirable, and the final cost is likely to be lower than that ofthe other proposed designs. The 
smaller size ofthe helical reducer is not considered to be of high priority. 

15-5 
GENERAL 

LAYOUT AND 
DESIGN DETAILS 

OFTHE 
REDUCER 

Figure 15-2 shows the propo.sed arrangement ofthe components for the single-reduction 
spur gear-type speed reducer. Note that the illustration in Part (b) is the top view. The de
sign involves the following tasks: 

1. Design a pinion and gear to transmit 25 hp with a pinion speed of 1750 rpm and a 
gear speed in the range from 495 to 505 rpm. The nominal ratio is 3.50 : 1. Design 
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for both strength and pitting resistance to achieve approximately 20 000 hours of 
life and a reliability of at least 0.999. 

2. Design two shafts, one for the pinion and one for the gear. Provide positive axial 
location for the gears on the shaft. The input shaft must be designed to extend be
yond the housing to enable the motor shaft to be coupled to it. The output shaft 
must accommodate a coupling that mates with the drive shaft ofthe saw. Use a de
sign reliability of 0.999. 

3. Design six keys: one for each gear; one for the motor; one for the input shaft at the cou
pling; one for the output shaft at the coupling; and one for the drive shaft for the saw. 

4. Specify two tlexible couplings: one for the input shaft and one for the output shaft. 

5. Specify four commercially available rolling contact bearings, two for each shaft. 
The L|o design life should be 20 000 hours. 

6. Design a housing to enclose the gears and the bearings and to support them rigidly. 

7. Provide a means of lubricating the gears within the housing. 

8. Provide seals for the input and output shafts at the place where they pass through 
the housing. We will not specify the particular seals because of lack of data in this 
book. However, refer to Chapter 11 for suggestions for the types of seals that may 
be suitable. 

Gear Design 

The conditions for this design are the same as those considered in Example Problems 9-1 
through 9-4. Several design iterations were produced in Section 9-15 using the aid of the 
gear design spreadsheet. The design alternatives all used a reliability factor of 1.50 to gain 
an expected reliability of 0.9999, fewer than one failure in 10 000. This is more conserva
tive than the suggested reliability of 0.999. An overioad factor of 1.50 was used to account 
for the moderate shock expected from the operation of the saw. We will use the design doc
umented in Figure 9-31 having the following major features: 

Diametral pitch: Pj = 8; 20°, full-depth, involute teeth 

Number of teeth in the pinion: Np = 28 

Number of teeth in the gear: N^ = 98 

Diameter of the pinion: Dp = 3.500 in 

Diameter ofthe gear: DQ = 12.250 in 

Center distance: C = 7.875 in 

Face width: F = 2.00 in 

Quality number: (2, = 8 

Tangential force: VV, = 514 Ib 

Required bending stress number for pinion: .v,„ = 20 900 psi 

Required contact stress number for pinion: s,, = 153 000 psi; requires 390 HB steel 

Material specified: AISI 4140 OQT 800; 429 HB; s, = 210 ksi; 16*7̂  elongation 

Shaft Design 
1. Forces: Figure 15-3(a) shows the proposed configuration for the input shaft that 

carries the pinion and connects to the motor shaft through a flexible coupling. 
Figure l5-3(b) shows the output shaft, similarly configured. The only active 
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forces on the shafts are the tangential force and the radial force from the gear teeth. 
The flexible couplings at the ends of the shafts allow torque transmission, but no 
radial or axial forces are transmitted when the alignment ofthe shafts is within the 
recommended limits for the coupling. See Chapter 11. Without the tlexible cou
plings, it is very likely that significant radial loads would be produced, requiring 
somewhat larger diameters for the shaft and larger bearings. See Chapter 12. 

The spreadsheet analysis for the gears gives the tangential force as VV, = 514 
lb. It acts downward in the vertical plane on the pinion and upward on the gear. 
The radial force is 

W, = VV, tan (}) = (514 lb)tan(20°) = 187 lb 

The radial force acts horizontally toward the left on the pinion, tending to separate 
the pinion from the gear. It acts toward the right on the gear. 

2. Torque values: The torque on the input shaft is 

r, = (63 000)(P)/np = (63 000)(25)/1750 = 900 Ib-in 

This value acts from the coupling at the left end ofthe shaft to the pinion where the 
power is delivered through the key to the pinion and thus to the mating gear. 

The torque on the output shaft is computed next, assuming that no power is 
lost. The resulting value of torque is conservative for use in the shaft design: 

T. = (63 000)(P)//((; = (63 000)(25)/500 = 3150 Ib-in 

The torque acts in the output shaft from the gear to the coupling at the right end of 
the shaft. Assuming that the system is 95% efficient, the actual output torque is ap
proximately 

T„ = r . (0.95) = 2992 lb-in 

This value is within the required range, as indicated in the design requirements, 
item 5. 

3. Shearing force and bending moment diagrams: Figure 15-3 also shows the 
shearing force and bending moment diagrams for the two shafts. Because the ac
tive loading occurs only at the gears, the form of each diagram is the same in the 
vertical and horizontal directions. The first number given is the value for load, the 
shearing force, or the bending moment in the vertical plane. The second number 
in parentheses is the value in the horizontal plane. The maximum bending moment 
in each shaft occurs where the gears are mounted. The values are 

M, = 643 lb - in M, = 234 lb • in 

The resultant moment is Mn,„ = 684 Ib-in. 
The bending moment is zero at the bearings and in the extensions for the in

put and output shafts. 
Support reactions—bearing forces: The reactions at all bearings are the same for 
this example becau.se ofthe simplicity ofthe loading pattern and the symmetry of 
the design. The horizontal and vertical components are 

F, = 257 lb F, = 93.5 lb 

http://becau.se
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The resultant force is the radial force that must be carried by the bearings: 
F,. = 21A lb. This value also produces vertical shearing stress in the shaft at the 
bearings. 

5. Material selection for shafts: Each shaft will have a series of different diam
eters, shoulders with fillets, keyseats, and a ring groove as shown in Figure 
15-3. Thus, much machining will be required. The shafts will be subjected to 
a combination of steady torque and reversed, repeated bending during normal 
use as the saw cuts steel tubing for vehicular exhaust systems. Occasional mod
erate shock loading is expected as the saw engages the tubing and when bind
ing occurs in the cut due to dullness of the blade or unusually hard steel in the 
tubing. 

These conditions call for a steel that has moderately high strength, good fa
tigue resistance, good ductility, and good machinability. Such shafts are typically 
made from a medium-carbon-alloy steel (0.30% to 0.60% carbon) in either the 
cold-drawn or the oil-quenched and tempered condition. Good machinability is 
obtained from a steel having moderately high sulfur content, a characterisfic of 
the 1100 series. Where good hardenability is also desired, higher manganese con
tent is used. 

An example of such an alloy is AISI 1144 which has 0.40% to 0.48% car
bon, 1.35% to 1.65% manganese, and 0.24% to 0.33% sulfur. It is called a re
sulfurized, free-machining grade of steel. Figure A4-2 shows the range of 
properties available for this material when it is oil-quenched and tempered. We 
select a tempering temperature of 1000°F, which produces good balance be
tween strength and ductility. 

In summary, the material specified is 

AISI 1144 OQT 1000 steel: s„ = 118 000 psi; 5, = 83 000 psi; 20% elongation 

The endurance strength ofthe material can be estimated using the method oufiined 
in Chapters 5 and 12: 

Basic endurance strength: s„ = 43 000 psi (from Figure 5-8 for a machined sur
face) 

Size factor: C, = 0.81 (from Figure 5-9 with an esfimate of a 2.0-in diameter) 

Reliability factor: C/? = 0.75 (desired reliability of 0.999) 

Modified endurance strength: s,', = 5„(C,)(C^) = (43 000 psi)(0.81)(0.75) = 
26 100 psi 

6. Design factor 1^: The choice of a design factor Â  should consider the many fac
tors discussed in Chapter 5 where a nominal value ofN = 2 was suggested for gen
eral machine design. With the expectation of moderate shock and impact loading, 
let's specify N = Afor extra safety. 

7. Minimum allowable shaft diameters: The minimum allowable shaft diameters 
are now computed at several sections along the shaft using Equation (12-24) if 
there is any combinafion of torsion or bending loads at the section of interest. 
For those sections subjected only to vertical shearing loads, such as at the bear
ings labeled D in Figure 15-3, Equation (12-16) is used. Table 15-2 summa
rizes the data used in these equations for each section and reports the computed 
minimum diameter. The spreadsheet from Secfion 12-10 was used to complete 
the analysis. 
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TABLE 15-2 Summary of the results of shaft diameter calculations for the preliminary design sizing for the shaft 

A. Input shaft 

Diameter (and 
Section related component) 

A Di (coupling) 
B (to right) D2 (bearing) 

Note: Dy must be greater than 
D-, or D4 to provide shoulders 
for bearing and gear 

C D^ (gear) 
C (to right) D.^(gear) 
D Ds (bearing) 

Bend 

Torque 
(Ibin) 

900 
900 

900 
0 
0 

ing moments 

M, 
(Ibin) 

0 
0 

234 
234 

0 

M, 
(Ibin) 

0 
0 

643 
643 

0 

Shearing forces 

V. 
(lb) 

0 
0 

94 
94 
94 

Vv 
(lb) 

0 
0 

257 
257 
257 

K, 

1.60 
2.50 

2.00 
3.00 
2.50 

Feature 

S.R. keyseat 
Sharp fillet 

Prof, keyseat 
Ring groove 
Sharp fillet 

Diameter (in) 

Minimum 

0.73 
0.73 

1.29 
1.47 
(156 

Design 

1.000 
* 

2.000 

1.750 
1.750 

; j : 

B. Output shaft 

Diameter (and 
Section related component) 

A D\ (coupling) 
B (to left) D.Jbearing) 

Note: D3 must be greater 
than Dl or D^ to provide 
shoulders for bearing and gear. 

C Dj^ (gear) 

C (to left) D^(gear) 
D D3 (bearing) 

Bending moments 

Torque 
(Ibin) 

3150 
3150 

3150 
0 
0 

M, 
(Ibin) 

0 
0 

234 
234 

0 

M, 
(Ibin) 

0 
0 

643 
643 

0 

Shearing 

V, 
(lb) 

0 
0 

94 
94 
94 

forces 

V. 
(lb) 

0 
0 

257 
257 
257 

K, 

1.60 
2.50 

2.00 
3.00 
2.50 

Feature 

S.R. keyseat 
Sharp fillet 

Prof, keyseat 
Ring groove 
Sharp fillet 

Diameter (in) 

Minimum 

1.10 
I.IO 

1.36 
1.47 
0.56 

Design 

1.250 
-̂

2.000 

1.750 
1.750 

* 

Note: Bearing seat diameters denoted by * are to be specified. S.R. = sled runner; Prof. = profile. 

The last column in Table 15-2 also lists some preliminary design decisions for con
venient diameters at the given locations. These will be reevaluated and refined as the design 
is completed. The diameters suggested for the shaft extensions at A on both the input and 
the output shafts have been set to standard values available for the bores of tlexible cou
plings. The actual flexible couplings are discussed later. 

Note that the diameters for the bearing seats at sections B and D have not been given. 
The reason is that the next task in the design project is to specify commercially available 
rolling contact bearings to carry the radial loads with suitable life. The diameters of the 
shafts must be specified according to the limit dimensions recommended by the bearing 
manufacturer. Therefore, we will leave Table 15-2 as it is for now and revisit it after com
pleting the bearing selection process. 

Bearing Selection 

We will use the method outlined in Section 14-9 to select commercially available, single-
row, deep-groove ball bearings from the data given in Table 14-3. The design load is equal 
to the radial load, and the value can be found from the shaft analysis shown in Figure 15-3. 
The reactions at the supports for each shaft are, in fact, the radial loads to which the bear
ings are subjected. 
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Because of the symmetry of the design of this system, and because there are no ra
dial loads on the shaft except those produced by the action ofthe gear teeth, the radial loads 
on each of the four bearings in this design are the same. Earlier in this chapter, in the shaft 
design section, we determined that the bearing load is 274 lb. 

Recall that design life for the bearings, L,/, is the total number of revolufions expected 
in service. Therefore, it is dependent on both the rotational speed of the shaft and the de
sign life in hours. We are using a design life of 20 000 hours for all bearings. Shaft 1, the 
input shaft, rotates at 1750 rpm, resulting in a total number of revolufions of 

L,/ = (20 000 h)( 1750 rev/min)(60 min/h) = 2.10 X 10"rev 

Shaft 2, the output shaft, rotates at 500 rpm. Then its design life is 

LJ = (20 000 h)(500 rev/min)(60 min/h) = 6.0 X 10**rev 

Data for the bearings in Table 14-3 are for a life of 1.0 million rev (10* rev). 
Now we will use Equation (14-3) with A = 3 to compute the required basic dynamic 

load rating C for each ball bearing. For the bearings on shaft I, 

C = P,i(LJ\0^)^'^ = (2741b)(2.10 X I07l0*)'" = 35101b 

Similarly, for the bearings on shaft 2, 

C = Pj(LJ\0'')^'^ = (274 lb)(6.0 X lOVlO*)''̂  = 2310 lb 

Listed in Table 15-3 are candidate bearings for each shaft having basic dynamic load rat
ings at least as high as those just computed. We also need to refer to Table 15-2 to deter
mine the minimum acceptable diameters for the shafts at each bearing seat to ensure that 
the inner race diameter for the bearing is compatible. 

We have selected the smallest bearing for each location on shaft 1 that had a suitable 
value for the basic dynamic load rating. For shaft 2, we decided that the diameter of the 
shaft extension should be 1.25 in and that the bearing bore must be larger. Bearing 6207 
provides a suitable bore and an additional safety factor on the load rating. 

Note that the dimensions for the bearings are actually listed in mm by the manufac
turer as indicated in Table 14-3. The decimal-inch equivalents are somewhat inconvenient, 
but they must be used. The dimensions in mm are listed below: 

Inch Dimension 

0.5512 

0.5906 

0.6693 

0.9843 

1.3780 

mm 

14 

15 

17 

25 

35 

Inch Dimension 

1.8504 

2.0472 

2.4409 

2.8346 

0.039 

mm 

Al 

52 

62 

72 

1.00-mm (fillet radius) 

Bearing Mounting on the Shafts and in the Housing 

With the specifications for the bearings, we can finalize the basic dimensions for the shaft 
diameters. Table 1 5 ^ is an update of the data in Table 15-2 with the bearing bore di
mensions given. A few other changes are included as well, which is typical ofthe iterative 
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TABLE 15-3 

A. For shaft 1: M 

Bearing no. 

6207 
6305 

B. For shaft 2: M 

Bearing no. 

6205 
6207 

TABLE 15-4 

Candidate bearings for 

inimum bore 

C(lb) 

4450 
3550 

inimum bore 

C(lb) 

2430 
4450 

shafts 1 and 2 

= 0.60 in at section B. 0.54 in at section D 

(/(in) 

1.3780 
0.9843 

D(in) 

2.8-^46 
2.4409 

= 1.10 in at section B. 0.54 in 

J (in) 

0.9843 
1.3780 

Summary of the results of the 

D(in) 

2.0472 
2.8346 

BCm) 

0.6693 
0.6693 

at section D 

shaft diameter 

B(in) 

0.5906 
0.6693 

calculations 

' •MUX ( i n ) 

0.039 
0.039 

;•„„, ( in) 

0.039 
0.039 

Comment 

Large for both B and D 
Specify for both B and D 

Comment 

Small for B: specify for D 
Specify for B 

for the revised design sizing for the shaft 

A. Input shaft 

Diameter (and 
Section related component) 

A D| (coupling) 
B (to right) D2 (bearing) 

Note: Dy must be greater than 
DT or D4 to provide shoulders 
for bearing and gear 

C D4(gear) 
C (to right) D^(gear) 
D D5 (bearing) 

Bending moments 

Torque 
(Ibin) 

900 
900 

900 
0 
0 

M, 
(Ibin) 

0 
0 

234 
234 

0 

M, 
(Ibin) 

0 
0 

643 
643 

0 

Shearing 
forces 

V, V̂, 
(lb) (lb) 

0 0 
0 0 

94 257 
94 257 
94 257 

K, 

1.60 
2.50 

2.00 
3.00 
2.50 

Feature 

S.R. keyseat 
Sharp fillet 

Prof keyseat 
Ring groove 
Sharp fillet 

Diameter (in) 

Minimum 

0.73 
0.73 

1.29 
1.47 
0.56 

Design 

0.875 
0.984 

2.000 

1.750 
1.750 
0.984 

B. Output shaft 

Diameter (and 
Section related component) 

A D| (coupling) 
B (to left) D.Jbearing) 

Note: Dy must be greater than 
Dl or D4 to provide shoulders 
for bearing and gear 

C D4 (gear) 
C (to left) D^(gear) 
D D5 (bearing) 

Bend 

Torque 
(Ibin) 

3150 
3150 

3150 
0 
0 

ng moments 

M, 
(Ibin) 

0 
0 

234 
234 

0 

M, 
(Ibin) 

0 
0 

643 
643 

0 

Shearing 
forces 

V, V, 
(lb) (lb) 

0 0 
0 0 

94 257 
94 257 
94 257 

K, 

1.60 
2.50 

2.00 
3.00 
2.50 

Feature 

S.R. keyseat 
Sharp fillet 

Prof keyseat 
Ring groove 
Sharp fillet 

Diameter (in) 

Minimum 

1.10 
1.10 

1.36 
1.47 
0.56 

Design 

1.250 
1.378 

2.000 

1.750 
1.750 
0.984 

Note: S.R. = sled runner; Prof. = profile. 

nature of design. For example, the diameter of the input shaft at the coupling (section A) 
was made slightly smaller than the bearing seat diameter. This permits the bearing to be 
slid onto the shaft easily to the point where it is then pressed into position on its seat at 
section B and against the shoulder. Another check needs to be made at section D for both 
shafts where a I.750-in diameter steps down to the bearing seat diameter of 0.984 in. There 
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is the possibility that the step is too large and that it may interfere with the outer race of 
the bearing. That will be checked as we complete the details of mounfing the bearings. If 
interference does occur, it should be a simple matter to provide another small step to make 
the bearing shoulder an acceptable height. 

Mounting of ball and roller bearings on shafts and into housings requires very careful 
consideration of limit dimensions on all mating parts to ensure proper fits as defined by the 
bearing manufacturer. The total tolerances on shaft diameters are only a few ten-thousandths 
of an inch in sizes up to about 6.00 in. Total tolerances on housing bore diameters range from 
about 0.001 to 0.004 in for sizes from about 1.00 in to over 16.0 in. Violafion ofthe recom
mended fits will likely cause unsatisfactory performance and possibly early failure of the 
bearing. 

The bore of a bearing is typically pressed onto the shaft seat with a light interference 
fit to ensure that the inner race rotates with the shaft. The OD of the bearing is typically a 
close sliding fit in the housing, with the minimum clearance being zero. This facilitates in
stallation and allows some slight movement of the bearing as thermal deformation occurs 
during operation. Tighter fits than those recommended by the manufacturer may cause the 
rolling elements to bind between the inner and outer races, resulfing in higher loads and 
higher friction. Looser fits may permit the outer race to rotate relative to the housing, a very 
undesirable situation. 

Only one of the two bearings on a shaft should be located and held fixed axially in 
the housing to provide proper alignment of functional components such as the gears in this 
design. The second bearing should be installed in a way that allows some small axial move
ment during operation. If the .second bearing is held fixed also, it is likely that extra axial 
loads will be developed for which the bearing has not been designed. 

We first discuss the specification of shaft limit dimensions at the bearing seats. 

Bearing Seat Diameters. Because most commercially available bearings are pro
duced to metric dimensions, the fits are specified according to the tolerance system ofthe 
International Standards Organization (ISO). Only a sampling of the data are listed here to 
illustrate the process of specifying limit dimensions for shafts and housings to accommo
date bearings. Manufacturers' catalogs include much more extensive data. 

For bearings carrying moderate to heavy loads such as those in this example design, 
the following tolerance grades are recommended for the bearing seats on shafts and hous
ing bore fits with the outer race: 

ing Bore Diameter Range 

10-18 mm 

20-100 mm 

105-140 mm 

150-200 mm 

Housing bore (any) 

Tolerance Grade 

J5 
k5 

m5 

m6 

H8 

Table 15-5 shows representative data for the actual limit dimensions for these grades over 
the size ranges included for the bearings listed in Table 14-3. Note that the bearing bore 
and the bearing OD dimensions are those expected from the bearing manufacturer. You 
must control the shaft diameter and the housing bore to the specified minimum and maxi
mum dimensions. The table also lists the minimum and maximum fits that result. The sym
bol L indicates that there is a net clearance (loose) fit; T indicates an interference (tight) fit. 
So bearings must be pressed onto the shaft seat. Sometimes heating ofthe bearing and cool-
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ing ofthe shaft are used to produce a clearance to facilitate assembly. When the parts return 
to normal temperatures, the final fit is produced. 

We now show the determination of the limit dimensions for the shaft at each bear
ing seat. 

Shaft 1: Input Shaft. Both bearings 1 and 2 are number 6305. 

Nominal bore = 25 mm (0.9843 in) 

From Table 15-5: k5 ISO tolerance grade on the shaft seat; limits of 0.9847-0.9844 in 

Resulting fit between bearing bore and shaft seat: 0.0001 in tight to 0.0008 in tight 

OD of the outer race = 62 mm (2.4409 in) 

TABLE 15-5 Shaft and housins fits for bearings 

A. Shaft fits 

Nominal 
(mm) 

10 
12 
15 
17 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 

100 
105 
110 
115 
120 
125 
130 
140 
150 
160 
170 
180 
190 
200 

Bearing bore 

Maximum 
(in) 

0.3937 
0.4724 
0.5906 
0.6693 
0.7874 
0.9843 
1.1811 
1.3780 
1.5748 
1.7717 
1.9685 
2.1654 
2.3622 
2.5591 
2.7559 
2.9528 
3.1496 
3.3465 
3.5433 
3.7402 
3.9370 
4.1339 
4.3307 
4.5276 
4.7244 
4.9213 
5.1181 
5.5118 
5.9055 
6.2992 
6.6929 
7.0866 
7.4803 
7.8740 

Minimum 
(in) 

0.3934 
0.4721 
0.5903 
0.6690 
0.7870 
0.9839 
1.1807 
1.3775 
1.5743 
1.7712 
1.9680 
2.1648 
2.3616 
2.5585 
2.7553 
2.9522 
3.1490 
3.3457 
3.5425 
3.7394 
3.9362 
4.1331 
4.3299 
4.5268 
4.7236 
4.9203 
5.1171 
5.5108 
5.9045 
6.2982 
6.6919 
7.0856 
7.4791 
7.8728 

ISO 
tolerance 

grade 

]^ 
J5 
J5 
J5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 
k5 

m5 
m5 
m5 
m5 
m5 
m5 
m5 
m6 
m6 
m6 
m6 
m6 
m6 

Shaft diameter 

Maximum 
(in) 

0.3939 
0.4726 
0.5908 
0.6695 
0.7878 
0.9847 
1.1815 
1.3785 
1.5753 
1.7722 
1.9690 
2.1660 
2.3628 
2.5597 
2.7565 
2.9534 
3.1502 
3.3472 
3.5440 
3.7409 
3.9377 
4.1350 
4.3318 
4.5287 
4.7255 
4.9226 
5.1194 
5.5131 
5.9071 
6.3008 
6.6945 
7.0882 
7.4821 
7.8758 

Minimum 
(in) 

0.3936 
0.4723 
0.5905 
0.6692 
0.7875 
0.9844 
1.1812 
1.3781 
1.5749 
1.7718 
1.9686 
2.1655 
2.3623 
2.5592 
2.7560 
2.9529 
3.1497 
3.3466 
3.5434 
3.7403 
3.9371 
4.1344 
4.3312 
4.5281 
4.7249 
4.9219 
5.1187 
5.5124 
5.9061 
6.2998 
6.6935 
7.0872 
7.4810 
7.8747 

Lim 

Minimum 
(in) 

0.000 IL 
0.000 IL 
0.0001 L 
0.0001 L 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
0.000 IT 
O.CJOOIT 
0.000 IT 
0.000 IT 
0.000 IT 
0.00()5T 
0.0005T 
0.0005T 
0.0005T 
0.0006T 
0.0006T 
0.0006T 
0.0006T 
0.0006T 
0,0006T 
0.0006T 
0.0007T 
().()()()7T 

ts of fit 

Maximum 
(in) 

0.0005T 
0.0005T 
0.0005T 
0.0005T 
0.0008T 
0.0008T 
0.0008T 
0.00 lOT 
0.00 KJT 
0.00 lOT 
0.00 lOT 
0.0012T 
0.0012T 
0.0012T 
0.0012T 
0.00121 
0.0012T 
0.0015T 
0.0015T 
0.0015T 
0.0015T 
0.0019T 
0.0019T 
0.0019T 
0.0019T 
().0023T 
().0023T 
0.0023T 
0.0026T 
0.0026T 
().0026T 
0.0026T 
0.0030T 
().0030T 

(continued) 
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TABLE 15-5 {continued) 

B. Housing Fits 

Bearing OD 

Nominal 
(mm) 

30 
32 
35 
37 
40 
42 
47 
52 
62 
72 
80 
85 
90 

100 
110 
120 
125 
130 
140 
150 
160 
170 
180 
190 
200 
215 
225 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
340 
360 
380 
400 
420 

Maximum 
(in) 

I.I8II 
1.2598 
1.3780 
1.4567 
1.5748 
1.6535 
1.8504 
2.0472 
2.4409 
2.8346 
3.1496 
3.3465 
3.5433 
3.9370 
4.3307 
4.7244 
4.9213 
5.1181 
5.5118 
5.9055 
6.2992 
6.6929 
7.0866 
7.4803 
7.8740 
8.4646 
8.8583 
9.0551 
9.4488 
9.8425 

10.2362 
10.6299 
11.0236 
11.4173 
11.8110 
12.2047 
12.5984 
13.3858 
14.1732 
14.9606 
15.7480 
16.5354 

Minimum 
(in) 

1.1807 
1.2594 
1.3776 
1.4563 
1.5744 
1.6531 
1.8500 
2.0467 
2.4404 
2.8341 
3.1491 
3.3459 
3.5427 
3.9364 
4.3301 
4.7238 
4.9206 
5.1174 
5.5111 
5.9048 
6.2982 
6.6919 
7.0856 
7.4791 
7.8728 
8.4634 
8.8571 
9.0539 
9.4476 
9.8413 

10.2348 
10.6285 
11.0222 
11.4159 
11.8096 
12.2033 
12.5968 
13.3842 
14.1716 
14.9590 
15.7464 
16.5336 

ISO 
tolerance 

grade 

H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 
H8 

Hous 

Minimum 
(in) 

1.1811 
1.2598 
1.3780 
1.4567 
1.5748 
1.6535 
1.8504 
2.0472 
2.4409 
2.8346 
3.1496 
3.3465 
3.5433 
3.9370 
4.3307 
4.7244 
4.9213 
5.1181 
5.5118 
5.9055 
6.2992 
6.6929 
7.0866 
7.4803 
7.8740 
8.4646 
8.8583 
9.0551 
9.4488 
9.8425 

10.2362 
10.6299 
11.0236 
11.4173 
11.8110 
12.2047 
12.5984 
13.3858 
14.1732 
14.9606 
15.7480 
16.5354 

ng bore 

Maximum 

(in) 

1.1824 
1.2613 
1.3795 
1.4582 
1.5763 
1.6550 
1.8519 
2.0490 
2.4427 
2.8364 
3.1514 
3.3486 
3.5454 
3.9391 
4.3328 
4.7265 
4.9238 
5.1206 
5.5143 
5.9080 
6.3017 
6.6954 
7.0891 
7.4831 
7.8768 
8.4674 
8.8611 
9.0579 
9.4516 
9.8453 

10.2394 
10.6331 
11.0268 
11.4205 
11.8142 
12.2079 
12.6019 
13.3893 
14.1767 
14.9641 
15.7515 
16.5392 

Limits of fit 

Minimum Maximum 
(in) (in) 

0 0.0017L 
0 0.0019L 
0 0.0019L 
0 0.0019L 
0 0.0019L 
0 0.0019L 
0 0.0019L 
0 0.0023L 
0 0.0023L 
0 0.0023L 
0 0.0023L 
0 0.0027L 
0 0.0027L 
0 0.0027L 
0 0.0027L 
0 0.0027L 
0 0.0032L 
0 0.0032L 
0 0.0032L 
0 0.0032L 
0 0.0035L 
0 0.0035L 
0 0.0035L 
0 0.0040L 
0 0.0040L 
0 0.0040L 
0 0.0040L 
0 0.0040L 
0 0.0040L 
0 0.0040L 
0 0.0046L 
0 0.0046L 
0 0.0046L 
0 0.0046L 
0 0.0046L 
0 0.0046L 
0 0.005 IL 
0 0.005 IL 
0 0.005 IL 
0 0.005 IL 
0 0.005 IL 
0 0.0056L 

Note: L = loose; T = tight. 
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From Table 15-5: H8 ISO tolerance grade on the housing bore; limits of 
2.4409-2.4427 in 

Resulfing fit between outer race and housing bore: 0.0 to 0.0023 in loose 

Shaft 2: Output Shaft. Bearing 3 at D is number 6205. 

Nominal bore = 25 mm (0.9843 in) 

From Table 15-5: k5 ISO tolerance grade on the shaft seat; limits of 0.9847-0.9844 in 

Resulfing fit between bearing bore and shaft seat: 0.0001 in tight to 0.0008 in tight 

OD ofthe outer race = 52 mm (2.0472 in) 

From Table 15-5: H8 ISO tolerance grade on the housing bore; limits of 
2.0472-2.0490 in 

Resulting fit between outer race and housing bore: 0.0 to 0.0023 in loose 

Shaft 2: Output Shaft. Bearing 4 at fi is number 6207. 

Nominal bore = 35 mm (1.3780 in) 

From Table 15-5: k5 ISO tolerance grade on the shaft seat; limits of 1.3785-1.3781 in 

Resulting fit between bearing bore and shaft seat: 0.0001 in fight to 0.0010 in tight 

OD of the outer race = 72 mm (2.8346 in) 

From Table 15-5: H8 ISO tolerance grade on the housing bore; limits of 
2.8346-2.8364 in 

Resulting fit between outer race and housing bore: 0.0 to 0.0023 in loose 

Shaft and Housing Shoulder Diameters. Each of the bearings in this design is to 
be seated against a shoulder on one side of the bearing. The shaft shoulder must be suffi
cienfiy large to provide a solid, flat surface against which to seat the side of the inner race. 
But the shoulder must not be so high that it contacts the outer race because the inner race 
rotates at shaft speed and the outer race is stationary. 

Similarly, a shoulder in the housing must provide for the solid location of the outer 
race but not be such that it contacts the inner race. 

Bearing manufacturers' catalogs provide data such as those shown in Table 15-6 to 
guide you in specifying suitable shoulder heights. The value of S is the minimum shaft 
shoulder diameter. The nominal maximum diameter is the mean diameter for the bearing at 
the middle ofthe balls. The value of// is the maximum housing shoulder diameter, with the 
nominal minimum diameter being the mean diameter for the bearing. 

For example, in the present design, the minimum shoulder diameter at each bear
ing on shaft 1 should be 1.14 in as indicated for the bearing number 305 in Table 15-6. 
(Note that the bearing number 6305 specified for the shaft is of the same series as the 
number 305, indicating that it would have similar dimensions.) The maximum housing 
shoulder diameter for the number 305 bearing is 2.17 in, where the outer race is to seat 
against a shoulder. 

On shaft 2, the shoulder for bearing 6205 should also be at least 1.14 in, and the shoul
der for bearing 6207 should be 1.53 in minimum. The maximum housing shoulder diame
ter for the 6205 bearing on shaft 2 is 1.81. For the 6207 bearing, the maximum housing 
shoulder diameter is 2.56 in. 
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TABLE 15-6 Shaft and housing shoulder diameters 

Minimum 
shaft shoulder 

diameter 
S 

Maximum 
housing shoulder 

diameter 
H 

200 series bearings 

No. 

200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 

5 

0.50 
0.58 

0.69 
0.77 
0.94 
1.14 

1.34 

1.53 
1.73 
1.94 

2.13 
2.41 

2.67 

2.86 
3.06 
3.25 

H 

0.98 
1.06 

1.18 
1.34 

1.61 
1.81 
2.21 
2.56 
2.87 

3.07 
3.27 

3.68 
3.98 
4.37 

4.57 

4.76 

No. 

216 
217 
218 
219 
220 
221 
222 
224 
226 
228 
230 
232 
234 
236 
238 
240 

S 

3.55 
3.75 
3.94 

4.21 
4.41 

4.61 
4.80 
5.20 
5.67 

6.06 
6.46 
6.85 
7.40 
7.80 
8.19 

8.58 

H 

5.12 

5.51 
5.91 
6.22 

6.61 

7.01 
7.40 
7.99 

8.50 
9.29 
10.08 
10.87 

11.50 
11.89 
12.68 
13.47 

300 series bearings 

No. 

300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 

S 

0.50 
0.63 

0.75 
0.83 
0.94 
1.14 

1.34 
1.69 

1.93 

2.13 
2.36 
2.56 
2.84 

3.03 

3.23 
3.43 

H 

1.18 

1.22 
1.42 

1.61 
1.77 
2.17 

2.56 
2.80 

3.19 

3.58 
3.94 

4.33 
4.65 
5.04 

5.43 
5.83 

No. 

316 
317 
318 
319 
320 
321 
322 
324 
326 
328 
330 
332 
334 
336 
338 
340 

S 

3.62 

3.90 

4.09 
4.29 
4.49 

4.69 
4.88 

5.28 
5.83 

6.22 

6.61 
7.01 
7.40 
7.80 

8.35 
8.74 

H 

6.22 
6.54 

6.93 
7.32 
7.91 

8.31 
8.90 

9.69 
10.32 
11.10 

11.89 
12.68 
13.47 
14.25 
14.88 
15.67 

Notes: 

S = minimum shaft shoulder diameter 
Maximum diameter should not exceed the mean diameter of the bearing at the middle of the balls. 

H = maximum housing shoulder diameter 
Minimum diameter should not be less than the mean diameter of the bearing at the middle of the balls. 

Table 15-7 shows the pertinent data used to decide on the values for the shoulder di
ameters and, in the last two columns, gives the specified values. Where the specified shoul
der diameter is less than the preliminary value shown in Table 15-4, another step in the shaft 
will be used to provide the proper shoulder for the bearing and for the gear. This can be seen 
in the drawings of the shafts given at the end of this chapter. 

The use of a 1.75-in diameter for the shoulder at D on shaft 1 was specified because 
that is the diameter of the shaft chosen earlier. It is a bit higher than the mean diameter of 
the bearing, but it should still be lower than that of the outer race. More complete data in a 
manufacturer's catalog indicates the diameter of the inner surface of the outer race to be 
2.00 in, so the 1.75-in diameter is acceptable. 

Fillet Radii. Each of the bearings specified for the reducer calls for the maximum fillet 
radius at the shoulder that locates the bearing to be 0.039 in. See Table 14-3. Let's specify 
the limits on the radius to be 0.039 to 0.035. Before committing to the design, we will check 
the stress concentration factor at each shoulder. 
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TABLE 15-7 Shaft and housing shoulder diameters for bearings in thc present design 

A. Shaft 1 

Bearing 
no. 

6305 at B 
6305 at D 

Bore 

0.9843 
0.9843 

OD 

2.4409 
2.4409 

Mean 
diameter 

1.713 
1.713 

5 
Minimum 

1.14 
1.14 

H 
Maximum 

2.17 
2.17 

Specified 
shaft 

shoulder 

1.50 
1.75 

Specified 
housing 
shoulder 

2.00 
2.00 

B. Shaft 2 

Bearing 
no. 

6207 at B 
6205 at D 

Bore 

1.3780 
0.9843 

OD 

2.8346 
2.0472 

Mean 
diameter 

2.106 
1.516 

S 
Minimum 

1.53 
1.14 

H 
Maximum 

2.56 
1.81 

Specified 
shaft 

shoulder 

2.00 
1.50 

Specified 
housing 
shoulder 

2.25 
1.75 

Flexible Couplings. The use of flexible couplings on both the input and the output 
shafts has been taken into account in the shaft design and analysis. They allow the trans
mission of torque between two shafts but do not exert significant radial or axial forces on 
the shaft. In the present design, the use of tlexible couplings made the shaft design simpler 
and decreased the loads on bearings compared with having a device such as a belt sheave 
or a chain sprocket on the shaft. 

Now we specify suitable couplings for the input and output shafts. Chapter 11 
showed many examples for such couplings, and you should review them now. It is im
practical to reproduce data for all couplings in this book. As you read this section, it would 
be good for you to seek a copy of the catalog of one of the manufacturers of couplings and 
study their recommended selection procedures. See the Internet sites for Chapter 11. 

We have selected couplings ofthe type pictured in Figure 11-16, called the Brtnvning 
Ever-fie.x Coupling from Emerson Power Transmission, a division ofthe Emerson Electric 
Company. Rubber flex members are permanently bonded to steel hubs, and the flexing of 
the rubber accommodates parallel misalignment ofthe mating shafts up to 0.032 in, angu
lar misalignment of ±3°, and axial end float of the shafts of up to ±0.032 in. It is impor
tant for you to design the drive system for the saw to provide this alignment of the input 
shaft to the drive motor and of the output shaft to the drive shaft of the saw. 

The selection of a suitable coupling relies on the power transmission rafing ofthe vari
ous sizes available. But the power rating must be correlated to the speed of rotation because the 
real variable is the torque to which the coupling is subjected. Both the input and the output cou
plings transmit nominally 25 hp in this design for the drive for the saw. But the input shaft ro
tates at 1750 rpm, and the output shaft rotates at 500 ipm. Because torque is inversely 
proportional to speed of rotation, the torque experienced by the coupling on the output shaft is 
approximately 3.5 times higher than that on the input shaft. The coupling catalog data also call 
for the use of a ser\'ice factor based on the kind of machine being driven, and some suggested 
values are included in the catalog. We judge that a service factor of 1.5 is suitable for the saw 
which will see mostly smooth power transmission with occasional moderate shock loading. 

The .service factor is applied to the nominal power being transmitted to compute a 

value for the normal rating for the couplings. Then 

Normal rafing = power input X service factor = 25 hp( 1.5) - 37.5 hp 
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The catalog tables list coupling number CFR6 with a suitable normal rating at 1750 rpm for 
the input shaft and number CFR9 for the output shaft at 500 rpm. 

We specify hubs for the couplings that have machined bores and keyways with a 
range of bores allowed. Each coupling half can have a different bore according to the shaft 
size on which it is to be mounted. For the input shaft, we have specified the diameter to be 
0.875 in (7/8 in), and this will be the specification for the bore of that half for the CFR6 
coupling. The keyway is 3/16 X 3/32 to accept a 3/16-in square key. The nominal maxi
mum length of shaft inside each half of the coupling is 2.56 in. 

The other half of the CFR6 coupling mounts on the motor shaft. Recall that the de
sign requirements listed at the beginning of this design process specified a 25-hp motor with 
a NEMA Frame 284T. Table 21-3 gives the shaft diameter for this motor to be 1.875 in 
(I 7/8 in) with a 1/2 X 1/4 in keyway to accept a 1/2-in square key. This will be the bore 
specified for the motor half of the CFR6 coupling. The reason for the large difference in the 
sizes of the shafts for the motor and for our reducer is that the general-purpose motor must 
be designed to carry a significant side load, and our shaft does not. 

The output shaft of the reducer at the coupling has a diameter of 1.250 in, and the in
put shaft for the saw will have the same size. Therefore, both halves ofthe CFR9 coupling 
will have that bore with a 1/4 x 1/8 in keyway to accept a 1/4-in square key. The nominal 
maximum shaft length inside each half of the coupling is 3.125 in. 

Keys and Keyseats. A total of six keys need to be specified: two for each half of the 
flexible couplings on the input and output shafts, and one for each gear in the reducer The 
methods of Chapter 11 are used to verify the suitability of the keys and to specify the re
quired length using Equation (11-5). We will use standard key sizes made from AISI 1020 
CD steel having a yield strength of 51 000 psi. 

1. Keys for CFR6 coupling on the input shaft: First let's check the keys inside the 
couplings because their sizes have already been specified by the coupling manu
facturer. The coupling half that mounts on the input shaft is crifical becau.se its 
bore diameter of 0.875 in is smaller, resulting in larger forces on the key when 
transmitting the torque of 900 lb - in which was computed earlier during the shaft 
design. The key is 3/16 in square (0.188 in). We use a design factor//of 4 as we 
did in the shaft design. Then, from Equation (11-5), 

477V _ 4(900 lb•in)(4) _ 

^ ~ DWs, ~ (0.875 in)(0.188in)(51 000 psi) " '""̂ ^ '" 

We can specify a key length of 2.50 in for extra safety and to match the length of 
the hub of the CFR6 coupling. The 1/2-in key for the motor shaft should be made 
to match the length ofthe coupling hub also, and it should be very safe because of 
the larger key size and the larger shaft size carrying the same torque. 

2. Keys for the CFR9 coupling on the output shaft: For the output shaft and the 
drive shaft for the saw. 

7 = 3150 Ib-in 
D = 1.25 in 
W = 0.250 in (key width) 

j _ ATN _ 4(3150 lb-in)(4) 

DWs, (1.25 in)(0.250in)(5I 000 psi) ~ ^•^^'" 

http://becau.se
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We will make the key length 3.125 in (3 1/8 in), the full length ofthe hub ofthe 
CFR9 coupling. The conservative design factor of 4 should make this length 
acceptable. 

3. Key for the pinion on shaft 1: The bore of the pinion is to be nominally 1.75 in as 
determined in the shaft design and shown in Table 15-4. The key size for this di
ameter should be 3/8 in square according to Table 11-1. The torque being trans
mitted is 900 Ib-in. Then Equation (11-5) gives 

ATN 4(900 lb-in)(4) 

DWs, ~ (1.75 in)(().375in)(51 000 psi) " ^'^^^ '" 

The face width of the gear is 2.00 in. Let's use a key length of 1.50 in and center 
the profile keyseat at section C on the shaft so that the keyseat does not signifi
cantly interact with the ring groove to the right or with the shoulder fillet to the 
left. 

4. Key for the gear on shaft 2: The bore of the gear is to be nominally 1.75 in as de
termined in the shaft design and shown in Table 15—1. The key size for this diam
eter should be 3/8 in square according to Table 11-1. The torque being transmitted 
is 3150 Ib-in. Then Equation (11-5) gives 

^_ ATN _ 4(3150 lb-m)(4) 

DWs, (1.75 in)(0.375in)(51 000 p.si) " ^'^^^^ 

The face width of the gear is 2.00 in. Let's use a key length of 1.50 in for this key 
also. 

The key designs are summarized in the following list: 

Summary of Key Designs 

Motor shaft: 1/2-in square key X 2.50 in long 

Input shaft of reducer at coupling: 3/16-in square key X 2.50 in long; sled runner 
keyseat 

Input shaft at pinion: 3/8-in .square key x 1.50 in long; profile shaft key.seat 

Output shaft at gear: 3/8-in square key x 1.50 in long; profile shaft keyseat 

Output shaft at coupling: 1/4-in square key x 3.125 in long; sled runner keyseat 

Drive shaft for saw at coupling: 1/4-in square key X 3.125 in long; sled runner keyseat 

The tolerances for the keys and keyseats are summarized as follows: Standard 
square bar stock in AISI 1020 or 1030 steel is available to be used for keys. Typical tol
erances are given in Table 15-8. Also given are recommended tolerances on the keyseat 
width dimension and the resulting fit between the key and the keyseat. A small clear
ance fit is desirable to permit easy assembly while not allowing the key to rock notice
ably when installed. 

Tolerances on Other Shaft Dimensions. You should re\iew the discussion in 
Chapter 13, Sections 13-5 and 13-9, on tolerances and fits. See also References 1, 2, and 
5 in Chapter 15, along with other comprehensive texts on technical drawing and inteipre-
tation of engineering drawings. 
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TABLE 15-8 Tolerances and fits for keys and keyseats 

Key size (width 
in inches) 

Up to 1/2 
Over 1/2 to .3/4 
Over 3/4 to 1 
Over 1 to 1: 
Over 1; to2 ' 

Tolerance 
on key 

(all -HO.OOO) 

-0.002 
-0.002 
-0.003 
-0.003 
-0.004 

Tolerance 
on keyseat 

(all -0.000) 

-h 0.002 
-H 0.003 
-F 0.003 
-h 0.004 
-h 0.004 

Fit 
range 

0.000-0.004 
0.000-0.005 
0.000-0.006 
0.000-0.007 
0.000-0.008 

The tit of the bore of the gears on the shafts or the fit of the ID of the couplings on 
the ends of the shafts must be specified. Either a close sliding fit or a close locafional fit is 
recommended for such components. Data are given in Table 13-3 for the RC2, RC5, and 
RC8 fits. More complete data are available in References 1, 2, 3, 4, 5, and 9 in Chapter 13. 
We will apply the RC5 fit to accurate mating parts that must assemble easily but where lit
tle perceptible play between the parts is desired. The RC fits use the basic hole systein, as 
illustrated in Chapter 13. 

15-6 
FINAL DESIGN 
DETAILS FOR 
THE SHAFTS 

Figures 15-4 and 15-5 show the final design for the input and output shafts. Data from 
throughout this chapter have been u.sed to specify pertinent dimensions. Where fillets are 
specified, a final check on the stress condifion has been made to ensure that the esfimated 
stress concentration factors u.sed in the earlier design analysis are satisfactory and that the 
final stress levels are safe. 

Keyseat details have been shown in sections below the main dimensioned shaft draw
ings. See Chapter 11 for computing the vertical dimension from the bottom ofthe shaft to 
the bottom of the keyseat. 

The retaining ring grooves are drawn to the dimensions specified for a basic extemal 
ring (Type 5100) for a 1.75-in-diameter shaft from the Truarc Company as pictured in 
Figure 11-30. 

Four shaft diameters are sized to the RC5 fit in Figures 15-4 and 15-5. On shaft 1 
they are at the extension where the coupling mounts and at the pinion. On shaft 2 they are 
at the gear and at the coupling location on the output extension. Table 15-9 summarizes the 
data for the fits. You should verify these using the procedure shown in Chapter 13. Note that 
the limit dimensions for both the shaft diameter and the bore of the mating element are 
given and that the total tolerance on each dimension is small, less than 0.002 in for any di
mension. Note also the small variation of the clearance on mating parts as indicated in the 
last column called "Fit." 

For the shafts in this project, we have specified geometric tolerances for concentric
ity of four critical diameters for each shaft. Figure 15-5(b) documents the approach for the 
output shaft. Because ofthe similarity ofthe two shafts, the nature ofthe callouts would be 
the same for the input shaft. The datum or reference diameter is specified at the gear. Then 
the diameters at the two bearing seats and at the end ofthe shaft where the coupling mounts 
are controlled with concentricity feature control blocks. Shoulders for locafing bearings and 
gears are controlled for perpendicularity to the axis ofthe shaft as represented by the gear 
diameter. The keyseat is controlled for parallelism to the axis ofthe shaft. 



0.010 R 
0.006 R 

Section B-B Section A-A 

Notes: 
1. Dimensions in inches. 
2. Tolerances as follows unless otherwise stated: 

X.X = ±0.050 
X.XX = ±0.010 
X.XXX = ±0.005 

3. Fillet radii = 0.050 unless otherwise stated. 
4. Surface finish = 32 |i in 

unless otherwise stated. 

FIGURE 15-4 Final design of the input shaft 

653 



0 .050-
0.039 R 
0.035 R ' 

J 0.9847 
0.9844 

145 

(0.072) — 

0.010 
0.006 ' ^^ 

01.^00 
01.650 

(1.500) 
Reference 

r -A 

1.7480 
1.7470 

Bearing seat Gear CL. 

9.925 
9.205 • 
9.105 

8,108 -
8.040 -

- 7.750 
6.250 -

- 6.000 

02.000 

4.835 

1 
4.100 

-0.50 R 

il.3785 
1.3781 

3.125 -

f - B 
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0.035 R 
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Coupling 
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45° 

Notes: 
1. Dimensions in inches. 
2. Tolerances as follows unless othenwise stated: 

XX = ±0.050 
X.XX = ±0.010 
X.XXX = ±0.005 

3. Fillet radii = 0.050 unless othenwise stated. 
4. Surface finish = 32 |a in unless otherwise stated. 

Section A-A 

0.252 
0.250 

Section B-B 

(a) Dimensioned drawing 

FIGURE 15-5 Final design of the output shaft 

TABLE 15-9 Calculations and specificafions for fits of elements on the shafts of the transmission 

Nominal 
Location diameter 

Shaft 1: 
Input at coupling 0.8750 
Pinion 1.7500 

Shaft 2: 
Gear 1.7500 
Output at coupling 1.2500 

Bore limit dimensions 
for external element 

0.8762/0.8750 
1.7516/1.7500 

1.7516/1.7500 
1.2516/1.2500 

Note: RCS tit is used for all locations: dimensions are in inches. 

OD limit dimensions 
for shaft 

0.8734/0.8726 
1.7480/1.7470 

1.7480/1.7470 
1.2480/1.2470 

Fit 

-h 0.0026/-H 0.0036 
-H0.0020/-H0.0046 

-H0.0020/-I-0.0046 
-̂ 0.0020/-H0.0046 
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(b) Geometric tolerances 

FIGURE 15-5 (continued) 

15-7 
ASSEMBLY 

DRAWING 

Figure 15-6 is an assembly drawing for the reducer with all features drawn to scale. The 
housing has been shown as a rectangular box shape for simplicity. Bearings are held in bear
ing retainers which are then fastened to the housing walls. Special attention to the align
ment of the retainers is required and would be an important task for the detailing of the 
housing, not shown here. 

The assembly of all components into the housing is facilitated by having the right side 
removable. Again, alignment of the cover piece with the main housing is critical. 

Seals have been shown in the bearing retainers where the shafts penetrate the side 
walls of the housing. See Chapter 11 for more information on seals. 

Critique of the Design 

Figures 15-^, 15-5, and 15-6 present a design that meets the basic design requirements es
tablished at the beginning of this chapter. It is likely that refinements could be made if more 
detail were available about the saw for which the reducer is being designed. 

It appears that the length ofthe shafts could be made .somewhat shorter. The distances 
between the center ofthe gears and the bearings was arbitrarily set at 2.50 in at the .start of 
the design process when dimensions for any components were unknown. Now that the nom
inal size of the gears, bearings, and couplings are known, further iterations on the design 
could result in a smaller package. 
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You should look at other commercially available gear-type speed reducers for other 

features that might be built into this design. Note particulariy Figures 9-34, 9 -35 , and 9-36 

in Chapter 9 and Figures 10-1 , 10-2, and 10-15 in Chapter 10. 
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PART 

Design Details and 
Other Machine Elements 

OBJECTIVES 
AND CONTENT 

OF PART III 

Chapters 16-23 present methods of analysis and design of several important machine el
ements that were not particularly pertinent to the design of a power transmission as pre
sented in Part II of this book. These chapters can be covered in any order or can be used 
as reference material for general design projects. 

Chapter 16: Plain Surface Bearings discusses plain surface bearings, sometimes 
called Journal bearings. These bearings employ smooth-surfaced elements to support 
loads from shafts or other devices in which relative motion occurs. You will learn how 
to specify materials for the parts ofthe bearing, the geometry ofthe bearing, and the lu
bricant. Full-film hydrodynamic lubrication and boundary lubrication are discussed. 

Chapter 17: Linear Motion Elements di.scusses devices that convert rotary mo
tion to linear motion, or vice versa. They are often used in machine tools, automation 
equipment, and parts of construction machinery. You will learn about their geometry and 
how to analyze their performance. 

Chapter 18: Fasteners describes machine screws, bolts, nuts, and set screws. You 
will learn about the kinds of materials used for fasteners and how to design them for safe, 
reliable performance. Also dfscussed briefly are rivets, quick-operating fasteners, weld
ing, brazing, soldering, and adhesive bonding. 

Chapter 19: Springs discusses how to design and analyze helical compression 
springs, helical extension springs, and torsional springs. 

Chapter 20: Machine Frames, Bolted Connections, and Welded Joints pres
ents the important skill of designing a fraine for rigidity as well as strength. You will gain 
experience with analyzing the forces and stresses in bolted and welded connecfions that 
hold load-cairying members together. You will also learn how to analyze eccentric loads 
on connecfions. 

Chapter 21: Electric Motors and Contrals discusses the many types of AC and 
DC motors that are commercially available. Because a great many mechanical design 
projects involve the use of an electric motor as the prime mover, you will learn how to 
match their performance characteristics to the needs of the machine being designed and 
to specify motor controls. 

Chapter 22: Motion Control: Clutches and Brakes discusses the many types of 
clutches and brakes that can be applied. Clutches provide the path to connect power from 
a prime mover to a driven machine. Brakes bring the moving equipment to a stop or slow 
it down. You will learn how to analyze their performance and to either design them or 
specify commercially available units. 

Chapter 23: Design Projects presents several projects that you can complete 
yourself. 
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The 
Big 
Picture 

Plain Surface Bearings 

Discussion Map 

• The purpose of a bearing is 
to support a load while 
permitting relative motion 
between two elements of a 
machine. This chapter 
discusses plain surface 
bearings where the two 
parts that move relative to 
each other do not have 
rolling elements between 
them. 

Discover 
Look around your home and in your car for products 
that have plain sudace bearings. Find some that 
expenence rotational motion and some that have linear 
sliding contact. Consider simple items such as hinges, 
door locks, latches, or the wheels of a lawn mower, 
fi/lost of these experience boundary lubrication. 
Now see if you can find information about the 
crankshaft bearings in the engine of your car Such 
bearings usually emp/oy full-film hydrodynamic 
lubrication. What can you discover about them? 
Flow do you think a large telescope or an astronomical 
radio antenna is supported to permit it to be moved 
easily and positioned precisely? One method is called 
hydrostatic bearings. What can you discover about 
such bearings? 

This chapter will help you explore all of these kinds of 
bearings and complete the basic design analyses 
required to ensure satisfactory operation. 

FIGURE 16-1 
Bearing geometry 

The purpose of a bearing is to support a load while permitting relative mofion between two el
ements of a machine. This chapter discusses plain suiface bearings where the two parts that 
move relative to each other do not have rolling elements between them. Note that rolling con
tact bearings were discussed in Chapter 14. 

Plain surface bearings for rotating parts are, of course, cylindrical with a typical 
arrangement as shown in Figure 16-1. The inner member, called the journal, is usually that 
part of a shaft where any radial reaction forces are transferred to the base of the machine. 

Radial 
clearance 

Bearing dia. 
Diametral clearance 

CJ ^DH- t), = 2C, 

Bearing 

Clearance 
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The stationary member that mates with the journal is called simply the bearing. Other 
names used for plain surface bearings are journal bearings and sleeve bearings. 

Where have you seen such plain surface bearings in operation? As you did in Chapter 
14 on rolling contact bearings, look for consumer products, indu.strial machinery, or trans
portation equipment (cars, trucks, bicycles, and so on—any device with rotafing shafts). If 
the bearings are not visible from the outside (and that is often the case), you may need to 
partially disassemble the product to see inside. 

But there are some obvious examples that should be accessible to you. The wheels of 
a household lawn mower, wheelbarrow, or simple cart are typically mounted directly on 
axles to form the plain surface bearing. Hand tools such as grass and hedge clippers, pmn-
ing shears, pliers, and adjustable or ratchet wrenches use plain surface bearings at points 
where one part must rotate relative to another. 

Look at almost any hinge for a door It incorporates a solid pin riding inside a cylindri
cal outer member That is an example of a plain surface bearing. Garage doors often have rollers 
that ride in channels, but the shafts that carry the rollers are operating in plain cylindrical bear
ings, often with very large clearances. The cable system that connects to the counterbalance 
springs runs over pulleys having plain suiface bearings rotating on stationary shafts. If the door 
has an electric door opener, several of its components probably use plain surface bearings. Get 
a ladder and climb up to inspect them. Bid be careful ofthe moving parts! 

Besides the rotational motion of the kinds of applications described previously, some 
plain surface bearings have linear sliding motion. Look inside a printer for a computer of 
the ink-jet or dot-matrix-pin type. Identify the part that delivers the actual image to the pa
per as it traverses across the page. It typically slides on a polished rod with great precision. 
Many linkages contain parts that slide. Look at locking mechanisms, latches, staplers, 
switches, car seat adjusters, gear shifters for cars, parts of window-lift devices in cars, and 
coin-operated machines. Can you identify parts that have linear sliding mofion? 

If you visit a factory, you will likely see numerous examples of both rotafional and 
linear sliding action. Transfer devices, reciprocating machinery, machine tool slides, and 
packaging equipment employ many plain surface bearings. 

Most ofthe examples just mentioned have intermittent and relatively slow mofion be
tween the mating parts, whether the motion is rotational or linear. In such applicafions, there 
is often a lubricant between the moving parts. Or the materials are carefully chosen to pro
duce low friction and reliable, smooth motion. This kind of bearing experiences boundary 
lubrication as discussed in this chapter. 

You may be familiar with the bearings on the crankshaft of an intemal combustion en
gine. They are often called journal hearings because they have the classic configuration 
shown in Figure 16-1. But consider their general operation. After the engine has been started, 
the crank rotates at several thousand revolutions per minute, typically from about 1500 to 
6000 rpm. This is one of the most important applications of plain surface bearings using fidl-
filni hydrodynatnic lubrication. In such bearings, there is a continuous film of lubricant, usu
ally oil, that actually lifts the rotafing shaft journal oft" the stationary bearing. Thus, there is no 
metal-to-metal contact between the members. Much of this chapter is devoted to this kind of 
bearing and the analysis ofthe conditions required to maintain the supporting oil film. Engine 
bearings are some ofthe most highly engineered mechanical devices. 

Can you identify other examples of bearings that use full-film hydrodynamic lubrication? 
Another example of a class of plain surface bearings is called hydrostatic. Pumps cre

ate high pressure in a fluid such as oil that is delivered by carefully shaped pads where the 
pressure lifts the part to be moved. Then it can be moved easily, either slowly or rapidly. 
Think about a huge telescope or radio antenna that must be positioned accurately and 
moved with ease. Such applications are rare but important, justifying the large engineering 
and technical effort of designing, installing, and maintaining them. 
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This chapter will help you understand boundary lubrication, full-film hydrodynamic 
lubrication, and hydrostatic lubrication. Also discussed are more general aspects of friction, 
lubrication, wear, and the lubricants that are u.sed to minimize friction. 

You Are the Designer 

Your company is designing a conveyor system to trans
port products in a shipping and receiving system of a 
major manufacturer. The design has progressed to the 
point where it has been decided to use a flexible belt 
conveyor driven by flat pulleys at either end. The shafts 
that carry the pulleys must be supported in bearings in 
the side frames of the conveyor. Your task is to design 
the bearings. 

First you must decide what type of bearing to use: 
plain surface or journal bearings as discussed in this 
chapter, or rolling contact bearings, which are discussed 
in Chapter 14. For the plain sudace bearings, you must 
determine whether full-film hydrodynamic lubrication can 
be achieved with its advantages of low friction and long 
life. Or will the shaft operate in the bearing with boundary 
lubrication? What materials will the bearing and the jour
nal be made from? What dimensions will be specified for 
all components? What lubricant should be used? These 
and other questions are discussed in this chapter 

16-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Describe the three modes of operation of a plain surface bearing (boundary, 
mixed-film, and full-film hydrodynamic lubrication), and discuss the conditions 
under which each will normally occur. 

2. Discuss the significance of the bearing parameter, [in/p. 

3. List the decisions that a bearing designer must make to completely define a plain 
surface bearing system. 

4. List the materials often used for journals and bearings, and describe their impor
tant properties. 

5. Define the pVfactor and use it in the design of boundary-lubricated bearings. 

6. Describe the operafion of full-film hydrodynamically lubricated bearings. 

7. Complete the design of full-film bearings, defining the size of the joumal and 
bearing, the diametral clearance, the bearing length, the minimum film thickness, 
the surface finish, the lubricant, and the resulting frictional performance of the 
bearing system. 

8. Describe a hydrostatic bearing system and complete the basic design of such bearings. 

9. Define tribologv and di.scuss the essential characteristics of friction, lubrication, 
and wear as applied to machinery. 

10. Describe the general nature of oils and greases and their eftects on lubrication 
and wear. 

16-2 
THE BEARING 
DESIGN TASK 

The term plain suiface bearing refers to the kind of bearing in which two surfaces move 
relafive to each other without the benefit of rolling contact. Thus, there is sliding contact. 
The actual shape ofthe surfaces can be anything that permits the relative mofion. The most 
common shapes are flat surfaces and concentric cylinders. Figure 16-1 shows the basic 
geometry of a cylindrical plain surface bearing. 
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A given bearing system can operate with any of three types of lubricafion: 

Boundary lubrication: There is actual contact between the solid surfaces of the 
moving and the stationary parts of the bearing system, although a film of lubricant 
is present. 

Mixed-film lubrication: There is a transition zone between boundary and full-film 
lubricafion. 

Full-film lubrication: The moving and stationary parts ofthe bearing system are sep
arated by a complete film of lubricant that supports the load. The term hydrodynamic 
lubrication is often used to describe this type. 

All of these types of lubrication can be encountered in a bearing without extemal 
pressurization of the bearing. If lubricant under pressure is supplied to the bearing, it is 
called a hydrostatic bearing, which is discussed separately. Running dry surfaces together 
is not recommended unless there is inherently good lubricity between the mating materials. 
Some plastics are used dry, as discussed in Sections 1 6 ^ and 16-5. 

Bearing design involves so many design decisions that it is not possible to develop a 
procedure that produces the single be.st design. Thus, several feasible designs could be pro
posed, and the designer must make judgments based on knowledge of the applicafion and 
on the principles of bearing operation to define the final design. The following lists iden
tify the information needed to design a bearing system and the types of design decisions 
that must be made. (See Reference 18.) In this discussion, it is assumed that the bearing will 
be cylindrical, like that used to support a rotating shaft. Modified lists could be made for 
linear sliding surfaces or some other geometry. 

Bearing Requirements 

Magnitude, direction, and degree of variation of the radial load 

Magnitude and direction of the thrust load, if any 

Rotafional speed of the joumal (shaft) 

Frequency of starts and stops, and duration of idle periods 

Magnitude of the load when the system is stopped and when it is started 

Life expectancy of the bearing system 

Environment in which the bearing will operate 

Design Decisions 

Materials for the journal and the bearing 

Diameters, including tolerances, of the joumal and the bearing 

Nominal value and range of journal clearance in the bearing 

Surface finish for the joumal and the bearing 

Length of the bearing 

Method of manufacturing the bearing system 

Type of lubricant to be used and the means of supplying it 

Operating temperature of the bearing system and of the lubricant 

Method of maintaining the lubricant cleanliness and temperature 
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Analyses Required 

Type of lubrication: boundary, mixed-film, full-film 

Coefficient of friction 

Frictional power loss 

Minimum film thickness 

Thermal expansion 

Heat dissipation required and the means of accomplishing it 

Shaft stiffness and slope of the shaft in the bearing 

16—3 
BEARING 

PARAMETER, 
\in/p 

The performance of a bearing differs radically, depending on which type of lubrication oc
curs. There is a marked decrease in the coefficient of friction when the operation changes from 
boundary to full-film lubrication. Wear also decreases with full-film lubrication. Thus, it is de
sirable to understand the conditions under which one or the other type of lubrication occurs. 

The creation of full-film lubrication, the most desirable type, is encouraged by light 
loads, high relative speed between the moving and stationary parts, and presence of a high-
viscosity lubricant in the bearing in copious supply. For a rotating journal bearing, the com
bined eft'ect of the.se three factors, as it relates to the friction in the bearing, can be evaluated 
by computing the hearing parameter, [xn/p. The viscosity ofthe lubricant is indicated by p, 
the rotational speed by /;, and the bearing load by the pressure, p. To compute the pressure, 
divide the applied radial load on the bearing by the projected area of the bearing, that is, 
the product of the length times the diameter. 

The bearing parameter [in/p is dimensionless when each term is expressed in consis
tent units. Some unit systems that can be used are listed here: 

Uitit 
System 

SI metric 

English 

Old metric (obsolete) 

Vi.scosity, p-

Ns/m" or Pa- s 

lbs/in' or reyn 

dynes/cm" or poise 

Rotational 
Speed, n 

rev/s 

rev/s 

rev/s 

Pressure, p 

N/m- or Pa 

Ib/in-

dynes/cm" 

The effect of the bearing parameter is shown in Figure 16-2, sometimes called the 
Stribeck cun'c, which is a plot ofthe coefficient of friction, /; for the bearing versus the value 
of \xn/p. At low values of \xn/p, boundary lubrication occurs, and the coefficient of friction is 
high. For example, with a steel shaft sliding slowly in a lubricated bronze bearing (boundary 
lubricafion), the value of/would be approximately 0.08 to 0.14. At high values of\in/p. the full 
hydrodynamic film is created, and the value of/is nomially in the range of 0.001 to 0.005. Note 
that this compares favorably with precision rolling contact bearings. Between boundary and 
full-film lubrication, the mixed-film type, which is some combination ofthe other two, occurs. 
The da.shed curve shows the general nature ofthe variation in film thickness in the bearing. 

It is recommended that designers avoid the mixed-film zone because it is virtually im
possible to predict the performance ofthe bearing system. Also notice that the curve is very 
steep in this zone. Thus, a small change in any of the three factors, p, /;, or p. produces a 
large change in/, resulting in erratic performance of the machine. 

The value of \xn/p at which full-film lubrication is produced is difficult to predict. Be
sides the individual factors of speed, pressure (load), and viscosity (a function of the type 
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FIGURE 16-2 
Bearing performance 
and types of lubrication 
related to the bearing 
parameter, p/;//>. The 
Stribeck curve. 
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of lubricant and its temperature), the variables affecting the production ofthe film include 
the quantity of lubricant supplied, the adhesion of the lubricant to the surfaces, the materi
als of the journal and the bearing, the structural rigidity of the journal and the bearing, and 
the surface roughness of the journal and the bearing. After completing the design process 
presented later in this chapter, you are advised to test the design. 

In general, boundary lubrication should be expected for slow-speed operation with 
a surface speed less than about 10 ft/min (0.05 in/s). Reciprocating or oscillating motion 
or a combination of a light lubricant and high pressure would also produce boundary 
lubrication. 

The design of bearings to produce full-film lubrication is described in Section 16-6. 
In general, it requires a surface speed of greater than 25 ft/min (0.13 m/s) continuously in 
one direction with an adequate supply of oil at a proper viscosity. 

16-4 
BEARING 

MATERIALS 

In rotational applications, the journal on the shaft is frequenfiy steel. The stafionary bear
ing may be made of any of a wide variety of materials, including the following: 

Bronze 

Babbitt 

Aluminum 

Zinc 

Porous metals 

Plasfics (nylon, TFE, PTFE, phenolic, acetal, polycarbonate, filled polyimide) 

The properties desirable for materials used for plain bearings are unique, and com
promises must frequently be made. The following list discusses the.se properties. 

1. Strength: The function of the bearing is to cairy the applied load and deliver it to 
the supporting structure. At times, the loads are varied, requiring fatigue strength 
as well as static strength. 

2. Embeddability: The property of embeddability relates to the ability of the mate
rial to hold contaminants in the bearing without causing damage to the rotating 
journal. Thus, a relatively soft material is desirable. 
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3. Corrosion resistance: The total environment of the bearing must be considered, 
including journal material, lubricant, teinperature, air-borne particulates, and cor
rosive gases or vapors. 

4. Cost: Always an important factor, cost includes not only the material cost but also 
processing and installation costs. 

A brief discussion of the performance of some of the bearing materials follows. 

Cast Bronze 

The name bronze refers to .several alloys of copper with tin, lead, zinc, or aluminum, either 
singly or in combination. The leaded bronzes contain 25% to 35% lead, which gives them 
good embeddability and resistance to seizing under conditions of boundary lubrication. 
However, their strength is relatively low. The cast bearing bronze. SAE CA932. has 83% 
copper. 7% tin. 7% lead, and 3% zinc. It possesses a good combination of properties for 
such uses as pumps, machinery, and appliances. Tin and aluminum bronzes have higher 
strength and hardness and can carry greater loads, particularly in impact situations. But they 
rate lower on embeddability. See Internet sites 1, 6, 7, 9, and 10. 

Babbitt 

Babbitts may be lead-based or tin-based, having nominally 80% of the parent metal. Vari
ous alloy compositions of copper and antimony (as well as lead and tin) can tailor the prop
erties to suit a particular application. Because of their softness, babbitts have outstanding 
embeddability and resistance to seizure, important properties in applications in which 
boundary lubrication occurs. They have rather low strength, however, and are often applied 
as liners in steel or cast iron housings. See Internet site 9. ' f ' 

Aluminum 

With the highest strength ofthe commonly used bearing materials, aluminum is used in se
vere applications in engines, pumps, and aircraft. The high hardness of aluminum bearings 
results in poor embeddability, requiring clean lubricants. 

Zinc 

Bearings made from zinc alloys ofter good protection to running without a continuous sup
ply of lubricant, although they perform best if lubricated. Standard bearing greases are of
ten used. When operating on steel journals, a thin film of the softer zinc material is 
transferred to the steel to protect it from wear and damage. It performs well in most at
mospheric conditions except for continuously wet environments and exposure to seawater. 
See Internet site 8. 

Porous Metals 

Products ofthe powder metal industry, porous metals are sintered from powders of bronze, 
iron, and aluminum; some are mixed with lead or copper. The sintering leaves a large num
ber of voids in the bearing material into which lubricating oil is forced. Then, during oper
afion, the oil migrates out ofthe pores, supplying the bearing. Such bearings are particulariy 
good for slow-speed, reciprocating, or oscillating motions. See Internet sites 6 and 7. 
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Plastics 

Generally referred to as self-lubricating materials, plastics used in bearing applications 
have inherently low friction characteristics. They can be operated dry, but most improve in 
performance with a lubricant present. Embeddability is usually good, as is resistance to 
seizure. But many have low strength, limiting their load-carrying capacity. Backing with 
metal sleeves is frequently done to improve load-carrying capacity. Major advantages are 
corrosion resistance and, when operated dry, freedom from contamination. These proper
ties are particularly important in the processing of foodstuffs and chemical products. See 
Internet sites 2, 3, 4, 5, and 7. 

Because of the complex chemical names for plasfic materials and the virtually infi
nite combinations of base materials, reinforcements, and fillers u.sed, it is difficult to char
acterize bearing plastics. Most are composites of .several components. The group known as 
fiuoropolymers are popular because of the very low coefficient of friction (0.05 to 0.15) and 
good wear resistance. Phenolics, polycarbonates, acetals, nylons, and many other plastics 
are also used for bearings. Among the chemical names and abbreviafions found in this field 
are the following: 

PTFE: Polytetrafluoroethylene 

PA: Polyamide 

FPS: Polyphenylene sulfide 

PVDF: Polyvinylidene fluoride 

PEEK: Polyetheretherketone 

PEI: Polyetherimide 

PES: Polyethersulfone 

PFA: Perfluoroalkoxy-modified tetrafluoroethylene 

Reinforcements and fillers u.sed with plastic bearing materials include glass fibers, milled 
glass, carbon fibers, bronze powders, PTFE, PPS, and some solid lubricants, such as 
graphite and molybdenum disulfide. 

16-5 
DESIGN OF 

BOUNDARY-
LUBRICATED 

BEARINGS 

fflDESIGN 

The factors to be considered when selecting materials for bearings and specifying the de
sign details include the following: 

Coefficient of friction: Both static and dynamic conditions should be considered. 

Load capacity, p: Radial load divided by the projected area of the bearing (lb/in' or Pa). 

Speed of operation, V: The relative speed between the moving and stationary com
ponents, usually in ft/min or m/s. 

Temperature at operating conditions. 

Wear limitations. 

Producibility: Machining, molding, fastening, assembly, and service. 

p\/Factor 

In addifion to the individual considerafion of load capacity,/?, and speed of operafion, V, the 
product pV is an important performance parameter for bearing design when boundary lu
brication occurs. The pV value is a measure of the ability of the bearing material to accom-
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TABLE 16-1 Typical performance parameters for bearing materials in boundary 
lubrication at room temperature 

pV 

Material psi-fpm 

300 000 
150 000 
125 000 
75 000 
51 000 
50 000 
30 000 
25 000 
20 000 
18 000 
15 000 
10 000 

7500 
4000 
3000 

kPa-m/s 

10 500 
5250 
4375 
2625 
1785 
1750 
1050 
875 
700 
630 
525 
350 
263 
140 
105 

Trademark of DuPont Co. 
Also called SAE 430A 
Also called SAE 68A 
Also called SAE 660 
See note 1 

Metal backed 
Oscillatory and linear motion 

Graphite Metallizing Corp. 
Food and drug applications (see note 2) 
Filled PTFE 
Ultra high molecular weight 
Trademark of DuPont Co. 

Vespel®SP-21 polyimide 
Manganese bronze (C86200) 
Aluminum bronze (C95200) 
Leaded tin bronze (C93200) 
KU dry lubricant bearing 
Porous bronze/oil impregnated 
Babbitt: high tin content (%9%) 
Rulon® PTFE: M-liner 
Rulon® PTFE: FCJ 
Babbitt: low tin content (10%) 
Graphite/Metallized 
Rulon® PTFE: 641 
Rulon® PTFE: J 
Polyurethane: UHMW 
Nylon® 101 

Source: Bunting Bearings Corp., Holland. OH 

I KU Bearings consist of bonded layers of a steel backing and a porous bronze matrix overiaid with PTFE/lead 
bearing material. A film from the bearing material is transferred to the joumal during operation. 

-Rulon® is a registered trademark of Saint-Gobain Perfonnance Plastics Company. Bearings are made from 
Rulon® PTFE (polytetrafluoroethylene) material in a variety of formulations and physical constructions. 

modate the frictional energy generated in the bearing. At the limiting pV̂  value, the bearing 
will not achieve a stable temperature limit, and rapid failure will occur. A practical design 
value for/? Vis one-half of the fimiting/jV value, given in Table 16-1. 

Units for pV. The nominal units for pV are simply the product of the units for pressure 
and the units for velocity. In the U.S. Customary System, this is, considering only units, 

p = F/LD = lb/in' = psi 

V = T: Dn/12 = ft/min = fpm 

pV = (lb/in-) (ft/min) = psi-fpm 

Another way of looking at these units is to rearrange them into the form 

/7V=(ft-lb/min)/in' 

The numerator represents one unit for power or energy transfer per unit time. The denomi
nator represents area. Therefore,/JV can be thought of as the rate of energy input to the bear
ing per unit of projected area of the bearing if the coefficient of friction is 1.0. Of course, the 
actual coefficient of friction is normally much less than one. Then you can think of pV as a 
comparative measure ofthe bearing's ability to absorb energy without overheating. 

In SI units, force, F, is in newtons (N) and bearing dimensions are in mm. The pres

sure is then 

Bearing Pressure p = F/LD = N/mm-
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For typically encountered values, it is convenient to convert this to kPa or 10̂  N/m :̂ 

_ j ^ (10^ mm)- ^ 10̂  N 1 kN ^ 10̂  kN ^ ^̂ 3 ^^ 

^ " mm-' m- ' m" 'lO^N m-

In summary, pressure, p, in N/mni" is the same as 10 kPa. 
The linear velocity ofthe surface of the joumal is typically computed from 

V = 7iD/!/(60 000) m/s 

with D in mm and /; in rpm. Then the units for/;V are 

pV = (kPa)(m/s) 

A u.seful conversion to the U.S. Customary System is 

1.0 psi-fpm = 0.035 kPam/s 

Again, the units for/?V can be reformatted to reflect the rate of energy transfer per unit area: 

,. . p , kN m kW 
pV = kPa-m/s = —;-•— = —7 

m- s m" 
where 1 kW = 1 kN • m/s 

Operating Temperature 

Most plastics are limited to approximately 200°F (93°C). However, PTFE can operate at 
500°F (260°C). Babbitt is limited to 300°F (150°C), while tin-bronze and aluminum can 
operate at 500°F (260°C). A major advantage of carbon-graphite bearings is their ability to 
operate at up to 750°F (400°C). 

Design Procedure 

The following is one method of completing the preliminary design of boundary-lubricated 
plain surface bearings. 

Procedure for 
_ . . Given Information: Radial load on the bearing, F (lb or N); speed of rotation, n 
-, . (rpm); nominal minimum shaft diameter, D,^,„ (in or mm) (based on stress or de-Boundary- „^ . . . . ™"̂  

. . • X -1 «i • flection analysis). lubricated Plain ^ 
Surface Bearings Objectives of the design process: To specify the nominal diameter and length 

of the bearing and a material that will have a safe value ofpV. 
1. Specify a trial diameter, D, for the joumal and the bearing. 

2. Specify a ratio of bearing length to diameter, L/D, typically in the range of 0.5 to 
2.0. For nonlubricated (dry-mbbing) or oil-impregnated porous bearings, UD = 1 



Section 16-5 • Design of Boundary-Lubricated Bearings 671 

is recommended. (See Reference 18.) For carbon-graphite bearings. L/D = 1.5 is 
recommended. 

3. Compute L = D(L/D) = nominal length of the bearing. 

4. Specify a convenient value for L. 

5. Compute the bearing pressure (lb/in" or Pa): 

p = F/LD 

6. Compute the linear speed of the journal surface: 

U.S. Customary units: V = nDn/\2 ft/min or fpm 

SI metric units: V = nDii/{60 000) m/s 

Also note: 1.0 ft/min = 0.005 08 m/s 

1.0 m/s = 197 ft/min 

7. Compute pV (psi-fpm or Pam/s or kW/m"). 

8. Multiply 2{pV) to obtain a design value for pV. 

9. Specify a material from Table 16-1 with a rated value of pV equal to or greater 
than the design value. 

10. Complete the design of the bearing system considering diametral clearance, lu
bricant selection, lubricant supply, surface finish specification, thermal control, 
and mounting considerations. Often the supplier of the bearing material provides 
recommendafions for many of these design decisions. 

11. Nominal diametral clearance: Many factors affect the final specification for 
clearance, such as need for precision, thermal expansion of all parts ofthe bear
ing system, load variations, shaft deflection expected, means of providing lu
bricant, and manufacturing capability. One long-used rule of thumb is to 
provide 0.001 in of clearance per inch of journal diameter. Figure 16-3 shows 
recommended minimum values for clearance based on journal diameter and ro
tational speed under steady loads. These values apply to the smallest clearance 
under any combination of tolerances on the dimensions of the bearing system 
to avoid problems of bearing heating and eventual seizure. The operating clear
ance will then be higher than these values because of manufacturing tolerances. 
Performance over the entire range of clearances should be evaluated, prefer
ably by testing. 

Example Problem 16-1 A bearing is to be designed to carry a radial load of 150 lb from a shaft having a minimum 
acceptable diameter of 1.50 in and rotating at 500 rpm. Design the bearing to operate un
der boundary-lubrication conditions. 

Solution We will use the design procedure previously outlined. 

Step I. Trial diameter: Try D = D„„„ = 1.50 in. 

Steps 2-4. Try L/D = 1.0. Then L = D^ 1.50 in. 

Step 5. Bearing pressure: 
p = F/LD = (I501b)/(1.50in)(1.50in) = 66.7 psi 
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FIGURE 16-3 
Minimum 
recommended 
diametral clearance for 
bearings considering 
journal diameter and 
rotational speed 
(Taken from 
R. J. Welsh. Plain 
Bearing Design 
Handbook, London: 
Butterworths, 1983) 
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Step 6. Joumal speed: 

V = KDn/l2 = 7r(1.50)(500)/12 = 196 ft/min 

Step 7. /?V factor: 

pV= (66.7 psi)( 196 fpm) = 13 100 psi-fpm 

Step 8. Design value of pV = 2( 13 100) = 26 200 psi-fpm. 

Step 9. From Table 16-1, we could use a bearing made from high tin babbit having a 
rated value of pV of 30 000 psi-fpm. 

Steps 10-11. Nominal diametral clearance: From Figure 16-3, we can recommend a 
minimum Cj = 0.002 in based on D = 1.50 in and n = 500 rpm. Other design details are 
dependent on the details of the system into which the bearing will be placed. 

Example Problem 16-2 Design a boundary-lubricated plain surface bearing to carry a radial load of 2.50 kN from 
a shaft rotafing at 1150 rpm. The nominal minimum diameter of the joumal is 65 mm. 

Solution We will use the design procedure previously outlined. 

Step 1. Trial diameter: Try D = 15 mm. 

Steps 2-4. Try L/D = 1.0. Then L = D = 15 mm. 
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Step 5. Bearing pressure: 

p = F/LD = (2500 N)/(75 mm)(75 mm) = 0.444 N/mm" 

Converting to kPa, we have 

p = 0.444 N/mm- (10' kPa)/(N/mm') = 444 kPa 

Step 6. Journal speed: 

V = nDn/(60 000) = 7i(75)( 1150)/(60 000) = 4.52 m/s 

Step 7. pV factor: 

pV = (444 kPa)(4.52 m/s) = 2008 kPa-m/s 

Step 8. Design value for pV = 2(2008) = 4016 kPa- m/s. 

Step 9. From Table 16-1, we can specify aluminum bronze (C95200) having a/^Vrat-
ingof4375 kPa-m/s. 

Steps 10-11. From Figure 16-3, we can recommend a minimum Cj— 100 p,m (0.100 
mm or 0.004 in) based on D = 75 mm and 1150 rpm. 

Alternate design: The pV factor for the initial design, while satisfactory, is somewhat high 
and may require careful lubrication. Consider the following alternate design having a larger 
bearing diameter. 

Step 1. Try D = 150 mm. 

Step 2. Let L/D = 1.25. 

Step 3. Then 

L = D(L/D) = (I50mm)(1.25) = 187.5 mm 

Step 4. Let's use the more convenient value of 175 mm for L. 

Step 5. Bearing pressure: 

p = F/LD = (2500 N)/(175 mm)( 150 mm) = 0.095 N/mm" = 95 kPa 

Step 6. Journal speed: 

V = nDii/{60 000) = 7i( 150)( 1150)/(60 000) = 9.03 m/s 

Step 7. pV factor: 

pV = (95 kPa)(9.03 m/s) = 860 kPa-m/s = 860 kW/m-

Step 8. Design value of pV = 2(860) = 1720 kW/m^. 

Step 9. From Table 16-1, we can specify an oil impregnated porous bronze bearing 
having a pV rating of 1750 kPa-m/s or a KU dry lubricated bearing having a pV rating of 
1785 kPa-m/s. 
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Steps 10-11. From Figure 16-3, we can recommend a minimum Cj = 150pm (0.150 
mm or 0.006 in) based on D = 150 mm and 1150 rpm. Other design details are dependent 
on the systein into which the bearing will be placed. 

16-6 
FULL-FILM 

HYDRODYNAMIC 
BEARINGS 

In [he fit 11-film hydrodynamic bearing, the load on the bearing is supported on a continuous 
film of lubricant, usually oil, so that no contact between the bearing and the rotating jour
nal occurs. A pressure must be developed in the oil in order to cairy the load. With proper 
design, the motion of the journal inside the bearing creates the necessary pressure. 

Figure 16-4 shows the progressive action in a plain surface bearing from start-up 
to the steady-state hydrodynamic operation. Observe that boundary lubrication and 
mi,\ed-film lubrication precede the establishment of full-film hydrodynamic lubrication. 
At start-up, the radial load applied thiough the journal to the bearing forces the journal 
off center in the direction ofthe load, taking up all clearance [Figure 16^(a)] . At the ini
tial slow rotational speeds, the friction between thc journal and the bearing causes the 
journal to climb up the bearing wall, somewhat as shown in Figure 16^(b) . Because of 
the viscous shear stresses developed in the oil, the moving journal draws oil into the con
verging, wedge-shaped area above the region of contact. The resulting pumping action 
produces a pressure in the oil film; when the pressure is sufficiently high, the journal is 
lifted from the bearing. The frictional forces are greatly reduced under this operating con
dition, and the journal moves eventually to the steady-state position shown in Figure 
16-4(c). Note that the journal is offset from the direction of the load; that there is a cer
tain eccentricity, e. between the geometric center of the bearing and the center of the jour
nal; and that there is a point of minimum film thickness, /;,„ at the nose of the 
wedge-shaped pressurized /one. 

Figure 16-5 illustrates the general form of the pressure distribution within a full-
film hydrodynamically lubricated bearing. The clearance between the bearing and the 
journal is highly exaggerated. Part (a) of the figure shows the rise of pressure as the ro
tating shaft draws oil into the converging wedge, approaching the point of minimum film 
thickness. The maximum pressure occurs there and then falls rapidly to nearly zero as the 
space between the journal and the bearing diverges again. The integrated effect ofthe 
pressure distribution is a force sufficient to support the shaft on a film of oil without 
metal-to-metal contact. 

FIGURE 16-4 
Position of the journal 
relative to the bearing 
as a function of mode 
of operation 

Radial load. F 

Oil tills 
the space 
hetween 
bearing 

and 
Ournal 

(a) Stafionary (b) Start-up (c) Full-film operation 
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FIGURE 16-5 
Pressure distribution in 
the oil film for 
hydrodynamic 
lubrication 

Bearing ^ 
O i l ^ J J L ^ / 

Journal -\^f^^ 

M/\ ^ 

Bearing 

(fl) Section through middle 
of bearing 

(h) Diametral section through line 
of minimum film thickness 

Figure 16-5(b) shows the pressure distribution axially along the shaft through the line 
of minimum film thickness or maximum pressure. The highest pressure value occurs in the 
middle of the bearing length, and it falls rapidly as the ends are approached because the 
pressure outside the bearing is ambient pressure, typically atmospheric pressure. There is 
continual leakage flow from both ends of the bearing. This illustrates the importance of pro
viding a means of continually supplying oil to the bearing to maintain the full-film opera
tion. Without a steady, adequate supply of oil, the system would not be able to create the 
pressurized film to carry the shaft, and boundary lubricafion would result. The significantly 
higher frictional forces thus created would cause rapid heating ofthe bearing/journal inter
face, and seizure would likely occur very rapidly. 

16-7 
DESIGN OF 
FULL-FILM 

HYDRO
DYNAMICALLY 

LUBRICATED 
BEARINGS 

The following discussion presents several guidelines for bearing design for typical in
dustrial applications. The design procedure is based primarily on information in Refer
ences 1-3. 

Surface Roughness 

A ground journal with a surface roughness average of 16 to 32 microinches (pin), or 0.40 to 
0.80 pm, is recommended for bearings of good quality. The bearing should be equally smooth 
or made from one of the softer materials so that "wearing in" can smooth the high spots, cre
ating a good fit between the journal and the bearing. In high-precision equipment, polishing 
or lapping can be used to produce a suiface finish ofthe order of 8 to 16 pin (0.20 to 0.40 pm). 

Minimum Film Thickness 

The limiting acceptable value ofthe minimum film thickness depends on the surface rough
ness of the journal and the bearing because the film must be thick enough to eliminate any 
solid contact during expected operating conditions. The suggested design value also de
pends on the size of the journal. For ground journals, the following relationship can be used 
to esfimate the design value: 

/)„ = 0.00025D (16-1) 

where D = diameter ofthe bearing 
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Diametral Clearance 

The clearance between the journal and the bearing depends on the nominal diameter of the 
bearing, the precision of the machine for which the bearing is being designed, the speed 
of rotation, and the surface roughness of the journal. The coefficient of thermal expansion 
for both the journal and the bearing must also be considered to ensure a safisfactory clear
ance under all expected operating conditions. An overall guideline of making the clear
ance in the range of O.OOI to 0.002 times the bearing diameter can be used. Figure 16-3 
shows a graph of the recommended minimum diametral clearance as a funcfion of the 
bearing diaineter and the rotational speed. Some variation above the values from the curve 
is permissible. 

Ratio of Bearing Length to Diameter 

Because the journal is a part of the shaft itself, its minimum diameter is usually limited by 
stress and detlection considerations ofthe type discussed in Chapter 12. Then the length of 
the bearing is specified to provide for a suitable level of bearing pressure. General-purpose 
industrial machinery bearings typically operate at approximately 200 to 500 psi (1.4 to 3.4 
MPa) bearing pressure, based on the projected area of the bearing [p = load/(LD)]. The 
pressure may range from as low as 50 psi (0.34 MPa) for light-duty equipment to 2000 psi 
(13.4 MPa) for heavy machinery under varying loads, such as in internal combusfion en
gines. The leakage of oil from the bearing is also affected by the bearing length. The typi
cal range of length to diameter ratio {L/D) for full-film hydrodynamic bearings is from 0.35 
to 1.5. But many successful bearings operate outside this range. Reference 18 recommends 
L/D = 0.60 for most industrial applications. 

Lubricant Temperature 

The viscosity of the oil is a critical parameter in the performance of a bearing. 
Figure 16-6 shows the great variation of viscosity with temperature, which indicates 
that temperature control is advisable. Also, most petroleum lubricating oils should be 
limited to approximately 160°F (70°C) in order to retard oxidation. The temperature of 
interest is, of course, that inside the bearing. Frictional energy or thermal energy from 
the equipment itself can increase the oil temperature above that in the supply reservoir. 
In design examples we will select the lubricant that will ensure a satisfactory viscos
ity at 160°F, unless otherwise noted. If the actual operating temperature is lower, the 
resulting film thickness will be greater than the design value—a conservative result. It 
is incumbent on the designer to ensure that the limifing temperature is not exceeded, 
using forced cooling if necessary. 

Lubricant Viscosity 

The specification of the lubricant for the bearing is one of the final decisions to be made in 
the design procedure that follows. In the calculations, it is the dynamic viscosity, p, which 
is used. In the U.S. Customary Unit (Ib-in-s) System, the dynamic viscosity is expressed in 
lb • ,s/in-, which is given the name reyn in honor of Osbourne Reynolds, who performed 
much significant work in fluid flow. In SI units, the standard unit is N-s/m" or Pa-s. Some 
prefer the unit ofpoi.se or centipoise, derived from the dyne-cm-s metric system. Some use
ful conversions are 

http://ofpoi.se
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Other viscosity conversions may also be u.seful. (See Reference 12.) Figure 16-6 shows 
graphs of dynamic viscosity versus temperature for both SI and U.S. Customary units. Note 
in Figure 16-6(b) that common values in U.S. Customary units are very small. Values from 
the scale must be multiplied by IO"*". 

Bearing 
Characteristic 

Number 

Sommerfeld Number 

The combined effect of many of the variables involved in the operation of a bearing under hy
drodynamic lubrication can be characterized by the dimensionless number, 5, called the Sotn-
meifeld number. Some refer to this as the bearing characteristic number, defined as follows: 

S = 
)xn,{R/C,y-

(16-2) 
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FIGURE 16-7 Film 
thickness variable, 
hJC,. versus 
Sommerfeld number, S 
(Adapted from John 
Boyd and Albert A. 
Raimondi, 'A Solution 

for the Finite Journal 
Bearing and Its 
Application to Analysis 
and Design," Parts I 
and II. Transactions of 
the American Society of 
Lubrication Engineers. 
Vol. l,No. 1, 1958) 
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Note that S is similar to the bearing parameter, \xn/p. discussed in Secfion 16-3, in that it 
involves the combined eft'ect of viscosity, rotational speed, and bearing pressure. In order 
for S to be dimensionless, the following units should be used for the factors: 

Procedure for 
Designing 

Full-Film 
Hydrodynamically 

Lubricated 
Bearings 

\^ 

".. 

P 
R.C,. 

U.S, Customaiy Units 

Ib-.s/in- (reyns) 

rev/s 

lb/in- (psi) 

in 

SI Units 

Pa-s (N-s/m-) 

rev/s 

Pa (N/m-) 

m or mm 

Any consistent units can be used. Figure 16-7, adapted from Reference 3, shows the rela
tionship between the Sommerfeld number and the film thickness ratio, hJC,, Figure 16-8 
shows the relationship between S and the coefficient of friction variable,/(/?/C,). These val
ues are used in the design procedure that follows. Because many design decisions are re
quired, several acceptable solutions are possible. 

Design Procedure 

Because the bearing design is usually done after the stress analysis ofthe shaft is com
pleted, the following items are typically known: 

Radial load on the bearing. F, usually in lb or N 

Rotafional speed, n, usually in rpm 

Nominal shaft diameter at the journal, sometimes specified as a minimum accept
able diameter based on strength and stiffness 

The results of the design procedure produce values for the actual journal diame
ter, the bearing length, the diametral clearance, the minimum film thickness of the lu
bricant during operation, the surface finish for the joumal, the lubricant and its 
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FIGURE 16-8 
Coefficient of friction 
variable,/(7?/Cr), versus 
Sommerfeld number, S 

200 

maximum operating temperature, the coefficient of friction, the fricfion torque, and the 
power dissipated because of friction. 

1. Specify a trial value for the journal diameter, D, and the radius, R = D/2. 

2. Specify a nominal operating bearing pressure, usually 200 to 500 psi (1.4 to 3.4 
MPa), where/? = F/LD. Solve fori.-

L = F/pD 

Then compute L/D. It might be desirable to redefine L/D to be a convenient value 
from 0.25 to 1.5 in order to use the design charts available. Finally, specify the ac
tual design value of L/D and L, and compute the actual p = F/LD. 

3. Referring to Figure 16-3, specify the diametral clearance, Cj, based on the values 
for D and n. Then compute C,. = C,//2 and the ratio /?/C,.. 

4. Specify the desired surface finish for the joumal and bearing, also based on the ap
plication. A typical value is 16-32 pin average (0.40 to 0.80 pm). 

5. Compute the nominal minimum film thickness from Equation (16-1), 

h„ = 0.00025D 

6. Compute h^/C,., the film thickness ratio. 

7. From Figure 16-7, determine the value of the Sommerfeld number for the se
lected film thickness ratio and the L/D ratio. Exercise care in interpolating in this 
chart because of the logarithmic axis and the nonlinear spread between curves. 
For L/D > 1, only approximate data can be obtained. For L/D = 1.5. interpolate 
approximately one-fourth of the way between the curves for L/D — 1 and L/D — 
infinity. For L/D = 2, go about halfway. 

8. Compute the rotational speed n, in revolutions per second: 

n, — n/60 

where n is in rpm 
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r^ Required Minimum 
^ Lubricant Viscosity 

9. Because each factor of the Sommerfeld number is known except the lubricant vis
cosity, p, solve for the required minimum viscosity that will produce the desired 
minimum film thickness: 

10. 

11. 

12. 

13. 

P̂  
Sp 

nXR/C,f 
(16-3) 

Specify a maximum acceptable lubricant temperature, usually 160°F or 70°C. Se
lect a lubricant from Figure 16-6 that will have at least the required viscosity at 
the operating temperature. If the selected lubricant has a viscosity greater than that 
computed in Step 9, recompute S for the new value of viscosity. The resulfing 
value for the minimum film thickness will now be somewhat greater than the de
sign value, a generally desirable result. You can consult Figure 16-7 again to de
termine the new value of the minimum film thickness, if desired. 
From Figure 16-8, obtain the coefficient of friction variable,/(/^/C^). 
Compute/= /(/?/C,)/(i?/C,) = coefficient of friction. 

Compute the friction torque. The product ofthe coefficient of friction and the load 
F gives the frictional force at the surface of the journal. That value multiplied by 
the radius gives the torque: 

o Friction Torque Tj=FfR=fFR (1<^) 

o Frictional Power 
Loss 

14. Compute the power dissipated in the bearing from the relationship between power, 
torque, and speed that we have used many times: 

Pf = Tfn/63 000 hp (16-5) 

This frictional power loss represents the rate of energy input to the lubricant within the 
bearing that can cause the temperature to rise. It is a part of the energy that must be re
moved from the bearing to maintain satisfactory lubricant viscosity. 

Example Problem 16-3 will illustrate the procedure. 

Example Problem 16-3 Design a plain surface journal bearing to carry a steady radial load of 1500 lb while the 
shaft rotates at 850 rpm. The shaft stress analysis determines that the minimum accept
able diameter at the journal is 2.10 in. The shaft is part of a machine requiring good pre

cision. 

Solution Step 1. Let's select D = 2.50 in. Then /? = 1.25 in. 

Step 2. For p = 200 psi, L must be 

L = f//7D=1500/(200)(2.50) = 3.00 in 

For this value of L, L/D = 3.00/2.50 = 1.20. In order to use one of the standard de
sign charts, let's change L to 2.50 in so that L/D = 1.0. This is not essenfial, but it 
eliminates interpolation. The actual pressure is then 
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p = F/LD = 1500/(2.50)(2.50) = 240 psi 

This is an acceptable pressure. 

Steps. From Figure 16-3, C,/ = 0.003 in is suitable for the diametral clearance, based 
on D = 2.50 in and /; = 850 rpm, and C, = C,//2 = 0.0015 in. Also, 

R/C, = 1.25/0.0015 = 833 

This value is used in later calculations. 

Step 4. For the precision desired in this machine, use a surface finish of 16 to 32 pin, 
requiring a ground journal. 

Step 5. Minimum film thickness (design value): 

/)„ = 0.00025D = 0.00025(2.50) = 0.0006 in (approx.) 

Step 6. Film thickness variable: 

hJC, = 0.0006/0.0015 = 0.40 

Step 7. From Figure 16-7, for hJC,. = 0.40 and L/D = 1, we can read S = 0.13. 

Step 8. Rotational speed in revolutions per second: 

n, = /!/60 = 850/60 = 14.2 rev/s 

Step 9. Solve for the viscosity from the Sommerfeld number, 5.-

Sp (0.13)(240) 
(X = ^ = = 3.17 X 10 "̂ reyn 
^ nXR/C,.y- (14.2)(833)- ^ 

Step 10. From the viscosity chart. Figure 16-6, SAE 30 oil is required to ensure a suf
ficient viscosity at 160°F. The actual expected viscosity of SAE 30 at 160°F is approxi
mately 3.3 X 10"̂  reyn. 

Step 11. For the actual viscosity, the Sommerfeld number would be 

|x//,(/?/C,)- (3.3 X I0-')(I4.2)(833)-
5 = = ^ :^ = 0.135 

p 240 

Step 12. Coefficient of friction (from Figure \6-S):f(R/C,) = 3.5 for 5 = 0.135 and 
L/D = 1. Now, because R/C, = 833, 

/ = 3.5/833 = 0.0042 

Step 13. Friction torque: 

Tl = fFR = (0.0042)(1500)(l.25) = 7.88 Ib-in 

Step 14. Frictional power: 

PJ = Ttii/63 000 = (7.88)(850)/63 000 = 0.106 hp 
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Comment A qualitative evaluation of the result would require more knowledge about the applicafion. 
But note that a coefficient of friction of 0.0042 is quite low. It is likely that a machine re
quiring such a large shaft and with such high bearing forces also requires a large power to 
drive it. Then the 0.106-hp friction power would appear small. 

Thermal considerafions are also important to determine how much energy must be 
dissipated from the bearing. Converting the frictional power loss to thermal power gives 

P. = 0.106 hp 
745.7 W 

hp 
= 79.0 W 

Expressing this in U.S. Customary units gives 

I Btu/hr 
P = 70 0 W 

' 0.293 W 
270 Btu/hr 

16-8 
PRACTICAL 

CONSIDERATIONS 
FOR PLAIN 

SURFACE 
BEARINGS 

The design of the bearing system must consider the method of delivery of the lubricant to 
the bearing, the distribution ofthe lubricant within the bearing, the quantity of lubricant re
quired, the amount of heat generated in the bearing and its effect on the temperature ofthe 
lubricant, the dissipation of heat from the bearing, the maintenance of the lubricant in a 
clean condition, and the performance of the bearing over the complete range of operafing 
conditions that the bearing is likely to experience. 

Many of the.se factors are simply design details that must be worked out along with 
the other aspects ofthe machine design. But some guidelines and general recommendations 
will be presented here. 

The lubricant can be delivered to the bearing by a pump, perhaps driven from the 
same source that drives the entire machine. In some gear drives, one ofthe gears is de
signed to dip into an oil sump and carry oil up to the gear mesh and to the bearings. An 
external oil cup can be used to supply oil by gravity if the lubricant quantity required 
is small. 

Methods of estimating the quantity of oil required, considering the leakage of oil 
from the ends ofthe bearing, are available. (See References 1, 3, 5, 14-18.) 

The delivery of oil to the bearing should always be in an area opposite the locafion of 
the hydrodynamic pressure that supports the load. Otherwise, the oil delivery hole would 
destroy the pressurization of the film. 

Grooving is frequently used to distribute the oil along the length of the bearing. Oil 
would be delivered through a radial hole in the bearing at the midlength point. The groove 
would extend axially in both direcfions from the hole, but it would terminate somewhat be
fore the end of the bearing in order to keep the oil from leaking to the side. The rotafion of 
the journal then carries the oil around to the area where the hydrodynamic film is generated. 
Figure 16-9 shows several styles of grooving in use. 

Cooling of the bearing itself, or of the oil in the sump that supplies the oil, must al
ways be considered. Natural convection may be sufficient to transfer heat away and main
tain an acceptable bearing temperature. If not, forced convection can be used. In severe 
cases of heat generation, especially where the bearing system operates in a hot area such as 
a furnace, liquid coolant can be pumped through a jacket around the bearing. Some com
mercially available bearings provide this feature. Placing a heat exchanger in the oil sump 
or pumping the oil through an external heat exchanger can also be done. Figure 16-10 
shows one commercially available style of a plain bearing with coolant chambers to allow 
use of water, air, or oil as the internal coolant. 

http://the.se
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FIGURE 16-9 Examples of styles of grooving for plain bearings 
(Bunting Bearings Corp., Holland, OH) 

FIGURE 16-10 Sleevoil RTL pillow 
block hydrodynamically lubricated 
bearing with coolant chambers 
(Copyright Rockwell Automation/Dodge, 
Milwaukee, Wl. Used by permission.) 

The lubricant can be cleaned by passing it through filters as it is pumped to the bear
ing. Magnetic plugs within the sump can be effective in attracting and holding metallic par
ticles that can score the bearing if allowed to enter the clearance space between the journal 
and the bearing. Of course, frequent changing ofthe oil is also desirable. 

The design procedure used in the preceding section was completed for one set of con
ditions: a given temperature, diametral clearance, load, and rotational speed. If any ofthese 
factors varies during the operation of the machine, the peiformance of the bearing must be 
evaluated under the new conditions. The testing of a prototype under a variety of conditions 
is also desirable. References 1, 2, 8, and 13-19 discuss other practical considerations for 
the design of plain surface bearings. 

16—9 
HYDROSTATIC 

BEARINGS 

Recall that hydrodynamic lubrication results from the creation of a pressurized film of oil 
sufficient to carry the load on the bearing, with the film being generated by the motion of 
the journal itself within the bearing. It was noted that a steady relative motion between the 
journal and the bearing is required to generate and maintain the film. 

In some types of equipment, the conditions are such that a hydrodynamic film can
not be developed. Reciprocating or oscillating devices or very-slow-moving machines 
are examples. If the load on the bearing is very high, it may not be possible to generate 
a sufficiently high pressure in the film to support the load. Even in cases in which hy
drodynamic lubrication can be developed during normal operation ofthe machine, there 
is still mixed-film or boundary lubrication during the start-up and shut-down cycles. 
This may be unacceptable. 

Consider the design of the mount for a telescope or an antenna .system in which rotation 
ofthe base is required to be at very slow speed and to have smooth motion. Also, low friction 
is desired in order to keep the drive system small and to provide fast response and accurate po
sitioning. The mount is es.sentially a thrust bearing supporting the weight ofthe system. 

In this type of application, hydrostatic luhiication is desirable. Lubricant is supplied to 
the bearing under high pressure, several hundred psi or higher, and the pressure acting on the 
area ofthe bearing literally lifts the load off the bearing, even with the equipment stationary. 
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FIGURE 16-11 
Main elements of a 
hydrostatic bearing 
system 

Assumed pressure distribution 

• Oil f i lm 

A 

4_ 

Recess. 

Land or sill < 

Oil supply Section A-A 

(a) Hydrostatic bearing system (b) Pad geometry 

Figure 16-11 shows the main elements of a hydrostatic bearing system. A posifive dis
placement pump draws oil from a reservoir and delivers it under pressure to a supply mani
fold from which several bearing pads can be supplied. At each bearing pad, the oil passes 
through a control element that permits the balancing ofthe system. The control element may 
be a flow-control valve, a length of small-diameter tubing, or an orifice, any of which offers 
a resistance to the flow of oil and permits the several bearing pads to operate at a sufficiently 
high pressure to lift the load on that pad. When the system is in operation, the oil enters a re
cess within the bearing pad. For example. Figure 16-11(b) shows a circular pad with a cir
cular recess in its center supplied with oil through a central hole. The load initially rests on 
the land area, sealing the recess. As the pressure in the recess reaches the level where the 
product of the pressure times the recess area equals the applied load, the load is lifted from 
the pad. Immediately there is a flow of oil across the land area under the lifted load, and the 
pressure decreases to atmospheric pressure at the outside of the pad. The flow of oil must be 
maintained at a level that matches the outflow frotn the pad. When equilibrium occurs, the 
integrated product ofthe local pressure times the area lifts the load a certain distance, h. usu
ally in the range of 0.001 to 0.010 in (0.025 to 0.25 mm). The film thickness, h, must be large 
enough to ensure no solid contact over the range of operating conditions, but it should be 
kept as small as possible to minimize the flow of oil through each bearing and the pump 
power required to drive the system. 

o Load-Carrying 
Capacity 

1 ^ Oil Flow Required 

Hydrostatic Bearing Performance 

Three factors characterizing the performance of a hydrostatic bearing are its load-carrying 
capacity, the flow of oil required, and the pumping power required, as indicated by the di
mensionless coefficients Oj, q,, and Hf. The magnitudes ofthe coefficients depend on the de
sign of the pad: 

F = a,A^p,. 

Q 
'^^A^ P̂  

(16-6) 

(16-7) 
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o Pumping Power 
Required P = p,Q = H,\^]- (16-8) 

where F = load on the bearing, lb or N 
Q = volume flow rate of oil, inVs or mVs 
P = pumping power, Ib-in/s or N-m/s (watts) 
Of = pad load coefficient, dimensionless 
q, = pad flow coefficient, dimensionless 
Hf = pad power coefficient, dimensionless (Note: H, = qfof.) 
A^, = pad area, in" or nr 
p, = oil pressure in the recess of the pad, psi or Pa 
h = film thickness, in or m 
p = dynamic viscosity of the oil, lbs/in" (reyn) or Pa-s 

Figure 16-12 shows the typical variation of the dimensionless coefficients as a 
function of the pad geometry for a circular pad with a circular recess. As the size of the 
recess, /?,.//?, increases, the load-carrying capacity increases, as indicated by a,. But at the 
same time, the flow through the bearing increases, as indicated by q,. The increase is grad
ual up to a valueof/?,//? of approximately 0.7. and then rapid for higher ratios. This higher 
flow rate requires much higher pumping power, as indicated by the rapidly increasing 
power coefficient. At very low ratios of R,/R. the load coefficient decreases rapidly. The 
pressure in the recess would have to increase to compensate in order to lift the load. The 
higher pressure requires more pumping power. Therefore, the power coefficient is high 
either at very small ratios of R,/R or at high ratios. The minimum power is required for 
ratios between 0.4 and 0.6. 

These general characteristics of hydrostatic bearing pad performance are typical for 
many different geometries of pads. Extensive data for the performance of different pad 
shapes are published. (See Reference 6.) 

Example Problem 16-4 illustrates the basic design procedure for hydrostatic bearings. 

FIGURE 16-12 
Dimensionless 
performance 
coefficients for circular 
pad hydrostatic bearing 
(Cast Bronze Insfitute. 
Cast Bronze 
Hydrostcaic Bearing 
Design Manual. New 
York: Copper 
Development 
Associafion, 1975) 

(I 0. I 0 2 0 3 0 4 OS 0 h 0 7 OS ()>» 

Ralio, R,:R 
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Example Problem 16-4 

Solution 

A large antenna mount weighing 12 000 lb is to be supported on three hydrostatic bearings 
such that each bearing pad carries 4000 lb. A positive displacement pump will be used to 
deliver oil at a pressure up to 500 psi. Design the hydrostatic bearings. 

We will choose the circular pad design for which the performance coefficients are available 
in Figure 16-12. The results ofthe design will specify the dimensions ofthe pads, the re
quired oil pressure in the recess of each pad, the type of oil required and its temperature, 
the thickness of the film of oil when the bearings are supporting the load, the flow rate of 
oil required, and the pumping power required. 

Step 1. From Figure 16-12, the minimum power required for a circular pad bearing 
would occur with the ratio R,/R of approximately 0.50. For that rafio, the value ofthe load 
coefficient is Of = 0.55. The pressure at the bearing recess will be somewhat below the max
imum available of 500 psi because of the pressure drop in the restrictor placed between the 
supply manifold and the pad. Let's design for a recess pressure of approximately 400 psi. 
Then, from Equation (16-6), 

. F 4000 lb , „ _ 2 
A„ = = ;—;- = 18.2 in 

'^ a,Pr 0.55(400 lb/in") 

But AJ, — nD'/A, Then the required pad diameter is 

D = VAA^ = V4(18.2)/7T - 4.81 in 

For convenience, let's specify D = 5.00 in. Then the actual pad area will be 

A,, = KD-/A = (K)(5.00 in)-/4 = 19.6 in" 

The required recess pressure is then 

^ _ ^ ^ _ 4000 Ib 

^' O/Ap O.f 
Also, 

cifAp 0.55(19.6 in-) 
T7 = 370 Ib/in^ 

R = D/2 = 5.00 in/2 = 2.50 in 

R, = 0.50/? = 0.50(2.50 in) - 1.25 in 

Step 2. Specify the design value of the film thickness, h. It is recommended that h be 
between 0.001 and 0.010 in. Let's use h = 0.005 in. 

Step 3. Specify the lubricant and the operating temperature. Let's select SAE 30 oil 
and assume that the maximum oil temperature in the oil film will be 120°F. A method of 
estimating the actual film temperature during operation may be consulted. (See Refer
ence 6.) From the viscosity/temperature curves. Figure 16-6, the viscosity is approxi
mately 8.3 X 10"^ reyn (Ib-s/in-). 

Step 4. Compute the oil flow through the bearing from Equafion (16-7). The value of 
qj = 1.4 can be found from Figure 16-12: 

Q = Qf 
F h' 

Q = A.30 inVs 

(1.4) 
4000 Ib (0.005 in)^ 

19.6 in- 8.3 X IQ-^lb-s/in-
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Step 5. Compute the pumping power required from Equation (16-8). The value of 
Hf = 2.6 can be found from Figure 16-12: 

P - n ylf^X''^' (AOOOVmoy^ ,^ . , m • / 
P - p,Q = / / , — — = 2.6 ~r—r 7 = 1631 lb-m/s 

'\A,, j fx \ 19.6/ 8.3 X 10"' 
For convenience, we can convert this to horsepower: 

12in5501b-ft/s 

16-10 
TRIBOLOGY: 

FRICTION, 
LUBRICATION, 

AND WEAR 

The study of friction, lubrication, and wear, called tribology. involves many disciplines, 
such as solid mechanics, fluid mechanics, material .science, and chemistry. It is appropriate 
to engage several specialists on design teams where critical bearing or general lubrication 
designs are completed. For study beyond the scope of this book, see References 1, 2, 8-10, 
11, 13-15, and 17. 

This section presents .some general principles of lubrication that can apply to a vari
ety of design situations where relative motion occurs between mating machine elements. 
The goal is to help you recognize the many parameters that must be considered in design
ing machinery and in analyzing failures or un.satisfactory operation of existing machines. 
Much ofthe discussion relates to minimizing or controlling /nrr/V /̂!, defined generally as 
the resistance to parallel motion of mating surfaces. Lubrication is used to minimize fric
tion by introducing a film of material that inherently reduces the force required to move one 
component relative to its mating component. Some materials have inherendy low friction 
coefficients and can operate satisfactorily without external lubrication. When the relative 
motion results in physical contact between the surfaces ofthe mating components, some of 
the surface material can be removed, resulting in wear. 

Friction 

Not all friction is undesirable. Consider the need for drive wheels to use friction to develop 
propulsive force against floors, rails, or roads. Clutches and brakes employ fricfion to en
gage machinery, accelerate it, decelerate it, bring it to a stop, or hold it in position. See 
Chapter 22. Clamps and collets use friction to hold work pieces during manufacturing op
erations. In such applications, large, consistent frictional forces are desirable. 

Most other applications where sliding contact occurs between mafing components 
call for minimizing friction in order to minimize the forces, torques, and power required to 
drive the .system. We are most concemed with these applications in this section. 

The primary phenomena involved in creating friction are adhesion, elastic effects such 
as rolling resistance, viscoelastic effects, and hydrodynamic resistance. Adhesion is the 
bonding between dissimilar materials. The strength of adhesion depends on the structure and 
chemistry ofthe mating materials. Surface characteristics also contribute, such as the height 
of roughness peaks and valleys, called asperities. Sometimes asperities on mating parts are 
deformed or fractured during relative motion, while for other conditions, the motion is re
sisted as the asperities ride up and down on one another. Rolling resi.stance is caused by the 
elastic deformation of the moving body or the surface on which it moves. The geometry of 
the members in rolling contact, the magnitude of applied forces, and the elasticity ofthe con
tacting materials all play a part in determining the amount of resistance. Viscoelastic effects 
relate to the forces cau.sed by deformation of flexible materials, such as elastomers, during 
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contact. Hydrodynamic resistance, also called the viscous effect, is caused by the relative 
motion among the molecules of fluid lubricants between the moving mafing components. 
This is the primary form of resistance in full-film hydrodynamically lubricated bearings. All 
or many of these forms of friction exist simultaneously in most practical machines. 

Lubricants 

Some of the important functions of lubricants are to reduce friction, remove heat from bear
ings and other machine elements where friction occurs, and to suspend contaminants. Sev
eral properties contribute to safisfactory lubricant performance: 

• Good lubricity or oiliness to promote low friction 

• Adequate viscosity for the application 

• Low volatility under operating conditions 

• Satisfactory flow characteristics at the temperatures encountered in use 

• Appropriate thermal conductivity and specific heat to perform the heat transfer 
function 

• Good chemical and thermal stability and the ability to maintain desirable charac
teristics for a reasonable period of use 

• Compatibility with other materials in the system such as bearings, seals, and ma
chine parts, particularly with regard to corrosion protection and degradation 

• Environmental friendliness 

Here we discuss the basic nature of oils, greases, and solid lubricants. 

Oils. Vendors of lubricating oils offer a huge variety of grades. One general classifica
tion is between refined natural petroleum oil and synthetic lubricants. Typically, natural oils 
are lower cost and can provide satisfactory service for general-purpose lubrication. Addi
tives are frequently compounded with the natural oil to enhance viscosity, improve viscos
ity index (decrea.se the variation of viscosity with temperature), reduce corrosion potenfial, 
retard oxidation or other forms of chemical breakdown, or increase the ability to withstand 
localized high pressure. Synthetic lubricants are specially designed chemical formulations 
that can be tailored to specific applications. While performance is better than natural oils, 
cost is typically higher. 

Lubricants are offered in categories such as engine oils, gear oils, compressor oils, tur
bine oils, general-purpose lubricafing oils, chain lubricants, bearing oils, food machinery lu
bricants, automatic transmission fluids, hydraulic oils, and metalworking fluids. Intemet sites 
11-13 and 16 provide good examples ofthe types of lubricants available. Properties of lubri
cants that can affect selection are viscosity grade, viscosity index, and corrosion protection. 

Viscosity grades are typically reported using the ISO (Intemational Standards Orga
nization) rating system. The grade number is the kinematic viscosity ofthe oil in centistokes 
measured at 40°C (104°F). Common ISO grades for lubricants are 32,46,68,100,150,220, 
320, 460, 680, and 1000. Gear oils are typically grades 150 to 680, depending on environ
mental temperature and degree of loading. Often the viscosity will also be reported at 
100°C (212°F) as an indication of the variation of viscosity with temperature. This is not a 
part ofthe ISO classification and is influenced primarily by the property of viscosity index, 
discussed later in this section. 

The American Gear Manufacturers Association (AGMA) defines lubricant numbers 
from 0 through 15, with numbers 3 to 8 being the most common for general power trans-
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mission uses. The basic viscosities for AGMA grades 0 to 8 correlate with ISO vi.scosity 
grades as follows. 

AGMA 

0 

I 

2 

ISO 

32 

46 

68 

AGMA 

3 

A 

5 

ISO 

100 

150 

220 

AGMA 

6 

7 

8 

ISO 

320 

460 

680 

Suffixes are added to the AGMA grade designations; EP for extreme pressure, and S for 
synthetic oils. See References 10 and 26 for Chapter 9. See also Section 9-17. 

SAE vi.scosity grades are also used to report oil viscosity. Similar to the grades used 
in automotive engines, SAE oils are also good for general lubrication and for gear-type 
power transmissions. Common grades are SAE 20, 30, 40, 50, 60, 85. 90, 140, and 250. 
These grades must conform to limits of kinematic viscosity in centistokes measured at 
100°C (2I2°F). The W-grades of SAE oils, such as SAE 20W, must have viscosities less 
than specified limits at low temperatures ranging from -5°C to -55°C (23°F to -67''F). 
See Reference 12. This ensures that the lubricant can flow to critical surfaces in cold en
vironments, particularly during equipment startup. Gear oils are typically SAE grades 80 
to 250. 

Viscosity index (Vl) is a measure of how greatly the viscosity of a fluid changes with 
temperature. VI is determined by measuring the viscosity of the sample fluid at 40°C 
(104°F) and 100°C (212°F) and comparing these values with those of certain reference flu
ids that were assigned VI values of 0 and 100. 

' t ' 

A fluid with a high VI exhibits a small change in viscosity with temperature. 

A fluid with a low VI exhibits a large change in viscosity with temperature. 

For most lubricants, a high VI is desirable because it would provide more reliable protec
tion and exhibit a more uniform performance as the temperature varies. Commercially 
available lubricants report VI values from approximately 90 to 250. Gear lubricants typi
cally have a VI of approximately 150. Additives, typically organic polymers, are used to im
prove viscosity and adjust viscosity index. 

Corrosion protection can be tailored for specific applications by blending various ad
ditives with the base oil. Rust inhibitors for ferrous materials or copper and bronze corro
sion protection are common. Oxidation inhibitors are used to prolong the life of oils. 
Extreme pressure additives help prevent scuffing in heavily loaded applications. Foam con
trol additives prevent foaming where gears or other machine elements churn in an oil bath. 

Greases. Grease is a two-pha.se lubricant composed of a thickener dispersed in a base 
fluid, typically an oil. When applied to the interface between moving components, the 
grease tends to remain in place and adhere to the surfaces. The oil provides lubrication in a 
manner similar to that already discussed. As long as there is a sufficient amount of grease 
at the interface, continuous lubrication is provided. Some mechanisms are said to be lubri
cated for life. However, the designer must take great care to ensure that grease is not dis
placed from the critical areas that need it or to design the system for periodic reapplication 
ofthe grease. Some components such as bearings are provided with grea.se fittings for re
plenishing the supply and for discharging contaminated or oxidized grease. 

Several kinds of thickeners are used in combination with natural or synthetic oils. See 
Intemet sites 14 and 15 for examples. Thickeners are soaps formed by the reaction of animal 
or vegetable fats with alkaline substances such as lithium, calcium, an aluminum complex. 

http://grea.se


690 Chapter 16 • Plain Surface Bearings 

clay, polyurea, and others. Lithium 12-hydroxy stearate is the most often used form. Soaps 
have a smooth buttery consistency and hold the oil in suspension until it is drawn out in the 
zone to be lubricated. Additives provide extreme pressure (EP) capability, ru.st protecfion, 
oxidation stability, and improved pumpability ofthe grease. 

The National Lubricating Grease Institute (NLGI) defines nine ranges of consistency, 
labeled 000 through 6, from semifluid to soft, medium hard, hard, and rigid block. Grade 
#2 is good for general industrial applications. 

Solid Lubricants. Some applications cannot employ oils or greases because of con
taminafion of other parts ofthe system, exposure to foods, excessively high or low temper
atures, operation in a vacuum, or other environmental considerations. In such cases the 
designer may specify solid materials that have inherently good lubricating properties or add 
solid lubricants on critical surfaces. The .section on boundary lubrication has already dis
cussed various formulations of PTFE (polytetrafluoroethylene) as examples of materials 
with good lubricity. 

A solid lubricant is a thin solid film that reduces fricfion and wear. Some are applied 
in powder form by brushing, spraying, or dipping, and they then adhere to mating surfaces. 
Binders are often blended with the base material to facilitate application and to promote ad
hesion. Curing in air or by baking is required. 

Molybdenum disulfide (MoS^) and graphite are two often-used types of solid lubri
cants. Others are lead iodide (PbL), silver sulfate (AgSOj), tungsten disulfide, and stearic 
acid. An example of their effectiveness is the reduction of the coefficient of sliding fric
tion for steel on steel from approximately 0.50 for dry clean surfaces to the range from 
0.03 to 0.06. 

Wear 

Wear is the gradual removal of surface material from sliding surfaces. It is a complex 
process with numerous variables. Only testing under real conditions of service can predict 
actual wear in a given .system. Several types of wear occur: 

• Pitting, galling, scufting, or scoring that typically result from high contact stresses 
and fatigue of surface material during rolling or sliding contact 

• Abrasive wear, mechanical .scraping, cutting, or scratching such as by hard con
taminants in the interface between mating parts 

• Fretting, the cyclic sliding of very small amplitude that displaces surface material. 
The subsequent accumulation of the debris tends to accelerate the process. Con
tinued operation produces a surface appearance similar to corrosion and can gen
erate small cracks from which ultimate fatigue failure can occur. It often occurs 
when tight-fitting parts are subjected to o.scillating loads or vibrafion. 

• Impingement wear caused by the eroding of material due to hard moving materi
als hitting the surface, perhaps carried by air or fluids. High velocity fluids, such 
as the discharge from high-pressure washers, can themselves cause such wear 

While it is not possible to prescribe specific approaches to reduce wear, the following are the 
things a designer may try. Again, testing is the only way to ensure satisfactory operation. 

1. Keep contact force low between sliding surfaces. 

2. Maintain low temperature at the mating surfaces. 

3. Use hard contacting surfaces. 
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4. Produce smooth mating surfaces. 

5. Maintain continuous lubrication to reduce friction. 

6. Keep the relative velocity between mating surfaces low. 

7. Specify materials that have inherently good wear properties. 

Many material suppliers will report wear properties of their materials when operating 
against a similar or dissimilar material. These data are acquired by testing under carefully 
controlled laboratory conditions. Typically one member of a pair of materials is moved at 
a known velocity such as by rotation. The mating material is held stationary and under a 
known load. Careful measurements are made ofthe original weight and dimensions ofthe 
specimens of mating materials. After a sizable time of operation, the specimens are again 
weighed and measured to determine how much material has been removed. The results are 
reported as wear, computed from an equation such as, 

K= W/FVT (16-9) 

where K = wear factor for the materials 
W = wear measured as loss of weight or volume 
F — applied load 
V = linear relative velocity between the sliding members 
T = time of operation 

Comparing the K factors for a variety of materials being considered can aid the designer in 
material selection. 
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I N T E R N E T S I T E S R E L A T E D TO P L A I N B E A R I N G S 
A N D L U B R I C A T I O N 

1. Copper Development Association (CDA). 
www.copperorg Industry association of companies 
and organizations involved in the production and use of 
copper, including cast bronze bearings and porous 
bronze bushings. Site includes some technical 
information on the design of plain bronze bearings. Also 
publishes the useful Cast Bronze Bearing Design 
Manual. 

2. Thomson Industries, Inc. 
www.thoinsonindustries.com Manufacturer of plain 
plastic bearings under the brand names Nyliner® and 
Nyliner Plus®. 

3. Saint-Gobain Performance Plastics, www.saint-
gohain.coni Manufacturer of plain plastic bearings 
under the brand name Rulon®, available in 15 
formulations. 

4. Glacier Gartock Bearings. 
www.garlockbearings.com Manufacturer of a variety 
of plain bearings made from a composite of PTFE 
plastic, porous bronze, and steel or fiberglass under the 
brand names DU®. DX®, Gar-Fil®, and Gar-Max®. 

5. Graphite Metallizing Corporation. 
www.graphalloy.com Manufacturer of plain bearings 
under the Graphalloy® brand name. Graphalloy® is a 
graphite-metal alloy formed from molten metal and 
graphite to make a uniform, solid, self-lubricating 
bushing material, available in over 100 grades. 

6. Beemer Precision, Inc. www.beemerprecision.com 
Manufacturer of plain bearings made from cast bronze 
and porous sintered bronze impregnated with oil under 
the Oilite® brand. 

7. Bunting Bearings Corporation. 
www.buntingbearings.c(mi Manufacturer of plain 
bearings made from cast bronze, porous sintered bronze 
impregnated with oil, and plastic bearings made from 
Nylon, Rulon®, and Vespel®. Also makes the KU 
bearing consisting of a steel backing strip, a porous 
bronze matrix impregnated and overlaid with a 
PTFE/lead lining for low friction coefficient. 

8. Zincaloy, Inc. www.teamtube.com Manufacturer of 
continuous cast ZA-12 zinc-aluminum alloy 
(Zincaloy^*^') used for bearings in mining, construction, 
forestry, and off-road vehicle industries. Team Tube Ltd. 
is an authorized distributor of Zincaloy bearing stock. 

9. Rockwell Automation/Dodge, www.dodge-pt.com 
Manufacturer of mounted plain self-lubricating sleeve 
bearings under the Solidlube® brand used in general 

industrial, material handling, and bulk materials 
industries. Also available are Bronzoil® bearings with 
oil impregnated porous bronze, babbitted and bronze 
bushed bearings, and flange-mounted M Series 
Hydrodynamic bearings specifically designed for large 
motors and generators. 

10. Waukesha Bearings Corporation. 
www.waiikbearing.com Manufacturer of fluid film 
hydrodynamic sleeve bearings, tilting pad thrust and 
joumal bearings, and housings for the bearings. These 
bearings are used for turbines, compressors, generators, 
gearboxes, and other types of rotating equipment. 

11. Exxon-Mobol, Inc. www.mobil.com Producer of a 
wide variety of lubricants for general industry, 
automotive, turbine, compressor, and engine 
applications. Data sheets provided under the Products 
and Applications page. 

12. BP-Amoco, Inc. www.hplubricants.co.uk Producer 
of a wide variety of lubricants for general industry, 
automotive, turbine, compressor, and engine 
applications. Data sheets provided under the Products 
and Ser\>ices page. 

13. Shell Oil Company, www.shell-lubricants.com 
Producer of a wide variety of lubricants for general 
industry, automotive, turbine, compressor, and engine 
applications. Data sheets provided under the Industrial 
Lubricants page found through the "Browse by 
application" feature. 

14. National Lubricating Grease Institute. 
www.nlgi.ctnn An association of companies and 
research organizations that develop, manufacture, 
distribute, and use greases. Establishes standards and 
provides publications and technical articles on grease. 

15. Lubrizol Corporation, www.lubrizol.com 
Manufacturer of a large variety of greases and additives 
for the lubrication industry. The Knowledge section of 
the site provides much information about the science 
and technology of lubrication, a listing of numerous 
product formulations, a guide for the choice of 
additives, and recommendations for use. 

16. LubeLink.com www.lubelink.com "The Portal for 
Information on the Worldwide Lubricant Market." Lists 
live links to companies providing lubrication products 
and services, testing laboratories, original equipment 
manufacturers that are heavy users of lubricants for 
vehicular and industrial applications, and industry 
associations related to the lubrication field. 
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P R O B L E M S 

For Problems 1-8 and the data listed in Table 16-2, design a TABLE 16-3 
plain surface bearing, using the boundary-lubricated approach 
of Section 16-5. Use an LID ratio for the bearing in the range 
of 0.50 to 1.50. Compute the pV factor, and specify a material 
from Table 16-1. 

TABLE 16-2 

Problem 
number 

Radial 
load 
(lb) 

Shaft 
diameter 

(in) 
Shaft speed 

(rpm) 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 

225 
100 
200 
75 

850 
500 
800 
60 

3.00 
1.50 
1.25 
0.50 
4.50 
3.75 
3.00 
0.75 

1750 
1150 
850 
600 
625 
450 
350 
750 

Problem 
number 

Radial 
load 

Min. 
shaft 

diameter 

Shaft 
speed 
(rpm) Application 

9. 
10. 
11. 
12. 
13. 
14. 
15. 

16. 
17. 
18. 

1250 lb 
2250 Ib 
1875 1b 
12501b 
500 lb 
8501b 

4200 lb 

18.7 kN 
2.25 kN 
5.75 kN 

2.60 in 
3.50 in 
2.25 in 
1.75 in 
1.15 in 
1.45 in 
4.30 in 

100 mm 
25 mm 
65 mm 

1750 
850 

1150 
600 

2500 
1200 
450 

500 
2200 
1750 

Electric motor 
Conveyor 
Air compressor 
Precision spindle 
Precision spindle 
Idler sheave 
Shaft for chain 

drive 
Conveyor 
Machine tool 
Printer 

For Problems 9-18 and the data listed in Table 16-3. design a 
hydrodynamically lubricated bearing, using the method out
lined in Section 16-7. Specify the joumal nominal diameter, 
the bearing length, the diametral clearance, the minimum film 
thickness of the lubricant during operation, the surface finish 
of the joumal and bearing, the lubricant, and its maximum op
erating temperature. For your design, compute the coefficient 
of friction, the friction torque, and the power dissipated as the 
resuh of friction. 

For Problems 19-28 and the data listed in Table 16-4. design 
a hydrostatic bearing of circular shape. Specify the pad diam
eter, the recess diameter, the recess pressure, the film thick
ness, the lubricant and its temperature, the oil flow rate, and the 
pumping power The load specified is for a single bearing. You 
may choose to use multiple bearings. (The supply pressure is 
the maximum available at the pump.) 

TABLE 1 6 ^ 

Problem 
number 

19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 

Load 

1250 lb 
5000 lb 
3500 lb 

750 lb 
250 lb 
500 lb 

22.5 kN 
1.20 kN 
8.25 kN 
12.5 kN 

Supply 
pressure 

300 psi 
300 psi 
500 psi 
500 psi 
150 psi 
150 psi 
2.0 MPa 

750 kPa 
1.5 MPa 
1.5 MPa 
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Discussion Map 

• Many kinds of mechanical 
devices produce linear 
motion for machines such 
as automation equipment, 
packaging systems, and 
machine tools. 

D Power screws, jacks and 
ball screws are designed to 
convert rotary motion to 
linear motion and to exert 
the necessary force to move 
a machine element along a 
desired path. They use the 
principle of a screw thread 
and its mating nut. 

Discover 

Visit a machine shop and see if you can identify power 
screws, ball screws, or other linear motion devices. 
Look In particular at the lathes and the milling 
machines. Manual machines likely use power screws. 
Those using computer numerical control should have 
ball screws. Descnbe the shape of the threads. How 
are the screws powered? Flow are they fastened to 
other machine parts? 
Can you find other equipment that uses linear motion 
devices? Look in laboratories where materials are 
tested or where large torces must be generated. 

This chapter will help you learn to analyze power 
screws and ball screw drives and to specify suitable 
sizes for a given application. 

A common requirement in mechanical design is to move components in a straight line. Ele
vators move vertically up or down. Machine tools move cutting tools or parts to be machined 
in straight lines, either horizontally or vertically, to shape metal into desired forms. A preci
sion measuring device moves a probe in straight lines to determine electronically the di
mensions of a part. Assembly machines require many .straight-line motions to insert 
components and to fasten them together. A packaging machine moves products into cartons, 
closes flaps, and seals the cartons. 

Some examples of components and systems that facilitate linear motion are: 

Power screws 

Linear actuators 

Linear solenoids 

Ball screws 

Linear slides 

Positioning stages 

Jacks 

Ball bushings 

X-Y-Z tables 

Fluid power cylinders 

Rack and pinion sets 

Gantry tables 

Figure 17-1 (a) shows a cutaway viewofajack that employs a power screw to produce 
linear motion. Power is delivered to the input shaft by an electric motor. The worm, machined 
integral with the input shaft, drives the wormgear, resulting in a reduction in the speed of ro
tation. The inside ofthe wormgear has machined threads that engage the extemal threads of 
the power screw, driving it vertically. Figure 17-1 (b) shows the screw jack mated with an ex
temal gear reducer and motor to provide a complete linear motion system. Limit switches, 
position sensors, and programmable logic controllers can be used to control the motion cy
cle. These and other types of linear actuators can be seen on Internet sites 1-10. 

Rack and pinion sets are di.scussed in Chapter 8. Fluid power actuators employ oil hy
draulic or pneumatic fluid pressure to extend or retract a piston rod within a cylinder as dis
cussed in textbooks on fluid power. Positioning stages, X-Y-Z tables, and gantry tables 
typically are driven by precision stepper motors or servomechanisms that allow precision 
locafion of components anywhere within their control volume. Linear solenoids are devices 
that cause a rodlike core to be extended or retracted as power is supplied to an electrical 
coil, producing rapid movement over small distances. Applications are seen in office 
equipment, automation devices, and packaging systems. See Internet site 11. 
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(b) Self-contained ComDRIVE® motorized actuator 
(a) Cutaway of a machine screw jack 

FIGURE 17-1 Examples of linear motion machine elements (Joyce/Dayton Corporation, Dayton, OH) 

Linear slides and ball bushings are designed to guide mechanical components along 
a precise linear track. Low friction materials or rolling contact elements are used to produce 
smooth motion with low power required. See Intemet sites 1, 3, 5, and 7-9. 

Power screws and ball screws are designed to convert rotary motion to linear mofion 
and to exert the necessary force to move a machine element along a desired path. Power 
screws operate on the classic principle ofthe screw thread and its mating nut. If the screw 
is supported in bearings and rotated while the nut is restrained from rotating, the nut will 
translate along the screw. If the nut is made an integral part of a machine, for example, the 
tool holder for a lathe, the screw will drive the tool holder along the bed of the machine to 
take a cut. Conversely, if the nut is supported while it is rotating, the screw can be made to 
translate. The screw jack uses this approach. 

A ball screw is similar in function to a power screw, but the configuration is differ
ent. The nut contains many small, spherical balls that make rolling contact with the threads 
of the screw, giving low friction and high efficiencies when compared with power screws. 
Modern machine tools, automation equipment, vehicle steering systems, and actuators on 
aircraft use ball screws for high precision, fast response, and smooth operafion. 

Visit a machine shop where there are metal-cutting machine tools. Look for examples 
of power screws that convert rotary motion to linear mofion. They are likely to be on man
ual lathes moving the tool holder. Or look at the table drive for a milling machine. Inspect 
the form of the threads of the power screw. Are they of a form similar to that of a screw 
thread with sloped sides? Or are the sides of the threads straight? Compare the screw 
threads with those shown in Figure 17-2 for square. Acme, and buttress forms. 

While in the shop, do you see any type of material-tesfing equipment or a device 
called an arbor press that exerts large axial forces? Such machines often employ square-
thread power screws to produce the axial force and motion from rotational input, through 
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FIGURE 17-2 
Forms of power screw 
threads [(b), ANSI 
Standard B 1.5-1973; 
(c), ANSI Standard 
B 1.9-1973] 

Square Acme 

(a) Square thread 

p = pitch 

0.163p 

(/') Acme thread 
(Ref.: ANSI B1.5-1973) 

((•) Buttress thread 
(Ref.: ANSI BI.9-1973) 

FIGURE 17-3 Ball 
bearing screw 
(Thomson Industries, 
Inc., Port Washington, 
NY) 

Return tube 

Bearing balls 

Ball nut 

either a hand crank or an electric motor drive. If they are not in the machine shop, look for 
them in the metallurgy lab or another room where materials testing is done. 

Now look further in the machine shop. Are there machines that use digital readouts 
to indicate position of the table or the tool? Are there computer numerical control machine 
tools? Any of these types of machines should have ball .screws rather than the traditional 
power screws because ball screws require significantly less power and torque to drive them 
against a given load. They can also be moved faster and positioned more accurately than 
power screws. You may or may not be able to see the recirculating balls in the nut of the 
power .screw, as illustrated in Figure 17-3. But you should be able to see the difterent-
shaped threads looking like grooves with circular bottoms in which the spherical balls roll. 

Have you .seen such power screws or ball screws anywhere outside a machine shop? 
Some garage door openers employ a screw drive, but others use chain drives. Perhaps your 
home has a .screw jack or a scis.sors jack for raising the car to change a tire. Both u.se power 
screws. Have you ever sat in a seat on an airplane where you can see the mechanisms that 
actuate the flaps on the rear edge of the wings? Try it .sometime, and observe the actuators 
during takeoff or landing. It is likely that you will see a ball screw in action. 

This chapter will help you learn the methods of analyzing the performance of power 
screws and ball screws and to specify the proper size for a given application. 



698 Chapter 17 • Linear Motion Elements 

You Are the Designer 

You are a member of a plant engineering team for a large 
steel processing plant. One of the furnaces in the plant in 
which steel is heated prior to final heat treatment is in
stalled beneath the floor, and the large ingots are lowered 
vertically into it. While the ingots are soaking in the furnace, 
a large, heavy hatch is placed over the opening to minimize 
the escape of heat and provide more uniform temperature. 
The hatch weighs 25 000 Ib. 

You are asked to design a system that will permit the 
hatch to be raised at least 15 in above the floor within 
12.0 s and to lower it again within 12.0 s. 

What design concept would you propose? Of 
course, there are many feasible concepts, but sup
pose that you proposed a system like that sketched in 
Figure 17-4. An overhead support structure is sug
gested on which a worm/wormgear drive system 
would be mounted. One shaft would be driven directly 
by the gear drive while a second shaft would be driven 
simultaneously by a chain drive. The shafts are power 

screws, supported in bearings at the top and bottom. 
A yoke is connected to the hatch and is mounted on 
the screws with the nuts that mate with the screw inte
gral with the yoke. Therefore, as the screw rotates, the 
nuts carry the yoke and the hatch vertically upward or 
downward. 

As the designer of the hatch lift system, you must 
make several decisions. What size screw is required to 
ensure that it can safely raise the 25 000-lb hatch? No
tice that the screws are placed in tension as they are sup
ported on the collars on the upper support system. What 
diameter, thread type, and thread size should be used? 
The sketch suggests the Acme thread form. What other 
styles are available? At what speed must the screws be 
rotated to raise the hatch in 12.0 s or less? How much 
power is required to drive the screws? What safety con
cerns exist while the system is handling this heavy load? 
What advantage would there be to using a ball screw 
rather than a power screw? 

The material in this chapter will help you make these de
cisions, along with providing methods of computing 
stresses, torques, and efficiencies. 

FIGURE 1 7 ^ An 
Acme screw-driven 
system for raising a 
hatch 
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17-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Describe the operation of a power screw and the general form of square threads, 
Acme threads, and buUress threads as they are applied to power screws. 

2. Compute the torque that must be applied to a power screw to raise or lower a load. 

3. Compute the efficiency of power screws. 
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4. Compute the power required to drive a power screw. 

5. Describe the design of a ball screw and its mating nut. 

6. Specify suitable ball screws for a given set of requirements of load, .speed, and life. 

7. Compute the torque required to drive a ball screw, and compute its efficiency. 

17-2 
POWER SCREWS 

Figure 17-2 shows three types of power screw threads: the square thread, the Acme thread, 
and the buttress thread. Ofthese, the square and buttress threads are the most eftlcient. That 
is, they require the least torque to move a given load along the screw. However, the Acme 
thread is not greatly less efficient, and it is easier to machine. The buttress thread is desir
able when force is to be transmitted in only one direction. 

Table 17-1 gives the preferred combinations of basic major diameter, D. and number 
of threads per inch, n. for Acme screw threads. The pitch, p. is the distance from a point on 
one thread to the corresponding point on the adjacent thread, and p = \/n. 

Other pertinent dimensions listed in Table 17-1 include the minimum minor diameter 
and the minimum pitch diameter of a screw with an external thread. When you are perform
ing stress analyses on the screw, the safest approach is to compute the area corresponding to 
the minor diameter for tensile or compressive stresses. However, a more accurate stress com
putation results from using the tensde stress area (listed in Table 17-1). found from 

o Tensile Stress Area 
for Screw Threads A =-

A< 4 

D, + D ; 
(17-1) 

TABLE 17-1 Preferred Acme screw threads 

Nominal 
major 

diameter. D (in) 

1/4 
5/16 

3/8 
7/16 

1/2 
5/8 
3/4 
7/8 

1 
1 

1« 
1 

l 4 
1 

1« 
\\ 

1 

13 
2 
2i 
2\ 
7A 

3 
3^ 
4 
4i 
5 

Threads 
per in. 

/( 

16 
14 
12 
12 
10 
8 
6 
6 
5 
5 
5 
4 
4 
4 
4 
3 
3 
3 
2 
2 
2 
2 
2 

Pitch. 
/) = 1//; 

(in) 

0.0625 
0.0714 
0.0833 
0.0833 
0.1000 
0.1250 
0.1667 
0.1667 
0.2000 
0.2000 
0.2000 
0.2500 
0.2500 
0.2500 
0.2500 
0.3333 
0.3333 
0.3333 
0.5000 
0.5000 
0.5000 
0.5000 
0.5000 

Minimum 
minor 

diameter, D,(m) 

0.1618 
0.2140 
0.2632 
0.3253 
0.3594 
0.4570 
0.5371 
0.6615 
0.7509 
0.8753 
0.9998 
1.0719 
1.1965 
1.4456 
1.6948 
1.8572 
2.1065 
2.3558 
2.4326 
2.9314 
3.4302 
3.9291 
4.4281 

Minimum 
pitch 

diameter, D ,̂(in) 

0.2043 
0.2614 
0.3161 
0.3783 
0.4306 
0.5408 
0.6424 
0.7663 
0.8726 
0.9967 
1.1210 
1.2188 
1.3429 
1.5916 
1.8402 
2.0450 
2.2939 
2.5427 
2.7044 
3.2026 
3.7008 
4.1991 
4.6973 

Tensile 
stress 

area, /I,(in") 

0.026 32 
0.044 38 
0.065 89 
0.097 20 
0.1225 
0.1955 
0.2732 
0.4003 
0.5175 
0.6881 
0.8831 
1.030 
1.266 
1.811 
2.454 
2.982 
3.802 
4.711 
5.181 
7.388 
9.985 

12.972 
16.351 

Shear 
stress 

area, /t^iin")"' 

0.3355 
0.4344 
0.5276 
0.6396 
0.7278 
0.9180 
1.084 
1.313 
1.493 
1.722 
1.952 
2.110 
2.341 
2.803 
3.262 
3.610 
4.075 
4.538 
4.757 
5.700 
6.640 
7.577 
8.511 

Ter inch of length of engagement. 
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FIGURE 17-5 
Screw thread force 
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This is the area corresponding to the average of the minor (or root) diameter, D,, and the 
pitch diameter, D,,. The data reflect the minimums for commercially available screws ac
cording to recommended tolerances. 

Another failure mode for a power screw is the shearing of the threads in the axial di
rection, cutting them away from the main shaft near the pitch diameter. The shear stress is 
computed from the direct stress formula, 

T = F/A, 

The shear stress area. A,, listed in Table 17-1 is also found in published data and rep
resents the area in shear approximately at the pitch line ofthe threads for a 1.0-in length of 
engagement. Other lengths would require that the area be modified by the rafio of the ac
tual length to 1.0 in. 

o 
Torque Required to 

Move a Load up a 
Power Screw with a 

Square Thread 

Torque Required to Move a Load 

When using a power screw to exert a force, as with a jack raising a load, you need to know 
how much torque must be applied to the nut of the screw to move the load. The parameters 
involved are the force to be moved, F: the size of the screw, as indicated by its pitch diam
eter, D ;̂ the lead of the screw, L; and the coefficient of friction,/. Note that the lead is de
fined as the axial distance that the screw would move in one complete revolution. For the 
usual case of a single-threaded screw, the lead is equal to the pitch and can be read from 
Table 17-1 or computed from L = p = \/n. 

In the development of Equation (17-2) for the torque required to tum the screw. Figure 
I7-5(a), which depicts a load being pushed up an inclined plane against a fricfion force, is 
used. This is a reasonable representation for a square thread if you think of the thread as being 
unwrapped from the screw and laid flat. The torque for an Acme thread is slightly different 
from this due to the thread angle. The revised equation for the Acme thread will be shown later. 

The torque computed from Equation (17-2) is called T„. implying that the force is ap
plied to move a load up the plane, that is, to raise the load. This observation is completely 
appropriate if the load is raised vertically, as with a jack. If however, the load is horizontal 
or at some angle. Equation (17-2) is still valid if the load is to be advanced along the screw 
"up the thread." Equation (17^) shows the required torque, Tj, to lower a load or move a 
load "down the thread." 

The torque to move a load up the thread is 

T = 
FD„ 

TTD„ - / L . 
(17-2) 
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Torque Required 
to Lower a Load 

Down a Power 
Screw with 

a Square Thread 

This equation accounts for the force required to overcome friction between the screw and 
the nut in addition to the force required just to move the load. If the screw or the nut bears 
against a stationary surface while rotating, there will be an additional friction torque devel
oped at that surface. For this reason, many jacks and similar devices incorporate antifric
tion bearings at such points. 

The coeftlcient of friction for use in Equation (17-2) depends on the materials used 
and the manner of lubricating the screw. For well-lubricated steel screws acting in steel 
nuts,/= 0.15 should be conservafive. 

An important factor in the analysis for torque is the angle of inclination of the plane. 
In a screw thread, the angle of inclination is referred to as the lead angle, X, It is the angle 
between the tangent to the helix of the thread and the plane transverse to the axis of the 
screw. It can be seen from Figure 17-5 that 

tan X = L/(KD^) 

where KD^, = circumference ofthe pitch line ofthe screw 

(17-3) 

Then if the rotation ofthe screw tends to rai.se the load (move it up the incline), the friction 
force opposes the motion and acts down the plane. 

Conversely, if the rotation of the screw tends to lower the load, the friction force will 
act up the plane, as shown in Figure 17-5(b). The torque analysis changes, producing Equa
fion (17-4): 

T,^ 
FD., irfD,, - L 

.TTD, + fL 
(17^) 

If the screw thread is steep (that is, if it has a high lead angle), the friction force may 
not be able to overcome the tendency for the load to "slide" down the plane, and the load will 
fall due to gravity. In most cases for power screws with single threads, however, the lead an
gle is rather small, and the friction force is large enough to oppose the load and keep it from 
sliding down the plane. Such a screw is called self-locking, a desirable characteristic for jacks 
and similar devices. Quantitatively, the condition that must be met for self-locking is 

/ > tan A. (17-5) 

The coefficient of friction must be greater than the tangent of the lead angle. For/ = 0.15, the 
corresponding value ofthe lead angle is 8.5°. For/= 0.1, for very smooth, well-lubricated sur
faces, the lead angle for .self-locking is 5.7°. The lead angles for the screw designs listed in Table 
17-1 range from 1.94° to 5.57°. Thus, it is expected that all would be self-locking. However, op
eration under vibration should be avoided, as this may still cause movement ofthe screw. 

Efficiency of a Power Screw 

Efficiency for the transmission of a force by a power screw can be expressed as the ratio ofthe 
torque required to move the load without friction to that with friction. Equation (17-2) gives 
the torque required with friction, T^. Letting/= 0, the torque required without friction, T, is 

Efficiency of a 
Power Screw 

Then the efficiency, e. is 

r = 
FU^ 

2 

r 
T„ 

L FL 
TTD^ 2 IT 

FL 
2TTT 

(17-6) 

(17-7) 

http://rai.se
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o 

o 

o 

Torque to Raise 
a Load with a 

Square Thread 

Torque to Lower 
a Load with a 

Square Thread 

Torque to Raise 
a Load with an 

Acme Thread 

Torque to Lower 
a Load with an 

Acme Thread 

Alternate Forms of the Torque Equations 

Equations (17-2) and (17-4) can be expressed in terms of the lead angle, rather than the 
lead and the pitch diameter, by noting the relation,ship in Equafion (17-3). With this sub
stitution, the torque required to move the load would be 

FD„ 
T = 

(tan \ + /) 
(1 - / t a n X ) . 

(17-8) 

and the torque required to lower the load is 

T,= 
FD,, {f - tanX) 

2 [(1 + / t a n \ ) _ 
(17-9) 

Adjustment for Acme Threads 

The difterence between Acme threads and square threads is the presence of the thread an
gle, 0. Note from Figure 17-1 that 20 = 29°, and therefore (j) = 14.5°. This changes the di
rection of action ofthe forces on the thread from that depicted in Figure 17-5. Figure 17-6 
shows that F would have to be replaced by F/cos ^. Carrying this through, the analysis for 
torque would give the following modified forms of Equafions (17-8) and (17-9). The 
torque to move the load up the thread is 

FD„ (cos 4> tan \ -I- /) 

(cos 4) - / tan \ ) 
(17-10) 

and the torque to move the load down the thread is 

FD„ (f — cos 4) tan \ ) 
(17-11) 

(cos 4) -I- /tan \ ) 

Power Required to Drive a Power Screw 

If the torque required to rotate the screw is applied at a constant rotational speed, n, then 
the power in horsepower to drive the screw is 

Tn 
63 000 

References 1 and 2 include more detail about the formulas that characterize the perform
ance of power screws. 

FIGURE 17-6 Force 
on an Acme thread 

14.5' 

(a) Force normal to 
a square thread 

(/;) Force normal to 
an Acme thread 
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Example Problem 17-1 Two Acme-threaded power screws are to be used to raise a heavy access hatch, as sketched 
in Figure 1 7 ^ . The total weight ofthe hatch is 25 000 lb, divided equally between the two 
screws. Select a satisfactory screw from Table 17-1 on the basis of tensile strength, limit
ing the tensile stress to 10 000 psi. Then determine the required thickness of the yoke that 
acts as the nut on the screw to limit the shear stress in the threads to 5000 psi. For the screw 
thus designed, compute the lead angle, the torque required to raise the load, the efficiency 
of the screw, and the torque required to lower the load. Use a coeftlcient of friction of 0.15. 

Solution The load to be lifted places each screw in direct tension. Therefore, the required tensile 

stress area is 

F 12 5001b 
A,= 

Orf lOOOOlb/in-
= 1.25 in-

From Table 17-1. a 1 ^-in-diameter Acme thread screw with four threads per inch would 

provide a tensile stress area of 1.266 i n . 

For this screw, each inch of length of a nut would provide 2.341 in" of shear stress 

area in the threads. The required shear area is then 

^ ^ ^ 12 5001b 

' " TJ 5000 lb/in' 

Then the required length of the yoke would be 

1.0 in 
h -= 2.5 in-

2.341 im 

2.50 in-

= 1.07 in 

For convenience, let's specify h = 1.25 in. 
The lead angle is (remember that L = p = \/n = 1/4 = 0.250 in) 

0.250 
\ = tan ^ = t a n - ' = 3.39° 

TTD,, •"•• TT( 1.3429) 

The torque required to raise the load can be computed from Equation (17-10): 

FD,, (cos 4> tan X -I- / ) 

(cos 4> - .ftan X) 

Using cos (1) = cos( 14.5°) = 0.968, and tan X = tan(3.39°) = 0.0592, we have 

_ ( I2500lb)(1 .3429in) [(0.968)(0.0592) +0 .15 ] ^ ^^^^^^.-^^ 

T. - 2 [0.968 - (0.15)(0.0592)] 

The efficiency can be computed from Equation (17-7): 

_ ^ _ (1^5001b)(a250in) ^ ^^^^^ ^^ ^_^^^,^^ 

" ~ 2irT„ 2(7T)( 1809 Ib-in) 

The torque required to lower the load can be computed from Equation (17-11): 

(17-10) 

Tj = 

( / - cos 4> tan \ ; 
(17-11) 

(125001b)(1.3429in) [0T5jM0^968)(a0592)] ^ ^^^ ^̂^ .^ 

Td = 2 [0.968 + (0.15)(0.0592)] 
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Example Problem 17-2 It is desired to raise the hatch in Figure 17-4 a total of 15.0 inches in no more than 12.0 s. 
Compute the required rotational speed for the screws and the power required. 

Solution The screw selected in the solution for Example Problem 17-1 was a 1 y'm Acme-threaded 
.screw with four threads per inch. Thus, the load would be moved 1/4 in with each revolu
tion. The linear speed required is 

, , 15.0 in , TC • / 

^ = 72:o7=i-25'"/^ 

The required rotational speed would be 

1.25 in I rev 60s n = = 300 rpm 
s 0.25 in min 

Then the power required to drive each screw would be 

Tn (1809lb-in)(300rpm) 
P = 63 000 63 000 

= 8.61 hp 

Alternative Thread Forms for Power Screws 

While the standard Acme thread is probably the most widely used, others are available. The 
stub Acme thread has a similar form with a 29° angle between the sides, the depth of the 
thread is shorter, providing a stronger, more rigid thread. Metric power screws are typically 
made according to the ISO trapezoidal form that has a 30° included angle. 

The relatively low efficiency of standard single-thread Acme screws (approximately 
30% or less) can be a strong disadvantage. Higher efficiencies can be achieved using high 
lead, multiple thread designs. The higher lead angle produces efficiencies in the 30% to 
70% range. It should be understood that some mechanical advantage is lost so that higher 
torques are required to move a particular load as compared with single thread screws. See 
Internet site 10. 

17-3 
BALL SCREWS 

The basic action of using screws to produce linear motion from rotation was described in 
Section 17-2 on power screws. A special adaptafion of this action that minimizes the fric
tion between the screw threads and the mating nut is the ball screw. 

Figure 17-3 shows a cutaway view of a commercially available ball screw, ft re
places the sliding friction of the conventional power screw with the rolling fricfion of 
bearing balls. The bearing balls circulate in hardened steel races formed by concave hel
ical grooves in the screw and the nut. All reactive loads between the screw and the nut 
are carried by the bearing balls which provide the only physical contact between these 
members. As the screw and the nut rotate relative to each other, the bearing balls are di
verted from one end and are carried by the ball-guide return tubes to the opposite end of 
the ball nut. This recirculation permits unrestricted travel of the nut in relafion to the 
screw. (See Internet site 3.) 

Applications of ball screws occur in automotive steering systems, machine tool ta
bles, linear actuators, jacking and positioning mechanisms, aircraft controls such as flap ac
tuating devices, packaging equipment, and instruments. Figure 17-7 shows a machine with 
a ball screw installed to move a component along the ways of the bed. 
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FIGURE 17-7 
Application of a ball 
screw (Thomson 
Industries. Inc.. Port 
Washington, NY) 

The application parameters to be considered in selecting a ball screw include the 
following: 

The axial load to be exerted by the screw during rotation 

The rotational speed of the screw 

The maximum static load on the screw 

The direction of the load 

The manner of supporting the ends of the screw 

The length of the screw 

The expected life 

The environmental conditions 

Load-Life Relationship 

When transmitting a load, a ball screw experiences stresses similar to those on a ball bear
ing, as discus.sed in Chapter 14. The load is transferred from the screw to the balls, from the 
balls to the nut, and from the nut to the driven device. The contact stress between the balls 
and the races in which they roll eventually causes fatigue failure, indicated by pitting ofthe 
balls or the races. 

Thus, the rating of ball screws gives the load capacity of the screw for a given life 
which 90% of the screws of a given design will survive. This is similar to the L],, life of ball 
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Relationship 
between Bearing 

Load and Life 

hearings. Because ball screws are typically used as linear actuators, the most pertinent life 
parameter is the distance traveled by the nut relative to the screw. 

Manufacturers usually report the rated load that a given screw can exert for 1 million 
inches (25.4 km) of cumulative travel. The relationship between load, P, and life, L, is also 
similar to that for a ball bearing: 

L: 
Ii 

(17-12) 

Thus, if the load on a ball screw is doubled, the life is reduced to one-eighth of the original 
life. If the load is cut in half the life is increased by eight times. Figure 17-8 shows the 
nominal performance of ball screws of a small variety of sizes. Many more sizes and styles 
are available. 

Torque and Efficiency 

The efficiency of a ball bearing screw is typically taken to be 90%. This far exceeds the ef 
ficiency for power screws without rolling contact that are typically in the range of 20% to 
30%. Thus, far less torque is required to exert a given load with a given size of screw. Power 
is correspondingly reduced. The computation of the torque to turn is adapted from Equa
tion (17-7), relating efficiency to torque: 

o Efficiency 
of a Ball Screw 

FL 
2TTT.. 

(17-7) 

Then, usins e = 0.90, 

o Torque to Drive 
a Ball Screw 

T = FL 
Sire 

= O.MIFL (17-13) 

FIGURE 17-8 Ball 
screw performance 
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Because of the low friction, ball screws are virtually never self locking. In fact, de
signers also use this property to advantage by purposely using the applied load on the nut 
to rotate the screw. This is called backdriving; backdriving torque can be computed from 

r-\ Backdriving Torque _ FLe 
^ for a Ball Screw I,, ~ ^ = 0.\A3FL (17-14) 

Example Problem 17-3 Select suitable ball .screws for the application described in Example Problem 17-1 and il
lustrated in Figure 17^ . The hatch must be lifted 15.0 in to open it eight times per day, and 
then it must be closed. The design life is 10 years. The lifting or lowering is to be completed 
in no more than 12.0 s. 

For the screw selected, compute the torque to turn the screw, the power required, and 
the actual expected life. 

Solution The data required to select a screw from Figure 17-8 are the load and the travel of the nut 
on the .screw over the desired life. The load is 12 500 lb on each screw: 

„ , 15.0 in 2 .strokes 8 cycles 365 days 10 years 
Travel = ; ; ; = 8 76 X lOMn 

stroke cycle day year 

From Figure 17-8, the 2-in screw with two threads per inch and a lead of 0.50 in is safis
factory. 

The torque required to turn the screw is 

T„ = O.MIFL = 0.177(12 5001(0.50) = 1106 lb in 

The rotational speed required is 

1 rev 15.0 in 60 s , ^^ 
0.50 in 12.0s mm 

The power required for each screw is 

Tn (I106)(I50) 

" 63 000 ~ 63 000 ~ " ^ 

Compare this with the 8.61 hp required for the Acme screw in Example Problem 17-1. 
The actual travel life expected for this screw at a 12 500-lb load would be approxi

mately 3.2 X 10"" in, using Figure 17-8. This is 3.65 times longer than required. 

17—4 This section discusses additional application considerations that apply to both power 
APPLICATION screws and ball screws. Details may change according to the specific geometry and manu-

CONSIDERATIONS facturing processes. Supplier data should be consulted. 
FOR POWER 

SCREWS AND r̂ ti/̂ oi Cr̂ ^̂ n 
BALL SCREWS "̂*"'̂ ' ̂ P̂ ®"* 

The proper application of ball screws must take into account their vibration tendencies, par
ticularly when operating at relatively high speeds. Long slender screws may exhibit the 
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phenomenon of critical speed at which the screw would tend to vibrate or whiri about its 
axis, possibly reaching dangerous amplitudes. Therefore, it is recommended that the oper
ating speed of the screw be below 0.80 times the critical speed. An estimate for the critical 
speed, offered by Roton Products, Inc. (Internet site 10), is: 

4.76 X \0'\lK, 

where, 
d - Minor diameter ofthe screw (in) 

K, = End fixity factor 
L = Length between supports (in) 

SF = Safety factor 

The end fixity factor. A",, depends on the manner of supporting the ends of the screw with 
the possibilifies being: 

1. Simply supported at each end by one bearing: A', = 1.00 

2. Fixed at each end by two bearings that prevent rotation at the support: A", = 2.24 

3. Fixed at one end and simply supported at the other: AT, = 1.55 

4. Fixed at one end and free at the other: A'̂  = 0.32 

The value ofthe safety factor is a design decision, often taken to be in the range from 1.25 
to 3.0. Note that the screw length is squared in the denominator, indicating that a relatively 
long screw would have a low critical speed. The best designs would employ a short length, 
rigid fixed supports, and large diameter. 

Column Buckling 

Ball screws that carry axial compressive loads must be checked for column buckling. The 
parameters, similar to those discussed in Chapter 6, are the material from which the screw is 
made, the end fixity, the diameter, and the length. Long screws should be analyzed using the 
Euler formula. Equation (6-5) or (6-6), while the J. B. Johnson formula. Equation (6-7), is 
used for shorter screws. End fixity depends on the rigidity of supports similar to that de
scribed above for critical speed. However, the factors are different for column loading. 

1. Simply supported at each end by one bearing: A", = 1.00 

2. Fixed at each end by two bearings that prevent rotation at the support: Â, = 4.00 

3. Fixed at one end and simply supported at the other: A", = 2.00 

4. Fixed at one end and free at the other: A', = 0.25 

Suppliers of commercially available ball .screws include data for allowable compressive 
load in their catalogs. See Internet sites 3, 5, and 10. 

Material for Screws 

Ball screws are typically made from carbon or alloy steels using thread-rolling technology. 
After the threads are formed, induction heating improves the hardness and strength of the 
surfaces on which the circulating balls roll for wear resi.stance and long life. Ball screw nuts 
are made from alloy steel that is case hardened by carburizing. 
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Power screws are typically produced from carbon or alloy steels such as AISI 1018. 
1045, 1060, 4130, 4140, 4340, 4620, 6150, 8620, and others. For corrosive environments 
or where high temperatures are experienced, stainless steels are used, such as AISI 304, 
305, 316, 384,430,431, or 440. Some are made from aluminum alloys 1100, 2014, or 3003. 

Power screw nuts are made from steels for moderate loads and when operating at rel
atively low speeds. Grease lubrication is recommended. Higher speeds and loads call for 
lubricated bronze nuts that have superior wear performance. Applications requiring lighter 
loads can use plastic nuts that have inherently good lubricity without external lubrication. 
Examples of such applications are food processing equipment, medical devices, and clean 
manufacturing operations. 
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1. PowerTransmission.com. 
www.powertransmission.com Online listing of 
numerous manufacturers and suppliers of linear motion 
devices, including ball screws, lead (power) screws, 
linear actuators, screw jacks, and linear slides. 

2. Ball-screws.net. www.ball-screws.net Site lists 
numerous manufacturers of ball screws, some with 
online catalogs. 

3. Thomson Industries, Inc. 
www.thomsonindustries.com Manufacturer of ball 
screws, ball bushings, linear motion guides, and a 
variety of other linear mofion elements. Site includes 
catalog information and design data for load, life, and 
travel rate. Thomson is a part of the Linear Motion 
Systems Division of Danaher Motion Group. 

4. Danaher Motion Group, www.danaherincg.com 
Part of Danaher Corporation. Manufactures and markets 
motion control components under the Thomson, BS&A 
(Ball Screws & Actuators), Deltran, Warner linear, and 
other brands. 

5. THK Linear Motion Systems, www.thk.com 
Manufacturer of ball screws, ball splines, linear motion 
guides, linear bushings, linear actuators, and other 
motion control products. 

6. Joyce/Dayton Company, www.joycejacks.com 
Manufacturer of a wide variety of jacks for commercial 
and industrial applications. Included are power screw 
and ball screw types with integral gear drives and 
complete motorized actuator systems. 

7. SKF Linear Motion, www.linearmofion.skf com 
Manufacturer of high efficiency screws, linear guiding 
systems, and actuators. 

8. Specialty Motions, Inc. (SMI). www..smi-lmoti<ni.com 
Manufacturer and supplier of linear motion systems and 
components from miniature to large sizes. Ball screws, 
positioning stages, linear bearings and bushings, ball 
slides and others. 

9. Techno, Inc. www.techno-i.sel.ctnn Manufacturer of 
a wide variety of linear motion products including 
slides, X-Y and X-Y-Z tables, gantry tables, and 
accessories. 

Roton Products, Inc. www.roton.com 
Manufacturer of a large variety of power screws, ball 
screws, and worms. 
Ledex. www.lede.x.com Manufacturer of small linear 
and rotary solenoid actuators and related products under 
the Ledex and Domieyer brands. A unit of Saia-Burgess 
Company. 

10 

11 

P R O B L E M S 

1. Name three types of threads used for power screws. 

2. Make a scale drawing of an Acme thread having a major 
diameter of 1 ^ in and four threads per inch. Draw a sec
fion 2.0 in long. 

3. Repeat Problem 2 for a buttress thread. 

4. Repeat Problem 2 for a square thread. 

5. If an Acme-thread power screw is loaded in tension 
with a force of 30 000 lb, what size screw from Table 
17-1 should be used to maintain a tensile stress below 
10 000 psi? 

http://PowerTransmission.com
http://www.powertransmission.com
http://Ball-screws.net
http://www.ball-screws.net
http://www.thomsonindustries.com
http://www.danaherincg.com
http://www.thk.com
http://www.joycejacks.com
http://www.linearmofion.skf
http://www..smi-lmoti%3cni.com
http://www.techno-i.sel.ctnn
http://www.roton.com
http://www.lede.x.com
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6. For the screw chosen in Problem 5, what would be the re
quired axial length of the nut on the screw that transfers 
the load to the frame of the machine if the shear stress in 
the threads must be less than 6000 psi? 

7. Compute the torque required to raise the load of 30 000 
lb with the Acme screw selected in Problem 5. Use a co
eftlcient of friction of 0.15. 

8. Compute the torque required to lower the load with the 
screw from Problem 5. 

9. If a square-thread screw having a major diameter of 3/4 
in and six threads per inch is used to lift a load of 4000 lb, 
compute the torque required to rotate the screw. Use a co
eftlcient of friction of 0.15. 

10. For the screw of Problem 9, compute the torque required 
to rotate the screw when lowering the load. 

11. Compute the lead angle for the screw of Problem 9. Is it 
self-locking? 

12. Compute the eftlciency of the screw of Problem 9. 

13. If the load of 4000 lb is lifted by the screw described in 
Problem 9 at the rate of 0.5 in/s, compute the required ro
tational speed of the screw and the power required to 
drive it. 

14. A ball screw for a machine table drive is to be selected. 
The axial force to be transmitted by the screw is 600 lb. 
The table moves 24 in per cycle, and it is expected to cy
cle 10 fimes per hour for a design life of 10 years. Select 
an appropriate screw. 

15. For the screw selected in Problem 14, compute the torque 
required to drive the screw. 

16. For the screw selected in Problem 14, the normal travel 
speed ofthe table is 10.0 in/min. Compute the power re
quired to drive the screw. 

17. If the cycle time for the machine in Problem 14 were 
decreased to obtain 20 cycles/h instead of 10, what 
would be the expected life in years of the screw origi
nally selected? 
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The 1 
Big 1 
Picture m 

Fasteners 

Discussion Map 

• Fasteners connect or join Discover 
two or more components. Look for examples of bolts and screws. List how many 
Common types are bolts tvoes vou have found. For what functions were thev 
and screws such as those 
illustrated in Figures 18-1 
through 18-4. 

being used? What kinds of forces are the fasteners 
subjected to? What materials are used for the 
fasteners? 

In this chapter you will learn to analyze the 
performance of fasteners and to select suitable types 
and sizes. 

A fastener is any device used to connect or join two or more components. Literally hun
dreds of fastener types and variations are available. The most common are threaded fas
teners referred to by many names, among them bolts, screws, nuts, studs, lag screws, and 
set screws. 

A bolt is a threaded fastener designed to pass through holes in the mating members 
and to be secured by tightening a nut from the end opposite the head of the bolt. See Figure 
18-1 (a), called a hex head bolt. Several other types of bolts are shown in Figure 18-2. 

A .screw is a threaded fastener designed to be inserted through a hole in one member 
to be joined and into a threaded hole in the mating member. See Figure 18-l(b). The threaded 
hole may have been preformed, for example, by tapping, or it may be formed by the screw 
itself as it is forced into the material. Machine screws, also called cap screws, are precision 
fasteners with straight-threaded bodies that are tumed into tapped holes (see Figure 18-3). 
A popular type of machine screw is the socket head cap screw. The usual configurafion, 
shown in Figure 18-3(f), has a cylindrical head with a recessed hex socket. Also readily 
available are flat head styles for countersinking to produce a flush surface, button head styles 
for a low profile appearance, and shoulder screws providing a precision bearing surface for 
location or pivoting. See Intemet sites 9 and 11. Sheet-metal screws, lag screws, self-tapping 
screws, and wood screws usually form their own threads. Figure 18-4 shows a few styles. 

Search for examples where the kinds of fasteners illustrated in Figures 18-1 through 
18-4 are used. How many can you find? Make a list using the names for the fasteners in 
the figures. Describe the application. What function is the fastener performing? What kinds 
of forces are exerted on each fastener during service? How large is the fastener? Measure 
as many dimensions as you can. What material is each fastener made from? 

Look in your car, particularly under the hood in the engine compartment. If you can, 
also look under the chassis to see where fasteners are used to hold different components 
onto the frame or some other structural member. 

FIGURE 18-1 
Comparison of a bolt 
with a screw 
(R. P. Hoelscheretal., 
Graphics for 
Engineers, New York: 
John Wiley & Sons, 
1968) (a) Hex head bolt (b) Hex head cap screw 

712 
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FIGURE 18-2 Bolt 
styles. See also the hex 
head bolt in Figure 
18-1.(R. PHoelscher 
et al., Graphics for 
Engineers, NewYork: 
John Wiley & Sons, 
1968) 

(a) Carnage 
boll 

C7 C^ 

(ft) Elevator (<) Countersunk 
bolt boll 

(d) Plow 
boll 

ie) Track 
boll 

( / ) Stud 
boll 

(?) Stove 
boll 

FIGURE 18-3 Cap 
screws or machine 
screws. See also the hex 
head cap screw in 
Figure 18-1. (R. P 
Hoelscher et al., 
Graphics for Engineers, 
New York: John Wiley 
& Sons, 1968) 

FIGURE 18-4 
Sheet-metal and lag 
screws (R. P. Hoelscher 
et al., Graphics for 
Engineers, New York: 
John Wiley & Sons, 
1968) 

Recessed 
hex socket 

((') Flat (/)) Button (c) Fillister (J) Flat fillister (<•) Round (/) .Socket 
head head head head head head 

(a) Round 
head 

(ft) Elliplical 
head 

(1 ) Counlersunk 
head 

id) Phillips 
head 

«•) Lag 
screw 

Look also at bicycles, lawn and garden equipment, grocery carts, display units in 
a store, hand tools, kitchen appliances, toys, exercise equipment, and furniture. If you 
have access to a factory, you should be able to identify hundreds or thousands of exam
ples. Try to get some insight about where certain types of fasteners are used and for what 
purposes. 

In this chapter, you will learn about many of the types of fasteners that you will en
counter, including how to analyze their performance. 

You Are the Designer 

Review Figure 15-6 which shows the assembly of the 
gear-type power transmission that was designed in that 
chapter Fasteners are called for in several places on 
the housing for the transmission, but they were not 

specified in that chapter. The four beating retainers are 
to be fastened to the housing and the cover by threaded 
fasteners. The cover itself is to be attached to the hous
ing by fasteners. Finally, the mounting base has provi
sions for using fasteners to hold the entire transmission 
to a support structure. 
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You are the designer. What kinds of fasteners would 
you consider for these applications? What material 
should be used to make them? What strength should the 
material have? If threaded fasteners are used, what size 
should the threads be, and how long mu st they be? What 
head style would you specify? How much torque should 
be applied to the fastener to ensure that there is suffi
cient clamping force between the joined members? How 
does the design of the gasket between the cover and the 

housing affect the choice of the fasteners and the speci
fication of the tightening torque for them? What alterna
tives are there to the use of threaded fasteners to hold 
the components together and to still allow disassembly? 

This chapter presents information that you can use 
to make such design decisions. The references at the 
end of the chapter give other valuable sources of in
formation from the large body of knowledge about 
fasteners. 

18-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Describe a bolt in comparison with a machine screw. 

2. Name and describe nine styles of heads for bolts. 

3. Name and describe six styles of heads for machine screws. 

4. De.scribe sheet-metal screws and lag screws. 

5. De.scribe six styles of set screws and their applicafion. 

6. Describe nine types of locking devices that restrain a nut from becoming loose on 
a bolt. 

7. Use tables of data for various grades of steel materials used for bolts as published 
by the Society of Automotive Engineers (SAE) and the American Society for Test
ing and Materials (ASTM), and for standard metric grades. 

8. List at least 10 materials other than steel that are used for fasteners. 

9. U.se tables of data for standard screw threads in the American Standard and met
ric systems for dimensions and .stress analysis. 

10. Define proof load, clamping load, and tightening torque as applied to bolts and 
screws, and compute design values. 

11. Compute the effect of adding an externally applied force on a bolted joint, includ
ing the final force on the bolts and the clamped members. 

12. List and describe 16 different coafing and finishing techniques that are used for 
metal fasteners. 

13. De.scribe rivets, quick-operating fasteners, welding, brazing, and adhesives, and 
contrast them with bolts and screws for fastening applicafions. 

18-2 
BOLT MATERIALS 

AND STRENGTH 

In machine design, most fasteners are made from steel because of its high strength, high 
stiffness, good ductility, and good machinability and formability. But varying composifions 
and conditions of steel are used. The strength of steels used for bolts and screws is used to 
determine its grade, according to one of several standards. Three strength ratings are fre
quently available: the familiar tensile strength and yield strength plus the proof strength. 
The proof strength, similar to the elastic limit, is defined as the stress at which the bolt or 
the screw would undergo permanent deformation. It usually ranges between 0.90 and 0.95 
times the yield strength. 
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The SAE uses grade numbers ranging from I to 8, with increasing numbers indi
cating greater strength. Table 18-1 lists some aspects of this grading system taken from 
SAE Standard J429 (Reference 12). The markings shown are embos.sed into the head of 
the bolt. 

The ASTM publishes five standards relating to bolt steel strength, as listed in Table 
18-2 (Reference 2). These are often used in construction work. 

Metric bolts and screws use a numerical code system ranging from 4.6 to 12.9, 
with higher numbers indicating higher strengths. The numbers before the decimal point 
are approximately 0.01 times the tensile strength ofthe material in MPa. The last digit 
with the decimal point is the approximate ratio of the yield strength of the material to 
the tensile strength. Table 18-3 shows pertinent data from SAE Standard J1199 (Refer
ence 7). 

Approximate Equivalencies among SAE, ASTM, and IVIetrIc Grades of Bolt 
Steels. The following list shows approximate equivalents that may be useful when 
comparing designs for which specifications include combinations of SAE, ASTM, and 
metric grades of bolt steels. The individual standards should be consulted for specific 
strength data. 

SAE Grade 

J429 Grade I 

J429 Grade 2 

J429 Grade 5 

J429 Grade 8 

ASTM Grade 

A301 Grade A 

A449 

A354 Grade BD 

Metric Grade 

Grade 4.6 

Grade 5.8 

Grade 8.8 

Grade 10.9 

Socket head cap screws of the 1960 Series are made from a heat-treated alloy steel 
having the following strengths: 

Size 
Range 

0-5/8 

3/4-3 

Tensile 
Strength 

(k.si) 

190 

180 

Yield 
Strength 

(ksi) 

170 

155 

TABLE 18-1 SAE arades of steels for fasteners 

Grade 
number 

1 
2 

4 
5 

7 

8 

Bolt size 
(in) 

l/4-ll 
1/4-3/4 

>3/4-l : 
1/4-1: 
1/4-1 
>\-\: 
1/4-1: 

1/4-1: 

Tensile 
strength 

(ksi) 

60 
74 
60 

115 
120 
105 
133 

150 

Yield 
strength 

(ksi) 

36 
57 
36 

100 
92 
81 

115 

130 

Proof 
strength 

(ksi) 

33 
55 
33 
65 
85 
74 

105 

120 

Head 
marking 

None 
None 

None 

0 
0 
1 1 
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TABLE 18-2 ASTM standards for bolt steels 

ASTM 
grade 

A307 
A325 

A354-BC 

A354-BD 
A449 

A574 

Bolt size 
(in) 

1/4-4 
1/2-1 
> 1 - 1 ^ 
1/4-25 

1/4-2! 
1/4-1 
>1-1^ 

>l2-3 
0.060-1/2 

5/8-4 

Tensile 
strength 

(ksi) 

60 
120 
105 
125 

150 
120 
105 
90 

180 
170 

Yield 
strength 

(k.si) 

(Not 
92 
81 

109 

130 
92 
81 
58 

Proof 
strength 

(ksi) 

reported) 
85 
74 

105 

120 
85 
74 
55 

140 
135 

Head 
marking 

None 

[0j 

8 
0 

(Socket head 
cap screws) 

TABLE 18-3 Metric grades of steels for bolts 

Grade Bolt size 

Tensile 
strength 
(MPa) 

Yield 
strength 
(MPa) 

Proof 
strength 
(MPa) 

4.6 
4.8 
5.8 
8.8 
9.8 

10.9 
12.9 

M5-M36 
M1.6-MI6 

M5-M24 
M17-M36 
M1.6-M16 

M6-M36 
MI.6-M36 

400 
420 
520 
830 
900 

1040 
1220 

240 
340^ 
415" 
660 
720'' 
940 
1100 

225 
310 
380 
600 
650 
830 
970 

•'Yield strengths are approximate and are not ineluded in the standard. 

Roughly equivalent performance is obtained from metric socket head cap screws made to 
the metric strength grade 12.9. The same geometry is available in corrosion-resistant stain
less steel, typically 18-8, at somewhat lower strength levels. Consult the manufacturers. 

Aluminum is used for its corrosion resistance, light weight, and fair strength level. Its 
good thermal and electrical conductivity may also be desirable. The most widely used alloys 
are 2024-T4, 2011-T3, and 6061-T6. Properties ofthese materials are listed in Appendix 9. 

Brass, copper, and bronze are also used for their corrosion resistance. Ease of ma
chining and an attractive appearance are also advantages. Certain alloys are particularly 
good for resistance to corrosion in marine applications. 

Nickel and its alloys, such as Monel and Inconel (from the International Nickel Com
pany), provide good performance at elevated temperatures while also having good corro
sion resistance, toughness at low temperatures, and an attractive appearance. 

Stainless steels are used primarily for their corrosion resistance. Alloys used for fas
teners include 18-8, 410, 416, 430, and 431. In addition, stainless steels in the 300 series 
are nonmagnetic. See Appendix 6 for properties. 

A high .strength-to-weight ratio is the chief advantage of titanium alloys used for fas
teners in aerospace applications. Appendix 11 gives a list of properties of several afioys. 

Plastics are used widely because of their light weight, corrosion resistance, insulat
ing ability, and ease of manufacture. Nylon 6/6 is the most frequenfiy used material, but oth
ers include ABS, acetal, TFE fluorocarbons, polycarbonate, polyethylene, polypropylene. 



Section 18-3 • Thread Designations and Stress Area 717 

and polyvinylchloride. Appendix 13 lists several plastics and their properfies. In addition 
to being used in screws and bolts, plastics are used extensively where the fastener is de
signed specially for the particular application. 

Coatings and finishes are provided for metallic fasteners to improve appearance or 
corrosion resistance. Some also lower the coefficient of friction for more consistent results 
relafing tightening torque to clamping force. Steel fasteners can be finished with black ox
ide, bluing, bright nickel, phosphate, and hot-dip zinc. Plating can be used to deposit cad
mium, copper, chromium, nickel, silver, tin, and zinc. Various paints, lacquers, and 
chromate finishes are also u.sed. Aluminum is usually anodized. Check environmental haz
ards for coatings and finishes. 

18-3 
THREAD 

DESIGNATIONS 
AND STRESS 

AREA 

Table 18-4 shows pertinent dimensions for threads in the American Standard styles, and 
Table 18-5 gives SI metric styles. For consideration of strength and size, the designer must 
know the basic major diameter, the pitch ofthe threads, and the area available to resist ten
sile loads. Note that the pitch is equal to Mn, where /; is the number of threads per inch in 

TABLE 18-4 American Standard thread dimensions 

A. Numbered sizes 

Size 

Basic major 
diameter 

(in) 

Coarse threads: UNC 

Tensile 
Threads stress area 
per in (in") 

Fine threads: UNF 

Threads 
per in 

Tensile 
stress area 

(in-) 

0 
1 
2 
3 
4 
5 
6 
8 

10 
12 

0.0600 
0.0730 
0.0860 
0.0990 
0.1120 
0.1250 
0.1380 
0.1640 
0.1900 
0.2160 

64 
56 
48 
40 
40 
32 
32 
24 
24 

0.00263 
0.00370 
0.00487 
0.00604 
0.00796 
0.00909 
0.0140 
0.0175 
0.0242 

80 
72 
64 
56 
48 
44 
40 
36 
32 
78 

0.001 80 
0.002 78 
0.003 94 
0.005 23 
0.006 61 
0.008 30 
0.010 15 
0.014 74 
0.0200 
0.0258 

B. Fractional sizes 

1/4 
5/16 
3/8 
7/16 
1/2 
9/16 
5/8 
3/4 
7/8 

1 
1̂  
li 
li 
1̂  
ll 

0.2500 
0.3125 
0.3750 
0.4375 
0.5000 
0.5625 
0.6250 
0.7500 
0.8750 
1.000 
1.125 
1.250 
1.375 
1.500 
1.750 
2.000 

20 
18 
16 
14 
13 
12 
11 
10 
9 
8 
7 
7 
6 
6 
5 
4̂  

0.0318 
0.0524 
0.0775 
0.1063 
0.1419 
0.182 
0.226 
0.334 
0.462 
0.606 
0.763 
0.969 
1.155 
1.405 
1.90 
2.50 

28 
24 
24 
20 
20 
18 
18 
16 
14 
12 
12 
12 
12 
12 

0.0364 
0.0580 
0.0878 
0.1187 
0.1599 
0.203 
0.256 
0.373 
0.509 
0.663 
0.856 
1.073 
1.315 
1.581 
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TABLE 18-5 Metric thread dimensions 

Basic major 
diameter 

(mm) 

1 
1.6 
2 
2.5 
3 
4 
5 
6 
8 

10 
12 
16 
20 
24 
30 
36 
42 
48 

Pitch 
(mm) 

0.25 
0.35 
0.4 
0.45 
0.5 
0.7 
0.8 
1 
1.25 
1.5 
1.75 
2 
2.5 
3 
3.5 
4 
4.5 
5 

Coarse threads 

Tensile 
stress area 

(mm-) 

0.460 
1.27 
2.07 
3.39 
5.03 
8.78 

14.2 
20.1 
36.6 
58.0 
84.3 

157 
245 
353 
561 
817 

1121 
1473 

Pitch 
(mm) 

0.20 
0.25 
0.35 
0.35 
0.5 
0.5 
0.75 
1 
1.25 
1.25 
1.5 
1.5 
2 
2 
3 

Fine threads 

Tensile 
stress area 

(mm-) 

1.57 
2.45 
3.70 
5.61 
9.79 

16.1 
22.0 
39.2 
61.2 
92.1 

167 
272 
384 
621 
865 

Tensile Stress 
Area for UNC or 

UNF Threads 

o Tensile Stress Area 
for Metric Threads 

the American Standard system. In the SI, the pitch in millimeters is designated directly. The 
tensile stress area listed in Tables 18-4 and 18-5 takes into account the actual area cut by 
a transverse plane. Because ofthe helical path ofthe thread on the screw, such a plane will 
cut near the root on one side of the screw but will cut near the major diameter on the other 
The equation for the tensile stress area for American Standard threads is 

A, = (0.7854)[D - (0.9743)/?]-

where D = major diameter 
p — pitch of the thread 

For metric threads, the tensile stress area is 

A, = (0.7854)[D - (0.9382)/?]-

(18-1) 

(18-2) 

For most standard screw thread sizes, at least two pitches are available: the coarse se
ries and the fine thread series. Both are included in Tables 1 8 ^ and 18-5. 

The smaller American Standard threads use a number designation from 0 to 12. The 
corresponding major diameter is listed in Table 18-4(A). The larger sizes use fractional-
inch designations. The decimal equivalent for the major diameter is shown in Table 
18-4(B). Metric threads list the major diameter and the pitch in milfimeters, as shown in 
Table 18-5. Samples of the standard designations for a thread are given next. 

American Standard: Basic size followed by number of threads per inch and the 
thread series designation. 

10-24 UNC 

1/2-13 UNC 

1 ^-6 UNC 

10-32 UNF 

1/2-20 UNF 

1^-12 UNF 
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18-4 
CLAMPING LOAD 
AND TIGHTENING 

OF BOLTED 
JOINTS 

SIDESIGN 

C^ Tightening Torque 

Metric: M (for "metric"), followed by the basic major diameter and then the pitch in 
millimeters. 

M3 X 0.5 M3 X 0.35 MIO X 1.5 

Clamping Load 

When a bolt or a screw is used to clamp two parts, the force exerted between the parts is the 
clamping load. The designer is responsible for specifying the clamping load and for ensur
ing that the fastener is capable of withstanding the load. The maximum clamping load is of
ten taken to be 0.75 times the proof load, where the proof load is the product of the proof 
stress times the tensile stress area of the bolt or screw. 

Tightening Torque 

The clamping load is created in the bolt or the screw by exerting a tightening torque on the 
nut or on the head ofthe screw. An approximate relationship between the torque and the ax
ial tensile force in the bolt or screw (the clamping force) is 

T= KDP (18-3) 

where T = torque, lb in 
D = nominal outside diameter of threads, in 
P = clamping load, lb 
K = constant dependent on the lubricafion present 

For average commercial conditions, use A" = 0.15 if any lubrication at all is present. Even 
cutting fluids or other residual deposits on the threads will produce conditions consistent 
with A" = 0.15. If the threads are well cleaned and dried, K = 0.20 is better. Of course, these 
values are approximate, and variations among seemingly identical assemblies should be ex
pected. Testing and statisfical analysis of the results are recommended. 

Example Problem 18-1 A set of three bolts is to be used to provide a clamping force of 12 000 lb between two com
ponents of a machine. The load is shared equally among the three bolts. Specify suitable 
bolts, including the grade of the material, if each is to be stressed to 15% of its proof 
strength. Then compute the required tightening torque. 

Solution The load on each screw is to be 4000 lb. Let's specify a bolt made from SAE Grade 5 steel, 
having a proof strength of 85 000 psi. Then the allowable stress is 

a„ = 0.75(85 000 psi) = 63 750 psi 

The required tensile stress area for the bolt is then 

A,= 
4000 lb load 

(Ja 63 750 lb/in 
T = 0.0627 in-

From Table 18^(B), we find that the 3/8-16 UNC thread has the required tensile stress 
area. The required tightening torque will be 

T = KDP = 0.15(0.375 in)(4000 lb) = 225 lb • in 
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Equation (18-3) is adequate for general mechanical design. A more complete analy
sis ofthe torque to create a given clamping force requires more information about the joint 
design. There are three contributors to the torque. One, which we will refer to as 7,, is the 
torque required to develop the tensile load in the bolt, P„ using the inclined plane nature of 
the thread. 

P.l P, 
T,=^ = ^ (18-4) 

' 2TT 2irn 

where / is the lead of the bolt thread and I = p = \/n. 
The second component ofthe torque, T^, is that required to overcome friction between 

the mating threads, computed from, 

dp 1̂ 1 P, 
T. = i (18-5) 

2 cos a 

where 
d,, = pitch diameter of the thread 
p I = coefficient of friction between the thread surfaces 
a = 1/2 of the thread angle, typically 30° 

The third component of the torque, 7,, is the friction between the underside of the 
head of the bolt or nut and the clamped surface. This friction force is assumed to act at the 
middle of the friction surface and is computed from, 

id + b) Ui.P, 
h = ^-^^^-^ (18-6) 

where 
d = major diameter of the bolt 
b = outside diameter of the friction surface on the underside of the bolt 

P2 = coefficient of friction between the bolt head and the clamped surface 

The total torque is then, 

T,.„ = T, + T.+ T^ (18-7) 

See References 3, 4, 9, and 10 for additional discussion on torque for bolts. It is 
important to note that many variables are involved in the contributors to the relafion
ship between the applied torque and the tensile preload given to the bolt. Accurate pre
diction ofthe coefficients of friction is difficult. The accuracy with which the specified 
torque is applied is affected by the precision of the measurement device used, such as 
a torque wrench, pneumatic nut runner, or hydraulic nut driver, as well as the operator's 
skill. Reference 3 has an extensive discussion of the large variety of torque wrenches 
available. 

Computer Assisted Bolt Analysis. Because of the many variables and the nu
merous calculations required to analyze a bolted joint, commercial computer software 
packages are available to perform the necessary analysis. See Internet site 12 for an 
example. 
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Other Methods of Bolt Tightening 

Measuring the torque applied to the bolt, screw, or nut during installation is convenient. 
However, because of the many variables involved, the actual clamping force created may 
vary significantly. Fastening of critical connections often uses other methods of bolt tight
ening that more directly relate to the clamping force. Situations where these methods may 
be used are structural steel connections, flanges for high-pressure systems, nuclear power 
plant components, cylinder head and connecting rod bolts for engines, aerospace structures, 
turbine engine components, propulsion systems, and military equipment. 

Turn of the Nut Method. The bolt is first tightened to a snug fit to bring all of the parts 
of the joint into infimate contact. Then the nut is given an additional turn with a wrench of 
between one-third and one full turn, depending on the size of the bolt. One full turn would 
produce a stretch in the bolt equal to the lead of the thread, where / = /> = 1/n. The elastic 
behavior of the bolt determines the amount of the resulting clamping force. References 1 
and 3 give more details. 

Tension Control Bolting Products. Special bolts are available that include a care
fully sized neck on one end connected to a splined secfion. The spline is held fixed as the 
nut is turned. When a predeterinined torque is applied to the nut. the neck section breaks 
and the tightening stops. Consistent connection performance results. 

Another form of tension control bolt employs a tool that exerts direct axial tension on 
the bolt, swages a collar into annular grooves or the threads of the fastener, and then breaks 
a small-diameter part ofthe bolt at a predetermined force. The result is a predictable amount 
of clamping force in the joint. 

Wavy Flanged Bolt. The underside of the head of this bolt is formed in a wavy pattem 
during manufacture. When torque is applied to the joint, the wavy surface is deformed to 
become flat against the clamped surface when the proper amount of tension has been cre
ated in the body of the bolt. 

Direct Tension Indicator (DTI) Washers. The DTI washer has several raised areas 
on its upper surface. A regular washer is then placed over the DTI washer and a nut tight
ens the assembly until the raised areas are flattened to a specified degree, creating a pre
dictable tension in the bolt. 

Ultrasonic Tension l\/leasurement and Control. Recent developments have re
sulted in the availability of equipment that imparts ultrasonic acoustic waves to bolts as they 
are tightened with the timing of the reflected waves being correlated to the amount of 
stretch and tension in the bolt. See Reference 3. 

Tighten to Yield Method. Most fasteners are provided with guaranteed yield 
strength; therefore, it takes a predictable amount of tensile force to cause the bolt to 
yield. Some automatic systems use this principle by sensing the relationship between ap
plied torque and the rotation of the nut and stopping the process when the bolt begins to 
yield. During the elastic part of the stress-strain curve for the bolt, a linear change in 
torque versus rotation occurs. At yield, a dramatic increase in rotation with little or no 
increase in torque signifies yielding. A variation on this method, called the logarithmic 
rate method (LRM). determines the peak of the curve of the logarithm of the late of 
torque versus turn data and then applies a preset amount of additional turn to the nut. See 
Internet site 9. 
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18-5 
EXTERNALLY 

APPLIED FORCE 
ON A BOLTED 

JOINT 

The analysis shown in Exainple Problem 18-1 considers the stress in the bolt only under stafic 
conditions and only for the clamping load. It was recommended that the tension on the bolt 
be very high, approximately 75% of the proof load for the bolt. Such a load will use the avail
able strength ofthe bolt efficiently and will prevent the separation ofthe connected members. 

When a load is applied to a bolted joint over and above the clamping load, special 
consideration must be given to the behavior of the joint. Initially, the force on the bolt 
(in tension) is equal to the force on the clamped members (in compression). Then some 
of the additional load will act to stretch the bolt beyond its length assumed after the 
clamping load was applied. Another portion will result in a decrease in the compressive 
force in the clamped member. Thus, only part ofthe applied force is carried by the bolt. 
The amount is dependent on the relative stiffness of the bolt and the clamped members. 

If a stiff bolt is clamping a flexible member, such as a resilient gasket, most ofthe 
added force will be taken by the bolt because it takes little force to change the compression 
in the gasket. In this case, the bolt design must take into account not only the initial clamp
ing force but also the added force. 

Conversely, if the bolt is relatively flexible compared with the clamped members, vir
tually all ofthe externally applied load will initially go to decreasing the clamping force un
til the members actually separate, a condition usually interpreted as failure of the joint. 
Then the bolt will carry the full ainount of the external load. 

In practical joint design, a situation between the extremes previously described would 
normally occur. In typical "hard" joints (without a soft gasket), the sfiffness ofthe clamped 
inembers is approximately three times that of the bolt. The extemally applied load is then 
shared by the bolt and the clamped members according to their relative stift'nesses as follows: 

F>, = P 

F. = P 

k, 
k„ + k/^-

k. 

k„ 

(18-8) 

(18-9) 

where F,, = extemally applied load 
P = initial clamping load [as u.sed in Equation (18-3)] 

Fl, = final force in bolt 
F, = final force on clamped members 
k/, = stiffness of bolt 
A; = stiffness of clamped members 

Example Problem 18-2 Assume that the joint described in Example Problem 18-1 was subjected to an additional 
external load of 3000 Ib after the initial clamping load of 4000 lb was applied. Also assume 
that the stiffness ofthe clamped members is three times that ofthe bolt. Compute the force 
in the bolt, the force in the clamped members, and the final stress in the bolt after the ex
ternal load is applied. 

Solution We will first use Equations (18-8) and (18-9) with P = 4000 lb, F, = 3000 lb, and k, = 3)1,,: 

F„ = P + P + ^' F = P + ^F 
k„ + 3k,^- "^^ Ak,^ kl, + k, ' 

Fi, = P + FJA = 4000 + 3000/4 = 4750 lb 

F. = P F = P ^ ^ F = P-^F 
k„ + 3k,^- "^ Ak,^ kl, + k 

F,= P - 3FJA = 4000 - 3(3000)/4 = 17501b 
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Because F, is still greater than zero, the joint is still tight. Now the stress in the bolt can be 
found. For the 3/8-16 bolt, the tensile stress area is 0.0775 in'. Thus, 

^ P^ ̂  4750 lb 
A, 0.0775 in-

61 300 psi 

The proof strength of the Grade 5 material is 85 000 psi. and this stress is approximately 
729!- ofthe proof strength. Therefore, the selected bolt is still safe. But consider what would 
happen with a relatively "soft" joint, discussed in Example Problem 18-3. 

Example Problem 18-3 Solve Example Problem 18-2 again, but assume that the joint has a flexible elastomeric 
gasket separating the clamping members and that the stiffness of the bolt is then 10 times 
that of the joint. 

Solution The procedure will be the same as that used previously, but now A,, = lOA,. Thus, 

F, 

F,= 

F, = 

F. = 

= P + F, = P + 
Wk. lOA-

P + TTT^F, kl, + A- ' ' ' lOA- + A, ' llA 

P + 1()F,,/11 = 4000 + 10(3000)/11 = 6727 lb 

A. k. k 
F. P -ki, + k/' ' lOAv + A/' • llA, 

P - F,/l 1 = 4000 - 3000/11 = 3727 lb 

F, 

The stress in the bolt would be 

a 
6727 Ib 

0.0775 in-
86 800 psi 

This exceeds the proof strength ofthe Grade 5 material and is dangerously close to the yield 
strength. 

18-6 
THREAD 

STRIPPING 
STRENGTH 

In addition to sizing a bolt on the basis of axial tensile stress, the threads must be checked 
to ensure that they will not be stripped off by shearing. The variables involved in the shear 
strength of the threads are the materials of the bolt, the nut, or the internal threads of a 
tapped hole, the length of engagement, L,., and the size ofthe threads. The details of analy
sis depend on the relative strength of the materials. 

Internal Thread Material Stronger than Bolt Material. For this case, the strength 
of the threads of the bolt will control the design. Here we present an equation for the re
quired length of engagement. L,,. ofthe bolt threads that will have at least the same strength 
in .shear as the bolt itself does in tension. 

2A 
L. = 

tti 

TT {ID„„J [0.5 + 0.57735 ii{PD„„„„ - ID, ,; 
(18-10) 
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where 
A,ii = tensile stress area of bolt 

lF>Nmax = maximum inside (root) diameter of nut threads 
n = number of threads per inch 

PDamin ^ minimum pitch diameter of bolt threads 

The subscripts B and A' refer to the bolt and nut, respectively. The subscripts min and max 
refer to the minimum and maximum values, respectively, considering the tolerances on 
thread dimensions. Reference 9 gives data for tolerances as a function of the class of thread 
specified. 

For a given length of engagement, the resulting shear area for the bolt threads is 

A,s = K L, /D^„„„ [0.5 + 0.57735 ii(PD,,„i„ - ID^,„,J] (18-11) 

Nut Material Weaker than Bolt Material. This is particulariy applicable when the bolt 
is inserted into a tapped hole in cast iron, aluminum, or some other material with relafively low 
strength. The required length of engagement to develop at least the full strength ofthe bolt is 

L = 
S.„Bi2A,s) 

S,„TTOD„,„„ [0.5 + 0.57735 n {OD, Bmin FF)iMi„ux)\ 
(18-12) 

where 
S,„[i = ultimate tensile strength of the bolt material 
5',„;v = ultimate tensile strength of the nut material 

ODg„„„ = minimum outside diameter of the bolt threads 
PD Nnia.\ maximum pitch diameter of the nut threads 

The shear area of the root of the threads of the nut is 

A,^ = K L, 0D,„„„ [0.5 + 0.57735 n iODf,,,,,,, - PD^,„,,)] (18-13) 

Equal Strength for Nut and Bolt Material. For this case failure is predicted as shear 
of either part at the nominal pitch diameter, PD,„„„. The required length of engagement to 
develop at least the full strength ofthe bolt is 

L.. = 
AA tB 

TTPD., 
(18-14) 

The shear stress area for the nut or bolt threads is 

A, = KPD,„„„LJ2 (18-15) 

18-7 
OTHER TYPES OF 
FASTENERS AND 

ACCESSORIES 

Most bolts and screws have enlarged heads that bear down on the part to be clamped and 
thus exert the clamping force. Set screws are headless, are inserted into tapped holes, and 
are designed to bear directly on the mafing part, locking it into place. Figure 18-5 shows 
several styles of points and drive means for set screws. Caution must be used with set 
screws, as with any threaded fastener, so that vibration does not loosen the screw. 
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FIGURE 18-5 Set 

screws with different 

head and point styles 

applied to hold a collar 

on a shaft (R. P 

Hoelscher et al., 
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John Wiley & Sons, 
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nat point cup point head, cone head, dual point point 

point point 

FIGURE 18-6 
Locking devices 

(R. R Hoelscher et al., 

Graphics for 

Engineers. New York: 

John Wiley & Sons, 

1968) 
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A washer may be used under either or both the bolt head and the nut to distribute the 

clamping load over a wide area and to provide a bearing surface for the relative rotation of 

the nut. The basic type of washer is the plain flat washer, a flat disc with a hole in it through 

which the bolt or screw passes. Other styles, called lockwashers. have axial deformations 

or projections that produce axial forces on the fastener when compressed. These forces keep 

the threads of the mating parts in intimate contact and decrease the probability that the fas

tener will loosen in service. 

Figure 18-6 shows several means of using washers and other types of locking devices. 

Part (a) is a jam nut fightened against the regular nut. Part (b) is the standard lockwasher. 

Part (c) is a locking tab that keeps the nut from turning. Part (d) is a cotter inserted through 

a hole drilled through the bolt. Part (e) uses a cotter, but it also passes through slots in the 

nut. Part (f) is one of several types of thread-deformation techniques used. Part (g), an elastic 

stop nut, uses a plastic insert to keep the threads of the nut in tight contact with the bolt. This 

may be used on machine screws as well. In part (h), the elastic stop nut is riveted to a thin 

plate, allowing a mating part to be bolted from the opposite side. The thin metal device in 

(i) bears against the top of the nut and grips the threads, preventing axial motion of the nut. 
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A stud is like a stationary bolt attached permanently to a part of one member to be 
joined. The mating member is then placed over the stud, and a nut is fightened to clamp the 
parts together. 

Additional variations occur when these types of fasteners are combined with different 
head styles. Several ofthese are shown in the figures already discussed. Others are listed next: 

Square 

Hex castle 

High crown 

Pan 

Plow 

Hex .socket 

Hex 

Hex flat 

Low crown 

Truss 

Cross recess 

Spline socket 

Heavy hex 

Hex slotted 

Round 

Hex washer 

Fillister 

Button 

Hex jam 

12-point 

T-head 

Flat countersunk 

Oval countersunk 

Binding 

Additional combinations are created by consideration ofthe American Nafional Stan
dards or British Standard (metric); material grades; finishes; thread sizes; lengths; class 
(tolerance grade); manner of forming heads (machining, forging, cold heading); and the 
manner of forming threads (machining, die cutting, tapping, rolling, and plastic molding). 

Thus, you can see that comprehensive treatment of threaded fasteners encompasses 
extensive data. See the References and Internet sites listed at the end of the chapter. 

18-8 
OTHER MEANS 
OF FASTENING 

AND JOINING 

Thus far, this chapter has focused on screws and bolts because of their wide applicafions. 
Other types of fastening means will now be discussed. 

Rivets are nonthreaded fasteners, usually made of steel or aluminum. They are origi
nally made with one head, and the opposite end is formed after the rivet is inserted through 
holes in the parts to be joined. Steel rivets are formed hot, whereas aluminum can be formed 
at room temperatures. Of course, riveted joints are not designed to be assembled more than 
once. (See Internet sites 3, 4, and 11.) 

A large variety of quick-operating fasteners is available. Many are ofthe quarter-tum 
type, requiring just a 90° rotation to connect or disconnect the fastener. Access panels, 
hatches, covers, and brackets for removable equipment are attached with such fasteners. 
Similarly, many varieties of latches are available to provide quick action with, perhaps, 
added holding power. (See Internet sites 3 and A.) 

Welding involves the metallurgical bonding of metals, usually by the applicafion of 
heat with an electric arc, a gas flame, or electrical resistance heating under heavy pressure. 
Welding is discussed in Chapter 20. 

Brazing and soldering use heat to melt a bonding agent that flows into the space be
tween parts to be joined, adhering to both parts and then solidifying as it cools. Brazing uses 
relatively high temperatures, above 840°F (450°C), using alloys of copper, silver, aluminum, 
silicon, or zinc. Of course, the metals to be joined must have a significanfiy higher melfing 
temperature. Metals successfully brazed include plain carbon and alloy steels, stainless 
steels, nickel alloys, copper, aluminum, and magnesium. Soldering is similar to brazing, ex
cept that it is performed at lower temperatures, less than 840°F (450°C). Several soldering 
alloys of lead-tin, tin-zinc, tin-silver, lead-silver, zinc-cadmium, zinc-aluminum, and others 
are used. Brazed joints are generally stronger than soldered joints due to the inherently 
higher strength of the brazing alloys. Most soldered joints are fabricated with interlocking 
lap joints to provide mechanical strength, and then the solder is used to hold the assembly 
together and possibly to provide sealing. Joints in piping and tubing are frequenfiy soldered. 

Adhesives are seeing wide use. Versafifity and ease of application are strong advan
tages of adhesives used in an array of products from toys and household appliances to au
tomotive and aerospace structures. (See Intemet site 3.) Some types include the following: 
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Acrylics: Used for many metals and plastics. 

Cyanoacrylates: Very fast curing; flow easily between well-mated surfaces. 

Epoxies: Good structural strength; joint is usually rigid. Some require two-part for
mulations. A large variety of formulations and properties are available. 

Anaerobics: Used for securing nuts and bolts and other joints with small clearances; 
cures in the absence of oxygen. 

Silicones: Flexible adhesive with good high-temperature performance (400°F. 200°C). 

Polyester hot melt: Good .structural adhesive; easy to apply with special equipment. 

Polyurethane: Good bonding; provides a flexible joint. 
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I N T E R N E T S I T E S R E L A T E D TO F A S T E N E R S 

1. Industrial Fasteners Institute (IFI). uvtir. 
industrial-fasteners.org An association of 
manufacturers and suppliers of bolts, nuts, screws. 
rivets, and special formed parts and the materials and 
equipment to make them. IFI develops standards, 
organizes research, and conducts education programs 
related to the fasteners industry. 

2. Research Council on Structural Connections 
(RCSC). www.boltcouncd.org. An organization that 
sdmulates and supports research on structural 
connections, prepares and publishes standards, and 
conducts educational programs. 

3. Accurate Fasteners, Inc. www.actfast.com A 
supplier of bolts, cap screws, nuts, rivets, and numerous 
other types of fasteners for general industry uses. 

4. The Fastener Group www.fasteneigroup.com A 
supplier of bolts, cap screws, nuts, rivets, and numerous 
other types of fasteners for general industry uses. 

5. Haydon Bolts, Inc. www.haydonbolts.com 
Manufacturer of bolts, nuts, and numerous other types 
of fasteners for the construction industry. 

6. Nucor Fastener Division. www.nticor-fasteneKcom 
Manufacturer of hex head cap screws in SAE. ASTM. 
and metric grades, hex nuts, and structural bolts, nuts 
and washers. 

7. Nylok Fastener Corporation, www.nylok.com 
Manufacturer of Nylok"' self-locking fasteners for 
automotive, aerospace, consumer products, 
agricultural, industrial, furniture, and many other 
applications. 

http://industrial-fasteners.org
http://www.boltcouncd.org
http://www.actfast.com
http://www.fasteneigroup.com
http://www.haydonbolts.com
http://www.nticor-fasteneKcom
http://www.nylok.com
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8. Phillips Screw Company, www.phillips-screw.com 
Developer of the Phillips'" screwdriver Manufacturer of 
related fasteners for the aerospace, automotive, 
construction, and industrial markets. 

9. SPS Technologies, Inc. www.spstech.coin/unbrako 
Manufacturer of engineered fasteners under the Unbrako®, 
Flexloc*, and Durlok® brands, including socket head cap 
screws, locknuts, and vibration resistant nuts and bolts for 
industrial machinery, automotive, and aerospace 
applications. Site includes catalogs and engineering data. 

10. St. Louis Screw & Bolt Company, HUM. 
stlouisscrewbolt.com Manufacturer of bolts, nuts, and 
washers to ASTM standards for the constmction 
industry. 

11. Textron Fastening Systems. 
www. textronfasteningsystems.com Manufacturer of a 
wide variety of threaded fasteners for the automotive, 
aerospace, commercial, electronics, and constmction 
industries under the Camcar®, Elco®, Fabco®, Avdel®, 
and Cherry® brands. Site includes product descripfions, 
catalogs, and technical data. 

12. Sensor Products, Inc. www.sensorprod.com 
Developer of the BoltFAST® software for bolted joint 
failure analysis and strength tesfing. Includes joint 
analysis, thread analysis, and tightening torque analysis 
programs. This company also provides consulfing on 
bolted joint analysis and design. 

P R O B L E M S 

1. Describe the difference between a screw and a bolt. 

2. Define the term proof .strength. 

3. Define the term clamping load. 

4. Specify suitable machine screws to be installed in a pat
tem of four, equally spaced around a flange, if the clamp
ing force between the flange and the mating structure is 
to be 6000 lb. Then recommend a suitable tightening 
torque for each screw. 

5. What would be the tensile force in a machine screw hav
ing an 8-32 thread if it is made from SAE Grade 5 steel 
and is stressed to its proof strength? 

6. What would be the tensile proof force in newtons (N) in 
a machine screw having a major diameter of 4 mm with 
standard fine threads if it is made from steel having a met
ric strength grade of 8.6? 

7. What would be the nearest standard metric screw thread 
size to the American Standard 7/8-14 thread? By how 
much do their major diameters differ? 

8. A machine screw is found with no informafion given as to 
its size. The following data are found by using a standard 
micrometer caliper: The major diameter is 0.196 in; the ax
ial length for 20 full threads is 0.630 in. Identify the thread. 

9. A threaded fastener is made from nylon 6/6 with an 
MIO xl.5 thread. Compute the maximum tensile force 
that can be permitted in the fastener if it is to be stressed 
to 75% of the tensile strength of the nylon 66 dry. See 
Appendix 13. 

10. Compare the tensile force that can be carried by a 1/4-20 
screw if it is to be stressed to 50% of its tensile strength 
and if it is made from each of the following materials: 

(a) Steel, SAE Grade 2 

(b) Steel, SAE Grade 5 

(c) Steel, SAE Grade 8 

(d) Steel, ASTM Grade A307 

(e) Steel, ASTM Grade A574 

(f) Steel, metric Grade 8.8 

(g) Aluminum 2024-T4 

(h) AISI 430 annealed 

(i) Ti-6A 1-4V annealed 

(j) Nylon 66 dry 

(k) Polycarbonate 

(1) High-impact ABS 

11. Describe the differences among welding, brazing, and 
soldering. 

12. What types of metals are typically brazed? 

13. What are some common brazing alloys? 

14. What materials make up commonly used solders? 

15. Name five common adhesives, and give the typical prop
erties of each. 

16. The label of a common household adhesive describes it 
as a cyanoacrylate. What would you expect its proper
ties to be? 

17. Find three commercially available adhesives from your 
home, a laboratory, a machine shop, or your workplace. 
Try to identify the generic nature of the adhesive, and 
compare it with the list presented in this chapter 

http://www.phillips-screw.com
http://www.spstech.coin/unbrako
http://stlouisscrewbolt.com
http://textronfasteningsystems.com
http://www.sensorprod.com
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Springs 

Discussion Map 

• A spring is a flexible 
element used to exert a 
force or a torque and, at the 
same time, to store energy. 

Discover 
Look around you and see if you can find one or more 
spnngs. Describe them, giving their basic geometry, the 
type of force or torque produced, the way in which they 
are used, and other features. 
Share your observations about springs with your 
colleagues, and learn from their observations. 

Write a brief report about at least two different kinds of 
springs. Include sketches that show their basic size, 
geometry, and appearance. Describe their functions, 
including how they work and how they affect the 
operation of the device of which they are a part. 

This chapter will help you gain skill in designing and 
analyzing springs of the helical compression, helical 
tension, and torsional types. 

A spring is a flexible element used to exert a force or a torque and, at the same time, to store 
energy. The force can be a linear push or pull, or it can be radial, acfing similariy to a mb
ber band around a roll of drawings. The torque can be used to cause a rotation, for exam
ple, to close a door on a cabinet or to provide a counterbalance force for a machine element 
pivoting on a hinge. 

Springs inherently store energy when they are deflected and return the energy 
when the force that causes the deflection is removed. Consider the child's toy called a 
Jack-in-the-Box. When you push Jack into the box, you are exerting a force on a spring 
and delivering energy to it. Then when you close the lid of the box, the spring is cap
tured and is held in the compressed state. What happens when you trip the latch on the 
lid? Jack leaps out of the box! More precisely, the spring force causes Jack to push the 
lid open, and then the stored energy in the spring is released, causing the spring to ex
pand to its initial, unloaded length. Some devices contain power springs or motor 
springs that are wound up, and then they deliver the energy at a measured pace to pro
duce a long-term action. Examples are mechanical animated toys, toy race cars, some 
watches, timers, and clocks. 

Look around you and see if you can find one or more springs. Or think about where 
you might have recently encountered a device that used .springs. Consider various appli
ances, an automobile, a truck, a bicycle, an office machine, a door latch, a toy, a machine 
in a production operation, or some other device that has moving parts. 

Describe the springs. Did they exert a push or a pull? Or did they exert a torque, 
tending to cause rotation? What were the springs made from? How big were they? Was 
the force or torque very large, or was it light enough for you to actuate the spring eas
ily? How were the springs mounted in the device of which they were a part? Was there 
a load on the spring at all times? Or did the spring relax completely at one point in its 
total possible operating cycle? Was the spring designed to be actuated often so that it ex
perienced a very large number of cycles of load (and stress) during its expected life? 
What was the environment in which the spring operated? Hot or cold? Wet or dry? Ex-

730 
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posed to corrosives? How did the environment affect the kind of material used for the 
spring or the kind of coating on it? 

Share your observations with others in your group and with your instructor. Listen to 
the observations of others, and compare them with your examples of springs. Take at least 
two springs that are quite different from each other, and prepare a brief report about them, 
including sketches that show the basic size, geometry, and appearance. Describe their func
tions, including how they work and how they affect the operation of the device of which 
they are a part. Refer to the preceding paragraph for some factors that you might describe. 
Also include a listing with a brief description of each different kind of spring that you or 
your colleagues found. 

This chapter will present basic information about a variety of spring types. Design 
procedures will be developed for helical compression springs, helical tension springs, and 
torsion springs. We will consider loads and stresses, deflection characteristics, material se
lection, life expectancy, attachment, and installation. 

You Are the Designer 

One design for an automotive engine valve train is shown 
in Figure 19-1. As the cam rotates, it causes the push 
rod to move upward. The rocker arm then rotates and 
pushes the valve stem downward, opening the valve. 
Concurrently, the spring that surrounds the valve stem is 
compressed, and energy is stored. As the cam continues 
to rotate, it allows the movement of the train to return to 
its original position. The valve is aided in its upward mo
tion and seating action by the spring exerting a force that 
closes the valve at the end of the cycle. 

You are the designer of the spring for the valve train. 
What type of spring do you specify? What should its di
mensions be, including the length, outside diameter, in
side diameter, and diameter of the wire for the coils? How 
many coils should be used? What should the ends of the 
spring look like? How much force is exerted on the valve, 
and how does this force change as the valve train goes 
through a complete cycle? What material should be 
used? What stress levels are developed in the spring 
wire, and how can the spring be designed to be safe un
der the load, life, and environmental conditions in which 
it must operate? You must specify or calculate all of these 
factors to ensure a successful spring design. 

FIGURE 19-1 
Engine valve train 
showing the application 
of a helical 
compression spring 

Rocker arm Spring 

Push rod 

Li tier 

Piston 

-Cam 

(a) Valve closed: spring length, L, (b) Valve open; spring length, Lo 
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19-1 
OBJECTIVES OF 
THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Identify and describe several types of springs, including the helical compression 
spring, helical extension spring, torsion spring, Belleville spring, flat spring, draw
bar spring, garter spring, constant-force spring, and power spring. 

2. Design and analyze helical compression springs to conform to design require
ments such as force/deflection characteristics, life, physical size, and environ
mental conditions. 

3. Compute the dimensions of various geometric features of helical compression 
springs. 

4. Specify suitable materials for springs based on strength, life, and deflection pa
rameters. 

5. Design and analyze helical extension springs. 

6. Design and analyze torsion springs. 

7. Use computer programs to assist in the design and analysis of springs. 

1 9 - 2 Springs can be classified according to the direction and the nature of the force exerted by 
KINDS OF the spring when it is deflected. Table 19-1 lists several kinds of springs classified as push, 
S P R I N G S pull, radial, and torsion. Figure 19-2 shows several typical designs. 

Helical compression springs are typically made from round wire, wrapped into a 
straight, cylindrical form with a constant pitch between adjacent coils. Square or rectangu
lar wire may also be used. Four practical end configurations are shown in Figure 19-3. 
Without an applied load, the spring's length is called the free length. When a compression 
force is applied, the coils are pressed more closely together until they all touch, at which 
time the length is the minimum possible called the solid length. A linearly increasing 
amount of force is required to compress the .spring as its deflection is increased. Straight, 
cylindrical helical compression springs are among the most widely used types. Also shown 
in Figure 19-2 are the conical, barrel, hourglass, and variable-pitch types. 

Helical extension .springs appear to be similar to compression springs, having a series 
of coils wrapped into a cylindrical form. However, in extension springs, the coils either touch 
or are closely spaced under the no-load condition. Then as the extemal tensile load is ap
plied, the coils separate. Figure 1 9 ^ shows several end configurations for extension springs. 

TABLE 19-1 Types of springs 

Uses Types of springs 

Push 

Pull 

Radial 
Torque 

Helical compression spring 
Belleville spring 
Torsion spring: force acting at the end of the torque arm 
Flat spring, such as a cantilever or leaf spring 
Helical extension spring 
Torsion spring: force acting at the end of the torque arm 
Flat spring, such as a cantilever or leaf spring 
Drawbar spring (special case of the compression spring) 
Constant-force spring 
Garter spring, elastomeric band, spring clamp 
Torsion spring, power spring 
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FIGURE 19-2 1 
Several types of springs 

Constant pitch 
t • t 

Conical Barrel Hourglass 
(a) Variations of helical compression springs 

Variable pitch 

(b) Helical extension spring (c) Drawbar spring (d) Helical torsion spring 

OD 

L 
H^h + t 

(e) Belleville spring 

H 

• \ - ID 
± 

(/) Garter spring 

(g) Constant force spring 
(h) Constant force spring motor 

The drawbar .spring incorporates a standard helical compression spring with two 
looped wire devices inserted through the inside of the spring. With such a design, a tensile 
force can be exerted by pulling on the loops while .still placing the spring in compression. It 
also provides a definite stop as the compression spring is compressed to its solid height. 

A torsion spring, as the name implies, is used to exert a torque as the spring is deflected 
by rotation about its axis. The common spring-acfion clothespin u.ses a torsion spring to pro
vide the gripping action. Torsion springs are also used to rotate a door to its open or closed po
sifion or to counterbalance the lid of a container Some timers and other controls use torsion 
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FIGURE 19-3 
Appearance of helical 
compression springs 
showing end treatments 

(a) Plain ends 
coiled right-hand 

(c) Squared or closed ends 
not ground, coiled right-hand 

(b) Squared and ground ends 
coiled left-hand 

(d) Plain ends ground 
coiled left-hand 

FIGURE 1 9 ^ End 
configurations for 
extension springs 

Type 

Twist 
loop 
or hook 

Cross center 
loop or hook 

Side 
loop 
or hook 

Extended 
hook 

Knd configurations 

1^ ̂  -no # f> ^ 
l^# 

1^^ V-^ 
11̂ ' # 

Special 
ends 

^fe 

springs to actuate switch contacts or to produce similar acfions. Push or pull forces can be ex
erted by torsion springs if one end of the spring is attached to the member to be actuated. 

Leaf springs are made from one or more flat strips of brass, bronze, steel, or other ma
terials loaded as cantilevers or simple beams. They can provide a push or a pull force as they 
are deflected from their free condition. Large forces can be exerted within a small space by 
leaf springs. By tailoring the geometry of the leaves and by nesting leaves of different di
mensions, the designer can achieve special force-deflection characterisfics. The design of 
leaf springs uses the principles of stress and deflection analysis as presented in courses in 
strength of materials and as reviewed in Chapter 3. 

A Belleville spring has the shape of a shallow, conical disk with a central hole. It is 
sometimes called a Belleville washer because its appearance is similar to that of a flat 
washer. A very high spring rate or spring force can be developed in a small axial space with 
such springs. By varying the height ofthe cone relative to the thickness ofthe disk, the de
signer can obtain a variety of load-deflection characteristics. Also, nesfing several springs 
face-to-face or back-to-back provides numerous spring rates. 

Garter springs are coiled wire formed into a continuous ring shape so that tiiey exert a ra
dial force around the periphery ofthe object to which they are applied. Either inward or outward 
forces can be obtained with difterent designs. The action of a garter spring with an inward force 
is similar to that of a rubber band, and the spring action is similar to that of an extension spring. 
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Constant-force springs take the form of a coiled strip. The force required to pull the 
strip off the coil is virtually constant over a long length of pull. The magnitude ofthe force 
is dependent on the width, thickness, and radius of curvature of the coil and on the elastic 
modulus ofthe spring material. Basically, the force is related to the deformation ofthe strip 
from its originally curved shape to the straight form. 

Power springs, sometimes called motor or clock springs, are made from flat spring 
steel stock, wound into a spiral shape. A torque is exerted by the spring as it tends to un
wrap the spiral. Figure 19-2 shows a spring motor made from a constant-force spring. 

A torsion bar. as its name implies, is a bar loaded in torsion. When a round bar is 
used, the analyses for torsional stress and deflection are similar to the analysis presented for 
circular shafts in Chapters 3 and 12. Other cross-sectional shapes can be used, and special 
care must be exercised at the points of attachment. 

19-3 
HELICAL 

COMPRESSION 
SPRINGS 

In the most common form of helical compression spring, round wire is wrapped into a 
cylindrical form with a constant pitch between adjacent coils. This basic form is completed 
by a variety of end treatments, as shown in Figure 19-3. 

For medium- to large-size springs used in machinery, the squared and ground-end 
treatment provides a flat surface on which to .seat the spring. The end coil is collapsed 
against the adjacent coil (.squared), and the surface is ground until at least 270° of the last 
coil is in contact with the bearing surface. Springs made from smaller wire (less than ap
proximately 0.020 in, or 0.50 mm) are usually squared only, without grinding. In unusual 
cases the ends may be ground without squaring, or they may be left with plain ends, sim
ply cut to length after coiling. 

You are probably familiar with many uses of helical compres.sion springs. The re
tractable ballpoint pen depends on the helical compression spring, usually installed around 
the ink supply barrel. Suspension systems for cars, trucks, and motorcycles frequently in
corporate these springs. Other automotive applications include the valve springs in engines, 
hood linkage counterbalancing, and the clutch pressure-plate springs. In manufacturing, 
springs are used in dies to actuate stripper plates; in hydraulic control valves; as pneumatic 
cylinder return springs; and in the mounting of heavy equipment for shock isolation. Many 
small devices such as electrical switches and ball check valves incorporate helical com
pression springs. Desk chairs have stout springs to return the chair seat to its upright posi
tion. And don't forget the venerable pogo stick! 

The following paragraphs define the many variables used to describe and analyze the 
performance of helical compression springs. 

Spring Diameters 

Diameters 

Figure 19-5 shows the notation used in referring to the characteristic diameters of helical 
compression springs. The outside diameter (OD). the inside diameter (ID), and the wire di
ameter (D„) are obvious and can be measured with standard measuring instruments. In cal
culating the stress and deflection of a spring, we u.se the mean diameter, D,„. Notice that 

OD = D,„ + D„ 

ID = D,„ - D„ 

Standard Wire Diameters. The specification ofthe required wire diameter is one ofthe 
most important outcomes of the design of springs. Several types of materials are typically 
used for spring wire, and the wire is produced in sets of standard diameters covering a broad 
range. Table 19-2 lists the most common standard wire gages. Notice that except for music 
wire, the wire size gets smaller as the gage number gets larger. Also see the notes to the table. 
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FIGURE 19-5 
Notation for diameters 

TABLE 19-

Gage 
no. 

7/0 
6/0 
5/0 
4/0 
3/0 
2/0 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

-2 Wire gages 

U.S. Steel 
Wire Gage 

(in)' 

0.4900 
0.4615 
0.4305 
0.3938 
0.3625 
0.3310 
0.3065 
0.2830 
0.2625 
0.2437 
0.2253 
0.2070 
0.1920 
0.1770 
0.1620 
0.1483 
0.1350 
0.1205 
0.1055 
0.0915 
0.0800 
0.0720 
0.0625 
0.0540 
0.0475 
0.0410 
0.0348 
0.0317 
0.0286 

and diameters for springs 

Music Wire 
Gage (in)'' 

0.004 
0.005 
0.006 
0.007 
0.008 
0.009 
0.010 
0.011 
0.012 
0.013 
0.014 
0.016 
0.018 
0.020 
0.022 
0.024 
0.026 
0.029 
0.031 
0.033 
0.035 
0.037 
0.039 
0.041 
0.043 
0.045 
0.047 
0.049 

Brown & 
Sharpe Gage 

(in)' 

0.5800 
0.5165 
0.4600 
0.4096 
0.3648 
0.3249 
0.2893 
0.2576 
0.2294 
0.2043 
0.1819 
0.1620 
0.1443 
0.1285 
0.1144 
0.1019 
0.0907 
0.0808 
0.0720 
0.0641 
0.0571 
0.0508 
0.0453 
0.0403 
0.0359 
0.0320 
0.0285 
0.0253 

Preferred 
Metric Diameters 

(mw)" 

13.0 
12.0 
11.0 
10.0 
9.0 
8.5 
8.0 
7.0 
6.5 
6.0 
5.5 
5.0 
4.8 
4.5 
4.0 
3.8 
3.5 
3.0 
2.8 
2.5 
2.0 
1.8 
1.6 
1.4 
1.2 
1.0 
0.90 
0.80 
0.70 
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TABLE 19-2 {continued) 

Gage 
no. 

U.S. Steel 
Wire Gage 

(inf 
Music Wire 
Gage (in)^ 

Brown & 
Sharpe Gage 

(in)' 

Preferred 
metric diameters 

(//;//?)'' 

23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

0.0258 
0.0230 
0.0204 
0.0181 
0.0173 
0.0162 
0.0150 
0.0140 
0.0132 
0.0128 
0.0118 
0.0104 
0.0095 
0.0090 
0.0085 
0.0080 
0.0075 
0.0070 

0.051 
0.055 
0.059 
0.063 
0.067 
0.071 
0.075 
0.080 
0.085 
0.090 
0.095 
0.100 
0.106 
0.112 
0.118 
0.124 
0.130 
0.138 

0.0226 
0.0201 
0.0179 
0.0159 
0.0142 
0.0126 
0.0113 
0.0100 
0.00893 
0.00795 
0.00708 
0.00630 
0.00501 
0.00500 
0.00445 
0.00396 
0.00353 
0.00314 

0.65 
0.60 or 0.55 
0.50 or 0.55 
0.45 
0.45 
0.40 
0.40 
0.35 
0.35 
0.30 or 0.35 
0.30 
0.28 
0.25 
0.22 
0.22 
0.20 
0.20 
0.18 

Source: Associated Spring, Barnes Group. Inc. Engineering Guide to Spring Design. Bristol. CT, 1987. Carlson, 
Harold. Spring Designer's Handbook. NewYork: Marcel Dekker. 1978. Oberg. E.. et al. Machinery's 
Handbook. 26th ed. New York: Industrial Press. 2000. 

"Use the U.S. Steel Wire Gage for steel wire, except music wire. This gage has also been called the Waslibum 
and Moen Gage I W&Ml. the American Steel Wire Co. Gage, and the Roebling Wire Gage. 

''Use the Music Wire Gage only for music wire (ASTM A228). 

'Use the Brown & Sharpe Gage for nonferrous wires such as brass and phosphor bronze. 

''The preferred metric sizes are from Associated Spring. Barnes Group, Inc., and are listed as the nearest 
preferred metric size to the U.S. Steel Wire Gage. The gage numbers do not apply. 

Lengths 
It is important to understand the relationship between the length ofthe spring and the force 
exerted by it (see Figure 19-6). The free length. L,, is the length that the spring assumes 
when it is exerting no force, as if it were simply sitting on a table. The .solid length. L„ is 
found when the spring is collap.sed to the point where all coils are touching. This is obvi
ously the shortest possible length that the spring can have. The spring is usually not com
pressed to the solid length during operation. 

The shortest length for the spring during normal operation is the operating 
length, L„. At fimes, a spring will be designed to operate between two limits of deflec
fion. Consider the valve spring for an engine, for example, as shown in Figure 19-1. 
When the valve is open, the spring assumes its shortest length, which is L„. Then when 
the valve is closed, the spring gets longer but still exerts a force to keep the valve se
curely on its seat. The length at this condition is called the installed length. L,. So the 
valve spring length changes from L„ to L, during normal operation as the valve itself 
reciprocates. 
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FIGURE 19-6 
Notation for lengths 
and forces 

(F = 0) 

Operating 
deflect ion 
Jo = ^/ ~ ^o 

Operating 
ength, 
L.. 

Coil clearance 
(space between 
adjacent coils) 

o Spring Rate 

Forces 

We will use the symbol F to indicate forces exerted by a spring, with various subscripts to 
specify which level of force is being considered. The sub.scripts correspond to those used 
for the lengths. Thus, 

F, = force at solid length, L,: the maximum force that the spring ever sees. 

F„ = force at operating length, L„; the maximum force the spring sees in normal 
operation. 

F, = force at installed length, L,; the force varies between F„ and F, for a reciprocat
ing spring. 

FJ - force at free length, Lf, this force is zero. 

Spring Rate 

The relationship between the force exerted by a spring and its deflection is called its spring 
rate, k. Any change in force divided by the corresponding change in deflection can be used 
to compute the spring rate: 

A- = A F/A L 

For example. 

or 

or 

k = 

k = 

F„ - F, 
L, - L. 

L 

(19-1) 

(19-la) 

(19-lb) 

k = (19-lc) 

In addition, if the spring rate is known, the force at any deflection can be computed. For ex
ample, if a spring had a rate of 42.0 lb/in, the force exerted at a deflection from free length 
of 2.25 in would be 
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F = k(L, - L) = (42.0 lb/in)(2.25 in) = 94.5 lb 

Spring Index 

The ratio of the mean diameter of the spring to the wire diameter is called the spring in
dex. C: 

o Spring Index C = D.,fD„ 

It is recommended that C be greater than 5.0, with typical machinery springs having C val
ues ranging from 5 to 12. For C less than 5, the forming of the spring will be very difticult, 
and the severe deformation required may create cracks in the wire. The stresses and the de
flections in springs are dependent on C. and a larger C will help to eliminate the tendency 
for a spring to buckle. 

Number of Coils 

The total number of coils in a spring will be called N. But in the calculation of stress and 
deflections for a spring, some ofthe coils are inactive and are neglected. For example, in a 
spring with squared and ground ends or simply squared ends, each end coil is inactive, and 
the number of active coils. /V„, is N — 2. For plain ends, all coils are active: N„ = N. For 
plain coils with ground ends, N,, — N - 1. 

Pitch 

Pitch, p. refers to the axial distance from a point on one coil to the corresponding point on 
the next adjacent coil. The relationships among the pitch, free length, wire diameter, and 
number of active coils are given next: 

Squared and ground ends: L, = pN„ -^ 2D,, 

Squared ends only: 

Plain and ground ends: 

Plain ends: 

L, = pN„ + 3D,, 

L, = p(N, + 1) 

L = PK, + D„ 

Pitch Angle 

Figure 19-7 shows the pitch angle, X; note that the larger the pitch angle, the steeper the 
coils appear to be. Most practical spring designs produce a pitch angle less than about 12°. 
If the angle is greater than \2°. undesirable compressive stresses develop in the wire, and 
the formulas presented later are inaccurate. The pitch angle can be computed by the formula 

tan 
- I 

TTD„ 
(19-2) 

FIGURE 19-7 Pitch 
angle 

V. Pitch angle = Tan ^{^p ] 

— D,„ — Pitch,/? 
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You can see the logic of this formula by taking one coil of a spring and unwrapping it onto 
a flat surface, as illustrated in Figure 19-7. The horizontal line is the mean circumference 
of the spring, and the vertical line is the pitch, /). 

Installation Considerations 

Frequently, a spring is installed in a cylindrical hole or around a rod. When it is, adequate 
clearances must be provided. When a compression spring is compressed, its diameter gets 
larger. Thus, the inside diameter of a hole enclosing the spring must be greater than the out
side diameter ofthe spring to eliminate rubbing. An initial diametral clearance of one-tenth 
ofthe wire diameter is recommended for springs having a diameter of 0.50 in (12 mm) or 
greater. If a more precise estimate of the actual outside diameter of the spring is required, 
the following formula can be used for the OD at the solid length condition: 

OD, = WD-, + r— + D„ (19-3) 

Even though the spring ID gets larger, it is also recommended that the clearance at the ID 
be approximately 0.1D„. 

Springs with squared ends or squared and ground ends are frequently mounted on a 
button-type seat or in a socket with a depth equal to the height of just a few coils for the 
purpose of locating the spring. 

Coil Clearance. The term coil clearance refers to the space between adjacent coils 
when the spring is compressed to its operating length, L„, The actual coil clearance, cc. can 
be estimated from 

C^ Coil Clearance cc = if, - L, )//V„ 

One guideline is that the coil clearance should be greater than D,J\0. especially in springs 
loaded cyclically. Another recommendation relates to the overall deflection ofthe spring: 

(L„ - L,)>0.\5(L,- L,) 

Materials Used for Springs 

Virtually any elastic material can be used for a spring. However, most mechanical applica
tions use metallic wire—high-carbon steel (most common), alloy steel, .stainless steel, brass, 
bronze, beryllium copper, or nickel-base alloys. Most spring materials are made according 
to specifications ofthe ASTM. Table 19-3 lists some common types. See Intemet sites 8-11. 

Types of Loading and Allowable Stresses 

The allowable stress to be used for a spring depends on the type of loading, the material, 
and size of the wire. Loading is usually classified into three types: 

• Light service: Static loads or up to 10 000 cycles of loading with a low rate of load
ing (nonimpact). 

• Average service: Typical machine design situations; moderate rate of loading and 
up to 1 million cycles. 

• Severe service: Rapid cycling for above 1 inillion cycles; possibility of shock or 
impact loading; engine valve .springs are a good example. 
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TABLE 19-3 Spring materials 

ASTM Relative Temperature 
Material type ,n,. cost limits. T 

A. High-carbon steels 

Hard-drawn A227 1.0 (J-250 
General-purpose steel with 0.60%-0.70'7f carbon; low cost 

Music wire A228 2.6 0-250 
High-quality steel with 0.80'7r-0.95'7r carbon: very high strength; excellent surtace finish: hard-drawn: good fatigue 
performance; used mostly in smaller sizes up to 0.125 in 

Oil-tempered A229 1.3 0-350 

General-purpose steel with 0.60^-0.709^ carbon; used mostly in larger sizes above 0.125 in: not good for shock or impact 

B. Alloy steels 

Chromium-vanadium A23I 3.1 0^25 
Good strength, fatigue resistance, impact strength, high-temperature performance: valve-spring quality 

Chromium-silicon A40I 4.0 0-475 
Very high strength and good fatigue and shock resistance 

C. Stainless steels 

Type 302 A313(302) 7.6 <0-550 
Very good corrosion resistance and high-temperature performance; neariy nonmagnetic: cold-drawn; types 304 and 316 also 
fall under this ASTM class and have improved workability but lower strength 

Type 17-7 PH A313(631) 11.0 0-600 
Good high-temperature pert'ormance 

D. Copper alloys: All have good corrosion resistance and electrical conductivity. 

Spring brass B134 
Phosphor bronze B159 
Beryllium copper BI97 

E. Nickel-base alloys: All are corrosion-resistant, have good high- and low-temperature properties, and are nonmagnetic or nearly 
nonmagnetic (trade names ofthe Intemational Nickel Company). 

Monel™ -100^25 
K-Monel™ -100^50 
InconeF f̂ Up to 700 
Inconel-XTM 44.0 Up to 850 

Source: Associated Spring, Barnes Group. Inc. Engineering Guide to Spring Design. Bristol. CT, 1987. Carlson. Harold. Spring Designer's 
Handbook. New York: Marcel Dekker, 1978. Oberg, E.. et al. Machineiy's Handbook. 26lh ed. New York: Industrial Press. 2000. 

High 
8.0 

27.0 

0-150 
<0-212 

0-300 

The strength of a given material is greater for the smaller sizes. Figures 19-8 through 
19-13 show the design stresses for six different materials. Note that some curves can be 
used for more than one material by the application of a factor. As a conservative ap
proach to design, we will use the average service curve for most design examples, un
less true high cycling conditions exist. We will use the light service curve as the upper 
limit on stress when the spring is compressed to its solid height. If the stress exceeds the 
light service value by a small amount, the spring will undergo permanent set because of 
yielding. 



FIGURE 19-8 
Design shear stresses 
for ASTM A227 steel 
wire, hard-drawn 
(Reprinted from Harold 
Carlson. Spring 
Designer's Handbook, 
p. 144, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-9 
Design shear stresses 
for ASTM A228 steel 
wire (music wire) 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 143, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-10 
Design shear stresses 
for ASTM A229 steel 
wire, oil-tempered 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 146, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-11 
Design shear stresses 
for ASTM A231 steel 
wire, chromium-
vanadium alloy, valve-
spring quality 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 147, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-12 
Design shear stresses 
for ASTM A401 steel 
wire, chromium-silicon 
alloy, oil-tempered 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 148, by courtesy of 
Marcel Dekker, Inc.) 
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Design shear stresses 
for ASTM A313 
corrosion-resistant 
stainless steel wire 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 150, by courtesy of 
Marcel Dekker, Inc.) 
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19-4 
STRESSES AND 

DEFLECTION 
FOR HELICAL 

COMPRESSION 
SPRINGS 

o Shear Stress 
in a Spring 

o Wahl Factor 

As a compression spring is compressed under an axial load, the wire is twisted. Therefore, 
the stress developed in the wire is torsional shear stress, and it can be derived from the clas
sical equation T = Tc/J. 

When the equation is applied specifically to a helical compression spring, some mod
ifying factors are needed to account for the curvature of the spring wire and for the direct 
shear stress created as the coils resist the vertical load. Also, it is convenient to express the 
shear stress in terms of the design variables encountered in springs. The resulting equation 
for stress is attributed to Wahl. (See Reference 9.) The maximum shear stress, which occurs 
at the inner surface ofthe wire, is 

SKFD,, 8KFC 
jrDi 

(19^) 

These are two forms of the same equation as the definition of C = D„JD,, demonstrates. 
The shear stress for any applied force, F, can be computed. Normally we will be concerned 
about the stress when the spring is compressed to solid length under the influence of F̂  and 
when the spring is operating at its normal maximum load, F„. Notice that the stress is in
versely proportional to the cube of the wire diameter. This illustrates the great effect that 
variation in the wire size has on the performance of the spring. 

The Wahl factor, K. in Equation (19-4) is the term that accounts for the curvature of 
the wire and the direct shear stress. Analytically, K is related to C: 

K = 
AC 

AC 
-h 

0.615 
C 

(19-5) 

Figure 19-14 shows a plot of K versus C for round wire. Recall that C = 5 is the recom
mended minimum value of C, The value of K rises rapidly for C < 5. 

Deflection 

Because the primary manner of loading on the wire of a helical compression spring is tor
sion, the deflection is computed from the angle of twist formula: 

e - TL/GJ 

FIGURE 19-14 
Wahl factor vs. spring 
index for round wire 
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where 6 = angle of twist in radians 
T = applied torque 
L = length of the wire 
G = modulus of elasticity ofthe material in shear 
J = polar moment of inertia of the wire 

Again, for convenience, we will u.se a different form of the equation in order to calculate 
the linear deflection,/ of the spring from the typical design variables of the spring. The re
sulting equation is 

Deflection of a 
Spring 

^FDJN,, _ 8FC^N„ 

GDt GD„ 
(19-6) 

Recall that Â„ is the number of active coils, as discussed in Section 19-3. Table 19-4 lists 
the values for G for typical spring materials. Note again, in Equation (19-6), that the wire 
diameter has a strong effect on the pertbrmance of the spring. 

Buckling 

The tendency for a spring to buckle increases as the spring becomes tall and slender, 
much as for a column. Figure 19-15 shows plots ofthe critical ratio of deflection to the 
free length versus the ratio of free length to the mean diameter for the spring. Three dif
ferent end conditions are described in the figure. As an example of the use of this fig
ure, consider a spring having squared and ground ends, a free length of 6.0 in, and a 
mean diameter of 0.75 in. We want to know what deflection would cause the spring to 
buckle. First compute 

D,. 
6.0 
0.75 

8.0 

TABLE 19-4 Spring wire modulus of elasticity in shear (G) and tension (E) 

Material 
and ASTM no. 

Hard-drawn steel: A227 
Music wire: A228 
Oil-tempered: A229 
Chromium-vanadium: A231 
Chromium-silicon: A40I 
Stainless steels: A313 

Types302, 304, 316 
Type 17-7 PH 

Spring brass: B134 
Phosphor bronze: B159 
Beryllium copper: B197 
Monel and K-Monel 
Inconel and Inconel-X 

Shear modulus 

(psi) 

11.5 X 

11.85 X 
11.2 
II.2 
11.2 

10.0 
10.5 
5.0 
6.0 
7.0 
9.5 

10.5 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

10" 
10" 
10" 
10" 
10" 

10" 
10" 
10" 
10" 
10" 
10" 
10" 

,G 

(GPa) 

79.3 
81.7 
77.2 
77.2 
77.2 

69.0 
72.4 
34.5 
41.4 
48,3 
65.5 
72.4 

Tension niodul 

(psi) 

2X.6 X 10" 
29.0 X 10" 
28.5 X 10" 
28.5 X 10" 
29.5 X 10" 

28.0 X 10" 
29.5 X 10" 
15.0 X 10" 
15.0 X 10" 
17.0 X 10" 
26.0 X 10" 
31.0 X 10" 

us, £ 

(GPa) 

197 
200 
196 
196 
203 

193 
203 
103 
103 
117 
179 
214 

Note: Data are average values. Slight variations with wire size and treatment may occur. 
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FIGURE 19-15 
Spring buckling 
criteria. If the actual 
ratio of fJLf is greater 
than the critical ratio, 
the spring will buckle 
at operating deflection. 
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Then, from Figure 19-15, the critical deflection ratio is 0.20. From this we can compute the 
critical deflection: 

f 
-i^ = 0.20 or / , = 0.20(L/) = 0.20(6.0 in) = 1.20 in 

That is, if the spring is deflected more than 1.20 in, the spring should buckle. 
Additional development and discussion of formulas for .stresses and deflection of hel

ical compression springs can be found in References 4 and 6. Reference 3 provides valu
able information on the analysis of spring failures. 

19-5 
ANALYSIS OF 

SPRING 
CHARACTERISTICS 

This section demonstrates the use ofthe concepts developed in previous sections to analyze 
the geometry and the pertormance characteristics of a given spring. Assume that you have 
found a spring but there are no performance data available for it. By making a few meas
urements and computations, you should be able to determine those characteristics. One 
piece of information you would have to know is the material from which the spring is made 
so that you could evaluate the acceptability of calculated stress levels. 

The method of analysis is presented in Example Problem 19-1. 

Example Problem 19-1 A spring is known to be made from music wire, ASTM A228 steel, but no other data are 
known. You are able to measure the following features using simple measurement tools: 

Free length = Lj = 1.75 in 

Outside diameter = OD = 0.561 in 

Wire diameter = D,, = 0.055 in 

The ends are squared and ground. 

The total number of coils is 10.0. 
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This spring will be used in an application where the normal operating load is to be 14.0 lb. 
Approximately 300 000 cycles of loading are expected. 

For this spring, compute and/or do the following: 

1. The music wire gage number, mean diameter, inside diameter, spring index, and 

Wahl factor. 

2. The expected stress at the operating load of 14.0 lb. 

3. The deflection ofthe spring under the 14.0-lb load. 

4. The operating length, solid length, and spring rate. 

5. The force on the spring when it is at its solid length and the corresponding stress 
at solid length. 

6. The design stress for the material; then compare it with the actual operating stress. 

7. The maximum permissible stress; then compare it with the stress at solid length. 

8. Check the spring for buckling and coil clearance. 

9. Specify a suitable diameter for a hole in which to install the spring. 

Solution The solution is presented in the same order as the requested items just listed. The formulas 
used are found in the preceding sections of this chapter. 

Step I. The wire is 24-gage music wire (Table 19-2). Thus, 

D„, = OD - D„ = 0.561 - 0.055 = 0.506 in 

ID = D,„ - D„ = 0.506 - 0.055 = 0.451 in 

Spring index = C = D,„/D„ = 0.506/0.055 = 9.20 

Wahl factor = K = {AC ~ \ )/(4C - 4) + 0.615/C 

K = [4(9.20) - l]/[4(9.20) - 4] + 0.615/9.20 

K = 1.158 

Step 2. Stress in spring at F = F„ = 14.0 Ib [Equation (19-4)]: 

SKF„C 8(1.158)(14.0)(9.20) 
T„ = 

TTDI Tr(0.055)-

Step 3. Deflection at operating force [Equation (19-6)]: 

8F„CX 8(14.0)(9.20)'(8.0) 

25 560 psi 

/ . = GD„ (11.85 X 10')(0.055) 
= 1.071 in 

Note that the number of active coils for a spring with squared and ground ends '\s, N„ - N -2 ~ 
10.0 - 2 = 8.0. Al.so, the spring wire modulus, G, was found in Table 19^. The value off, is 
the deflection from free length to the operating length. 

Step 4. Operating length: We compute operating length as 

I = L, -./;, = 1.75 - 1.071 = 0.679 in 

Solid length = L, = D,,{N) = 0.055(10.0) = 0.550 in 
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Spring Index: We use Equation (19-1). 

, ^F F„ F„ 14.01b , .n-7iu/-
AL Lf - L„ f, 1.071 in 

Step 5. We can find the force at solid length by multiplying the spring rate times the 
deflection from the free length to the solid length. Then 

F, = k(L, - LJ = (13.07 lb/in)( 1.75 in - 0.550 in) = 15.69 lb 

The stress at solid length. T„ could be found from Equation (19—4), using F = F,, However, 
an easier method is to recognize that the stress is directly proportional to the force on the 
spring and that all of the other data in the formula are the same as those used to compute 
the stress under the operating force, F„. We can then use the simple proportion 

T, = T„ (FJF,,) = (125 560 psi)( 15.69/14.0) = 140 700 psi 

Step 6. Design stress, T,/: From Figure 19-9, in the graph of design stress versus 
spring wire diameter for ASTM A228 steel, we can use the average service curve based on 
the expected number of cycles of loading. We read T,/ = 135 000 psi for the 0.055-in wire. 
Because the actual operating stress, T,„ is less than this value, it is safisfactory. 

Step 7. Maximum allowable stress, T„,̂ ,̂ : It is recommended that the light senice 
curve be used to determine this value. For D„, = 0.055, T,̂ ^^ = 150 000 psi. The actual ex
pected maximum stress that occurs at solid length (T, = 140 700 psi) is less than this value, 
and therefore the design is satisfactory with regard to stresses. 

Step 8. Buckling: To evaluate buckling, we must compute 

L,/D,„ = (1.75 in)/(0.506 in) = 3.46 

Referring to Figure 19-15 and using curve A for squared and ground ends, we see that the 
critical deflection ratio is very high and that buckling should not occur. In fact, for any value 
of Lf/D,„ < 5.2, we can conclude that buckling will not occur. 

Coil clearance, cc: We evaluate cc as follows: 

cc = (L„ - L,)/N„ = (0.679 - 0.550)/(8.0) = 0.016 in 

Comparing this to the recommended minimum clearance of 

D„710 = (0.055 in)/10 = 0.0055 in 

we can judge this clearance to be acceptable. 

Step 9. Hole diameter: It is recommended that the hole into which the spring is to be in
stalled should be greater in diameter than the OD ofthe spring by the amount of D,yi0. Then 

Dh„ie> OD + D„710 = 0.561 in + (0.055 in)/10 = 0.567 in 

A diameter of 5/8 in (0.625 in) would be a safisfactory standard size. 
This completes the example problem. 
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19—6 The objecfive ofthe design of helical compression springs is to specify the geometry for the 
DESIGN OF 

HELICAL 
COMPRESSION 

SPRINGS 

Example Problem 19-2 

Solution Method 1 

spring to operate under specified limits of load and deflection, possibly with space limita
fions, also. We will specify the material and the type of service by considering the environ
ment and the application. 

A typical problem statement follows. Then two solution procedures are shown, and 
each is implemented with the aid of a spreadsheet. 

A helical compression spring is to exert a force of 8.0 lb when compressed to a length of 
1.75 in. At a length of 1.25 in, the force must be 12.0 lb. The spring will be installed in a 
machine that cycles slowly, and approximately 200 000 cycles total are expected. The tem
perature will not exceed 200°F. The spring will be installed in a hole having a diameter of 
0.75 in. 

For this application, specify a suitable material, wire diameter, mean diameter, OD, 
ID, free length, solid length, number of coils, and type of end condition. Check the stress 
at the maximum operating load and at the solid length condition. 

The first of two solution procedures will be shown. The numbered steps can be used 
as a guide for future problems and as a kind of algorithm for the spreadsheet approach that 
follows the manual solution. 

The procedure works directly toward the overall geometry of the spring by specifying the 
mean diameter to meet the space limitations. The process requires that the designer have ta
bles of data available for wire diameters (such as Table 19-2) and graphs of design stresses 
for the material from which the spring will be made (such as Figures 19-8 through 19-13). 
We must make an initial estimate for the design stress for the material by consulting the 
charts of design stress versus wire diameter to make a reasonable choice. In general, more 
than one trial must be made, but the results of early trials will help you decide the values to 
use for later trials. 

Step L Specify a material and its shear modulus of elasticity, G. 
For this problem, several standard spring materials can be used. Let's select ASTM 

A231 chromium-vanadium steel wire, having a value of G = 11 200 000 psi (see Table 
19-4). 

Step 2. From the problem statement, identify the operating force, F„: the operating 
length at which that force must be exerted, L,,,- the force at some other length, called the in
stalled force, F,: and the installed length. L,. 

Remember, F„ is the maximum force that the spring experiences under normal oper
ating conditions. Many times, the second force level is not specified. In that ca.se, let F, = 
0, and specify a design value for the free length, L,. in place of L,. 

For this problem, F„ = 12.0 lb; L„ = 1.25 in; F, = 8.0 lb; and L, 

Step 3. Compute the spring rate, k, using Equation (19-la): 

1.75 in. 

k = 
F„ - F, 
L. - L„ 

12.0 - 8.0 
1.75 - 1.25 

= 8.00 lb/in 

Step 4. Compute the free length, L,: 

Lf = L, + F,/k = 1.75 in + [(8.00 lb)/(8.00 lb/in)] = 2.75 in 

The second term in the preceding equation is the amount of deflection from free length to 
the installed length in order to develop the installed force, F,. Of course, this step becomes 
unnecessary if the free length is specified in the original data. 
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Step 5. Specify an initial estimate for the mean diameter, D,„, 
Keep in mind that the mean diameter will be smaller than the OD and larger than the 

ID. Judgment is necessary to get started. For this problem, let's specify D„ = 0.60 in. This 
should permit the installation into the 0.75-in-diameter hole. 

Step 6. Specify an initial design stress. 
The charts for the design stresses for the selected material can be consulted, consider

ing also the service. In this problem, we should use average service. Then for the ASTM A231 
steel, as shown in Figure 19-11, a nominal design stress would be 130 000 psi. This is strictly 
an estimate based on the strength ofthe material. The process includes a check on stress later 

Step 7. Compute the trial wire diameter by solving Equation (19^) for D,,., Notice 
that everything else in the equation is known except the Wahl factor. A", because it depends 
on the wire diameter itself. But K varies only little over the normal range of spring indexes, 
C. From Figure 19-14, note that A" = 1.2 is a nominal value. This, too, will be checked later. 
With the assumed value of K, some simplification can be done: 

C^ Trial Wire Diameter 

D„ = 
SKFJ),, 

TTT,; 

1/3 

Combining constants gives 

~MF,f)„ 
D„. -

TTT,, 

1/- ' 

(8)(1.2)(FJ(D„,) 

( ^ ) ( T . ) 

•(3.06)(FJ(DJ-

1/3 

1/3 

For this problem. 

D„.= 
•(3.06)(FJ(DJ 

D„ - 0.0553 in 

1/3 (3.06)(12)(0.6) 

(19-7) 

130 000 

0.333 

Step 8. Select a standard wire diameter from the tables, and then determine the de
sign stress and the maximum allowable stress for the material at that diameter. The design 
stress will normally be for average service, unless high cycling rates or shock indicate that 
severe service is warranted. The light service curve should be used with care because it is 
very near to the yield strength. In fact, we will use the light service curve as an estimate of 
the maximum allowable stress. 

For this problem, the next larger standard wire size is 0.0625 in, no. 16 on the U.S. 
Steel Wire Gage chart. For this size, the curves in Figure 19-11 for ASTM A231 steel wire 
show the design stress to be approximately 145 000 psi for average service, and the max
imum allowable stress to be 170 000 psi from the light service curve. 

Step 9. Compute the actual values of C and K, the spring index and the Wahl factor: 

D„ 
0.60 

0.0625 
9.60 

K 
4C - I , 0.615 4(9.60) -

-H 
1 ^ 0.615 

4C - 4 C 4(9.60) - 4 9.60 
- 1.15 

Step 10. Compute the actual expected stress due to the operating force, Fg, from Equa
tion (19-4): 

^KF„D,„ (8)(1.15)(12.0)(0.60) . 

'" ^ -^r^DT = ( . ) (0.0625)^ = ' ' ' ' ' ^ ' ' 

Comparing this with the design stress of 145 000 psi, we see that it is safe. 
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Step IL Compute the number of active coils required to give the proper deflection 
characteristics for the spring. Using Equation (19-6) and solving for A(,, we have 

8FCW„ 
/ = 

GD,, 

Number of ., _ fGD„ GD„ 
Active Coils ^" ~ ^ ^ " ^ ^ i^ote: F/f = k, the spring rate.) (19_8) 

Then, for this problem, 

_ GD,, (11 200 000) (0.0625) 

^^ " i / ^ " (8)(8.0)(9.60)-^ = '^•^^'^"'^^ 

Notice that k = 8.0 lb/in is the spring rate. Do not confuse this with K. the Wahl factor. 

Step 12. Compute the solid length, L,; the force on the spring at solid length, F,; and 
the stress in the spring at solid length, x,. This computation will give the maximum stress 
that the spring will receive. 

The solid length occurs when all ofthe coils are touching, but recall that there are two 
inactive coils for springs with squared and ground ends. Thus, 

L, = D,,(N, + 2) - 0.0625(14.36) = 0.898 in 

The force at solid length is the product ofthe spring rate times the deflection to solid 
length (Lf - Lj: 

F, = kiLf - L,) = (8.0 lb/in)(2.75 - 0.898) in = 14.8 lb 

Because the stress in the spring is directly proportional to the force, a simple method 
of computing the solid length stress is 

Tv = iTj(FJF„) = (86 450psi)(14.8/12.0) = 106 750 psi 

When this value is compared with the maximum allowable stress of 170 000 psi, we see that 
it is safe, and the spring will not yield when compres.sed to solid length. 

Step 13. Complete the computations of geometric features, and compare them with 
space and operafional limitations: 

OD = D,„ + D„ = 0.60 + 0.0625 = 0.663 in 

ID = D,„ - D„ = 0.60 - 0.0625 = 0.538 in 

These dimensions are .satisfactory for installation in a hole having a diameter of 0.75 in. 

Step 14. The tendency to buckle is checked, along with the coil clearance. 

This procedure completes the design of one satisfactory spring for this appli
cation. It may be desirable to make other trials to attempt to find a more nearly opti
mum spring. 
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Spreadsheet for Spring Design Method 1 

The 14 steps required to complete one trial design using Method 1 which was demonstrated 
in Example Problem 19-2 are fairiy involved, tedious, and time-consuming. Furthermore, 
it is highly likely that .several iterations are required to produce an optimum solufion that 
meets application considerations of the physical size of the spring, acceptable levels of 
stress under all loads, cost, and other factors. You might want to investigate the use of dif
ferent materials for the same basic design goals for the forces, lengths, and spring rate. 

For these and many other reasons, it is recommended that computer-assisted design 
approaches be developed to perform most of the calculations and to guide you through the 
solution procedure. This could be done with a computer program, a spreadsheet, mathe
matical analysis software, or a programmable calculator. Once written, the program or 
spreadsheet can be used for any similar design problem in the future by yourself or others. 

Figure 19-16 shows one approach using a spreadsheet with the data from Example 
Problem 19-2 used for illustration. This approach is attractive because the entire solution 
is presented on one page, and the user is guided through the solution procedure. Let's sum
marize the use of this spreadsheet. As you read this, you should compare the spreadsheet 
entries with the details ofthe solution of Example Problem 19-2. The various formulas used 
there are programmed into the appropriate cells of the spreadsheet. 

1. The process begins, as with virtually any spring design procedure, with the spec
ification of the relationship between force and length for two separate conditions, 
typically called the operating force-length and the installed force-length. From 
these data, the spring rate is effectively specified as well. Sometimes the free 
length is known, which then equals the installed length, and the installed force 
equals zero. Also, the designer would know roughly the space into which the 
spring is to be installed. 

2. The heading for the spreadsheet gives a brief overview of the design approach built 
into Method 1. The designer specifies a target mean diameter for the spring to fit a 
particular application. The spring material is specified, and the graph ofthe strength 
of that material is used as a guide for estimating the design stress. This requires the 
u.ser to make a rough estimate also ofthe wire diameter, but a specific size is not yet 
cho.sen. The service (light, average, or severe) must also be specified at this fime. 

3. The spreadsheet then computes the resulting spring rate, the free length, and a trial 
wire diameter to produce an acceptable stress. Equation (19-7) is used to compute 
wire size. 

4. The designer then enters a standard wire size, typically greater than the computed 
value. Table 19-2 is a listing of standard wire sizes. At this fime, also, the designer 
must look again at the design stress graph for the chosen material and must deter
mine a revised value for the design stress corresponding with the new wire diam
eter. The maximum allowable stress is also entered, found from the light service 
curve for the material at the specified wire size. 

5. With the data entered, the spreadsheet completes the entire set of remaining cal
culations. The spring must be manufactured with exacfiy the specified diameters 
and number of active coils. The end condition for the spring, from the possibilifies 
shown in Figure 19-3, should also be specified. 

6. The designer's task is to evaluate the suitability of the results for basic geometry, 
stresses, potential for buckling, coil clearance, and installation of the spring into a 
hole. The Comments secfion to the right includes several prompts. But this is the 
designer's responsibility: to make judgments and design decisions. 



DESIGN OF HELICAL COMPRESSION SPRING—METHOD 1 
Specify mean diameter and design stresses. Compute wire diameter and number of coils. 

1. Enter data for forces and lengths. 
2. Specify material; shear modulus, G; and an estimate for design stress. 
3. Enter trial mean diameter for spring, considering space available. 
4. Check computed values for spring rate, free length, and new trial wire diameter. 
5. Enter your choice for wire diameter of a standard size. 
6. Enter design stress and maximum allowable stress from Figures 19-8 through 19-13 for new D„. 

Numerical values in italics In shaded 
areas must be inserted for each problem. 

Problem ID; 

Initial Input Data: 

Maximum operating force = FQ = 12,0 Ib 
Operating length = Lg= 1.25 in 

Installed force = F, = 8.0 Ib 
Installed length = L, = 1.75 in 

Trial mean diameter = D^ = 0.60 in 
Type of spring wire: ASTM A231 steel 

Shear modulus of elasticity of spring wire = G = 1.12E + 07 psi 
Initial estimate of design stress = T^, = 130 000 psi 

Computed Values: 

Computed spring rate = k = 8.00 lb/in 
Computed free length = Lf= 2.75 in 

Computed trial wire diameter = D,^= 0.055 in 

Secondary Input Data: 

Standard wire diameter = D,,= 0.0625 in 
Design stress = T^ = 145 000 psi 

Maximum allowable stress = Tmax= 1^0 000 psi 

Computed Values: 

Outside diameter = D^ = 0.663 in 
Inside diameter = D, = 0.538 in 

Number of active coils = A/a = 12.36 
Spring index = C == 9.60 
Wahl factor = K= 1.15 

Stress at operating force = TQ = 86,459 psi 
Solid length = L3 - 0.898 in 

Force at solid length = F, = 14.82 Ib 
Stress at solid length = T^ = 106 768 psi 

Check Buckling, Coil Clearance, and Hole Size: 

Buckling: Ratio = 1^/0^= 4.58 
Coil clearance = cc = 0.029 in 

If installed in hole, minimum hole diameter = Dhoie> 0.669 in 

Example Problem 19-2 

Comments 

Note: F, = 0 if: 
L, = free length 

See Figures 19-8-19-13. 
From Table 19-4 
From design stress graph 

From Table 19-2 
From design stress graph 
Use light service curve. 

Should not be <5.0 

Cannot be >145,000 
Cannot be >1.25 

Cannot be >170,000 

Check Figure 19-15 if >5.2. 
Should be >0.00625 
For side clearance 

FIGURE 19-16 Spreadsheet for Spring Design Method 1 of Example Problem 19-

753 
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Notice the advantage of using a spreadsheet: The designer does the thinking, and the 
spreadsheet does the computing. For subsequent design iterations, only the values that 
change need to be entered. For example, if the designer wants to try a different wire diam
eter for the same spring material, only the three data values in the section called Secondary 
Input Data need to be changed, and a new result is produced immediately. Many design it
erations can be completed in a short time with this approach. 

You might see ways to enhance the utility ofthe spreadsheet, and you are encouraged 
to do that. 

Spreadsheet for Spring Design Method 2 

An alternative spring design method is shown in Figure 19-17. This method allows the 
designer more freedom in manipulating the parameters. The data used are basically the 
same as those of Example Problem 19-2 except that there is no requirement for installing 
the spring in a certain size hole. We refer to this modified problem statement as Exam
ple Problem 19-3. 

Example Problem 19-3 The process is similar to that of Method 1, so only the major differences are discussed 
below. Follow along with the spreadsheet in Figure 19-17 as we describe Method 2, Tri
als 1 and 2. 

Solution Method 2, 
Trial 1 

1. The general procedure is outlined at the top of the spreadsheet. The designer se
lects a material, estimates the wire diameter as an initial trial, and inputs a corre
sponding esfimate of the design stress. 

2. The spreadsheet then computes a new trial wire diameter using a formula derived 
from the fundamental equation for shear stress in a helical compression spring. 
Equation (19^). The development is described here. 

8A:FC 
(19-4) 

Let F = F„ and T = TJ (the design stress). Solving for the wire diameter gives 

D„, = 
'8KF„C 

TTT,j 
(19-9) 

The values of K and C are not yet known, but a good estimate for the wire diameter can be 
computed if the spring index is assumed to be approximately 7.0, a reasonable value. The 
corresponding value for the Wahl factor is A' = 1.2, from Equation (19-5). Combining these 
assumed values with the other constants in the preceding equation gives 

D„ = V 2 1 . 4 ( F „ ) / ( T , ) (19-10) 

This formula is programmed into the spreadsheet in the cell to the right of the one labeled 
D„i, the computed trial wire diameter. 

3. The designer then enters a standard wire size and determines revised values for the 
design stress and the maximum allowable stress from the graphs of material prop
erties, Figures 19-8 through 19-13. 



DESIGN OF HELICAL COMPRESSION SPRING—METHOD 2 
Specify wire diameter, design stresses, and number of coils. Compute mean diameter. 

1. Enter data for forces and lengths. 
2. Specify material; shear modulus, G; and an estimate for design stress. 
3. Enter trial wire diameter 
4. Check computed values for spring rate, free length, and new trial wire diameter 
5. Enter your choice for wire diameter of a standard size. 
6. Enter design stress and maximum allowable stress from Figures 19-8 through 19-13 for new D̂ , 
7. Check computed maximum number of coils. Enter selected actual number of coils. 

Numerical values in Italics in shaded areas 
must be inserted for each problem. 

Problem ID: Example Problem 19-3, 
Trial 1: 

Initial Input Data: Comments 

Maximum operating force = 
Operating length = 

Installed force = 
Installed length = 

Type of spring wire: 
Shear modulus of elasticity of spring wire = 

Initial estimate of design stress = 
Initial trial wire diameter = 

Fo- 12.01b 
Lo= 1.25 in 
Fi^ 8.01b 
/.,= 1.75 in 

ASTM A231 steel 
G - 1.12E+07psi 
T^i = 144 000 psi 
D,^= 0.06 in 

Computed Values: 

Computed spring rate = k = 8.00 lb/in 
Computed free length = Lf= 2.75 in 

Computed trial wire diameter = D̂ ^ = 0.042 in 

Secondary Input Data: 

Standard wire diameter = D^= 0.0475 in 
Design stress = T,̂  = 749 000 psi 

Maximum allowable stress = Tmax= 174 000 psi 

Computed: Maximum number of coils = A/max= 24.32 

Input: Number of active coils /v. 22 

Computed Values: 

Spring index = 
Wahl factor = 

Mean diameter = 
Outside diameter = 

Inside diameter = 
Solid length = 

Stress at operating force = 
Force at solid length = 

Strength at solid length = 

C = 
K = 

Do = 
D,= 

To = 

F. = 
T<: = 

7.23 
1.21 

0.343 in 
0.391 in 
0.296 in 
1.140 in 

118 030 psi 
12.88 1b 

126 685 psi 

Check Buckling, Coil Clearance, and Hole Size: 

Buckling: Ratio = 
Coil clearance = 

If installed in hole, minimum hole diameter = 

L,ID^= 
cc = 

'hole > 

8.01 
0.005 0 in 

0.396 in 

Note: F, = 0 if: 
L, = free length 
See Figures 19-8-19-13. 
From Table 19-4 
From design stress graph 

From Table 19-2 
From design stress graph 
Use light service curve. 

Suggest using an integer 

Should not be <5.0 

Cannot be >1.25 
Cannot be >149 000 

Cannot be >174 000 

Check Figure 19-15 if >5.2. 
Should be >0.00475 
For side clearance 

FIGURE 19-17 Spreadsheet for Spring Design Method 2 of Example Problem 19-3, Trial 1 
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4. The spreadsheet then computes the maximum permissible number of active coils 
for the spring. The logic here is that the solid length must be less than the operat
ing length. The solid length is the product of the wire diameter and the total num
ber of coils. For squared and ground ends, this is 

L, = D„.(N„ + 2) 

Note that different relationships are used for the total number of coils for springs 
with other end conditions. See the discussion "Number of Coils" in Secfion 19-3. Now 
letting L, = L̂  as a limit and solving for the number of coils gives 

(Â Jn̂ ax = iL„ - 2D,,)/D,, (19-11) 

This is the formula programmed into the spreadsheet cell to the right of the one la
beled yv„,3,. 

5. The designer now has the freedom to choose any number of active coils less than 
the computed maximum value. Note the effects of that decision. Choosing a small 
number of coils will provide more clearance between adjacent coils and will use 
less wire per spring. However, the stresses produced for a given load will be 
higher, so there is a practical limit. One approach is to try progressively fewer coils 
until the stress approaches the design stress. Whereas any number of coils can be 
produced, even fractional numbers, we suggest trying integer values for the con
venience of the manufacturer. 

6. After the selected number of coils has been entered, the spreadsheet can complete 
the remaining calculations. One additional new formula is used in this spreadsheet 
to compute the value ofthe spring index, C. It is developed from the second form 
of Equation (19-6) relating the deflection for the spring,/, to a corresponding ap
plied force, F, the value of C, and other parameters that are already known. First 
we solve for C^ 

Deflection r-N uenecTion ^ 
8FD;>. SFC'N,. 

of a Spring / ^^^4 G D „ 

fGD„ 
Ĉ  = 

8FM, 

Now notice that we have the force F in the denominator and the corresponding deflection/ 
in the numerator. But the spring rate k is defined as the ratio of F/f Then we can substitute 
k into the denominator and solve for C: 

C = 
GD„ 
SkN„ 

1/3 

(19-12) 

This formula is programmed into the spreadsheet cell to the right ofthe one labeled C =. 

7. Recall that C is defined as the ratio, D„JD,,, We can now solve for the mean 
diameter: 

D,„ = CD,, 

This is used to compute the mean diameter in the cell to the right of D„ =. 
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Solution Method 2, 
Trial 2 

8. The remaining calculations use equations already developed and used earlier. 
Again, the designer is responsible for evaluating the suitability of the results and 
for performing any additional iterations to search for an optimum result. 

Now notice that the solufion obtained in Trial I and shown in Figure 19-17 is far from op
fimum. Its free length of 2.75 in is quite long compared with the mean diameter of 0.343 
in. The buckling ratio of L,/D,„ = 8.01 indicates that the spring is long and slender. Check
ing Figure 19-15, we can .see that buckling is predicted. 

One way to work toward a more suitable geometry is to increase the wire diameter 
and reduce the number of coils. The net result will be a larger mean diameter, improving 
the buckling ratio. 

Figure 19-18 shows the result of several iterations, finally using D„. = 0.0625 in 
(larger than the former value of 0.0475 in) and 16 active coils (down from 22 in the first 
trial). The buckling ratio is down to 4.99, indicating that buckling is unlikely. The stress at 
operating force is comfortably lower than the design stress. The other geometrical features 
also appear to be satisfactory. 

This example should demonstrate the value of using spreadsheets or other computer-
based computational aids. You should also have a better feel for the kinds of design deci
sions that can work toward a more optimum design. See Intemet sites 1 and 2 for 
commercially available spring design software. 

19—7 Extension springs are designed to exert a pulling force and to store energy. They are made 
EXTENSION from closely coiled helical coils similar in appearance to helical compression springs. Most 

SPRINGS extension springs are made with adjacent coils touching in such a manner that an initial 
force must be applied to separate the coils. Once the coils are separated, the force is linearly 

I ̂ L I D F ^ I r-i M proportional to the deflecfion, as it is for helical compression springs. Figure 19-19 shows 
'-*-*-'j"^^—}\\.J ^ typical extension spring, and Figure 19-20 shows the characteristic type of load-

deflection curve. By convention, the initial force is found by projecting the straight line por
tion of the curve back to zero deflection. 

The stresses and deflections for an extension spring can be computed by using the 
formulas used for compression springs. Equation (19-4) is used for the torsional shear 
stress. Equation (19-5) for the Wahl factor to account for the curvature of the wire and the 
direct shear stress, and Equation (19-6) for the deflection characteristics. All coils in an ex
tension spring are acfive. In addition, since the end loops or hooks deflect, their deflection 
may affect the actual spring rate. 

The initial tension in an extension spring is typically 10% to 25% of the maximum 
design force. Figure 19-21 shows one manufacturer's recommendation ofthe preferred tor
sional stress due to initial tension as a function of the spring index. 

End Configurations for Extension Springs 

A wide variety of end configurations may be obtained for attaching the spring to mating 
machine elements, some of which are shown in Figure 19-4. The cost of the spring can be 
greatly affected by its end type, and it is recommended that the manufacturer be consulted 
before ends are specified. 



DESIGN OF HELICAL COMPRESSION SPRING—METHOD 2 
Specify wire diameter, design stresses, and number of i 

1. Enter data for forces and lengths. 

::oils. Compute mean diameter 

2. Specify material; shear modulus, G; and an estimate for design stress. 
3. Enter trial wire diameter. 
4. Check computed values for spring rate, free length, and new trial wire diameter 
5. Enter your choice for wire diameter of a standard size. 
6. Enter design stress and maximum allowable stress from Figures 19-8 through 19-13 for new 0,^. 
7. Check computed maximum number of coils. Enter selected actual number of coils. 

Numerical values in italics in shaded areas 
must be inserted for each problem. 

Problem ID: 

Initial Input Data: 

Maximum operating force = F^ = 
Operating length = LQ = 

Installed force = F, = 
Installed length = L, == 

12.01b 
1,25 in 
8.01b 

1.75 in 
Type of spring wire: ASTM A231 steel 

Shear modulus of elasticity of spring wire = G = 
Initial estimate of design stress - ifn = 

Initial trial wire diameter = D^-

1.12E+07psi 
144 000 psi 

0.06 in 

Computed Values: 

Computed spring rate = k ^ 
Computed free length = Lf = 

Computed trial wire diameter = D^ = 

8.00 lb/in 
2.75 in 

0.042 in 

Secondary Input Data: 

Standard wire diameter = D,^ = 
Design stress = T̂^ = 

Maximum allowable stress = Tmax -

Computed: Maximum number of coils = A/̂ ax = 

Input: Number of active coils = A/̂  = 

0.0625 in 
142 600 psi 
167 400 psi 

18.00 

16 

Computed Values: 

Spring index = C = 
Wahl factor = K = 

Mean diameter = D^ = 
Outside diameter = DQ = 

Inside diameter = D, = 
Solid length = Lj = 

Stress at operating force = T^ = 
Force at solid length = F̂  = 

Stress at solid length = TS = 

8.81 
1.17 

0.551 in 
0.613 in 
0.488 in 
1.125 in 

80 341 psi 
13.00 1b 

87 036 psi 

Check Buckling, Coil Clearance, and Hole Size: 

Buckling: Ratio = L,ID^ = 
Coil clearance = cc -

If installed in hole, minimum hole diameter = Dhoie > 

4.99 
0.0078 in 

0.619 in 

Example Problem 19-3, 
Trial 2: D^ = 0.0625 

Comments 

Note: F, = 0 if: 
L, ^ free length 
See Figures 19-8-19-13. 
From Table 19-4 
From design stress graph 

From Table 19-2 
From design stress graph 
Use light service curve. 

Suggest using an integer. 

Should not be <5.0 

Cannot be >1.25 
Cannot be >142 600 

Cannot be > 167 400 

Check Figure 19-15 if >5.2. 
Should be >0.00625 
For side clearance 

FIGURE 19-18 Spreadsheet for Spring Design Method 2 of Example Problem 19-3, Trial 2 
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FIGURE 19-19 
Extension spring 
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dia. 

Free length-
Gap 
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FIGURE 19-20 
Load-deflection curve 
for an extension spring 

P, = Initial force 

Deflection 

FIGURE 19-21 
Recommended 
torsional shear stress in 
an extension spring due 
to initial tension (Data 
from Associated 
Spring, Barnes Group, 
Inc.) 
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Spring index, C = D,„/D„ 

Frequently, the weakest part of an extension spring is its end. especially in fatigue 
loading cases. The loop end shown in Figure 19-22. for example, has a high bending stress 
at point A and a torsional shear stress at point B. Approximations for the stresses at these 
points can be computed as follows: 
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FIGURE 19-22 
Stresses in ends of 
extension spring 

(a) Bending stress at A (b) Torsion stress at B 

Bending Stress at A 

Torsional Stress at B 

\6D„,F„K, , 4F„ 

""'- ^Dl 

J. 4Ci - C, 
^̂ ' " 4C,(C, -

C, =2RJD,, 

' TTD;, 

- 1 

1) 

^D,„F„K, 

_ AC. - 1 
^^ ~ 4C: - 4 

C, = 2R2/D,, 

(19-13) 

(19-14) 

(19-15) 

(19-16) 

The ratios C, and Ĉ  relate to the curvature of the wire and should be large, typically greater 
than 4, to avoid high stresses. 

Allowable Stresses for Extension Springs 

The torsional shear stress in the coils of the spring and in the end loops can be compared to the 
curves in Figures 19-8 through 19-13. Some designers reduce these allowable stresses by 
about 10%. The bending stress in the end loops, such as that from Equation (19-13), should be 
compared to the allowable bending stresses for torsion springs, as presented in the next section. 

Example Problem 19-4 

Solution 

A helical extension spring is to be installed in a latch for a large, commercial laundry ma
chine. When the latch is closed, the spring must exert a force of 16.25 lb at a length between 
attachment points of 3.50 in. As the latch is opened, the spring is pulled to a length of 4.25 
in with a maximum force of 26.75 Ib. An outside diameter of 5/8 in (0.625 in) is desired. 
The latch will be cycled only about 10 times per day, and thus the design stress will be based 
on average service. Use ASTM A227 steel wire. Design the spring. 

As before, the suggested design procedure will be given as numbered steps, followed by the 
calculations for this set of data. 
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Step 1. Assume a trial mean diameter and a trial design stress for the spring. 
Let the mean diameter be 0.500 in. For ASTM A227 wire under average service, a 

design stress of 110 000 psi is reasonable (from Figure 19-8). 

Step 2. Compute a trial wire diameter from Equation (19-4) for the maximum oper
ating force, the assumed mean diameter and design stress, and an assumed value for K of 
about 1.20. 

F>„. = 
^KF..D„ 

TTT, 

1/.^ •(8)(1.20)(26.75)(0.50) 

(7T) ( I10 0 0 0 ) 

1/.̂  

- 0.072 in 

A standard wire size in the U.S. Steel Wire Gage system is available in this size. Use 15-gage. 

Step 3. Determine the actual design stress for the selected wire size. 
From Figure 19-8. at a wire size of 0.072 in, the design stress is 120 000 psi. 

Step 4. Compute the actual values for outside diameter, mean diameter, inside diam
eter, spring index, and the Wahl factor, K. These factors are the same as those defined for 
helical compression springs. 

Let the outside diameter be as specified, 0.625 in. Then 

D„, ^ OD - D„ = 0.625 - 0.072 = 0.553 in 

ID = OD - 2D„ = 0.625 - 2(0.072) = 0.481 in 

C = D,„/D„ = 0.553/0.072 = 7.68 

4C - 1 0.615 ^ 4(7.68) - 1 0.615 
4C - 4 C 4(7.68) - 4 7.68 1.19 

Step 5. Compute the actual expected stress in the spring wire under the operating load 
from Equation (19^): 

T„ = 
SKF,f),„ 8 ( 1 . I 9 ) ( 2 6 . 7 5 ) ( 0 . 5 5 3 ; 

trDt IT (0.072)' 
= 120 000 psi (okay) 

Step 6. Compute the required number of coils to produce the desired deflection 
characteristics. Solve Equation (19-6) for the number of coils, and substitute k = 
force/deflection = F/f. 

26.75 - 16.25 = 14.0 lb/in 

N., = 

4.25 - 3.50 

GD„ _ (11.5 X 10")(0.072) 

8C^ " 8(7.68)^(14.0) 
= 16.3 coils 

Step 7. Compute the body length for the spring, and propose a trial design for the ends. 

Body length = D,,(N„ + \) = (0.072)(16.3 + 1) = 1.25 in 

Let's propose to use a full loop at each end ofthe spring, adding a length equal to the ID of 
the .spring at each end. Then the total free length is 

L, = body length + 2(/D) = 1.25 + 2(0.481) = 2.21 in 

Step 8. Compute the deflection from free length to operating length: 

/;, = L„ - Lf = A.25 - 2.21 = 2.04 in 
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Step 9. Compute the initial force in the spring at which the coils just begin to sepa
rate. This is done by subtracting the amount of force due to the deflection,/^: 

F, = F„ - kf = 26.75 - (14.0)(2.04) = -1.81 Ib 

The negative force resulting from a free length that is too small for the specified conditions 
is clearly impossible. 

Let's try L̂  = 2.50 in, which will require a redesign ofthe end loops. Then 

,/;, = 4.25 - 2.50 = 1.75 in 

F, = 26.75 - (14.0)(l.75) = 2.25 Ib (reasonable) 

Step 10. Compute the stress in the spring under the initial tension, and compare it with 
the recommended levels in Figure 19-21. 

Because the stress is proportional to the load, 

r, = T„(F,/F„) = (l20 000)(2.25/26.75) = 10 100 psi 

For C = 7.68, this .stress is in the preferred range from Figure 19-21. 
At this point, the coiled portion of the spring is satisfactory. The final configuration 

ofthe end loops must be completed and analyzed for stress. 

19—8 Many machine elements require a spring that exerts a rotational moment, or torque, instead 
HELICAL of a push or a pull force. The helical torsion spring is designed to satisfy this requirement. 

TORSION The spring has the same general appearance as either the helical compression or the exten-
SPRINGS sion spring, with round wire wrapped into a cylindrical shape. Usually the coils are close 

_ together but with a small clearance, allowing no initial tension in the spring as there is for 
iTi P ) p ^ I C~\ M extension springs. Figure 19-23 shows a few examples of torsion springs with a variety of 

end treatments. 
The familiar clip-type clothespin uses a torsion spring to provide the gripping force. 

Many cabinet doors are designed to close automatically under the influence of a torsion 
spring. Some timers and switches use torsion springs to actuate mechanisms or close con
tacts. Torsion springs often provide counterbalancing of machine elements that are mounted 
to a hinged plate. 

FIGURE 19-23 
Torsion springs 
showing a variety 
of end types 

H 
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The following are some ofthe special features and design guides for torsion springs s: 

1. The moment applied to a torsion spring should always act in a direction that causes 
the coils to wind more tightly, rather than to open the spring up. This takes advan
tage of favorable residual stresses in the wire after forming. 

2. In the free (no-load) condition, the definition of mean diameter, outside diameter, 
inside diameter, wire diameter, and spring index are the same as those used for 
compression springs. 

3. As the load on a torsion spring increa.ses, its mean diameter, D,„, decreases, and its 
length, L, increases, according to the following relations: 

D„, = D„„/V„/(/V,+ 9) (19-17) 

where D„,j = initial mean diameter at the free condition 
A',, = number of active coils in the spring (to be defined later) 

G = angular deflection of the spring from the free condition, expres.sed 
in revolutions or a fraction of a revolution 

L = D,,(N, + 1 + 0 ) (19-18) 

This equation assumes that all coils are touching. If any clearance is provided, as is 
often desirable to reduce fricfion, a length of A'., times the clearance must be added. 

4. Torsion springs must be supported at three or more points. They are usually in
stalled around a rod to provide location and to transfer reaction forces to the struc
ture. The rod diameter should be approximately 90% ofthe ID ofthe spring at the 
maximum load. 

Stress Calculations 
The stress in the coils of a helical torsion spring is bending stress created because the ap
plied moment tends to bend each coil into a smaller diameter. Thus, the stress is com
puted from a form of the flexure formula, o = Me//, modified to account for the curved 
wire. Also, because most torsion springs are made from round wire, the section modulus 
I/c'is S^ 7tA^/32. Then 

_ McKi, _ MKi^ _ MKi, _ 321^Ki, 
"^ " I ~ ' ^ ~ TrDil/32 " TrDi 

(19-19) 

Kl, is the curvature correction factor and is reported by Wahl (see Reference 9) to be 

K, = — ^—^ (19-20) 
'' 4C(C - 1) 

where C = spring index 

Deflection, Spring Rate, and Number of Coils 

The basic equafion governing deflection is 

0' = /^LJEI 
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where 0' = angular deformation of the spring in radians (rad) 
M = applied moment, or torque 
L„ = length of wire in the spring 
E = tensile modulus of elasticity 
/ = moment of inertia of the spring wire 

We can subsfitute equations for L„ and / and convert 0'(radians) to 0 (revolufions) to pro
duce a more convenient form for application to torsion springs: 

^ML^^ M{T:D,„N„) irev ^ \0.2MD,„N^, 

^ EI E{TrD,t/6A) 2Tr rad ED^ 

To compute the spring rate, k^ (moment per revolution), solve for M/0: 

M EDi 

*» = ¥ = wmi. *"-"' 
Friction between coils and between the ID of the spring and the guide rod may decrease the 
rate slightly from this value. 

The number of coils. A',,, is composed of a combinafion of the number of coils in the 
body ofthe spring, called Â ,„ and the contribution ofthe ends as they are subjected to bend
ing, also. Calling A',, the contribution ofthe ends having lengths L, and Li, we have 

A/, = (L, + L;)/(3TTD„,) (19-23) 

Then compute Â ,, = A',, + A',. 

Design Stresses 

Because the stress in a torsion spring is bending and not torsional shear, the design stresses 
are different from those used for compression and extension springs. Figures 19-24 through 
19-29 include six graphs ofthe design stress versus wire diameter for the same alloys used 
earlier for compression springs. 

Design Procedure for Torsion Springs 

A general procedure for designing torsion springs is presented and illustrated with Exam
ple Problem 19-5. 

Example Problem 19-5 A timer incorporates a mechanism to close a switch after the timer rotates one complete 
revolution. The switch contacts are actuated by a torsion spring that is to be designed. 
A cam on the timer shaft slowly moves a lever attached to one end of the spring to a 
point where the maximum torque on the spring is 3.00 Ib-in. At the end of the revolu
tion, the cam permits the lever to rotate 60° suddenly with the motion produced by the 
energy stored in the spring. At this new position, the torque on the spring is 1.60 Ibin. 
Because of space limitations, the OD of the spring should not be greater than 0.50 in, 
and the length should not be greater than 0.75 in. Use music wire, ASTM A228 steel 
wire. The number of cycles of the spring will be moderate, so use design stresses for av
erage service. 



FIGURE 19-24 
Design bending 
stresses for torsion 
springs ASTM A227 
steel wire, hard-drawn 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 144, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-25 
Design bending 
Stresses for torsion 
springs ASTM A228 
music wire (Reprinted 
from Harold Carlson, 
Spring Designer's 
Handbook, p. 143, by 
courtesy of Marcel 
Dekker, Inc.) 
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FIGURE 19-26 
Design bending 
stresses for torsion 
springs ASTM A229 
steel wire, oil-
tempered, MB grade 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 146, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-27 
Design bending 
stresses for torsion 
springs ASTM A231 
steel wire, chromium-
vanadium alloy, 
valve-spring quality 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 147, by courtesy of 
Marcel Dekker, Inc.) 
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FIGURE 19-28 
Design bending 
stresses for torsion 
springs ASTM A401 
steel wire, chromium-
silicon alloy, oil-
tempered (Reprinted 
from Harold Carlson, 
Spring Designer's 
Handbook, p. 148, by 
courtesy of Marcel 
Dekker, Inc.) 

Wire diameter, mr 

FIGURE 19-29 
Design bending 
stresses for torsion 
springs ASTM A313 
stainless steel wire, 
types 302 and 304, 
corrosion-resistant 
(Reprinted from Harold 
Carlson, Spring 
Designer's Handbook, 
p. 150, by courtesy of 
Marcel Dekker, Inc.) 
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Solution Step 1. Assume a trial value for the mean diameter and an estimate for the design stress. 
Let's use a mean diameter of 0.400 in and esfimate the design stress for A228 music 

wire, average service, to be 180 000 psi (Figure 19-25). 

Step 2. Solve Equation (19-19) for the wire diameter, compute a trial size, and se
lect a standard wire size. Let K,, = 1.15 as an esfimate. Also use the largest applied 
torque: 

D. 
'32MK, 

TTO <y . 

1/3 •32(3.0)(1.15) 

_ TT(180 0 0 0 ) . 

1/3 

= 0.058 in 

From Table 19-2, we can choose 25-gage music wire with a diameter of 0.059 in. For this 
size wire, the actual design stress for average service is 178 000 psi. 

Step 3. Compute the OD, ID, spring index, and the new Kj,: 

OD = D,„ + D„ = 0.400 + 0.059 = 0.459 in (okay) 

ID = D„, - D„ = 0.400 - 0.059 = 0.341 in 

C = D,„/D,, = 0.400/0.059 = 6.78 

4^2 _ (̂  _ 1 4(6.78)- - 6.78 - 1 
K, = 1.123 " 4C(C - 1) 4(6.78)(6.78 - 1) 

Step 4. Compute the actual expected stress from Equation (19-19): 

32M/̂ ^ 32(3.0)( 1.123) 
o = r^ = —^—^^ -T^ = 167 000 psi (okay) 

irDf, (IT) (0.059)- ^ ^ ^' 

Step 5. Compute the spring rate from the given data. 
The torque exerted by the spring decreases from 3.00 to 1.60 Ibin as the spring ro

tates 60°. Convert 60° to a fraction of a revolution (rev): 

e -
60 
360 

= 0.167 rev 

^ " = e 
M 3.00 - 1.60 

0.167 
= 8.40 lb • in/rev 

Step 6. Compute the required number of coils by solving for Â„ from Equafion (19-22): 

N., 
EDt (29 X 10^)(0.059)^ 

10.2D,„A:H ( 1 0 . 2 ) ( 0 . 4 0 0 ) ( 8 . 4 0 ) 
= 10.3 coils 

Step 7. Compute the equivalent number of coils due to the ends of the spring from 
Equafion (19-23). 

This requires some design decisions. Let's use straight ends, 2.0 in long on one side 
and 1.0 in long on the other. These ends will be attached to the structure of the timer dur
ing operafion. Then 

Â , = (L, + L.)/(3'nDj = (2.0 + 1.0)/[3TT (0.400)] = 0.80 coil 

Step 8. Compute the required number of coils in the body of the spring: 
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A',, = Â , - A',, = 10.3 - 0.8 = 9.5 coils 

Step 9. Complete the geometric design ofthe spring, including the size ofthe rod on 
which it will be mounted. 

We first need the total angular deflection for the spring from the free condition to the 
maximum load. In this case, we know that the spring rotates 60° during operation. To this 
we must add the rotation from the free condition to the initial torque, 1.60 Ibin. Thus, 

0/ = M,/A:e = 1.60 lbin/(8.4 Ibin/rev) = 0.19 rev 

Then the total rotation is 

0, = 0/ + 0„ = 0.19 + 0.167 = 0.357 rev 

From Equafion (19-15), the mean diameter at the maximum operating torque is 

D„, = D,„iNJ(N, + 0,) = [(0.400)( 10.3)1/1(10.3 + 0.357)] = 0.387 in 

The minimum inside diameter is 

/D„„, = 0.387 - D„ = 0.387 - 0.059 = 0.328 in 

The rod diameter on which the spring is mounted should be approximately 0.90 times this 
value. Then 

D, = 0.9(0.328) = 0.295 in (say, 0.30 in) 

The length of the spring, assuming that all coils are originally touching, is computed from 
Equation (19-18): 

n̂iax = F>„ (N^, + 1 + 0,) = (0.059)(10.3 + 1 + 0.356) = 0.688 in (okay) 

This value for length is the maximum space required in the direction along the axis 
ofthe coil when the spring is fully actuated. The specificafions allow an axial length of 0.75 
in, so this design is acceptable. 

19-9 
IIVIPROVING 

SPRING 
PERFORIVIANCE 

BY SHOT 
PEENING 

The data presented in this chapter for spring wire materials are for commercially available 
spring wire with good surface finish. Care should be exerci.sed to avoid nicks and scratches 
on the spring wire that may present sites for initiating fatigue cracks. When forming ends 
of extension springs or when creating other special geometry, bend radii should be as large 
as practical to avoid regions of high residual stress after the bending process. 

Critical applications may call for the use of shot peening to enhance the fatigue per
formance of springs and other machine elements. Examples are valve springs for engines, 
rapid cycling springs in automation equipment, clutch springs, aerospace applications, 
medical equipment, gears, pump impellers, and military systems. Shot peening is a process 
in which small hard pellets, called shot, are directed with high velocity at the surface to be 
treated. The shot causes small local plastic deformation to occur near the surt'ace. The ma
terial below the deformed area is subsequently placed in compression as it tries to return 
the surface to its original shape. High residual compressive stres.ses are produced at the sur
face, a favorable situation. Fatigue cracks typically initiate at points of high tensile stress. 
Therefore, the residual compressive stress tends to preclude such cracks from starting, and 
the fafigue strength ofthe material is significantly increased. See Internet site 12. 
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19-10 
SPRING 

MANUFACTURING 

Spring forming machines are fascinating examples of high speed, flexible, programmable, 
multiaxis, multifunction devices. Internet site 6 shows images of several types that include 
wire feeding systems, coiling wheels, and multiple forming heads. The systems use CNC 
(computer numerical control) to permit rapid setup and adjustment to produce automati
cally the varied geometries for the body and ends of springs such as those shown in Figures 
19-2 and 1 9 ^ . Furthermore, other complex shapes can be made for wire forms used for 
special clips, clamps, and brackets. 

Accessories to the spring forming machines are: 

• Systems to handle the large coils of raw wire, uncoiling it smoothly as needed 

• Straighteners that remove the curved shape of the coiled wire prior to forming 
the spring 

• Grinders to form the squared and ground ends of compression springs 

• Heat treating ovens that perform stress relieving on springs immediately after 
forming so they will maintain the specified geometry 

• Shot peening equipment as described in Section 19-9 
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INTERNET SITES RELEVANT TO SPRING DESIGN 

Spring Manufacturers Institute, www.sinihq.org 
Industrial association serving spring manufacturers and 
providers of technical publications, spring design 
software, education, and a variety of services. The 
software called Advance Spring Design facilitates the 
design of numerous types of springs, including 
compression, extension, torsion, and many others. 

Institute of Spring Technology, www.ist.org.iik 
Provides a wide range of research, development, 
problem .solving, failure analysis, training, CAD 
software, materials and mechanical testing for the spring 
industry. 

Associated Spring-Barnes Group, Inc. 
www.ashg.com A large manufacturer of precision 
springs for industries such as transportation, 
telecommunications, electronics, home appliances, and 
farm equipment. 

4. Associated Spring Raymond, www.asraymond.com 
Producer of a wide variety of springs and related 
components. Online catalog of springs from the SPEC 
line of stock compression, extension, and torsion 
springs, spring washers, gas springs, constant force 
springs, and urethane springs. 

5. Century Spring Corporation, www.centuryspring.com 
Producer of a wide variety of springs. Online catalog of 
stock compression, extension, torsion, and die springs, 
urethane springs, and drawbar springs. 

6. Unidex Machinery Company, www.unidexmachinery. 
com Manufacturer of CNC spring forming machinery, 
coiling machines, and related equipment. 

7. Oriimec Corporation of America, www.oriimec.com 
Manufacturer of multiaxis CNC spring forming 
machinery, CNC coiling machines, and tension spring 
machines. 

http://www.sinihq.org
http://www.ist.org.iik
http://www.ashg.com
http://www.asraymond.com
http://www.centuryspring.com
http://www.unidexmachinery
http://www.oriimec.com
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8. American Spring Wire Corporation. 
www.americanspringwire.c(mi Manufacturer of valve 
grade and commercial quality spring wire in carbon and 
alloy steels. Also produces 7-strand wire for high tensile 
load applications such as pre-tensioned or post-
tensioned concrete structures. 

9. Mapes Piano String Company. www.mape.swire.c(mi 
Manufacturer of spring wire, piano wire, and speciality 
wire for guitar strings. Spring wires include music wire 
(plain and coated), high tensile missile wire, stainless 
steel, and others. 

10. Little Falls Alloys, Inc. www.litdefallsalloys.com 
Manufacturer of nonferrous wire such as beryllium 
copper, brass, phosphor bronze, nickel, and cupro 

nickel. Product listings include mechanical and physical 
properties data. 

11. Alloy Wire international, www.alloywire.coin 
Manufacturer of round and shaped wire in superalloys such 
as Inconel"", Incoloy'-', Monel'"' (trademarks of Special 
Metals Group of Companies), hastelloy, and titanium. 

12. Metal Improvement Company. 
www.metalimprovement.com Provider of shot peening 
services to aerospace, automotive, chemical, marine, 
agriculture, mining, and medical industries. Shot 
peening improves the fatigue performance of springs, 
gears, and many other products. The website includes 
discussions of the technical aspects of shot peening. 

P R O B L E M S 

Compression Springs 

1. A spring has an overall length of 2.75 in when it is not 
loaded and a length of 1.85 in when carrying a load of 
12.0 lb. Compute its spring rate. 

2. A spring is loaded initially with a load of 4.65 lb and has 
a length of 1.25 in. The spring rate is given to be 18.8 
lb/in. What is the free length of the spring? 

3. A spring has a spring rate of 76.7 lb/in. At a load of 32.2 
lb. it has a length of 0.830 in. Its solid length is 0.626 in. 
Compute the force required to compress the spring to 
solid height. Also compute the free length of the spring. 

4. A spring has an overall length of 63.5 mm when it is not 
loaded and a length of 37.1 mm when cairying a load of 
99.2 N. Compute its spring rate. 

5. A spring is loaded initially with a load of 54.05 N. and it 
has a length of 39.47 mm. The spring rate is given to be 
1.47 N/mm, What is the free length ofthe spring? 

6. A spring has a spring rate of 8.95 N/mm. At a load of 134 
N, it has a length of 29.4 mm. Its solid length is 21.4 mm. 
Compute the force required to compress the spring to 
solid height. Also compute the free length ofthe spring. 

7. A helical compression spring with squared and ground 
ends has an outside diameter of 1.100 in. a wire diameter 
of 0.085 in, and a solid height of 0.563 in. Compute the 
ID, the mean diameter, the spring index, and the approx
imate number of coils. 

8. The following data are known for a spring: 

Total number of coils = 19 

Squared and ground ends 

Outside diameter = 0.560 in 

Wire diameter = 0.059 in (25-gage music wire) 

Free length = 4.22 in 

For this spring, compute the spring index, the pitch, the 
pitch angle, and the solid length. 

9. For the spring of Problem 8, compute the force required 
to reduce its length to 3.00 in. At that force, compute the 
stress in the spring. Would that stress be satisfactory for 
average service? 

10. Would the spring of Problems 8 and 9 tend to buckle 
when compressed to the length of 3.00 in? 

11. For the spring of Problem 8, compute the esfimate for 
the outside diameter when it is compressed to solid 
length. 

12. The spring of Problem 8 must be compressed to solid 
length to install it. What force is required to do this? Com
pute the stress at solid height. Is that stress satisfactory? 

13. A support bar for a machine component is suspended to 
soften applied loads. During operation, the load on each 
spring varies from 180 to 220 lb. The position of the rod 
is to move no more than 0.500 in as the load varies. De
sign a compression spring for this application. Several 
million cycles of load application are expected. Use 
ASTM A229 steel wire. 

14. Design a helical compression spring to exert a force of 
22.0 lb when compressed to a length of 1.75 in. When its 
length is 3.00 in, it must exert a force of 5.0 Ib. The spring 
will be cycled rapidly, with severe service required. Use 
ASTM A401 steel wire. 

15. Design a helical compression spring for a pressure relief 
valve. When the valve is closed, the spring length is 2.0 
in. and the spring force is to be 1.50 lb. As the pressure on 
the valve increases, a force of 14.0 lb causes the valve to 
open and compress the spring to a length of 1.25 in. Use 
corrosion-resistant ASTM A313. type 302 steel wire, and 
design for average service. 

http://www.americanspringwire.c(mi
http://www.mape.swire.c(mi
http://www.litdefallsalloys.com
http://www.alloywire.coin
http://www.metalimprovement.com
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16. Design a helical compression spring to be used to return a 
pneumatic cylinder to its original position after being ac
tuated. At a length of 10.50 in, the spring must exert a force 
of 60 lb. At a length of 4.00 in, it must exert a force of 250 
Ib. Severe service is expected. Use ASTM A231 steel wire. 

17. Design a helical compression spring using music wire 
that will exert a force of 14.0 Ib when its length is 0.68 in. 
The tree length is to be 1.75 in. Use average service. 

18. Design a helical compression spring using stainless steel 
wire. ASTM A313. type 316, for average service, which 
will exert a force of 8.00 lb after deflecting 1.75 in from 
a free length of 2.75 in. 

19. Repeat Problem 18 with the additional requirement that 
the spring must operate around a rod having a diameter of 
0.625 in. 

20. Repeat Problem 17 with the additional requirement that 
the spring is to be installed in a hole having a diameter of 
0.750 in. 

21. Design a helical compression spring using ASTM A231 
steel wire for severe service. The spring will exert a force 
of 45.0 lb at a length of 3.05 in and a force of 22.0 lb at a 
length of 3.50 in. 

22. Design a helical compression spring using round steel 
wire. ASTM A227. The spring will actuate a clutch and 
must withstand several million cycles of operation. 
When the clutch discs are in contact, the spring will have 
a length of 2.50 in and must exert a force of 20 lb. When 
the clutch is disengaged, the spring will be 2.10 in long 
and must exert a force of 35 Ib. The spring will be in
stalled around a round shaft having a diameter of 1.50 in. 

23. Design a helical compression spring using round steel 
wire, ASTM A227. The spring will actuate a clutch and 
must withstand several million cycles of operation. 
When the clutch discs are in contact, the spring will have 
a length of 60 mm and must exert a force of 90 N. When 
the clutch is disengaged, the spring will be 50 mm long 
and must exert a force of 155 N. The spring will be in
stalled around a round shaft having a diameter of 38 mm. 

24. Evaluate the performance of a helical compression spring 
made from 17-gage ASTM A229 steel wire that has an 
outside diameter of 0.531 in. It has a free length of 1.25 
in, squared and ground ends, and a total of 7.0 coils. Com
pute the spring rate and the detlection and stress when 
canning 10.0 Ib. At this stress level, for what service 
(light, medium, or severe) would the spring be suitable? 

Extension Springs 
For Problems 25-31, be sure that the stress in the spring under 
initial tension is within the range suggested in Figure 19-21. 

25. Design a helical extension spring using music wire to ex
ert a force of 7.75 Ib when the length between attachment 
points is 2.75 in, and a force of 5.25 lb at a length of 2.25 
in. The outside diameter must be less than 0.300 in. Use 
severe service. 

26. Design a helical extension spring for average service us
ing music wire to exert a force of 15.0 lb when the length 
between attachment points is 5.00 in, and a force of 5.20 
lb at a length of 3.75 in. The outside diameter must be less 
than 0.75 in. 

27. Design a helical extension .spring for severe service using 
music wire to exert a maximum force of 10.0 lb at a 
length of 3.00 in. The spring rate should be 6.80 lb/in. The 
outside diameter must be less than 0.75 in. 

28. Design a helical extension spring for severe service using 
music wire to exert a maximum force of 10.0 lb at a 
length of 6.00 in. The spring rate should be 2.60 lb/in. The 
outside diameter must be less than 0.75 in. 

29. Design a helical extension spring for average service us
ing music wire to exert a maximum force of 10.0 lb at a 
length of 9.61 in. The spring rate should be 1.50 lb/in. The 
outside diameter must be less than 0.75 in. 

30. Design a helical extension spring for average service us
ing stainless steel wire, ASTM A313, type 302, to exert a 
maximum force of 162 lb at a length of 10.80 in. The 
spring rate should be 38.0 lb/in. The outside diameter 
should be approximately 1.75 in. 

31. An extension spring has an end similar to that shown in 
Figure 19-22. The pertinent data are as follows: U.S. Wire 
Gage no. 19; mean diameter = 0.28 in; /?| = 0.25 in;/?2 = 
0.094 in. Compute the expected stresses at points A and B 
in the figure for a force of 5.0 lb. Would those stresses be 
satisfactory for ASTM A227 steel wire for average service? 

Torsion Springs 

32. Design a helical torsion spring for average service using 
stainless steel wire, ASTM A313, type 302, to exert a 
torque of 1.00 Ibin after a deflection of 180° from the 
free condition. The outside diameter of the coil should be 
no more than 0.500 in. Specify the diameter of a rod on 
which to mount the spring. 

33. Design a helical torsion spring for severe service using 
stainless steel wire, ASTM A313. type 302, to exert a 
torque of 12.0 Ibin after a deflection of 270° from the 
free condition. The outside diameter ofthe coil should be 
no more than 1.250 in. Specify the diameter of a rod on 
which to mount the spring. 

34. Design a helical torsion spring for severe service using 
music wire to exert a maximum torque of 2.50 Ibin after 
a deflection of 360° from the free condition. The outside 
diameter ofthe coil should be no more than 0.750 in. Spec
ify the diameter of a rod on which to mount the spring. 

35. A helical torsion spring has a wire diameter of 0.038 in; 
an outside diameter of 0.368 in; 9.5 coils in the body; one 
end 0.50 in long; the other end 1.125 in long; and a mate
rial of ASTM A401 steel. What torque would cause the 
spring to rotate 180°? What would the stress be then? 
Would it be safe? 
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The 
Big 
Picture 

Machine Frames, Bolted Connections, and Welded Joints 

Discussion Map 

• As you develop the design 
of machine elements (as 
you have throughout this 
book), you must also design 
the housing, frame, or 
structure that supports them 
and protects them from the 
elements. 

Discover 
Select a variety of products, machines, vehicles, and 
even toys. Observe how they are built. What is the basic 
shape of the structure that holds everything together? 
Why was that shape chosen by the designer? What 
functions are pedormed by the frame? 
What kinds of forces, bending moments, and torsional 
moments (torques) are produced when the product is 
operating? Flow are they managed and controlled? 
What is the load path that delivers them to the ultimate 
structure? 

This chapter will help you identify some efficient 
approaches to the design of structures and frames 
and to analyze the performance of fasteners and 
welded joints loaded in many different ways. 

Throughout this book, you have studied individual machine elements while continuously con
sidering how those elements must work together in a more comprehensive machine. As the de
sign progresses, there comes a time when you must put d all together But then you are faced 
with the questions, "What do I put it in? How do I hold all ofthe funcfional components safely, 
allowing assembly and service while providing a .secure, rigid structure?" 

It is impractical to generate a completely general approach to the design of a struc
ture or a frame for a machine, a vehicle, a consumer product, or even a toy. Each is differ
ent with regard to its functions; the number, size, and type of components in the product; 
the intended use; and the expected demand for an aesthetic design. For example, toys often 
exhibit clever design approaches because the manufacturer wants to provide a safe, func
tional toy while minimizing the material used and the amount of personnel fime required to 
produce the toy. 

In this chapter you will explore some basic concepts for creafing a safisfactory frame 
design, considering the shape of structural components, material properties, the use of fas
teners such as bolts, and the fabrication of welded assemblies. You will leam some of the 
techniques for analyzing and designing bolted assemblies to consider loads on the bolts in 
several directions. The design of welded joints to be safe and rigid is discussed. 

Chapter 18 covered part of the story, that dealing with bolts loaded in pure tension, 
as in a clamping function. This chapter extends that chapter to consider eccentrically loaded 
joints: those that must resist a combination of direct shear and a bending moment on a bolt 
pattem. 

The ability of a welded joint to carry a variety of loads is discussed with the objec
tive of designing the weld. Here both uniformly loaded and eccentrically loaded joints are 
treated. 

To appreciate the value of such study, select a variety of products, machines, and ve
hicles, and observe how they are built. What is the basic shape of the stmcture that holds 
everything together? Where are forces, bending moments, and torsional moments (torques) 
generated? What kinds of stress do they create? Consider the load path by following a force 
from the place where it is generated through all of the means by which that force or its 
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effects are passed to a series of members and to the point where it is supported by a basic 
frame of the machine or where it is delivered out of the system of interest. Considering the 
load paths for all forces that exist in a mechanical device should give you an understanding 
of the desirable characteristics of the stmcture and should help you know how to produce a 
design that optimizes the management of the forces exerted on it. 

Take apart a variety of mechanical devices to observe their structure. How did shape 
contribute to the rigidity and safety of the device? Is it rather stift"? Or is it more flexible? 
Are there ribs or thickened sections to provide special strength or rigidity for certain parts? 

This chapter will help you idenfify some efficient approaches to the design of struc
tures and frames and to analyze the performance of fasteners and welded joints loaded in 
many ways. 

The subject of machine frames and structures is quite complex. It is discussed from 
the standpoint of general principles and guidelines, rather than specific design techniques. 
Critical frames are typically designed with computerized finite-element analysis. Also, ex
perimental stress analysis techniques are often used to verify designs. 

You Are the Designer 

In Chapter 16, you were the designer of bearings for con
veyor systems for a large product distribution center. 
Now, how do you design the frame and the structure of 
the conveyor system? What general form is desirable? 
What materials and shape should be used for the struc
tural elements? Are the elements loaded in tension, 
compression, bending, shear, torsion, or some combina
tion of these types of stress? How do the manner of load
ing and the nature of the stress in the structure affect 
these decisions? Should the frame be fabricated from 
standard structural shapes and bolted together? Or 
should it be made from steel plate and welded? How 
about using aluminum? Or should it be cast from cast 
iron or cast steel? Can it be molded from plastic? Can 
composites be used? How would the weight of the struc
ture be affected? How much rigidity is desirable for this 

kind of structure? What shapes of load-carrying ele
ments contribute to a stiff, rigid structure, as well as one 
that is safe in resisting applied stresses? 

If the structure involves bolting or welding, how are 
the joints to be designed? What forces, both magnitude 
and direction, must be carried by the fasteners or the 
welds? 

The material in this chapter will help you make some 
of these design decisions. Much of the information is 
general in nature rather than giving you specific design 
procedures. You must exercise judgment and creativity 
not only in the design of the conveyor frame but also in 
the analysis of its components. Because the frame de
sign could evolve into a form too complex for analysis us
ing traditional techniques of stress analysis, you may 
have to employ finite-element modeling to determine 
whether the design is adequate or, perhaps, overde
signed. Perhaps one or more prototypes should be built 
for testing. 

20-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to: 

L Apply the principles of stress and deflection analysis to propose a reasonable and 
efficient shape for a stmcture or frame and for the components involved. 

2. Specify materials that are well suited to the demands of a given design, given 
certain conditions of load, environment, fabrication requirements, safety, and 
aesthetics. 

3. Analyze eccentrically loaded bolted joints. 

4. Design welded joints to carry many types of loading patterns. 
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20-2 
MACHINE 

FRAMES AND 
STRUCTURES 

The design of machine frames and structures is largely art in that the components ofthe ma
chine must be accommodated. The designer is often restricted in where supports can be 
placed in order not to interfere with the operation of the machine or in order to provide ac
cess for assembly or service. 

But, of course, technical requirements must be met as well for the stmcture itself. 
Some of the more important design parameters include the following: 

Strength 

Appearance 

Corrosion resistance 

Size 

Vibration limitation 

Stiffness 

Cost to manufacture 

Weight 

Noise reduction 

Life 

Because of the virtually infinite possibilifies for design details for frames and stmc
tures, this section will concentrate on general guidelines. The implementation ofthe guide
lines would depend on the specific application. Factors to consider in starting a design 
project for a frame are now summarized: 

• Forces exerted by the components of the machine through mounting points such 
as bearings, pivots, brackets, and feet of other machine elements 

• Manner of support of the frame itself 

• Precision of the system: allowable deflection of components 

• Environment in which the unit will operate 

• Quantity of production and facilities available 

• Availability of analytical tools such as computerized stress analysis, past experi
ence with similar products, and experimental stress analysis 

• Relationship to other machines, walls, and so on 

Again, many of these factors require judgment by the designer. The parameters over 
which the designer has the most control are material selection, the geometry of load-carrying 
parts of the frame, and manufacturing processes. A review of some possibilities follows. 

Materials 

As with machine elements discussed throughout this book, the material properties of 
strength and stiffness are of prime importance. Chapter 2 presented an extensive amount of 
information about materials, and the Appendices contain much useful information. In gen
eral, steel ranks high in strength compared with competing materials for frames. But it is 
often better to consider more than just yield strength, ultimate tensile strength, or endurance 
strength alone. The complete design can be executed in several candidate materials to eval
uate the overall performance. Considering the ratio of strength to density, somefimes re
ferred to as the streiigth-to-weiglit ratio or specific strength, may lead to a different material 
selection. Indeed, this is one reason for the use of aluminum, titanium, and composite ma
terials in aircraft, aerospace vehicles, and transportation equipment. 

Rigidity of a structure or a frame is frequently the determining factor in the design, 
rather than strength. In these cases, the stiffness ofthe material, indicated by its modulus of 
elasticity, is the most important factor. Again, the ratio of stiffness to density, called specific 
stiffness, may need to be evaluated. See Table 2-10 and Figures 2-21 and 2-22 for data. 
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Recommended Deflection Limits 

Actually, only intimate knowledge ofthe application of a machine member or a frame can 
give a value for an acceptable deflection. But some guidelines are available to give you a 
place to start. (See Reference 3.) 

Deflection Due to Bending 

General machine part: 0.0005 to 0.003 in/in of beam length 

Moderate precision: 0.00001 to 0.0005 in/in 

High precision: 0.000 001 to 0.000 01 in/in 

Deflection (Rotation) Due to Torsion 

General machine part: 0.001° to 0.017in of length 

Moderate precision: 0.000 02° to 0.00047in 

High precision: 0.000 001° to 0.000 02°/in 

Suggestions for Design to Resist Bending 

Scrutiny of a table of deflection formulas for beams in bending such as those in Appendix 
14 would yield the following form for the deflection: 

A = 1 1 ; ,20-1) 

where P = load 
L = length between supports 
E = modulus of elasticity ofthe material in the beam 
/ = moment of inertia of the cross section of the beam 

A' = a factor depending on the manner of loading and support 

Some obvious conclusions from Equation (20-1) are that the load and the length 
should be kept small, and the values of £ and / should be large. Note the cubic function of 
the length. This means, for example, that reducing the length by a factor of 2.0 would re
duce the deflection by a factor of 8.0, obviously a desirable eft'ect. 

Figure 20-1 shows the comparison of four types of beam systems to carry a load, 
f! at a distance, a, from a rigid support. A beam simply supported at each end is taken as 
the "basic case." Using standard beam formulas, we computed the value of the bending 
moment and the deflection in terms of P and a, and these values were arbitrarily normal
ized to be 1.0. Then the values for the three other cases were computed and ratios deter
mined relative to the basic case. The data show that a fixed-end beam gives both the 
lowest bending moment and the lowest deflection, while the cantilever gives the highest 
values for both. 

In summary, the following suggestions are made for designing to resist bending: 

1. Keep the length of the beam as short as possible, and place loads close to the 
supports. 

2. Maximize the moment of inertia of the cross section in the direction of bending. 
In general, you can do so by placing as much of the material as far away from the 
neutral axis of bending as possible, as in a wide-flange beam or a hollow rectan
gular section. 
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FIGURE 20-1 
Comparison of 
methods of supporting 
a load on a beam 
(Robert L. Mott, 
Applied Strength of 
/Materials. 4th ed. 
Upper Saddle River, 
NJ: Prentice-Hall, 
2001) 
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3. Use a material with a high modulus of elasticity. 

4. Use fixed ends for the beam where possible. 

5. Consider lateral deflection in addition to deflection in the primary load direcfion. 
Such loads could be encountered during fabrication, handling, shipping, careless 
u.se, or casual bumping. 

6. Be sure to evaluate the final design with regard to both strength and rigidity. Some 
approaches to improving rigidity (increasing /) can actually increase the stress in 
the beam because the section modulus is decreased. 

7. Provide rigid corner bracing in open frames. 

8. Cover an open frame section with a sheet material to resist distortion. This process 
is sometimes called panel stifi'ening, 

9. Consider a truss-type construction to obtain structural stiffness with lightweight 
members. 

10. When designing an open space frame, use diagonal bracing to break sections into 
triangular parts, an inherently rigid shape. 

I L Consider stiffeners for large panels to reduce vibration and noise. 

12. Add bracing and gussets to areas where loads are applied or at supports to help 
transfer the forces into adjoining members. 

13. Beware of load-cairying members with thin, extended flanges that may be placed in 
compression. Local buckling, sometimes called crippling or wrinkling, could occur. 

14. Place connections at points of low stress if possible. 

See also References 7, 8 and 10 for additional design and analysis techniques. 

Suggestions for Design of Members to Resist Torsion 

Torsion can be created in a machine frame member in a variety of ways: A support surtace 
may be uneven; a machine or a motor may transmit a reacfion torque to the frame; a load 
acting to the side of the axis of the beam (or any place away from the flexural center of the 
beam) would produce twi.sting. 

file:///92EI
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FIGURE 20-2 
Comparison of 
torsional deformation 
as a function of shape. 

Comparison of torsional deformation as a function of shape. 
All cross sections have tfie same thickness and perimeter. 
6 = Angle of twist for a given length and applied torque. 

(ft) Channel shape 
d = 24.3° 

(c) Open hollow tube (d) Closed hollow tube 
e = 25.0° e = 0.10° 

(e) Closed square tube 
e = 0.15° 

(fl) Thin strip 
0 = 23.8° 

Preferred shapes — 
very high values for 
torsional rigidity, /? 

FIGURE 20-3 
Comparison of 
torsional angle of twist, 
e. for boxlike frames. 
Each has the same 
basic dimensions and 
applied torque. 

(a) Conventional cross bracing 
6 = 10.8° 

(ft) Single diagonal bracing 
e = 0.30° 

(c) Double diagonal bracing 
e = 0.10° 

In general, the torsional deflection of a member is computed from 

TL 
e = GR 

(20-2) 

where T — applied torque or twisting moment 
L = length over which torque acts 
G = shear modulus of elasticity ofthe material 
R = torsional rigidity constant 

The designer must choose the shape ofthe torsion member carefully to obtain a rigid 
.stmcture. The following suggestions are made: 

1. Use closed sections wherever possible. Examples are solid bars with large cross 
section, hollow pipe and tubing, closed rectangular or square tubing, and special 
clo.sed shapes that approximate a tube. 

2. Conversely, avoid open sections made from thin materials. Figure 20-2 shows a 
dramatic illustration. 

3. For wide frames, brackets, tables, ba.ses, and so on, use diagonal braces placed at 
45° to the sides of the fraine (see Figure 20-3). 

4. Use rigid connections, such as by welding members together. 

Most of the suggestions made in this secfion can be implemented regardless of the 
specific type of frame designed: castings made from cast iron, cast steel, aluminum, zinc, 
or magnesium; weldments made from steel or aluminum plate; formed housings from sheet 
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metal or plate; or plastic moldings. The references in this chapter provide valuable addi
tional guidance as you complete the design of frames, structures, and housings. 

Jt 
/ g ^ ^ 

2 0 - 3 Figure 2 0 ^ shows an example of an eccentrically loaded bolted joint. The motor on the ex-
ECCENTRICALLY tended bracket places the bolts in shear because its weight acts directly downward. But 
LOADED BOLTED there also exists a moment equal to Pxa that must be resisted. The moment tends to rotate 

JOINTS the bracket and thus to shear the bolts. 
, The basic approach to the analysis and design of eccentrically loaded joints is to 
~^ C C j ̂  K j determine the forces that act on each bolt because of all the applied loads. Then, by a 

process of superposition, the loads are combined vectorially to determine which bolt car
ries the greatest load. That bolt is then sized. The method will be illustrated in Example 
Problem 20-1 . 

The American Institute of Steel Construction (AISC) lists allowable stresses for bolts 
made from ASTM grade steels, as shown in Table 20-1. These data are for bolts used in 
standard-sized holes, 1/16 in larger than the bolt. Also, a friction-type connection, in which 
the clamping force is sufficiently large that the friction between the mating parts helps carry 
some ofthe shear load, is assumed. (See Reference 1.) 

In the design of bolted joints, you should ensure that there are no threads in the plane 
where shear occurs. The body of the bolt will then have a diameter equal to the major diam
eter of the thread. You can use the tables in Chapter 18 to select the standard size for a bolt. 

FIGURE 20-4 
Eccentrically loaded 
bolted joint Rigid 

frame 

P = Load due 
to motor 

TABLE 20-1 Allowable stresses for bolts 

ASTM grade 
Allowable 
shear stress 

Allowable 
tensile stress 

A.̂ 07 

A325 and A449 

A490 

10 ksi (69 MPa) 

17.5 ksi (121 MPa) 

22 ksi (152 MPa) 

20 ksi (138 MPa) 

44 ksi (303 MPa) 

54 ksi (372 MPa) 
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Example Problem 20-1 For the bracket in Figure 20-4, assume that the total force P is 3500 lb and the distance a 
is 12 in. Design the bolted joint, including the location and number of bolts, the material, 
and the diameter. 

Solution The solution shown is an outline of a procedure that can be used to analyze similar joints. 
The data of this problem illustrate the procedure. 

Step 1. Propose the number of bolts and the pattem. This is a design decision, based 
on your judgment and the geometry of the connected parts. In this problem, let's try a pat
tem of four bolts placed as shown in Figure 20-5. 

Step 2. Determine the direct shear force on the bolt pattern and on each individual 
bolt, assuming that all bolts share the shear load equally: 

Shear load = P = 3500 lb 

Load per bolt = F, = P/A = 3500 Ib/4 = 875 lb/bolt 

The shear force acts directly downward on each bolt. 

Step 3. Compute the moment to be resisted by the bolt pattern: the product of the 
overhanging load and the distance to the centroid of the bolt pattern. In this problem, M = 
Pxa^ (3500 lb)(12 in) = 42 000 lb • in. 

FIGURE 20-5 
Geometry of bolted 
joint and forces on 
boltl 

t 
3.00 -

I 1.50 

\-A, 

-S.OOin-

a = 12.0in-

P = 35001b 

—4.00— 

-2.00 

Dimensions 
in inches 

(a) Proposed bolt pattern 

Boltl F | , = 25201b 

F , , = 33601b- ^ ^ ^ ^ 8751b 

(ft) Forces on bolt I 
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Step 4. Compute the radial distance from the centroid of the bolt pattem to the cen
ter of each bolt. In this problem, each bolt has a radial distance of 

r = \ / ( l .50in)- + (2.00 in)- = 2.50 in 

Step 5. Compute the sum ofthe squares of all radial distances to all bolts. In this prob
lem, all four bolts have the same r. Then 

S r - = 4(2.50 in)- = 25.0 in-

Step 6. Compute the force on each bolt required to resist the bending moment from 
the relation 

Mr, 
F , ^ ^ (20-3) 

2- r' 

where /-, = radial distance from the centroid of the bolt pattern to the zth bolt 
F, = force on the ith bolt due to the moment. The force acts perpendicular to the radius. 

In this problem, all such forces are equal. For example, for bolt 1, 

Mr, (42 000Ib-in)(2.50in) 

2 r. 25.0 in-
= 4200 Ib 

Step 7. Determine the resultant of all forces acting on each bolt. A vector summafion can 
be pertormed either analytically or graphically, or each force can be resolved into horizontal and 
vertical components. The components can be summed and then the resultant can be computed. 

Let's use the latter approach for this problem. The shear force acts directly downward, 
in the y-direction. The .v- and A-components of F, are 

F,, = F, sine = (42001b).sin(36.9°) = 25201b 

F,, = F, cosO = (4200)cos(36.9°) = 33601b 

The total force in the y-direction is then 

F,, + F, = 3360 + 875 = 4235 lb 

Then the resultant force on bolt 1 is 

/?, = V(2520)- + (4235)- = 4928 Ib 

Step 8. Specify the bolt material; compute the required area for the bolt; and select an 
appropriate size. For this problem, let's specify ASTM A325 steel for the bolts having an al
lowable shear stress of 17 500 psi from Table 20-1. Then the required area for the bolt is 

T„ 17 5001b/in-

The required diameter would be 

4A, 4(0.282 in-) 
^ = V V = V ^ = 0-599 in 

Let's specify a 5/8-in boh having a diameter of 0.625 in. 
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20-4 The design of welded joints requires consideration of the manner of loading on the joint, 
WELDED JOINTS the types of materials in the weld and in the members to be joined, and the geometry of the 

-. . joi"^ Itself. The load may be either uniformly distributed over the weld such that all parts of 

[jfflD E SIG N ^^^ ^^^^ '̂̂ ^ stressed to the same level, or the load may be eccentrically applied. Both are 
' discussed in this section. 

The materials ofthe weld and the parent members determine the allowable stresses. 
Table 20-2 lists several examples for steel and aluminum. The allowables listed are for 
shear on fillet welds. For steel, welded by the electric arc method, the type of electrode 
is an indication of the tensile strength of the filler metal. For example, the E70 electrode 
has a minimum tensile strength of 70 ksi (483 MPa). Additional data are available in pub
lications of the American Welding Society (AWS), the American Institute for Steel Con
struction (AISC), and the Aluminum Association (AA). See Reference 1 and Internet 
sites 3 and 7. 

Types of Joints 

Joint type refers to the relationship between mating parts, as illustrated in Figure 20-6. The 
butt weld allows a joint to be the same nominal thickness as the mating parts and is usually 
loaded in tension. If the joint is properly made with the appropriate weld metal, the joint 
will be stronger than the parent metal. Thus, no special analysis of the joint is required if 
the joined members themselves are shown to be safe. Caution is advised, however, when 
the materials to be joined are adversely affected by the heat of the welding process. Heat-
treated steels and many aluminum alloys are examples. The other types of joints in Figure 
20-6 are assumed to place the weld in shear. 

TABLE 20-2 Allowable shear stresses on fillet welds 

A. Steel 

Electrode 
type 

Typical metals 
joined (ASTM grade) 

Allowable 
shear stress 

E60 
E70 
E80 
E90 

ElOO 
EllO 

A36, A500 
A242, A44I 
A572, Grade 65 

18 ks 
21 ks 
24 ks 
27 ks 
30 ks 
33 ks 

(124 MPa) 
(145 MPa) 
(165 MPa) 
(186 MPa) 
(207 MPa) 
(228 MPa) 

B. Aluminum 

Filler Alloy 

1100 4043 5356 

Allowable Shear Stress 

5556 

Metal 
joined 

1100 
3003 
6061 
6063 

ksi 

3.2 
3.2 

MPa 

22 
22 

ksi 

4.8 
5.0 
5.0 
5.0 

MPa 

33 
34 
34 
34 

ksi 

7.0 
6.5 

MPa 

48 
45 

ksi 

8.5 
6.5 

MPa 

59 
45 
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FIGURE 20-6 Types 
of weld joints J~ 
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FIGURE 20-7 Some 
types of welds showing 
edge preparation 
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Types of Welds 

Figure 20-7 shows several types of welds named for the geometry of the edges of the parts 
to be joined. Note the special edge preparation required, especially for thick plates, to per
mit the welding rod to enter the joint and build a continuous weld bead. 

Size Of Weld 

The five types of groove-type welds in Figure 20-7 are made as complete penetrafion 
welds. Then, as indicated before for butt welds, the weld is stronger than the parent metals, 
and no further analysis is required. 

Fillet welds are typically made as equal-leg right triangles, with the size of the weld 
indicated by the length of the leg. A fillet weld loaded in shear would tend to fail along the 
shortest dimension of the weld that is the line from the root of the weld to the theoretical 
face of the weld and normal to the face. The length of this line is found from simple 
trigonometry to be 0.707w', where w is the leg dimension. 

The objectives of the design of a fillet welded joint are to specify the length of the 
legs of the fillet; the pattem of the weld; and the length of the weld. Presented here is the 
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TABLE 20-3 Allowable shear stresses and forces on welds 

Base metal 
ASTM grade 

Building-type structures: 
A36, A441 
A36, A441 

Bridge-type structures: 
A36 
A441,A242 

Electrode 

E60 
E70 

E60 
E70 

Allowable 
shear stress 

13 600 psi 
15 800 psi 

12 400 psi 
14 700 psi 

Allowable force 
per inch of leg 

9600 lb/in 
11 200 lb/in 

8800 lb/in 
10 400 lb/in 

method that treats the weld as a line having no thickness. The method involves determining 
the maximum force per inch of weld leg length. Comparing the actual force with an allow
able force allows the calculation of the required leg length. 

Table 20-3 gives data for the allowable shear stress and the allowable force per inch 
for some combinations of base metal and welding electrode. In general, the allowables for 
building-type structures are for steady loads. The values for bridge-type loading accounts 
for the cyclic effects. For tme fatigue-type repeated loading, refer to the literature. (See Ref
erences 2. 3, 4, and 6.) 

Method of Treating Weld as a Line 

Four different types of loading are considered here: (1) direct tension or compression, 
(2) direct vertical shear, (3) bending, and (4) twisting. The method allows the designer 
to perform calculations in a manner very similar to that used to design the load-carrying 
members themselves. In general, the weld is analyzed separately for each type of load
ing to determine the force per inch of weld size due to each load. The loads are then 
combined vectorially to determine the maximum force. This maximum force is com
pared with the allowables from Table 20-3 to determine the size of the weld required. 
See Reference 2. 

The relationships used are summarized next: 

Formula (and Ecpiation Number) 

Type of Loading 

Direct tension or compression 

Direct vertical shear 

Bending 

Twisfing 

for Force per In 

f^P/A„. 

f=V/A„. 

f = M/S,, 

f-Tc/J,, 

ch of Weld 

(20-4) 

(20-5) 

(20-6) 

(20-7) 

In these formulas, the geometry of the weld is used to evaluate the terms A„. S„. and 
J„, using the relationships shown in Figure 20-8. Note the similarity between these formu
la's and those used to perform the stress analysis. Note, also, the similarity between the 
geometry factors for welds and the properties of areas used for the stress analysis. Because 
the weld is treated as a line having no thickness, the units for the geometry factors are dif
ferent from those of the area properties, as indicated in Figure 20-8. 

The use of this method of weld analysis will be demonstrated with example problems. 
In general, the method requires the steps on page 787: 
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FIGURE 20-8 
Geometry factors for 
weld analysis 

Dimensions 
of wetd 

CD 

} 
Weld ^ 

Bending Torsion 

d X—I X 

i A„.= d 

Weld 

(D 
- f t * 

d »-- + •—» 

A„,= 2d 

^ 

.S'„ = rfV6 
M = Pa 

i'w = rfV3 

^ 
y^ , _ dph^ •^ rf') 

® KH 
Weld> 

A,„ = 2b 

Weld 

.^^ bd 

A„,- b -\- d 

Weld 

At top: 5:̂  = 1 

A. bottom: i ' , = ^ f ^ 

•^r _ (fr •>• rf)* - 6 f t ' r f ' 
•'w ~ 12(6 + rf) 

Weld 

S„ = bd + rf V6 

,4^ = rf + 2ft X 
I (26 + rf)' _ 6 (̂fc + rf)' 
•'»' ~ 12 (26 + rf) 

Weld ip 

A„= b -*- 2d 

© j ^ 

/ ! „ = 2ft + 2rf 

® 

(6 + 2rf) " ^ Weld r 
. , . „ „ .. rf'(26 -I- rf) , (6 + 2rf)' 
Aiboiiom: 5^= 3}̂  ^ ^ / -̂ w = ' ,2 ' 

rf'(6 + rf)' 
(6 + 2d) 

Weld all 
around 

/IH. = 26-1- 2rf 

® Weld all 
around 

/4„ = irrf 

Weld all 
around 

6 ' + 36rf' + rf' 

Weld all 
around 

r 7^ = T(rf3/4) 
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General 
Procedure 

for Designing 
Welded Joints 

1. Propose the geometry of the joint and the design of the members to be joined. 

2. Identify the types of stresses to which the joint is subjected (bending, twisting, ver
tical shear, direct tension, or compression). 

3. Analyze the joint to determine the magnitude and the direction of the force on the 
weld due to each type of load. 

4. Combine the forces vectorially at the point or points of the weld where the forces 
appear to be maximum. 

5. Divide the maximum force on the weld by the allowable force from Table 20-3 to 
determine the required leg size for the weld. Note that when thick plates are 
welded, there are minimum acceptable sizes for the welds as listed in Table 20-4. 

TABLE 2 0 ^ Minimum weld sizes for thick plates 

Plate thickness Minimum leg si/e for 
(in) fillet weld (in) 

< l / 2 
> 1/2-3/4 
> 3/4-1^ 
>l|-2i 
>2i-6 
>6 

.VI6 
1/4 

.VI6 
3/8 
1/2 
5/8 

Example Problem 20-2 Design a bracket similar to that in Figure 20-4, but use welding to attach the bracket to the 
column. The bracket is 6.00 in high and is made from ASTM A36 steel having a thickness 
of 1/2 in. The column is also made from A36 steel and is 8.00 in wide. 

Solution Step 1. The proposed geometry is a design decision and may have to be subjected to 
.some iteration to achieve an optimum design. For a first trial, let's use the C-shaped weld 
pattern shown in Figure 20-9. 

Step 2. The weld will be subjected to direct vertical shear and twisting caused by the 
3500-lb load on the bracket. 

Step 3. To compute the forces on the weld, we must know the geometry factors A„ 
andy„,. Also, the location ofthe centroid ofthe weld pattern must be computed [see Figure 
20-9(b)]. Use Case 5 in Figure 20-8. 

J. 

2b + d = 2(4) + 6 = Uin 

(2/; + ^/)- lr{b + d)- (14)' 

.V = 

12 

2b + d 
]6 
14 

{2b + d) 

1.14in 

16(10)-

\A 114.4 in' 
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FIGURE 20-9 
C-shaped weld bracket 

Weld 

P = 3500 Ib 

d = 6.00 

Plate, 1/2x6 

Twisting 
P moment : 

P(a)= T 

(a) Basic design of bracket (b) Dimensions of bracket 

f,H = 997 

f^ = 1560 

Vector summation of 
unit forces on point 
of maximum force 

(c) Analysis of forces 

Force Due to Vertical Shear 

V ^ P = 3500 lb 

f = P/A,, = (35001b)/14in = 250 lb/in 

This force acts vertically downward on all parts of the weld. 

Forces Due to the Twisting Moment 

T = F[8.00 + {b - x)] = 3500[8.00 + (4.00 - 1.14)] 

T= 3500(10.86) = 38 OIO lb-in 

The twisting moment causes a force to be exerted on the weld that is perpendicular 
to a radial line from the centroid of the weld pattern to the point of interest. In this case, the 
end of the weld to the upper right experiences the greatest force. It is most convenient to 
break the force down into horizontal and vertical components and then subsequenfiy re-
combine all such components to compute the resultant force: 

Fr, (38 010)(3.00) 
/ . = ^ = ^ ^ = 997 Ib/m 

Tci, (38 010)(2.86) 
/ . = - = j ^ ^ ^ = 9501b/m 

Step 4. The vectorial combination ofthe forces on the weld is shown in Figure 20-9(c). 
Thus, the maximum force is 1560 lb/in. 
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Step 5. Selecting an E60 electrode for the welding, we find that the allowable force 
per inch of weld leg size is 9600 lb/in (Table 20-3). Then the required weld leg size is 

vv = 
1560 lb/in 

9600 lb/in per in of leg 
= 0.163 in 

Table 20-4 shows that the minimum size weld for a 1/2-in plate is 3/16 in (0.188 in). 
That size should be specified. 

Example Problem 20-3 

Solution 

A steel strap, 1/4 in thick, is to be welded to a rigid frame to carry a dead load of 12 500 lb, 
as shown in Figure 20-10. Design the strap and its weld. 

The basic objectives of the design are to specify a suitable material for the strap, the weld
ing electrode, the size of the weld, and the dimensions W and h, as shown in Figure 20-10. 

Let's specify that the strap is to be made from ASTM A441 structural steel and that 
it is to be welded with an E70 electrode, using the minimum size weld, 3/16 in. Appendix 
7 gives the yield strength of the A441 steel as 42 000 psi. Using a design factor of 2, we can 
compute an allowable stress of 

o,, = 42 000/2 = 21 000 psi 

Then the required area of the strap is 

A = 
12 5001b 

— = 0.595 in-
o,, 210001b/in-

But the area 'is Wxt, where t = 0.25 in. Then the required width W is 

W = A/t = 0.595/0.25 = 2.38 in 

Let's specify that W = 2.50 in. 
To compute the required length of the weld h, we need the allowable force on the 

3/16-in weld. Table 20-3 indicates the allowable force on the A441 steel welded with an 
E70 electrode to be 11 200 lb/in per in of leg size. Then 

/ = ^ ' "Q.Q'y ' "x0 .188mleg = 21001b/m 
•'" 1.0 in leg ^ 

FIGURE 20-10 
Steel strap 

< 

Support 
member 

Thickness = 1/4 in 
ASTM A441 steel 

• P= 125001b 
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The actual force on the weld is 

Then solving for h gives 

f = P/A„ = P/2h 

h = 
12 5001b 

2(/;,) 2(2100 Ib/in) 
= 2.98 in 

Let's specify /; = 3.00 in. 

Example Problem 20-4 Evaluate the design shown in Figure 20-11 with regard to stress in the welds. All parts of 
the assembly are made of ASTM A36 structural steel and are welded with an E60 electrode. 
The 2500-lb load is a dead load. 

Solution The critical point would be the weld at the top of the tube where it is joined to the vertical 
surf'ace. At this point, there is a three-dimensional force system acting on the weld as shown 
in Figure 20-12. The offset location of the load causes a twisting on the weld that produces 
a force/, on the weld toward the left in the y-direction. The bending produces a force/, act
ing outward along the .v-axis. The vertical shear force/' acts downward along the z-axis. 

FIGURE 20-11 
Bracket assembly 

FIGURE 20-12 
Force vectors 

Rigid 
surface 

3/16-in fillet weld all around 

/1/4-in fillet weld all around V_, /1/2-in plate 
1/' 

/ 
4-in Schedule 40 steel pipe t p = 2500 lb \P 
OD = 4.50 in 

-M.OOin- -8.00 in-

/s = 177 lb/in 

/ , = 629 lb/ 

fh = 2201 Ib/in 

Vector summation: 
fR = ft,+_ f,+fs 

I//? I =^f?+f,^ + f7 fn = 2296 Ib/i 
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From statics, the resultant of the three force components would be 

.fH= V/ - + / , - + / -

Now each component force on the weld will be computed. 

Twisting Force, / 

7 = (2500Ib)(8.00in) = 20 000 lb-in 

c = OD/2 = 4.500/2 = 2.25 in 

/ , = (TT)(OD)-V4 = (TT)(4.500)V4 = 71.57 in' 

Then 

Tc ( 2 0 0 0 0 ) ( 2 . 2 5 ) 

^' = 7 : = TLST = 6291b/m 

Bending Force, / j 

Then 

S„ 

M = (2500 lb)( 14.00 in) = 35 000 Ib-in 

5,, = ( T T ) ( O D ) 7 4 = (TT)(4.500)-/4 = 15.90 in" 

, . I . ^ . - , ,V,n 

Vertical Shear Force, f 

/ = ^ 

A„ = {'n){OD) = (TT)(4.500in) = 14.14 in 

J^ ^ 2500 
/\. " 14.14 
P 2500 ,^^, . / -f = - ^ = -—-— = 177 Ib/in 

Now the resultant can be computed: 

A = ^ff+ff+fi 
f, = \ /629- + 2201- + 177- = 22961b/ 

Comparing this with the allowable force on a 1.0-in weld gives 

2296 lb/in 

in 

vv = : - ... ^ = 0.239 in 
9600 lb/in per in of leg size 

The 1/4-in fillet specified in Figure 20-11 is safisfactory 



792 Chapter 20 • Machine Frames, Bolted Connections, and Welded Joints 

R E F E R E N C E S 

1. American Institute of Steel Construction. Manual of Steel 
Construction. 9th ed. New York: American Institute of 
Steel Construction, 1989. 

2. Blodgett, Omer W. Design of Welded Structures. Cleve
land, OH: James F. Lincoln Arc Welding Foundation, 
1966. 

3. Blodgett, Omer W. Design of Weldments. Cleveland, OH: 
James F. Lincoln Arc Welding Foundation, 1963. 

4. Brandon, D. G., and W. D. Kaplan. Joining Processes. 
New York: John Wiley & Sons, 1997. 

5. Fry, Gary T Weldments in Steel Frame Structures. 
Reston, VA: American Society of Civil Engineers, 
2002. 

6. Hicks, John. Welded Joint Design. 3"^ ed. New York: In
dustrial Press, 1999. 

7. Marshek, Kurt M. Design of Machine and Structural 
Parts. New York: John Wiley & Sons, 1987. 

8. Mott, Robert L. Applied Strength of Materials. 4th ed. 
Upper Saddle River, NJ: Prentice Hall, 2001. 

9. North American Die Casting Association. Product De
sign for Die Casting. Rosemont, IL: North American Die 
Casting Associafion, 1998. 

10. Slocum, Alexander H. Precision Machine Design, Dear
born, MI: Society of Manufacturing Engineers, 1998. 

11. Society of Automotive Engineers. Spot Welding and Weld 
Joint Failure Processes. Warrendale, PA: Society of Au
tomotive Engineers, 2001. 

12. Weiser, Peter F, ed. Steel Casting Handbook. 6th ed. 
Rocky River, OH: Steel Founder's Society of America, 
1980. 

I N T E R N E T S I T E S FOR M A C H I N E F R A M E S , B O L T E D 
C O N N E C T I O N S , A N D W E L D E D J O I N T S 

Also refer to the Internet sites from Chapter 19 on Fas
teners that includes many related to bolted connections. 

1. Steel Founders'Society of America, www.sfsa.org 
An association of companies providing foundry 
services. 

2. American Foundry Society, www.afsinc.org A 
professional society that promotes research and 
technology for the foundry industry. 

3. American Welding Society, www.aws.org A 
professional society that develops standards for the 
welding industry, including AWS Dl.l Stmctural 
Welding Code-Steel (2002), AWS D1.2 Stmctural 
Welding Code-Aluminum (1997), and many others. 

4. James F. Lincoln Foundation, www.jflf.org An 
organization that promotes education and training in 
welding technology. The site includes technical 
papers and general information about welding 
processes, joint design, and guides to welded steel 
construction. 

5. Miller Electric Company, www.millerwelds.com A 
manufacturer of a wide variety of welding equipment 
and accessories for the professional welding 
community and occasional welders. The site includes a 
Training/Education section that can be searched for 
information about numerous welding processes. 

6. Lincoln Electric Company, www.lincolnelectriccom 
A manufacturer of a wide variety of welding equipment 
and accessories for the welding industry. The site 
includes a Knowledge section that provides technical 
articles about welding technology. 

7. Hobart Brothers Company. 
vvu'n: hobartbrothers. com A manufacturer of numerous 
types of filler metal products, electrodes, and steel wire 
for the welding industry. 

8. Hobart Institute of Welding Technology. 
www.welding.org An educational organization that 
provides instruction in the performance of welding 
techniques. The site includes welding tips for a variety 
of processes and a glossary of welding terms. 

http://www.sfsa.org
http://www.afsinc.org
http://www.aws.org
http://www.jflf.org
http://www.millerwelds.com
http://www.lincolnelectriccom
http://www.welding.org


Problems 

PROBLEMS 

For Problems 1-6, design a bolted joint to join the two mem
bers shown in the appropriate figure. Specify the number of 
bolts, the pattern, the bolt grade, and the bolt size. 

1. Figure P20-1 

8 x 4 x 1 / 2 
Box section 

\ 

0.50 plate 

_JL I 0.50in 
typical 

' P = 12 0001b 

FIGURE P20-1 (Problems 1, 7, and 13) 

2. Figure P20-2 

Rigid support 
T^= 

Uv > ! 

Joints 

n 
T 

— 3 in 

f m 
l /2 in 

L6 X 4 X 1/2 
steel angles 

9in 
"typical 

Each hanger carries 750 Ib 

FIGURE P20-2 

793 

3. Figure P 2 0 - 3 

C6 X 13 ^ 
steel channel 

0.0 in 

FIGURE P20-3 

1/2 in wall 

Enlarged view 
of joint area 

Joint: 
both ends—P, 

Beam 

3000 1b rn 

-84 in-
l 4 i n 

Top 
view 

Side 
view 

FIGURE P 2 0 ^ (Problems 4 and 8) 

FIGURE P20-5 
(Problems 5 and 9) 

:m 

5. Figure P20-5 

Shelf 

Joint 
area | 
(both sides) 

Shelf-

h - I O i n — - 8 i n - ^ 

12800 1b 

-^lOin- l O i n -

12800 1b 
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6. Figure P20-6 14. Figure P20-14: 6061 alloy 

8000 Ib 

Load shared equally hy four brackets (only two shown) 

FIGURE P20-6 (Problems 6 and 10) 

For Problems 7-12, design a welded joint to join the 
two members shown in the appropriate figure. Specify the 
weld pattern, the type of electrode to be used, and the size 
of weld. In Problems 7-9, the members are ASTM A36 
steel. In Problems 10-12, the members are ASTM A441 
steel. Use the method of treating the joint as a line, and use 
the allowable forces per inch of leg for building-type struc
tures from Table 20-3. 

7. Figure P20-1 

8. Figure P 2 0 ^ 

9. Figure P20-5 

10. Figure P20-6 

11. Figure P20-11 

12. Figure P20-11 (but P. = 0) 

Section/4-/1 [ 

^ v ^ Weld all 
~\ around 
A 

Total load = 1500 lb 
uniformly distributed 

J 

FIGURE P20-14 

15. Figure P20-15: 6063 alloy 

Cable tension 
8001b 

4.0 in Enlarged 
view of tab 

1.75 in 

FIGURE P20-15 

FIGURE P20-11 (Problems 11 and 12) 

For Problems 13-16, design a welded joint to join the 
two aluminum members shown in the appropriate figure. 
Specify the weld pattern, the type of filler alloy, and the 
size of weld. The types of materials joined are listed in the 
problems. 

13. Figure P20-1: 6061: alloy (but P = 4000 lb) 

16. Figure P20-16: 3003 alloy 

Total load 10 000 Ib 
(shared by two supports) 

••—2.0-in dia. Weld all 
around 

FIGURE P20-16 

17. Compare the weight of a tensile rod carrying a dead load 
of 4800 lb if it is made from (a) AISI 1020 HR steel; (b) 
AISI 5160 OQT 1300 steel; (c) aluminum 2014-T6; (d) 
aluminum 7075-T6; (e) fitanium 6A1-4V. annealed; and 
(f) titanium 3Al-13V-llCr, aged. Use Â  = 2 based on 
yield strength. 
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The 
Big 
Picture 

P 
i 

i i 

Electric Motors 

Discussion Map 

• Electric motors provide the 
power for a huge array of 
products in homes, 
factories, schools. 
commercial facilities, 
transportation equipment. 
and many portable devices. 

• The two major 
classifications of motors are 
alternating current (AC) and 
direct current (DC). Some 
can operate on either type 
of power. 

Discover 
Look for a variety of machines and products that are 
powered by electric motors. Choose both large and 
smalt devices; some portable and some that plug into 
standard electrical outlets. Look around your home, at 
work, and in a factory. 
Try to find the nameplate for each motor, and copy 
down as much information as you can. How are the 
nameplate data related to the pedormance 
characteristics of the motor? Is it an AC motor or a DC 
motor? How fast does it run? What is its electrical 
rating in terms of voltage and current? 
Some motors that will operate well in the United States 
will run differently or will not run at all in other countries. 
Why? What are the electric voltage and frequency 
standards in various parts of the world? 

This chapter will help you identify many kinds of 
motors, understand the general performance 
characteristics of each, and apply them properly. 

The electric motor is widely used for providing the prime power to industrial machinery, con
sumer products, and business equipment. This chapter will describe the various types of mo
tors and will discuss their performance characteri.stics. The objective is to provide you with the 
background needed to specify motors and to communicate with vendors to acquire the proper 
motor for a given application. 

Types of motors di.scussed in this chapter are direct current (DC), alternating current 
(AC, both single-phase and three-phase), universal motors, stepper motors, and variable-
speed AC motors. Motor controls are also discussed. 

Look for a variety of machines and products that are powered by electric motors. 
Choose both large and small devices: some portable and some that plug into standard elec
trical outlets. Look around your home, at work, and in a factory if possible. 

Try to find the nameplate for each motor and copy down as much information as you 
can. What does each piece of information mean? Are some electrical wiring diagrams in
cluded? How are the nameplate data related to the performance characterisfics ofthe motor? 
Is it an AC motor or a DC motor? How fast does it mn? What is its electrical rafing in terms 
of voltage and current? For the motors in portable devices, what kind of power supply is used? 
What kinds of batteries are required? How many? How are they connected? In series? In par
allel? How do those factors relate to the voltage rating of the motor? What is the relafionship 
between the kind of work done by the motor and the time between charging sessions? 

Compare some of the larger motors with the photographs in Secfion 21-8 of this 
chapter. Can you identify the frame type? What company manufactured the motor? 

See if you can find more information about the motors or their manufacturers from the 
Internet. Look up some of the company names in this chapter to learn more about the lines 
of motors that they offer. Do a broader search to find as many different types as you can. 
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What is the rated power for each motor? What units are used for the power rating? 
Convert all of the power ratings to watts. (See Appendix 18.) Then convert them all to horse
power to gain an appreciation for the physical size of various motors and to visualize the 
comparison between the SI unit of watts and the older U.S. Customary unit of horsepower. 

Separate the motors you find into tho.se that are AC and those that are DC. Do you 
see any significant differences between the two classes of motors? Within each class, what 
variations do you see? Do any of the nameplates describe the type of motor, such as .syn
chronous, univensal, split-pha.se, NEMA design C, or other designations? 

What kinds of controls are connected to the motors? Switches? Starters? Speed con
trols? Protection devices? 

This chapter will help you identify many kinds of motors, understand the general per
formance characteristics of each, and apply them properly. 

You Are the Designer supply the motor? What power is required? What type of 
housing and mounting style should be specified? What 
are the dimensions of the motor? How is the motor con-

Consider a conveyor system that you are to design. One nected to the drive pulley of the conveyor system? The 
possibility for driving the conveyor system is to use an information in this chapter will help you to answer these 
electric motor. What type should be used? At what speed and other questions. 
will it operate? What type of electric power is available to 

21—1 After completing this chapter, you will be able to: 
OBJECTIVES OF 

THIS CHAPTER 1. Describe the factors that must be specified to select a suitable motor. 

2. Describe the principles of operation of AC motors. 

3. Identify the typical classifications of AC electric motors according to rated power. 

4. Identify the common voltages and frequencies of AC power and the speed of op
eration of AC motors operating on those systems. 

5. Describe single-phase and three-phase AC power. 

6. Describe the typical frame designs, sizes, and enclosure styles of AC motors. 

7. Describe the general form of a motor performance curve. 

8. Describe the comparative performance of shaded-pole. permanent-split capacitor, 
split-phase, and capacitor-stan, single-phase AC motors. 

9. Describe three-phase, squirrel-cage AC motors. 

10. Describe the comparative performance of NEMA design B, NEMA design C, 
NEMA design D, and wound-rotor three-phase AC motors. 

11. Describe synchronous motors, 

12. Describe universal motors. 

13. Describe three means of producing DC power and the common voltages produced. 

14. Describe the advantages and disadvantages of DC motors compared with AC motors. 

15. Describe four basic designs of DC motors—shunt-wound, series-wound, compound-
wound, and pennanent magnet—and describe their performance curves. 

16. Describe torque motors, servomotors, stepper motors, brushless DC motors, and 
printed circuit motors. 

http://tho.se
http://split-pha.se
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17. Describe motor control systems for system protection, speed control, starting, 
stopping, and overload protection. 

18. Describe speed control of AC motors. 

19. De.scribe the control of DC motors. 

21—2 As a minimum, the following items must be specified for motors: 
IVIOTOR 

SELECTION • Motor type: DC, AC, single-phase, three-phase, and so on 

• Power rating and speed 

• Operating voltage and frequency 

• Type of enclosure 

• Frame size 

• Mounting details 

FACTORS 

'c 

In addition, there may be many special requirements that must be communicated to the ven
dor. The primary factors to be considered in selecting a motor include the following: 

• Operating torque, operating speed, and power rating. Note that these are related by 
the equation 

Power = torque x speed 

• Starting torque. 

• Load variations expected and corresponding speed variations that can be tolerated. 

• Current limitations during the running and starting phases of operafion. 

• Duty cycle: how frequently the motor is to be started and stopped. 

• Environmental factors: temperature, presence of corrosive or explosive atmos
pheres, exposure to weather or to liquids, availability of cooling air, and so on. 

• Voltage variations expected: Most motors will tolerate up to ± 10% variation from 
the rated voltage. Beyond this, special designs are required. 

• Shaft loading, particularly side loads and thmst loads that can affect the life of 
shaft bearings. 

Motor Size 

A rough classification of motors by size is used to group motors of similar design. Horse
power (hp) is currently used most frequently, with the metric unit of watts or kilowatts also 
used at times. The conversion is 

1.0 hp = 0.746 kW = 746W 

The classifications are as follows: 

• Subfractionalhorsepower: I to 40 millihorsepower (mhp), where 1 mhp = 0.001 hp. 
Thus, this range includes 0.001 to 0.040 hp (0.75 to 30 W, approximately). 

• Fractional horsepower: 1/20 to 1.0 hp (37 to 746 W, approximately). 

• Integral horsepower: 1.0 hp (0.75 kW) and larger. 
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References 1 ^ provide additional informafion about the selecfion and application of 
electric motors. See also Internet sites 1-4. 

21-3 
AC POWER AND 

GENERAL 
INFORMATION 

ABOUT AC 
MOTORS 

Alternating current (AC) power is produced by the electric utility and delivered to the in
dustrial, commercial, or residential consumer in a variety of forms. In the United States, AC 
power has a frequency of 60 hertz (Hz) or 60 cycles/s. In many other countries, 50 Hz is 
used. Some aircraft use 400-Hz power from an on-board generator. 

AC power is also classified as single-phase or three-pha.se. Most residential units and 
light commercial installations have only single-phase power, carried by two conductors 
plus ground. The waveform of the power would appear like that in Figure 21-1. a single 
continuous sine wave at the system frequency whose amplitude is the rated voltage of the 
power. Three-phase power is carried on a three-wire system and is composed of three dis
tinct waves of the same amplitude and frequency, with each phase offset from the next by 
120°, as illustrated in Figure 21-2. Industrial and large commercial installations use three-
phase power for the larger electrical loads because smaller motors are possible and there 
are economies of operation. 

FIGURE 21-1 
Single-phase AC power 

Voltage 

360° 
•period of-
one cycle 

Period = I 
Frequency 

FIGURE 21-2 
Three-phase AC power 
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Voltage 

120° 120° 120 

360° 
••— period of one —" 

cycle for phase 1 

http://three-pha.se
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TABLE 21-1 AC motor voltages 

Motor voltage ratings 

System voltage 

120 
120/208 
240 
480 
600 

Single-phase 

115 
115 
230 

Three-phase 

115 
200 
230 
460 
575 

TABLE 21-2 AC motor speeds for 60 hertz power 

Number of 
poles 

Synchronous 
speed (rpm) 

Full-load' 
speed (rpm) 

2 
4 
6 
8 

10 
12 

3600 
1800 
1200 
900 
720 
600 

3450 
1725 
1140 
850 
690 
575 

''Approximately 95% of synchronous speed (normal slip). 

AC Voltages 

Some of the more popular voltage ratings available in AC power are listed in Table 21-1. Given 
are the nominal system voltage and the typical motor voltage rafing for that system in both 
single-phase and three-phase. In most cases, the highest voltage available should be used be
cause the current flow for a given power is smaller. This allows smaller conductors to be used. 

Synchronous 
Speed 

Speeds of AC Motors 

An AC motor at zero load would tend to operate at or near its synchronous speed, n,, which 
is related to the frequency, /, of the AC power and to the number of electrical poles, p, 
wound into the motor, according to the equation 

120/ 
rev/min (21-1) 

Motors have an even number of poles, usually from 2 to 12, resulfing in the synchronous 
speeds listed in Table 21-2 for 60-Hz power. But the inducfion motor, the most widely 
used type, operates at a speed progressively slower than its synchronous speed as the load 
(torque) demand increases. When the motor is delivering its rated torque, it will be oper
ating near its rated or full-load speed, also listed in Table 21-2. Note that the full-load 
speed is not precise and that those listed are for motors with normal slip of approximately 
5%. Some motors described later are "high-slip" motors having lower fuU-load speeds. 
Some 4-pole motors are rated at 1750 rpm at full load, indicating only about 3% slip. Syn
chronous motors operate precisely at the synchronous speed with no slip. 

21-4 
PRINCIPLES OF 
OPERATION OF 
AC INDUCTION 

MOTORS 

Later in this chapter we will discuss the particular details of several different types of AC 
motors, but the most common ofthese is the induction motor. The two active parts of an in
duction motor are the stator, or stationary element, and the rotor, or rotafing element. 
Figure 21-3 shows a longitudinal cross section of an induction motor showing the stator, in 
the form of a hollow cylinder, fixed in the housing. The rotor is positioned inside the stator 
and is carried on the shaft. The shaft, in turn, is supported by bearings in the housing. 

The stator is constructed of many thin, flat discs of steel, called laminations, stacked 
together and insulated from one another. Figure 2 1 ^ shows the shape of the laminafions, 
including a series of slots around the inside. These slots are typically aligned as the stator 
laminations are stacked, thus forming channels along the length of the stator core. Several 
layers of copper wire are passed through the channels and are looped around to form a set 
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FIGURE 21-3 
Longitudinal section 
through an induction 
motor 

Rotor laminations Squirrel cage bars 

End ring of 
squirrel cage 

Bearing 
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Stator 
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rotor and stator 

Rotor 

Stator 

FIGURE 21-4 Induction motor laminations FIGURE 21-5 Squirrel cage 

of continuous coils, called windings. The pattern of the coils in the stator determines the 
number of poles for the motor, usually 2, 4, 6, 8, 10, or 12. Table 21-2 shows that the rota
tional speed of the motor depends on the number of poles. 

The rotor also has a lamination stack with channels along the length. The channels 
are typically filled with solid bars made from a good electrical conductor such as copper or 
aluminum, with the ends of all bars connected to continuous rings at each end. In some 
smaller rotors, the complete set of bars and end rings are cast from aluminum as a unit. As 
shown in Figure 21-5, if this casting were viewed without the laminations, it would appear 
similar to a squirrel cage. Thus, induction motors are often called squirrel-cage motors. The 
combination ofthe squirrel cage and the laminations is fixed onto the motor shaft with good 
precision to assure concentric alignment with the stator and good dynamic balance while 
rotating. When the rotor is installed in the supporting bearings and is inserted inside the sta
tor, there is a small gap of approximately 0.020 in (0.50 mm) between the outer surface of 
the rotor and the inner surface of the stator. 
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Three-Phase Motors 

The principles of operation of AC motors is first discussed for three-phase inducfion motors. 
Single-phase motor designs are discussed later. The three-phase electrical power, shown 
.schematically in Figure 21-2, is connected to the stator windings. As the current flows in the 
windings, electromagnetic fields are created that are exposed to the conductors in the rotor 
Because the three phases of power are displaced from each other in time, the effect created 
is a set of fields rotating around the stator. A conductor placed in a moving magnetic field 
has a current induced in it, and a force is exerted perpendicular to the conductor. The force 
acts near the periphery of the rotor, thus creating a torque to rotate the rotor. 

It is the production of the induced current in the rotor that leads to calling such mo
tors induction motors. Note also that there are no direct electrical connections to the rotor, 
thus greatly simplifying the design and construction of the motor and contributing to its 
high reliability. 

2 1 - 5 
AC MOTOR 

PERFORMANCE 

The performance of electric motors is usually displayed on a graph of speed versus torque, 
as shown in Figure 21-6. The vertical axis is the rotational speed of the motor as a per
centage of synchronous speed. The horizontal axis is the torque developed by the motor as 
a percentage of the full-load or rated torque. When exerting its full-load torque, the motor 
operates at its full-load speed and delivers the rated power. See Table 21-2 for a listing of 
synchronous speeds and full-load speeds. 

The torque at the bottom of the curve where the speed is zero is called the starting 
toixpie or locked-rotor torque. It is the torque available to initially get the load moving and 
begin its acceleration. This is one ofthe most important selection parameters for motors, as 
will be discussed in the descriptions ofthe individual types of motors. 

The "knee" ofthe curve, called the breakdown toixjue, is the maximum torque devel
oped by the motor during acceleration. The slope of the speed/torque curve in the vicinity 
of the full-load operating point is an indication of speed i-egulation, A flat curve (a low 
slope) indicates good speed regulation with little variation in speed as load varies. Con
versely, a steep curve (a high slope) indicates poor speed regulation, and the motor will ex
hibit wide swings in speed as load varies. Such motors produce a "soft" accelerafion of a 
load which may be an advantage in some applications. But where fairly constant speed is 
desired, a motor with good speed regulation should be selected. 

FIGURE 21-6 
General form of motor 
performance curve 
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21-6 
THREE-PHASE, 

SQUIRREL-CAGE 
INDUCTION 

MOTORS 

Three ofthe most commonly used three-phase AC motors are simply designated as designs B, 
C, and D by the National Electrical Manufacturers As.sociation (NEMA). They dift'er prima
rily in the value of starting torque and in the speed regulation near full load. Figure 21-7 shows 
the performance curves for these three designs for comparison. Each of these designs employs 
the solid squirrel-cage type of rotor, and thus there is no electrical connection to the rotor 

The 4-pole design with a synchronous speed of 1800 rpm is the most common and is 
available in virtually all power ratings from 1/4 hp to 500 hp. Certain sizes are available in 
2-pole (3600 rpm), 6-pole (1200 rpm), 8-pole (900 rpm), 10-pole (720 rpm), and 12-pole 
(600 rpm) designs. 

NEMA Design B 

The performance of the three-phase design B motor is similar to that of the single-phase 
split-phase motor described later. It has a moderate starting torque (about 150'7f of full-load 
torque) and good speed regulation. The breakdown torque is high, usually 200% of full-load 
torque or more. Starting current is fairly high, at approximately six times full-load current. 
The starting circuit must be selected to be able to handle this current for the short time re
quired to bring the motor up to speed. 

Typical uses for the design B motor are centrifugal pumps, fans, blowers, and ma
chine tools such as grinders and lathes. 

NEMA Design C 

High starting torque is the main advantage ofthe design C motor Loads requiring 200% to 
300% of full-load torque to start can be driven. Starting current is typically lower than for 
the design B motor for the same starting torque. Speed regulation is good and is about the 
same as for the design B motor. Reciprocating compressors, refrigeration systems, heavily 
loaded conveyors, and ball-and-rod mills are typical uses. 

NEMA Design D 

The design D motor has a high starting torque, about 300% of full-load torque. But it also has 
poor .speed regulation, which results in large speed changes with varying loads. Sometimes 
called a high-slip motor, it operates at 5% to 13%i slip at full load, whereas the designs B and 
C operate at 3% to 5% slip. Thus, the full-load speed will be lower for the design D motor. 

FIGURE 21-7 
Performance curves for 
three-phase motors: 
designs B, C, and D 
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The poor speed regulation is considered an advantage in some applicafions and is the 
main reason for selecting the design D motor for such uses as punch presses, shears, sheet-
metal press brakes, cranes, elevators, and oil well pumps. Allowing the motor to slow down 
significantly when loads increase gives the system a "soft" response, reducing shock and 
jerk felt by the drive systein and the driven machine. Consider an elevator: When a heavily 
loaded elevator cab is started, the acceleration should be smooth and soft, and the cruising 
speed should be approached without excessive jerk. This comment also applies to a crane. 
If a large jerk occurs when the crane hook is heavily loaded, the peak acceleration will be 
high. The resulting high inertia force may break the cable. 

Wound-Rotor Motors 

As the name implies, the rotor of the wound-rotor motor has electrical windings that are 
connected through slip rings to the external power circuit. The selective insertion of resis
tance in the rotor circuit allows the performance of the motor to be tailored to the needs of 
the system and to be changed with relative ease to accommodate system changes or to ac
tually vary the speed ofthe motor. 

Figure 21-8 shows the results obtained by changing the resistance in the rotor circuit. 
Note that the four curves are all for the same motor, with curve 0 giving the performance 
with zero external resistance. This is similar to design B. Curves I, 2, and 3 show the per
formance with progressively higher levels of resistance in the rotor circuit. Thus, the start
ing torque and the speed regulation (softness) can be tuned to the load. Speed adjustment 
under a given load up to approximately 50% of full-load speed can be obtained. 

FIGURE 21-8 
(a) Performance curves 
for a three-phase, 
wound-rotor motor 
with varying external 
resistance in the rotor 
circuit, (b) Schematic 
of wound-rotor motor 
with external resistance 
control. 

Zero extemal 
resistance 

Increasing 
extemal 
resistance 

100 200 300 400 
Torque (percentage of full-load torque) 

(a) 

Three-phase 
source 

External resistance 
control for rotor circuit 

(h) Schematic of wound rotor motor 
with external resistance control 



Section 21-6 • Three-Phase, Squirrel-Cage Induction Motors 805 

The wound-rotor design is used in such applications as printing presses, crushing 
equipment, conveyors, and hoists. 

Synchronous Motors 

Entirely different from the .squirrel-cage induction motor or the wound-rotor motor, the 
synchronous motor operates precisely at the synchronous .speed with no slip. Such motors 
are available in sizes from subfractional, used for timers and instruments, to several hun
dred horsepower to drive large air compressors, pumps, or blowers. 

The synchronous motor must be started and accelerated by a means separate from the 
synchronous motor components themselves becau.se they provide very little torque at zero 
speed. Typically, there will be a separate squirrel-cage type of winding within the normal ro
tor which inifially accelerates the motor shaft. When the speed of the rotor is within a few 
percent of the synchronous speed, the field poles of the motor are excited, and the rotor is 
pulled into synchronism. At that point the squirrel cage becomes ineffective, and the motor 
confinues to run at speed regardless of load variations, up to a limit called the pull-out toixpie. 
A load above the pull-out torque will pull the motor out of synchronism and cause it to stop. 

Universal Motors 

Universal motors operate on either AC or direct current (DC) power. Their construction is 
similar to that of a series-wound DC motor, which is described later. The rotor has electri
cal coils in it that are connected to the external circuit through a commutator on the shaft, 
a kind of slip ring assembly made of several copper segments on which stationary carbon 
bmshes ride. Contact is maintained with light spring pressure. 

Universal motors usually mn at high speeds, 3500 to 20 000 rpm. This results in a 
high power-to-weight and high power-to-size ratio for this type of motor, making it desir
able for hand-held tools such as drills, saws, and food mixers. Vacuum cleaners and sewing 
machines also frequently use universal motors. Figure 21-9 shows a typical set of 
speed/torque curves for a high-speed version of the universal motor, showing the perfor
mance for 60-Hz and 25-Hz AC power and DC power. Note that performance near the rated 

FIGURE 21-9 
Performance curves for 
a universal motor 
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load is similar, regardless ofthe nature ofthe input power. Note also that these motors have 
poor speed regulation; that is, the speed varies greatly with load. 

21-7 
SINGLE-PHASE 

MOTORS 

The four most common types of single-phase motors are the spUt-phase, capacitor-start, 
permaneiit-spld capacitor, and shaded-pole. Each is unique in its physical construction and 
in the manner in which the electrical components are connected to provide for starting and 
running of the motor. The emphasis here is not on how to design the motors, but rather on 
the performance, so that a suitable motor can be selected. 

Figure 21-10 shows the performance characteristics ofthese four types of motors so 
that they can be compared. The special features of the performance curves for the four types 
of motors are discussed in later sections. 

In general, the construction of single-phase motors is similar to that for three-
phase motors, consisting of a fixed stator, a solid rotor, and a shaft carried on bearings. 
The induction principle discussed earlier applies also to single-phase motors. Differ
ences occur because single-phase power does not inherently rotate around the stator to 
create a moving field. Each type uses a different scheme for initially starting the motor. 
See Figure 21-11. 

Single-phase motors are usually in the subfractional or fractional horsepower range 
from 1/50 hp (15 W) to I.O hp (750 W), although some are available up to 10hp (7.5 kW). 

Split-Phase Motors 

The stator of the split-phase motor [Figure 21-1 Kb)] has two windings: the main winding, 
which is continuously connected to the power line, and the starting winding, which is con
nected only during the starting ofthe motor. The starting winding creates a slight phase shift 
that creates the initial torque to start and accelerate the rotor. After the rotor reaches ap
proximately 75% of its synchronous speed, the starting winding is cut out by a centrifugal 
switch, and the rotor continues to mn on the main winding. 

The performance curve for the split-phase motor is shown in Figure 21-10. It has 
moderate starting torque, approximately 150% of full-load torque. It has good efficiency 
and is designed for continuous operation. Speed regulation is good. One of the disadvan
tages is that it requires a centrifugal switch to cut out the starting winding. The step in the 
speed/torque curve indicates this cutout. 

FIGURE 21-10 
Performance curves of 
four types of single-
phase electric motors 
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FIGURE 21-11 
Schematic diagrams of 
single-phase motors 
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These characteristics make the split-phase motor one of the most popular types, used 
in business machines, machine tools, centrifugal pumps, electric lawn mowers, and similar 
applicafions. 

Capacitor-Start Motors 

Like the split-pha.se motor, the capacitor-start motor [Figure 21-11(c)] also has two 
windings: a main or running winding and a starting winding. But in it, a capacitor is con
nected in series with the starting winding, giving a much higher starting torque than with 

http://split-pha.se
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the split-phase motor. A starfing torque of 250%) of full load or higher is common. Again 
a centrifugal switch is used to cut out the starting winding and the capacitor. The mnning 
characteristics of the motor are then very similar to those of the split-phase motor: good 
speed regulation and good efficiency for continuous operation. 

Disadvantages include the switch and the relatively bulky capacitor. Frequently the 
capacitor is mounted conspicuously right on top of the motor (see Figure 21-17). It may 
also be integrated into a package containing the starting switch, a relay, or other control 
elements. 

Uses for the capaci tor-start motor include the many types of machines that need the 
high starting torque. Examples include heavily loaded conveyors, refrigerafion compres
sors, and pumps and agitators for heavy fluids. 

Permanent-Split Capacitor Motors 

A capacitor is connected in series with the starting winding at all times. The starting torque 
of the permanent-split capacitor motor [Figure 21-11(d)] is typically quite low, approxi
mately 40% or less of full-load torque. Thus, only low-inertia loads such as fans and blow
ers are usually used. An advantage is that you can tailor the mnning performance and the 
speed regulation to match the load by selecting the appropriate capacitor value. Also, no 
centrifugal switch is required. 

Shaded-Pole Motors 

The shaded-pole motor [Figure 21-11(e)] has only one winding, the main or running wind
ing. The starting reaction is created by the presence of a copper band around one side of 
each pole. The low-resistance band "shades" the pole to produce a rotating magnetic field 
to start the motor. 

The shaded-pole motor is simple and inexpensive, but it has a low efficiency and a 
very low starting torque. Speed regulation is poor, and it must be fan-cooled during normal 
operation. Thus, its primary use is in shaft-mounted fans and blowers where the air is drawn 
over the motor. Some small pumps, toys, and intermittently used household items also em
ploy shaded-pole motors because of their low cost. 

21-8 
AC MOTOR 

FRAME TYPES 
AND 

ENCLOSURES 

Frame Types 

The design of the equipment in which the motor is to be mounted determines the type of 
frame required. Some types are described below. 

Foot-mounted. The most widely used type for industrial machinery, the foot-mounted 
frame has integral feet with a standard hole pattem for bolting the motor to the machine (see 
Figure 21-12). 

Cushion Base. A foot mounting is provided with resilient isolation of the motor from 
the frame of the machine to reduce vibrafion and noise (see Figure 21-13). 

C-Face Mounting. A machined face is provided on the shaft end of the motor which 
has a standard pattem of tapped holes. Driven equipment is then bolted direcfiy to the mo
tor. The design of the face is standardized by the National Electrical Manufacturers Asso
ciation (NEMA). See Figures 21-14 and 21-15. 
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FIGURE 21-12 
Foot-mounted motors 
with various enclosure 
types (Rockwell 
Automation/Reliance 
Electric, Greenville, SC) 

(a) Open protected, dripproof ('b) Totally enclosed, non-ventilated 
lint-proof 

(c) Totally enclosed, fan cooled 
(d) Explosion proof, dust ignition 

proof 

FIGURE 21-13 Enclosed, cushion-base motor with 
double-end shaft (A. O. Smith Electrical Products, 
Tipp City, OH) 

FIGURE 21-14 C-face motor. See Figure 8-25 for 
an example of a reducer designed to mate with a 
C-face motor. (Rockwell Automation/Reliance 
Electric, Greenville, SC) 

FIGURE 21-15 
Rigid-base, dripproof, 
NEMA C-face motor 
for application to a 
close-coupled pump 
(A. 0. Smith Electrical 
Products, Tipp City, OH) 
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D-Flange Mounting. A machined flange is provided on the shaft end ofthe motor with 
a standard pattern of through clearance holes for bolts for attaching the motor to the driven 
equipment. The flange design is controlled by NEMA. 

Vertical Mounting. Vertical mounting is a special design because of the effects of the 
vertical orientation on the bearings of the motor. Attachment to the driven equipment is 
usually through C-face or D-flange bolt holes as previously described (.see Figure 21-16). 

Unmounted. Some equipment manufacturers purchase only the bare rotor and stator 
from the motor manufacturer and then build them into their machine. Compressors for re
frigeration equipment are usually built in this manner. 

Special-Purpose Mountings. 
burners, and so on. 

Many special designs are made for fans, pumps, oil 

Enclosures 

The housings around the motor that support the active parts and protect them vary with the 
degree of protection required. Some of the enclosure types are shown in Figures 21-12 
through 21-17 and are described next. 

Open. Typically a light-gage sheet-metal housing is provided around the stator with end 
plates to support the shaft bearings. The housing contains several holes or slots that permit 
cooling air to enter the motor. Such a motor must be protected by the housing of the ma
chine itself (see Figure 21-17). 

Protected. Sometimes called dripproof, ventilating openings are provided only on the 
lower part of the housing so that liquids dripping on the motor from above cannot enter the 
motor. This is probably the most widely used type [see Figure 21-12(a)]. 

Totally Enclosed Nonventilated (TENV). No openings at all are provided in the 
housing, and no special provisions are made for cooling the motor except for fins cast into 
the frame to promote convective cooling. The design protects the motor from harmful at
mospheres [see Figure 21-12(b)]. 

Totally Enclosed Fan-cooled. The totally enclosed fan-cooled (TEFC) design is sim
ilar to TENV design, except a fan is mounted to one end of the shaft to draw air over the 
finned housing [.see Figure 21-12(c)]. 

FIGURE 21-16 
Totally enclosed, 
nonventilated, C-face 
motor with dripcover 
for vertical operation 
(A. O. Smith Electrical 
Products, Tipp City, OH) 

FIGURE 21-17 
Open-frame motor, 
shown with cushion 
base. Mounting may 
also be by through-bolts, 
belly-band, or cushion 
ring (A.O. Smith 
Electrical Products, Tipp 
City, OH) 
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FIGURE 21-18 Key 
for NEMA standard 
motor frame 
dimensions listed in 
Table 21-3 

Keyway 

TABLE 21-3 Motor frame sizes 

hp 

1/4 
1/2 
1 
2 
5 
10 
15 
20 
25 
30 
40 
50 

Frame 
size 

48 
56 

143T 
145T 
184T 
215T 
254T 
256T 
284T 
286T 
324T 
326T 

A 

5.63 
6.50 
7.00 
7.00 
9.00 

10.50 
12.50 
12.50 
14.00 
14.00 
16.00 
16.00 

C 

9.44 
10.07 
10.69 
11.69 
13.69 
17.25 
22.25 
22.25 
23.38 
24.88 
26.00 
27.50 

D 

3.00 
3.50 
3.50 
3.50 
4.50 
5.25 
6.25 
6.25 
7.00 
7.00 
8.00 
8.00 

Dimensions (in) 

£ 

2.13 
2.44 
2.75 
2.75 
3.75 
4.25 
5.00 
5.00 
5.50 
5.50 
6.25 
6.25 

F 

1.38 
1.50 
2.00 
2.50 
2.50 
3.50 
4.13 
5.00 
4.75 
5.50 
5.25 
6.00 

0 

5.88 
6.75 
7.00 
7.00 
9.00 

10.56 
12.50 
12.50 
14.00 
14.00 
16.00 
16.00 

u 
0.500 
0.625 
0.875 
0.875 
1.125 
1.375 
1.625 
1.625 
1.875 
1.875 
2.125 
2.125 

V 

1.50 
1.88 
2.00 
2.00 
2.50 
3.13 
3.75 
3.75 
4.38 
4.38 
5.00 
5.00 

Keyway 

0.05 fiat 
3/16 X 3/32 
3/16 X 3/32 
3/16 X 3/32 

1/4 X 1/8 
5/16 X 5/32 

3/8 X 3/16 
3/8 X 3/16 
1/2 X 1/4 
1/2 X 1/4 
1/2 X 1/4 
1/2 X 1/4 

Note: All motors are four-pole, three-phase, 60-Hz, AC induction motors. Refer to Figure 21-18 for description of dimensions. 

TEFC-XP. The TEFC-XP (explosion-proof) design is similar to the TEFC housing, ex
cept special protection is provided for electrical connections to prohibit fire or explosion in 
hazardous environments [see Figure 21-12(d)]. 

Frame Sizes 

The critical dimensions of motor frames are controlled by NEMA frame sizes. Included are 
the overall height and width; the height from the base to the shaft centeriine: the shaft di
ameter, length, and keyway size; and mounting hole pattem dimensions. A few selected mo
tor frame sizes for 1725-rpm, three-phase, induction, foot-mounted dripproof motors are 
listed in Table 21-3. For the descriptions ofthe dimensions, refer to Figure 21-18. 

21-9 
CONTROLS FOR 

AC {VICTORS 

Motor controls must perform several functions, as outlined in Figure 21-19. The complex
ity of the control depends on the size and the type of motor involved. Small fractional or 
subfractional motors may .sometimes be started with a simple switch that connects the mo
tor directly to the full line voltage. Larger motors, and some sinaller motors on critical 
equipment, require greater protection. 
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FIGURE 21-19 
Motor control block 
diagram 
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The functions of motor controls are as follows: 

1. To start and stop the motor 

2. To protect the motor from overloads that would cause the motor to draw danger
ously high cunent levels 

3. To protect the motor from overheating 

4. To protect personnel from contact with hazardous parts of the electrical system 

5. To protect the controls from the environment 

6. To prohibit the controls from causing a fire or an explosion 

7. To provide controlled torque, acceleration, speed, or deceleration ofthe motor 

8. To provide for the sequential starting of a series of motors or other devices 

9. To provide for the coordinated operation of different parts of a system, possibly 
including several motors 

10. To protect the conductors of the branch circuit in which the motor is connected 

The proper selection of a motor control system requires knowledge of at least the fol
lowing factors: 

1. The type of electrical service: voltage and frequency; single- or three-phase; cur
rent limitations 

2. The type and size of motor: power and speed rafings; full-load current rating; 
locked-rotor current rating 

3. Operation desired: duty cycle (continuous, start/stop, or intermittent); single 
or multiple discrete speeds, or variable-speed operation; one-direction or 
reversing 

4. Environment: temperature; water (rain, snow, sleet, sprayed or splashed wa
ter); dust and dirt; corrosive gases or liquids; explosive vapors or dusts; oils or 
lubricants 

5. Space limitafions 

6. Accessibility of controls 

7. Noise or appearance factors 

Starters 

There are several classifications of motor starters: manual or magnefic; one-direction or re
versing; two-wire or three-wire control; full-voltage or reduced-voltage starfing; single-
speed or multiple-speed; normal stopping, braking, or plug stopping. All ofthese typically 
include some form of overioad protection, which will be discussed later. 
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Manual and Magnetic, Full-Voltage, One-Direction Starting 

Figure 21-20 shows the schematic connection diagram for manual starters for single-phase 
and three-phase motors. The symbol M indicates a normally open contactor (switch) that is 
actuated manually, for example, by throwing a lever. The contactors are rated according to 
the motor power that they can safely handle. The power rating indirectly relates to the cur
rent drawn by the motor, and the contactor design must (1) safely make contact during the 
start-up ofthe motor, considering the high starting current; (2) carry the expected range of 
operating current without overheating; and (3) break contact without excessive arcing that 
could burn the contacts. The ratings are established by NEMA. Tables 21-4 and 21-5 show 
the ratings for selected NEMA starter sizes. 

Note in Figure 21-20 that overload protection is required in all three lines for three-
phase motors but in only one line of the single-phase motors. 

Electrical 
Supply 

Electrical 
supply 

(a) Single-phase motor (b) Three-phase motor 

FIGURE 21-20 Manual starters. M = normally open contactors. All actuate together. 

TABLE 21-4 Ratings of AC full-voltage starters for single-pha.se power 

NEMA 

size 
number 

00 
0 
1 

2" 
3^ 

Current 
rating 

(amperes) 

15 
25 
50 

100 

(hp) 

1/2 
1 

li 
3 
7̂  

l lOV 

(kW) 

0.37 
0.75 
1.12 
2 24 
5.60 

Power rating 

(hp) 

3/4 
13 
3 
73 

15 

at given voltages 

220 V 

(kW) 

0.56 
1.12 
2.24 
5.60 

11.19 

440 

(hp) 

\\ 
5 

10 
25 

and 550 V 

(kW) 

1.12 
3.73 
7.46 

18.65 

^Applies to magnetically operated .starters only. 

TABLE 21-5 Ratings of AC full-voltage starters for three-phase power 

NEMA 

size 
number 

00 
0 
1 
2 
3 

Current 
rating 

(amperes) 

15 
25 
50 

100 

(hp) 

3/4 

li 
3 

7i 
15 

nov 

(kW) 

0.56 
1.12 
2.24 
5.60 

11.19 

Power rating 

(hp) 

1 
2 
5 

15 
30 

at given voltages 

220 V 

(kW) 

0.75 
1.49 
3.73 

11.19 
22.38 

440 and 550 V 

(hp) 

1 
2 

73 

25 
50 

(kW) 

0.75 
1.49 
5.60 

18.65 
37.30 

http://single-pha.se
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FIGURE 21-21 
Magnetic starters for 
three-phase motors 

All magnetic tC contactors 
close together 

r~M~\ Overload (OL) 

Low voltage 
cuts out switch 

\ I i 
OL OL OL Start I Stop \ , - - -

- 4 - ^ K K if 
Magnetic coil closes M contactors when energized. 
Any overload device cuts out entire circuit. 

L l • 

L2 

L3 

Low voltage 
cuts out relay 

(a) Two-wire control 

M ~1 Overload (OL) 

\ T2 

H h QP~~i—w3^ 

Motor 

\ 
I 

Start 

n i n 
Stop 

Holding 
relay 

^\ OL OL OL 

I 1 ^Magnet ic coil 

I Stan button closes relay. 
J Magnetic coil closes M 

contactors when energized. 

(b) Three-wire control 

Figure 21-21 shows the schematic connection diagrams for magnetic starters using 
two-wire and three-wire controls. The "start" button in the three-wire control is a momen
tary contact type. As it is actuated manually, the coil in parallel with the switch is energized, 
and it magnetically closes the line contactors marked M, The contacts remain closed until 
the stop button is pushed or until the line voltage drops to a set low value. (Remember, a 
low line voltage causes the motor to draw excessive current.) Either case causes the mag
netic contactors to open, stopping the motor. The start button must be manually pushed 
again to restart the motor. 

The two-wire control has a manually operated start button that stays engaged after the 
motor starts. As a safety feature, the switch will open when a low-voltage condition occurs. 
But when the voltage rises again to an acceptable level, the contacts close, restarting the 
motor. You must ensure that this is a safe operating mode. 

Reversing Starters 

Figure 21-22 shows the connection for a reversing starter for a three-phase motor. You can 
reverse the direction of rotation of a three-phase motor by interchanging any two of the 
three power lines. The F contactors are used for the forward direction. The R contactors 
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FIGURE 21-22 
Reversing control for a 
three-phase motor 
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would interchange Ll and L3 to reverse the direction. The Forward and Reverse pushbut
tons actuate only one of the sets of contactors. 

Reduced-Voltage Starting 

The motors discussed in the previous secfions and the circuits shown in Figures 21-20 
through 21-22 employ full-voltage starting. That is, when the system is actuated, the full 
line voltage is applied to the motor terminals. This will give the maximum starting effort, 
but in some cases it is not desirable. To limit jerk, to control the acceleration of a load, and 
to limit the starting current, reduced-voltage starting is sometimes used. This gentle start is 
used on some conveyors, hoists, pumps, and similar loads. 

Figure 21-23 shows one method of providing a reduced voltage to the motor 
when starting. The first action is the closing of the contactors marked A. Thus, the 
power to the motor passes through a set of resistors that reduces the voltage at each mo
tor terminal. A typical reduction would be to approximately 65% of normal line volt
age. The peak line current would be reduced to 65% of normal locked-rotor current, 
and the starting torque would be 42% of normal locked-rotor torque. (See Reference 
4.) After the motor is accelerated, the main contactors M are closed, and full voltage is 
applied to the motor. A timer is typically used to control the sequencing of the A and 
M contactors. 

Dual-Speed Motor Starting 

A dual-speed motor with two separate windings to produce the difterent speeds can be 
started with the circuit shown in Figure 21-24. The operator selectively closes either the F 
(fast) or S (slow) contacts to obtain the desired speed. The other features of starting circuits 
discussed earlier can also be applied to this circuit. 
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FIGURE 21-23 
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FIGURE 21-24 
Speed control for a 
dual-winding, three-
phase motor 
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Stopping the Motor 

Where no special conditions exist when the system is shut down, the motor can be per
mitted to coast to a stop after the power is interrupted. The time required to stop will de
pend on the inertia and the friction in the system. If controlled, rapid stopping is required, 
external brakes can be used. Brake motors, which have a brake integral with the motor, 
are available. Typically, the design is of the "fail-safe" nature, in which the brake is dis-



Section 21-9 • Controls for AC Motors 817 

engaged by an electromagnetic coil when the motor is energized. When the motor is de
energized. either on purpose or because of power failure, the brake is actuated by me
chanical spring force. 

On circuits with reversing starters, plug stopping can be used. When it is desired to 
stop the motor running in the forward direction, the control can be switched immediately 
to reverse. There would then be a decelerating torque applied to the rotor, stopping it 
quickly. Care must be exercised to cut out the reversing circuit when the motor is at rest to 
prevent it from continuing in the reverse direction. 

Overload Protection 

The chief cause of failure in electric motors is overheating of the wound coils due to ex
cessive current. The current is dependent on the load on the motor. A short circuit, of course, 
would cause a virtually instantaneously high current of a damaging level. 

The protection against a short circuit can be provided hy fuses, but careful applica
tion of fuses to motors is essential. A fuse contains an element that literally melts when a 
particular level of current flows through it. Thus, the circuit is opened. Reactivating the cir
cuit would require replacing the fuse. Time-delay fuses, or "slow-blowing" fuses, are 
needed for motor circuits to prevent the fu.ses from blowing when the motor starts, drawing 
the relatively high starting current that is normal and not damaging. After the motor starts, 
the fuse will blow at a .set value of overcurrent. 

Fuses are inadequate for larger or more critical motors because they provide protec
tion at only one level of overcurrent. Each motor design has a characteristic overheating 
curx'e, as shown in Figure 21-25. This indicates that the motor could withstand different 
levels of overcurrent for different periods of time. For example, for the motor heating curve 
of Figure 21-25, a cun-ent twice as high as the full-load current (200%) could exist for up 
to 9 min before a damaging temperature was produced in the windings. But a 400% over
load would cause damage in less than 2 min. An ideal overload protection device would par
allel the overheating curve ofthe given motor, always cutting out the motor at a safe current 
level, as shown in Figure 21-25. Devices are available commercially to provide this pro
tection. Some use special melting alloys, bimetallic strips similar to a thermostat, or mag
nefic coils that are sensitive to the current flowing in them. Most large motor starters include 
overload protection integral with the starter. 

Another type of overload protection uses a temperature-sensitive device inserted in 
the windings of the motor when it is made. Then it opens the motor circuit when the wind
ings reach a dangerous temperature, regardless of the reason. 

FIGURE 21-25 
Motor heating curve 
and response curve of a 
typical overload 
protector (Square D 
Company, Palatine, IL) 
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Solid State Overload Relay 

Difficulties with thermal element or bimetallic overload devices can be overcome by using 
a solid-state overload relay. Thermal devices that use a melting element require the re
placement of that element after tripping, resulting in extra cost for maintenance supplies 
and personnel. Both thermal element and bimetallic overload devices are affected by vary
ing ambient temperatures that can change the actual current flow protection level. Temper
ature compensation devices are available, but they require careful setting and knowledge of 
expected conditions. Solid-state overioad relays overcome these difficulties because only 
sensed current flow level is used to produce the tripping action. They are inherently in.sen-
sitive to ambient temperature swings. Furthermore, they can sen.se the current flow in each 
ofthe three windings of three-phase motors and provide protection if any one ofthe phases 
experiences a failure or a given increase in current. This provides protection not only for 
the motor but also for associated equipment that may be damaged if the motor fails sud
denly. See Internet site 5 for additional information. 

Enclosures for Motor Controls 

As stated before, one of the functions of a motor control system is to protect personnel 
from contact with dangerous parts of the electrical system. Also, protection of the sys
tem from the environment must be provided. These functions are accomplished by the 
enclosure. 

NEMA has established standards for enclosures for the variety of environments en
countered by motor controls. The most frequent types are described in Table 21-6. 

AC Variable-Speed Drives 

Standard AC motors operate at a fixed speed for a given load if powered by AC power at a 
fixed frequency, for example, 60 Hz. Variable-speed operation can be obtained with a con
trol system that produces a variable frequency power. Two such control types are in com
mon use: the si.x-step inethod and the pulse-width modulation (P'WM) inethod. Either system 
takes the 60-Hz line voltage and first rectifies it to a DC voltage. The six-step method then 
uses an inverter to produce a series of square waves that provides a voltage to the motor 
winding which varies both voltage and frequency in six steps per cycle. In the PWM system, 

TABLE 21-6 Motor control enclosures 

NEMA 
design 
number Description 

1 General-purpose: indoor use; not dusttight 
3 Dusttight, raintight: outdoor-weather-resistant 
3R Dusttight, rainproof, sleet-resistant 
4 Watertight: can withstand a direct spray of water from a hose; used on ships 

and in food processing plants where washdown is required 
4X Watertight, corrosion-resistant 
7 Hazardous locations, class I: can operate in areas where fiammable gases or 

vapors are present 
9 Hazardous locations, class II: combustible dust areas 

12 Industrial use: resistant to dust, lint, oil, and coolants 
13 Oiltight. dusttight 

http://sen.se
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FIGURE 21-26 
Six-step method of 
variable-speed AC 
motor control 
(Rockwell 
Automation/Allen-
Bradley, Milwaukee, 
WI) 
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the DC voltage is input to an inverter that produces a series of pulses of variable width. The 
rate of polarity reversals determines the frequency applied to the motor. See Figures 21-26 
and 21-27. 

Reasons for Applying Variable-Speed Drives 

It is often desirable to vary the speed of mechanical systems to obtain operating character
istics that are more nearly optimum for the application. For example: 

1. Conveyor speed can be varied to match the demand of production. 

2. The delivery of bulk materials to a process can be varied continuously. 

3. Automatic control can provide synchronization of two or more system components. 

4. Dynamic control of system operation can be used during start-up and stopping .se
quences, for torque control, or for in-process acceleration and deceleration control, 
often necessary when processing continuous webs such as paper or plastic film. 

5. Spindle .speeds of machine tools can be varied to produce optimum cutting for 
given materials, depth of cut, feeds, or cutting tools. 

6. The speeds of fans, compressors, and liquid pumps can be varied in response to 
needs for cooling or for product delivery. 
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FIGURE 21-27 
Pulse-width modulation 
method of variable-
speed AC motor control 
(Rockwell Automation/ 
Allen-Bradley, 
Milwaukee, WI) 
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(a) Schematic diagram of pulse-width modulation (PWM) controller 

current 

(h) Output waveforms 

All ofthese situations allow for more flexible and better process control. Cost savings are also 
obtained, particularly for item 6. The difference in the power required to operate a pump at 
two speeds is proportional to the cube of the ratio of the speeds. For example, if the speed of 
the motor is reduced to one-half of its original speed, the power required to operate the pump 
is reduced to 1/8 of the original power. Matching the pump speed to the required delivery of 
the fluid can accumulate significant savings. Similar savings result for fans and compressors. 

21—10 DC motors have several inherent advantages over AC motors, as discussed in the next sec-
DC POWER tion. A disadvantage of DC motors is that a source of DC power must be available. Most 

residential, commercial, and indu.strial locafions have only AC power provided by the local 
utility. Three approaches are used to provide DC power: 

1. Batteries: Typically batteries are available in voltages of 1.5, 6.0, 12.0, and 24.0 
volts (V). They are used for portable devices or for mobile applications. The power 
is pure DC, but voltage varies with time as the battery discharges. The bulkiness, 
weight, and finite life are disadvantages. 

2. Generators: Powered by AC electric motors, internal combustion engines, turbine 
engines, wind devices, water turbines, and so on; DC generators produce pure DC. 
The usual voltages are 115 and 230 V. Some industries maintain such generators 
to provide DC power throughout the plant. 
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TABLE 21-7 DC motor voltage ratings 

Input AC voltage 

115 V AC, one-phase 
230 V AC, one-phase 
230 V AC, three-phase 
460 V AC, three-phase 

460 V AC, three-phase 

DC motor rating 

90 V DC 
180 V DC 
240 V DC 
500 V DC or 
550 V DC 
240 V DC 

NEMA code 

K 
K 
CorD 
CorD 

E 

3. Rectifiers: Rectification is the process of converting AC power with its sinusoidal 
variation of voltage with time to DC power, which ideally is nonvarying. A read
ily available device is the silicon-controlled rectifier (SCR). One difficulty with 
rectification of AC power to produce DC power is that there is always some 
amount of "ripple," a small variation of voltage as a function of time. Excessive 
ripple can cause overheating ofthe DC motor. Most commercially available SCR 
devices produce DC power with an acceptably low ripple. Table 21-7 lists the 
commonly used DC voltage ratings for motors powered by rectified AC power as 
defined by NEMA. 

21-11 
DC MOTORS 

The advantages of direct current motors are summarized here: 

• The speed is adjustable by use of a simple rheostat to adjust the voltage applied to 
the motor. 

• The direction of rotation is reversible by switching the polarity of the voltage ap
plied to the motor. 

• Automatic control of speed is simple to provide for matching of the speeds of two 
or more motors or to program a variation of speed as a function of time. 

• Acceleration and deceleration can be controlled to provide the desired response 
time or to decrease jerk. 

• Torque can be controlled by varying the current applied to the motor. This is 
desirable in tension control applications, such as the winding of film on a 
spool. 

• Dynamic braking can be obtained by reversing the polarity of the power while the 
motor is rotating. The reversed effective torque slows the motor without the need 
for mechanical braking. 

• DC motors typically have quick response, accelerating quickly when voltage is 
changed, because they have a small rotor diameter, giving them a high rafio of 
torque to inertia. 

DC motors have electric windings in the rotor, and each coil has two connections to 
the commutator on the shaft. The commutator is a series of copper segments through which 
the electric power is transferred to the rotor. The current path from the stationary part of the 
motor to the commutator is through a pair of brushes, usually made of carbon, which are 
held against the commutator by light coil or leaf springs. Maintenance of the brushes is one 
of the disadvantages of DC motors. 
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DC Motor Types 

Four commonly used DC motor types are the shunt-wound, series-wound, compoimd-
woiiiid, and permanent magnet motors. They are described in terms of their speed/torque 
curves in a inanner similar to that used for AC motors. One difference here is that the speed 
axis is expressed in percentage of full-load rated speed, rather than a percentage of syn
chronous speed, as that term does not apply to DC motors. 

Shunt-Wound DC Motor. The electromagnetic field is connected in parallel with the 
rotating armature, as sketched in Figure 21-28. The speed/torque curve shows relatively 
good speed regulation up to approximately two times full-load torque, with a rapid drop in 
speed after that point. The speed at no load is only slightly higher than the full-load speed. 
Contrast this with the series-wound motor described next. Shunt-wound motors are used 
mainly for small fans and blowers. 

Series-Wound DC Motor. The electromagnetic field is connected in series with the 
rotating armature, as shown in Figure 21-29. The speed/torque curve is steep, giving the 
motor a soft performance that is desirable in cranes, hoists, and traction drives for vehi
cles. The starting torque is very high, as much as 800%i of full-load rated torque. A ma
jor difficulty, however, with series-wound motors is that the no-load speed is theoretically 
unlimited. The motor could reach a dangerous speed if the load were to be accidentally 
disconnected. Safety devices, such as overspeed detectors that shut off the power, should 
be used. 

Compound-Wound DC Motors. The compound-wound DC motor employs both a 
series field and a shunt field, as sketched in Figure 21-30. It has a performance somewhat 
between that of the series-wound and the shunt-wound motors. It has fairly high starting 
torque and a soft speed characteristic, but it has an inherently controlled no-load speed. 
This makes it good for cranes, which may suddenly lose their loads. The motor would run 
slowly when heavily loaded for safety and control, and fast when lightly loaded to im
prove productivity. 

FIGURE 21-28 
Shunt-wound DC 
motor performance 
curve 
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FIGURE 21-29 
Series-wound DC 
motor performance 
curve 
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FIGURE 21-30 
Compound-wound DC 
motor performance 
curve 

^ 
• o 
IU 

g. 
• o 

sp
ee

 
ra

te
d 

« '^ 
c o 
.2 a> 
— Olj 2 ^ 
O c cc u 

100 

80 

60 

-^ 40h 

20 

100 200 300 
Torque (percentage of rated torque) 

400 

Permanent Magnet DC Motors. Instead of using electromagnets, the permanent 
magnet DC motor uses permanent magnets to provide the field for the armature. The 
direct current passes through the armature, as shown in Figure 21-31. The field is 
nearly constant at all times and results in a linear speed/torque curve. Current draw 
also varies linearly with torque. Applications include fans and blowers to cool elec
tronics packages in aircraft, small actuators for control in aircraft, automotive power 
assists for windows and seats, and fans in automobiles for heating and air condition
ing. These motors frequently have built-in gear-type speed reducers to produce a low-
speed, high-torque output. 
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FIGURE 21-31 
Permanent magnet DC 
motor performance 
curve 
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21-12 
DC MOTOR 
CONTROL 

Starting DC motors presents essentially the same problems as discussed for AC motors in 
terms of limiting the starting current and the provision of switching devices and holding re
lays of sufficient capacity to handle the operating loads. The situation is made somewhat 
more severe, however, by the presence of the commutators in the rotor circuit which are 
more sensitive to overcurrent. 

Speed control is provided by variation of the resistance in the lines containing the 
armature or the field of the motor. The details depend on whether the motor is a series, 
shunt, or compound type. The variable-resistance device, sometimes called a rheostat, can 
provide either stepwise variation in resistance or continuously varying resistance. Figure 
21-32 shows the schematic diagrams for several types of DC motor speed controls. 

21-13 
OTHER TYPES OF 

MOTORS 

Torque Motors 

As the name implies, torque motors are selected for their ability to exert a certain torque rather 
than for a rated power. Frequently this type of motor is operated at a stalled condition to main
tain a set tension on a load. The continuous operation at slow speed or at zero speed causes heat 
generation to be a potential problem. In severe cases, extemal cooling fans may be required. 

By special design, several ofthe AC and DC motor types discussed elsewhere in this 
chapter can be used as torque motors. 

Servomotors 

Either AC or DC servomotors aie available to provide automatic control of position or 
speed of a mechanism in response to a control signal. Such motors are used in aircraft ac
tuators, instruments, computer printers, and machine tools. Most have rapid response char
acteristics because of the low inertia of the rotating components and the relatively high 
torque exerted by the motor. See Intemet sites 3, 7-10, and 12. 

Figure 21-33 shows a schematic diagram of a servomotor controller system. Three 
control loops are shown: (1) the posifion loop, (2) the velocity loop, and (3) the current loop. 
Speed control is effected by sensing the motor speed with a tachometer and feeding the sig
nal back through the velocity loop to the controller. Position is sensed by an optical encoder 
or a similar device on the driven load, with the signal fed back through the posifion loop to 
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(a) Schematic diagram of DC motor control 
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Armature series-
resistance control 

Armature shunt-
resistance control 

(Increasing resistance decreases speed) 

(b) Shunt-wound IXT motor control 
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Basic series-wound Armature series-resistance control Armature shunt-resistance control 
DC motor (see Fig. 21-29) (increasing resistance decreases speed) (decreased speed and controlled no-load speed) 

(c) Series-wound DC motor control 

FIGURE 21-32 DC motor control [Source for (a). Rockwell Automation/Allen-Bradley, Milwaukee. WI] 

the controller. The controller sums the inputs, compares them with the desired value set by 
the control program, and generates a signal to control the motor. Thus, the system is a closed-
loop .servo-control. Typical uses for this type of control would be for numerical control ma
chine tools, .special-purpose assembly machines, and aircraft control surface actuators. 

Stepping Motors 

A stream of electronic pulses is delivered to a .stepping motor, which then responds with a 
fixed rotation (step) for each pulse. Thus, a very precise angular position can be obtained by 
counfing and controlling the number of pulses delivered to the motor Several step angles are 



826 Chapter 21 • Electric Motors and Controls 

Position 
controller 

(< 
l< 

Position 1 oop 

Velocity loop 

Current loop 

k>^H> < *.. 

^Tachj 

/ ^ 
J I MC tor j 

V_y 
Transmission 

Encoder I 

1 I -I 

Servo controller 

FIGURE 21-33 Servomotor controller system (Rockwell Automafion/Allen-Bradley, Milwaukee, WI) 

available in commercially provided motors, such as 1.8°, 3.6°, 7.5°, 15°, 30°. 45°, and 90°. 
When the pulses are stopped, the motor stops automatically and is held in position. Because 
many of these motors are connected through a gear-type speed reducer to the load, very pre
cise positioning is possible to a small fraction of a step. Also, the reducer provides a torque 
increase. See Internet sites 8 and 10. 

Brushless Motors 

The typical DC motor requires brushes to make contact with the rotating commutator on 
the shaft of the motor. This is a major failure mode of such motors. In the brushless DC mo
tor, the switching of the rotor coils is accomplished by .solid-state electronic devices, re
sulting in very long life. The emission of electromagnetic interference is likewise reduced 
compared with brush-type DC motors. 

Printed Circuit Motors 

The rotor of the printed circiid motor is a flat disc that operates between two permanent mag
nets. The resulting design has a relatively large diameter and small axial length; somefimes it is 
caWed a pancake motor. The rotor has a very low inertia, so high acceleration rates are possible. 

Linear Motors 

Linear motors are electrically similar to rotary motors, except the components, stator and ro
tor, are laid flat instead of being formed into a cylindrical shape. Types include bmsh-type DC 
motors, brushless DC motors, stepping motors, and the single-phase type of motor. Capacity 
is measured in terms of the force that the motor can exert, ranging typically from a few pounds 
to 2500 lb. Speeds range from about 40 to 100 in/s. See Intemet sites 3, 11, and 12. 
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I N T E R N E T S I T E S F O R E L E C T R I C M O T O R S A N D C O N T R O L S 

1. Reliance Electric/Rockwell Automation. 
www,reliance.com Manufacturer of AC and DC 
motors and the associated controls. The site provides a 
Motor Technical Reference resource giving motor 
performance, applications guidelines, motor 
construction information, and an online catalog. 

2. A. O. Smith Electrical Products Company. 
www.aosmithmoUns.coni Manufacturer of electric 
motors from the subfractional (1/800 hp) to the large 
integral horsepower (800 hp) ranges, under the 
A. O. Smith, Universal, and Century brands. 

3. Balder Electric Company, www.haldorcom 
Manufacturer of AC and DC motors, gear motors, 
servomotors, linear motors, generators, linear motion 
products, and controls for a wide range of industrial 
and commercial applications. An online catalog, CAD 
drawings, and performance charts are included. An 
extensive, 124-page online product brochure provides 
much information about motor technology and frame 
sizes. 

4. U.S. Electric Motors Company. www.usmoUirs.com 
Manufacturer of a wide variety of AC and DC electric 
motors from 'A to 4000 hp for general and specific 
applications. An online catalog is included. Part of 
Emerson Electric Company, motors are offered under 
the U.S. Motors. Doerr, Emerson, and Hurst brand 
names. See also www.einersonmotors.c(mi 

5. Square D. www.scjuared.com Manufacturer of 
electric motor controls along with electrical 
distribution and industrial automation products, 
systems, and services, under the Square D, Modicon, 
Merlingerin. and Telemecanique brands. Included are 
adjustable frequency AC motor drives, motor 
contactors and starters, and motor control centers. Site 
provides technical data, CAD drawings, and an online 
catalog. 

6. Eaton/Cutler Hammer Company, www.ch.cutler-
hammercom Manufacturer of a wide range of 
electrical control and power distribution products for 
industrial, commercial, and residential applications. 
Online product knowledge is available for motor control 
centers, circuit breakers, power conditioning equipment, 
switchgear. brakes, and many other products. 

7. Allen-Bradley/Rockwell Automation, www.ah.com 
Manufacturer of a wide variety of controls for 
automation, including motor contactors, AC motor drives, 
motor control centers, servomotors, programmable logic 
controllers, sensors, relays, circuit protection devices, 
network communication, and control systems. 

8. GE Fanuc. www.gefaiuic.com Part of GE Industrial 
Systems, GE Fanuc Automation is a joint venture of 
General Electric Company and FANUC LTD of Japan. 
Manufacturer of servomotors, stepping motors, 
programmable logic controllers (PLCs), and other 
motion controls for automation. 

9. Parker Automation/Compumotor Division. 
www.compumotorcimi Manufacturer of brushless 
servomotors and controllers for a variety of industrial 
automation and commercial product applications. 

10. Oriental Motor U.S.A. Corporation. 
www.orientalmotorcom Manufacturer of stepping 
motors with either AC or DC input power and low speed 
synchronous motors for a variety of industrial 
automation and commercial product applicafions. 

11. Trilogy Systems Company, www.trilogysysteins.com 
Manufacturer of linear electric motors and linear 
positioners for a variety of industrial automadon and 
commercial product applications. 

12. Beckhoff Drive Technology, www.beckhoff.com 
Manufacturer of brushless synchronous servomotors and 
synchronous linear motors for a variety of industrial 
automation and commercial product applications. 

P R O B L E M S 

1. List six items that must be specified for electric motors. 

2. List eight factors to be considered in the selection of an 
electric motor. 

3. Define duty cycle. 

4. How much variation in voltage will most AC motors 

tolerate? 

5. State the relationship among torque, power, and speed. 

6. What does the abbreviation AC stand for? 

7. Describe and sketch the form of single-phase AC 
power. 

8. Describe and sketch the form of three-phase AC power 

9. What is the standard frequency of AC power in the United 
States' 

10. What is the standard frequency of AC power in Europe? 

11. What type of electrical power is available in a typical 
American residence? 

12. How many conductors are required to carry single-phase 
power? How many for three-phase power' 

13. Assume that you are selecting an electnc motor for a ma
chine to be used in an industrial plant. Thc following types of 
AC power are available: 120-V, single-phase; 240-V. single-
phase; 240-V, three-phase: 480-V. three-phase. In general. 
for which type of power would you specify your motor? 

http://www.aosmithmoUns.coni
http://www.haldorcom
http://www.usmoUirs.com
http://www.einersonmotors.c(mi
http://www.scjuared.com
http://www.ch.cutler
http://www.ah.com
http://www.gefaiuic.com
http://www.compumotorcimi
http://www.orientalmotorcom
http://www.trilogysysteins.com
http://www.beckhoff.com
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14. Define .synchronous speed for an AC motor 

15. Define full-load .speed for an AC motor 

16. What is the synchronous speed of a four-pole AC motor 
when running in the United States? In France? 

17. A motor nameplate lists the full-load speed to be 3450 
rpm. How many poles does the motor have? What would 
its approximate speed be at zero load? 

18. If a four-pole motor operates on 400-Hz AC power, what 
will its synchronous speed be? 

19. If an AC motor is listed as a normal-slip, four-pole/six-pole 
motor, what will its approximate full-load speeds be? 

20. What type of control would you use to make an AC mo
tor run at variable speeds? 

21. Describe a C-face motor 

22. Describe a D-flange motor 

23. What does the abbreviation NEMA stand for? 

24. Describe a protected motor 

25. Describe a TEFC motor 

26. Describe a TENV motor 

27. What type of motor enclosure would you specify to be 
used in a plant that manufactures baking flour? 

28. What type of motor would you specify for a meat grinder 
if the motor is to be exposed? 

29. Figure P21-29 shows a machine that is to be driven by a 
5-hp, protected, foot-mounted AC motor having a 184T 
frame. The motor is to be aligned with the shaft of the 
driven machine. Make a complete dimensioned drawing, 
showing standard side and top views of the machine and 
the motor Design a suitable mounting base for the motor 
showing the motor mounfing holes. 

30. Define locked-rotor torque. What is another term used for 
this parameter? 

31. What is meant if one motor has a poorer speed regulation 
than another? 

32. Define breakdown torque. 

33. Name the four most common types of single-phase AC 
motors. 

34. Refer to the AC motor performance curve in Figure 
P2I-34. 

(a) What type of motor is the curve likely to represent? 

(b) If the motor is a six-pole type, rated at 0.75 hp, how 
much torque can it exert at the rated load? 

(c) How much torque can the motor develop to start a 
load? 

(d) What is the breakdown torque for the motor? 

35. Repeat Parts (b). (c), and (d) of Problem 34 if the motor 
is a two-pole type, rated at 1.50 kW. 

36. A cooling fan for a computer is to operate at 1725 rpm, 
direct-driven by an electric motor The speed/torque 
curve for the fan is shown in Figure P21-36. Specify a 
suitable motor, giving the type of motor, horsepower, and 
number of poles. 
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37. Figure P21-37 shows the speed/torque curve for a house
hold refrigeration compressor, designed to operate at 
3450 rpm. Specify a suitable motor, giving the type, 
power rating in watts, and number of poles. 

38. How is speed adjusted for a wound-rotor motor? 

39. What is the full-load speed of a 10-pole synchronous motor? 

40. What is meant by the term pull-out torque, as applied to 
a synchronous motor? 

41. Discuss the reasons that universal motors are frequently 
used for hand-held tools and small appliances. 

42. Why is the adjective tmiversal used to describe a univer
sal motor? 

43. Name three ways to produce DC power 

44. List 12 common DC voltages. 

45. What is an SCR control? For what is it used? 

46. If a DC motor drive advertises that it produces low ripple. 
what does the term mean? 

47. If you want to use a DC motor in your home, and 
your home has only standard 115 V AC, single-phase 
power, what will you need? What type of motor 
should you get? 

48. List seven advantages of DC motors with respect to AC 
motors. 

49. Discuss two disadvantages of DC motors. 

50. Name four types of DC motors. 

51. What happens to a series-wound DC motor if the load on 
the motor falls to nearly zero? 

52. Assume that a permanent magnet DC motor can exert a 
torque of 15.0 N-m when operating at 3000 rpm. What 
torque could it exert at 2200 rpm? 

53. List 10 functions of a motor control. 

54. What size motor starter is required for a 10-hp, three-
phase motor, operating on 220 V? 

55. A single-phase, 110-V AC motor has a nameplate rating 
of 1.00 kW. What size motor starter is required? 

56. What does the term plug stopping mean, and how is it 
accomplished? 

57. Why is a fuse an inadequate protection device for an in
dustrial motor? 

58. What type of motor control enclosure would you specify 
for use in a car wash? 

59. What could you do to the control circuit for a standard se
ries DC motor to give it a controlled no-load speed? 

60. What happens if you connect a resistance in series with 
the armature of a shunt-wound DC motor? 

61. What happens if you connect a resistance in series with 
the shunt field of a shunt-wound DC motor? 



Motion Control: 
Clutches an(j Brakes 

The Big Picture 

You Are the Designer 

22-1 Objectives of This Chapter 

22-2 Descriptions of Clutches and Brakes 

22-3 Types of Friction Clutches and Brakes 

22-4 Performance Parameters 

22-5 Time Required to Accelerate a Load 

22-6 Inertia of a System Referred to the Clutch Shaft Speed 

22-7 Effective Inertia for Bodies Moving Linearly 

22-8 Energy Absorption: Heat-Dissipation Requirements 

22-9 Response Time 

22-10 Friction Materials and Coefficient of Friction 

22-11 Plate-Type Clutch or Brake 

22-12 Caliper Disc Brakes 

22-13 Cone Clutch or Brake 

22-14 Drum Brakes 

22-15 Band Brakes 

22-16 Other Types of Clutches and Brakes 

830 



The 
Big 
Picture 

Motion Control: Clutches and Brakes 

Discussion Map 

• A brake is a device used to 
bring a moving system to 
rest, to slow its speed, or to 
control its speed to a certain 
value under varying 
conditions. 

• A clutch is a device used to 
connect or disconnect a 
driven component from the 
prime mover of the system. 

Discover 
Where do you use brakes? 
Consider the brakes for a car or a bicycle. Descnbe the 
components and the actuation cycle in as much detail 
as you can. Discuss your findings with your colleagues. 
What kinds of equipment other than vehicles use 
clutches or brakes? Describe some scenarios. 
Describe the physics of the operation of a clutch and a 
brake, considering energy and inertia effects. 

This chapter helps you explore all of these issues, and 
many convenient design and analysis equations are 
developed. Many kinds of commercially available 
clutches and brakes are pictured and described. Look 
through the chapter now. 

Machine systems require control whenever the speed or the direction ofthe motion of one or 
more components is to be changed. When a device is started initially, it must be accelerated 
from rest to the operating speed. As a function is completed, the system must frequently be 
brought to rest. In continuously operating systems, changing speeds to adjust to difterent op
erating conditions is often necessary. Safety sometimes dictates motion control, as with a load 
being lowered by a hoist or an elevator 

In this chapter we will be concerned mostly with control of rotary motion in systems 
driven by electric motors, engines, turbines, and the like. Ultimately, linear motion may be 
involved through linkages, conveyors, or other mechanisms. 

The machine elements most frequently u.sed for motion control are the clutch and the 
brake, defined as follows: 

• A clutch is a device used to connect or disconnect a driven component from the 
prime mover ofthe system. For example, in a machine that must cycle frequently, 
the driving motor is left running confinuously, and a clutch is interposed between 
the motor and the driven machine. Then the clutch is cycled on and off to connect 
and disconnect the load. This permits the motor to operate at an eftlcient speed, 
and it also permits the system to cycle more rapidly because there is no need to ac
celerate the heavy motor rotor with each cycle. 

• A brake is a device used to bring a moving system to rest, to slow its speed, or to 
control its speed to a certain value under varying conditions. 

Where do you use brakes? An obvious answer is in a car or a bicycle where safe op
eration requires fast, smooth stopping when emergency conditions occur or simply when 
you need to stop at a stop sign or in your driveway. And you do not always need to bring 
the car or bicycle to a full stop. Slowing down to conform to prevailing traftlc flow or to 
round a curve requires braking to decrease the speed from a higher to a lower speed. 

What really happens when you apply the brakes of a bicycle? Can you describe the 
essential elements of the braking system? With hand brakes, your actuation of the brake 
lever pulls on a cable that, in tum, pulls on a linkage at the brake assembly mounted above 
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the rim of a wheel. The linkage causes the friction pad to press against the rim. When you 
pull harder on the lever, a higher force is developed between the pad and the rim. This is 
called the normal force. Recall from physics and statics that a frictional force is created be
tween surfaces moving relative to each other when a normal force presses them together. 
The frictional force acts in a direction opposite to the relative motion, and thus it tends to 
slow the motion. With a sufficiently large frictional force applied for a sufficient time, the 
wheel stops. Notice also that the frictional force acts at a fairiy large radius from the center 
of the wheel. Thus, the force causes a frictional torque to be developed, and what is really 
happening is the deceleration ofthe angular velocity ofthe wheel. But since this is directly 
proportional to the linear speed of the bicycle, you experience the stopping action as a lin
ear deceleration. 

But that is not all! Have you ever felt the brake pad after a hard stop? The fact that it 
gets warm is an indication that the brake absorbs energy during the stopping action. Where 
does the energy come from? Can you compute the amount of energy that must be absorbed? 
What are the parameters involved in this calculation? Compare the amount of energy that 
must be absorbed in stopping a bicycle that you are riding with that involved in stopping a 
large airliner landing at 120 mph with a full load of people and baggage in addition to the 
huge weight of the airplane itself. Imagine what those brakes look like in comparison with 
the bicycle brake! 

What other kinds of equipment besides transportation vehicles require brakes? Con
sider elevators, escalators, hoists, and winches, which must stop and hold a load after lift
ing it. Machine tools, conveyors, and other manufacturing equipment must often be brought 
to a safe, quick stop. 

But that equipment must also be accelerated to start a new cycle of operation. How 
can that be achieved? One way is to start and stop the motor or the engine that drives the 
equipment. However, that is inconvenient and fime-consuming, and it may lead to early fail
ure of the system. 

What if you had to stop the engine of your car each time you came to a stop sign 
and then had to restart it to move on? How does the automotive system allow you to stop 
and then continue driving without shutting off the engine? Have you ever driven a stan
dard shift car? A "stick shift"? A clutch is used to engage and disengage the drive train 
from the engine. In cars with automatic transmissions clutches are also built into the 
transmission. 

What other kinds of equipment use clutches? Describe some examples from your per
sonal experience, or create a scenario in which it would be desirable to employ a clutch. 

Now, consider what the task of a clutch is. Some parts of a machine are rotating con
tinuously, while others are temporarily stationary. Then you engage the clutch. What hap
pens? Consider the physics ofthe situation. The stafionary parts must be accelerated from 
zero speed to the desired speed according to the design of the drive system. Inertia must be 
overcome—sometimes rotational inertia; sometimes linear inertia; and sometimes both 
kinds in the same machine. How long do you want it to take to accelerate the load to its op
erating speed? You must realize that a shorter time requires a higher value of accelerafing 
torque to be developed by the clutch, and it increases the technical demands on the system 
in terms of strength of its components, smoothness, and wear life of the fricfional materi
als that actually accomplish the engagement. 

This chapter helps you explore all of these issues, and many convenient design and 
analysis equations are developed. Several different styles of brakes and clutches are dis
cussed, and photographs or detailed drawings of several commercially available designs are 
shown. Look through the chapter now to get a feel for the scope ofthe coverage of this chap
ter. It might be desirable to keep this book handy for future projects so that you can look up 
the details of different clutch and brake designs. 
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You Are the Designer 

Your company manufactures conveyor systems for 
warehouses and truck terminals. The conveyors de
liver cartons of materials to any of several stations 
where trucks are to be loaded. To save energy and to 
decrease the wear on operating parts of the conveyor 
system, it is decided to operate only the parts of the 
system that have a demand to deliver a carton. The 
system is to be operated automatically through a se
ries of sensors, switches, programmable controllers, 
and an overall supervisory computer control. Your as
signment is to recommend the type and the size of 
clutch and brake units to start and stop the various 
conveyors. 

Some of the design decisions you will have to make 
are as follows: 

1. How much time should be allowed to get the con
veyors up to speed after the initial command to 
start has been given? 

2. How fast should the conveyors come to a stop? 

3. How many cycles per hour are expected? 

4. How much room is available to install the clutch 
and brake units? 

5. What means are available to actuate the clutch 
and brake units: electric power, compressed air, 
hydraulic pressure, or some other means? 

6. What general type of clutch and brake should be 
used? 

7. What size and model of units should be specified? 

Along with these decisions, you will need information 
about the conveyor system itself, such as the following: 

1. How much load will be on the conveyors when they 
are started and stopped? 

2. What is the design of the conveyor system itself, 
and what are the weights, shapes, and dimensions 
of its components? 

3. How is the conveyor driven: electric motor, hy
draulic motor, or another means? 

4. Are the products moved all on one level, or are 
there elevation changes in the system? 

The information in this chapter will help you design 
such a system. 

22-1 
OBJECTIVES OF 

THIS CHAPTER 

After completing this chapter, you will be able to: 

1. Define the terms clutch and brake. 

2. Dift'erentiate between a clutch and a clutch coupling. 

3. Describe a fail-safe brake. 

4. Describe a clutch-brake module. 

5. Specify the required capacity of a clutch or a brake to drive a given system reliably. 

6. Compute the time required to accelerate a system or to bring it to a stop with the 
application of a given torque. 

7. Define the inertia of a system in terms of its Wk^ value. 

8. Compute the energy-dissipation requirements of a clutch or a brake. 

9. Determine the response time for a clutch-brake system. 

10. Describe at least five types of clutches and brakes. 

11. Name six actuation means used for clutches and brakes. 

12. Perform the design and analysis of plate-type, caliper disc, cone, drum and shoe, 
and band brakes and clutches. 

13. Name nine other types of clutches and brakes. 

22—2 Several arrangements of clutches and brakes are shown in Figure 22-1. By convention, the 
DESCRIPTIONS term clutch is reserved for the application in which the connection is made to a shaft paral-
OF CLUTCHES lei to the motor shaft, as illustrated in Figure 22-1 (a). If the connection is to a shaft in-line 
AND BRAKES with the motor, the term clutch coupling is used, as shown in Figure 22-1 (b). 
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Motor 

Clulch 

Output shaft 

(a) Clutch: Transmits rotary motion to a parallel 
shaft only when coil is energized, by using 
sheaves, sprockets, gears, or timing pulleys. 

Clutch 
coupling 

Motor 

(b) Clutch coupling: Transmits rotary motion to 
an in-line shaft only when coil is energized. 
Split shaft applications. 

Motor 

Brake 

Output shaft 

(c) Brake: Stops (brakes) load when coil is energized. 
Panel shows clutch imparting rotary motion to 
the output (load) shaft while brake is de-energized. 
Conversely, de-energizing clutch coil and energizing 
brake coil causes load to stop. 

To load 

(d) Fail-safe brake: Stops load by-̂  
de-energization of coil; 
power off— brake on. 

Motor 

Motor 

C B 

Load 

Motor 

C B 

C-flange clutch brake 

Speed 
reducer 

Motor clutch brake 

(e) Three types of mountings for clutch-brake modules: Clutch brake 
combines functions of clutch and brake in a complete preassembled 
package with input and output shafts. C-flange clutch brake performs 
same function but for use between NEMA "C" flange motor and speed 
reducer. Motor clutch brake is a preassembled module for mounting to a 
NEMA "C" flange motor and presenting an output shaft for connection 
to load. 

FIGURE 22-1 Typical applications of clutches and brakes (Electroid Company, Springfield, NJ) 
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Also by convention, a brake [Figure 22-1 (c)] is actuated by some overt action: the ap
plicafion of a fluid pressure, the switching on of an electric current, or the moving of a lever 
by hand. A brake that is spring-applied automatically in the absence of an overt action is 
called afad-safe brake [Figure 22-l(d)]: When the power goes off, the brake goes on. 

When the functions of both a clutch and a brake are required in a system, they are fre
quently arranged in the same unit, the clutch-brake module. When the clutch is activated, 
the brake is deactivated, and vice versa [see Figure 22-1(e)]. 

A slip clutch is a clutch that, by design, transmits only a limited torque; thus, it will 
slip at any higher torque. It is used to provide a controlled acceleration to a load that is 
smooth and that requires a smaller motor power. It is also used as a safety device, protect
ing expensive or sensitive components in the event that a system is jammed. 

Most ofthe di.scussion in this chapter will concern clutches and brakes that transmit 
motion through friction at the interface between two rotating parts moving at different 
speeds. Other types are discussed briefly in the last section. 

References 1-7 and Internet sites 1-8 provide additional information on the design, 
selection, and application of motion control systems, clutches, and brakes. 

22-3 
TYPES OF 
FRICTION 

CLUTCHES AND 
BRAKES 

Clutches and brakes that use friction surfaces as the means of transmitting the torque to start 
or stop a mechanism can be classified according to the general geometry of the friction sur
faces and by the means used to actuate them. In some cases, the same basic geometry can 
be used as either a clutch or a brake by selectively attaching the friction elements to the 
driver, the driven machine, or the stationary frame of the machine. 

The following types of clutches and brakes are sketched in Figure 22-2: 

1. Plate clutch or brake: Each friction surface is in the shape of an annulus on a flat 
plate. One or more friction plates move axially to contact a mating smooth plate, 
usually made of steel, to which the friction torque is transmitted. 

2. Caliper disc brake: A disc-shaped rotor is attached to the machine to be con
trolled. Friction pads covering only a small portion ofthe disc are contained in a 
fixed assembly called a caliper and are forced against the disc by air pressure or 
hydraulic pressure. 

3. Cone clutch or brake: A cone clutch or brake is similar to a plate clutch or brake 
except that the mating surfaces are on a portion of a cone instead of on a flat plate. 

4. Band brake: U.sed only as a brake, the friction material is on a flexible band that 
nearly surrounds a cylindrical drum attached to the machine to be controlled. 
When braking is desired, the band is tightened on the drum, exerting a tangential 
force to stop the load. 

5. Block or shoe brake: Curved, rigid pads faced with the friction material are forced 
against the surface of a drum, from either the outside or the inside, exerting a tan
gential force to stop the load. 

Actuation 

The following are the means u.sed to actuate clutches or brakes. Each may be applied to sev
eral of the types described. Figures 22-3 through 22-9 show a variety of commercially 
available designs. 

Manual. The operator provides the force, usually through a lever arrangement to achieve 
force mulfiplicafion. 
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FIGURE 22-2 Types 
of friction clutches and 
brakes [(b), Tol-O-
Matic, Hamel, MN] 

Friction material 

Output 

Drive Driven 
plate plate 

Actuator 
presses plates 
together 

(a) Plate-type clutch 
(for brake, "output" member 
is stationary) 

Band 

Drum 

V Actuation 
force 

(d) Band brake 

/ Caliper 
assembly 

- j ^ Brake 
pads 

Disc 

(b) Caliper disc brake (e) Short shoe brake 

Friction 
material 

; ^ 
^ 
^ 

^ 

A 
(c) Cone clutch or brake 

•Actuation 

Shoe 

Actuation 
force 

Shoe 

Drum 

(/) Long shoe brake 

FIGURE 22-3 
Manually operated 
clutch (Rockford 
Division, Borg-Warner 
Corp., Rockford, IL) 

Activating lever 

Output 
shaft 

Shifting fork 
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FIGURE 22-4 
Spring-applied, 
electrically released, 
long shoe brake 
(Eaton Corp., Cutler-
Hammer Products, 
Milwaukee, WI) 

Drum 

Solenoid for 
brake release 

Spring for 
brake application 

Shoes with friction pads 

FIGURE 22-5 Slip 
clutch. Springs apply 
normal pressure on the 
friction plates. The 
spring force is 
adjustable to vary the 
torque level at which 
clutch will slip. (The 
Billiard Corp., 
Elmira, NY) 

Spring 

Adjusting 
nut 

Friction 
surfaces 

Sleeve 
(output) 

Spring-applied. Sometimes called afail-safe design when applied to a brake, the brake 
is applied automatically by springs unless there is some opposing force present. Thus, if 
power fails, or if air pressure or hydraulic pressure is lost, or if the operator is unable to per
form the function, the springs apply the brake and stop the load. The concept may also be 
used to engage or to disengage a clutch. 

Centrifugal. A centrifugal clutch is sometimes employed to permit the driving system 
to accelerate without a connected load. Then, at a preselected speed, centrifugal force 
moves the clutch elements into contact to connect the load. As the system slows, the load 
will be automatically disconnected. 



FIGURE 22-6 Air 
actuated clutch or brake 
(Eaton Corp., Airflex 
Division, Cleveland, 
OH) 

(a) Details of clutch design 

Air off: 
Clutch disengaged s 

Air on: 
Clutch engaged, 
friction pads 
forced against 
drum 

(b) Clutch activation cycle 

FIGURE 22-7 
Hydraulically actuated 
disc brake assembly 
(Tol-O-Matic, Hamel, 
MN) 

Caliper 
assembly 

Brake pads 

838 
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FIGURE 22-8 
Electrically actuated 
plate-type clutch or 
brake (Warner Electric, 
Inc., South Beloit, IL) 

Armature carrier 

FIGURE 22-9 
Electrically operated 
clutch-brake module 
(Electroid Company, 
Springfield, NJ) 

Autogap assembly 
(self-adjusting 
for wear) 

Magnet 

Friction material 

(a) Cutaway view of complete assembly (b) Components of electromagnet 

(a) Extemal appearance 

Electrical conduit 
(connection) 

Ventilator 

"Output" side "Input" side 
(brake) (clutch) 

(b) Cutaway showing 
internal components 

Pneumatic. Compressed air is introduced into a cylinder or some other chamber. The 
force produced by the pressure on a pi.ston or a diaphragm brings the friction surfaces into 
contact with the members connected to the load. 

Hydraulic. Hydraulic brakes are similar to the pneumafic type, except that they use oil 
hydraulic fluids in.stead of air. The hydraulic actuator is usually applied where high actua
tion forces are required. 

Electromagnetic. An electric current is applied to a coil, creating an electromagnefic 
flux. The magnetic force then attracts an armature attached to the machine that is to be con
trolled. The armature is usually of the plate type. 
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22-4 
PERFORMANCE 

PARAMETERS 

The principles of physics tell us that whenever the speed or the direction of the mofion of 
a body is changed, there must be a force exerted on the body. If the body is in rotafion, a 
torque must be applied to the system to speed it up or to slow it down. When a change in 
speed occurs, a corresponding change in the kinefic energy ofthe system occurs. Thus, mo
tion control inherently involves the control of energy, either adding energy to accelerate a 
system or absorbing energy to decelerate it. 

The parameters involved in the rating of clutches and brakes are described in the fol
lowing list: 

1. Torque required to accelerate or decelerate the system 

2. Time required to accomplish the speed change 

3. The cycling rate: number of on/off cycles per unit time 

4. The inertia of the rotating or translating parts 

5. The environment ofthe system: temperature, cooling effects, and so on 

6. Energy-dissipation capability of the clutch or the brake 

7. Physical size and configuration 

8. Actuation means 

9. Life and reliability of the system 

10. Cost and availability 

Two basic methods are used to determine the torque capacity required of a clutch or 
a brake. One relates the capacity to the power ofthe motor driving the system. Recall that, 
in general, power = torque X rotational speed {P = Tn). The required torque capacity is 
then usually expressed in the form 

Required Torque 
Capacity of 

Clutch or Brake 
T = 

CPK 
(22-1) 

where C = conversion factor for units 
K — service factor based on the application 

More will be said about these later. 
Note that the torque required is inversely proportional to the rotational speed. For this 

reason, it is advisable to locate the clutch or the brake on the highest-speed shaft in the sys
tem so that the required torque is a minimum. The size, cost, and response fime are all typ
ically lower when the torque is lower. One disadvantage is that the shaft to be accelerated 
or decelerated must undergo a larger change in speed, and the amount of slipping may be 
greater. This effect may generate more frictional heat, leading to thermal problems. How
ever, it is offset by the increased cooling effect because ofthe faster mofion ofthe clutch or 
brake parts. 

The value for the K factor in the torque equation is largely a design decision. Some 
ofthe typical guidelines follow: 

1. For brakes under average condifions, use ^ = 1.0. 

2. For clutches in light duty where the output shaft does not assume its normal load 
until after it is up to speed, use K = 1.5. 

3. For clutches in heavy duty where large attached loads must be accelerated, use 
K - 3.0. 
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4. For clutches in systems having varying loads, use a K factor at least equal to 
the factor by which the motor breakdown torque exceeds the full-load torque. 
This was discussed in Chapter 21, but for a typical industrial motor (design B). 
use K = 2.75. For a high starting torque motor (design C or capacitor-start mo
tor). K = 4.0 may be required. This ensures that the clutch will be able to trans
mit at least as much torque as the motor and that it will not slip after getting up 
to speed. 

5. For clutches in systems driven by gasoline engines, diesel engines, or other 
prime movers, consider the peak torque capability of the driver; K = 5.0 may be 
required. 

The following list relates the value for C to typically used units for torque, power, and 
rotational speed. For example, if power is in hp and speed is in rpm, then to obtain torque 
in Ibft, use r = 5252(P/n). 

Torque 

Ib-ft 

Ibin 

Nm 

Nm 

Nm 

Power 

hp 

hp 

W 

W 

kW 

Speed 

rpm 

rpm 

rad/s 

rpm 

rpm 

C 

5252 

63 025 

1 

9.549 

9549 

Although the torque computation method of Equation (22-1) will produce generally 
safisfactory performance in typical applications, it does not provide a means of estimating 
the actual time required to accelerate the load with a clutch or to decelerate the load with a 
brake. The method described next should be used for systems with large inertia such as con
veyors or presses having flywheels. 

22—5 The basic principle involved is taken from dynamics: 
TIME REQUIRED 

TO ACCELERATE p = la 
A LOAD 

where / = mass moment of inertia of the components being accelerated 
a (alpha) = angular acceleration—that is, the rate of change of angular velocity 

The usual objective of such an analysis is to determine the torque required to produce a 
change in rotafional speed, An. of a system in a given amount of time, t. But A/(/r = a. Also. 
it is more convenient to express the mass moment of inertia in terms of the radius of gyra
tion, k. By definition. 

k = Vl/ni or k' = / / 111 

where m = mass 
m = W/g 

Then 

/ = ink- = Wk-/g 
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o Torque Required 
to Accelerate an 

Inertia Load 

The equation for torque then becomes 

T = la 
Wk- (A«) 

(22-2) 

The term Wk' is frequently called simply the inertia of the load, although that desig
nation is not strictly correct. A large proportion of the components in a machine sys
tem to be accelerated are in the form of cylinders or discs. Figure 22-10 gives the 
relationships for the radius of gyration and Wk- for hollow discs. Solid discs are sim
ply a special case with an inside radius of zero. We can analyze more complex objects 
by considering them to be made from a set of simpler discs. Example Problem 22-1 il
lustrates the process. 

Now the torque required to accelerate the pulley can be computed. Equation (22-2) 
can be put into a more convenient form by noting that T is usually expressed in Ibft, Wk^ 
in Ib-ft-, n in rpm, and / in s. Using g = 32.2 ft/s' and converting units gives 

Wk-(An) 
T = ^ ^ Ib-ft 

308r 

(22-3) 

FIGURE 22-10 
Inertia properties of a 
hollow disc 

Radius of gyration: 

k'- = ^{R] + R]) 

Volume: 

V = TT(R] - R\)L 

Weight: 

W = SwV 

Siv - Weight density (weight/volume) 

Inertia (WA-): 

Wk- = bwVk' - bwTT(R] - R\)L(R] + R\)I2 

Wk'' = '^(R]-R^) 

Typical units: L, /?:, Ri in inches 

8w in Ib/in^ 

Wk^ in lbft= 

WA= = 5 ^ 8vv ̂  X L(\n) X (R\ - R\) in" x - - j - ^ 
2 in^ ' ^ 144 im 

hwL{R\ - R\) , 
WK ^ j _ ^ . ^ m i l 

Special case for steel: bw = 0.283 Ib/in^ 

, LiR'i - Ri) 
Wk- = 323.9 

Ibft^ 



Section 22-5 • Time Required to Accelerate a Load 843 

FIGURE 22-11 
Steel flat-belt pulley 

-6.00 in-

10.00-in 
radius 

9.00-in 
radius 

1 
3.(X)-in radius 

1.50-in 
radius 

4.00 in-

0.75 in-

^ ^ 
N 

^: 

i ̂
 

+ • 

I 

^ 
\ 

\ 

Example Problem 22-1 Compute the value of WA.- for the steel flat-belt pulley shown in Figure 22-11. 

Solution The pulley can be considered to be made up of three components, each of which is a hol
low disc. The Wk' for the total pulley is the sum of that for each component. 

Pan I 
Using the formula from Figure 22-10 for a steel disc, we have 

(/?/ - Ri)iL) .,_ [(lO.Or - (9.0)1(6.0) 
Wk- = :z:z:n: Ib-ft" = 323.9 

Wk- = 63.70 lb-ft-

323.9 

Pan 2 

Parts 

, 9.0 ' - 3.0 1 0.75 
Wk- = ^̂  ^ -^ ' = 15.00 Ib-ft-

323.9 

, [(3.0)' - (1.5)1 (4.0) 
Wk- = ' ^^^ ^ ^ = 0.94 Ib-ft-

Total Wk- = 63.70 + 15.00 + 0.94 = 79.64 lb-ft-

Example Problem 22-2 Compute the torque that a clutch must transmit to accelerate the pulley of Figure 22-11 
from rest to 550 rpm in 2.50 s. From Example Problem 22-1, Wk- = 79.64 Ib-ft". 

Solution Use Equation (22-3): 
(79.64 550) 

r = ^ ^^—^ = 56.9 Ib-ft 
308 2.5 
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In summary, if a clutch that is capable of exerting at least 56.9 Ib-ft of torque engages 
a shaft carrying the pulley shown in Figure 22-11, the pulley can be accelerated from rest 
to 550 rpm in 2.50 s or less. 

22-6 
INERTIA OF A 

SYSTEM 
REFERRED TO 

THE CLUTCH 
SHAFT SPEED 

In many practical machine systems, there are several elements on several shafts, operating 
at differing speeds. It is required that the effective inertia of the entire system as it affects 
the clutch he determined. The effective inertia of a connected load operating at a rotational 
speed different from that ofthe clutch is proportional to the square ofthe ratio ofthe speeds. 
That is. 

Effective Inertia WA-; = WA- - (22^) 

where /; = speed of the load of interest 
n, — speed of the clutch 

Example Problem 22-3 Compute the total inertia of the system in Figure 22-12 as seen by the clutch. Then com
pute the time required to accelerate the system from re.st to a motor speed of 550 rpm if the 
clutch exerts a torque of 24.0 Ib-ft. The Wk- for the armature of the clutch, which must also 
be accelerated, is 0.22 Ib-ft", including the 1.25-in shaft. 

Solution The clutch and gear A will be rotating at 550 rpm, but because of the gear reducfion, gear 
B, its shaft, and the pulley rotate at 

/;, = 550 rpm( 24/66) = 200 rpm 

Now compute the inertia for each element referred to the clutch speed. Assume that the 
gears are discs having outside diameters equal to the pitch diameter ofthe gear and inside 
diameters equal to the shaft diameter. The equation in Figure 22-10 for a steel disc will be 
used to compute WA.". 

FIGURE 22-12 
Given system 

Gear/I: 24 teeth 
Pd=(> 
D = 4.00 
F = 2.50 

Shaft: 3.00-in dia. 
15.00 in long 

GearB:66 teeth 

D = 11.00 in 
F = 2.50 in 

Clutch shaft: 1.25-in dia. 

2.50-
Pulley: Wk^ ^ 79.64 in2-
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Gear A 

Wk- = [(2.00)'' - (0.625)'](2.50)/323.9 = 0.122 Ib-ft" 

GearB 

WA:- = [(5.50)-' - (1.50)-'](2.50)/323.9 = 7.02 Ib-ft-

But, because ofthe speed difference, the effective inertia is 

WA-; = 7.02(200/550)- = 0.93 Ib-ft-

Pidley 

From Example Problem 22-1, WAr = 79.64 Ib-ft". The effective inertia is 

Wkl = 79.64(200/550)- = 10.53 Ib-ft-

Shaft 

Wk- = (1.50)'(15.0)/323.9 = 0.234 Ib-ft-

The effective inertia is 

WA:; = 0.234(200/550)- = 0.03 Ib-ft-

The total effective inertia as seen by the clutch is 

WA-; = 0.22 + 0.12 + 0.93 + 10.53 + 0.03 = 11.83 Ib-ft-

Solving Equation (22-3) for the fime gives 

WA-;(An) (11.83)(550) 
/ = — ~ = ^ 7̂ ^ = 0.88 s 

308r 308 24.0 

22—7 To this point, we have dealt only with components that rotate. Many systems include linear 
EFFECTIVE devices such as conveyors, hoist cables and their loads, or reciprocating racks driven by 

INERTIA FOR gears that also have inertia and must be accelerated. It would be convenient to represent 
BODIES MOVING these devices with an effective inertia measured by WA:̂  as we have for rotating bodies. We 

LINEARLY can accomplish this by relating the equations for kinetic energy for linear and rotary mo
tion. The actual kinetic energy of a translating body is 

1 , 1 W . Wv' 
KE = — mv- — 1'- = 

2 2 g 2g 

where v = linear velocity of the body 

We will use ft/min for the units of velocity. For a rotating body. 

1 , 1 Wk^ , wkW 

KE = —/u)' — — u)" = — 
2 2 g 2g 
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Letting WA" be the effective inertia, and equating these two formulas, gives 

WA:; = W 
OJ 

where co must be in rad/min to be consistent 

Using n rpm rather than co rad/min, we must substitute CO = 2Kn. Then 

Effective Inertia for 
C^ a Load IVIoving 

Linearly 
WA-- = W 

2irn 
(22-5) 

Example Problem 22-4 The conveyor in Figure 22-13 moves at 80 ft/min. The combined weight of the belt and the 
parts on it is 140 lb. Compute the equivalent WA~ inertia for the conveyor referred to the 
shaft driving the belt. 

Solution The rotational speed of the shaft is 

V 80 ft 1 12 in 
O) = — = 

R min 5.0 in ft 
192 rad/min 

Then the equivalent WA-̂  is 

Wk; = W\ 
O) 

(1401b) 
80 ft/min 

192 rad/min 
= 24.3 lb-ft-

22-8 
ENERGY 

ABSORPTION: 
HEAT-

DISSIPATION 
REQUIREMENTS 

When you are using a brake to stop a rotating object or using a clutch to accelerate it, the 
clutch or brake must transmit energy through the friction surfaces as they slip in relafion to 
each other. Heat is generated at these surfaces, tending to increase the temperature of the 
unit. Of course, heat is then dissipated from the unit, and for a given set of operating con
ditions an equilibrium temperature is achieved. That temperature must be sufficiently low 
to ensure a long life of the friction elements and other operating parts of the unit, such as 
electric coils, springs, and bearings. 

FIGURE 22-13 
Conveyor moving at 
80 ft/min 

K = 80 ft/min 
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|-v Energy Absorption 
^ by a Brake 

|-v Energy Absorption 
^ in U.S. Customary 

Units 

r-N Energy Absorption 
^ in SI Units 

The energy to be absorbed or dissipated by the unit per cycle is equal to the change 
in kinetic energy of the components being accelerated or stopped. That is. 

E = AKE = -/(u- = -/HA-UI-
1 9 

WkW 

For typical units in the U.S. Customary System (co = n rpm; WA" in lb ft; and g = 32.2 
ft/s"), we get 

WA-" (Ib-ft-) „2rev- (2TT)-rad , min" 
£ = 

2(32.2 ft/.s-) min- rev- 60-.s" 

E = 1.7 X \O^Wk-11-\h-ft 
(22-6) 

In SI units, mass is in kilograms (kg), radius of gyration is in meters (m), and angular ve
locity is in radians per second (rad/s). Then 

E = ~/w" = —/»A'-(jL)-(kg-m-/s-) 

But the newton unit is equal to the kg-m/s". Then 

' -I -1 E = — nik-di- N- m 
1 

(22-7) 

No further conversion factors are required. 
If there are repetitive cycles of operation, the energy from Equation (22-6) or (22-7) must 

be multiplied by the cycling rate, usually in cycles/min in U.S. Customary units and cycles/s for 
SI units. The result would be the energy generation per unit time, which must be compared with 
the heat-dissipation capacity of the clutch or brake being considered for the application. 

When the clutch-brake cycles on and off, part of its operation is at the full operating 
speed ofthe system, and part is at rest. The combined heat-dissipation capacity is the aver
age ofthe capacity at each speed weighted by the proportion ofthe cycle at each speed (see 
Example Problem 22-5). 

22-9 
RESPONSE TIME 

The term response time refers to the time required for the unit (clutch or brake) to accom
plish its function after action is initiated by the application of an electric current, air pres
sure, spring force, or manual force. Figure 22-14 shows a complete cycle using a 
clutch-brake module. The straight-line curve is idealized while the curved line gives the 
general form of system motion. The actual response time will vary, even for a given unit, 
with variations in the load, environment, or other operating conditions. 

Commercially available clutches and brakes for typical machine applications have re-
.spon.se times from a few milli.seconds (1/1000 s) for a small device, such as a paper transport, 
to approximately 1.0 s for larger machines, such as an assembly conveyor Manufacturers" lit
erature should be consulted. To give you a feel for the capabilities of commercially available 
clutches and brakes. Table 22-1 gives sample data for electrically powered units. 

Example Problem 22-5 For the system in Figure 22-12. and using the data from Example Problem 22-3. estimate 
the total cycle time if the system is controlled by unit G from Table 22-1 and the system 
must stay on (at steady speed) for 1.50 s and off (at rest) for 0.75 s. Also estimate the re
sponse time of the clutch-brake and the acceleration and deceleration times. If the system 

http://spon.se
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FIGURE 22-14 
Typical cycle of 
engagement and 
disengagement for a 
clutch 

T A B L E 22-

Unit 
size 

A 
B 
C 
D 
E 
F 
G 
H 
I 

-1 Clutch-brake sample 

Torque 

capacity 
(Ib-fi) 

0.42 
1.25 
6.25 

20.0 
50.0 

150.0 
240.0 
465.0 
700.0 

Inertia, 

M -
(Ib-ft-) 

0.000 17 
0.0014 
0.021 
0.108 
0.420 
1.17 
2.29 
5.54 

13.82 

performance data 

Heat dissip ation 
(ft-lb/min) 

At rest 

750 
800 

1050 
2000 
3000 
9000 

18 000 
20 000 
26 000 

1800 rpm 

800 
1200 
2250 
6000 

13 000 
62 000 
52 000 
90 000 

190 000 

Respon 
time (s 

Clutch 

0.022 
0.032 
0.042 
0.090 
0.110 
0.250 
0.235 
0.350 
0.512 

se 
) 

Brake 

0.019 
0.024 
0.040 
0.089 
0.105 
0.243 
0.235 
0.350 
0.512 

Note: Torque ratings are static. The torque capacity decreases as the speed difference between the parts being 
engaged increases. Interpolation may be used on heat-dissipation data. 

cycles continuously, compute the heat-dissipation rate, and compare it with the capacity of 
the unit. 

Solution Figure 22-15 shows the estimated total cycle time for the system to be 2.896 s. From Table 
22-1, we find that the clutch-brake exerts 240 lb ft of torque and has a response fime of 
0.235 s for both the clutch and the brake. 

Acceleration and Deceleration Time f Equation (22-3)] 

_ WA,-(An) _ (11.83)(550) 

308r ~ 308(240) 
= 0.088 s 

Cycling Rate and Heat Dissipation [Equation (22-6)] 
For a total cycle time of 2.896 s, the number of cycles per minute would be 

C = 
1.0 cycle 60s 

2.896 s min 
20.7 cycles/min 
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FIGURE 22-15 
Estimated total cycle 
fime 

Time at 550 rpm = 1.735 s 

< I > 
"On" 1.50 s 

TT 
^— Acceleration, 0.088 s 

' Clutch response, 0.235 s 

" O f f 0.75 s 
< *-

Total cycle time 2.896 s 

Deceleration, 
0.088 s 

' Brake response. 
0.235 s 

Time 

The energy generated with each engagement of either the clutch or the brake is 

£ = 1.7 X lO'̂ WA-V = 1.7 X 10^^(11.83)(550)- = 608 Ib-ft 

The energy generation per minute is 

E, = 2EC = (2)(608 lb-ft/cycle)(20.7 cycle.s/min) = 25 200 Ib-ft/min 

This is greater than the heat-dissipation capacity of unit G at rest (18 000 Ib-ft/min). Then let's 
compute a weighted average capacity for this cycle. First, refening to Figure 22-15, approx
imately 1.735 s is "at speed," or 550 rpm. The balance ofthe cycle, 1.161 s, is at rest. From 
Table 22-1, and interpolafing between zero speed and 1800 rpm, the heat-dissipation rate at 
550 rpm is approximately 28 400 Ib-ft/min. Then the weighted average capacity for unit G is 

p - hip , ^J^ p 
^ a v g '-•() ' '-•550 

'I 'i 

where t, = total cycle time 
ff) = time at rest (0 rpm) 

5̂50 = time at 550 rpm 
EQ = heat-dissipation capacity at rest 

£550 = heat-dissipation capacity at 550 rpm 

Then 

^''^ 2.896 
(18 000) + T ^ (28 400) = 24 230 lb-ft/min 

This is a little lower than required, and the design would be marginal. Fewer cycles per 
minute should be specified. 

22-10 
FRICTION 

MATERIALS AND 
COEFFICIENT OF 

FRICTION 

Many ofthe types of clutches and brakes discussed in this chapter employ mating surfaces 
driven through fricfion materials. The function ofthese materials is to develop a substantial 
friction force when a normal force is created by the brake actuation means. The friction 
force produces a force or a torque that retards existing motion if applied as a brake or that 
accelerates a member at rest or moving at a slower speed if applied as a clutch. 
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The desirable properties of friction materials are discussed here: 

1. They .should have a relatively high coefficient of friction when operating against 
the mating materials in the system. The highest coefficient of friction is not always 
the best choice, because smooth engagement is often aided by a more moderate 
frictional force or torque. 

2. The coefficient of friction should be relatively constant over the range of operat
ing pressures and temperatures so that reliable, predictable performance can be 
expected. 

3. The materials should have good resistance to wear. 

4. The materials must be chemically compatible with mating components. 

5. Environmental hazards must be minimized. 

Several different materials are used for friction elements in clutches and brakes, and 
many are proprietary to a particular manufacturer. Common in the past were various 
asbestos-based compounds having coefficients of friction in the range of 0.35 to 0.50. As
bestos has been shown to be a health hazard and is being replaced by molded compounds 
of polymers and rubber. Where flexibility is required, as in band brakes, the base material 
is woven into a fabric, sometimes strengthened with metal wire, saturated with a resin, and 
cured. Cork and wood are al.so sometimes used. Paper-based materials are used in some oil-
filled clutches. In severe environments, cast iron, sintered iron or other metals, or graphite 
materials are employed. Table 22-2 gives approximate ranges of coefficients of friction and 
the pressure that the materials can withstand. 

For automotive applications, standards are set by the Society of Automotive Engi
neers. In SAE J866 (Reference 7), a set of codes is defined to classify friction materials ac
cording to the coefficient of friction, regardless of the material used. Table 22-3 lists these 
codes. 

In problems in this book that require a coeftlcient of friction, we will use a value of 
0.25 unless otherwise stated. Based on the values reported here, this is a relatively low value 
that should yield conservative designs. 

Materials for Discs and Drums 

A variety of metals are applied in the manufacture of brake and clutch discs and drums. The 
material must have a sufficient strength, ductility, and stift'ness to withstand the applied 

TABLE 22-2 Coefficients of friction 

Friction 
inaterial 

Molded compounds 
Woven materials 
Sintered metal 
Cork 
Wood 
Cast iron 
Paper-based 
Graphite/resin 

Dynamic friction 
coeftlcient 

Dry 

0.25-0.45 
0.25-0.45 
0.15-0.45 
0.30-0.50 
0.20-0.45 
0.15-0.25 

In oil 

0.06-0.10 
0.08-0.10 
0.05-0.08 
0.15-0.25 
0.12-0.16 
0.03-0.06 
0.10-0.15 
0.10-0.14 

Pressure 

(psi) 

150-300 
50-100 

150-300 
8-15 

50-90 
100-250 

range 

(kPa) 

1035-2070 
345-690 

1035-2070 
55-100 

345-620 
690-1725 
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TABLE 22-3 Coeftlcient of friction classification 
codes ofthe Society of Automotive Engineers 

Code letter Coefficient of friction 

C 
D 
E 
F 
G 
H 
Z 

Not over 0.15 
Over 0.15 but not over 0.25 
Over 0.25 but not over 0.35 
Over 0.35 but not over 0.45 
Over 0.45 but not over 0.55 
Over 0.55 
Unclassified 

forces while maintaining a precise geometry. It must also be able to absorb heat from the 
friction surface and dissipate it to the environment. 

Some ofthe popular choices are gray cast iron, ductile iron, carbon .steel, and copper 
alloys. Many discs and drums are cast for cost reasons and to obtain near net shape of the 
parts that require little machining after casting. Cast iron has low cost and high thermal con
ductivity as compared with ductile iron. However, ductile is better able to withstand shock 
or impact loading. Copper alloys have far higher thermal conductivity than the other mate
rials, but they have poorer wear performance. 

22-11 
PLATE-TYPE 
CLUTCH OR 

BRAKE 

CSDESIGN 

Friction Torque on 
Annular Plate 

Figure 22-2(a) shows a simple sketch of a plate-type clutch, and Figure 22-8 shows a cutaway 
view of a commercially available, electrically actuated clutch or brake. In Figure 22-8, an elec
tromagnet exerts an axial force that draws the friction surfaces together. When two bodies are 
brought into contact with a noimal force between them, a friction force that tends to resist rel
ative motion is created. This is the principle on which the plate-type clutch or brake is based. 

Friction Torque 

As the friction plate rotates in relation to the mating plate with an axial force pressing them 
together, the friction force acts in a tangential direction, producing the brake or clutch torque. 
At any point, the local pressure times the dift'erential area at the point is the normal force. The 
normal force times the coefficient of friction is the friction force. The friction force times the 
radius of the point is the torque produced at this point. The total torque is the sum of all of 
the torques over the entire area ofthe plate. We can find the sum by integrating over the area. 

There is usually some variation of pressure over the suiface of the friction plate, and 
some assumption about the nature ofthe variation must be made before the total torque can be 
computed. A conservative assumption that yields a useful result is that the friction surface will 
wear uniformly over the entire area as the brake or clutch operates. This assumption implies 
that the product of the local pressure, p. times the linear relative speed, v. between the plates 
is constant. Wear has been found to be approximately proportional to the product ofp times v. 

Taking all these factors into account and completing the analysis produces the fol
lowing result for friction torque: 

T, = fl^(R„ + R,)/2 

But the last part of this relation is the mean radius, /?„,, of the annular plate. Then 

Ti=fNR,„ (22-8) 

As stated before, this is a conservative result, meaning that the actual torque produced 
would be slighfiy larger than predicted. 
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Frictional Power 

Wear Rating 

Note that the torque is proportional to the mean radius, but that no area relationship is in
volved in Equafion (22-8). Thus, the complefion ofthe design for final dimensions requires 
some other parameter. The missing factor in Equation (22-8) is the expected wear rate of 
the friction material. It should be obvious that even with the same mean radius, a brake with 
a larger area would wear less than one with a smaller area. 

Manufacturers of friction materials can assist in the final determination of the rela
tionship between wear and the area of the friction surface. However, the following guide
lines allow the estimation of the physical size of brakes and will be used for problem 
solutions in this book. 

The wear rating, WR, will be based on the frictional power, Pj, absorbed by the brake 
per unit area. A, where 

Pj= 7)0) (22-9) 

and CO is the angular velocity ofthe disc. In SI units, with torque in N-m and co in rad/s, the 
frictional power is in N-m/s or watts. In the U.S. Customary Sy.stem, with torque in Ib-in 
and angular velocity expressed as // rpm, the frictional power is in hp, computed from 

Tpi 

^' 63 000 
hp (22-10) 

Wear Rating 

For industrial applications, we will use 

WR = PJA (22-11) 

where WR = 0.04 hp/in" for frequent applications, a conservative rating 
WR = 0.10 hp/in" for average service 
WR — 0.40 hp/in- for infrequently used brakes allowed to cool somewhat between 

applications 

Example Problem 22-6 Compute the dimensions of an annular plate-type brake to produce a braking torque of 300 
Ibin. Springs will provide a normal force of 320 lb between the friction surfaces. The co
efficient of friction is 0.25. The brake will be used in average industrial service, stopping a 
load from 750 rpm. 

Solution Step L Compute the required mean radius. From Equation (22-8). 

R,„ — 
Tj_ _ 300 lb-in 

fN ~ (0.25)(320 lb) 
= 3.75 in 

Step 2. Specify a desired ratio of R„/R,. and solve for the dimensions. A reasonable 
value for the ratio is approximately 1.50. The range can be from 1.2 to about 2.5, at the de
signer's choice. Using 1.50, R„ = 1.50/?,, and 

R,„ = (R„ + R,)/2 = (1.5/?, + R,)/2 = 1.25 R, 

Then 

R, = Rjl.25 = (3.75in)/1.25 = 3.00 in 

R„ = 1.50/?, = 1.50(3.00) = 4.50 in 
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Step 3. Compute the area ofthe friction surface: 

A = TT(/?; - Rj) - Tr[(4.50)- - (3.00)"] = 35.3 in-

Step 4. Compute the frictional power absorbed: 

Tfn (300)(750) 
Pf = = = 3.57 hp 
^ 63 000 63 000 ^ 

Step 5. Compute the wear ratio: 

Pf 3.57 hp , , 
WR = — = ^ = 0.101 hp/in-

A 35.3 'in

step 6. Judge the suitability of WR. If WR is too high, return to Step 2 and increase 

the ratio. If WR is too low, decrease the ratio. In this example, WR is acceptable. 

A more compact unit can be designed if more than one friction plate is used. We multiply 
the friction torque for one plate by the number of plates to determine the total friction 
torque. One disadvantage of this approach is that the heat dissipation is relatively poorer 
than for the single plate. 

Improving Wear Performance of Brakes 

Actual wear in a given application depends on a combination of many variables. Friction ma
terials are relatively softer and weaker than the metallic materials used for discs and drums. 
Wear is often characterized as adhesion. As the surface of the friction material rubs over the 
high spots ofthe metal, plastic deformation occurs at the surface and particles are sheared off, 
breaking the bond between particles or dislodging filler materials from the polymer bonding 
agents. This process accelerates when surface temperatures rise as the brake absorbs the en
ergy required to stop the rotating system. The thermal behavior of the system is critical to 
good life. If temperatures rise above about 400°F (200°C), wear rate increase significantly 
and the coefficient of friction decreases, leading to poorer braking performance caMed fade. 

It is difficuh to predict the life of a given brake system analytically, and testing under 
real operating conditions is recommended for new designs. The following list gives general 
principles of improving wear performance. 

• Specify friction materials that have relatively low adhesion when in contact with 
the disc or drum material. 

• Specify friction materials that have high bonding strength between constituent 
particles. 

• Provide high hardness on the surface of the disc or drum by heat treatment. 

• Keep the pressure between the friction material and the material of the disc or 
drum as low as practical. 

• Maintain the surface temperature at the interface between the friction material and 
the material of the disc or drum as low as practical by promoting heat transfer away 
from the system by conduction, convection, and radiation. Forced airflow or cool
ing with water is often applied in crifical situafions. 

• Provide a smooth surface finish on the discs and drums. 
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• Provide lubricants such as oil or graphite at the fricfion interface. 

• Exclude abrasive contaminants from the friction interface. 

• Minimize slipping between the clutch or brake elements by promoting lockup of 
the engaging elements. 

22-12 
CALIPER DISC 

BRAKES 

The disc brake pads are brought into contact with the rotating disc by fluid pressure acting on 
a piston in the caliper The pads are either round or in a short crescent shape to cover more of 
the disc surtace [see Figure 22-2(b) and Figure 22-7]. However, one advantage ofthe disc 
brake is that the disc is exposed to the atmosphere, promoting the dissipation of heat. Because 
the disc rotates with the machine to be controlled, heat dissipation is further enhanced. The 
cooling eftect improves the fade resistance of this type of brake relative to the shoe-type brake. 

Designs for the friction torque and for the wear rating are similar to those explained 
for plate-type brakes. 

22-13 
CONE CLUTCH 

OR BRAKE 

fflDESIGN 
/ ^ ^ 

The angle of inclination of the conical surface of the cone clutch or brake is typically 12°. 
A lower angle could be used with care, but there is a tendency for the friction surfaces to 
engage suddenly with a jerk. As the angle increases, the amount of axial force required to 
produce a given friction torque increases. Thus, 12° is a reasonable compromise. 

Referring to Figure 22-16, we see that as an axial force F„ is applied by a spring, 
manually or by fluid pressure, a normal force N is created between the mating friction sur
faces, all around the periphery of the cone. The desired friction force Ff'is produced in the 
tangential direction, where Ff = fN. It is assumed that the friction force acts at the mean ra
dius of the cone so that the friction torque is 

Ti = FiR„ .mR„ (22-8) 

In addition to the tangentially directed friction force, a friction force develops along the 
surface of the cone and opposes the tendency for the member having the internal cone sur
face to move axially away from the external cone. We will call this force F'j and compute 
it also from 

FIGURE 22-16 
Cone clutch or brake 

Fi=fN 

.Splines permit 
axial motion 

Male member of 
cone clutch or brake 

End view 

• Female member (partial) 
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For the equilibrium condition ofthe external cone, the sum ofthe horizontal forces must be 
zero. Then 

F„ = N sin a + FJ cos a = /V sin a -t- fN cos a = A(sin a -t- /cos a) 

or 

Frictional Torque 
on a Cone Clutch 

or Brake 

Â  = -
sin a -I- J cos a 

Subsfituting this into Equation (22-8) gives 

If — 

sin a -I- /cos a 

(22-12) 

(22-13) 

Example Problem 22-7 Compute the axial force required for a cone brake if it is to exert a braking torque of 50 
lb • ft. The mean radius of the cone is 5.0 in. Use/ = 0.25. Try cone angles of 10°, 12°, 
and 15°. 

Solution We can solve Equation (22-13) for the axial force F„: 

F., = 
7}(sina + / c o s a ) (50 lb-ft)(sin a -I- 0.25 cos a) 

//?,„ (0.25)(5.0/12)ft 

F„ = 480(sin a + 0.25 cos a) lb 

Then the values of F^ as a function of the cone angle are as follows: 

For a = 10° 

F, = 202 lb 

For a = 12° 

F, = 217 1b 

For a = 15° 

F„ = 240 lb 

22-14 Short Shoe Drum Brakes 

Figure 22-17 shows a sketch of a drum brake in which the actuating force W acts on 
• y^ K I the lever that pivots on pin A. This creates a normal force between the shoe and the ro-

^^ L) t !^ I C j l\l tating drum. The resulting friction force is assumed to act tangential to the drum if the 
shoe is short. The friction force times the radius of the drum is the friction torque that 
slows the drum. 

The objecfives ofthe analysis are to determine the relationship between the applied 
load and the friction force and to be able to evaluate the effect of design decisions such as 
the size of the drum, the lever dimensions, and the placement of the pivot /\. The free-body 
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FIGURE 22-17 
Short shoe drum brake f—HT 

Shoe with 
friction pad 

| i^—iL—j 

Free-body 
diagram: lever 

.̂i 
j ; : 

Drum 

Free-body <« 
diagram: drum 

(a) Lever design I 

L "^ ^ p 

ff^/ 

Ry 
A 

(b) Lever design 2 

N 

(c) Lever design 3 

diagrams in Figure 22-17(a) support this analysis. For the lever, we can sum moments 
about the pivot A: 

1M, = 0=WL-Na + F^b 

But note that Ff = fN or N= Ff/f Then 

0 = WL - FfO/f + Ffb = WL- Ff{a/f - b) 

Solving for W gives 

Ff{a/f - b) 
W = 

(22-14) 

(22-15) 

Solving for F^ gives 

o Friction Force on 
Drum Brake 

_ W Z _ 

' («/ / - b) 

We can use these equations for the friction torque by noting 

1 ^ Friction Torque Tf=FjDJ2 

where Dj = diameter of the drum 

(22-16) 

(22-17) 

Note the altemate positions of the pivot in Parts (b) and (c) of Figure 22-17. In (b), 
the dimension ^ = 0. 
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FIGURE 22-18 
Results: actuafing load 
force vs. distance b 

Example Problem 22-8 

Distance, b, in 

Compute the actuation force required for the short shoe drum brake of Figure 22-17 to pro
duce a friction torque of 50 Ib-ft. Use a drum diameter of 10.0 in, a = 3.0 in, and L — 15.0 
in. Consider values of/of 0.25, 0.50, and 0.75, and different points of location of pivot A 
such that b ranges from 0 to 6.0 in. 

Solution The required friction force can be found from Equation (22-17): 

F,= 2Tf/Dj= (2)(501b-ft)/(10/12ft) = 1201b 

In Equafion (22-15), we can substitute for a, L, and Ff. 

Ff{a/f-b) \20\h[{3.0\n)/f- b] 
W = 

15.0 in 
S(3/f- b)\b 

We can substitute the varying values of/and b into this last equation to compute the data for 
the curves of Figure 22-18, showing the actuating force versus the distance b for different val
ues off Note that for some combinations, the value of Wis negative. This means that the brake 
is self-actuating and that an upward force on the lever would be required to release the brake. 

K r c I r~ f\| Long Shoe Drum Brakes 

The assumption used for short shoe brakes, that the resultant friction force acted at the mid
dle ofthe shoe, cannot be used in the case of shoes covering more than about 45° ofthe drum. 
In such cases, the pressure between the friction lining and the drum is very nonuniform, as is 
the moment ofthe friction force and ofthe normal force with respect to the pivot ofthe shoe. 

The following equations govern the performance of a long shoe brake, using the ter
minology from Figure 22-19. (See Reference 4.) 

1. Friction torque on drum: 

Tf= /'-/vi7'nia\(COS 0, - COS 0^) (22-18) 
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FIGURE 22-19 
Terminology for long 
shoe drum brake 

Brake 
friction pad 
(width = w) 

Point of 
maximum pressure 

2. Actuation force: 

W= (MN + Mf)/L 

where Mpj = moment of normal force with respect to the hinge pin 
M/v = O.25/7n,,,MrC[2(0. - O,) - sin 26. + sin 29,] 
Mf = moment of friction force with respect to the hinge pin 
Mf= fp,,,,^wr[r(cos 6, - cos 0.) -h 0.25C(cos 20. - cos 20,)] 

The sign of M/ is negative (—) if the drum surface is moving away from 
and positive (-I-) if it is moving toward the pivot. 

3. Friction power: 

P, = r^n/63 000hp 

where /; = rotational speed in rpm 

4. Brake shoe area (Note: Projected area is used): 

A = L,w = 2MTsin((02 - 0|)/2] 

5. Wear ratio: 

WR = P,/A 

(22-19) 

(22-20) 

(22-21) 

the pivot 

(22-22) 

(22-23) 

(22-24) 

The use of the.se relationships in the design and analysis of a long shoe brake is shown 
in Example Problem 22-9. 

http://the.se
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Example Problem 22-9 Design a long shoe drum brake to produce a friction torque of 750 Ib-in to stop a drum from 
120 rpm. 

Solution Step I. Select a brake fricfion material, and specify the desired maximum pressure 
and the design value for the coefficient of friction. Table 22-2 lists some general properties 
for friction materials. Actual test values or specific manufacturer's data should be used 
where possible. The design value for p„,.^^ should be far less than the permissible pressure 
listed in Table 22-2 in order to improve wear life. 

For this problem, let's choose a molded polymer compound and design for approxi
mately 75 psi maximum pressure. Note, as shown in Figure 22-19, that the maximum pres
sure occurs at the section 90° from the pivot. If the shoe does not extend at least 90°, the 
equations used here are not valid. (See Reference 4.) Also, let's use /= 0.25 for the design. 

Step 2. Propose trial values for the geometry of the brake drum and the brake pad. 
Several design decisions must be made here. The general arrangement shown in Figure 
22-19 can be used as a guide. But your specific application and creafivity may lead you to 
modify the arrangement. 

Trial values are /• = 4.0 in; C = 8.0 in; L = 15 in; 0, = 30°; and 02 = 150°. 

Step 3. Solve for the required width ofthe shoe from Equation (22-18): 

U" 

For this problem. 

'•"/Pmax ( c o s e I - COS 0 . ) 

750 lb-in 
(4.0in)-(0.25)(75 1b/in-)(cos30° - cos 150°) 

= 1.44 in 

For convenience. let u' = 1.50 in. Because the maximum pressure is inversely proportional 
to the width, the actual maximum pressure will be 

Pn 75 psi( 1.44/1.50) = 72 psi 

Step 4. Compute M,v from Equation (22-20). The value of 0. - 0| must be in radi
ans, with TC radians = 180°. Then 

0. - 0, = 120°('iTrad/180°) = 2.09 rad 

The moment of the normal force on the shoe is 

M^ = 0.25(72 lb/in-)( 1.50 in)(4.0in)(8.0 in) 

[2(2.09) - sin(300°) + sin(60°)] 

M;v = 5108 Ib-in 

Step 5. Compute the moment of the friction force on the shoe. M,. from Equation 
(22-21): 

Mj = 0.25(72 Ib/in-)(1.50in)(4.0 in) 

[(4.0in)(cos30° - cos 150°) 

+ 0.25(8.0 in)(cos 300° - cos 60°)] 

Mf = 748 lb • in 



860 Chapter 22 • Motion Control: Clutches and Brakes 

Step 6. Compute the required actuation force, W, from Equation (22-19): 

W = (yW;v - Mj)/L = (5108 - 748)/( 15) = 291 lb 

Note the minus sign becau.se the drum surface is moving away from the pivot. 

Step 7. Compute the frictional power from Equation (22-22): 

PJ = Tfii/{63 000) = (750)(120)/(63 000) = 1.43 hp 

Step 8. Compute the projected area ofthe brake shoe from Equation (22-23). 

A = L,w = 2MTsin[(e. - 0|)/2] 

A = 2(1.50in)(4.0in),sin(120°/2) = 10.4 in" 

Step 9. Compute the wear ratio. WR: 

WR = Pf/A = 1.43 hp/10.4 in" = 0.14 hp/in' 

Step 10. Evaluate the suitability of the results. In this problem, we would need more 
information about the application to evaluate the results. However, the wear ratio seems rea
sonable for average service (see Section 22-11), and the geometry seems acceptable. 

22—15 Figure 22-20 shows the typical configuration of a band brake. The flexible band, usually 
BAND BRAKES made of steel, is faced with a friction material that can conform to the curvature ofthe drum. 

The application of a force to the lever puts tension in the band and forces the friction ma-
ryr P) P C I rZ. K l terlal against the drum. The normal force, thus created, causes the friction force tangential 
*-'-^- to the drum surt'ace to be created, retarding the drum. 

The tension in the band decreases from the value P, at the pivot side of the band to 
^2 at the lever side. The net torque on the drum is then 

T, = (P, - P.)r (22-25) 

FIGURE 22-20 
Band brake design 

Friction 
material 

Point of max 
pressure, p^ax 

P], Max band 
tension 

Drum rotation 

P2, Min band 
tension 

W 

(a) Simple band brake 

., Free-body 
diagrams 

(b) Differential band brake 

P, Rv 

http://becau.se
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where r — radius of the drum 

The relationship between P, and P2 can be shown (see Reference 4) to be the loga
rithmic function 

P2 = P,/^^ (22-26) 

where 0 = total angle of coverage of the band in radians 

The point of maximum pressure on the friction material occurs at the end nearest the 
highest tension, P,, where 

P, = p^,jw (22-27) 

and vv is the width of the band. 
For the two types of band brakes shown in Figure 22-20, the free-body diagrams of 

the levers can be used to show the following relationships for the actuating force, W, as a 
funcfion of the tensions in the band. For the simple band brake of Figure 22-20(a), 

W = P.a/L (22-28) 

The style shown in Figure 22-20(b) is called a differential band brake, where the actuation 
force is 

W = (P2fl - P^e)/L (22-29) 

The design procedure is presented in Example Problem 22-10. 

Example Problem Design a band brake to exert a braking torque of 720 lb • in while slowing the drum from 
22-10 120 rpm. 

Solution Step 1. Select a material and specify a design value for the maximum pressure. A 
woven friction material is desirable to facilitate the conformance to the cylindrical 
drum shape. Let's usepniax ~ 25 psi and a design value o f / = 0.25. See Section 22-10. 

Step 2. Specify a trial geometry: r, 0, vv. For this problem, let's try r = 6.0 in, 0 = 
225°, and vv = 2.0 in. Note that 225° = 3.93 rad. 

Step 3. Compute the maximum band tension, P,, from Equafion (22-27): 

P\ = Pmax'-̂ ' = (25 lb/in-)(6.0 in)(2.0 in) = 300 Ib 

Step 4. Compute tension P2 from Equation (22-26): 

P\ 3001b 
p ^ 110 IK 

' ~ ^ / e ~ ^(0.25)(3.93) ~ l i - ' D 

Step 5. Compute the friction torque, 7}: 

7}=(P, - P . ) / - = ( 3 0 0 - 112)(6.0)= 1128 Ibin 
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Note: Repeat Steps 2-5 until you achieve a satisfactory geometry and friction torque. Let's 
try a smaller design, say, /• = 5.0 in: 

Pi = (25)(5.0)(2.0) = 2501b 

2501b 
Po = (0.25)(.1,y.^) 93.7 lb 

Tf = (250 - 93.7)(5.0) = 782 Ib-in (okay) 

Step 6. Specify the geometry of the lever, and compute the required actuation force. 
Let's use a = 5.0 in and L = 15.0 in. Then 

W= P2(a/L) = 93.7 1b(5.0/15.0) = 31.21b 

Step 7. Compute the average wear ratio from WR = Pf/A: 

A = 2TTnv(0/36O) = 2(TT)(5.0 in)(2.0 in)(225/360) = 39.3 in^ 

Pf= Tfn/63 000 = (782)( 120)/(63 000) = 1.50 hp 

WR = Pf/A = (1.50hp)/(39.3in-) = 0.038 hp/in' 

This should be conservative for average service. 

22—16 The chapter thus far has concentrated on clutches and brakes using friction materials to 
OTHER TYPES transmit the torque between rotating members, but many other types are available. Brief de-
OF CLUTCHES scriptions are given below, but specific design information is not given. Most are unique to 
AND BRAKES the manufacturer, and application data are available through catalogs. 

Jaw Clutch 

The teeth of the mating sets of jaws are brought into engagement by sliding one or both 
members axially. The teeth may be straight-sided or triangular, or they may incorporate 
some smooth curve to facilitate engagement. Once the teeth are engaged, there is a positive 
transmission of torque. The jaw clutch is normally engaged while the system is stopped or 
is running very slowly. 

Ratchet 

Although not strictly a clutch, the familiar ratchet and pawl permits altemate engagement 
and disengagement of moving members, and thus it can be used in similar applications. 
Typically, the ratchet moves only a small fraction of a revolution per cycle. 

Sprag, Roller, and Cam Clutches 

There are differences in the specific geometry of sprag, roller, and cam clutches, but they all 
perform similar functions. When the input shaft is rotating in the driving direcfion, the inter
nal elements (sprags, rollers, or cams) are wedged between the driving and driven members 
and thus transmit torque. But when the input member rotates in the opposite direcfion, the in
temal elements move out of engagement, and no torque is transmitted. Thus, they can be used 
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for applications similar to ratchets, but with much smoother operation and with a virtually in
finite amount of incremental mofion. Another application is backstopping. in which the clutch 
runs free when the machine is being driven in the intended direction. But if the drive is dis
engaged and the load starts to reverse direction, the clutch locks up and prevents motion. This 
type of clutch is also used for overrumiing: a positive drive as long as the load rotates no faster 
than the driver. If the load tends to run faster (overrun) than the driver, the clutch elements dis
engage. This protects equipment that might be damaged by overspeeding. See Internet site 6. 

Fiber Clutch 

A fiber clutch operates in a manner similar to the overtunning clutches described previ
ously. But instead of driving through solid elements, the torque is transmitted through stiff 
fibers that have a preferred orientation. When rotated in a direction opposite the preferred 
direction, the fibers "lie down," and no torque is transmitted. 

Wrap-Spring Clutch 

Again used in cases similar to the overmnning clutches, the wrap-spring clutch is made 
from a rectangular wire and normally has an inside diameter slightly larger than that of the 
shaft on which it is installed. Thus, no torque is transmitted. But when one end ofthe spring 
is restrained, the spring "wraps down" tightly on the surface ofthe shaft, and torque is trans
mitted positively through the spring. See Internet site 4. 

Single-Revolution Clutches 

It is frequenfiy desired to have a machine cycle one complete revolution and then come to 
a stop. The single-revolution clutch provides this feature. After it is tripped, it drives the out
put shaft unfil reaching a positive stop at the end of one revolufion. Some types can be en
gaged for more than one revolution, but they will return to a fixed position, for example, at 
the top of the stroke of a press. See Internet site 6. 

Fluid Clutches 

The fiuid clutch is made up of two separate parts with no mechanical connection between 
them. A fluid fills a cavity between the parts, and as one member rotates, it tends to shear 
the fluid, causing torque to be transmitted to the mating element. The resulting drive is 
smooth and soft because load peaks will simply cau.se one member to move relative to the 
other. In this situation, it is similar to the slip clutch described earlier. 

Eddy Current Drive 

When a conducting disc moves through a magnetic field, eddy currents are induced in the 
disc, causing a force to be exerted on the disc in a direction opposite to the direction of rota
tion. The force can be used to brake the disc or to transmit torque to a mating part, such as a 
clutch. An advantage of this type of unit is that there is no mechanical connection between 
the elements. The torque can be controlled by varying the current to the electromagnets. 

Overload Clutches 

The drive is posifive, provided that the torque is below some set value. At higher 
torques, some element is disengaged automatically. One type uses a series of spherical 
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balls positioned in detents and held under a spring force. When the tripping torque 
level is reached, the balls are forced out of the detents and disengage the drive. See In
ternet site 6. 

Tensioners 

The production of continuous products such as wire, webs of paper, or plastic film re
quire that the drive system be carefully controlled to maintain a light tension without 
breaking the product. Similar control must be exerted when winding coils of paper, foil, 
or sheet metal as they are produced, or when unwinding them to feed a process such as 
printing or press forming. Drives for cranes and hoists must provide controlled braking 
while loads are lowered. In such cases, brakes are required to exert some braking action 
while allowing smooth motion. Many of the brake designs reviewed in this chapter can 
accomplish this function by moderating the force applied between the friction elements. 
An example is the air-actuated brake shown in Figure 22-6. The braking torque depends 
on the air pressure applied that can be controlled by an operator or automatically. See 
also Internet site 5. 
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1. Rockford Powertrain, Inc. www.rockfordpowertrain. 
com Manufacturer of clutches and other powertrain 
components for the automotive, truck, and off-road 
equipment markets. 

2. Eaton/Cutler Hammer, www.ch.cutler-hammercom 
Manufacturer of mechanical shoe brakes for industrial 
and commercial applications such as conveyors, 
machine tools, printing presses, cranes, and carnival 
rides. Also provides controls for electrical systems. 

3. BWD Automotive, www.bwdautomotive.com 
Manufacturer of automotive clutch sets and other 
components under the Borg Wamer brand. 

4. Warner Electric, Inc. www.warnernet.com 
Manufacturer of clutch and brake systems for industrial, 
turf and garden, and vehicular applications. Includes a 
wide variety of disk type, wrap spring, and magnetic 
particle clutches and brakes for start, stop, hold, and 

tension control. Catalog information can be downloaded 
from the Literature secfion. 

Eaton/Airflex. www.aiiflex.com Manufacturer of 
industrial clutches and brakes using the expanding tube 
principle actuated by pneumatic or hydrauhc pressure. 
Applications include engines, paper making machinery, 
power presses, brakes, shears, marine drives, well drilling, 
and tensioning, winding, and unwinding equipment. 
Online catalog includes product data and descriptions, 
product application information, and technical information. 

Hilliard Corporation, www.hilliardcorp.com 
Manufacturer of a wide variety of clutches and brakes 
for industry and commercial equipment applications. 
Included are centrifugal clutches, single-revolution 
clutches, overmnning clutches, ball detent overload 
release clutches, slip clutch torque limiters, intermittent 
drives, caliper disc brakes, and others. 

http://www.rockfordpowertrain
http://www.ch.cutler-hammercom
http://www.bwdautomotive.com
http://www.warnernet.com
http://www.aiiflex.com
http://www.hilliardcorp.com
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7. Tol-O-Matic, Inc. www.tolomatic.ccmi 

Manufacturer of pneumatically and hydraulically 

operated caliper disc brakes and other automation and 

motion control products. 

8. Electroid Company, www.electroid.com 

Manufacturer of a wide variety of clutches, brakes, and 

tensioners for industrial, commercial, and aerospace 

applications. 

P R O B L E M S 

1. Specify the required torque rating for a clutch to be at

tached to a motor shaft running at 1750 rpm. The motor 

is rated at 5.0 hp and is of the design B type. 

2. Specify the required torque rating for a clutch to be at

tached to a diesel engine shaft running at 2500 rpm. The 

engine is rated at 75.0 hp. 

3 . Specify the required torque rating for a clutch to be at

tached to an electric motor shaft running at 1150 rpm. The 

motor is rated at 0.50 hp and drives a light fan. 

4. An alternative design for the system described in Problem 

1 is being considered. Instead of putting the clutch on the 

motor shaft, it is desired to place it on the output shaft of 

a speed reducer that rotates at 180 rpm. The power trans

mission is still approximately 5.0 hp. Specify the required 

torque rating for the clutch. 

5. Specify the required brake torque rating for each of the con

ditions in Problems 1-4 for average industrial conditions. 

6. Specify the required torque rating for a clutch in N • m if 

it is attached to a design B electric motor shaft rated at 

20.0 kW and rotating at 3450 rpm. 

7. A clutch-brake module is to be connected between a design 

C electric motor and a speed reducer The motor is rated at 

50.0 kW at 900 rpm. Specify the required torque ratings for 

the clutch and the brake portions ofthe module for average 

industrial service. The drive is to a large conveyor 

8. Compute the torque required to accelerate a solid steel 

disc from rest to 550 rpm in 2.0 s. The disc has a diame

ter of 24.0 in and is 2.5 in thick. 

9. The assembly shown in Figure P22-9 is to be stopped by 

a brake from 775 rpm to zero in 0.50 s or less. Compute 

the required brake torque. 

10. Compute the required clutch torque to accelerate the 

system shown in Figure P 2 2 - I 0 from rest to a motor 

speed of 1750 rpm in 1.50 s. Neglect the inertia of the 

clutch. 

11. A winch, sketched in Figure P 2 2 - 1 1 , is lowering a load 

at the speed of 50 ft/min. Compute the required torque 

rating for the brake on the winch shaft to stop the system 

in 0.25 s. 

12. Figure P22-12 shows a tumbling barrel being driven 

through a wormgear reduction unit. Evaluate the torque 

rating required for a clutch to accelerate the barrel to 38.0 

rpm from rest in 2.0 s (a) if the clutch is placed on the mo

tor shaft and (b) if it is placed at the output of the reducer 

Neglect the inertia of the gear shafts, the bearing races. 
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and the clutch. Consider the worm and wormgear to be 
solid cylinders. 

13. Compute the dimensions of an annular plate-type brake to 
produce a braking torque of 75 lb* in. Air pressure will 
de\ chip a normal force ot 150 Ib between the friction sur
faces. Usc a coefficient of friction of 0.25. The brake will 
bo used in a\eragc industrial service, stopping a load 
trom I 150 ipm. 

14. Design a plate-type brake for the application described in 
Problem 9. Specify thc design coefficient of friction, the 
dimensions ofthe plate, and the axial force required. 

15. Compute the axial force required for a cone clutch if it 
is to e.xert a driving torque of 15 lb ft. The cone surface 
has a mean diameter of 6.0 in and an angle of 12°. Use 
/ = 0.25. 

16. Design a cone brake for the application described in 
Problem 9. Specify the design coefficient of friction, 
the mean diameter of the cone surface, and the axial 
force required. 

17. Compute the actuation force required for the short shoe 
drum brake of Figure 22-17 to produce a friction torque 
of 150 Ibft. Use a drum diameter of 12.0 in, a = 4.0 in, 
and L = 24.0 in. U s e / = 0.25 and b = 5.0 in. 

18. For all other data from Problem 17 being the same, de
termine the required dimension b for the brake to be 
self-actuating. 

19. Design a short shoe drum brake to produce a torque of 
100 Ibft. Specify the drum diameter, the configuration of 
the actuation lever, and the actuation force. 

20. Design a long shoe drum brake to produce a friction 
torque of 100 lb ft to stop a load from 480 rpm. Specify 
the friction material, the drum size, the shoe configura
tion, pivot locations, and actuation force. 

21. Design a band brake to exert a braking torque of 75 Ibft 
while slowing a drum from 350 rpm to rest. Specify a ma
terial, the drum diameter, the band width, the angle of 
coverage of the friction material, the actuation lever con
figuration, and the actuation force. 

-Wormgear: 
16.0-in dia. 
2.50 in wide 

Barrel shaft: 36.0 in long 
4.0 in dia. 

Hubs (2): 2.00 in wide 
8.00-in dia. 

FIGURE P22-12 
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23-1 
OBJECTIVES OF 

THIS CHAPTER 

One of the primary focuses of this book has been to emphasize the integration of machine 
elements into complete mechanical designs. The interfaces between machine elements have 
been discussed for many examples. The forces exerted on one element by another have been 
computed. Commercially available components and complete devices have been shown in 
figures throughout the book. 

Although these discussions and examples are helpful, one ofthe better ways to leam 
mechanical design is to do mechanical design. You should decide the detailed functions and 
design requirements for the design. You should conceptualize several approaches to a de
sign. You should decide which approach to complete. You should complete the design of 
each element in detail. You should make assembly and detail drawings to communicate 
your design to others who may use it or be responsible for its fabrication. You should spec
ify completely the purchased components that are part of the design. 

Following are several projects that call for you to do these operations. You or your in
structor may modify or amplify the projects to suit individual needs or the available time or in
formation, such as manufacturers' catalogs. As in most design projects, many solufions are 
possible. Different solutions from several members of a class could be compared and critiqued 
to enhance leaming. It may be helpful at this time to review Sections 1 -4 and 1-5 about the func
tions and design requirements for design and a philosophy of design. Also, the problems at the 
end of Chapter 1 asked that you write a set of functions and design requirements for several of 
the same devices. If you have already done so, they can be used as a part of these exercises. 

23-2 
DESIGN 

PROJECTS 

Automobile Hood Latch 

Design a hood latch for an automobile. The latch must be able to hold the hood securely 
closed during operation ofthe vehicle. But it should be easy to open for servicing the con
tents of the engine compartment. Theft-proofing is an important design goal. Attachment 
of the latch to the frame of the car and to the hood should be defined. Mass production 
should be a requirement. 

Hydraulic Lift 

Design a hydraulic lift to be used for car repair. Obtain pertinent dimensions from repre
sentative cars for initial height, extended height, design ofthe pads that contact the car, and 
so on. The lift will raise the entire car. 

Car Jack 

Design a floor jack for a car to lift either the entire front end or the entire rear end. The jack 
may be powered by hand, using mechanical or hydraulic actuation. Or it may be powered 
by pneumatic pressure or electrical power. 

Portable Crane 

Design a portable crane to be used in homes, small industries, warehouses, and garages. It 
should have a capacity of at least 1000 lb (4.45 kN). Typical uses would be to remove an 
engine from a car, lift machine components, or load trucks. 

Can Crusher 

Design a machine to crush soft-drink or beer cans. The crusher would be used in homes or 
restaurants as an aid to recycling efforts. It could be operated either by hand or electrically. 
It should crush the cans to approximately 20% of their original volume. 
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Transfer Device 

Design an automatic transfer device for a production line. The parts to be handled are steel 
castings with the following characterisfics: 

Weight: A2.0\b(\SlN) 

Size: Cylindrical; 6.75-in diameter and 10.0 in high. Exterior surface is free of pro
jections or holes and has a reasonably smooth, as-cast finish. 

Transfer rate: Continuous flow, 2.00 s between parts. 

Parts enter at a 24.0-in elevation on a roller conveyor. They must be elevated to 48.0 
inches in a space of 60.0 in horizontally. They leave on a separate conveyor. 

Drum Dumper 

Design a drum dumper. The machine is to rai.se a 55-gal dmm of bulk material from floor 
level to a height of 60.0 in and dump the contents of the dmm into a hopper. 

Paper Feeder 

Design a paper feed device for a copier. The paper must be fed at a rate of 120 sheets per min. 

Gravel Conveyor 

Design a conveyor to elevate gravel into a tmck. The top edge ofthe tmck bed is 8.0 ft (2.44 m) 
off the ground. The bed is 6.5 ft wide, 12.0 ft long, and 4.0 ft deep (1.98 m X 3.66 m X 1.22 m). 
It is desired to fill the tmck in 5.0 min or less. 

Construction Lift 

Design a constmction lift. The lift will raise building materials from ground level to any 
height up to 40.0 ft (12.2 m). The lift will be at the top of a rigid scaft'old that is not a part 
of the design project. It will raise a load of up to 500 lb (2.22 kN) at the rate of 1.0 ft/s (0.30 
m/s). The load will be on a pallet, 3.0 ft by 4.0 ft (0.91 m X 1.22 m). At the top ofthe lift, 
means must be provided to bring the load onto a platform that supports the lift. 

Packaging Machine 

Design a packaging machine. Toothpaste tubes are to be taken from a continuous belt and 
inserted into cartons. Any standard tube size may be chosen. The device may include the 
means to close the cartons after the tube is in place. 

Carton Packer 

Design a machine to insert 24 cartons of toothpaste into a shipping case. 

Robot Gripper 
Design a gripper for a robot to grasp a spare-tire assembly from a rack and insert it into the 
tmnk of an automobile on an as.sembly line. Obtain dimensions from a particular car. 

http://rai.se
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Weld Positioner 

Design a weld positioner. A heavy frame is made of welded steel plate in the shape shown 
in Figure 23-1. The welding unit will be robot-guided, but it is essential that the weld line 
be horizontal as the weld proceeds. Design the device to hold the frame securely and move 
it to present the part to the robot. The plate has a thickness of 3/8 in (9.53 mm). 

Garage Door Opener 

Design a garage door opener. 

Spur Gear Speed Reducer, Single-Reduction 

Design a complete single-reduction, spur gear-type speed reducer. Specify the two gears, two 
shafts, four bearings, and a housing. Use any of the data from Chapter 9, Problems 60-70. 

Spur Gear Speed Reducer, Double-Reduction 

Design a complete double-reduction, spur gear-type speed reducer. Specify the four gears, 
three shafts, six bearings, and a housing. Use any ofthe data from Chapter 9, Problems 74-76. 

Helical Gear Speed Reducer, Single-Reduction 

Design a complete single-reduction, helical gear-type speed reducer. Use any of the data 
from Chapter 10, Problems 5-11. 

Bevel Gear Speed Reducer, Single-Reduction 

Design a complete single-reduction, bevel gear-type speed reducer. Use any of the data 
from Chapter 10, Problems 14-17. 

Wormgear Speed Reducer, Single-Reduction 

Design a complete single-reduction, wormgear-type speed reducer. Use any of the data 
from Chapter 10, Problems 18-24. 

FIGURE 23-1 
Frame to be handled by 
a weld positioner 

-45 in-

1-̂ 15 in-4—18 in— 

12 in 24 in 

6 in 

Weld all seams with weld line in horizontal plane 
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Lift Device Using Acme Screws 

Design a device similar to that sketched in Figure 17-3. An electric motor drives the worm at 
a speed of 1750 rpm. The two Acme screws rotate and lift the yoke, which in tum lifts the 
hatch. See Example Problem 17-1 for additional details. Complete the entire unit, including 
the wormgear set, the chain drive, the Acme screws, the bearings, and their mountings. The 
hatch is 60 in (1524 mm) in diameter at its top surface. The screws should be nominally 30 in 
(762 mm) long. The total motion ofthe yoke will be 24 in, to be completed in 15.0 s or less. 

Lift Device Using Ball Screws 

Repeat the design ofthe lift device, using ball screws in.stead of Acme screws. 

Brake for a Drive Shaft 

Design a brake. A rotafing load (as sketched in Figure 22-21) is to be stopped from 775 rpm 
in 0.50 s or less. Use any type of brake described in Chapter 22, and complete the design 
details, including the actuafing means: springs, air pressure, manual lever, and so on. Show 
the brake attached to the shaft of Figure 22-21. 

Brake for a Winch 

Design a complete brake for the application shown in Figure 22-23 and described in Prob
lem 11 in Chapter 22. 

Indexing Drive 

Design an indexing drive for an automatic assembly system. The items to be moved are 
mounted on a square steel fixture plate, 6.0 in (152 mm) on a side and 0.50 in (12.7 mm) 
thick. The total weight of each assembly is 10.0 lb (44.5 N). The center of each fixture (in
tersection of its diagonals) is to move 12.0 in (305 mm) with each index. The index is to be 
completed in 1.0 s or less, and the fixture must be held stationary at each stafion for a min
imum of 2.0 s. Four assembly stations are required. The arrangement may be linear, rotary, 
or any other, provided that the fixtures move in a horizontal plane. 

Child's Ferris Wheel 

Design a child's Ferris wheel. It should be capable of holding one to four children weigh
ing up to 80 lb (356 N) each. The rotational speed should be 1 rev in 6.0 s. It should be 
driven by an electric motor. 

Merry-Go-Round 

Design an amusement ride for small children, age 6 or younger, that they can sit in safely 
while enjoying an interesfing motion pattem. At lea.st two children at a time can ride the 
machine. The ride will be marketed to shopping centers and department stores to amuse 
customers' children. 

Backyard Amusement Ride 

Design a backyard amusement ride in which small coaster wagons are pulled along a circular 
path. The ride should be powered by an electric motor. Each wagon is 1.0 m long (39.4 in) 
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and 0.50 m wide (19.7 in). The four wheels are 150 mm (6.0 in) in diameter. The wagon is to 
be attached to the drive rod at the point where the handle would normally be. The radial dis
tance to the attachment point is to be 2.0 m (6.6 ft). The wagons are to make 1 rev in 8.0 s. 
Provide a means of starting and stopping the drive. 

Transfer Device 

Design a device to move automofive camshafts between processing stations. Each move
ment is to be 9.0 in (229 mm). The camshaft is to be supported on two unfinished bearing 
surfaces having a diameter of 3.80 in (96.5 mm) and an axial length of 0.75 in (19.0 mm). 
The spread between the bearing surfaces is 15.75 in (400.0 mm). Each camshaft weighs 
16.3 lb (72.5 N). One mofion cycle is to be completed each 2.50 s. Design the complete 
mechanism, including the drive from an electric motor. 

Chain Conveyor 

Design a powered, straight chain conveyor to move eight pallets along an assembly line. 
The pallets are 18 in long and 12 in wide. The maximum weight of each pallet and the prod
uct it carties is 125 lb. At the end of the conveyor, an extemal downward force of 500 lb is 
applied to the product which must be carried through the pallet to the conveyor stmcture. 
You may design the configuration of the sides and bottom of the pallet. 

"You Are the Designer" Projects 

At the beginning of each chapter in this book, a section called You Are the Designer ap
peared in which you were asked to imagine that you were the designer of some device or 
system. Choose any of those projects. 
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APPENDIX 1 PROPERTIES OF AREAS 

(a) Circle 

A = TTD-IA 

I = TTD^/64 

S = 'rTDV32 

/- = D/4 

J = TTD^/32 

Z. = TTDV16 

(b) Hollow circle (tube) 
. *> I ' > . 

A = 7T(D- - d'VA 

I = TT(D^ - ^ ) /64 

S = TT(D^ - ct^)/32D 

r = \JD- + d-/A 
J = Tr(D^ - d')/32 

Ẑ , = Tr(D^-^)/16D 

(c) Square 

—"— S 
S/2 I 

A = S-

/ = 5^/12 

S = 5-V6 

/• = s/\/n 

(d) Rectangle 

C 

B/2 
•B-

-I-A- H 
y=H/2\ 

A = BH 

/, = fi//Vl2 

S. = fi//-/6 

/-, = H/^/l2 

i\ = B/\fn 

(e) Triangle 

KM"^ 

A = BH/2 

I = BH^/36 

S = BH-/2A 

r = /y/vi8 

A-1 
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(J) Semicircle 

A = TTD-/% 

I = O.OOID^ 

S = 0.02AD-

r = 0.I32D 

(g) Regular hexagon 

A = 0.866D-

/ = 0.06D^ 

5 = 0.12D' 

r = 0.264D 

A = area 

/ = moment of inertia 

S = section modulus 

;• = radius of gyration = \I/A 

J ~ polar moment of inertia 

Ẑ , = polar section modulus 
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APPENDIX 2 PREFERRED BASIC SIZES AND SCREW THREADS 

TABLE A2-1 Preferted basic sizes 

1/64 
1/32 
1/16 
3/32 
1/8 

5/32 
3/16 
1/4 

5/16 
3/8 
7/16 
1/2 

9/16 
5/8 

11/16 
3/4 
7/8 
1 
li 

1 

13 
1 

11 
1 

2\ 
23 

1 

2i 
3 
3i 
33 
3: 
4 
41 
43 

1 

41 

Fractional (in) 

0.015 625 
0.031 25 
0.0625 
0.093 75 
0.1250 
0.156 25 
0.1875 
0.2500 
0.3125 
0.3750 
0.4375 
0.5000 
0.5625 
0.6250 
0.6875 
0.7500 
0.8750 
1.000 
1.250 
1.500 
1.750 
2.000 
2.250 
2.500 
2.750 
3.000 
3.250 
3.500 
3.750 
4.000 
4.250 
4.500 
4.750 

5 
51 
5: 
5: 
6 
63 
7 
73 
8 
83 
9 
93 
10 
103 
11 
113 
12 
123 
13 
133 
14 
14: 
15 
153 
16 
163 
17 
173 
18 
183 
19 
193 
20 

5.000 
5.250 
5.500 
5.750 
6.000 
6.500 
7.000 
7.500 
8.000 
8.500 
9.000 
9.500 

10.000 
10.500 
11.000 
11.500 
12.000 
12.500 
13.000 
13.500 
14.000 
14.500 
15.000 
15.500 
16.000 
16.500 
17.000 
17.500 
18.000 
18.500 
19.000 
19.500 
20.000 

Decimal (in) 

0.010 
0.012 
0.016 
0.020 
0.025 
0.032 
0.040 
0.05 
0.06 
0.08 
O.IO 
0.12 
0.16 
0.20 
0.24 
0.30 
0.40 
0.50 
0.60 
0.80 
1.00 
1.20 
1.40 
1.60 
1.80 

2.00 
2.20 
2.40 
2.60 
2.80 
3.00 
3.20 
3.40 
3.60 
3.80 
4.00 
4.20 
4.40 
4.60 
4.80 
5.00 
5.20 
5.40 
5.60 
5.80 
6.00 
6.50 
7.00 
7.50 
8.00 

8.50 
9.00 
9.50 

10.00 
10.50 
11.00 
11.50 
12.00 
12.50 
13.00 
13.50 
14.00 
14.50 
15.00 
15.50 
16.00 
16.50 
17.00 
17.50 
18.00 
18.50 
19.00 
19.50 
20.00 

Metric (mm) 

First Second 

1 
1.1 

1.2 
1.4 

1.6 
1.8 

2 

2 "* 
2.5 

2.8 
3 

3.5 
4 

4.5 
5 

5.5 
6 

7 
8 

9 

First 

10 

12 

16 

20 

25 

30 

40 

50 

60 

80 

Second 

11 

14 

18 

22 

28 

35 

45 

55 

70 

90 

First 

100 

120 

160 

200 

250 

300 

400 

500 

600 

800 

1000 

Second 

110 

140 

180 

220 

280 

350 

450 

550 

700 

900 

Reprinted from ASME B4.1 -1967. by permission of The American Society of Mechanical Engineers. All rights reserved. 
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TABLE A2-2 American Standard screw threads 

A. American 

Size 

0 
1 
2 
3 
4 
5 
6 
8 

10 
12 

B. American 

Size 

1/4 
5/16 
3/8 
7/16 
1/2 

9/16 
5/8 
3/4 
7/8 
1 

li 
13 

ll 
13 

2 

Standard thread di 

Basic major 
diameter, D 

(in) 

0.0600 
0.0730 
0.0860 
0.0990 
0.1120 
0.1250 
0.1380 
0.1640 
0.1900 
0.2160 

Standard thread di 

Basic major 
diameter, D 

(in) 

0.2500 
0.3125 
0.3750 
0.4375 
0.5000 
0.5625 
0.6250 
0.7500 
0.8750 
1.000 
1.125 
1.250 
1.375 
1.500 
1.750 
2.000 

imensions, numbered sizes 

Coarse threads: UNC 

Threads 
per inch, n 

64 
56 
48 
40 
40 
32 
32 
24 
24 

mensions, fractional 

Tensile 
stress area 

(in-) 

0.002 63 
0.003 70 
0.004 87 
0.006 04 
0.007 96 
0.009 09 
0.0140 
0.0175 
0.0242 

sizes 

Coarse threads: UNC 

Threads 
per inch, n 

20 
18 
16 
14 
13 
12 
11 
10 
9 
8 
7 
7 
6 
6 
5 

44 

Tensile 
stress area 

(in-) 

0.0318 
0.0524 
0.0775 
0.1063 
0.1419 
0.182 
0.226 
0.334 
0.462 
0.606 
0.763 
0.969 
1.155 
1.405 
1.90 
2.50 

Fine threads 

Threads 
per inch, n 

80 
72 
64 
56 
48 
44 
40 
36 
32 
28 

Fine threads: 

Threads 
per inch, n 

28 
24 
24 
20 
20 
18 
18 
16 
14 
12 
12 
12 
12 
12 

:UNF 

Tensile 
stress area 

(in-) 

0.001 80 
0.002 78 
0.003 94 
0.005 23 
0.006 61 
0.008 30 
0.010 15 
0.014 74 
0.0200 
0.0258 

UNF 

Tensile 
stress area 

(in-) 

0.0364 
0.0580 
0.0878 
0.1187 
0.1599 
0.203 
0.256 
0.373 
0.509 
0.663 
0.856 
1.073 
1.315 
1.581 
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TABLE A2-3 Metric sizes of screw threads 

Basic major 
diameter, D 

(mm) 

1 
1.6 
2 
2.5 
3 
4 
5 
6 
8 

10 
12 
16 
20 
24 
30 
36 
42 
48 

Pitch 
(mm) 

0.25 
0.35 
0.4 
0.45 
0.5 
0.7 
0.8 
1 
1.25 
1.5 
1.75 
2 
2.5 
3 
3.5 
4 
4.5 
5 

Coarse threads 

Tensile 
stress area 

(mm") 

0.460 
1.27 
2.07 
3.39 
5.03 
8.78 

14.2 
20.1 
36.6 
58.0 
84.3 

157 
245 
353 
561 
817 

1121 
1473 

Pitch 
(mm) 

0.20 
0.25 
0.35 
0.35 
0.5 
0.5 
0.75 
1 
1.25 
1.25 
1.5 
1.5 
2 
2 
3 

Fine threads 

Tensile 
stress area 

(mm-) 

1.57 
2.45 
3.70 
5.61 
9.79 

16.1 
22.0 
39.2 
61.2 
92.1 

167 
272 
384 
621 
865 
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APPENDIX 3 DESIGN PROPERTIES OF CARBON AND ALLOY STEELS 

Material 

designation 
(AISI number) 

1020 
1020 
1020 

1040 
1040 
1040 
1040 

1050 
1050 
1050 
1050 

1117 
1117 
1117 

1137 
1137 
1137 
1137 

1144 
1144 
1144 
1144 

1213 
1213 

12L13 
12L13 

1340 
1340 
1340 
1340 
1340 

3140 
3140 
3140 
3140 
3140 

4130 
4130 
4130 
4130 
4130 

4140 
4140 
4140 
4140 
4140 

Condition 

Hot-rolled 
Cold-drawn 
Annealed 

Hot-rolled 
Cold-drawn 
OQT 1300 
OQT 400 

Hot-rolled 
Cold-drawn 
OQT 1300 
OQT 400 

Hot-rolled 
Cold-drawn 
WQT 350 

Hot-rolled 
Cold-drawn 
OQT 1300 
OQT 400 

Hot-rolled 
Cold-drawn 
OQT 1300 
OQT 400 

Hot-rolled 
Cold-drawn 

Hot-rolled 
Cold-drawn 

Annealed 
OQT 1300 
OQT 1000 
OQT 700 
OQT 400 

Annealed 
OQT 1300 
OQT 1000 
OQT 700 
OQT 400 

Annealed 
WQT 1300 
WQT 1000 
WQT 700 
WQT 400 

Annealed 
OQT 1300 
OQT 1000 
OQT 700 
OQT 400 

(ksi) 

55 
61 
60 

72 
80 
88 

113 

90 
100 
96 

143 

62 
69 
89 

88 
98 
87 

157 

94 
100 
96 

127 

55 
75 

57 
70 

102 
100 
144 
221 
285 

95 
115 
152 
220 
280 

81 
98 

143 
208 
234 

95 
117 
168 
231 
290 

Tensile 
strength 

(MPa) 

379 
420 
414 

496 
552 
607 
779 

620 
690 
662 
986 

427 
476 
614 

607 
676 
600 

1083 

648 
690 
662 
876 

379 
517 

393 
483 

703 
690 
993 

1520 
1960 

655 
792 

1050 
1520 
1930 

558 
676 
986 

1430 
1610 

655 
807 

1160 
1590 
2000 

(ksi) 

30 
51 
43 

42 
71 
61 
87 

49 
84 
61 

110 

34 
51 
50 

48 
82 
60 

136 

51 
90 
68 
91 

33 
58 

34 
60 

63 
75 

132 
197 
234 

67 
94 

133 
200 
248 

52 
89 

132 
180 
197 

60 
100 
152 
212 
251 

Yield 
strength 

(MPa) 

207 
352 
296 

290 
490 
421 
600 

338 
579 
421 
758 

234 
352 
345 

331 
565 
414 
938 

352 
621 
469 
627 

228 
340 

234 
414 

434 
517 
910 

1360 
1610 

462 
648 
920 

1380 
1710 

359 
614 
910 

1240 
1360 

414 
690 

1050 
1460 
1730 

Ductility 
(percent 

elongation 
in 2 inches) 

25 
15 
38 

18 
12 
33 
19 

15 
10 
30 
10 

33 
20 
22 

15 
10 
28 

5 

15 
10 
25 
16 

25 
10 

22 
10 

26 
25 
17 
10 
8 

25 
23 
17 
13 
11 

28 
28 
16 
13 
12 

26 
23 
17 
13 
11 

Brinell 

hardness 
(HB) 

111 
122 
121 

144 
160 
183 
262 

180 
200 
192 
321 

124 
138 
178 

176 
196 
174 
352 

188 
200 
200 
277 

110 
150 

114 
140 

207 
235 
363 
444 
578 

187 
233 
311 
461 
555 

156 
202 
302 
415 
461 

197 
235 
341 
461 
578 



Material 

designation 
(AISI number) 

4150 

4150 

4150 

4150 

4150 

4340 

4340 
4340 

4340 
4340 

5140 

5140 

5140 
5140 

5140 

5150 
5150 

5150 

5150 

5150 

5160 

5160 
5160 

5160 

5160 

6150 
6150 

6150 
6150 

6150 

8650 

8650 

8650 
8650 

8650 

8740 
8740 

8740 

8740 

8740 

9255 

9255 

9255 

9255 

9255 

Condition 

Annealed 

OQT 1300 

OQT 1000 

OQT 700 

OQT 400 

Annealed 

OQT 1300 

OQT 1000 

OQT 700 

OQT 400 

Annealed 

OQT 1300 

OQT 1000 
OQT 700 

OQT 400 

Annealed 

OQT 1300 

OQT 1000 
OQT 700 

OQT 400 

Annealed 

OQT 1300 
OQT 1000 

OQT 700 

OQT 400 

Annealed 
OQT 1300 

OQT 1000 
OQT 700 

OQT 400 

Annealed 

OQT 1300 

OQT 1000 

OQT 700 

OQT 400 

Annealed 
OQT 1300 

OQT 1000 

OQT 700 

OQT 400 

Annealed 

Q&T 1300 

Q&T 1000 
Q&T 700 
Q&T 400 

(ksi) 

106 
127 
197 
247 
300 

108 
140 
171 
230 
283 

83 
104 
145 
220 
276 

98 
116 
160 
240 
312 

105 
115 
170 
263 
322 

96 
118 
183 
247 
315 

104 
122 
176 
240 
282 

100 
119 
175 
228 
290 

113 
130 
181 
260 
310 

Tensile 

strength 

(MPa) 

731 
880 
1360 

1700 

2070 

745 
965 
1180 

1590 
1950 

572 
717 
1000 
1520 
1900 

676 
800 
1100 
1650 
2150 

724 
793 
1170 

1810 
2220 

662 
814 
1260 
1700 
2170 

717 
841 
1210 

1650 
1940 

690 
820 
1210 

1570 

2000 

780 
896 
1250 

1790 
2140 

(ksi) 

55 
116 
181 
229 
248 

68 
120 
158 
206 
228 

42 
83 
130 
200 
226 

52 
102 
149 
220 
250 

40 
100 
151 
237 
260 

59 
107 
173 
223 
270 

56 
113 
155 
222 
250 

60 
100 
167 
212 
240 

71 
102 
160 
240 
287 

Yield 

strength 

(MPa) 

379 
800 
1250 

1580 
1710 

469 
827 
1090 
1420 

1570 

290 
572 
896 
1380 

1560 

359 
700 
1030 
1520 

1720 

276 
690 
1040 

1630 

1790 

407 
738 
1190 

1540 
1860 

386 
779 
1070 
1530 

1720 

414 
690 
1150 

1460 
1650 

490 
703 
1100 

1650 
1980 

Ductility 

(percent 

elongation 
in 2 inches) 

20 
20 
11 
10 
10 

22 
23 
16 
12 
11 

29 
27 
18 
11 
7 

22 
22 
15 
10 
8 

17 
23 
14 
9 
4 

23 
21 
12 
10 
7 

22 
21 
14 
12 
11 

22 
25 
15 
12 
10 

22 
21 
14 
5 
2 

Brinell 
hardness 
(HB) 

197 
262 
401 
495 
578 

217 
280 
363 
461 
555 

167 
207 
302 
429 
534 

197 
241 
321 
461 
601 

197 
229 
341 
514 
627 

197 
241 
375 
495 
601 

212 
255 
363 
495 
555 

201 
241 
363 
461 
578 

229 
262 
352 
534 
601 

Note: Properties common to all carbon and alloy steels: 
Poisson's ratio: 0.27 
Shear modulus: 11.5 X 10''psi; 80 GPa 
Coefficient of thermal expansion: 6.5 X 10"'' °F"' 
Density: 0.283 lb/in': 7680 kg/m' 
Modulus of elasticity: 30 X 10** psi; 207 GPa 

A-7 
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APPENDIX 4 PROPERTIES OF HEAT-TREATED STEELS 

FIGURE A4-1 
Properties of heat-
treated AISI 1040, 
water-quenched and 
tempered (Modern 
Steels and Their 
Properties. Bethlehem 
Steel Co., Bethlehem, 
FA) 

Treatment: Normalized at 1650 F; reheated to 1550 F; quenched in water. 
1-in. Round Treated; .505-in. Round Tested. As-quenched HB 534. 
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Hardness. HB 514 495 444 401 352 293 269 235 201 187 

FIGURE A4-2 
Properties of heat-
treated AISI 1144, oil-
quenched and tempered 
{Modern Steels and 
Their Properties. 
Bethlehem Steel Co., 
Bethlehem, PA) 

Treatment: Normalized at 1650 F; reheated to 1550 F: quenched in oil. 
1-in. Round Treated: .505-in. Round Tested. As-quenched HB 285. 
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FIGURE A4-3 
Properties of heat-
treated AISI 1340, oil-
quenched and tempered 
(Modern Steels and 
Their Properties, 
Bethlehem Steel Co., 
Bethlehem, PA) 

Treatment: Normali/ed at 1600 F; reheated to 1525 F; quenched in agitated oil. 
.565-in. Round Treated: ..505-in. Round Tested. As-quenched HB 601. 

psi 

250.000 

200,000 

150.000 

100.000 

50,000 

V> 
\ % 

V̂ ^ k '-C 
\A\ 

oe>iv^^'''' 

E\on 

T? 

I- N t e * 
VA 0 \ ^ 

gatioi 

70% 
60% 
50% 
40% 
30% 
20% 
10% 

Temper. F 400 .500 600 700 800 900 1 OOO 1100 1200 1300 

Hardness, HB 578 5.U 495 444 415 388 .363 331 293 235 

FIGURE A4-4 
Properties of heat-
treated AISI 4140, oil-
quenched and tempered 
(Modem Steels and 
Their Properties. 
Bethlehem Steel Co., 
Bethlehem, PA) 

Treatment: Normalized at 1600 F: reheated to 1550 F: quenched in agitated oil 
.530-in. Round Treated; .505-in. Round Tested. As-quenched HB 601. 
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FIGURE A4-5 
Properties of heat-
treated AISI 4340, oil-
quenched and tempered 
(Modern Steels and 
Their Properties, 
Bethlehem Steel Co., 
Bethlehem, PA) 

Treatment: Normalized at 1600 F; reheated to 1475 F; quenched in agitated oil. 
.530-in. Round Treated; .505-in. Round Tested. As-quenched HB 601. 
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FIGURE A4-6 
Properties of heat-
treated AISI 6150, oil-
quenched and tempered 
(Modern Steels and 
Their Properties. 
Bethlehem Steel Co., 
Bethlehem, PA) 

Treatment: Normalized at 1600 F; reheated to 1550 F; quenched in agitated oil 
.565-in. Round Treated; .505-in. Round Tested. As-quenched HB 627. 
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APPENDIX 5 PROPERTIES OF CARBURIZED STEELS 

Material 

designadon 

(AISI number) 

1015 

1020 

1022 

1117 

1118 

4118 

4118 

4118 

4118 

4320 
4320 

4320 

4320 

4620 

4620 

4620 
4620 

4820 
4820 

4820 

4820 

8620 

8620 

8620 

8620 

E9310 

E9310 

E9310 

E9310 

Condition 

SWQT 350 

SWQT 350 
SWQT 350 

SWQT 350 

SWQT 350 

SOQT 300 

DOQT 300 

SOQT 450 

DOQT 450 

SOQT 300 

DOQT 300 
SOQT 450 

DOQT 450 

SOQT 300 

DOQT 300 

SOQT 450 
DOQT 450 

SOQT 300 
DOQT 300 

SOQT 450 
DOQT 450 

SOQT 300 

DOQT 300 

SOQT 450 
DOQT 450 

SOQT 300 

DOQT 300 
SOQT 450 

DOQT 450 

Tensile 
strength 

(ksi) 

106 
129 
135 
125 
144 

143 
126 
138 
120 

218 
151 
211 
145 

119 
122 
115 
115 

207 
204 
205 
196 

188 
133 
167 
130 

173 
174 
168 
169 

(MPa) 

731 
889 
931 
862 
993 

986 
869 
952 
827 

1500 
1040 

1450 
1000 

820 
841 
793 
793 

1430 
1405 
1410 

1350 

1300 
917 
1150 
896 

1190 
1200 

1160 
1170 

Core properties 

Yield 

strength 

(ksi) 

60 
72 
75 
66 
90 

93 
63 
89 
63 

178 
97 
173 
94 

83 
77 
80 
77 

167 
165 
184 
171 

149 
83 
120 
77 

135 
139 
137 
138 

(MPa) 

414 
496 
517 
455 
621 

641 
434 
614 
434 

1230 

669 
1190 

648 

572 
531 
552 
531 

1150 
1140 
1270 

1180 

1030 
572 
827 
531 

931 
958 
945 
952 

Ductility 

(percent 

elongation 

in 2 inches) 

15 
11 
14 
10 
13 

17 
21 
17 
22 

13 
19 
12 
21 

19 
22 
20 
22 

13 
13 
13 
13 

11 
20 
14 
22 

15 
15 
15 
15 

Brinell 
hardness 
(HB) 

217 
255 
262 
235 
285 

293 
241 
277 
229 

429 
302 
415 
293 

277 
248 
248 
235 

415 
415 
415 
401 

388 
269 
341 
262 

363 
363 
341 
352 

Case 
hardness 
(HRC) 

62 
62 
62 
65 
61 

62 
62 
56 
56 

62 
62 
59 
59 

62 
62 
59 
59 

61 
60 
57 
56 

64 
64 
61 
61 

62 
60 
59 
58 

Notes: Properties given are for a single set of tests on 1/2-in round bars. 

SWQT; single water-quenched and tempered 

SOQT: single oil-quenched and tempered 

DOQT: double oil-quenched and tempered 
300 and 450 are the tempering temperatures in °F Steel was carburized for 8 h. Case depth ranged from 0.045 to 0.075 in. 
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APPENDIX 6 PROPERTIES OF STAINLESS STEELS 

Material designation 

AISI number 

Austenitic steels 
201 

301 

304 

310 

316 

Ferritic steels 
405 

430 
446 

Martensitic steels 
410 

416 

431 
440A 

Precipitation-hardeni 
17-4PH 

17-7PH 

UNS 

S20I00 

S30100 

S30400 

S31000 

S31600 

S40500 

S43000 
S44600 

S41000 

S41600 

S43100 
S44002 

ing steels 
S17400 

S17700 

Condition 

Annealed 
1/4 hard 
1/2 hard 
3/4 hard 
Full hard 

Annealed 
1/4 hard 
1/2 hard 
3/4 hard 
Full hard 

Annealed 

Annealed 

Annealed 

Annealed 

Annealed 
Annealed 

Annealed 

Q&T 600 
Q&T 1000 
Q&T 1400 

Q&T 600 
Q&T 600 

H900 
H 1150 

RH950 
TH 1050 

(ksi) 

115 
125 
150 
175 
185 

110 
125 
150 
175 
185 

85 

95 

80 

70 

75 
80 

75 

180 
145 
90 

195 
280 

200 
145 

200 
175 

Tensile 
strength 

(MPa) 

793 
862 

1030 
1210 
1280 

758 
862 

1030 
1210 
1280 

586 

655 

552 

483 

517 
552 

517 

1240 
1000 
621 

1344 
1930 

1380 
1000 

1380 
1210 

(ksi) 

55 
75 

110 
135 
140 

40 
75 

110 
135 
140 

35 

45 

30 

40 

40 
50 

40 

140 
115 
60 

150 
270 

185 
125 

175 
155 

Yield 
strength 

(MPa) 

379 
517 
758 
931 
966 

276 
517 
758 
931 
966 

241 

310 

207 

276 

276 
345 

276 

966 
793 
414 

1034 
1860 

1280 
862 

1210 
1070 

Ductility 
(percent 

elongation 

in 2 inches) 

55 
20 
10 
5 
4 

60 
25 
15 
12 
8 

60 

45 

60 

30 

30 
25 

30 

15 
20 
30 

15 
3 

14 
19 

10 
12 
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APPENDIX 7 PROPERTIES OF STRUCTURAL STEELS 

Material 
designation 

(ASTM number) 

A36 

A242 
A242 
A242 

A500 

A501 

A514 

A572 
A572 
A572 
A572 

A588 

A992 

Grade, product, or 
thickness 

f < 8in 

t < 3/4 in 
r < 13 in 
r < 4 i n 

Cold-formed structural 
tubing, round or shaped 

Round, Grade A 
Round, Grade B 
Round, Grade C 
Shaped, Grade A 
Shaped, Grade B 
Shaped, Grade C 

Hot-formed stmctural 
tubing, round or shaped 

Quenched and 
tempered, r < 2:in 
42, r < 6 in 
50, r < 4 in 
60, t < l4in 
65, f < l^in 

r < 4 in 

W-shapes 

(ksi) 

58 

70 
67 
63 

45 
58 
62 
45 
58 
62 

58 

Tensile 
strength 

110-130 

60 
65 
75 
80 

70 

65 

(MPa) 

400 

480 
460 
435 

310 
400 
427 
310 
400 
427 

400 

760-895 

415 
450 
520 
550 

485 

450 

(ksi) 

36 

50 
46 
42 

33 
42 
46 
39 
46 
50 

36 

100 

42 
50 
60 
65 

50 

50 

Yield 
strength 

(MPa) 

250 

345 
315 
290 

228 
290 
317 
269 
317 
345 

250 

690 

290 
345 
415 
450 

345 

345 

DucUlity 
(percent 

elongation 
in 2 inches) 

21 

21 
21 
21 

25 
23 
21 
25 
23 
21 

23 

18% 

24 
21 
18 
17 

21 

21 

Note: ASTM A572 is one of the high-strength, low-alloy steels (HSLA) and has properties similar to those of the SAE J410b steel specified by 
the SAE. 
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APPENDIX 8 DESIGN PROPERTIES OF CAST IRON 

Material 
designation 

(ASTM number) 

Gray iron 
A48-94a 

Malleable iron 
A47-99 

A220-99 

Ducdle iron 
A536-84 

Austempered ductile 
ASTM 897-90 

Grade 

20 
25 
30 
40 
50 
60 

32510 
35018 
40010 
45006 
50005 
70003 
90001 

60-40-18 
80-55-06 

100-70-03 
120-90-02 

iron 
1 
2 
3 
4 
5 

Tensile 
strength 

(ksi) 

20 
25 
30 
40 
50 
60 

50 
53 
60 
65 
70 
85 

105 

60 
80 

100 
120 

125 
150 
175 
200 
230 

(MPa) 

138 
172 
207 
276 
345 
414 

345 
365 
414 
448 
483 
586 
724 

414 
552 
689 
827 

850 
1050 
1200 
1400 
1600 

( 

(ksi) 

32 
35 
40 
45 
50 
70 
90 

40 
55 
70 
90 

80 
100 
125 
155 
185 

Yield 
strength 

(MPa) 

221 
241 
276 
310 
345 
483 
621 

276 
379 
483 
621 

550 
700 
850 

1100 
1300 

Ductility 
(percent 

elongation 
in 2 inches) 

<1 
<1 
<1 
<1 
<1 
<1 

10 
18 
10 
6 
5 
3 
1 

18 
6 
3 
2 

10 
7 
4 
1 

<1 

Modulus of 

elasticity 

(10^ psi) 

12 
13 
15 
17 
19 
20 

25 
25 
26 
26 
26 
26 
26 

22 
22 
22 
22 

22 
22 
22 
22 
22 

(GPa) 

83 
90 

103 
117 
131 
138 

172 
172 
179 
179 
179 
179 
179 

152 
152 
152 
152 

152 
152 
152 
152 
152 

Notes: Strength values are typical. Casting variables and secUon size affect final values. Modulus of elasticity may also vary. Density of cast irons 
ranges from 0.25 to 0.27 lb/in' (6920 to 7480 kg/m'). Compressive strength ranges 3 to 5 times higher than tensile strength. 
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APPENDIX 9 TYPICAL PROPERTIES OF ALUMINUM 

Alloy 
and 

temper 

1060-O 
1060-H14 
1060-H18 

1350-O 
1350-H14 
1350-H19 

2014-O 
2014-T4 
2014-T6 

2024-O 
2024-T4 
2024-T361 

2219-0 
2219-T62 
2219-T87 

3003-O 
3003-H 14 
3003-H 18 

5052-O 
5052-H34 
5052-H38 

6061-0 
6061-T4 
6061-T6 

6063-O 
6063-T4 
6063-T6 

7001-0 
7001-T6 

7075-O 
7075-T6 

(ksi) 

10 
14 
19 

12 
16 
27 

27 
62 
70 

27 
68 
72 

25 
60 
69 

16 
22 
29 

28 
38 
42 

18 
35 
45 

13 
25 
35 

37 
98 

33 
83 

Tensile 
strength 

(MPa) 

69 
97 

131 

83 
110 
186 

186 
427 
483 

186 
469 
496 

172 
414 
476 

110 
152 
200 

193 
262 
290 

124 
241 
310 

90 
172 
241 

255 
676 

228 
572 

« 

(ksi) 

4 
11 
18 

4 
14 
24 

14 
42 
60 

11 
47 
57 

11 
42 
57 

6 
21 
27 

13 
31 
37 

8 
21 
40 

7 
13 
31 

22 
91 

15 
73 

Yield 
strength 

(MPa) 

28 
76 

124 

28 
97 

165 

97 
290 
414 

76 
324 
393 

76 
290 
393 

41 
145 
186 

90 
214 
255 

55 
145 
276 

48 
90 

214 

152 
627 

103 
503 

DucUlity 
(percent 

elongation 
in 2 inches) 

43 
12 
6 

28 

18 
20 
13 

22 
19 
12 

18 
10 
10 

40 
16 
10 

30 
14 
8 

30 
25 
17 

22 
12 

14 
9 

16 
11 

(ksi) 

7 
9 

11 

8 
10 
15 

18 
38 
42 

18 
41 
42 

11 
14 
16 

18 
21 
24 

12 
24 
30 

10 

22 

22 
48 

Shearing 
strength 

(MPa) 

48 
62 

121 

55 
69 

103 

124 
262 
290 

124 
283 
290 

121 
97 

110 

124 
145 
165 

83 
165 
207 

69 

152 

152 
331 

Endurance 
• 

(ksi) 

3 
5 
6 

7 

13 
20 
18 

13 
20 
18 

15 
15 

7 
9 

10 

16 
18 
20 

9 
14 
14 

8 

10 

22 

23 

strength 

(MPa) 

21 
34 
41 

48 

90 
138 
124 

90 
138 
124 

103 
103 

48 
62 
69 

110 
124 
138 

62 
97 
97 

55 

69 

152 

159 

Note: Common properties: 
Density: 0.095 to 0.102 lb/in' (2635 to 2829 kg/m') 
Modulus of elasticity: 10 to 10.6 X 10* psi (69 to 73 GPa) 
Endurance strength at 5 X 10* cycles 
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APPENDIX 10 TYPICAL PROPERTIES OF ZINC CASTING ALLOYS 

Composition (% by weight) 
Aluminum content 
Magnesium content 
Copper content 

Properties (die-cast form) 
Tensile strength [ksi (MPa)] 
Yield strength [ksi (MPa)] 
% elongation in 2 inches 
Modulus of elasticity [10^ psi (GPa)] 

Zamak 3 

4 
0.035 

41 (283) 
32 (221) 
10 
12.4 (85) 

Zamak 5 

4 
0.055 
1.0 

48 (331) 
33 (228) 
7 

12.4 (85) 

Alloy 

ZA-8 

8.4 
0.023 
1.0 

54 (374) 
42 (290) 

8 
12.4 (85) 

ZA-12 

11 
0.023 
0.88 

59 (404) 
46 (320) 

5 
12.0 (83) 

ZA-27 

27 
0.015 
2.25 

62 (426) 
54 (371) 
2.5 

11.3 (78) 

APPENDIX 11 PROPERTIES OF TITANIUM ALLOYS 

Material 

designation 

Tensile 
strength 

Yield 
strength 

Condition (ksi) (MPa) (ksi) (MPa) 

Ductility 
(percent 

elongation 
in 2 inches) 

Modulus of 
elasticity 

(10* psi) (GPa) 

Commercially pure 
alpha titanium (density = 0.163 lb/in-*; 4515 kg/m^) 

Ti-35A Wrought 35 
Ti-50A Wrought 50 
Ti-65A Wrought 65 

Alpha alloy (density = 0.163 lb/in'; 4515 kg/m'') 
Wrought 50 

0.176 lb/in'; 4875 kg/m-) 
Air-cooled 
from 1400°F 
Air-cooled 
from 1400°F 
and aged 

Alpha-beta alloy (density = 0.160 lb/in'; 4432 kg/m"*) 
Ti-6A1-4V Annealed 130 
Ti-6A1-4V Quenched and 160 

aged at 1000°F 

Ti-0.2Pd 

Beta alloy (density 
Ti-3A1-
l3V-llCr 
Ti-3A1-
13V-llCr 

135 

185 

241 
345 
448 

345 

931 

1280 

25 
40 
55 

40 

130 

175 

172 
276 
379 

276 

896 

1210 

24 
20 
18 

20 

16 

6 

15.0 
15.0 
15.0 

14.9 

14.7 

16.0 

103 
103 
103 

103 

101 

110 

896 
100 

120 
150 

827 
1030 

10 
7 

16.5 
16.5 

114 
114 
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APPENDIX 12 PROPERTIES OF BRONZES 

Material 

Leaded phosphor bronze 

Silicon bronze 

Manganese bronze 

Bearing bronze 

Aluminum bronze 

Copper-nickel alloy 

Copper-nickel-zinc alloy 
(also called nickel silver) 

UNS number 
designadon 

C54400 

C65500 

C67500 
C86200 

C93200 

C95400 

C96200 

C97300 

j; 

(ksi) 

68 

58 

65 
95 

35 

85 

45 

35 

Tensile 
;trength 

(MPa) 

469 

400 

448 
655 

241 

586 

310 

241 

Yield 
strength 

(ksi) 

57 

22 

30 
48 

18 

35 

25 

17 

(MPa) 

393 

152 

207 
331 

124 

241 

172 

117 

Ductility 

(percent 
elongation 
in 2 inches) 

20 

60 

33 
20 

20 

18 

20 

20 

Modulus .of 
elasticity 

(10" psi) 

15 

15 

15 
15 

14.5 

15.5 

18 

16 

(GPa) 

103 

103 

103 
103 

100 

107 

124 

110 

APPENDIX 13 TYPICAL PROPERTIES OF SELECTED PLASTICS 

Material 

Nylon 

ABS 

Polycarbonate 

Acryhc 

PVC 

Polyimide 

Acetal 

Polyurethane 

Phenolic 

Polyester with 

Type 

66 Dry 
66 50% R.H. 

Medium-impact 
High-impact 

General-purpose 

Standard 
High-impact 

Rigid 

25% graphite 
powder filler 

Glass-fiber 
filler 

Laminate 

Copolymer 

Elastomer 

General 

Tensile 
strength 

(ksi) 

12.0 
11.2 

6.0 
5.0 

9.0 

10.5 
5.4 

6.0 

5.7 

27.0 

50.0 

8.0 

5.0 

6.5 

(MPa) 

83 
77 

41 
34 

62 

72 
37 

41 

39 

186 

345 

55 

34 

45 

glass-fiber mat reinforcement (approx. '. 
Lay-up, contact 

mold 
Cold press 

molded 
Compression 

molded 

9.0 

12.0 

25.0 

62 

83 

172 

Tensile 
modulus 

(ksi) 

420 

360 
250 

340 

430 
220 

350 

410 

100 

1100 

30% glass 

(MPa) 

2900 

2480 
1720 

2340 

2960 
1520 

2410 

2830 

690 

7580 

by weight) 

Flexural 
strength 

(k.si) 

11.5 
8.0 

11.0 

16.0 
7.0 

12.8 

50.0 

70.0 

13.0 

0.6 

9.0 

16.0 

22.0 

10.0 

(MPa) 

79 
55 

76 

110 
48 

88 

345 

483 

90 

4 

62 

110 

152 

69 

Flexural 
modulus 

(ksi) 

410 
175 

310 
260 

300 

460 
230 

300 

900 

3250 

4000 

375 

1100 

800 

1300 

1300 

(MPa) 

2830 
1210 

2140 
1790 

2070 

3170 
1590 

2070 

6210 

22 400 

27 580 

2590 

7580 

5520 

8960 

8960 

Impact 

strength IZOD 
(ft-lb/in 

of notch) 

1.0 
2.1 

4.0 
7.0 

12.0 

0.4 
1.2 

0.4-20.0 
(varies widely) 

0.25 

17.0 

13.0 

1.3 

No break 

0.3 
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APPENDIX 14 BEAM-DEFLECTION FORMULAS 

TABLE A14-1 Beam-deflection formulas for simply supported beams 

(a) 

Lll 

B 

P 
ya = >'ma; 

-PL' 
ASEI 

at center 

Between A and B: 

-Px 

ASEI 
(3L^ - Ax^) 

(b) 

J max 

-Pab(L + b)\ria(L + b) 

27E/Z 

atx, = Va(L -h b)/3 

\ 
; 

' 
i 

a>b 

•*i 

-—--— 

L 

P 

' 

m h m 

B c . - - ' 
_- - ^-^ . 1 

^ 
D 

-PaV- , ^ 
VD = at load 
^^ 3EIL 

Between A and B (the longer segment): 

-Pbx ., 
y = bEIL 

(L' -b~ -x") 

Between B and C (the shorter segment): 

—Pav , ^ T 
y = (L' — V" — a~) 
^ 6EIL 

At end of overhang at D: 

Pabc 

(c) 

' B 
T > — « 

1 

t 

i 

' C 
. — • - • ' - ' , 

• 

. ' £ • . ' max 

ya = yc 

Between A and B: 

-Pa 

2AEI 

-Pa'-

6EI 

•Px 

(3L- - Aa^) at center 

(3L - 4a) at loads 

^ = -777 (3aL - 3a^ - ^) 
oEI 

Between B and C: 

-Pa 

oEI 
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TABLE A14-1 (continued) 

A 

; 

Total load = IV = wL 

w :;>> iHnitonly ̂ s e ^ i ^ load 

7 1 
* L/2 " 

c ^ 
1 D 

(c/) 

-5u'L^ -5WL^ 
-Vfi .Vmax 334^^ 334^, at center 

Between A and B.-

V = 
• wx 

2AEI 
(L-' - 2L.V- + .r') 

At D at end: 

yp = 
wL^a 

2AEI 

vf-:0\ 
<&9iii6i^to(ul 

Between A and B.-

— WA" 
y = [a-{2L - a)- - 2a.\-(2L - a) + Lv'j 

C 24£/L 

Between B and C.-

T -> , 

(«) 

— vrfl"'(L — .v) 
V = ^ (ALx - 2.x- - a-) 

24£/L 

Mg = concentrated moment at B 

M, 

^ 

Between A and B: 

- M , 

6EI 
6a 

3a-
2L X - -

Between B and C: 

if) 
y = 

Ms 
6EI 

3a- + 3.V- - " 
3a-

2L + - I . V 

At C at end of overhang: 

At D, maximum upward deflection: 

(8) 
V/, = 0.06415 

PaL-

EI 
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TABLE A14-1 (continued) 

,AC 

Total load =W= wL 

w - unifonnly distrilmteclload 

f̂  " - D ^ - \ 

(h) 

At C at center: 

y = 
W(L - 2a)^ 

384£/ 

5 24 / a^ 
- (L- 2a) 
L L \L-2a 

At A and f a t ends: 

y = 
-W(L - 2a)^a 

2AEIL 
1 + 6 

L - 2a 
+ 3 

L - 2a) 

At C at center: 

y = 
PL-a 

SEI 

At A and E at ends at loads: 

AtB: 
H' = uniformly distributed load 

>• = 0.03208 
2r 2 

wa L 

EI 

At D at end: 

if 

— wa 

.Source: Engineering Data for Aluminum Structures (Washington, DC: The Aluminum Association, 1986), pp. 63-11. 

file:///L-2a


TABLE A 1 4 - 2 Beam-deflecdon formulas for cantilevers 

V 

(a) 

A 

P 

B 

~ ~-

1 

P 

A ,fi c 
-

*"^ ~~~~"' -~--̂  

ib) 

w = uniformly distributed load 

A B 

- _ . 

(c) 

A B 

) 

-X ----..^ Mg 

id) 

At B at end: 

Between A and B: 

At B at load: 

At C at end: 

-Vc 

Between A and B: 

Between B and C: 

At B at end: 

Between /t and B: 

.V = 

M« = 

At R at end* 

Between A and Z?' 

- P L ' 
-Vfi - .V'max - 3 ^ ^ 

y = 6 £ / ^^^ - ' ' 

-Pa" 

•'' 3EI 

-Pa-
= .v.ax = ,^j (3L - a) 

-Px" 

' = 6EI ^'^ - '^ 

-Pa- , 
V = (3.V - a) 

bEI 

W = total load = nL 

-WL^ 
^B - .^max - ^^j 

— IVr^ 
[2L= + (2L .V)-] 

24L/L ^ 

= concentrated moment at end 

-MsL^ 
yn y max 2p;j 

-M^.x-

• 2EI 

Source: Engineering Data for Aluminum Structures (Washington, DC: The Aluminum Association, 1986), pp. 6.V77. 

A-21 



TABLE A14-3 Beam diagrams and beam-deflection formulas for statically indeterminate beams 

( 
M,, 

" / i h P 

Rc = Vifi P 

Shearing 
force. V 0 

Bending 
moment. 

M 

(a) 

Deflections 
At B at load: 

ya = 
-1 PlJ_ 

768 EI 

y^.^^ is at V = 0.447L at D: 

yo = yn 
-PU 

101 EI 

Between A and B: 

-Px^ 
y = (9L - 1 Ijc) 
^ 96EI 

Between B and C: 

y = -^i3L^-5v^) 
96EI 

Reactions 

• ? 1 ->\ Pb 

Pa^ 

2L' 
Rc-—,ib + 2D 

Shearing 
force. V 

Bending 
moment. Q 

A/ 

-MA 

Moments 

-Pab , 
M^ = - ^ ( b + L) 

Pa-b 
Ms = - ^ ( b + 2L) 

Deflections 
At B at load: 

.>B 

Between A and B: 

-Pa^b^ 
— r (3L + b) 
\2EIL^ 

y 
-Px^b 

(3C, — Cjjc) 

(b) 

12EIL'' ' ^^ 

C, = aL(L + b); C2 = (L -I- a){L + b) + aL 

Between B and C: 
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TABLE A14-3 (continued) 

U= total load = n7 

w = uniformly distributed load 

Shearing 
t l H C C . \' 

Bending 
moment. o 

M 

ic) 

Reactions 

R.=~W 

Rf, = -W 
* 8 

Moments 

Deflections 

M, 

ME 

At C at .V = 0.579L.-

.V 

At D at center: 

Between A and B: 

V =z — 

c 

= -0.1251VL 

= 0.0703 IVL 

-WL^ 

• '̂'"'"' ~ 185L/ 

- W L ' 

•^ " 192EI 

-Wx -iL - X) 

ASEIL 
(3L - 2.V) 

Reactions 

M^ 

( 

R. = 
-3Pa 

2L 
n C 

P« = P I + 
3a 
2L 

Shearing 
force, V 

Bending 
moment, 

Af 

Moments 

Pa 
M . = 

Mo = -Pa 

Deflection 
At C at end: 

v^ = 
-PL' f a- a-' 

2 + 773 EI \AL- 3L 

id) 
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TABLE A14-3 (continued) 

{ 
M 

Shearing ^ 
force, V 

Bending 
moment. 

M 
(e) 

Moments 

M^ = Ms = Mc-
PL 

Deflections 
At B at center: 

yB = >'n 
-PL" 

192EI 

Between A and B: 

-Px^ 
y = (3L - 4jr) 
• 4 8 £ / 

Shearing 
force, V 

Bending Q 
moment. 

M 

(.0 

Reactions 

Pb-
RA = - ^ (3« + b) 

Pa^ 
Rr = —T- i3b + a) 

Moments 

MA-

Ms--

A4 -

-Pab-
L^ 

2Pa-b-

L' 

-Pa-b 

Deflections 
At B at load: 

AtDat.v, = 
2aL 

3a + b 

yo = -Vn 

-Pa'b' 

3EIL' 

-2Pa'b^ 

3EI(3a + bf 

Between A and B (longer segment): 

-Px'b'-
y = -^^JJT [2a{L - X) + L{a - x)] 

Between B and C (shorter segment): 

-Pv^a^ 
y = -^^JJT [2b(L - V) + Lib - V)] 
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TABLE A 1 4 - 3 (continued) 

(g) 

Bcndmu 
moment. , 

M 

Moments 

M . Mc = 
-WL 

12 

WL 
MB = ^7 

* 24 

Deflections 
At B at center: 

y'e -̂ 'max 
-WL^ 

384L/ 

Between A and C.-

— Vi'.V 

2 4 £ / 
(L - A-)-

Reactions 

3wL 

w = uniformly di.siribuied load 

Shearing 
force, V 0 

Bending 
moment, 

M 

Shearing forces 

Moments 

yA = 

VB-

M, 

RA-

RB = 

Vc-

5wL 

8 

, = M 

M s - -

'^= 8 

1.25wL 

R^ = Rc = 
3viL 

8 

£ = 0 . 0 7 0 3 H L -

0.125H'L= 

(h) 

Deflections 
At.v, =0.4215LfromAorC.-

_ -wL^ 

•^"'"' ~ 185£/ 

Between A and S.-

-H' 
V = 

4 8 £ / 
(L'.v - 3Lr ' + 2.v^) 

A-25 
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TABLE A14-3 (continued) 

w ss uniformly distributed load 

( l . 4 i i / 

Shearing 
force. V 

Bending 
moment. 

M 

(i) 

0.4wL 

Reactions 

R^ = Ro = 0,AwL 

RB = Rc= l lOwL 

Moments 

ME = Mp = O.OSwL-

Ms = Mc= -O.lOwL- = M„ 

Mc = 0.025 vvL-

Reactions 

w = uniformly distributed load 

RA = RE = 0.393wL 

PB = PD- 1 1 4 3 H ' L 

Pc = 0.928vvL 

Shearing forces 

()..W/ 

Bending 

rnoiiienl, 

,\t 

VA-

+yB = 

+yc = 

+yD = 

+ 0 . 3 9 3 H ' L 

- 0.607 wL 

+0.536wL 

- 0 . 4 6 4 H L 

+ 0.464 wL 

-0.536wL 

+0.607 wL 

-0.393wL 

Moments 

(j) 

Ms^Mi,= -O.lOTlwL^ = M^, , 

Mp = M,^ 0.0112wL^ 

Mc = -0.0714wL-

MG = M„^ 0 .0364WL2 

Source: Engineering Data for Aluminum Structures (Wa.shington, DC: The Aluminum Association, 1986), pp. 63-77. 
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APPENDIX 15 STRESS CONCENTRATION FACTORS 

FIGURE A15-1 
Stepped round shaft 
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FIGURE A15-2 
Stepped flat plate with 
fillets 
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FIGURE A15-3 
Flat plate with a 
central hole 
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FIGURE A15-4 
Round bar with a 
transverse hole 
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APPENDIX 16 STEEL STRUCTURAL SHAPES 

X-

z 
\ 

\^ 

Y 

Y 

^Centroid 

/ 1 X 
it.^ 

-i-^z 

7 W" 
Y 

^ Centroid 

K\ 

Y 

^ 
\ 

y -̂  

TABLE A16-1 Properties of steel angles, equal legs and unequal legs, L-shapes* 

Designation 

L8 X 8 X 1 
L8 X 8 X 1/2 
L8 X 4 X 1 
L8 X 4 X 1/2 
L6 X 6 X 3/4 
L6 X 6 X 3/8 
L6 X 4 X 3/4 
L6 X 4 X 3/8 
L4 X 4 X 1/2 
L4 X 4 X 1/4 
L4 X 3 X 1/2 
L4 X 3 X 1/4 
L3 X 3 X 1/2 
L3 X 3 X 1/4 
L2 X 2 X 3/8 
L2 X 2 X 1/4 
L2 X 2 X 1/8 

Area 
(in-) 

15.0 
7.75 

11.0 
5.75 
8.44 
4.36 
6.94 
3.61 
3.75 
1.94 
3.25 
1.69 
2.75 
1.44 
1.36 
0.938 
0.484 

Weight 
per 

foot 
(lb) 

51.0 
26.4 
37.4 
19.6 
28.7 
14.9 
23.6 
12.3 
12.8 
6.6 

11.1 
5.8 
9.4 
4.9 
4.7 
3.19 
1.65 

/ 
(in-*) 

89.0 
48.6 
69.6 
38.5 
28.2 
15.4 
24.5 
13.5 
5.56 
3.04 
5.05 
2.77 
2.22 
1.24 
0.479 
0.348 
0.190 

Axis X-X 

5 
(in-) 

15.8 
8.36 

14.1 
7.49 
6.66 
3.53 
6.25 
3.32 
1.97 
1.05 
1.89 
1.00 
1.07 
0.577 
0.351 
0.247 
0.131 

\ 
(in) 

2.37 
2.19 
3.05 
2.86 
1.78 
1.64 
2.08 
1.94 
1.18 
1.09 
1.33 
1.24 
0.932 
0.842 
0.636 
0.592 
0.546 

/ 
(in^) 

89.0 
48.6 
11.6 
6.74 

28.2 
15.4 
8.68 
4.90 
5,56 
3.04 
2.42 
1.36 
2.22 
1.24 
0.479 
0.348 
0.190 

Axis Y-Y 

s 
(in-) 

15.8 
8.36 
3.94 
2.15 
6.66 
3.53 
2.97 
1.60 
1.97 
1.05 
1.12 
0.599 
1.07 
0.577 
0.351 
0.247 
0.131 

.V 

(in) 

2.37 
2.19 
1.05 
0.859 
1.78 
1.64 
1.08 
0.941 
1.18 
1.09 
0.827 
0.896 
0.932 
0.842 
0.636 
0.592 
0.546 

Axis 

r 
(in) 

1.56 
1.59 
0.846 
0.865 
1.17 
1.19 
0.860 
0.877 
0.782 
0.795 
0.639 
0.651 
0.584 
0.592 
0.389 
0.391 
0.398 

Z-Z 

a 
(deg) 

45.0 
45.0 
13.9 
14.9 
45.0 
45.0 
23.2 
24.0 
45.0 
45.0 
28.5 
29.2 
45.0 
45.0 
45.0 
45.0 
45.0 

*Data are taken from a variety of sources. Sizes listed represent a small sample of the sizes available. 
Notes: Example designation: L4 x 3 x 1/2 
4 = length of longer leg (in); 3 = length of shorter leg (in); 1/2 = thickness of legs (in) 
Z-Z is axis of minimum moment of inertia (/) and radius of gyration (r). 
/ = moment of inertia; 5 = section modulus; r = radius of gyration. 
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TABLE A16-2 Properties of American Standard steel channels, C-shapes* 

t 
Depth 

^— Range 

|—Web 

, Centroid 

Y 

Designation 

C15 X 50 
C15 X 40 
C12 X 30 
C12 X 25 
CIO X 30 
CIO X 20 

C9 X 20 
C 9 X 15 
C8 X 18.75 
C8 X 11.5 
C6 X 13 
C6 X 8.2 
C5 X 9 
C5 X 6.7 
C4 X 7.25 
C4 X 5.4 
C3 X 6 
C3 X4.1 

Area 
(in-) 

14.7 
11.8 
8.82 
7.35 
8.82 
5.88 
5.88 
4.41 
5.51 
3.38 
3.83 
2.40 
2.64 
1.97 
2.13 
1.59 
1.76 
1.21 

Depth 
(in) 

15.00 
15.00 
12.00 
12.00 
10.00 
10.00 
9.00 
9.00 
8.00 
8.00 
6.00 
6.00 
5.00 
5.00 
4.00 
4.00 
3.00 
3.00 

Web 
thickness 

(in) 

0.716 
0.520 
0.510 
0.387 
0.673 
0.379 
0.448 
0.285 
0.487 
0.220 
0.437 
0.200 
0.325 
0.190 
0.321 
0.184 
0.356 
0.170 

Width 
(in) 

3.716 
3.520 
3.170 
3.047 
3.033 
2.739 
2.648 
2.485 
2.527 
2.260 
2.157 
1.920 
1.885 
1.750 
1.721 
1.584 
1.596 
1.410 

Flange 

Average 
thickness 

(in) 

0.650 
0.650 
0.501 
0.501 
0.436 
0.436 
0.413 
0.413 
0.390 
0.390 
0.343 
0.343 
0.320 
0.320 
0.296 
0.296 
0.273 
0.273 

Axis 

/ 
(in") 

404 
349 
162 
144 
103 
78.9 
60.9 
51.0 
44.0 
32.6 
17.4 
13.1 
8.90 
7.49 
4.59 
3.85 
2.07 
1.66 

X-X 

5 
(in-') 

53.8 
46.5 
27.0 
24.1 
20.7 
15.8 
13.5 
11.3 
11.0 
8.14 
5.80 
4.38 
3.56 
3.00 
2.29 
1.93 
1.38 
1.10 

/ 
(in") 

11.0 
9.23 
5.14 
4.47 
3.94 
2.81 
2.42 
1.93 
1.98 
1.32 
1.05 
0.693 
0.632 
0.479 
0.433 
0.319 
0.305 
0.197 

Axis Y-Y 

S 
(in') 

3.78 
3.37 
2.06 
1.88 
1.65 
1.32 
1.17 
1.01 
1.01 
0.781 
0.642 
0.492 
0.450 
0.378 
0.343 
0.283 
0.268 
0.202 

X 

(in) 

0.798 
0.777 
0.674 
0.674 
0.649 
0.606 
0.583 
0.586 
0.565 
0.571 
0.514 
0.511 
0.478 
0.484 
0.459 
0.457 
0.455 
0.436 

*Data are taken from a variety of sources. Sizes listed represent a small sample of the sizes available. 
Notes: Example designation: C15 x 50 
15 = depth (in); 50 = weight per unit length (lb/ft) 
/ = moment of inertia; S = section modulus. 
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TABLE A16-

Designation 

W24 X 76 
W24 X 68 
W21 X 73 
W21 X 57 
W18 X 55 
W18 X 40 
W 1 4 X 4 3 
W14 X 26 
W12 X 30 
W12 X 16 
WlOX 15 
W l O x 12 

W8 X 15 
W8 X 10 
W6 X 15 
W6 X 12 
W5 X 19 
W5 X 16 
W4 X 13 

-3 Propert 

Area 
(in-) 

22.4 
20.1 
21.5 
16.7 
16.2 
11.8 
12.6 
7.69 
8.79 
4.71 
4.41 
3.54 
4.44 
2.96 
4.43 
3.55 
5.54 
4.68 
3.83 

es of steel wide-flange shapes, W 

Depth 
(in) 

23.92 
23.73 
21.24 
21.06 
18.11 
17.90 
13.66 
13.91 
12.34 
11.99 
9.99 
9.87 
8.11 
7.89 
5.99 
6.03 
5.15 
5.01 
4.16 

Web 
thickness 

(in) 

0.440 
0.415 
0.455 
0.405 
0.390 
0.315 
0.305 
0.255 
0.260 
0.220 
0.230 
0.190 
0.245 
0.170 
0.230 
0.230 
0.270 
0.240 
0.280 

-shapes* 

Flange 

Width 
(in) 

8.990 
8.965 
8.295 
6.555 
7.530 
6.015 
7.995 
5.025 
6.520 
3.990 
4.000 
3.960 
4.015 
3.940 
5.990 
4.000 
5.030 
5.000 
4.060 

Thickness 
(in) 

0.680 
0.585 
0.740 
0.650 
0.630 
0.525 
0.530 
0.420 
0.440 
0.265 
0.270 
0.210 
0.315 
0.205 
0.260 
0.280 
0.430 
0.360 
0.345 

Y 

Depth 

X 

1 — ' 

Y 

Axis X-X 

/ S 
(in") (in-) 

2100 176 
1830 154 
1600 151 
1170 111 
890 98.3 
612 68.4 
428 62.7 
245 35.3 
238 38.6 
103 17.1 
69.8 13.8 
53.8 10.9 
48.0 11.8 
30.8 7.81 
29.1 9.72 
22.1 7.31 
26.2 10.2 
21.3 8.51 
11.3 5.46 

^Flange 

^ W e b 

X 

1 

Axis 

I 
(in") 

82.5 
70.4 
70.6 
30.6 
44.9 
19.1 
45.2 
8.91 

20.3 
2.82 
2.89 
2.18 
3.41 
2.09 
9.32 
2.99 
9.13 
7.51 
3.86 

Y-Y 

S 
(in-) 

18.4 
15.7 
17.0 
9.35 

11.9 
6.35 

11.3 
3.54 
6.24 
1.41 
1.45 
1.10 
1.70 
1.06 
3.11 
1.50 
3.63 
3.00 
1.90 

*Data are taken from a variety of sources. Sizes listed repre.sent a small sample of the sizes available. 

Notes: Example designation: W14 x 43 
14 = nominal depth (in); 43 = weight per unit length (lb/ft) 
/ = moment of inertia; 5 = section modulus. 
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TABLE A16-4 Properties of American Standard steel beams. S-shapes'' 

Designation 

S24 X 90 
S20 X 96 
S20 X 75 
S20 X 66 
S18 X 70 
S15 X 50 
S12 X 50 
S12 X 35 
SIO X 35 
SIO X 25.4 

S8 X 23 
S8 X 18.4 
S7 X 20 
S6 X 12.5 
S5 X 10 
S4 X 7.7 
S3 X 5.7 

Area 
( i n - ) 

26.5 
28.2 
22.0 
19.4 
20.6 
14.7 
14.7 
10.3 
10.3 
7.46 
6.77 
5.41 
5.88 
3.67 
2.94 
2.26 
1.67 

Depth 
(in) 

24.00 
20.30 
20.00 
20.00 
18.00 
15.00 
12.00 
12.00 
10.00 
10.00 
8.00 
8.00 
7.00 
6.00 
5.00 
4.00 
3.00 

Web 
thickness 

(in) 

0.625 
0.800 
0.635 
0.505 
0.711 
0.550 
0.687 
0.428 
0.594 
0.311 
0.441 
0.271 
0.450 
0.232 
0.214 
0.193 
0.170 

Width 
(in) 

7.125 
7.200 
6.385 
6.255 
6.251 
5.640 
5.477 
5.078 
4.944 
4.661 
4.171 
4.001 
3.860 
3.332 
3.004 
2.663 
2.330 

Flange 

Average 
thickness 

(in) 

0.870 
0.920 
0.795 
0.795 
0.691 
0.622 
0.659 
0.544 
0.491 
0.491 
0.426 
0.426 
0.392 
0.359 
0.326 
0.293 
0.260 

Axis 

/ 
(in") 

2250 
1670 
1280 
1190 
926 
486 
305 
229 
147 
124 
64.9 
57.6 
42.4 
22 1 
12.3 
6.08 
2.52 

X-X 

s 
(in') 

187 
165 
128 
119 
103 
64.8 
50.8 
38.2 
29.4 
24.7 
16.2 
14.4 
12.1 
7.37 
4.92 
3.04 
1.68 

Axis Y-Y 

I 
(in") 

44.9 
50.2 
29.8 
27.7 
24.1 
15.7 
15.7 
9.87 
8.36 
6.79 
4.31 
3.73 
3.17 
1.82 
1.22 
0.764 
0.455 

S 
(in') 

12.6 
13.9 
9.32 
8.85 
7.72 
5.57 
5.74 
3.89 
3.38 
2.91 
2.07 
1.86 
1.64 
1.09 
0.809 
0.574 
0.390 

*Data are taken from a variety of sources. Sizes listed represent a small sample of the sizes available. 

Notes: E.xample designation: SIO X 35 
10 = nominal depth (in); 35 = weight per unit length (lb/ft) 
/ = moment of inertia; S = section modulus. 
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TABLE A16-5 Properties of steel structural tubing, square and rectangular* 

Size 

8 X 8 X 
8 X 8 X 
8 X 4 X 
8 X 4 X 
8 X 2 X 
6 X 6 X 
6 X 6 X 
6 X 4 X 
6 X 2 X 
4 X 4 X 
4 X 4 X 
4 X 2 X 
3 X 3 X 
3 X 2 X 
2 X 2 X 

1/2 
1/4 
1/2 
1/4 
1/4 
1/2 
1/4 
1/4 
1/4 
1/2 
1/4 
1/4 
1/4 
1/4 
1/4 

Area 
(in-) 

14.4 
7.59 

10.4 
5.59 
4.59 

10.4 
5.59 
4.59 
3.59 
6.36 
3.59 
2.59 
2.59 
2.09 
1.59 

Weight 
per foot 

(Ib) 

48.9 
25.8 
35.2 
19.0 
15.6 
35.2 
19.0 
15.6 
12.2 
21.6 
12.2 
8.81 
8.81 
7.11 
5.41 

/ 
(in") 

131 
75.1 
75.1 
45.1 
30.1 
50.5 
30.3 
22.1 
13.8 
12.3 
8.22 
4.69 
3.16 
2.21 
0.766 

Axis X-X 

5 
(in') 

32.9 
18.8 
18.8 
11.3 
7.52 

16.8 
10.1 
7.36 
4.60 
6.13 
4.11 
2.35 
2.10 
1.47 
0.766 

r 
(in) 

3.03 
3.15 
2.69 
2.84 
2.56 
2 21 
2.33 
2.19 
1.96 
1.39 
1.51 
1.35 
1.10 
1.03 
0.694 

/ 
(in") 

131 
75.1 
24.6 
15.3 
3.08 

50.5 
30.3 
11.7 
2.31 

12.3 
8.22 
1.54 
3.16 
1.15 
0.766 

Axis Y-Y 

S 
(in') 

32.9 
18.8 
12.3 
7.63 
3.08 

16.8 
10.1 
5.87 
2.31 
6.13 
4.11 
1.54 
2.10 
1.15 
0.766 

r 
(in) 

3.03 
3.15 
1.54 
1.65 
0.819 
2.21 
2.33 
1.60 
0.802 
1.39 
1.51 
0.770 
1.10 
0.742 
0.694 

*Data are taken from a variety of sources. Sizes listed represent a small sample ofthe sizes available. 

Notes: Example size: 6 X 4 x 1/4 
6 = vertical depth (in); 4 = width (in); 1/4 = wall thickness (in). 
/ = moment of inertia; S = section modulus; r = radius of gyration. 
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TABLE A16-6 Properties of American National Standard Schedule 40 welded and seamless wrought steel pipe 

Nominal 

1/8 
1/4 
3/8 
1/2 
3/4 

1 

ll 
ll 
2 
23 
3 
3-; 
4 
5 
6 
8 

10 
12 
16 
18 

Diameter (in) 

Actual 
inside 

0.269 
0.364 
0.493 
0.622 
0.824 
1.049 
1.380 
1.610 
2.067 
2.469 
3.068 
3.548 
4.026 
5.047 
6.065 
7.981 

10.020 
11.938 
15.000 
16.876 

Actual 
outside 

0.405 
0.540 
0.675 
0.840 
1.050 
1.315 
1.660 
1.900 
2.375 
2.875 
3.500 
4.000 
4.500 
5.563 
6.625 
8.625 

10.750 
12.750 
16.000 
18.000 

Wall 
thickness 

(in) 

0.068 
0.088 
0.091 
0.109 
0.113 
0.133 
0.140 
0.145 
0.154 
0.203 
0.216 
0.226 
0.237 
0.258 
0.280 
0.322 
0.365 
0.406 
0.500 
0.562 

Cross-
sectional 
area of 

metal (in-) 

0.072 
0.125 
0.167 
0.250 
0.333 
0.494 
0.669 
0.799 
1.075 
1.704 
2.228 
2.680 
3.174 
4.300 
5.581 
8.399 

11.91 
15.74 
24.35 
30.79 

Moment of 
inertia, / (in") 

0.001 06 
0.003 31 
0.007 29 
0.017 09 
0.037 04 
0.087 34 
0.1947 
0.3099 
0.6658 
1.530 
3.017 
4.788 
7.233 

15.16 
28.14 
72.49 

160.7 
300.2 
732.0 

1172 

Properties of sections 

Radius 
of 

gyration 
(in) 

0.122 
0.163 
0.209 
0.261 
0.334 
0.421 
0.539 
0.623 
0.787 
0.947 
1.163 
1.337 
1.510 
1.878 
2.245 
2.938 
3.674 
4.364 
5.484 
6.168 

Section 
modulus, 5 (in') 

0.005 25 
0.012 27 
0.021 60 
0.040 70 
0.070 55 
0.1328 
0.2346 
0.3262 
0.5607 
1.064 
1.724 
2.394 
3.215 
5.451 
8.496 

16.81 
29.91 
47.09 
91.50 

130.2 

Polar 

3V^^ IIWI1 

modulus, Z^ 
(in') 

0.010 50 
0.024 54 
0.043 20 
0.081 40 
0.1411 
0.2656 
0.4692 
0.6524 
1.121 
2.128 
3.448 
4.788 
6.430 

10.90 
16.99 
33.62 
59.82 
94.18 

183.0 
260.4 
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APPENDIX 17 ALUMINUM STRUCTURAL SHAPES 

Y 

/ 

Y 

1 

t 

\ X 
^~ Centroid 

R 

1 

Y 

TABLE A 1 7 - 1 

S 

Depth, 
A 

(in) 

2.00 
2.00 
3.00 
3.00 
4.00 
4.00 
5.00 
5.00 
6.00 
6.00 
7.00 
7.00 
8.00 
8.00 
9.00 
9.00 

10.00 
10.00 
12.00 
12.00 

ize 

Width, 
B 

(in) 

1.00 
1.25 
1.50 
1.75 
2.00 
2.25 
2.25 
2.75 
2.50 
3.25 
2.75 
3.50 
3.00 
3.75 
3.25 
4.00 
3.50 
4.25 
4.00 
5.00 

Aluminum Association standard channels: dimensions. 

Area* 
(in') 

0.491 
0.911 
0.965 
1.358 
1.478 
1.982 
1.881 
2.627 
2.410 
3.427 
2.725 
4.009 
3.526 
4.923 
4.237 
5.927 
5.218 
7.109 
7.036 

10.053 

Weightt 
(lb/ft) 

0.577 
1.071 
1.135 
1.597 
1.738 
2.331 
2.212 
3.089 
2.834 
4.030 
3.205 
4.715 
4.147 
5.789 
4.983 
6.970 
6.136 
8.360 
8.274 

11.822 

Flange 
thickness, 

(in) 

0.13 
0.26 
0.20 
0.26 
0.23 
0.29 
0.26 
0.32 
0.29 
0.35 
0.29 
0.38 
0.35 
0.41 
0.35 
0.44 
0.41 
0.50 
0.47 
0.62 

Web 
thickness, 

/ 
(in) 

0.13 
0.17 
0.13 
0.17 
0.15 
0.19 
0.15 
0.19 
0.17 
0.21 
0.17 
0.21 
0.19 
0.25 
0.23 
0.29 
0.25 
0.31 
0.29 
0.35 

Fillet 
radius, 

R 

(in) 

0.10 
0.15 
0.25 
0.25 
0.25 
0.25 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.35 
0.35 
0.35 
0.35 
0.40 
0.40 
0.45 

A 

/ 
(in") 

0.288 
0.546 
1.41 
1.97 
3.91 
5.21 
7.88 

11.14 
14.35 
21.04 
22.09 
33.79 
37.40 
52.69 
54.41 
78.31 
83.22 

116.15 
159.76 
239.69 

areas, weights. 

xis X-X 

5 
(in') 

0.288 
0.546 
0.94 
1.31 
1.95 
2.60 
3.15 
4.45 
4.78 
7.01 
6.31 
9.65 
9.35 

13.17 
12.09 
17.40 
16.64 
23.23 
26.63 
39.95 

Section 

r 
(in) 

0.766 
0.774 
1.21 
1.20 
1.63 
1.62 
2.05 
2.06 
2.44 
2.48 
2.85 
2.90 
3.26 
3.27 
3.58 
3.63 
3.99 
4.04 
4.77 
4.88 

and section properties 

properties* 

/ 
(in") 

0.045 
0.139 
0.22 
0.42 
0.60 
1.02 
0.98 
2.05 
1.53 
3.76 
2.10 
5.13 
3.25 
7.13 
4.40 
9.61 
6.33 

13.02 
11.03 
25.74 

Axis Y-Y 

S 
(in') 

0.064 
0.178 
0.22 
0.37 
0.45 
0.69 
0.64 
1.14 
0.90 
1.76 
1.10 
2.23 
1.57 
2.82 
1.89 
3.49 
2.56 
4.47 
3.86 
7.60 

r 
(in) 

0.303 
0.391 
0.47 
0.55 
0.64 
0.72 
0.72 
0.88 
0.80 
1.05 
0.88 
1.13 
0.96 
1.20 
1.02 
1.27 
1.10 
1.35 
1.25 
1.60 

X 

(in) 

0.298 
0.471 
0.49 
0.62 
0.65 
0.78 
0.73 
0.95 
0.79 
1.12 
0.84 
1.20 
0.93 
1.22 
0.93 
1.25 
1.02 
1.34 
1.14 
1.61 

Source: A\umii\\im Association, Aluminum Standards and Data. 11th ed., Washington, DC, © 1993, p. 187. 
*Areas listed are based on nominal dimensions. 
tWeights per foot are based on nominal dimensions and a density of 0.098 lb/in', which is the density of alloy 6061 
tl = moment of inertia; S = section modulus; r = radius of gyration. 
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1 
1* 
1 

X 

J 

Ml 
1 

i^R t 

A ' 

1 1 

Y 

1 

1 

TABLE A17-2 Aluminum Association standard I-beams: dimensions, areas, weights, and section properties 

Source: Aluminum Association. Aluminum Standards and Data. 11th ed.. Washington. DC. © 1993, p. 187. 

*Areas listed are based on nominal dimensions. 
tWeights per foot are based on nominal dimensions and a density of 0.098 lb/in\ which is the density of alloy 6061. 
tl = moment of inertia; S = section modulus; r = radius of gyration. 

S 

Depth, 
A 

(in) 

3.00 
3.00 
4.00 
4.00 
5.00 
6.00 
6.00 
7.00 
8.00 
8.00 
9.00 

10.00 
10.00 
12.00 
12.00 

ze 

Width, 
B 

(in) 

2.50 
2.50 
3.00 
3.00 
3.50 
4.00 
4.00 
4.50 
5.00 
5.00 
5.50 
6.00 
6.00 
7.00 
7.00 

Area* 
(in-) 

1.392 
1.726 
1.965 
2.375 
3.146 
3.427 
3.990 
4.932 
5.256 
5.972 
7.110 
7.352 
8.747 
9.925 

12.153 

Weight^ 
(lb/ft) 

1.637 
2.030 
2.311 
2.793 
3.700 
4.030 
4.692 
5.800 
6.181 
7.023 
8.361 
8.646 

10.286 
11.672 
14.292 

Flange 
thickness. 

?! 
(in) 

0.20 
0.26 
0.23 
0.29 
0.32 
0.29 
0.35 
0.38 
0.35 
0.41 
0.44 
0.41 
0.50 
0.47 
0.62 

Web 
thickness. 

t 
(in) 

0.13 
0.15 
0.15 
0.17 
0.19 
0.19 
0.21 
0.23 
0.23 
0.25 
0.27 
0.25 
0.29 
0.29 
0.31 

Fillet 
radius. 

R 

(in) 

0.25 
0.25 
0.25 
0.25 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.40 
0.40 
0.40 
0.40 

Section properties* 

A v i ^ V V 

/ 
(in") 

2.24 
2.71 
5.62 
6.71 

13.94 
21.99 
25.50 
42.89 
59.69 
67.78 

102.02 
132.09 
155.79 
255.57 
317.33 

S 
(in') 

1.49 
1.81 
2.81 
3.36 
5.58 
7.33 
8.50 

12.25 
14.92 
16.94 
22.67 
26.42 
31.16 
42.60 
52.89 

r 
(in) 

1.27 
1.25 
1.69 
1.68 
2.11 
2.53 
2.53 
2.95 
3.37 
3.37 
3.79 
4.24 
4.22 
5.07 
5.11 

/ 
(in") 

0.52 
0.68 
1.04 
1.31 
2.29 
3.10 
3.74 
5.78 
7.30 
8.55 

12.22 
14.78 
18.03 
26.90 
35.48 

Axis Y-Y 

S 
(in') 

0.42 
0.54 
0.69 
0.87 
1.31 
1.55 
1.87 
2.57 
2.92 
3.42 
4.44 
4.93 
6.01 
7.69 

10.14 

r 
(in) 

0.61 
0.63 
0.73 
0.74 
0.85 
0.95 
0.97 
1.08 
1.18 
1.20 
1.31 
1.42 
1.44 
1.65 
1.71 
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APPENDIX 18 CONVERSION FACTORS 

TABLE A18-1 Conversion of U.S. Customary units to SI units: basic quantities 

\1S. 
Customary 

Quantity unit SI unit Symbol Equivalent units 

Length 
Mass 
Time 
Force 
Pressure 
Energy 
Power 

1 foot (ft) 
1 slug = 
1 second = 
1 pound (lb) = 
1 Ib/in-
1 ft-lb 
1 ft-lb/s 

0.3048 
14.59 
1.0 
4.448 

6895 
1.356 
1.356 

meter 
kilogram 
second 
newton 
pascal 
joule 
watt 

m 

kg 
s 
N 
Pa 
J 
W 

kgm/s" 
N/m- or kg/ms" 
Nm or kgm-/s-
J/s 

TABLE A 1 8 - 2 Other convenient conversion factors 

Length 

Area 

Volume 

1ft 
l i n 
1 mi 
1 mi 

1 km 
1 cm 
l m 

Ift^ 
l i n -

I m -
lm= 

1ft' 
Ift^ 
1ft' 

Igal 
Igal 
l m ' 

Volume flow rate 
1 ft'/s 
1 ft'/s 
1 gal/min 

1 gal/min 
1 L/min 

= 
= 
= 
= 

= 

= 
= 

= 
= 

= 
= 

— 

^ 
= 
^ 

= 
= 

= 
= 
= 

= 
= 

0.3048 
25.4 

5280 
1.609 

1000 
10 

1000 

0.0929 
645.2 

10.76 
10" 

7.48 

1728 
0.0283 

0.00379 
3.785 

1000 

449 
0.0283 
6.309 X 10" 

3.785 
16.67 X 10'" 

m 
mm 
ft 
km 

m 
nun 
mm 

m-
mm-

ft-
mm-

gal 
. 1 

m"* 
1 

m' 

m 
L 
L 

gal/min 
m'/s 

' m'/s 

L/min 
m'/s 

Stress, pressure. 

Section modulus 

or unit loading 
1 Ib/in-
1 Ib/ft-
1 kip/in-

l i n ' 

Moment of inertia 

Density 

Specific weight 

Energy 

l in" 

1 slug/ft' 

1 lb/ft' 

1 ft-lb 
1 Btu 
1 W h 

Torque or moment 

Power 

Temperature 

1 lb in 

1 hp 
1 hp 
1 ftlb/s 
1 Btu/h 

TCC) 

T(°F) 

= 6.895 
= 0.0479 
= 6.895 

= 1.639 X 

= 4.162 X 

= 515.4 

= 157.1 

= 1.356 
= 1.055 
= 3.600 

= 0.1130 

= 550 
= 745.7 
= 1.356 
= 0.293 

= [TCF ) - : 

= kT(^C)] + 

10" 

10' 

kPa 
kPa 
MPa 

mm' 

mm" 

kg/m' 

N/m' 

1 
kJ 
kJ 

N m 

ftlb/s 
W 

w 
w 

2] 5/9 

32 
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APPENDIX 19 HARDNESS CONVERSION TABLE 

Brinell 

Indent. 

dia. 

(mm) 

2.25 

2.30 

2.35 

2.40 

2.45 

2.50 

2.55 

2.60 
2.65 

2.70 

2.75 
2.80 

2.85 

2.90 
2.95 

3.00 

3.05 
3.10 

3.15 
3.20 

3.25 
3.30 

3.35 
3.40 
3.45 

3.50 

3.55 
3.60 

3.65 

3.70 

No.* 

745 
712 
682 
653 
627 
601 
578 
555 
534 
514 
495 
477 
461 
444 
429 
415 
401 
388 
375 
363 
352 
341 
331 
321 
311 
302 
293 
285 
277 
269 

Rockwell 

B 

(110.0) 

(109.0) 
(108.5) 
(108.0) 

(107.5) 
(107.0) 
(106.0) 

(105.5) 
(104.5) 

(104.0) 

C 

65.3 

61.7 

60.0 

58.7 

57.3 

56.0 
54.7 

53.5 
52.1 

51.6 

50.3 
48.8 
47.2 
45.7 

44.5 

43.1 
41.8 
40.4 

39.1 
37.9 

36.6 
35.5 
34.3 

33.1 
32.1 
30.9 

29.9 
28.8 
27.6 

Steel: 

tensile 
strength. 

(1000 psi 

approx.) 

298 
288 
274 
269 
258 
244 
231 
219 
212 
202 
193 
184 
177 
171 
164 
159 
154 
149 
146 
141 
138 
134 
130 

Brinell 

Indent. 

dia. 
(mm) 

3.75 
3.80 

3.85 

3.90 

3.95 
4.00 

4.05 
4.10 

4.15 
4.20 

4.25 

4.30 
4.35 

4.40 
4.45 
4.50 

4.55 

4.60 
4.65 
4.70 
4.80 

4.90 
5.00 

5.10 
5.20 
5.30 

5.40 
5.50 
5.60 

No.* 

262 
255 
248 
241 
235 
229 
223 
217 
212 
207 
201 
197 
192 
187 
183 
179 
174 
170 
167 
163 
156 
149 
143 
137 
131 
126 
121 
116 
111 

Rockwell 

B 

(103.0) 

(102.0) 
(101.0) 

100.0 

99.0 

98.2 
97.3 
96.4 

95.5 
94.6 

93.8 
92.8 
91.9 

90.7 

90.0 
89.0 

87.8 

86.8 
86.0 
85.0 

82.9 
80.8 
78.7 
76.4 

74.0 
72.0 

69.8 
67.6 
65.7 

C 

26.6 
25.4 

24.2 

22.8 
21.7 

20.5 

(18.8) 
(17.5) 

(16.0) 
(15.2) 

(13.8) 
(12.7) 

(11.5) 

(10.0) 
(9.0) 

(8.0) 
(6.4) 

(5.4) 

(4.4) 

(3.3) 
(0.9) 

Steel: 

tensile 

strength. 

(1000 psi 
approx.) 

127 
123 
120 
116 
114 
111 

105 
102 
100 
98 
95 
93 
90 
89 
87 
85 
83 
81 
79 
76 
73 
71 
67 
65 
63 
60 
58 
56 

Source: Modern Steels and Their Properties. Bethlehem Steel Co., Bethlehem, PA. 
Note: This is a condensation of Table 2, Report J417b, SAE 1971 Handbook. Values in ( ) are beyond normal range and are presented for 
information only. 
*Values above 500 are for tungsten carbide ball; below 500, for standard ball. 
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APPENDIX 20 GEOMETRY FACTOR / FOR PITTING FOR SPUR GEARS 

Section 9-10 introduced the geometry factor / for pitting resistance for spur gears as a factor 
that relates the gear tooth geometry to the radius of curvature ofthe teeth. The value of/ is to 
be determined at the lowest point of single tooth cimtact (LPSTC). The AGMA defines /as 

/ = C, Q 

where 
C, is the curvature factor at the pitch line 
C, is the factor to adjust for the specific height of the LPSTC 

The variables involved are to be the pressure angle cj), the number of teeth in the pinion Np, 
and the gear ratio IUQ = NJNp. Note that niQ is always greater than or equal to 1.0, regard
less of which gear is driving. The value of C, is easily calculated directly from 

cos 4) sin (f> nic 

"k; + • 

The computation of the value of C, requires the evaluation of several other terms. 

R.R. 
C, = —'—^ 

RpRfj 

where each term is developed in the following equations in terms of 4». Nr- ̂ nd nifj along 
with PJ. It will be shown that the diametral pitch appears in the denominator of each term, 
and it can then be cancelled. We also express each term in the form C/P,, for convenience. 

Rp - Radius of curvature for pinion at the pitch point 

Dp sin cj) Np sin <|) C, 
Pp = 1 = ^"B = ^ 

RQ = Radius of curvature for gear at the pitch point 

D(; sin (}) Dp ni(; sin 4» Np ni^ sin (\) C2 nic ^\ 

/?, = Radius of curvature ofthe pinion at the LPSTC = Rp — Z, 

/?2 = Radius of curvature ofthe gear at the LPSTC = /?(, + Ẑ  

Z, = Ph - z„ 

TT c o s cf) Cy 

Pl, = Base pitch = — = — 

' , / ^,/ 

Z„ = 0.5[VD„^- - D,;- - VDP' - Dj] 

We now express all of the diameters in this equation in terms of cJ), Np. nic,. ^nd Pj. 
D^,p = Outside diameter of the pinion = [Np -\- 2)/Pj 

Dp = Pinion diameter = Np/Pj 

Di,p = Base diameter for the pinion = D^coscj) = (Np cos <i))/Pj 
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Note that each term has the diametral pitch Pj in the denominator. It can then be factored 
outside the square root sign. The resulting equation for Z„ is 

Z, = 
0.5 

V(yV;. + 2)- - (/V^coscj))- - \/N-p - [Npcos^f] - -^ 
c. 

Now we can define Z,. 

Z, = /)/, - Z„ = 
C, C, C, - C, 

We can now complete the equations for /?, and /?2-

/?, - Rp - Z^ - -
' i t 'il 

C. C, - C4 
/?: = Ra + Z, = - - + —-

C, C, - C4 C, - C, + C4 

C. + C, - C4 

Finally, all ofthese terms can be substituted into the equation for C^, 

_ /?|/?2 _ [(C, - C, + C,)/P,,] [(C, + Q - C4)/P,] 

" ReRo {CJP,){CJP,) 

Now you can see that the diametral pitch P^ cancels out, resulting in the final form. 

C, = 
/?,/?, (C, - C, + C,)(C, + Cy - C4) 

RpRc. ( C , ) ( Q ) 

The algorithm for computing / can now be stated. First compute each of the C terms. 

C, = (Npsm^)/2 

C, = (Np nic sm<\>)/2 = (C|)(mo-) 

C, = IT cos cJ) 

C4 = 0.5 [V(N,, + 2)- - (NpCos<^)- - VN], - (Np cos (\>)-

C, 
/?,/?, (C, - Cy + C,)(C, + Cy - C4) 

c. = 

RpRa ( C , ) ( C , ) 

cos cJ) sin c{) /»(; 

"hi + 1 

Finally, / = Q C , 
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Example Compute the value for the geometry factor / for pitting for the following data: Two spur 
Problem A20-1 gears in mesh with a pressure angle of 20°, Np = 30, Â -̂ = 150. 

Solution First compute: lUc = NJNp = 150/30 = 5.0 

Then 

Finally, 

C| = (Nps'm<^)/2 = (30)(sin 20°)/2 = 5.1303 

C: = (Npmc sm<i>)/2 = (C, )(»!<;) = 25.652 

Cy = TTcosct) = 7rcos(20°) = 2.9521 

C4 = 0.5 [V{Np + 2)- - (A'pcoscj))- - VNp- - {Np cos (^)-

C4 = 0.5 [V(30 + 2)- - (30cos(20°))- - V3()- - (30 cos(20°))-] = 2.4407 

/?,/?, (C, - Cy + C,)(C: + Cy - C4) 
C 

c, 

Ri'Ro (c,){c,) 

(5.1303 - 2.9521 + 2.4407)(25.652 + 2.9521 - 2.4407) 

C = 
cos cj) sin cj) /;/(, 

(5.1303)(25.652) 

cos(20°)sin(20°)(5) 

= 0.91826 

2 nic + 1 2 ( 5 + 1 ) 

/ = C,C. = (0.13391 )(0.91826) = 0.12297 ^ 0.123 

= 0.13391 

This process lends itself well to programming in a spreadsheet, MATLAB, BASIC, or any 
other convenient computational aid. 



Answers to Selectecj Problems 
Given here are the answers to problems for which there are unique solutions. Many of the problems for solution in this book are 
true design problems, and individual design decisions are required to arrive at the solutions. Others are ofthe review question form 
tor which the answers arc in the text ofthe associated chapter It should also be noted that some ofthe problems require the selec
tion ot design factors and the use of data from charts and graphs. Because of the judgment and interpolation required, some ofthe 
answers may be slightly different from your solutions. 

CHAPTER 1 The Nature of Mechanical Design 

15. D - 44.5 mm 

16. Z. = 14.0 m 

17. T= 14l8N-m 

18. M = 2658 mm-

19. S = 2.43 X 10'mm' 

20. / = 3.66 X 10'mm" 

21. Z. 2 X 2 X 3/8 

22. P = 5.59 kW 

23. .v„ = 876 MPa 

24. Weight = 48.9 N 

25. T= 20.3 N-m 
H = 0.611 rad 
Scale = 5.14 1b-in/deg 
Scale = 33.3 N-m/rad 

Energy = 1.03 x 10" Ib-ft/yr 
Energy = 3.88 X lO'W-h/yr 

M = 540 Ib • s/ft-
p = 25.9 X lO'N-s/m-

4.60 X 10' rev 

26 

27 

CHAPTER 2 Materials in Mechanical Design 

9. No. The percent elongation must be greater than 5.0 
percent to be ductile. 

11. G = 42.9 GPa 

12. Hardness = 52.8 HRC 

13. Tensile strength = 235 ksi (Approximately) 

Questions 14-17 ask what is wrong with the given 
statements. 

14. Annealed steels typically have hardness values in the 
range from 120 HB to 200 HB. A hardness of 750 HB is 
extremely hard and characteristic of as-quenched high 
alloy steels, 

15. The HRB scale is normally limited to HRB 100. 

16. The HRC hardness is normally no lower than HRC 20. 

17. The given relationship between hardness and tensile 
strength is only valid for steels. 

18. Charpy and Izod 

19. Iron and carbon. Manganese and other elements are 
often present. 

20. Iron, carbon, manganese, nickel, chromium, 
molybdenum. 

21. Approximately 0.40 percent. 

22. Low carbon: Less than 0.30 percent 
Medium carbon: 0.30 to 0.50 percent 
High carbon: 0.50 to 0.95 percent 

23. Nominally 1.0 percent. 
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24. AISI 12L13 steel has lead added to improve 
machinability. 

25. AISI 1045, 4140, 4640, 5150. 6150, 8650. 

26. AISI 1045. 4140. 4340, 4640, 5150, 6150, 8650. 

27. Wear resi.stance, strength, ductility. AISI 1080. 

28. AISI 5160 OQT 1000 is a chromium steel, having 
nominally 0.80 percent chromium and 0.60 percent 
carbon, a high carbon alloy steel. It has fairly high 
strength and good ductility. It was through-hardened, 
quenched in oil, and tempered at 1000°F. 

29. Yes. with careful specitlcadon ofthe quenching 
medium. A hardness of HRC 40 is equivalent to HB 
375. Appendix 3 indicates that oil quenching would not 
produce an adequate hardness. However, Appendix 4-1 
shows that a hardness of HB 400 could be obtained by 
quenching in water and tempering in 700°F while still 
having 207f elongation for gciod ductility. 

33. AISI 200 and 300 series 

34. Chromium 

35. ASTM A992 structural steel 

37. Gray iron, ductile iron, malleable iron 

41. Stamping dies, punches, gages 

43. Strain hardened 

46. Alloy 6061 

50. Gears and bearings 

60. Auto and truck bodies; large housings 

CHAPTER 3 Stress Analysis 

1. a = 31.8 MPa; 6 = 0.12 mm 

2. CT = 44.6 MPa 

3. CT = 66.7 MPa 

4. CT = 5375 psi 

5. CT = 17 200 psi 

6. For all materials, CT = 34.7 MPa 
Deflection: 

a. 6 = 0.277 mm 

c. 8 = 0.377 mm 

e. 8 = 0.503 mm 

b. 8 = 0.277 mm 

d. 8 = 0.830 mm 

f. 8 = 23.8 mm 

g. 8 = 7.56 mm. 
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Note: The stress is close to the ultimate strength for (f) 
and (g). 

7. Force = 2556 lb; CT = 2506 psi 

8. CT = 595 psi 

9. Force = 1061 lb 

10. D = 0.274 in 

13. CTAD = ODE = 6198 psi 

CTgp = 7748 psi 
CT BD = 0 psi 

15. 

CTBE = 5165 psi 

O"AB = o"cE = -4132 psi 
CTBC = -3099 psi 

CTfF = —5165 psi 

CT = 144 MPa 

16. At pins A and C: T^ = TC = 7958 psi 
AtpinB:TB = 10 190 psi 

19. T = 98. 8 MPa 

21. T = 547 MPa 

22. T = 32.6 MPa 

23. e = 0.79° 

25. T = 32 270 psi 

28. T = 70.8 MPa; e = 1.94° 

30. r = 9624 lb • in; e = 1.83° 

31. Required secdon modulus = 2.40 in\ Standard nominal 
sizes given for each shape: 

a. Each side = 2.50 in 

c. Width = 5.00 in; height = 1.75 in 

e. S4 X 7.7 

g. 4-in schedule 40 pipe 

32. Weights: 

c. 297 lb 

g. 107.91b 

Deflection at loads 

0.572 in 

0.836 in 

0.307 in 

0.258 in 

-40 N-m 

a. 212 1b 

e. 77.0 lb 

33. Maximum deflection 

a. 0.701 in 

c. 1.021 in 

e. 0.375 in 

g. 0.315 in 

34. M^ = 330 N • m; M^ = 294 N • m; M^ 

36. a. >u = 0.238 in; yg = 0.688 in 
b. v̂  = 0.047 in; Vg = 0.042 in 

38. CT = 3480 psi; T = 172 psi 

For Problems 39 through 49, the complete solutions 
require drawings. Listed below are the maximum bending 
moments only: 

39. 480 lb-in 

41. 120 Ib-in 

43. 93 750 N-mm 

45. 8640 lb in 

47. - I I 250 N • mm 

49. -1 .49 kN-m 

51. CT = 62.07 MPa 

53. a. CT = 20.94 MPa tension on top of lever 

b. At section B, h = 35.1 mm; at C, /i = 18 mm 

55. CT = 84.6 MPa tension 

57. Sides = 0.50 in 

59. Maximum CT = - 1.42 MPa compression on the top 
surface between A and C 

61. CT = 86.2 MPa 

63. Left: CT = 39 750 psi 
Middle: CT = 29 760 psi 
Right: CT = 31 700 psi 

65. CT = 96.4 MPa 

67. CT = 32 850 psi 

69. Tension in member/4-fi: CT = 50.0 MPa 
Shear in pin: T = 199 MPa 
Bendingin/4-Catfi:CT = 14 063 MPa (Very high; 
redesign) 

71. CT = 186 MPa 

13. cT̂ ,̂ ^ = 118.3 MPa at first step, 40 mm from either 
support. 

75. CT = 108.8 MPa 

77. With pivot at top hole: CT,„,„ = 10 400 psi at fulcrum 
With pivot at bottom hole: CT^,,,,^ = 5600 psi at fulcrum 

CHAPTER 4 Combined Stresses 
and Mohr's Circle 

Answers to Problems 1 to 35: 

1. 

3. 

5. 

7. 

9. 

11. 

13. 

15. 

17. 

19. 

21. 

Maximum 
Principal 

Stress 

24.14 ksi 

50.0 ksi 

124.7 ksi 

20.0 ksi 

144.3 MPa 

61.3 MPa 

168.2 MPa 

250.0 MPa 

453 MPa 

42.2 MPa 

40.0 ksi 

Minimum 
Principal 

Stress 

-4 .14 ksi 

-50 .0 ksi 

0.0 ksi 

-40 .0 ksi 

-44 .3 MPa 

-91 .3 MPa 

0.0 MPa 

-80 .0 MPa 

353 MPa 

-52.2 MPa 

Oksi 

Maximum 
Shear 
Stress 

14.14 ksi 

50.0 ksi 

62.4 ksi 

30.0 ksi 

94.3 MPa 

76.3 MPa 

84.1 MPa 

165.0 MPa 

403 MPa 

47.2 MPa 

20.0 ksi 
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23 

25 

27 

29 

31 

33 

35 

Ma.ximum 
Principal 

Stress 

42.8 ksi 

23.9 ksi 

328 MPa 

OkPa 

26.24 ksi 

7730 psi 

398 psi 

Minimum 
Principal 

Stress 

-29 .8 ksi 

- 1 . 9 ksi 

OMPa 

- 8 6 8 kPa 

-5 .70 ksi 

- 4 . 0 psi 

-6366 psi 

Ma.ximum 
Shear 
Stress 

36.3 ksi 

12.9 ksi 

164 MPa 

434 kPa 

15.97 ksi 

3867 psi 

3382 psi 

CHAPTERS Design for Different Types 
of Loading 

Stress Ratio 

1. CT„,,, = 44.6 MPa 
CT„,„ = 6.37 MPa 
CTn, = 25.5 MPa 
CT, = 19.1 MPa 
R = 0.143 

3- o„ , , = 5375 psi 
CTmm = - 7 5 0 psi 
CT^ = 2313 psi 
CT, = 3063 psi 
R = -0.140 

5. CT„,,, = 110.3 MPa 
CT„„„ = 50.9 MPa 
CT„, = 80.6 MPa 
CT, = 29.7 MPa 
R = 0.462 

7. CT„„, = 9868 psi 
o-mm = 1645 psi 
CTn, = 5757 psi 
CT, = 4112 psi 
R = 0.167 

9. CT^,, = 475MPa 
CT„„„ = 297 MPa 
CT^ = 386 MPa 
CT, = 89 MPa 
R = 0.625 

Endurance Strength 

11. .<, = 219 MPa 

13. s'„ = 29.0 ksi 

Design and Analysis 

19. N = 1.57 (low) 

23 

25 

27 

29 

Â  = 2.82 at right load. OK 

A/= 11.6 

Â  = 9.60 

D = 40 mm; a = 10.6 mm 

31. 22 in pipe 

33. b= 1.80 in 

35. A^= 9.11 

36. CT = 34.7 MPa 

a. A' = 5.96 

e. Â  = 23.8 

37. N= 3.37 

39. Force = 1061 lb; D = 5/16 in 

41. N = 1.64 (low) 

43. A' = 5.17 

45. D= 1.75 in 

49. N = 8.18 

51. N= 3.16 

57. N = 2.05 

61. Design a 

64. /V = 0.25 at pin holes (Failure) 

67. A^= 1.64 at B (low) 

69. A'= 1.74 (low) 

73. A^= 1.31 (low) 

75. r„,„ = 0.20in 

CHAPTER 6 Columns 

c.N= 8.93 

g. A'= 1.30 (low) 

P, 

F, 

P, 

P, 

= 4473 lb 

= 14 373 lb 

= 4473 lb 

,. = 32.81b 

a. Pinned ends: P„ = 7498 lb 
b. Fixed ends: P , , = 12 0001b 
c. Fixed-pinned ends: P,, = 10 300 lb 

d. Fixed-free ends: P,, = 1700 lb 

D = 1.45 in required. Use D = 1.50 in. 

5 = 1.423 in required. Use 5 = 1.500 in. 

U s e D = 1.50 in. 

P= 11891b 

P= 18771b 

27. CT = 212 MPa; y = 25.7 mm 

28. CT = 6685 psi; v = 0.045 in 

30. P = 31 500 psi 

P„ = 22 600 lb 

4 X 4 X 1/2 is smallest outside dimension. / = 12.3 in'*. 
Weight = 21.6 lb/ft. 
6 X 4 X 1/4 is the lightest from those listed. 
/^,„ = A = 11.7 in-*. Weight = 15.6 lb/ft. 

P„ = 11 750 lb 

37. P, = 18 3001b 

39. Piston rod is safe. 

10 

14 

16 

23 

25 

31 

33 

35 
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CHAPTER 7 Belts and Chains 
v-belts 

1. 3V Belt, 75 inches long 

2. C = 22.00 in 

3. e, = 157°; 6: = 203° 

10. v^ = 2405 ft/min 

13. P = 6.05hp 

Roller Chain 

25. No. 80 chain 

28. Design power rating 
(bath) 

18.08 hp; Type B lubrication 

29. Design power rating = 45.2 hp 

34. L = 96 in, 128 pitches 

35. C = 35.57 in 

CHAPTER 8 Kinematics of Gears 
Spur Gears 

1. N = AA:Pj= 12 

a. D = 3.667 in 

c. m = 2.117 mm 

e.a = 0.0833 in 

g. c = 0.0208 in 

i./i^ = 0.1667 in 

k. D„ = 3.833 in 

3. A' = 45;F^ = 2 

a. D = 22.500 in 

c. m = 12.70 mm 

e. fl = 0.5000 in 

g.c = 0.1250 in 

i./3i = 1.0000 in 

k. D„ = 23.500 in 

5. A^= 22:Pj= 1.75 

a. D = 12.571 in 

c. m = 14.514 mm 

e. fl = 0.5714 in 

g. f = 0.1429 in 

i./i^. = 1.1429 in 

k.D, = 13.714 in 

b p = 0.2618 in 

d. m = 2.00 mm 

f.b = 0.1042 in 

h./i, = 0.1875 in 

}.t = 0.131 in 

b.p= 1.571 in 

d. m = 12.0 mm 

f. /) = 0.6250 in 

h.h, = 1.1250 in 

j . f = 0.7854 in 

b.p= 1.795 in 

d. m = 16.0 mm 

f.b = 0.1\A3\n 

b.h,= 1.2857 in 

j . t = 0.8976 in 

7. A^= 180; P . 80 

a. D = 2.2500 in 

c. m = 0.318 mm 

e. fl = 0.0125 in 

g. c = 0.0045 in 

b. p = 0.0393 in 

d. m = 0.30 mm 

f.Z7 = 0.0170 in 

h. h, = 0.0295 in 

i. //̂  = 0.0250 in 

k. D„ = 2.2750 in 

9. Â  = 28; PJ = 20 

a. D = 1.4000 in 

c. m = 1.270 mm 

e. a = 0.0500 in 

g. c = 0.0120 in 

i./;< = 0.1000 in 

k. D „ = 1.5000 in 

11. Â  = 45; m = 1.25 

a. D = 56.250 mm 

c. PJ = 20.3 

e. a = 1.25 mm 

g. c = 0.313 mm 

i. /!< = 2.500 mm 

k. D„ = 58.750 mm 

13. N= 22: m = 20 

a. D = 440.00 mm 

c.Pj= 1.270 

e. fl = 20.0 mm 

g. c = 5.000 mm 

\.h^ = 40.00 mm 

k. D„ = 480.00 mm 

15. N = 180; w = 0.4 

a. D = 72.00 mm 

c. Pj = 63.5 

e. fl = 0.40 mm 

g. f = 0.100 mm 

i. /ij = 0.80 mm 

k. D„ = 72.80 mm 

17. A' = 28;/» = 0.8 

a. D = 22.40 mm 

c . P , = 31.75 

e. fl = 0.80 mm 

g. c = 0.200 mm 

i. h^ = 1.60 mm 

k. D„ = 24.00 mm 

19. Problem l:P,, = 12; 
Problem 12: /;i = 12 

21. a. C = 14.000 in 

c. /i(, = 48.9 rpm 

23. a. C = 2.266 in 

c. Ucj = 552 rpm 

j . / = 0.0196 in 

h.p = 0.1571 in 

d. m = 1.25 mm 

f. b = 0.0620 in 

h.//, = 0 . l l20in 

j . t = 0.0785 in 

h. p = 3.927 mm 

d. PJ = 20 

f b = 1.563 mm 

h./(, = 2.813 mm 

j . / = 1.963 mm 

h. p = 62.83 mm 

d.Pj= 1.25 

f. b = 25.00 mm 

h. h, = 45.00 mm 

j . t = 31.42 mm 

b. p = 1.26 mm 

d. PJ = 64 

f. b = 0.500 mm 

h. h, = 0.90 mm 

j . t = 0.628 mm 

b. p = 2.51 mm 

d. PJ = 32 

f. ^ = 1.000 mm 

h. /(, = 1.800 mm 

j . t = 1.257 mm 

backlash = 0.006 to 0.009 in 
backlash = 0.52 to 0.82 mm 

b. VR = 4.600 

d. v, = 294.5 ft/min 

b VR = 6.25 

d. v, = 565 ft/min 
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25. a. C = 90.00 mm 

c. /i(; = 566 rpm 

27. a. C = 162.0 mm 

c. /i(, = 120 rpm 

b. VR = 3.091 

d. v, = 4.03 m/s 

b VR = 1.250 

d. v, = 1.13 m/s 

ap = 0.112 in 

d,.= 1.755 in 

flc = 0.033 in 

D„ = 6.020 in 

For problems 29 through 32, the following are errors in 
the given statements: 

29. The pinion and the gear cannot have different 

pitches. 

30. The actual center distance should be 8.333 in. 

31. There are too few teeth in the pinion; interference is to 
be expected. 

32. The actual center distance should be 2.156 in. 
Apparently, the outside diameters were used instead of 
the pitch diameters to compute C. 

33. Y= 8.45 in; A: = 10.70 in 

35. Y = 44.00 mm; X = 58.40 mm 

37. Output speed = 111 rpm CCW 

39. Output speed = 144 rpm CW 

Helicol Gears 

41. /) = 0.3927 in p,, = 0.3401 in 

P„j = 9.238 P, = 0.680 in 

D = 5.625 in <{)„ = 12.62° 

F/P, = 2.94 axial pitches in the face width 

42. PJ = 8.485 p = 0.370 in 

/?, = 0.2618 in P, = 0.370 in 

(t), = 27.2° D = 5.657 in 
F/P, = 4.05 axial pitches in the face width 

Bevel Gears 

45. Selected results: 

d = 2.500 in 

y = 18.435° 

A„ = 3.953 in 

A„, A tuG 

c = 0.035 in 

flp = 0.213 in 

d.. = 2.992 in 

F = 1.25 in specified. 

D = 7.500 in 

r = 71.565° 

F„,„„ = 1.186 in 

3.328 in /? = 0.281 in 

/?„, = 0.316 in 

flc = 0.068 in 

D„ = 7.555 in 

49. Selected results: F = 0.800 in specified. 

d= 1.500 in 

y = 14.03° 

A„ = 3.092 in 

A,„ = A,„G = 2.692 in 

c = 0.018 in 

D = 6.000 in 

r = 75.97° 

F, = 0.928 in 

h = 0.145 in 

h„. = 0.163 in 

X = 4.57° 

ft = 0.1157 in 

D^,v= 1.0186 in 

C = 2.625 in 

Wormgearing. 

52. L = 0.3142 in 

fl = 0.100 in 

D„„, = 1.450 in 

Da = 4.000 in 

V/? = 40 

59. 0.4067 rpm 

61. 0.5074 rpm 

63. A';, = 22, Na = 38 

65. Np= \9.Na= 141 

68. One possible solution: Triple reduction; Layout as in 
Figure 8-31. 
Â.̂  = Nc = NE = 17, A'B = 136, A'o = 119, Â ^ = 85 
TV = 280 exactly; /7„„, = 12 rpm exactly; Used 
factoring method 

69. One possible solution: Triple reduction with an idler 
Npi = 18. Nci = 126, A'̂ , = 18, Nc2 = 108, /V„ = 18, 
A'c,= 135,yV,„,„= 18 
/3,„„ = 13.33 rpm 

72. One possible solution. Double reducdon; Layout as in 
Figure 8-30. 
N^ = Nc= \&,NB = 15,NO = 51 
«,„„ = 148.2 rpm 

CHAPTER 9 Spur Gear Design 

1. a. UQ = 486.1 rpm 

b. VR = nic = 3.600 

c. Dp = 1.667 in; Dc = 6.000 in 

d. C = 3.833 in 

e. V, = 764 ft/min 

f.Tp = 270 lb - in; T c ^ 972 lb-in 

g. W, = 324 lb 

h. VV, = 118 lb 

i. Wl, = 345 lb 

3. a. Uc = 752.7 rpm 

b. VR = nic = 4.583 

c.Dp^ 1.000 in; Dc = 4.583 in 

d. C = 2.792 in 

e. V, = 903 ft/min 

f.Tp= 13.7 lb - in; r c = 62.8 lb-in 

g. W, = 27.4 lb 

h. W, = 10.0 lb 

i. W„ = 29.2 lb 
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5. a. Uc = 304.4 rpm 

b. VR = nic = 3-778 

c. Dp = 3.600 in; Dc = 13.600 in 

d. C = 8.600 in 

e. r, = 1084 ft/min 

f. Tp = 2739 lb • in; f-, = 10 348 lb • in 

g.W,= 1522 1b 

h. VV, = 710 1b 

i. W,v= 16801b 

8. Q = 5 
Pinion tol. = 0.0130 in; Gear tol. = 0.0150 in 

9. Q= \0 
Pinion tol. = 0.0015 in; Gear tol. = 0.0017 in 

11. Q= \A 
Pinion tol. = 0.00031 in; Gear tol. = 0.00035 in 

15. Q = 10 (Interpolation used for tolerances) 
Pinion tol. = 0.0037 in; Gear tol. = 0.0039 in 

26. a. 5,„ = 28 200 psi; .9.,. = 93 500 psi 

c. s^, = 43 700 psi; .s.„ = 157 900 psi 

e. s^„ = 36 800 psi; s^, = 104 100 psi 

g. 5.,, = 57 200 psi; .v,„ = 173 900 psi 

27. HB = 300 for Grade \:HB= 192 for Grade 2 

33. a. 5,„ = 45 000 psi; s,„ = 170 000 psi 

c. s„ = 55 000 psi; .v., = 180 000 psi 

e. s„ = 55 000 psi; .v„, = 180 000 psi 

g. s,„ = 51 200 psi; .v,,, = 168 000 psi 

i. s,„ = 5000 psi; x„, = 50 000 psi 

k. s^„ = 27 000 psi; .9,,, = 92 000 psi 

m. .?„, = 23 600 psi; .9,,, = 65 000 psi 

o. .9.,, = 9000 psi; .9̂ ,, not listed 

34. h, = 0.027 in 

35. h, = 0.90 mm 

The following three sets of answers are given in groups 
of four problems that all relate to the same basic set of 
design data. 

37. s,p = 32 740 psi; .9,c = 26 940 psi 

43. s„p = 34 460 psi; .9,„c = 28 100 psi 

49. .9,,. = 172 100 psi; .9,̂  = 172 100 psi 

55. .9,.^ = 189 200 psi; .9„,(; = 185 100 psi 

39. V = 2300 psi; s,c = 2000 psi 

45. s^ip = 3700 psi; 5„,c = 3100 psi 

51. .9,̂  = 37 800 psi; S,G = 37 800 psi 

57. s^,p = 63 600 psi; V c = 62 200 psi 

41. V - 9458 psi; .9,c = 8134 psi 

47. s^,p = 10 254 psi; s,„c = 8642 psi 

53. .9,,. = 78 263 psi; .9,,, = 78 263 psi 

59. .9,,,,, = 87 531 psi: .s,,,,, = 85 727 psi 

Problems 60-70 are design problems for which there are 
no unique solutions. 

71. Power capacity = 12.9 hp based on gear contact stress 
at 15 000 hr life. 

Problems 7.'^-83 are design problems for which there is 
no unique solution. 

CHAPTER 10 Helical Gears, Bevel Gears, 
and Wormgearing 

\. W, = 89.6 lb; VV, = 51.7 lb; W, = 23.2 lb 
Q = 6: s, = 2778 psi; ,9. = 36 228 psi 
Cast iron Class 20 

3. W, = 143 lb; W, = 143 lb; VV, = 37.0 lb 
^ = 8; .9, = 9720 psi; .9, = 73 300 psi 
Ductile iron 60-40-18 or Cast iron Class 40 

14. W,p= W,c = 599 1b; VV,, W,c = 69 lb; 
W,i' = W,c = 207 Ib 
Q = 8; ,9,;, = 34 100 psi; .s,,, = 48 900 psi; .9, = 118 000 psi 
Pinion: AISI 6150 OQT 1200. HB 293 
Gear: AISI 6150 OQT 1000, HB 375 

18. Dc = 4.000 in; C = 2.625 in; VR = 40 
W,ii = W,c = 462 lb; W,c = W„, = 53 lb; 
1̂ ,0 = W,yy= 1201b 
Efficiency = 70.37^; Worm speed = 1200 rpm; 
P, = 0.626 hp 
(TQ = 24 223 psi [Slighdy high for phosphor bronze] 
Rated wear load = W„ = 659 Ib. [OK, > VV,,,] 

CHAPTER 11 Keys and Couplings 

1. Use 1/2 in square key; AISI 1040 cold drawn steel; 
length = 3.75 in. 

3. Use 3/8 in square key; AISI 1020 cold drawn steel; 
required length = 1.02 in; use L = 1.50 in to be just 
shorter than the 1.75 in hub length. 

5 , 7 " = torque; D - shaft diameter; L = hub length. From 
Table 1 1 - 5 . ^ = T/(D'L). 

a. Data from Problem I: required K = 1313: too high 
for any spline in Table 11-5. 

c. Data from Problem 3: required K = 208; use 6 splines. 

7. Sprocket: 1/2 in square key; AISI 1020 CD; L= 1.00 in 
Wormgear: 3/8 in square key; AISI 1020 CD; L = 1.75 in 

13. T= 2725 Ib-in 

15. T= 264161b-in 

19. Data from Problem 16: 7 = 313 lb - in per inch of hub 
length 

Data from Problem 1 8 : 7 = 4300 lb - in per inch of hub 
lenszth 
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CHAPTER 12 Shaft Design 

1. 7^ = 3436 lb-in 
FH. = W„ = 430 lb d 
TH. = WrH^ \5b\h^ 

3. Tn = 656 Ib-in 
FH. = W,, = 437 lb S 
F«, = W,„= 159 l b c 

5, 7,, = 3938 lb-in 
VV,/, = 985 lb Up at 30° left of vertical 
W,„ = 358 lb To right 30° above horizontal 
Fn, = 182 1b d 
F,y, = 1032 lb c 

7. 7(. = 6563 lb-in 

Fc. = W,c= 1313 1b S 
Fc. = W,.(. = 478 lb c 

9. 7( = 1432 Ib-in 
Fc, = W,c = 477 lb d 

Fc. = W,c= 174 1bT 

11. 7/ = 1432 Ib-in 

23. 

W„ 477 lb Down at 45° left of vertical 
W,p = 174 lb To right 45° below horizontal 
FE, = 214 1b d 
Fp, = 460 lb T 

13. 7^ = 3150 Ib-in 

F.,. = 0 

FAV = f.4 = 630 lb T 

15. Tc= 1444 lb-in 
Fc = 289 Ib Down at 15° left of vertical 
Fc. = 75 lb d 
7c, = 279 lb T 

17. Tc = 2056 lb-in 
Ff, = Fc = 617 1b d 
Fc, = 0 

19. Tc= 10 500 lb-in 
Fc, = Fc = Fp, = F/j = 1500 lb d 
Fc. = Fi„ = 0 

21. 7,.;= 1313 Ib-in 
Fp = 438 lb Up at 30° above horizontal 
FE, = 379 lb S 
FE, = 219 l b c 

22. 7« = 727 lb-in 
7/,, = W,« = 3511b S 
Ffi, = W,«= 132 lb T 
W,g = 94 lb exerts a CCW concentrated moment of 
194.6 lb-in on shaft at B. 

W,fl also places the shaft in compression from A to B if 
bearing A resists the thrust load. 

7, = 270 lb in 

F.,. = 0 
F„ = F , = 162 lb T 
Fc, = W„y = 265 Ib d 

Fc. = W,^y = 352 lb c 
W,„, = 962 lb exerts a CW concentrated moment of 962 
lb • in on shaft at worm. 
W,n also places the shaft in compression from bearing B 
to worm if bearing B resists the thrust load. 

CHAPTER 13 Tolerances and Fits 

1. RC8: Hole—3.5050/3.5000; shaft—3.4930/3.4895; 
clearance—0.0070 to 0.0155 in 

3. RC8: Hole—0.6313/0.6285; shaft—0.6250/0.6234; 
clearance—0.0035 to 0.0079 in 

5. RC8: Hole—1.2540/1.2500; pin—1.2450/1.2425; 
clearance—0.0050 to 0.0115 in 

7. RC5: Hole—0.7512/0.7500; pin—0.7484/0.7476; 
clearance—0.0016 to 0.0036 in (tighter tit could be used) 

10. FN5: Hole—3.2522/3.2500; shaft—3.2584/3.2570; 
interference—0.0048 to 0.0084 in; 
pressure = 26 350 psi; stress = 128 726 psi 

12. FN5: Interference—0.0042 to 0.0072 in; 
pressure = 17 789 psi; stress = 37 800 psi at inner 
surface of aluminum cylinder; stress = — 17 789 psi at 
outer surface of steel rod; stress in aluminum is very high 

13. Maximum interference = 0.000 89 in. 

14. Temperature = 567°F 

15. Shrinkage = 0.003 8 in; / = 284°F 

16. Final/D = 3.4942 in 

CHAPTER 14 Rolling Contact Bearings 

1. Life = 2.76 X 10" rev 

2. C = 12 745 1b 

For problems calling for the selection of suitable 
bearings for given applications, there are several possible 
solutions. The following are sample acceptable solutions 
using data in this chapter Other possible solutions may be 
more optimum, particularly if a larger variety of 
manufacturers' data are available. 

5. At B: Required C = 47 637 lb. Use bearing #6332 
At C: Required C = 21 320 lb. Use bearing #6318 

7. At A: Required C = 2519 lb. Use bearing #6206 
(Carries radial load only) 
At C: Required C = 8592 lb. Use bearing #6213 
(Carries radial and thrust loads) 

9. Required C = 5066 lb. Use bearing #6307 (Carries 
radial load only) 

11. Required C = 6412 lb. Use bearing #6308 (Carries 
radial and thmst loads) 

13. Required C = 33 998 lb. Use bearing #6322 (Carries 
radial and thrust loads) 

14. Required C = 12 462 lb. Use bearing #6313 (Carries 
radial load only) 
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19 

21 

23 

25 

27 

Life = 48 900 hours 

Life = 25 300 hours 

Life = 47 300 hours 

C = 17 2291b 

C = 4580 lb 

CHAPTER 20 Machine Frames, Bolted 
Connections and Welded Joints 

Problems 1-16 are design problems for which there are no 
unique solutions. 

17. 

CHAPTER 15 No practice problems 

CHAPTER 16 Plain Surface Bearings 

All problems in this chapter are design problems for which no 
unique solutions exist. 

CHAPTER 17 Linear Motion Elements 

5. 2 1/2-3 Acme thread 

6. L> 1.23 in 

7. 7 = 6974 lb-in 

8. 7 = 3712 Ib-in 

11. Lead angle = 4.72°; self-locking 

12. Efficiency = 35% 

13. n = 180 rpm; F = 0.866 hp 

17. 24.7 years 

CHAPTER 18 Fasteners 

4. Grade 2 bolts: 5/16-18; 7 = 70.3 Ib-in 

5. F = 1190 lb 

6. F = 4.23 kN 

7. Nearest metric thread is M24 X 2. Metric thread is 1.8 
mm larger (8% larger). 

8. Closest standard thread is M5 X 0.8. (#10-32 is also close.) 

9. 3.61 kN 

10. a. 11771b c. 2385 1b 

e. 2862 1b g. 1081 lb 

i. 2067 1b k. 143 1b 

CHAPTER 19 Springs 

1. k= 13.3 lb/in 

2. Lj= 1.497 in 

3. F, = 47.8 lb; 7; = 1.25 in 

1. ID = 0.93 in; D,„ = 1.015 in; C = 11.94; /V = 6.6 coils 

8. C = 8.49; p = 0.241 in; pitch angle = 8.70°; 7,= 1.12 in 

9. F„ = 10.25 lb; stress = 74 500 psi 

11. 0D = 0.583 in when at solid length 

12. F, = 26.05 lb; stress = 189 300 psi (High) 

31. Bending stress = 114 000 psi; torsion stress = 62 600 
psi. Stresses are safe. 

35. Torque = 0.91 Ib-in to rotate spring 180°. 
Stress = 184 800 psi; OK for severe service 

Material 

a. 1020 HR steel 

c. Aluminum 2014-T6 

e. Ti-6A 1-4V( Annealed) 

Diameter 
(in) 

0.638 

0.451 

0.319 

Weight 
(Ib per inch 
(f length) 

0.0906 

0.0160 

0.0128 

CHAPTER 21 Electric Motors and Controls 

13. 480V, 3-Phase because the current would be lower and 
the motor size smaller 

16. /(, = 1800 rpm in the United States 
/;, = 1500 rpm in France 

17. 2-Pole motor; /; = 3600 rpm at zero load (approximate) 

18. n, = 12 000 rpm 

19. 1725 rpm and 1140 rpm 

20. Variable frequency control 

34. a. Single phase, split phase AC motor 

b 7 = 41.41b in c. 7 = 62.2 Ib-in 

d. 7 = 145 lb in 

35. b. 7 = 4.15 N-m c. 7 = 6.23 N-m 

d. 7 = 14.5 N-m 

39. Full load speed = synchronous speed = 720 rpm 

47. Use a NEMA Type K SCR control to convert 115 VAC 
to 90 VDC; use a 90 VDC motor 

51. Speed theoretically increases to infinity 

52. 7 = 20.5 N-m 

54. NEMA 2 starter 

55. NEMA 1 starter 

CHAPTER 22 Motion Control: Clutches 
and Brakes 

1 . 7 = 495 lb • in 

3. 7 = 4 1 Ib-in 

5. Data from Problem 1:7= 180 lb - in 
Data from Problem 3: 7 = 27.4 Ib - in 

7. Clutch: 7 = 2122 N-m 
Brake: 7 = 531 N-m 

8. 7 = 143 Ib-ft 

9. 7 = 60.9 lb - ft 

11. 7 = 223.6 Ib-ft 

15. F„ = 1091b 

17. W= 138 1b 

18. b> 16.0 in 
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Adhesives, 726 
Allowance, 578 
Aluminum, 57, A-5 
Aluminum Association. 44 
American Gear Manufacturers Association 

(AGMA), 308-17, 334-5. 344, 357, 
374-395. 400-4. 442-3. 455-60. 
470-2.481-6,488 

American Iron and Steel Institute (AISI). 44 
American National Standards Institute 

(ANSI), standards, 495.548 
American Society of Mechanical Engineers 

(ASME). standard. 495-6, 548 
American Society for Testing and Materials 

(ASTM). 44. 54, 716. A-I3-A-14 
American standard beam shapes. 20, A-34 
Angles, equal and unequal leg, A-31 
Annealing. 50 
Areas, properties of, A-1 
Austempered ductile iron, 56. A-14 

Babbiu, 667 
Ball screws. 697, 704-7 

column buckling, 708 
efficiency. 706 
materials, 708 
performance, 706 
torque, 706 
travel life, 706 

Basic sizes, preferred, 18, A-3 
Beams 

bending stress, 105 
concentrated bending moments, 112 
deflections, 108, A-18-A-26 
flexural center, 107 
shear center, 108 
shapes. A-31-A-38 

Bearings, plain surface. 660-83 
bearing characteristic number, 677 
bearing parameter, iin/p, 665 
boundary lubrication, 664, 668-74 
clearance, diametral, 661, 672, 676 
coefficient of friction, 680 
coefficient of friction variable, 679 
design of full film hydrodynamic 

bearings, 678-80 
film thickness, 675 
film thickness variable, 678 

friction torque and power, 680 
full-film (hydrodynamic) lubrication. 664, 

674-80 
geometry, 661 
grooving. 682 
hydrostatic. 683-7 
hydrostatic bearing perfonnance, 684 
joumal, 661 
length. 670, 676 
materials, 666-8 
mixed-film lubrication, 664 
[xn/p parameter, 665 
pressure, 665. 676 
pV factor. 668-9 
Sommerfeld number, 677 
Striberk curve, 665 
surface roughness, 675 
temperature of lubricant. 670, 676 
viscosity. 676-7 
wear factor. 691 

Bearings, rolling contact, 597-637 
brinelling. 610 
design life, 611-12 
dynamic load rating, 610-11 
equivalent load, 614, 618 
flange units, 605 
grease for, 622 
installation, 622 
life factor. 612 
load/life relationship, 606-9 
locknuts. 617-18 
lubrication. 621, 624 
manufacturers' data, 606 
materials, 606 
mean effective load. 626 
mounted bearings, 604 
mounting, 616 
oil film thickness, 624 
pillow blocks, 605 
preloading, 622 
rated life (L,,,), 610 
reliability, 616 
rotation factor, 613 
sealing, 623 
selection, 613-15 
sizes, 610 
speed factor, 612 
speeds, limiting, 623 

standards, 623 
static load rating, 610 
stiffness, 622 
take-up bearings, 605 
tapered roller bearings, 603, 618 
thrust bearing. 604 
thrust factor. 614 
tolerances, 624 
types, 6 0 0 ^ 
varying loads. 623, 625-7 

Belleville spring. 733—4 
Belt pulleys, flat, 540 
Belts and chains. See V-belt drives; Chain 

drives 
Bolted connections. 719. 780-2 
Brakes. See Clutches and brakes 
Brass, 60 
Brazing. 726 
Brinell hardness, 38 
Bronze, 60, 383, A-17 
Bronze, sintered. 667 
Buckling of columns, 230 
Buckling of springs. 745-6 
Bushing, split taper. 510 

Carbo-nitriding. 52 
Carburizing. 52. 382, A-11 
Carburizing of gear teeth. 382 
Cardan joint, 516 
Custiron, 54, 383, A-14 
Chain drives. 283-96 

attachments. 285 
center distance formula. 290 
conveyor chain. 286 
design of. 285-96 
forces on shafts, 537-8 
length of chain formula. 290 
lubrication. 291 
multiple strands, factors. 286 
pitch, 283 
power ratings. 287-9 
roller chain, 283-4 
service factors, 290 
sizes, 284 
sprockets, 283 
styles, 284 

Channel beam shapes, 22. A-32, A-37 
Charpy test, 39 

1-1 
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Clearance. 312. 576 
Clearance fits. 581-5 
Ckiiches and brakes. 830-64 

actuation. 835-9 
applications, typical. 834 
band brakes. 835. 860-2 
brake, defined, 831 
brake, fail-safe. 835 
clutch, defined. 831 
clutch coupling. 833 
clutch-brake module. 835 
coefficient of friction, 850-1 
cone clutch or brake. 835. 854 
disc brakes. 776, 835 
drum brakes, 855-9 
eddy current drive, 863 
energy absorption. 846-7 
fiber clulch. 863 
fluid clutch. 863 
friction materials, 849-50 
inertia. 841-6 
inertia, effective. 844-6 
jaw clutch, 862 
overload clutch. 863 
performance. 840-1 
platetype, 835, 851-3 
radius of gyration. 841 
ratchet. 862 
response time. 847-9 
single-revolution clutch, 863 
slip clutch. 835. 837 
sprag clutch, 862 
tensioners, 864 
types. 835 
wear. 852-3 
Wk-, inertia. 842-6 
wrap spring clutch. 863 

Coeftlcient of friction. 476. 680. 850 
Coeftlcient of thermal expansion. 44 
Collars. 519 
Columns, 229-56 

buckling, 230 
column constant, 234 
crooked. 250 
design factors for, 238 
design of 245 
eccentrically loaded. 251 
eft'ective length. 233 
eftlcient shapes for column cross 

sections, 244 
end fixity. 232 
Euler formula. 235 
J. B. Johnson formula, 239 
radius of gyration, 232 
secant formula, 253 
slenderness ratio. 234 

Combined stresses. 117. 138 
Composite materials. See Materials. 

composites 
Connections, keyless. 509 
Contact stress, 401 
Conversion factors. A-39 
Copper. 60 
Copper Development Assn., 44 

Couplings, 513-6 
bellows, 515 
chain. 514 
Dynaflex, 515 
Ever-flex. 514 
flexible, 513 
Form-flex. 516 
gear. 514 
Grid-flex, 514 
jaw-type, 516 
Para-tlex, 515 
rigid, 513-6 

Creep. 40 
Criteria for machine design, 11 
Critical speed, 563. 707 
Cyaniding. 52 

Damage accumulation method, 214 
Decision analysis, 634 
Deformation. 92 
Density. 43 
Design analysis methods. 193 
Design calculations. 17-19 
Design details, power transmission, 

635-56 
Design factor, 185 
Design philosophy, 182 
Design problem examples, 200-13 
Design process example, 12-17 
Design procedure, 197-200 
Design projects, 867-92 
Design requirements. 11 
Design skills, 11 
Direct stress element, 90 
Distortion energy theory. 189, 195. 532, 546 
Drawings, assembly, 656 

shaft details, 653-5 
Drop weight test, 40 
Ductile iron. 56, A-14 
Ductility, 35 

Elastic limit. 34 
Electrical conductivity, 44 
Electrical resistivity. 44 
Endurance strength. 40. 172-81 

actual, 173 
graph vs. tensile strength, 175 

Equivalent torque. 161 
Euler formula for columns, 235 
Evaluation criteria, 11 

Factor of safety. See Design factor 
Failure modes. 89, 186 
Fasteners, 711-27 

adhesives. 726 
American Standard. 717 
bolt materials, 714-7 
boltedjoints, 719, 780-2 
brazing. 726 
clamping load. 719 
coatings and finishes, 717 
head styles. 713 
locking devices, 725 
metric, 716-8 

screws, 713 
.set screws, 725 
soldering, 726 
strength, 714-6 
thread designations, 717-8, A-4, A-5 
thread stripping. 723 
tightening torque, 719-21 
washers, 725 

Fatigue, 44, 168 
Fillets, shoulder, 541 
Finite element analysis, 161 
Finite life method, 214 
Fit, 578 
Fits, clearance, 581-5 

running and sliding, 581 
locational, 585 

Fits, interference, 585-90 
force fits. 585 
locational, 585 
shrink. 585 
stresses for, 587-90 

Fits, transition, 586 
Fits for bearings, 645-6 
Flame hardening, gears, 52, 381 
Flexible couplings, 513 

effects on shafts, 540 
Flexural center, 107 
Flexural modulus, 37 
Fluctuating stress. 168-70 
Force, 26 
Force fits. 585 

stresses for. 587-90 
Forces exerted on shafts by machine 

elements. 5 3 5 ^ 0 
Friction. 687 
Function statements, 11 

Garter springs, 7 3 3 ^ 
Gear manufacture and quality, 370-8 

composite error, 374 
form milling, 371 
bobbing, 371 
measurement, 376 
quality numbers, 373-8 
shaping, 371 
total composite tolerance, 373 

Gear-type speed reducers, 340, 431—4, 
451,475 

Gear trains 
train value, 323, 347-57 
velocity ratio, 322 

Gearmotors, 431 
Gears, bevel, 333-9 

bearing forces, 465-9 
bending moments on shafts, 468 
forces on, 463 
geometry, 334-9 
geometry factor, 471-2 
material selection for, 472 
miter gears, 335 
pitch cone angle, 335 
pitting resistance, 473 
reducers, 475 
stresses in teeth, 470 
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Gears, helical, 329-33 
crossed, 329 
design of, 460 
forces on shafts, 537 
forces on teeth, 330-1, 452 
geometry, 330-2 
geometry factor, 455-8 
helix angle, 829 
pitches, 331 
pitting resistance, 459 
reducers, 451 
stresses in teeth. 455 

Gears, spur, 307-20, 363-442 
addendum, 312 
backlash, 315 
center distance, 316 
clearance, 312 
contact stress, 401 
dedendum, 312 
designof 407-9. 441 
dynamic factor, 392 
efficiency. 370 
elastic coefficient. 400 
face width. 315 
forces on shafts. 535-7 
forces on teeth, 367-9 
geometry. 310-8.437 
geometry factor. 386. 402 
Hertz stress on teeth. 400 
idler. 326 
intemal, 326 
interference. 320 
involute tooth form, 307 
Lewis form factor, 385 
life factor. 395. 403 
load distribution factor. 389 
lubrication. 430-2 
manufacture. 370-2 
material specification. 399, 402 
materials. 379-85 
metric module. 312, 413 
overload factor, 388 
pitch. 309 
pitch, circular, 310 
pitch, diameter, 308 
pitch, diametral. 310 
piuing resistance. 399. A ^ l 
plastics gearing. 434-42 
power flow. 370 
power transmitting capacity, 428 
pressure angle. 316 
quality, 372-8 
rack, 327 
reliability factor, 396 
rim thickness factor, 391 
size factor, 389 
stresses in teeth, 385-92 
stresses, allowable, 378-85 
styles, 303, 306 
undercutting, 321 

Gears, worm. See Wormgearing 
Geometry factor, 1, A-41 
Gerber method, 192 
Goodman method, 190-2 

Gray iron, 55, 383, A-14 
Grasses, 689 

Hastelloy, 61 
Hardness. 37 

conversions, 38, A ^ O 
Heat treating of steels 

annealing. 50 
carbo-nitriding. 52 
carburizing. 52, 382, A-11 
case hardening, 51. 380 
cyaniding. 52 
flame hardening, 52, 381 
induction hardening, 52. 381 
nitriding. 52, 382 
normalizing. 51 
tempering, 51 
through-hardening, 51 

Hertz stress. 400 
Hollow structural shapes. 23 
Hunting tooth. 350 
Hydrodynamic lubrication. 674-80 
Hydrostatic bearings. 683-7 

I-beam shapes, 24, A-33-A-34, A-38 
Idler gear, 326 
Impact energy. 38 
Inconel alloys. 61 
Induction hardening, gears. 52. 381 
Interference. 576 

fits. 585-90 
of spur gear teeth. 320 

Involute tooth form, 307 
Izod test, 39 

J. B. Johnson formula for columns, 239 
J-factor for helical gears, 455-8 
J-factor for spur gears, 386 
Jook screw. 695 

Keys, 494-502 
chamfers, 496 
design of, 500 
forces on. 499 
gib-head, 495 
materials for, 498 
parallel. 494-5 
pin, 497 
sizes, 495 
stresses in, 499-503 
taper, 495 
tolerances, 652 
types, 494-8 
Woodruff. 497. 501-3 

Keyseats and keyways 
dimensions. 496 
fillets, 496 
stress concentrations, 540 

Law of gearing, 307 
Leaf springs, 734 
Linear motion elements, 695-7 
Loading types, 664-5 
Locknuts, 521,617-8 

Lubricants, 688-90 
solid, 690 

Lubrication 
bearings, plain. .See Bearings, plain 

surt'ace 
bearings, rolling contact. 621. 624 
chain drives, 291-2 
gears, 430-2 

Machinability. 38 
Machine frames and structures. 776-9 

deflection limits, 777 
materials. 776 
torsion. 778-9 

Malleahleiron. 55. A-14 
Mass. 26 
Materials in mechanical design, 29-78 

aluminum. 57. A-15 
brass and bronze. 60, 384. A-17 
carbon and alloy steel, 46-9. 330, 

A-6-A-I0 
castiron, 54, 383. A-14 
composites, 65-78 

advantages of 68 
construction of 71 
design guidelines, 76 
filament winding, 68 
limitations of 69 
preimpregnated materials. 67 
pultrusion. 67 
reinforcing fibers, 66-7 
sheet molding compound. 67 
wet processing. 67 
copper, 60 

gear, 379-85 
nickel alloys. 61 
plastics, 61,435, A-17 
powdered metals. 56 
selection. 77 
stainless steels. 53. A-12 
.structural steel. 54. A-13 
thermoplastics, 61 
thermosets, 62 
titanium, 60. A-16 
tool steels, 54 
zinc. .59. A-16 

Maximum normal stress. 139. 187 
Maximum shear stress, 139. 188 
Metal Powder Industries Foundation 

(MPIF). 56 
Metric units, 24 
Miner's rule. 216. 625 
Mises-Hencky theory. 189 
Miter gears. 335 
Modulus of elasticity 

in flexure. 37 
in shear. 36 
in tension, 34 
spring wire. 745 

Mohr's circle. 145-8 
special stress conditions, 158 

Mohr theory. 187 
Monel alloys. 61 
Moore. R.R. fatigue test device. 168 
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Motion control. Sec Clutches and brakes 
Motor starters. 812-6 
Motors, electric, 795-826 

AC motor types. 803-8 
AC motors. 800-11 
AC variable speed drive, 818-20 
AC voltages. 800 
brushless DC. 826 
capacitor start, 807 
compound-wound. DC. 822 
controls. AC. 811-20 
DC motor control. 824-5 
DC motor types. 821-3 
DC power. 820-1 
enclosures, motors, 810-1 

controls. 818 
frame sizes. 811 
frame types. 808-11 
induction motors. 800-2 
Linear motors, 826 
NEMA AC motor designs 

B, C. D. 803 
overload protection. 817 
performance curves. AC motors. 

802-6 
permanent magnet. DC. 823 
permanent split capacitor. 808 
printed circuit motors. 826 
rectifiers (SCR). 821 
selection factors. 798 
series-wound, DC. 822 
servomotors. 824 
shaded pole. 808 
shunt-wound, DC. 822 
single-phase motors. 806-8 
single-phase power. 799 
sizes. 798. 811 
speed control. AC. 818-20 
speeds, 800 
split-phase. 806 
squirrel cage motors. 801 
starters, 812-6 
stepping motors. 825 
synchronous motors. 805 
three-phase power, 799 
torque motors, 824 
universal motor, 805 
wound rotor motor. 804 

National Electrical Manufacturers 
Association (NEMA). 803 

Nickel-based alloys. 61 
Ni-resist alloy. 61 
Nitriding, 52. 179.382 
Normal stress element. 89 
Normal stresses, combined. 117 

maximum. 139 
Normalizing. 51 
Notch sensitivity. 122 

Oils. 688 

Palmgren-Miner rule. 625 
Percent elongation. 35 
Pillow blocks. 605 

Pinning, 508 
Pipe, 24, A-36 
Plastic gear materials. 435. 668 
Plastics. 61.435. 668, A-17 
Poisson's ratio. 36 
Polar section modulus, 97 
Powdered metals, 56 
Power, 94 
Power screws, 699-702 

Acme thread. 697, 699, 702 
buttress thread, 697 
efficiency, 701 
lead angle, 701 
power required, 702 
self-locking, 701 
square thread. 697 
torque required. 700 

Polygon connection. 510 
Press fit. 512. See also Force fit; Shrink fit; 

Intert'erence fit 
Pressure angle 

spur gears. 316 
wonngearing. 343 

Principal stresses, 139 
Product realization process, 10 
Properties of materials, 32 
Proportional limit, 34 
Pulleys 

flat belt. 540 
V-belt. 269-73, 538 

pV factor. 668-9 

Quality function deployment. 10 

Rack, 327 
Radius of gyration. 232 
Ratchet. 862 
Relaxation. 43 
R.R. Moore fatigue test device. 168 
Reliability factors. 175-6, 389 
Residual stress. 179 
Resistivity, electrical. 44 
Retaining ring grooves, 542 
Retaining rings. 518-9 
Reyn. 676-7 
Ringfeder. locking assemblies, 509 
Robust product design. 592—4 
Rockwell hardness, 37 

Screw threads. 18. A-4. A-5 
Seals, 521-6 

bearing, 524. 623 
elastomers, 525 
face, 524 
gaskets. 526 
materials. 525 
O-rings, 522 
packings. 526 
shaft. 52.^-4 
T-rings, 522 
types. 521-5 

Section modulus, 106 
polar, 97 

Set screws, 510 

Shaft design, 530-64 
design stresses, 543-6 
dynamic considerations, 562 
equation for diameter, 548 
examples, 548-60 
flexible, 563 
forces exerted on shafts. 5 3 5 ^ 0 
preferred basic sizes, 552, A-3 
procedure, 532-5 
stress concentrations in, 540-3 

Shaping of gears, 371 
Shear center, 107 
Shear pin, 508 
Shear strength, 35 
Shear stress 

direct, 92 
formulas. 104 
element, 90 
on keys, 92 
maximum, 139 
vertical, 102.543 

Sheaves, V-belt, 269 
forces on shafts, 538 

Shoulders, shaft, 520. 541 
Shrink fits, 585 

stresses for, 587-9 
Size factor, 175-8,389 
Sl units. 24 

prefixes. 25 
typical quantities in machine design, 25 

Slenderness ratio for columns, 234 
Society of Automotive Engineers (SAE), 44, 

272,715.850 
Soderberg criterion, 193 
Soldering. 726 
Sommerteld number. 677 
Spacers. 520 
Specific modulus, 68 
Specific strength, 68 
Specific weight, 44 
Splines. 503-7 

fits. 504 
geometry, 504 
involute. 505 

modules, 507 
pitches. 506-7 

straight-sided, 503 
torque capacity, 505 

Split taper bushings, 510 
Spreadsheets as design aids 

chain design, 297 
columns, 242, 252, 256 
force fits, stresses, 590 
gear design, 415 
shaft design, 561 
springs, design, 752-7 

Springs, helical compression, 735-57 
allowable stresses, 740-3 
analysis, 746-8 
buckling, 745-6 
deflection, 744 
design of 749-57 
end treatments, 734 
materials, 740-1,745 
number of coils, 739 



Index 1-5 

pitch. 739 
pitch angle, 739 
spring index, 739 
spring rate, 738 
stresses, 744 
Wahl factor, 744 
wire diameters, 735-7 

Springs, helical extension, 757-62 
allowable stresses, 760. 742-3 
end configurations. 734. 757 

Springs, helical torsion, 762-9 
deflection, 763 
design procedure. 764, 768-9 
design stresses. 76-t-7 
number of coils, 764 
spring rate. 764 
stresses. 763 

Springs, types, 732-5 
manufacturing. 770 
shot peening. 769 

Sprockets, chain. 283, 537 
Stainless steel. 53. A-12 
Statical moment, 102 
Statistical approaches to design. 213 
Steel. 46-56 

alloy groups, 48 
bearing. 48 
carbon and alloy. 86-9. 379. A-6-A-I0 
carbon content. 47 
carburized. 52. 382. A-11 
conditions. 49-53 
designation systems. 47 
heat treating. 49-53 
high-carbon. 47 
low-carbon. 47 
medium-carbon. 47 
stainless. 53, A-12 
structural. 54. A-13 
tool steels. 54 
uses for. 49 

Strength 
endurance, 40. 172-81 
shear, 35 
tensile. 33 
yield. 34 

Strength reduction factor. 122 
Stress 

allowable for gears. 378-85 
amplitude, 166 
bending, 105 
combined bending and torsion on circular 

shafts. 159.546 
combined normal stresses. 117 
combined stress, general, 138 
design, for shafts. 543-6 
direct shear, 92 
direct tension and compression. 90 
due to shrink or force fits. 587-9 
fluctuating, 168-70 
maximum shear stress, 139 
Mohr's circle, 145-8 
principal stresses. 139 

ratio, 167, 186 
repeated and reversed. 167 
special shear stress formulas. 104 
torsional shear. 95 
vertical shearing stress. 102 

Stress amplitude. 166 
Stress concentration factors, I 19. 540-3. 

A-27-A-.^O 
Stress concentrations. 119 

in shaft design. 540-3 
keyseats, 541 

Stress elements. 89 
Stress ratio. 167. 180 
Structural shapes, 20-24. A-31-A-38 

aluminum. A-37-A-38 
steel. A-31-A-36 

Structural steel. 54, A-13 
Surtace finish, 174, 592. 675 
Synchronous belts. 268. 280-3 

Taguchi inethod. 594 
Taper and screw. 512 
Tapered roller bearings. 603. 618 
Tempering. 51. A-6-A-10 
Tensile strength. 33 
Thermal conductivity. 44 
Thermal expansion coeftlcient. 44 
Thrust bearings. 604 
Titanium. 60. A-16 
Tolerance. 578-92 

geometric, 592 
grades. 579 

Tool steels. 54 
Torque. 94 

equivalent. 161 
Torsion 

combined with tension. 159 
in closed thin-walled tubes. 100 
in noncircular cross sections, 98 
pure. Mohr's circle. 159 
stress distribution. 96 
torsional deformation. 97 
torsional shear stress formula, 95 

Toughness. 38 
Train value. 323. 347-8 
Transmission, design of, 63(J-57 
Transition fits. 585 
Tubes, stresses in. 100. 104. 587-90 
Tubing, structural 

Rectangular and square. A-35 
Round. A-36 

Undercutting of gear teeth. 321 
Unified numbering system. UNS, 44 
Unit systems. 24 
Universal joints. 516-8 
U.S. customary units. 24 

typical quantities in machine design. 25 

V-belt drives, 267-77 
angle of contact. 270 
angle of wrap correction factor. 277 

belt construction. 268 
belt cross sections, 271-2 
belt length correction factor. 277 
belt length formula. 270 
belt lengths, standard. 277 
belt tension. 271.280 
center distance formula. 270 
design of 272-9 
forces on shafts. 538 
power rating charts. 275-6 
pulleys. See sheaves 
SAE standards, 272 
selection chart. 274 
service factors. 274 
sheaves. 269-73 
span length. 270 

Velocity ratio, gears. 322 
Viscosity. 676-7 
Viscosity Index. 689 
von Mises theory, 189 

Wear. 690 
Weight. 26 
Welded joints. 78.V91 

allowable stresses. 783. 785 
geometry factors. 786 
size of weld. 784. 787 
treating weld as a line. 785 
types of joints. 783—4 
types of welds. 784 

Wide flange beam shapes. 22. A-33 
Woodruftkeys. 497. 501-3 
Wormgearing. 339-46. 475-487 

coefficient of friction. 476 
design of 481-7 
efficiency. 478-9 
face length of worm. 346 
forces on. 476 
geometry. 341-6 
lead. .̂ 41 
lead angle. 341 
pitches. 341 
pressure angle. 343 
reducer. 344-6 
self-locking. 343 
shell worm. 344 
stresses. 481 
surtace durability. 482 
threads (teeth). M\ 
tooth dimensions. 344 
types. 339-40 
velocity ratio. 342 
worm diameter. 344 
wormgear dimensions, 345-6 

Yield point. 34 
Yield strength. 34. 188 

Zinc. 59. A-16 
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