


J. Ross Publishing; All Rights Reserved



Copyright © 2011 by J. Ross Publishing, Inc.

ISBN 978-1-932159-83-7

Printed and bound in the U.S.A. Printed on acid-free paper
10 9 8 7 6 5 4 3 2 1

Library of Congress Cataloging-in-Publication Data

Geotechnical engineering handbook / edited by Braja M. Das.
p. cm.

Includes bibliographical references and index.
ISBN 978-1-932159-83-7 (hardcover : alk. paper)

1. Engineering geology—Handbooks, manuals, etc. 2. Soil mechanics—
Handbooks, manuals, etc. I. Das, Braja M., 1941-

TA705.G4275 2010
624.1′51—dc22 2010025992

This publication contains information obtained from authentic and highly regarded sources. Re-
printed material is used with permission, and sources are indicated. Reasonable effort has been made
to publish reliable data and information, but the author and the publisher cannot assume responsibility
for the validity of all materials or for the consequences of their use.

All rights reserved. Neither this publication nor any part thereof may be reproduced, stored in
a retrieval system or transmitted in any form or by any means, electronic, mechanical, photocopying,
recording or otherwise, without the prior written permission of the publisher.

The copyright owner’s consent does not extend to copying for general distribution for promotion,
for creating new works, or for resale. Specific permission must be obtained from J. Ross Publishing for
such purposes.

Direct all inquiries to J. Ross Publishing, Inc., 5765 N. Andrews Way, Fort Lauderdale, Florida
33309.

Phone: (954) 727-9333
Fax: (561) 892-0700

Web: www.jrosspub.com

J. Ross Publishing; All Rights Reserved



iii

Contents

Preface ........................................................................................................................................ ix
Editor-in-Chief ........................................................................................................................... x
Contributors .............................................................................................................................. xi

1 Engineering Properties of Soil Nagaratnam Sivakugan
1.1 Introduction ........................................................................................................... 1-1
1.2 Phase Relations ...................................................................................................... 1-2
1.3 Soil Classification ................................................................................................... 1-4
1.4 Compaction ............................................................................................................ 1-9
1.5 Flow through Soils ............................................................................................... 1-12
1.6 Consolidation ....................................................................................................... 1-18
1.7 Shear Strength ...................................................................................................... 1-25
1.8 Site Investigation ................................................................................................. 1-31
1.9 Soil Variability ..................................................................................................... 1-41
1.10 Geotechnical Instrumentation ............................................................................ 1-42

2 Lateral Earth Pressure Braja M. Das
2.1 Introduction ........................................................................................................... 2-1
2.2 At-Rest Earth Pressure .......................................................................................... 2-2
2.3 Rankine Active Pressure ........................................................................................ 2-4
2.4 Rankine Active Pressure with Inclined Backfill .................................................. 2-7
2.5 Coulomb’s Active Pressure ................................................................................. 2-11
2.6 Active Earth Pressure with Earthquake Forces ................................................. 2-12
2.7 Rankine Passive Pressure .................................................................................... 2-21
2.8 Rankine Passive Pressure with Inclined Backfill ............................................... 2-23
2.9 Coulomb’s Passive Pressure ................................................................................ 2-25
2.10 Passive Pressure with Curved Failure Surface (Granular Soil Backfill) .......... 2-26
2.11 Passive Pressure under Earthquake Conditions (Granular Backfill) ............... 2-34

3 Design of Shallow Foundations Nagaratnam Sivakugan and
Marcus Pacheco
3.1 Introduction ........................................................................................................... 3-2
3.2 Stresses beneath Loaded Areas ............................................................................. 3-2

J. Ross Publishing; All Rights Reserved



iv Geotechnical Engineering Handbook

3.3 Bearing Capacity of Shallow Foundations ........................................................... 3-6
3.4 Pressure Distribution beneath Eccentrically Loaded Footings ........................ 3-18
3.5 Settlement of Shallow Foundations in Cohesive Soils ...................................... 3-19
3.6 Settlement of Shallow Foundations in Granular Soils ...................................... 3-24
3.7 Raft Foundations ................................................................................................. 3-32
3.8 Shallow Foundations under Tensile Loading .................................................... 3-40
Appendix A .................................................................................................................... 3-49
Appendix B ..................................................................................................................... 3-50

4 Foundation-Soil Interaction Priti Maheshwari
4.1 Introduction ........................................................................................................... 4-1
4.2 Modeling of Ground (Soil Mass) and Constitutive Equations .......................... 4-2
4.3 Estimation of Model Parameters ........................................................................ 4-21
4.4 Application to Shallow Foundations .................................................................. 4-31
4.5 Application to Pile Foundations ......................................................................... 4-63

5 Design of Pile Foundations Sanjeev Kumar
5.1 Introduction ........................................................................................................... 5-2
5.2 Foundation Support Cost Index .......................................................................... 5-3
5.3 Types of Deep Foundations .................................................................................. 5-3
5.4 Allowable Stress and Load and Resistance Factor Design of Deep

Foundations ........................................................................................................... 5-6
5.5 Axial Capacity of Piles in Compression ............................................................. 5-12
5.6 Ultimate Static Capacity of Single Piles in Cohesionless Soils ........................ 5-15
5.7 Ultimate Static Capacity of Single Piles in Cohesive Soils ............................... 5-26
5.8 Design Capacity of Single Piles .......................................................................... 5-31
5.9 Effect of Pile Driving on Pile Capacity .............................................................. 5-32
5.10 Ultimate Load-Carrying Capacity and Resistance to Driving ......................... 5-33
5.11 Capacity of Piles Bearing on Rock ..................................................................... 5-34
5.12 Special Considerations for Calculation of Ap .................................................... 5-36
5.13 Special Considerations for Calculation of Perimeter ........................................ 5-37
5.14 Maximum Stresses in Driven Piles ..................................................................... 5-38
5.15 Uplift Capacity of Single Piles ............................................................................ 5-38
5.16 Lateral Capacity of Single Piles ........................................................................... 5-39
5.17 Design of Pile Groups ......................................................................................... 5-45
5.18 Settlement of Pile Foundations .......................................................................... 5-58
Example 1: Point Capacity of a Pile in Sand ............................................................... 5-61
Example 2: Skin Friction Capacity of a Pile in Sand .................................................. 5-63
Example 3: Capacity of a Pile in Clay ............................................................................ 5-65
Example 4: Capacity of a Pile End Bearing on Rock .................................................. 5-69

6 Retaining Walls Aniruddha Sengupta
6.1 Introduction ........................................................................................................... 6-2
6.2 Initial Proportioning of Retaining Walls ............................................................. 6-5
6.3 Lateral Earth Pressure Theories ............................................................................ 6-6

J. Ross Publishing; All Rights Reserved



Contents v

6.4 Forces Acting on a Retaining Wall ..................................................................... 6-11
6.5 Stability Checks of a Retaining Wall .................................................................. 6-12
6.6 Stability Analysis of Rigid Retaining Walls ....................................................... 6-14
6.7 Stability Analysis of Cantilever Sheet Pile Wall ................................................ 6-21
6.8 Stability Analysis of Anchored Sheet Pile Wall ................................................. 6-25
6.9 Anchorage Systems for Sheet Pile Walls ............................................................ 6-31
6.10 Design Example of an Anchorage System ......................................................... 6-36
6.11 Design Example of a Braced Wall System ......................................................... 6-38
6.12 Mechanically Stabilized Retaining Walls ........................................................... 6-40
6.13 Failure of Retaining Walls .................................................................................. 6-42

7 Slope Stability Khaled Sobhan
7.1 Introduction ........................................................................................................... 7-1
7.2 Goals of Slope Stability Analysis .......................................................................... 7-2
7.3 Slope Movements and Landslides ........................................................................ 7-3
7.4 Soil Mechanics Principles for Slope Analysis ...................................................... 7-6
7.5 Essential Concepts for Slope Analysis ................................................................ 7-13
7.6 Analysis of Slope Stability ................................................................................... 7-19
7.7 Slope Stabilization Methods ............................................................................... 7-63

8 Expansive Clays Thomas M. Petry
8.1 Introduction ........................................................................................................... 8-1
8.2 Basic Causes of the Problem ................................................................................. 8-4
8.3 Grain-to-Grain Structures .................................................................................... 8-7
8.4 Clay Moisture Potentials ....................................................................................... 8-7
8.5 Moisture and Water Movements ......................................................................... 8-8
8.6 Moisture and Soil Mass Structures ...................................................................... 8-9
8.7 Weathering Effects ............................................................................................... 8-10
8.8 Swelling and Shrinking ....................................................................................... 8-12
8.9 Shear Strength ...................................................................................................... 8-13
8.10 Variations of Properties ...................................................................................... 8-16
8.11 Geotechnical Investigations ................................................................................ 8-16
8.12 Swell Testing ........................................................................................................ 8-18
8.13 Shear Strength Testing ........................................................................................ 8-19
8.14 How to Deal with Expansive Clays .................................................................... 8-20

9 Ground Improvement Thomas M. Petry
9.1 Introduction ........................................................................................................... 9-1
9.2 Geotechnical Investigations for Ground Improvement ..................................... 9-2
9.3 Mechanical Stabilization (Ground Improvement) ............................................. 9-3
9.4 Chemical Modification and Stabilization .......................................................... 9-13
9.5 Portland Cement Modification .......................................................................... 9-18
9.6 Fly Ash and Other Coal Combustion By-products .......................................... 9-20
9.7 Dust-Proofing and Waterproofing Agents ........................................................ 9-20
9.8 Physical Stabilization ........................................................................................... 9-22

J. Ross Publishing; All Rights Reserved



vi Geotechnical Engineering Handbook

10 Site Investigation and In Situ Tests Sanjay Kumar Shukla
and Nagaratnam Sivakugan
10.1 Introduction ................................................................................................... 10-2
10.2 Objectives of Site Investigation .................................................................... 10-3
10.3 Stages of Site Investigation ........................................................................... 10-3
10.4 Methods of Subsurface Investigation ........................................................... 10-5
10.5 Sampling and Laboratory Testing .............................................................. 10-13
10.6 Geophysical Methods .................................................................................. 10-20
10.7 Standard Penetration Test .......................................................................... 10-26
10.8 Static Cone Penetration Test ...................................................................... 10-31
10.9 Dynamic Cone Penetration Test ................................................................ 10-37
10.10 Plate Load Test ............................................................................................ 10-38
10.11 Field Vane Shear Test ................................................................................. 10-46
10.12 Borehole Shear Test ..................................................................................... 10-48
10.13 Pressuremeter Test ...................................................................................... 10-50
10.14 Flat Dilatometer Test .................................................................................. 10-53
10.15 K0 Stepped Blade Test ................................................................................. 10-58
10.16 In Situ California Bearing Ratio Test ......................................................... 10-60
10.17 Test Methods for In Situ Unit Weight Determination ............................ 10-63
10.18 Site Investigation Work and Report .......................................................... 10-67
10.19 Soil Variability ............................................................................................. 10-71
10.20 Field Instrumentation ................................................................................. 10-71

11 Vibration of Foundations Braja M. Das and
Nagaratnam Sivakugan
11.1 Introduction ................................................................................................... 11-1
11.2 Vibration Theory: General ............................................................................ 11-2
11.3 Shear Modulus and Poisson’s Ratio .......................................................... 11-12
11.4 Analog Solution for Vertical Vibration of Foundations .......................... 11-13
11.5 Rocking Vibration of Foundations ............................................................ 11-18
11.6 Sliding Vibration of Foundations .............................................................. 11-24
11.7 Torsional Vibration of Foundations .......................................................... 11-26

12 Geosynthetics Ahmet H. Aydilek and Tuncer B. Edil
12.1 Geosynthetic Structures and Manufacturing Types ................................... 12-1
12.2 Functions of Geosynthetics .......................................................................... 12-6
12.3 Durability and Aging of Geosynthetics ..................................................... 12-43

13 Geoenvironmental Engineering Nazli Yesiller and
Charles D. Shackelford
13.1 Introduction ................................................................................................... 13-1
13.2 Containment Materials ................................................................................. 13-5
13.3 Containment Systems ................................................................................. 13-18
13.4 Contaminant Transport .............................................................................. 13-36
13.5 Measurement of Material Properties ......................................................... 13-44
13.6 Vertical Barriers ........................................................................................... 13-52

J. Ross Publishing; All Rights Reserved



Contents vii

14 Railway Track Bed Foundation Design Gurmel S. Ghataora
and Michael Burrow
14.1 Introduction ................................................................................................... 14-1
14.2 Definitions ..................................................................................................... 14-3
14.3 Track Bed ....................................................................................................... 14-4
14.4 Failure of Rail Sleeper Support System ..................................................... 14-12
14.5 Track Bed Remediation .............................................................................. 14-16
14.6 Comparison of Design Methods ................................................................ 14-21
14.7 Track Bed Investigation .............................................................................. 14-36

15 Special Foundations R.L. Handy and David J. White
15.1 What Makes a Foundation Special? ............................................................. 15-1
15.2 Classic Foundation Methods ........................................................................ 15-3
15.3 Treatments and Methods Used in Special Foundations ............................ 15-6
15.4 Mechanics of Load Transfer ....................................................................... 15-19
15.5 Application of Specialty Foundations: Wind Turbines ............................ 15-20
15.6 Conclusions .................................................................................................. 15-22

Index ...................................................................................................................................... I-1

J. Ross Publishing; All Rights Reserved



J. Ross Publishing; All Rights Reserved



ix

Preface

The record of the first use of soil as a construction material is lost in antiquity. For years, the
art of soil engineering was based only on past experience. With the growth of science and
technology, the need for better and more economical structural design and construction
became critical. This led to a detailed study of the nature and properties of soil as it relates to
engineering during the early part of the 20th century. The publication of Erdbaumechanik by
Karl Terzaghi in 1926 gave birth to modern soil mechanics. The term geotechnical engineering
is defined as the science and practice of that part of civil engineering which involves natural
materials found close to the surface of the earth. In a general sense it includes the application
of the fundamental principles of soil mechanics and rock mechanics to foundation design
problems.

This handbook on geotechnical engineering is designed for use by geotechnical engineers
and professionals in other civil engineering disciplines as a ready reference. It consists of 15
chapters which cover a wide range of topics including engineering properties of soil, site
investigation, lateral earth pressure, shallow and deep foundations, slope stability, expansive
soil and ground improvement, geosynthetics and environmental geotechnology, railroad base
foundations, and other special foundations. For complete coverage, a chapter on foundation-
soil interactions and a chapter on the vibration of machine foundations also are included. All
the chapters were written by various authors well recognized in their areas of specialty.

As is the case in all handbooks, final equations are presented in the text without detailed
mathematical derivations in many instances. The reader can, however, refer to the references
provided at the end of each chapter for further elaboration.

I sincerely hope that this handbook will be a useful tool for practicing engineers and others
interested in the field of geotechnical engineering.

I am truly grateful to all the authors for their contributions. Thanks also are due to Tim
Pletscher, Senior Acquisitions Editor and Stephen Buda, Vice President for New Business
Development at J. Ross Publishing for their initiative and patience during the development of
this book.

Braja M. Das
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1.1 Introduction

The earth is about 12,500 km in diameter. All geotechnical activities including underground
excavations, tunneling, etc. are limited to the upper part of the crust, which consists primarily
of oxygen (49.2%), silicon (25.7%), aluminum (7.5%), and other elements such as iron,
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calcium, sodium, potassium, and magnesium. These are present mostly in the form of alumi-
num silicates. All clay minerals are made primarily of two distinct structural units, namely
tetrahedrons and octahedrons, which contain silicon and aluminum ions, respectively, at the
center of the units. Several of these units can form tetrahedral or octahedral sheets that can be
stacked on each other, forming different clay minerals. Clay particles are colloidal, where
surface forces have greater influence than the body forces, less than 2 µm in size, and have net
negative charges. They look like flakes or needles under a microscope. Depending on their
charge imbalance, mineralogy, and pore fluid characteristics, they can form a flocculated
(random) or dispersed (oriented) matrix, which can influence their fundamental behavior.
Kaolinite, montmorillonite, and illite are three of the most common clay minerals. Other clay
minerals include chlorite, attapulgite, halloysite, and vermiculite. Montmorillonites have the
largest cation exchange capacity and specific surface (surface area per unit mass) and can swell
significantly in the presence of water, thus posing a serious threat to the structural integrity of
buildings and roads due to intermittent swelling and shrinking. Montmorillonitic clays are
known as expansive or reactive clays and cause millions of dollars worth of damage every year
worldwide.

Soils are primarily of two types: residual or transported. Residual soils are formed by
disintegration of the parent rock. Depending on the geologic process by which the parent rock
is formed, it is called igneous, sedimentary, or metamorphic. Igneous rocks (e.g., granite) are
formed by cooling of lava. Sedimentary rocks (e.g., limestone, shale) are formed by gradual
deposition of fine particles over long periods. Metamorphic rocks (e.g., marble) are formed by
altering igneous or sedimentary rocks by pressure or temperature.

Transported soils are soils that are transported by glacier, wind, water, or gravity and
deposited away from their geological origin. Depending on whether they are transported by
wind, sea, lake, river, ice, or gravity, the soils are called aeolian, marine, lacustrine, alluvial,
glacial, or colluvial, respectively. Some special terms used to describe certain soils are:

• Boulder clay—Unstratified mixture of clay and rock fragments of all sizes
• Calcareous soil—Soil that contains calcium carbonate
• Conglomerate—Cemented sand and gravel
• Dispersive clay—A clay that is easily erodible under low-velocity water
• Fat clay—Highly plastic clay
• Hardpan—Very dense soil layer, often cemented, that is difficult to excavate
• Loam—Mixture of sand, silt, and clay used as topsoil
• Loess—Uniform silt-sized wind-blown deposits
• Laterite—Red-colored residual soil in the tropics
• Reactive clay—Expansive clay that swells when in contact with water
• Varved clay—Thin alternating layers of silts and fat clays of glacial origin

1.2 Phase Relations

Soil contains soil grains, water, and air, making it a three-phase material. Two extreme cases
are dry soils and saturated soils, both of which have only two phases. The relative proportions
of these three phases play an important role in the engineering behavior of a soil. In geotechnical
problems, including earthworks and laboratory tests, it is sometimes necessary to compute
weights and volumes of the three phases.
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Let’s consider the soil mass shown in Figure 1.1a, where all three phases are present. The
soil grains (s), water (w), and air (a) are separated in Figure 1.1b, known as a phase diagram,
where volume (V ) is shown on the left and mass or weight (M ) is shown on the right. Water
content (w) is the ratio of the mass of water (Mw) to the mass of the soil grains (Ms ) and often
is expressed as a percentage. Void ratio (e) is the ratio of the void volume (Vv ) to the soil grain
volume (Vs ). Porosity (n) is the ratio of the void volume (Vv ) to the total volume (Vt ),
expressed as a percentage. Degree of saturation (S) is defined as the ratio of the water volume
(Vw ) to the void volume (Vv ), expressed as a percentage. Air content (a), as defined in
compaction, is the ratio of air volume (Va ) to total volume (Vt ).

Assuming the soil is homogeneous, if all parameters discussed are ratios, they should be the
same irrespective of the quantity of soil under consideration. Let’s consider a portion of the
soil where Vs = 1 (Figure 1.1c), which makes Vv = e and Vw = Se. The masses of soil grains
(Ms ) and water (Mw) are Gs �w and Se�w , respectively, where �w is the density of water. Here,
Gs is the specific gravity of the soil grains, which is generally in the range of 2.6–2.8. It can be
slightly lower for organic clays and significantly higher for mine tailings rich in minerals. It is
determined using density bottles or a pycnometer (ASTM D854; AS1289.3.5.1). Based on the
above definitions and Figure 1.1c, it can be deduced that:

n
e

e
  

  

=
+1

(1.1)

w
Se

Gs

  = (1.2)

a
S e

e
  

  

  

= −
+

( )1

1
(1.3)

Different forms of densities are used in geotechnical engineering. Dry density (�d) is the
density assuming the soil is dry and is Ms �Vt . Bulk density (�m), also known as wet, moist, or
total density, is Mt �Vt . Saturated density (�sat) is the bulk density of the soil assuming it is
saturated. Submerged density (�′) is the effective buoyant density when the soil is submerged.
It is obtained by subtracting �w from �sat. From Figure 1.1c, it can be deduced that:

FIGURE 1.1 Phase relations: (a) soil skeleton, (b) phase diagram, and (c) phase diagram
for Vs = 1.

(a) (b) (c)
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When dealing with weight (e.g., kN) instead of mass (e.g., g, kg, t), density (�) becomes unit
weight (γ). It is helpful to remember that �w = 1 g�cm3 = 1 t�m3 = 1000 kg�m3 and γw = 9.81
kN�m3.

1.3 Soil Classification

Soils can behave quite differently depending on their geotechnical characteristics. In coarse-
grained soils, where the grains are larger than 75 µm, the engineering behavior is influenced
mainly by the relative proportions of the different sizes and the density of the packing. These
soils are also known as granular soils. In fine-grained soils, where the grains are smaller than 75
µm, the mineralogy of the grains and the water content will have greater influence than the
grain size on the soil properties. The borderline between coarse- and fine-grained soils is 75
µm, which is the smallest grain size one can distinguish with the naked eye.

1.3.1 Coarse-Grained Soils: Grain Size Distribution

The relative proportion of grain sizes within a coarse-grained soil generally is determined
through sieve analysis, using a stack of sieves of different sizes (ASTM C136; AS1289.3.6.1). A
hydrometer is used for fine-grained soils (ASTM D422; AS1289.3.6.3). In soils that contain
both coarse and fine grains, both sieve and hydrometer analyses are required to generate the
complete grain size distribution curve, as shown in Figure 1.2. A logarithmic scale is used for
grain sizes that vary over a very wide range. In Europe and Australia, the grain size axis is
shown in reverse order, increasing from left to right. In samples that contain substantial fines,
it may be necessary to carry out wet sieving (ASTM C117), where the samples are washed
through the sieves. Laser sizing also has become quite popular for determining grain size
distribution of fines.

In North America, sieves are also numbered based on the number of openings per inch,
instead of the size of the openings in the mesh. This number is known as the U.S. Standard or
ASTM Standard. A No. 40 sieve has 40 openings per inch, or 1600 openings per square inch,
and the openings are 0.425 mm in diameter. This is slightly different than the Tyler Standard
or British Standard. Some common sieve numbers and the size of their openings are given in
Table 1.1.
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Coefficient of uniformity (Cu) and coefficient of curvature (Cc ) are two parameters that
reflect the shape of the grain size distribution curve and are used in classifying a coarse-grained
soil. They are defined as:

C
D

D
u   = 60

10

(1.8)

C
D

D D
c   = 30

2

10 60

(1.9)

D10, D30, and D60 are the grain sizes that correspond to 10, 30, and 60% passing, respectively,
and can be read off the grain size distribution plot. A well-graded soil contains a wide range of
grain sizes that fill up the voids very effectively and form a rather dense assemblage of grains.
The grain size distribution curve generally is smooth and concave upward, as shown in Figure
1.2 for soil A. Fuller and Thompson (1907) suggested that a well-graded soil can be represented
by

p
D

D

n

     =






×
max

%100 (1.10)

FIGURE 1.2 Grain size distribution curves.

TABLE 1.1 ASTM Sieve Numbers and Size of Openings

Sieve number 4 8 10 20 40 60 100 200
Opening (mm) 4.75 2.36 2.00 0.850 0.425 0.250 0.150 0.075
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where p = percentage passing, D = grain size, Dmax = maximum grain size in the soil, and n =
0.3–0.6. Equation 1.10 is sometimes used in pavement engineering to select the aggregates for
roadwork. In gap-graded soils, a range of grain sizes is missing, similar to soil B in Figure 1.2.
In uniformly graded soils, all grains are about the same size, similar to soil C in Figure 1.2.
Uniformly graded and gap-graded soils are special cases of poorly graded soils.

A sandy soil is classified as well graded if Cu > 6 and Cc = 1–3. A gravelly soil is classified
as well graded if Cu > 4 and Cc = 1–3. D10, also known as the effective grain size, is an indirect
measure of the pore sizes within the soil and is related to the permeability of a coarse-grained
soil. Grain size distribution is of little value in a fine-grained soil.

The deformation characteristics such as strength or stiffness of a granular soil, with any
specific grain size distribution, depend on how closely the grains are packed. The density of
packing is quantified through a simple parameter known as relative density (Dr) or the density
index (ID), defined as

D
e e

e e
r   

  

  

  =
−

−
×max

max min

%100 (1.11)

where emax and emin are the maximum (ASTM D4254; AS1289.5.5.1) and minimum (ASTM
4253; AS1289.5.5.1) possible void ratios at which the grains can be packed and e is the void ratio
at which the relative density is being computed. The maximum and minimum void ratios
reflect the loosest and densest possible states, respectively.

The shape of the grains in a coarse-grained soil can be angular, subangular, subrounded, or
rounded. When the grains are angular, there is more interlocking between them, and therefore
the strength and stiffness of the soils will be greater. In roadwork, angular aggregates would
provide better interlocking and good resistance to becoming dislodged by traffic.

1.3.2 Fine-Grained Soils: Atterberg Limits

As the water content of a fine-grained soil is increased from 0%, it goes through different
consistencies, namely brittle solid, semisolid, plastic, and liquid states. The borderline water
content between two states is known as the Atterberg limits (Figure 1.3). Atterberg limits
originally were developed by the Swedish scientist A. Atterberg in the early 1900s, working in
the ceramics industry. They were modified by K. Terzaghi (in the late 1920s) and A. Casagrande
(in the early 1930s) to suit geotechnical work. The three Atterberg limits are liquid limit (LL
or wL ), plastic limit (PL or wP), and shrinkage limit (SL or wS ). LL is the lowest water content
at which the soil behaves like a viscous mud, flowing under its own weight with very little

FIGURE 1.3 Atterberg limits.
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strength. PL is the lowest water content at which the soil exhibits plastic characteristics. The
range of water content over which the soil remains plastic is known as the plasticity index (PI),
which is the difference between LL and PL (i.e., PI = LL −
PL). SL is the water content below which soil will not shrink
when dried. LL and PL tests in the laboratory are done on
samples passing 425-µm (No. 40) sieves that contain some
fine sands as well (ASTM D4318; AS1289.3.1.1, AS1289.3.9.1,
AS1289.3.2.1). Burmister (1949) classified cohesive soils
based on PI as listed in Table 1.2.

Similar to relative density in granular soils, liquidity
index (LI or IL ) is a parameter used to define the consis-
tency of a fine-grained soil with respect to LL and PL. It is
defined as:

LI
PL

LL PL
  

  

  

= −
−

w
(1.12)

It takes a value of 0 at PL and 1 at LL. Fine-grained soils contain clays and silts, where the clays
are plastic and silts are nonplastic. The plasticity of fine-grained soil is derived mainly from the
clay fraction. Activity (A) is a term used to quantify the plasticity of the clay fraction in a fine-
grained soil and is defined as:

A  
PI

  of  clay
=

%
(1.13)

Activity is a good indicator of potential shrink-swell problems associated with expansive clays.
Clays with A  > 1.25 are generally expansive and those where A < 0.75 are inactive. Clays with
A = 0.75–1.25 are known as normal clays.

1.3.3 Unified Soil Classification System

A soil classification system is a universal language that all geotechnical engineers understand,
where soils of similar behavior are grouped together, and systematic and rational ways are in
place to classify and describe them, using standardized symbols. The use of such standard and
precise terms eliminates the ambiguity in communicating the soil characteristics. Several soil
classification systems are currently in use. The Unified Soil Classification System (USCS) is the
one that is used the most in geotechnical engineering worldwide. The American Association
of State Highway Transportation Officials (AASHTO) system is used mainly with roadwork.

The major soil groups in the USCS are defined on the basis of grain size (see Figure 1.4)
as gravel (G), sand (S), silt (M), and clay (C). Two special groups are organic clays (O) and
peats (Pt). Organic clays are clays where the LL reduces by more than 25% when oven dried.

USCS recommends a symbol in the form of XY for a soil, where the prefix X is the major
soil group and the suffix Y is the descriptor. Coarse-grained soils (G or S) are described on the
basis of the grain size distribution as well graded (W) or poorly graded (P), and fine-grained
soils (M or C) are classified on the basis of their plasticity as low (L) or high (H).

A fine-grained soil is classified as clay or silt depending on the Atterberg limits and not
based on the relative proportions. Casagrande (1948) proposed the PI-LL chart shown in

TABLE 1.2 Classification of
Clays Based on PI

PI Classification

0 Nonplastic
1–5 Slightly plastic
5–10 Low plastic

10–20 Medium plastic
20–40 High plastic
>40 Very high plastic

After Burmister (1949).
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Figure 1.5, where the A-line separates the clays and silts. If the LL and PI values of a fine-
grained soil plot below the A-line, it is a silt, and if above, it is a clay. For a fine-grained soil,
the descriptor L or H is used, depending on whether the LL is less or greater than 50. The U-
line in Figure 1.5 gives the upper limit, and all fine-grained soils are expected to lie below this
line.

There are borderline soils that cannot adequately be described by the XY symbol. A fine-
grained soil that plots within the hatched area in Figure 1.5 is classified as CL-ML. A coarse-
grained soil which contains fines that fall within this hatched area is classified as GC-GM or
SC-SM. When there are 5–12% fines within a coarse-grained soil, it is given a dual symbol in
the form of XY-XZ, where X denotes the major coarse-grained soil type, Y indicates whether
it is well or poorly graded, and Z indicates whether the fines are clays or silts. The possible
USCS symbols and a simple way to remember the USCS are shown in Figure 1.6.

1.3.4 Visual Identification and Description of Soils

Very often in the field, it is necessary to identify soil without any instrument or laboratory
facility and then describe it in a systematic manner. This is fairly straightforward in the case
of granular soils, where the qualitative field descriptions include the grain size (fine, medium,
or coarse), shape (angular, subangular, subrounded, or rounded), color, gradation (well or
poorly), state of compaction, and presence of fines. Fine-grained soils are identified based on
dry strength and dilatancy. Dry strength is a measure of how hard it is to squeeze a dry lump
between the fingers and crush. The standard terms used are very low, low, medium, high, and
very high. A dilatancy test involves placing a moist pat of soil in the palm and shaking it
vigorously to see how quickly the water rises to the surface, making it shiny. The standard

FIGURE 1.5 Casagrande’s PI-LL chart.

FIGURE 1.4 Major soil groups.
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descriptors are very quick, quick, medium, slow, and very slow. Silts have low dry strength and
quick dilatancy. Clays have high dry strength and slow dilatancy. Fines also can be identified
by feeling a moist pat; clays feel sticky and silts feel gritty.

1.4 Compaction

Very often, the existing ground conditions are not suitable for the proposed engineering work.
Poor ground conditions can lead to shear failure within the subsoil and�or excessive deforma-
tion. Compaction is one of the oldest, simplest, and most economical means of ground
improvement and is still very popular in the modern world. The objective of compaction is to
bring the soil grains closer, by applying an external effort, using some compaction equipment
such as rollers. Water is added to the soil during compaction to act as a “lubricant,” making
the process more effective.

1.4.1 Compaction Curve and Zero Air Void Curve

Water content is one of the major variables in compaction. The relative volumes of soil grains,
water, and air at five different water contents are shown in Figure 1.7a. At optimum water
content  (wopt), shown by point 3 in Figure 1.7b, the soil attains the densest possible packing
(see Figure 1.7c) under the applied compactive effort. The corresponding dry density is known
as the maximum dry density (�d,max). Increasing the compactive effort leads to a reduction in
the optimum water content and an increase in the maximum dry density.

Every point in the �d-w space in Figure 1.7b corresponds to a specific value of the degree
of saturation (S ) or air content (a). The zero air void curve is the locus of the points that
correspond to S = 100% and a = 0%. The equation for this curve is

�
�

d
s w

s

G

wG
  

  

=
+1

(1.14)

The zero air void curve is sensitive to the value of Gs, which must be determined precisely.
Similar contours can be drawn for any value of S or a, using the following equations:

�
�

d
s w

s

G

wG

S

  

  

=
+1

(1.15)

FIGURE 1.6 USCS symbols.
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�
�
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−
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1
(1.16)

The theoretical zero air void curve, drawn using Equation 1.14, provides a good check on
the laboratory compaction tests and the field control tests. All test points should lie to the left
of the zero air void curve.

(a)

(b)

(c)

FIGURE 1.7 Effects of water content during compaction on (a)
phase diagram, (b) dry density, and (c) void ratio.
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1.4.2 Laboratory Compaction Tests

Laboratory compaction tests originally were proposed by Proctor (1933). The objective of
these tests is to develop the compaction curve and determine the optimum water content and
the maximum dry density of a soil, at a specific compactive effort. The tests require the soil
to be placed in a 1000-ml cylindrical mold in layers, with each layer compacted using a
standard hammer, simulating the field
compaction process, where the soil is com-
pacted in layers. This is repeated at differ-
ent water contents, and the compaction
curve is developed. Standard Proctor
(ASTM D698; AS1289.5.1.1) and modified
Proctor (ASTM D1557; AS1289.5.2.1) are
the two compactive efforts commonly used.
The details of these two tests are summa-
rized in Table 1.3. The mold volume, ham-
mer weight, and drop can vary slightly de-
pending on the country of use.

1.4.3 Field Compaction

Compaction in the field is carried out by placing the soil in 100- to 300-mm-thick lifts at
appropriate water contents that would meet the specifications. Water is brought in trucks and
sprinkled as necessary (Figure 1.8a). Rollers or equipment that would suit the soil are used,
providing a static or dynamic compactive effort. Granular soils are compacted most effectively
by vibratory loads, such as vibrating rollers, plates, or rammers. Clays are compacted most
effectively by sheepsfoot rollers that provide a good kneading action. Smooth-wheeled rollers
are used for the finishing touch.

(a) (b)

FIGURE 1.8 Field compaction: (a) watering the soil layers for compaction and (b) nuclear densometer
measuring water content and density.

TABLE 1.3 Standard and Modified Compaction
Tests

Standard Modified
Variable Proctor Proctor

Hammer
Mass 2.7 kg 4.9 kg
Drop 300 mm 450 mm

No. of layers 3 5
Blows per layer 25 25
Energy�m3 596 kJ 2703 kJ
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Relative compaction or dry density ratio is defined as

Relative  compaction    
field

-lab

= ×
�

�

d

d

,

,max

%100 (1.17)

where �d,field = dry density measured in the field and �d,max-lab = maximum dry density from
the laboratory compaction curve at the specific compactive effort. Hausmann (1990) sug-
gested that �d,max-lab for a standard Proctor compaction test is approximately 90 and 95% that
of a modified Proctor compaction test for clays and sands, respectively. It is quite common to
specify relative compaction of 90–105% with respect to modified Proctor compactive effort,
with water content of ±2% within the optimum water content.

The geotechnical characteristics of compacted clays are influenced significantly by the
molding water content (Lambe 1958a, 1958b). The clay fabric will become more oriented
(dispersed) when the water content or compactive effort is increased. Clays compacted to the
dry of optimum have flocculated fabric and higher strength and permeability. While the clays
compacted to the dry of optimum are prone to more swelling, the ones compacted to the wet
of optimum are prone to more shrinkage.

The dry density and the water content of the compacted earthwork are checked through
a sand replacement test (ASTM D1556; AS1289.5.3.1) or nuclear density test (ASTM D2922;
AS1289.5.8.1). These control tests are carried out for every 500–1500 m3; in the case of backfills
behind retaining walls, etc., where the volume is relatively small, tests are carried out for every
100–200 m3. In a sand replacement test, also known as a sand cone test, a hole is dug into the
compacted earthwork and the soil removed is weighed and the water content measured. The
volume is computed by filling the hole with uniform sand of known density. Nuclear densometers
(Figure 1.8b) are quite popular nowadays due to several advantages. The measurements are so
rapid that the density and water content measurements are available within minutes, enabling
corrective measures to the compacted earthwork to be taken at once. The frequency of tests
can be increased at a relatively modest cost.

Dynamic compaction is a relatively recent method to compact loose granular soils, sanitary
landfills, waste dumps, sinkhole-weakened terrain, and sometimes clays too, where a 100- to
400-kN weight is raised to a height of 5–30 m and dropped repeatedly in a well-planned grid
at appropriate spacing, with few passes (Figure 1.9a). The soil is densified by the stress waves
generated by the impact. The large craters formed during the process are backfilled. The
effectiveness of compaction is assessed through in situ static or dynamic penetration tests (see
Figure 1.9b), carried out before and after the dynamic compaction. The dynamic compaction
process effectively compacts the soil to a depth given by (Leonards et al. 1980)

D WH (m)     ≈ 0 5. (1.18)

where W is the weight in metric tons and H is the drop in meters. Dynamic compaction and
other ground improvement techniques are covered in Chapter 9.

1.5 Flow through Soils

When water flows through soils beneath a concrete dam or a sheet pile, sometimes it is
necessary to estimate the flow rate and assess the stability of the structure with respect to any
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potential problems such as piping or uplift. Here, it becomes necessary to separate the stresses
caused by the soil skeleton and the water.

1.5.1 Effective Stresses and Capillary

Total normal stresses (σ) applied to a saturated soil are carried partly by the soil skeleton and
the rest by the pore water. The component carried by the soil skeleton is known as effective
stress or intergranular stress (σ′), and the pressure of the water within the voids is known as the
neutral or pore water pressure (u). Therefore,

σ σ    = ′ + u (1.19)

in all directions, at all times, in all saturated soils. The pore water pressure is the same in all
directions at a given time, whereas σ and σ′ vary with direction.

In fine-grained soils, the interconnected voids act like capillary tubes and let the water rise
above the phreatic surface or water table, saturating the soil within this height; this is known
as capillary rise (hc ). Generally, the finer the grains, the finer the pore sizes and the larger the
capillary rise. The diameter of the capillary tube (d ) is approximately one-fifth of D10 and the
capillary rise hc is given by:

h
d D

c  (m)
  

  

 

  

 

≈ ≈0 03 0 15

10

.

(mm)

.

(mm)
(1.20)

(a) (b)

FIGURE 1.9 (a) Dynamic compaction and (b) JCU heavy dynamic cone penetration test rig.
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In clays, several meters of capillary rise can be expected. The capillary pore water pressures are
negative (i.e., suction) and can increase the effective stresses significantly.

1.5.2 Permeability

Bernoulli’s equation in fluid mechanics states that for steady incompressible flow, the total
head at a point P can be expressed as the summation of three independent components—
pressure head, elevation head, and velocity head, as given below

Total  head Pressure  head Elevation  head Velocity  head      

      

= + +

= + +h
p

g
z

v

gw�

2

2

(1.21)

where p is the pressure and v is the velocity at point P and z is the height of point P above the
datum. The elevation head and therefore the total pressure head at a point depend on the
selected datum. In the case of flow through soils, the seepage velocity is very low and the
velocity head is negligible. The pressure is simply the pore water pressure. Therefore, Equa-
tion 1.21 becomes:

Total  head Pressure  head Elevation  head    

    

= +

= +h
u

g
z

w�

(1.22)

Flow takes place from higher head to lower head. The energy dissipated in overcoming the
frictional resistance provided by the soil matrix results in the head loss between two points.
The hydraulic gradient (i ) between two points A and B on the flow path is the ratio of the total
head loss between the two points to the distance between the two points, measured along the
flow path. It is a dimensionless quantity and is the head loss per unit length and therefore a
constant within a homogeneous soil.

Darcy’s law states that when the flow through soils is laminar, the discharge velocity is
proportional to the hydraulic gradient, and therefore,

v ki  = (1.23)

where k is known as the permeability or hydraulic conductivity of the soil, which is expressed
in units of velocity. Typical values for permeability of soils are given in Figure 1.10 (Terzaghi
et al. 1996). Hazen (1930) showed that for clean filter sands in a loose state,

k C D (cm s)  (mm)      � = × 10
2

(1.24)

where C is about 1.
When water flows through soils, the flow takes place only through the voids. Therefore, the

effective cross-sectional area (Ae ) should be used in calculating the flow instead of the total
cross-sectional area (A ). This leads to the definition of two different velocities: discharge
velocity (v) and seepage velocity (vs ). They are simply v = Q �A and vs = Q �Ae , where Q is the
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flow rate. Seepage velocity is always greater than the average discharge velocity. In geotechnical
engineering, especially when dealing with Darcy’s law, discharge velocity is used:

v

v

A

A
n

s

e
    = = (1.25)

Physicists define a more general form of permeability known as intrinsic permeability (K ),
which is not influenced by fluid properties such as density or viscosity. Intrinsic permeability
depends only on the porosity of the soil and is expressed in units of area (e.g., m2, Darcy). In
rocks and in the oil industry, Darcy is often used for intrinsic permeability, where 1 Darcy =
0.987 µm2. In sandstones, where the pores are well connected, the intrinsic permeability is
large and can be of the order of 1 Darcy. In impermeable rocks such as siltstones, the intrinsic
permeability can be of the order of 1 milli-Darcy.

K and k are related by

k K   =
γ
η

(1.26)

where η and γ are the dynamic viscosity (N·s�m2) and unit weight (N�m3), respectively, of the
permeant fluid, which depend on the temperature. It can be deduced from the above equation
that the heavier the fluid, the larger the permeability, and the higher the viscosity, the lower
the permeability, which makes sense intuitively.

What geotechnical engineers refer to as permeability or hydraulic conductivity (k) is ex-
pressed in units of velocity. It is specifically for flow of water through soils. Assuming ηw = 1.002
× 10−3 N·s�m2 and γw = 9810 N�m3 at 20°C,

K k (cm )  (cm s)        
2 = × × −� 1 02 10 5.

K k (Darcy)  (cm s)        = × ×� 1 035 103.

In laminar flow, fluid flows in parallel layers without mixing. In turbulent flow, random
velocity fluctuations result in mixing of fluid and energy dissipation. When water flows
through soils, laminar flow becomes turbulent flow when the Reynolds number (R) is of the
order of 1–12 (Harr 1962). Harr (1962) and Leonards (1962) conservatively suggest using a

FIGURE 1.10 Typical permeability values (after Terzaghi et al. 1996; reprinted with permission of
John Wiley & Sons, Inc.).
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lower limit of 1.0 as the cutoff between laminar and turbulent flow in soils. The Reynolds
number is defined as

R
vD w

  =
�

η
(1.27)

where D is the characteristic dimension, which is the average diameter of the soil grains.
Permeability of coarse-grained soils and fine-grained soils can be determined in the

laboratory through constant head (ASTM D2434; AS1289.6.7.1, AS1289.6.7.3) and falling head
(ASTM D5856; AS1289.6.7.2) permeability tests, respectively. In a constant head test, carried
out mostly on reconstituted samples of granular soils, flow takes place through the sample
under a constant head (hL), as shown in Figure 1.11a, and the flow rate is measured. Based on
Darcy’s law, permeability is computed using the following equation:

k
QL

h AtL

  = (1.28)

where Q = water collected in time t, L =
sample length, A = sample cross section,
and hL = head loss.

In the laboratory, falling head tests can
be carried out on reconstituted silt-sized
soils such as mine tailings or undisturbed
clay samples. Here, the time (t) taken for
the water column in Figure 1.11b to drop
from the head of h1 to h2 is measured. The
permeability of the soil sample is given by

k
aL

At

h

h
     =


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


ln
1

2

(1.29)

where a = a cross-sectional area of the
standpipe. Permeability also can be measured in situ, through pump-in or pump-out tests,
where water is pumped into or out of a well until steady state is achieved. Permeability is
determined from the flow rate, pipe diameter, and other geometric dimensions.

When there is upward flow within a granular soil, the hydraulic gradient reduces the
effective vertical stresses. When the hydraulic gradient becomes equal to the critical hydraulic
gradient (icr ), the effective vertical stress becomes 0, and the soil grains are barely in contact.
This situation is known as a quick condition, where the granular soil has no strength. The
critical hydraulic gradient is given by:

i
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(1.30)
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FIGURE 1.11 Permeability tests: (a) constant head
and (b) falling head.
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1.5.3 Seepage

When seepage takes place beneath a concrete dam or a sheet pile, a flow net is used for
computing the flow rate, pore water pressures within the flow domain, and maximum exit
hydraulic gradient. The flow net for seepage beneath a sheet pile is shown in Figure 1.12. The
soil properties are k = 6.5 × 10−5 cm�s, Gs = 2.65, and e = 0.72. The flow rate per unit length,
perpendicular to this plane, can be computed using

Q kh
N

N
L

f

d

   = (1.31)

where hL = head loss within the flow domain, from upstream to downstream; Nf = number
of flow channels in the flow net; and Nd = number of equipotential drops. In Figure 1.12, hL

= 9.0 m, Nf = 4, and Nd = 8. Therefore, using Equation 1.30, the flow rate becomes 0.253
m3�day�m.

Taking the downstream water level as the datum, the total heads at upstream and down-
stream become 9 m and 0, respectively. This implies that 9 m of head is lost along each stream
line during the flow from upstream to downstream. The total head difference (∆h) between
two adjacent equipotential lines is 9�8 = 1.125 m. Therefore, the total head at any point within

FIGURE 1.12 Flow net for seepage beneath a sheet pile.
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the flow domain can be estimated. Knowing the elevation head, pressure head can be deter-
mined. Pore water pressure is simply the product of pressure head and unit weight of water.

The maximum exit hydraulic gradient (iexit,max) which occurs next to the sheet pile can be
estimated as 0.35. The critical hydraulic gradient can be computed as 0.96, using Equation
1.30. The safety factor with respect to piping is generally defined as:

F
i

i
cr

piping
exit,max

  = (1.32)

Piping can become catastrophic, putting property and lives downstream at risk; therefore,
safety factors as high as 5 often are recommended. A safety factor of 2.74 in the above example
is inadequate, unless the structure is temporary.

1.5.4 Design of Granular Filters

When seepage takes place within the soil beneath embankments or behind retaining walls,
often drains are installed to collect the water. In the past, the drains were made mostly of
granular soils, which act as filters. Lately, geosynthetics have become increasingly popular as
drainage materials.

The granular filter material has to satisfy permeability criteria and retention criteria. Perme-
ability criteria ensure that the filter is porous enough and facilitates quick drainage without
buildup of pore water pressure. To ensure that the filter pores are large enough compared to
those of the surrounding soils, the following rule is enforced:

D D15 154,filter ,soil  ≥

Retention criteria ensure that the filter pores are small enough to prevent migration of
fines from the surrounding soil into the filter and eventually clogging it. This is ensured
through the following rule:

D D15 855,filter ,soil  ≤

It should be noted that D15,filter is the average pore size of the filter. These two criteria will
establish the upper and lower bounds for the grain size distribution of the filter material.
Traditionally, the grains are selected such that the grain size distribution curves of the filter
material and surrounding soil are approximately parallel. The U.S. Navy (1971) suggests the
following two additional conditions to reinforce retention criteria:

D D15 1520,filter ,soil  ≤

D D50 5025,filter ,soil  ≤

1.6 Consolidation

When buildings or embankments are constructed on saturated clays, the settlement is not
instantaneous. Settlement occurs due to expulsion of water from the voids, and this process,
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known as consolidation, takes place over a long period of time in clays. During consolidation,
pore water pressure decreases and effective stress increases at a point within the clay. In the case
of granular soils, the consolidation process is almost instantaneous.

1.6.1 Void Ratio vs. Effective Stress

Let’s assume that the applied loading at the ground level is of large lateral extent, as shown in
Figure 1.13a, and therefore the deformations and drainage are only vertical (i.e., one-dimen-
sional). The consolidation behavior of a clay can be studied through laboratory testing on an
undisturbed sample in an odometer, as shown in Figure 1.13b, replicating the one-dimensional
in situ loading (ASTM D2435; AS1289.6.6.1).

The void ratio versus effective stress (in log scale) plot, shown in Figure 1.13c, known as
an e − log σ′v plot, is developed through several incremental loadings in an odometer, allowing
full consolidation during each increment. The loading part of the curve consists of two
approximate straight lines AB and BC, with slopes of Cr and Cc , known as the recompression
index and compression index, respectively. The unloading part CD has approximately the same
slope as AB. The value of σ′v at B is known as the preconsolidation pressure (σ′p ), which is the
maximum pressure the soil element has experienced in the past. These three parameters are
required for the settlement calculations and can be determined from an e − log σ′v plot derived
from a consolidation test. In the absence of consolidation test data, Cc can be estimated from
some of the empirical equations available in the literature, which relate Cc to LL, natural water
content, and in situ void ratio. Based on the work by Skempton (1944) and others, Terzaghi
and Peck (1967) suggested that for undisturbed clays

Cc     LL= −0 009 10. ( ) (1.33)

and for remolded clays

Cc     LL= −0 007 7. ( ) (1.34)

FIGURE 1.13 One-dimensional consolidation: (a) in situ, (b) laboratory, and (c) e − log σ′v plot.
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The recompression index, also known as swelling index, can be estimated as:

C Cr c    ≈ −( . . )0 1 0 2 (1.35)

Typical values of Cr range from 0.01 to 0.04, where the lower end of the range applies to low-
plastic clays. Cc values for inorganic clays range from 0.2 to 1.0, but for organic clays and
sensitive clays, this can even exceed 5.

The final consolidation settlement (sc ) of a clay layer with thickness H is computed from one
of the following two equations:

s H m Hc v    = =∆ ∆σ (1.36)

s H
e

e
Hc     

  

 = =
+

∆ ∆
1 0

(1.37)

where mv is the coefficient of volume compressibility, defined as the volumetric strain per unit
increase in effective stress. The initial void ratio of the clay layer is e0, and the vertical normal
stress increase at the middle of the layer is ∆σ. ∆e and ∆H are the reductions in the void ratio
and layer thickness, respectively. The problem with Equation 1.36 is that mv is not a constant
and it varies with σ′v . Therefore, it is necessary to use the value of mv appropriate to the stress
level to estimate the consolidation settlements more realistically. Settlement computations
using Equation 1.37 are discussed in detail in Chapter 3. The ratio of preconsolidation pressure
(σ′p ) to the initial effective overburden pressure of the sample (σ′vo) gives the overconsolidation
ratio (OCR) of the clay.

The constrained modulus, also known as the odometer modulus (D), is related to mv and
Young’s modulus (E ) by

D
m

E K G
v

    
  

    

      = = −
+ −

= +1 1

1 1 2

4

3

( )

( )( )

ν
ν ν

(1.38)

where ν is Poisson’s ratio. K and G are the bulk and shear moduli, respectively. D or mv can
be determined in an odometer, and assuming a value for ν, E can be estimated. For saturated
clays, theoretically, ν = 0.5. For partially saturated clays, ν = 0.3–0.4. Typical values of ν for
silts and sands vary from 0.2 in a loose state to 0.4 in a dense state. mv can be less than 0.05
MPa−1 for very stiff clays and can exceed 1.5 MPa−1 for soft clays and peats. Classification of
clays based on mv is given in Table 1.4.

For linearly elastic material, K and G are related to E and ν by:

K
E

  

  

=
−3 1 2( )ν

(1.39)

G
E

  

  

=
+2 1( )ν

(1.40)

The constrained modulus D is approximately related to the preconsolidation pressure by
(Canadian Geotechnical Society 1992)
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D p    = ′( ~ )40 80 σ (1.41)

where the lower end of the range is for soft clays and the upper end is for stiff clays.
From the definition of Cc and mv , it can be shown that in normally consolidated clays they

are related by

m
C

e
v

c
  

  avg

=
+

0 434

1 0

.

( )σ
(1.42)

where e 0 is the void ratio at the beginning of consolidation and σavg is the average vertical stress
during consolidation. If the loading is entirely on the recompression line, Cc can be replaced
by Cr and the above equation still can be used.

Young’s modulus derived from in situ tests often is obtained under undrained conditions
(Eu ), and it is useful to relate this to the drained Young’s modulus (E ). By equating the shear
moduli for undrained and drained conditions,

G
E

G
E

u
u

u

  

  

    

  

=
+

= =
+2 1 2 1( ) ( )ν ν

(1.43)

Substituting νu = 0.5 in Equation 1.41,

E Eu   

  

 =
+
3

2 1( )ν
(1.44)

1.6.2 Rate of Consolidation

The settlements computed using Equations 1.36 and 1.37 are the final consolidation settle-
ments that are expected to take place after a very long time, at the end of the consolidation
process. In practice, when an embankment or a footing is placed on clay, it is necessary to know
how long it takes the settlement to reach a certain magnitude, or how much settlement will
take place after a certain time. Terzaghi (1925) developed the one-dimensional consolidation
theory, based on the following assumptions:

1. Soil is homogeneous and saturated.
2. Soil grains and water are incompressible.
3. Strains and drainage are both one-dimensional.
4. Strains are small.
5. Darcy’s law is valid.

TABLE 1.4 Classification of Clays Based on mv

Type of Soil mv (MPa−1) Compressibility

Heavily overconsolidated clays <0.05 Very low
Overconsolidated clays 0.05–0.3 Low to medium
Normally consolidated clays 0.3–1.5 High
Organic clays and peats >1.5 Very high
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6. Coefficients of permeability and volume compressibility remain constant during
consolidation.

For the same clay layer discussed in Figure 1.13, the excess pore water pressure (∆u)
distribution with depth z  at a specific time t is shown in Figure 1.14. When the surcharge
pressure ∆σ is applied at the ground level, it is immediately transferred to the pore water at
every depth within the clay layer, in the form of excess pore water pressure that takes the initial
value of ∆u0. Assuming the clay layer is sandwiched between two free-draining granular soil
layers, the excess pore water pressure dissipates instantaneously at the top and bottom of the
clay layer.

Terzaghi (1925) showed that the governing differential equation for the excess pore water
pressure can be written as

∂
∂

∂
∂

u

t
c

u

z
v   =

2

2
(1.45)

where cv is the coefficient of consolidation, defined as

c
k

m
v

v w

  =
γ

(1.46)

with preferred units of m2�yr. By solving the above differential equation (Equation 1.45) with
the appropriate boundary conditions, it can be shown that the excess pore water pressure at
a depth z at time t can be expressed as

∆ ∆u z t u
M

MZ e M T

m

m

( , ) sin( )     = −

=

=∞

∑0

0

2 2
(1.47)

FIGURE 1.14 Dissipation of pore water pressure with depth.
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where M = (π�2)(2m + 1), and Z and T are the dimensionless depth and time factors, defined
as

Z
z

Hdr

  = (1.48)

T
c t

H

v

dr

  =
2

(1.49)

where Hdr is the maximum length of the drainage path within the clay layer. In Figures 1.13 and
1.14, where the clay is sandwiched between two granular soil layers, the clay is doubly drained
and Hdr = ½H. When the clay is underlain by an impervious stratum, it is singly drained and
Hdr = H. The value of cv can vary from less than 1 m2�yr for low-permeability clays to as high
as 1000 m2�yr for sandy clays of very high permeability. Figure 1.15, proposed by the U.S. Navy
(1986), can be used as a guide for estimating cv from LL or as a check on measured cv values.
When a clay becomes overconsolidated, cv increases by an order of magnitude. Therefore,
overconsolidated clays consolidate significantly quicker than normally consolidated clays.

1.6.3 Degree of Consolidation

The fraction of excess pore water pressure that has dissipated at a specific depth z at a specific
time t  is the degree of consolidation (U ) and is often expressed as a percentage. It is given by:

FIGURE 1.15 Approximate values of cv (after U.S. Navy 1986).

0.1

1

10

100

20 40 60 80 100 120 140 160

Liquid limit

C
oe

ffi
ci

en
t o

f c
on

so
lid

at
io

n,
 c

V
 (

m
2 /

ye
ar

)
Lower bound for undisturbed 
overconsolidated clays

Upper bound for 
remolded clays

Normally
consolidated 
clays

J. Ross Publishing; All Rights Reserved



1-24 Geotechnical Engineering Handbook

FIGURE 1.16 U-Z-T relationship.

U z t
M
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( , ) sin( )      = − −

=

=∞

∑1
2 2

0

(1.50)

The interrelationship among U, Z, and T is shown graphically in Figure 1.16. The average
degree of consolidation (Uavg) for the overall depth, at a specific time, is the area of the
dissipated excess pore water pressure distribution diagram in Figure 1.14 divided by the initial
excess pore water pressure distribution diagram. It is given by:

U
M

e M T

m

m

avg       = − −

=

=∞

∑1
2

2
0

2
(1.51)

The Uavg-T relationship is shown graphically in Figure 1.17. This can be approximated as:

T U U      avg avgfor  = ≤π
4

602 % (1.52)

T U U        avg avgfor  = − − ≥1 781 0 933 100 60. . log( ) % (1.53)

1.6.4 Secondary Compression

Once the excess pore water pressure dissipates fully, there will be no more consolidation
settlement. However, due to realignment of the clay particles and other mechanisms, there will
be a continuous reduction of the void ratio, which leads to further settlement. This process,
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FIGURE 1.17 Uavg-T relationship.

which occurs at constant effective stress, is known as secondary compression or creep. The void
ratio decreases linearly with logarithm of time, and the coefficient of secondary compression (Cα)
is defined as:

C
e

t
α   = ∆

∆(log )
(1.54)

Cα can be determined from the dial gauge reading vs. log time plot in a consolidation test.
Mesri and Godlewski (1977) observed that Cα�Cc varies within a narrow range of 0.025–0.10
for all soils, with an average value of 0.05. Lately, Terzaghi et al. (1996) suggested a slightly
lower range of 0.01–0.07, with an average value of 0.04. The upper end of the range applies to
organic clays, muskeg, and peat, and the lower end applies to granular soils. For normally
consolidated clays, Cαε lies in the range of 0.005–0.02. For highly plastic clays and organic
clays, it can be as high as 0.03 or even more. For overconsolidated clays with OCR > 2, Cαε is
less than 0.001 (Lambe and Whitman 1979). Here, Cαε is the modified secondary compres-
sion, defined as Cα�(1 + ep ), where ep is the void ratio at the end of consolidation.

1.7 Shear Strength

Soil derives its shear strength from two distinct components: friction and cohesion. In granular
soils, where there is no cohesion, the shear strength is purely frictional. The maximum shear
stress that can be applied on a plane before failure is given by

τ σ φf c    = + tan (1.55)

where τf = shear strength (or shear stress at failure), c = cohesion, σ = normal stress acting on
the plane, and φ = friction angle. The cohesive component c of the shear strength is indepen-
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dent of the normal stress and remains the same at all stress levels. The frictional component
σ tan φ is proportional to the normal stress σ. At failure, the major and minor principal stresses
are related by

σ φ
φ

σ φ
φ

φ σ φ

1 3
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and
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1.7.1 Drained and Undrained Loading

When a footing or embankment is built on saturated clays, it is necessary to ensure that it
remains safe at all times. Immediately after construction, known as the short-term situation,
when there is no drainage taking place, the clay is under an undrained condition. Here, the clay
is generally analyzed in terms of total stresses, using undrained shear strength parameters (cu

and φu = 0). At a long time after loading, the clay would have fully consolidated and drained,
and there will be no excess pore water pressure. Under this circumstance, known as the long-
term situation, the clay is generally analyzed in terms of effective stresses, using shear strength
parameters in terms of effective stresses (c ′ and φ′). Short term and long term are two extreme
loading conditions which are easy to analyze. In reality, the loading situation is in between
these two and the soil will be partially drained. Granular soils drain quickly and therefore are
analyzed using effective stress parameters at all times, assuming drained conditions.

The two common laboratory tests to determine the shear strength parameters are the
triaxial test and the direct shear test. They can be done under drained or undrained conditions,
to determine c ′, φ′, cu , and φu . The tests on clays generally are carried out on undisturbed
samples obtained from boreholes or trial pits. It is difficult to obtain undisturbed samples of
granular soils, which often are reconstituted in the laboratory at specific relative densities
representing the in situ conditions. In situ tests are a better option in the case of granular soils.
For undrained analysis of clays in terms of total stresses, φu = 0, with the failure envelope being
horizontal in the τ-σ plane. Therefore, the undrained shear strength (τf ) is simply the
undrained cohesion (cu ). Equation 1.44 relates the undrained and drained Young’s modulus.

1.7.2 Triaxial Test

A triaxial test is carried out on an undisturbed clay sample or reconstituted sand sample that
is cylindrical in shape, with a length-to-diameter ratio of 2.0. The diameter of the sample can
be 38–100 mm; the larger samples are used mainly for research purposes. An oversimplified
schematic diagram of a triaxial test setup is shown in Figure 1.18. The soil specimen is loaded
in two stages. In the first stage, the specimen is subjected to isotropic confinement, where only
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the cell pressure (σcell) is applied. The drainage valve can be open to consolidate the sample,
or it can be closed to prevent any consolidation. During the second stage of loading, the axial
load is applied through a piston, while the cell pressure is maintained constant at σcell. The
loading can be drained or undrained, depending on whether the drainage valve is open or
closed during this second stage. At any time of the loading during the second stage, the vertical
and horizontal stresses are assumed to be major (σ1 = σcell + ∆σ) and minor (σ3 = σcell)
principal stresses. ∆σ is the axial stress applied through the piston, known as the deviator stress.
At least three samples are tested at different confining pressures, with Mohr circles drawn for
each of them at failure and the failure envelope drawn tangent to the Mohr circles.

Depending on whether the drainage valve is open or closed during the isotropic confine-
ment (stage 1) and the application of deviatoric stress (stage 2), three different test setups are
commonly used to study different loading scenarios in the field:

1. Consolidated drained (CD) test (ASTM D4767)
2. Consolidated undrained (CU) test (ASTM D4767; AS1289.6.4.2)
3. Unconsolidated undrained (UU) test (ASTM D2850; AS1289.6.4.1)

Sometimes, a back pressure is applied through the drainage line to ensure full saturation
of the specimen, and when the drainage valve is open, the drainage takes place against the back
pressure. Generally, porous stones are provided at the top and bottom of the specimen, and
a separate line is provided from the top of the sample for drainage, back pressure application,
or pore pressure measurement. The effective stress parameters c ′ and φ′ can be obtained from
CD or CU tests, and the total stress parameters cu and φu are determined from UU tests.

An unconfined compressive strength test or uniaxial compression test is a simple form of a
triaxial test conducted on clay specimens under undrained conditions, without using the
triaxial setup (ASTM D2166). This is a special case of a UU test with σcell = 0. Here, the
specimen is loaded axially without any confinement. The failure pressure is known as the
unconfined compressive strength (qu ), which is twice the undrained shear strength (cu ). Approxi-
mate measurements of unconfined compressive strength can be obtained from a pocket
penetrometer or torvane on laboratory samples or exposed excavations in the field.

Skempton (1957) suggested that for normally consolidated clays :

FIGURE 1.18 Schematic diagram of triaxial test setup.
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cu

vo′
= +

σ
    PI0 0037 0 11. . (1.58)

For overconsolidated clays, Ladd et al. (1977) suggested that

c cu
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and Jamiolokowski et al. (1985) suggested that
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=
σ

      

oc

OCR( . ~ . ) ( ) .0 19 0 27 0 8 (1.60)

Mesri (1989) suggested that for all clays

cu

p′
=

σ
  0 22. (1.61)

For normally consolidated clays, the effective friction angle (φ′) decreases with increasing
PI (Holtz and Kovacs 1981). A very rough estimate of φ′ can be obtained from the following
equation (McCarthy 2007):

sin . . ln′ = −φ      PI0 8 0 094 (1.62)

For normally consolidated clays, c ′ ≈ 0.

1.7.3 Direct Shear Test

A direct shear test is carried out mostly on sands but sometimes also on clays. The soil sample
is placed in a square box, approximately 60 mm × 60 mm in plan, which is split into lower and
upper halves, as shown in Figure 1.19a (ASTM D3080; AS1289.6.2.2). The lower box is fixed,
and the upper one can move horizontally, with provisions for measuring the horizontal
displacement and load. Under a specific normal load (N ), the horizontal shear load (S ) is
increased until the sample fails along the horizontal failure plane separating the two boxes. At
any time during loading, the normal (σ) and shear (τ) stresses on the failure plane are given
by σ = N�A and τ = S�A, where A is the cross-sectional area of the sample, which varies with
the applied load.

Variations in shear stress with vertical displacement (δver) and horizontal displacement
(δhor) during the test for loose and dense sand are shown in Figure 1.19b. The plots for
overconsolidated clays are similar to those for dense sands, and the ones for normally consoli-
dated clays are similar to those for loose sands. Failure, and thus friction angle, can be defined
in terms of “peak,” “ultimate,” “critical state,” or “residual” values. Peak shear strength is the
maximum shear stress that can be sustained. In loose sands and soft clays, where there is no
pronounced peak, it is necessary to define a limiting value of strain, of the order of 10–20%,

J. Ross Publishing; All Rights Reserved



Engineering Properties of Soil 1-29

and define the corresponding shear stress as the ultimate shear strength. Critical state strength
is the shear stress when the critical state or constant volume state is achieved and is also known
as constant volume strength. Residual strength is the shear strength at very large strain. In most
geotechnical problems, which involve small strains, peak values generally are used. Only in
large-strain problems, such as landslides, are residual or ultimate values more appropriate.
Typical values of peak and ultimate friction angles for some granular soils are given in Table
1.5. It can be seen from the table that peak friction angle is always greater than residual friction
angle. It also should be noted that effective cohesion in terms of residual stresses is approxi-
mately 0. A clay can be assumed to be sufficiently remolded at the residual state and hence will
have negligible cohesion. The friction angle is 1–2° lower in wet sands than in dry sands. At
the same relative density, peak friction angle is greater for coarse sands than fine sands by 2–
5° (U.S. Army 1993). The friction angle is about 5° larger for angular grains than rounded
grains (Lambe and Whitman 1979).

The dilation angle (ψ) is a useful parameter in numerical modeling of geotechnical prob-
lems. It is one of the input parameters in some constitutive models, to account for the volume
change behavior of soils under stresses. It is defined as

TABLE 1.5 Friction Angles of Granular Soils

Friction angle, φ (degrees)

Soil Type Ultimate Peak

Medium-dense silt 26–30 28–32
Dense silt 26–30 30–34
Medium-dense uniform fine to medium sand 26–30 30–34
Dense uniform fine to medium sand 26–30 32–36
Medium-dense well-graded sand 30–34 34–40
Dense well-graded sand 30–34 38–46
Medium-dense sand and gravel 32–36 36–42
Dense sand and gravel 32–36 40–48

After Lambe and Whitman (1979).

FIGURE 1.19 Direct shear test: (a) apparatus and (b) τ-δhor-δ ver
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tan ψ
ε
γ

  
vol= −

d

d
(1.63)

where εvol and γ are the volumetric and shear strains, respectively. ψ is significantly smaller than
the friction angle, with typical values varying from 0 for very loose sands to 15° for very dense
sands. For plane strain situations, it can be estimated as (Bolton 1986)

ψ φ φ    peak= −1 25. ( )cv (1.64)

where φpeak and φcv are the friction angles at the peak and critical state, respectively. Salgado
(2008) extended Equation 1.64 to triaxial compression as follows:

ψ φ φ    peak= −2 0. ( )cv (1.65)

Clays can become weak when remolded, and the ratio of undisturbed shear strength to
remolded shear strength is known as sensitivity (St ). Some marine clays are very sensitive,
showing high peak strength and very low remolded strength. At very large strains, clay
becomes remolded, and therefore, the ratio of peak to residual shear strength is a measure of
sensitivity. Classification of clays based on sensitivity is given in Table 1.6. Highly sensitive
clays generally have flocculated fabric.

1.7.4 Skempton’s Pore Pressure Parameters

Skempton (1954) introduced a simple method for estimating the pore water pressure response
of saturated soils to undrained loading, in terms of total stress changes. He proposed that

∆ ∆ ∆ ∆u B A      = + −[( ( )]σ σ σ3 1 3 (1.66)

where ∆σ1 and ∆σ3 are the largest and smallest of the total stress increments, respectively.
(Note that they are not the increments of major and minor principal stresses, respectively.) A
and B are known as Skempton’s pore pressure parameters. B is a measure of the degree of
saturation; it varies in the range of 0 (for dry soils) to 1 (for saturated soils). In soils with very
stiff soil skeletons, B can be less than 1 even when fully saturated.

The parameter A depends on several factors, including the stress path, strain level, OCR,
etc. At failure, it is denoted by Af and can vary between –0.5 (for heavily overconsolidated
clays) and 1 (for normally consolidated clays).

1.7.5 Stress Paths

A stress path is a simple way of keeping track of the loading on a soil element. It is the locus
of the stress point, which is simply the top of the Mohr circle, as shown in Figure 1.20.

TABLE 1.6 Sensitivity Classification

St 1 2–4 4–8 8–16 >16
Term Insensitive Low sensitivity Medium sensitivity High sensitivity Quick
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Compared to plotting a series of Mohr circles, stress paths are much neater and less confusing.
Here, the σ-axis and τ-axis used for Mohr circles are replaced by the s-axis and t-axis, where
s and t are defined as

s
v h

  

  

=
+σ σ
2

(1.67)

t
v h

  

  

=
−σ σ
2

(1.68)

where σv = vertical normal stress and σh = horizontal normal stress. The failure envelope in
the s -t plane has an intercept of c cos φ and slope of sin φ. In three-dimensional problems, s
and t are replaced by p and q, the average principal stress and deviator stress, respectively,
defined as

p  

    

=
+ +σ σ σ1 2 3

3
(1.69)

q    = −σ σ1 3 (1.70)

where σ1, σ2, and σ3 are the major, intermediate, and minor principal stresses.

1.8 Site Investigation

Unlike other civil engineering materials, soils have significant variability associated with them.
Their engineering properties can vary dramatically within a few meters. A thorough site
investigation is a prerequisite for all large geotechnical projects. A typical site investigation
includes in situ tests, sampling, and laboratory tests, in addition to the preliminary studies such
as a desk study and site reconnaissance. All the findings are presented in the form of a site
investigation report, which consists of a site plan, several bore logs which summarize the soil
properties at each borehole and trial pit, and the associated laboratory and in situ test data. A
site investigation project can cost about 0.1–0.5% of the total cost of a project.

A desk study involves collection of as much existing information as possible about the site,
through geological maps, aerial photographs, soil survey reports, site investigation reports of

FIGURE 1.20 Mohr circle and stress point.
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nearby sites, etc. Site reconnaissance consists of a walk-over survey to visually assess the local
conditions, such as site access, adjacent properties and structures on them, topography,
drainage, etc.

Trial pits are excavated using a backhoe and can be as deep as 4–5 m. They enable visual
inspection of the top soil and are inexpensive. Boreholes are about 50–100 mm in diameter and
can extend to depths greater than 30 m. Every meter a borehole is advanced costs money;
therefore, care is required in selecting the right number of boreholes and trial pits and limiting
the depth to what is absolutely necessary. Deciding on the number of boreholes for a project
is governed by budget limitations, type of project, loadings, and site conditions. Typically,
boreholes are spaced at intervals of 15 m (for very heavy column loads) to 50 m (for very light
loads). For residential subdivisions, trial pits often are adequate. If boreholes are required, they
can be spaced at 250- to 500-m intervals. Along proposed highways, boreholes can be located
at 150- to 500-m intervals. The boreholes should be advanced to depths where the average
vertical stress increase due to the proposed structure is about 10% of what is applied at the
surface or depths where the additional vertical stress increase is about 5% of the current
effective overburden stress (the lesser value should be used).

Undisturbed samples of cohesive soils are collected from boreholes in thin-walled samplers
(e.g., Shelby tubes) for laboratory tests such as triaxial and consolidation tests. The degree of
disturbance is quantified through the area ratio (AR) of the sampling tube, defined as

A
D D

D
R

o i

i

   

  

(%) =
−2 2

2
(1.71)

where Do and Di are the external and internal diameter, respectively, of the sampling tube. For
a good-quality undisturbed sample, AR must be less than 10%.

The standard penetration test and static cone penetration test are the most popular in situ
tests used for deriving soil parameters for most geotechnical and foundation engineering
designs. Other specialized in situ tests include the vane shear test, pressuremeter test, dilatom-
eter test, plate load test, borehole shear test, and K0 stepped blade test. The standard penetra-
tion test, cone penetration test, and vane shear test are discussed below in detail.

1.8.1 Standard Penetration Test

The standard penetration test (SPT) originally was developed in 1927 in the U.S. for granular
soils and is one of the oldest and most popular in situ tests (ASTM D3441; AS1289.6.3.1). A
schematic diagram of an SPT setup, using an old-fashioned rotating cathead, is shown in
Figure 1.21a. These days, an automatic tripping mechanism (Figure 1.21b) is used instead of
the rope and cathead arrangement to raise and release the hammer. A 35-mm-inside-diameter
× 50-mm-outside-diameter split-spoon sampler at the bottom of the borehole, connected to the
anvil through drill rods, is driven into the ground by repeatedly dropping a 63.5-kg hammer
over a distance of 760 mm onto the anvil. The number of blows required to achieve three
subsequent 150-mm penetrations is recorded. The number of blows it takes to penetrate the
final 300 mm is known as the blow count, standard penetration number, or N-value at that
depth. The test is carried out in a borehole, at 1- to 2-m-depth intervals, and complements the
drilling work. The N-values are plotted with depth, where the points are connected by straight
lines.
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In very fine or silty sands below the water table, the blow count is overestimated due to the
buildup of excess pore water pressures during driving, which in turn reduces the effective
stresses. Here, the measured blow count must be reduced using the following equation
(Terzaghi and Peck 1948):

N N      measured= + −15 0 5 15. ( ) (1.72)

Due to the variability worldwide associated with the choice of SPT equipment and the test
procedure, various correction factors are applied to the measured blow count (N ). The two
most important correction factors are the overburden pressure correction (CN) and hammer
efficiency correction (Eh ). The blow count corrected for overburden pressure and hammer
efficiency is expressed as:

( )N C E NN h1 60   = (1.73)

CN is the ratio of the measured blow count to what it would be at an overburden pressure of
1 ton�ft2 (or 1 kg�cm2). Several expressions have been proposed for CN , the most popular of
which is (Liao and Whitman 1986):

(a) (b)

FIGURE 1.21 SPT setup: (a) schematic of rotating cathead arrangement and (b) photograph of auto-
matic tripping arrangement.
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CN
vo

    

  (kPa)
=

′
9 78

1
.

σ
(1.74)

Without the overburden correction, Equation 1.73 becomes:

N E Nh60  = (1.75)

The actual energy delivered by the hammer to the split-spoon sampler can be significantly
less than the theoretical value, which is the product of the hammer weight and the drop.
Kovacs and Salomone (1982) reported that the actual efficiency of the system is of the order
of 30–80%. Because most SPT correlations are based on a hammer efficiency of 60%, the
current practice is to accept an efficiency of 60% as the standard (Terzaghi et al. 1996).
Therefore, Eh is defined as:

Eh   
Hammer  efficiency=

60
(1.76)

Two other correction factors are the borehole diameter correction (Cb) and drill rod length
correction (Cd), given in Tables 1.7 and 1.8. These are discussed in detail by Skempton (1986).
When using samplers with liners, the blow count is overestimated, and a multiplication factor
of 0.8 is recommended in dense sands and clays and 0.9 in loose sands (Bowles 1988).

While an SPT gives the blow count, laboratory tests on sands are carried out on the basis
of relative density. The interrelationships among blow count, relative density, friction angle,
and Young’s modulus are discussed below.

Using Meyerhof ’s (1957) approximation,

N

D
a b

r
vo

60

2
    = + ′σ (1.77)

Skempton (1986) suggested that for sands where Dr > 35%:

( )N

Dr

1 60

2
60  ≈ (1.78)

Here, (N1)60 should be multiplied by 0.92 for coarse sands and 1.08 for fine sands.

TABLE 1.7 Borehole Diameter Correction
Factor (Skempton 1986)

Borehole Diameter Correction Factor,
(mm) Cb

60–115 1.00
150 1.05
200 1.15

TABLE 1.8 Drill Rod Length Correction
Factor (Skempton 1986)

Rod Length (m) Correction Factor, Cd

0–4 0.75
4–6 0.85
6–10 0.95
>10 1.00
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Peck et al. (1974) proposed a relationship between N60 and φ for granular soils, shown in
Figure 1.22, which is widely used in granular soils to estimate the friction angle from the blow
count. Wolff (1989) expressed this relation as:

φ       (deg) . . .= + −27 1 0 3 0 0005460 60
2N N (1.79)

Hatanaka and Uchida (1996) provided a simple correlation between φ and (N1)60 for
granular soils:

φ      (deg) ( )= +20 201 60N (1.80)

Schmertmann (1975) proposed an N60-φ-σ′vo relation graphically for granular soils, which
can be expressed as (Kulhawy and Mayne 1990):

φ
σ

    

    

 =
+

′



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





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









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−tan

. .

.

1 60

0 34

12 2 20 3

N

p
vo

a

(1.81)

where pa is the atmospheric pressure (= 101.3 kPa).
Young’s modulus is an essential parameter for computing deformations, including settle-

ment, of foundations. Leonards (1986) suggested that for normally consolidated sands:

E q Nc  (kg cm )  (kg cm )2 2
    � �≈ ≈2 8 60 (1.82)

FIGURE 1.22 Penetration resistance vs. friction angle.
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Kulhawy and Mayne (1990) suggested that

E pa�   N60= α (1.83)

where α = 5 for sands with fines, 10 for clean normally consolidated sands, and 15 for clean
overconsolidated sands.

A 35-mm-inside-diameter × 457- to 610-mm-long split-spoon sampler enables recovery
of disturbed samples that can be used for soil classification and any further testing. The area
ratio for the split-spoon sampler is about 110%, implying the samples from an SPT split-spoon
are highly disturbed.

In spite of its simplicity and the large historical database, the SPT has numerous sources
of uncertainty and error, making it less reproducible. Lately, static cone penetration tests,
using piezocones, have become increasingly popular because they offer better rationale, repro-
ducibility, and continuous measurements. An SPT is not very reliable in cohesive soils, due to
the pore pressure developments during driving that may affect the effective stresses tempo-
rarily, and any correlations in clays should be used with caution. A rough estimate of undrained
shear strength can be obtained from (Hara et al. 1971; Kulhawy and Mayne 1990):

   

c

p
N

u

a







= 0 29 60
0 72. . (1.84)

1.8.2 Static Cone Penetration Test and Piezocones

The static cone penetration test (CPT), also known as the Dutch cone penetration test,
originally was developed in the Netherlands in 1920 and can be used in most soils (ASTM
D3441; AS1289.6.5.1). The split-spoon sampler is replaced by a probe that consists of a solid
cone with a 60° apex angle and a base area of 10 cm2, attached to a drill rod with a friction sleeve
that has a surface area of 150 cm2. It is advanced into the soil at a rate of 20 mm�s. A mini test
rig is shown in Figure 1.23a. A piezocone, shown in Figures 1.23b and 1.23c, is simply a static
cone with a piezometer built in for pore pressure measurements. Here, the three measure-
ments that are taken continuously as the cone is pushed into the soil are cone resistance (qc ),
sleeve friction ( f s ), and pore water pressure (u). The friction ratio, defined as

f
f

q
R

s

c

    = × 100% (1.85)

is a useful parameter in identifying the soil. Values for fR are in the range of 0–10%, with the
granular soils at the lower end and cohesive soils at the upper end of the range. Using the pair
of values for qc and fR , the soil type can be identified from Figure 1.24.

The undrained shear strength (cu ) of clays can be estimated from (Schmertmann 1975)

c
q

N
u

c vo

k

  

  

=
− σ

(1.86)

where Nk is known as the cone factor, which varies in the range of 14–25 and can be obtained
through calibration. The lower end of the range applies to normally consolidated clays and the
upper end to overconsolidated clays. It depends on the penetrometer and the type of clay and
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(a) (b) (c)

FIGURE 1.23 Static CPT: (a) mini test rig, (b) piezocone, and (c) inside a piezocone.

increases slightly with the PI. Based on the test data from Aas et al. (1984), Nk can be estimated
by (Bowles 1988):

Nk       PI= + ±13 0 11 2. (1.87)

Classification of clays based on undrained shear strength and their corresponding consis-
tency terms are given in Table 1.9. Also given in the table are the approximate borderline values
of (N1)60 and qc �pa and a field identification guide.

Variation of φ with qc for granular soils, as proposed by Meyerhof (1974), is shown in
Figure 1.22. The dependence of qc on overburden stress is not incorporated here, and therefore
this must be used with caution.

Kulhawy and Mayne (1990) showed that the qc-σ′vo-φ relationship in sands, proposed by
Robertson and Campanella (1983), can be approximated by:

φ
σ

         = +
′















−tan . . log1 0 1 0 38

qc

vo

(1.88)

Schmertmann (1970) proposed that E = 2qc and later (Schmertmann et al. 1978) sug-
gested that E =  2.5qc for axisymmetric loading in sands and E = 3.5qc  for plane strain loading.
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TABLE 1.9 Consistency Terms for Clays with (N )60 and qc Values

Consistency a cu (kPa)a (N1)60
a qc �pa

b Field Identification Guidec

Very soft <12 0–2 <5 Exudes between fingers when squeezed in
hand; can easily be penetrated several centi-
meters by fist

Soft 12–25 2–4 Can be molded by light finger pressure; can
easily be penetrated several centimeters by
thumb

Firm 25–50 4–8 5–15 Can be molded by strong finger pressure;
can be penetrated several centimeters by
thumb with moderate effort

Stiff 50–100 8–15 15–30 Cannot be molded by fingers; can be in-
dented by thumb but penetrated only with
great effort

Very stiff 100–200 15–30 30–60 Readily indented by thumbnail

Hard >200 >30 >60 Can be indented by thumbnail with difficulty

a Terzaghi and Peck (1948).
b McCarthy (2007).
c Australian Standards (1993), Canadian Geotechnical Society (1992).

FIGURE 1.24 Soil classification from a piezocone (adapted from Robertson et al.
1986). (qc �pa)�N60 values shown in parentheses.
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Geotechnical engineers do not always have the luxury of availability of both SPT and CPT
data. When only one type of data is available, it is useful to have some means of converting it
to the other. Ratios of qc �N for different soils, as given by Sanglerat (1972) and Schmertmann
(1970, 1978), are shown in Table 1.10. Robertson et al. (1983) presented the variation of qc�N
with a median grain size of D50, and the upper and lower bounds are shown in Figure 1.25. The
soil data were limited to D50 less than 1 mm. Also shown in the figure are the upper and lower
bounds proposed by Burland and Burbidge (1985) and the average values suggested in the
Canadian Foundation Engineering Manual (Canadian Geotechnical Society 1985) and by
Kulhawy and Mayne (1990) and Anagnostopoulos et al. (2003).

All the curves in Figure 1.25 take the form

TABLE 1.10 Ratio of qc �N

Soil qc (kg�cm2)�N60

Silts, sandy silts, slightly cohesive silt-sand mix 2a (2–4)b

Clean fine to medium sands and slightly silty sands 3–4a (3–5)b

Coarse sands and sands with little gravel 5–6a (4–5)b

Sandy gravel and gravel 8–10a (6–8)b

After Sanglerat (1972) and Schmertmann (1970, 1978).
a Values proposed by Sanglerat (1972) and reported in Peck et al. (1974).
b Values suggested by Schmertmann (1970, 1978) and reported by Holtz (1991)

in parentheses.

FIGURE 1.25 (qc �pa)�N60-D50 variation in granular soils.
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q
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N cD
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a
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




≈� 60 50 (1.89)

where the values of c and a are given in Figure 1.25. Kulhawy and Mayne (1990) approximated
the dependence of the qc �N60 ratio on D50 (mm) as:

     

q

p
N D
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



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≈� 60 50
0 265 44. .

(1.90)

Based on an extensive database of 337 points, with test data for D50 as high as 8 mm,
Anagnostopoulos et al. (2003) noted that for Greek soils:
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N D
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
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
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≈� 60 50
0 267 64. . (1.91)

Kulhawy and Mayne (1990) also suggested that qc �N60 can be related to the fine content
in a granular soil as:

       
  finesq
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(1.92)

Based on relative density, granular soils can be classified as shown in Figure 1.26. Also
given in the figure are the values of N60, (N1)60, φ′, and (N1)60 �Dr

2.

1.8.3 Vane Shear Test

The vane shear test is used for determining undrained shear strength in clays that are particu-
larly soft. The vane consists of two rectangular blades that are perpendicular to each other, as
shown in Figure 1.27.

FIGURE 1.26 Classification of granular soils based on relative density: # =
Gibbs and Holtz (1957), * = Terzaghi and Peck (1948), ## = Skempton (1986),
and ** = Peck et al. (1974).
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The vane is pushed into the borehole at the re-
quired depth, where the test is carried out. It is ro-
tated at a rate of 0.1°�s by applying a torque at the
surface through a torque meter that measures the
torque. This rotation will initiate shearing of the clay
along a cylindrical surface surrounding the vanes.
The undrained shear strength of the undisturbed clay
can be determined from the applied torque (T ) using
the following equation:

c
T

d h d
u   

  

=
+

2

32π ( )�
(1.93)

where h and d are the height and breadth, respec-
tively, of the rectangular blades (i.e., height and di-
ameter of the cylindrical surface sheared), which are
typically of a 2:1 ratio, with d in the range of 38–100
mm for field vanes. Miniature vanes are used in labo-
ratories to determine undrained shear strength of
clay samples still in sampling tubes. The test can be
continued by rotating the vane rapidly after shearing
the clay, to determine the remolded shear strength. The test can be carried out at depths greater
than 50 m.

Back analysis of several failed embankments, foundations, and excavations in clays has
shown that the vane shear test overestimates the undrained shear strength. A reduction factor
(λ) has been proposed to correct the shear strength measured by the vane shear test; the correct
shear strength is given by

c cu u(corrected) (vane)  = λ (1.94)

for which Bjerrum (1972) has proposed that:

λ    PI= −1 7 0 54. . log[ ] (1.95)

Morris and Williams (1994) suggested that for PI > 5:

λ     PI= − +1 18 0 08 0 57. exp( . ) . (1.96)

1.9 Soil Variability

Unlike other civil engineering materials (e.g., concrete, steel), soils are nonhomogeneous,
three-phase particulate materials, and theories often are oversimplified. With limited site
investigation data available, it becomes even more difficult to arrive at realistic deterministic
solutions with confidence. A probabilistic approach to geotechnical problems is becoming
increasingly popular, with risk analysis and reliability studies quite common in traditional
geotechnical and mining engineering.

FIGURE 1.27 Vane shear test: (a) in a
borehole and (b) vane.
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With very limited geotechnical data coming from the laboratory and in situ tests for a
project, it is not possible to get realistic estimates of the standard deviation of the soil
parameters. Typical values of the coefficient of variation (COV) reported in the literature can
be used as the basis for estimating the standard deviation of the soil parameters. COV is
defined as:

COV
standard  deviation

mean
    = × 100% (1.97)

Harr (1987), Lee et al. (1983), and Baecher and Christian (2003) collated test data from
various sources and presented the COV values. These are summarized in Table 1.11.

1.10 Geotechnical Instrumentation

Use of instruments to monitor the performances of earth and earth-supported structures is
increasingly becoming the way of life in large geotechnical projects. Geotechnical instrumen-
tation is used for one or more of the following reasons:

1. Design verification—To verify new or unconventional designs, particularly when sim-
plified theories and assumptions are involved (e.g., pile load test)

2. Construction control—To monitor performance during construction so as to be able to
alter or modify the design and procedures (e.g., deep excavations near buildings)

TABLE 1.11 Suggested COV Values

Parameter COV (%) Reference

e or n 20–30 Lee et al. (1983), Baecher and Christian (2003)
Dr (sand) 10–40 Baecher and Christian (2003)
Gs 2–3 Harr (1987), Baecher and Christian (2003)
� or γ 3–10 Lee et al. (1983), Harr (1987), Baecher and Christian (2003)
LL 10–20 Lee et al. (1983), Baecher and Christian (2003)
PL 10–20 Lee et al. (1983)
PI 30–70a Lee et al. (1983)
woptimum 20–40b Lee et al. (1983)
�d,maximum 5 Lee et al. (1983)
k 200–300 Lee et al. (1983), Baecher and Christian (2003)
cv 25–50 Baecher and Christian (2003), Lee et al. (1983)
Cc and Cr 20–40 Baecher and Christian (2003)
CBRc 25 Lee et al. (1983)
φ-sand 10 Harr (1987), Lee et al. (1983)
φ-clay 10–50 Lee et al. (1983), Baecher and Christian (2003)
φ-mine tailings 5–20 Baecher and Christian (2003)
cu or qu 40 Harr (1987), Lee et al. (1983)
N (from SPT) 25–40 Harr (1987), Lee et al. (1983), Baecher and Christian (2003)
qc (from CPT) 20–50a Baecher and Christian (2003)
cu,VST

c 10–40 Baecher and Christian (2003)

After Lee et al. (1983) and Baecher and Christian (2003).
a Lower values for clays and higher ones for sandy�gravelly clays.
b Lower values for clays and higher ones for granular soils.
c CBR = California bearing ratio, VST = vane shear test.
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3. Safety—To warn of any impending failure (e.g., early warning systems for landslides)
4. Legal protection—To document strong evidence against any possible lawsuit (e.g., noise

and vibrations due to pile driving)
5. Verification of long-term performance—To monitor in-service performance (e.g., drain-

age behind retaining walls)
6. Advancing state-of-the-art—To verify new developments in R&D and new design meth-

odologies or construction techniques (e.g., new geosynthetic products)
7. Quality control—To verify compliance by the contractor (e.g., settlement of a com-

pacted fill)

Whereas site investigation offers one-off measurements prior to construction, geotechnical
instrumentation is used during or after construction, to monitor the ongoing performance of
bridge abutments, retaining walls, foundations, and embankments. This includes monitoring
deformation, pore water pressure, load, pressure, strain, and temperature. Brief descriptions
of some of the common instruments used in geotechnical engineering are given below.

Piezometers are used for measuring water level and pore water pressure. Piezometers range
from the simple and inexpensive Casagrande’s open standpipe piezometer to more complex
pneumatic, vibrating wire, or hydraulic piezometers. Settlement cells or plates can be placed
within embankments or foundations to monitor ongoing settlement. Vertical inclinometers are
quite useful for monitoring lateral deformation near embankments on soft soils, landslides,
and deflection of piles under lateral loading. Horizontal inclinometers can be used to determine
the settlement profile beneath an embankment cross section. Load cells are used to monitor the
load on tiebacks, rock anchors, soil nails, and piles. Extensometers measure deformation along
the axis and can be used for measuring deformation in any direction, such as settlement, heave,
or lateral displacement. Strain gauges can be mounted onto steel or concrete structures such
as piles, bridges, and tunnel linings to monitor strain while in service. Pressure cells are useful
for measuring horizontal or vertical earth pressure within the soil beneath foundations and
embankments.

In using geotechnical instrumentation, it is necessary to understand properly what the
following terms mean: accuracy, precision, resolution, and sensitivity. Accuracy is how close
the mean value of a measurement is to the true value. Precision is how close a set of measure-
ments is to the mean value (not necessarily the true value). It is a measure of repeatability or
reproducibility. Precision should not be confused with accuracy. Precise measurements need
not be accurate and vice versa. Resolution is the smallest change that can be detected by a
readout device, whether digital or analog (e.g., 0.01 g on a digital balance). Sensitivity refers to
the response of a device to a unit input (e.g., 100 mV�mm in a linear variable differential
transformer). Dunnicliff (1993) discussed geotechnical instrumentation in great detail.
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2.1 Introduction

The design of earth retaining structures such as retaining walls, basement walls, bulkheads, and
other structures requires a thorough knowledge of the lateral pressures that act between the
retaining structures and the soil masses being retained. This lateral pressure is generally called
the lateral earth pressure. The magnitude of lateral earth pressure at any depth will depend on
the type and amount of wall movement, the shear strength of the soil, the unit weight of the
soil, and the drainage conditions. Figure 2.1 shows a retaining wall of height H supporting a
soil mass whose shear strength can be defined as

s c    = ′ + ′ ′σ φtan (2.1)

where s = shear strength, c ′ = cohesion, σ′ = effective normal stress, and φ′ = effective stress
angle of friction.
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Three conditions may arise related to the degree of wall movement:

1. The wall is restrained from moving, as shown in Figure 2.1a. The effective lateral earth
pressure σ′h for this condition at any depth is referred to as at-rest earth pressure.

2. The wall may tilt away from the soil that is retained (Figure 2.1b). With sufficient wall
tilt, a triangular soil wedge behind the wall will fail. The effective lateral pressure for this
condition is referred to as active earth pressure.

3. The wall may be pushed into the soil that is retained (Figure 2.1c). With sufficient wall
movement, a soil wedge will fail. The effective lateral pressure for this condition is
referred to as passive earth pressure.

The relationships for estimation of at-rest, active, and passive earth pressures are elaborated
upon in the following sections.

2.2 At-Rest Earth Pressure

Figure 2.2a shows a wall of height H supporting a soil mass that has a unit weight of γ . A
uniformly distributed load of q  per unit area is applied at the ground surface. If the wall is
restrained from moving, the effective lateral pressure σ′h at a depth z can be expressed as

′
′

=
σ
σ

h

o
oK  (2.2)

where σ′o = vertical effective stress at depth z and Ko = coefficient of at-rest earth pressure.
For normally consolidated soil (Jaky 1944):

Ko     = − ′1 sin φ (2.3)

FIGURE 2.1 Nature of lateral earth pressure on retaining wall.
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For overconsolidated soil (Mayne and Kulhawy 1982):

Ko      OCR= − ′ ′( sin ) sin1 φ φ (2.4)

where OCR = overconsolidation ratio.
For normally consolidated cohesive soil (Massarsch 1979):

Ko       
PI = + 





0 44 0 42
100

. .
(%)

(2.5)

where PI = plasticity index of the soil.
For overconsolidated cohesive soil:

K Koc nc    OCR= (2.6)

where Koc and Knc = Ko for overconsolidated and normally consolidated soils, respectively.
If the groundwater table is present, the total lateral pressure at any depth z can be expressed

as

σ σ σh h o ou K u        = ′ + = ′ + (2.7)

where u = pore water pressure and σ′o = effective vertical stress.
Figure 2.2b shows the variation of σ′h with depth. The force per unit length of the retaining

wall Po can be obtained by calculating the area of the pressure diagram, or

FIGURE 2.2 At-rest pressure.
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P qK H K Ho o o    = + 1

2
2γ (2.8)

The location of the line of action of the resultant can be obtained by taking the moment of the
areas about the bottom of the wall, or

z

qK H
H

K H
H

P

qK H K H

P

o o

o

o o

o

  

       

 

 

  

=







+ 











=
+

( )
2

1

2 3

1

2

1

6

2

2 3

γ

γ

(2.9)

2.3 Rankine Active Pressure

Figure 2.3a shows a frictionless retaining wall. If the wall is allowed to yield sufficiently to the
left (away from the soil mass), a triangular wedge of soil mass (ABC ) will fail, and BC will
make an angle 45 + φ′�2 with the horizontal. The lateral earth pressure when the failure occurs
σ′h = σ′a is the Rankine active earth pressure (Rankine 1857), and it can be given by the
expression

′ = ′ − ′σ σa o a aK c K     2 (2.10)

where

K

H

a

o

       

  

coefficient of Rankine active
earth pressure

   (for  the  case  shown in  Figure  2.3a)

   

 

      

= +
′





=

′ =

tan2 45
2

φ

σ γ

(2.11)

The variation of σ′a with depth is shown in Figure 2.3b. Note that from z = 0 to zo , the value
of σ′a is negative (that is, tension). In such case, a tensile crack develops with time up to a depth
of z = zo , or

z
c

K
o

a

  

  

= ′2

γ
(2.12)

The Rankine active force per unit length of the wall can then be given as follows.
Before the occurrence of the tensile crack :
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P K H c H Ka a a      = − ′1

2
22γ (2.13)

After the occurrence of the tensile crack :

P H z K H c Ka o a a            = − − ′( )1

2
2( ) γ (2.14)

FIGURE 2.3 Rankine active pressure.
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For granular soil with c ′ = 0, the magnitude of zo is 0, so

P K Ha a  = 1

2
2γ (2.15)

For saturated cohesive soils (undrained condition), φ = 0 and c = cu; hence, Ka = 1. Thus

z
c

o
u

  =
2

γ
(2.16)

P H c Ha u           (before occurrence of tensile crack)= −1

2
22γ (2.17)

P H
c

H ca
u

u                 (after occurrence of tensile crack)= −






−1

2

2
2

γ
γ( ) (2.18)

where cu = undrained cohesion.

Example 1

For a 6-m-high retaining wall with a vertical back and a horizontal backfill of c ′-φ′ soil, γ =
17 kN�m3, φ′ = 25°, and c ′ = 10 kN�m2. Determine:

a. Depth of the tensile crack
b. Pa before the occurrence of the tensile crack
c. Pa after the occurrence of the tensile crack

Solution

Part a

Ka             == −
′





−





=tan tan .2 245
2

45
25

2
0 406

φ

From Equation 2.12:

z
c

K
o

a

  

 

  

   

   

 

 =
′

=

( )
≈

2 2 10

17 0 406γ

( )( )

( ) .

1.85 m

Part b
From Equation 2.13:
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P K H c H Ka a a (before  crack

  

 

      

         

  

 

)

( . ) ( ) ( ) ( ) ( ) ( ) .

= − ′

= 





− ( )
=

1

2
2

1

2
0 406 17 6 2 10 6 0 406

7

2

2

γ

4 .8 kN m�

Part c
From Equation 2.14:

P H z K H c Ka o a a (after  crack  

 

 

          

              

  

 

) ( )

( . ) ( . )( )( ) ( )( ) .

= − − ′( )
= 





− − ( )





=

1

2
2

1

2
6 1 85 0 406 17 6 2 10 0 406

γ

59.5 kN m�

2.4 Rankine Active Pressure with Inclined Backfill

Figure 2.4 shows a frictionless retaining wall with a vertical back and an inclined backfill. The
backfill is inclined at an angle α with the horizontal. If the backfill is a granular soil (c ′ = 0),
the magnitude of σ′a at any depth z can be expressed as

′ =σ γa azK  (2.19)

where

Ka   
     

     

  =
− − ′

+ − ′
cos

cos cos cos

cos cos cos

α
α α φ

α α φ

2 2

2 2

(2.20)

The direction of σ′a will be inclined at an angle α with the horizontal.
The total force per unit length of the wall is

P K Ha a   = 1

2
2γ (2.21)

Table 2.1 gives the variation of Ka with and α and φ′.
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If the backfill (Figure 2.4) is a cohesive soil with φ′ ≠ 0 and c ′ ≠ 0, then the Rankine active
pressure at any depth z can be given as (Mazindrani and Ganjali 1997)

′ = = ′σ γ γ αa a azK zK    cos (2.22)

where

′ =
′

+ ′





′ ′

−

− ′

+ ′





′

+ ′





′ ′














K

c

z

c

z

c

z

a   

  

  

 

 

   

    

      

 

   

      

1

2 2

4

4

8

2

2

2 2 2

2

2

2

cos

cos cos sin

cos (cos cos )

cos

cos sin cos

φ

α
γ

φ φ

α α φ

γ
φ

γ
α φ φ























































−

   

   1 (2.23)

Values of K ′a are given in Table 2.2. For a problem of this type, the depth of tensile crack is
given as:

FIGURE 2.4 Retaining wall with a vertical back and in-
clined granular backfill.
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z
c

c     
  

  

= ′ + ′
− ′

2 1

1γ
φ
φ

sin

sin
(2.24)

For this case, the active pressure is inclined at an angle with the horizontal (as shown in Figure
2.4).

Chu (1991) provided a more generalized case for Rankine active pressure for a frictionless
retaining wall with an inclined back face and inclined granular backfill (c ′ = 0), as shown in
Figure 2.5. For this case, active pressure at any depth z can be given by the expression

′ =
+ ′ − ′

+ ′ −
σ

γ α φ φ

α φ α
a

az
  

      

    

cos sin sin cos

cos sin sin

1 22

2 2

�
(2.25)

TABLE 2.2 Values of K ′a (Equation 2.23)

′c
zγ

φ′ (deg) α (deg) 0.025 0.050 0.100 0.500

15 0 0.550 0.512 0.435 −0.179
5 0.566 0.525 0.445 −0.184

10 0.621 0.571 0.477 −0.186
15 0.776 0.683 0.546 −0.196

20 0 0.455 0.420 0.350 −0.210
5 0.465 0.429 0.357 −0.212

10 0.497 0.456 0.377 −0.218
15 0.567 0.514 0.417 −0.229

25 0 0.374 0.342 0.278 −0.231
5 0.381 0.348 0.283 −0.233

10 0.402 0.366 0.296 −0.239
15 0.443 0.401 0.321 −0.250

30 0 0.305 0.276 0.218 −0.244
5 0.309 0.280 0.221 −0.246

10 0.323 0.292 0.230 −0.252
15 0.350 0.315 0.246 −0.263

TABLE 2.1 Values of Ka (Equation 2.20)

φ′ (deg)

α (deg) 28 30 32 34 36 38 40

0 0.361 0.333 0.307 0.283 0.260 0.238 0.217
5 0.366 0.337 0.311 0.286 0.262 0.240 0.219

10 0.380 0.350 0.321 0.294 0.270 0.246 0.225
15 0.409 0.373 0.341 0.311 0.283 0.258 0.235
20 0.461 0.414 0.374 0.338 0.306 0.277 0.250
25 0.573 0.494 0.434 0.385 0.343 0.307 0.275
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where

�a        =
′







− +−sin
sin

sin
1 2

α
φ

α θ (2.26)

The pressure σ′a will be inclined at an angle β with the plane drawn at a right angle to the back
face of the wall, and

β
φ

φ
   

  

=
′

− ′






−tan
sin sin

sin cos
1

1

�

�

a

a

(2.27)

The active force Pa for unit length of the wall can then be calculated as

P H Ka a  = 1

2
2γ (2.28)

where Ka = Rankine active earth pressure coefficient for the generalized case, or

Ka
a

  
        

       
=

− + ′ − ′

+ ′ −





cos( ) sin sin cos

cos cos sin sin

α θ φ φ

θ α φ α

1 22

2 2 2

�
(2.29)

FIGURE 2.5 Generalized case of Rankine active pressure with a
granular backfill.
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Example 2

For a frictionless retaining wall with a vertical backfill, H = 6 m, α = 5°, γ = 16 kN�m3, c ′ =
9.6 kN�m2, and φ′ = 20°. Determine the active force per unit length of the wall after the
occurrence of the tensile crack and the location of the resultant Pa .

Solution

From Equation 2.24:

z
c

c

z

c     
  

  

   
  

  

    

    

 m= ′ + ′
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From Table 2.2, for φ′ = 20°, α = 5°, and c ′�γ z = 0.1, the value of K ′a = 0.357.
At z = 6 m,

′ = = =

= − ′ = − =

σ γ α

σ

a a

a o a

zK

P H z

        

           

  kN m

 

2cos ( )( )( . )(cos ) .

( )( ) ( . )( . )

16 6 0 357 5 34 14

1

2

1

2
6 1 71 34 14

�

�73.23 kN m

The resultant Pa will act at a distance of (6 − 1.71)�3 = 1.43 m above the bottom of the wall.

2.5 Coulomb’s Active Pressure

Figure 2.6 shows a retaining wall of height H with an inclined back face and a granular (c ′ =
0) inclined backfill. The angle of friction between the backfill soil and the back face of the wall
is δ′. If it is assumed that the failure surface is a plane as shown by the line BC, then the active
force per unit length of the wall is (Coulomb 1776)

P K Ha a  = 1

2
2γ (2.30)

where Ka = Coulomb’s active earth pressure coefficient, or

Ka   

  

     
    

    

    

=
′ −

′ + + ′ + ′ ′ −
′ + −













cos ( )

cos cos( )
sin( ) sin( )

cos( ) cos( )

2

2 1

φ θ

θ δ θ δ φ φ α
δ θ θ α

(2.31)

where θ = inclination of the back face of the wall with the vertical and α = inclination of the
backfill with the horizontal.
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Table 2.3 gives the variation of Ka with φ′ and δ′ for θ = 0° and α = 0°. Tables 2.4 and 2.5
give the variation of Ka with α , φ′, and θ for δ′ = ⅔φ′ and ½φ′. The active force Pa acts at a
distance of H�3 above the bottom of the wall and is inclined at an angle δ′ with the normal
drawn to the back face of the wall.

2.6 Active Earth Pressure with Earthquake Forces

Coulomb’s active earth pressure theory can be extended to take into account earthquake
forces. Figure 2.7 shows a retaining wall with a granular backfill. ABC is the failure wedge. The
forces per unit length of the wall that need to be considered for equilibrium of wedge ABC are

• Weight of the wedge W
• Horizontal inertia force khW

TABLE 2.3 Values of Ka (Equation 2.31) for θ = 0° and α = 0°

δ ′ (deg)

φ′ (deg) 0 5 10 15 20 25

28 0.3610 0.3448 0.3330 0.3251 0.3203 0.3186
30 0.3333 0.3189 0.3085 0.3014 0.2973 0.2956
32 0.3073 0.2945 0.2853 0.2791 0.2755 0.2745
34 0.2827 0.2714 0.2633 0.2579 0.2549 0.2542
36 0.2596 0.2497 0.2426 0.2379 0.2354 0.2350
38 0.2379 0.2292 0.2230 0.2190 0.2169 0.2167
40 0.2174 0.2089 0.2045 0.2011 0.1994 0.1995
42 0.1982 0.1916 0.1870 0.1341 0.1828 0.1831

FIGURE 2.6 Coulomb’s active earth pressure. (Note: BC is the failure plane, W
= weight of the wedge ABC, S and N = shear and normal forces on plane BC, and
F = resultant of S and N.)
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Unit weight of soil = γ
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TABLE 2.4 Values of Ka (Equation 2.31) (δ′ = ⅔ φ′ )

θ (deg)

α (deg) φ′ (deg) 0 5 10 15 20 25

0 28 0.3213 0.3588 0.4007 0.4481 0.5026 0.5662
29 0.3091 0.3467 0.3886 0.4362 0.4908 0.5547
30 0.2973 0.3349 0.3769 0.4245 0.4794 0.5435
31 0.2860 0.3235 0.3655 0.4133 0.4682 0.5326
32 0.2750 0.3125 0.3545 0.4023 0.4574 0.5220
33 0.2645 0.3019 0.3439 0.3917 0.4469 0.5117
34 0.2543 0.2916 0.3335 0.3813 0.4367 0.5017
35 0.2444 0.2816 0.3235 0.3713 0.4267 0.4919
36 0.2349 0.2719 0.3137 0.3615 0.4170 0.4824
37 0.2257 0.2626 0.3042 0.3520 0.4075 0.4732
38 0.2168 0.2535 0.2950 0.3427 0.3983 0.4641
39 0.2082 0.2447 0.2861 0.3337 0.3894 0.4553
40 0.1998 0.2361 0.2774 0.3249 0.3806 0.4468
41 0.1918 0.2278 0.2689 0.3164 0.3721 0.4384
42 0.1840 0.2197 0.2606 0.3080 0.3637 0.4302

5 28 0.3431 0.3845 0.4311 0.4843 0.5461 0.6190
29 0.3295 0.3709 0.4175 0.4707 0.5325 0.6056
30 0.3165 0.3578 0.4043 0.4575 0.5194 0.5926
31 0.3039 0.3451 0.3916 0.4447 0.5067 0.5800
32 0.2919 0.3329 0.3792 0.4324 0.4943 0.5677
33 0.2803 0.3211 0.3673 0.4204 0.4823 0.5558
34 0.2691 0.3097 0.3558 0.4088 0.4707 0.5443
35 0.2583 0.2987 0.3446 0.3975 0.4594 0:5330
36 0.2479 0.2881 0.3338 0.3866 0.4484 0.5221
37 0.2379 0.2778 0.3233 0.3759 0.4377 0.5115
38 0.2282 0.2679 0.3131 0.3656 0.4273 0.5012
39 0.2188 0.2582 0.3033 0.3556 0.4172 0.4911
40 0.2098 0.2489 0.2937 0.3458 0.4074 0.4813
41 0.2011 0.2398 0.2844 0.3363 0.3978 0.4718
42 0.1927 0.2311 0.2753 0.3271 0.3884 0.4625

10 28 0.3702 0.4164 0.4686 0.5287 0.5992 0.6834
29 0.3548 0.4007 0.4528 0.5128 0.5831 0.6672
30 0.3400 0.3857 0.4376 0.4974 0.5676 0.6516
31 0.3259 0.3713 0.4230 0.4826 0.5526 0.6365
32 0.3123 0.3575 0.4089 0.4683 0.5382 0.6219
33 0.2993 0.3442 0.3953 0.4545 0.5242 0.6078
34 0.2868 0.3314 0.3822 0.4412 0.5107 0.5942
35 0.2748 0.3190 0.3696 0.4283 0.4976 0.5810
36 0.2633 0.3072 0.3574 0.4158 0.4849 0.5682
37 0.2522 0.2957 0.3456 0.4037 0.4726 0.5558
38 0.2415 0.2846 0.3342 0.3920 0.4607 0.5437
39 0.2313 0.2740 0.3231 0.3807 0.4491 0.5321
40 0.2214 0.2636 0.3125 0.3697 0.4379 0.5207
41 0.2119 0.2537 0.3021 0.3590 0.4270 0.5097
42 0.2027 0.2441 0.2921 0.3487 0.4164 0.4990

15 28 0.4065 0.4585 0.5179 0.5868 0.6685 0.7670
29 0.3881 0.4397 0.4987 0.5672 0.6483 0.7463
30 0.3707 0.4219 0.4804 0.5484 0.6291 0.7265
31 0.3541 0.4049 0.4629 0.5305 0.6106 0.7076
32 0.3384 0.3887 0.4462 0.5133 0.5930 0.6895
33 0.3234 0.3732 0.4303 0.4969 0.5761 0.6721
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TABLE 2.5 Values of Ka (Equation 2.31) (δ ′ = φ′�2)

θ (deg)

α (deg) φ′ (deg) 0 5 10 15 20 25

0 28 0.3264 0.3629 0.4034 0.4490 0.5011 0.5616
29 0.3137 0.3502 0.3907 0.4363 0.4886 0.5492
30 0.3014 0.3379 0.3784 0.4241 0.4764 0.5371
31 0.2896 0.3260 0.3665 0.4121 0.4645 0.5253
32 0.2782 0.3145 0.3549 0.4005 0.4529 0.5137
33 0.2671 0.3033 0.3436 0.3892 0.4415 0.5025
34 0.2564 0.2925 0.3327 0.3782 0.4305 0.4915
35 0.2461 0.2820 0.3221 0.3675 0.4197 0.4807
36 0.2362 0.2718 0.3118 0.3571 0.4092 0.4702
37 0.2265 0.2620 0.3017 0.3469 0.3990 0.4599
38 0.2172 0.2524 0.2920 0.3370 0.3890 0.4498
39 0.2081 0.2431 0.2825 0.3273 0.3792 0.4400
40 0.1994 0.2341 0.2732 0.3179 0.3696 0.4304
41 0.1909 0.2253 0.2642 0.3087 0.3602 0.4209
42 0.1828 0.2168 0.2554 0.2997 0.3511 0.4117

5 28 0.3477 0.3879 0.4327 0.4837 0.5425 0.6115
29 0.3337 0.3737 0.4185 0.4694 0.5282 0.5972
30 0.3202 0.3601 0.4048 0.4556 0.5144 0.5833
31 0.3072 0.3470 0.3915 0.4422 0.5009 0.5698

34 0.3091 0.3583 0.4150 0.4811 0.5598 0.6554
35 0.2954 0.3442 0.4003 0.4659 0.5442 0.6393
36 0.2823 0.3306 0.3862 0.4513 0.5291 0.6238
37 0.2698 0.3175 0.3726 0.4373 0.5146 0.6089
38 0.2578 0.3050 0.3595 0.4237 0.5006 0.5945
39 0.2463 0.2929 0.3470 0.4106 0.4871 0.5805
40 0.2353 0.2813 0.3348 0.3980 0.4740 0.5671
41 0.2247 0.2702 0.3231 0.3858 0.4613 0.5541
42 0.2146 0.2594 0.3118 0.3740 0.4491 0.5415

20 28 0.4602 0.5205 0.5900 0.6714 0.7689 0.8880
29 0.4364 0.4958 0.5642 0.6445 0.7406 0.8581
30 0.4142 0.4728 0.5403 0.6195 0.7144 0.8303
31 0.3935 0.4513 0.5179 0.5961 0.6898 0.8043
32 0.3742 0.4311 0.4968 0.5741 0.6666 0.7799
33 0.3559 0.4121 0.4769 0.5532 0.6448 0.7569
34 0.3388 0.3941 0.4581 0.5335 0.6241 0.7351
35 0.3225 0.3771 0.4402 0.5148 0.6044 0.7144
36 0.3071 0.3609 0.4233 0.4969 0.5856 0.6947
37 0.2925 0.3455 0.4071 0.4799 0.5677 0.6759
38 0.2787 0.3308 0.3916 0.4636 0.5506 0.6579
39 0.2654 0.3168 0.3768 0.4480 0.5342 0.6407
40 0.2529 0.3034 0.3626 0.4331 0.5185 0.6242
41 0.2408 0.2906 0.3490 0.4187 0.5033 0.6083
42 0.2294 0.2784 0.3360 0.4049 0.4888 0.5930

TABLE 2.4 Values of Ka (Equation 2.31) (δ′ = ⅔ φ′ ) (continued)

θ (deg)

α (deg) φ′ (deg) 0 5 10 15 20 25
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32 0.2946 0.3342 0.3787 0.4292 0.4878 0.5566
33 0.2825 0.3219 0.3662 0.4166 0.4750 0.5437
34 0.2709 0.3101 0.3541 0.4043 0.4626 0.5312
35 0.2596 0.2986 0.3424 0.3924 0.4505 0.5190
36 0.2488 0.2874 0.3310 0.3808 0.4387 0.5070
37 0.2383 0.2767 0.3199 0.3695 0.4272 0.4954
38 0.2282 0.2662 0.3092 0.3585 0.4160 0.4840
39 0.2185 0.2561 0.2988 0.3478 0.4050 0.4729
40 0.2090 0.2463 0.2887 0.3374 0.3944 0.4620
41 0.1999 0.2368 0.2788 0.3273 0.3840 0.4514
42 0.1911 0.2276 0.2693 0.3174 0.3738 0.4410

10 28 0.3743 0.4187 0.4688 0.5261 0.5928 0.6719
29 0.3584 0.4026 0.4525 0.5096 0.5761 0.6549
30 0.3432 0.3872 0.4368 0.4936 0.5599 0.6385
31 0.3286 0.3723 0.4217 0.4782 0.5442 0.6225
32 0.3145 0.3580 0.4071 0.4633 0.5290 0.6071
33 0.3011 0.3442 0.3930 0.4489 0.5143 0.5920
34 0.2881 0.3309 0.3793 0.4350 0.5000 0.5775
35 0.2757 0.3181 0.3662 0.4215 0.4862 0.5633
36 0.2637 0.3058 0.3534 0.4084 0.4727 0.5495
37 0.2522 0.2938 0.3411 0.3957 0.4597 0.5361
38 0.2412 0.2823 0.3292 0.3833 0.4470 0.5230
39 0.2305 0.2712 0.3176 0.3714 0.4346 0.5103
40 0.2202 0.2604 0.3064 0.3597 0.4226 0.4979
41 0.2103 0.2500 0.2956 0.3484 0.4109 0.4858
42 0.2007 0.2400 0.2850 0.3375 0.3995 0.4740

15 28 0.4095 0.4594 0.5159 0.5812 0.6579 0.7498
29 0.3908 0.4402 0.4964 0.5611 0.6373 0.7284
30 0.3730 0.4220 0.4777 0.5419 0.6175 0.7080
31 0.3560 0.4046 0.4598 0.5235 0.5985 0.6884
32 0.3398 0.3880 0.4427 0.5059 0.5803 0.6695
33 0.3244 0.3721 0.4262 0.4889 0.5627 0.6513
34 0.3097 0.3568 0.4105 0.4726 0.5458 0.6338
35 0.2956 0.3422 0.3953 0.4569 0.5295 0.6168
36 0.2821 0.3282 0.3807 0.4417 0.5138 0.6004
37 0.2692 0.3147 0.3667 0.4271 0.4985 0.5846
38 0.2569 0.3017 0.3531 0.4130 0.4838 0.5692
39 0.2450 0.2893 0.3401 0.3993 0.4695 0.5543
40 0.2336 0.2773 0.3275 0.3861 0.4557 0.5399
41 0.2227 0.2657 0.3153 0.3733 0.4423 0.5258
42 0.2122 0.2546 0.3035 0.3609 0.4293 0.5122

20 28 0.4614 0.5188 0.5844 0.6608 0.7514 0.8613
29 0.4374 0.4940 0.5586 0.6339 0.7232 0.8313
30 0.4150 0.4708 0.5345 0.6087 0.6968 0.8034
31 0.3941 0.4491 0.5119 0.5851 0.6720 0.7772
32 0.3744 0.4286 0.4906 0.5628 0.6486 0.7524
33 0.3559 0.4093 0.4704 0.5417 0.6264 0.7289
34 0.3384 0.3910 0.4513 0.5216 0.6052 0.7066
35 0.3218 0.3736 0.4331 0.5025 0.5851 0.6853
36 0.3061 0.3571 0.4157 0.4842 0.5658 0.6649
37 0.2911 0.3413 0.3991 0.4668 0.5474 0.6453

TABLE 2.5 Values of Ka (Equation 2.31) (δ ′ = φ′�2) (continued)

θ (deg)

α (deg) φ′ (deg) 0 5 10 15 20 25
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• Vertical inertia force kvW
• Active force per unit length of the wall Pae

• Resultant F of the normal and shear forces along the failure surface BC

Note that

k
g

h   
Horizontal  component  of  earthquake  acceleration

= (2.32)

k
g

v   
Vertical  component  of  earthquake  acceleration

= (2.33)

where g = acceleration due to gravity.
For this case, the active force per unit length of the wall Pae can be given as

FIGURE 2.7 Active earth pressure with earthquake forces.

TABLE 2.5 Values of Ka (Equation 2.31) (δ ′ = φ′�2) (continued)

θ (deg)

α (deg) φ′ (deg) 0 5 10 15 20 25

38 0.2769 0.3263 0.3833 0.4500 0.5297 0.6266
39 0.2633 0.3120 0.3681 0.4340 0.5127 0.6085
40 0.2504 0.2982 0.3535 0.4185 0.4963 0.5912
41 0.2381 0.2851 0.3395 0.4037 0.4805 0.5744
42 0.2263 0.2725 0.3261 0.3894 0.4653 0.5582
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Failure wedge
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Unit weight of soil = γ
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P H k Kae v ae     = −1

2
12γ ( ) (2.34)

where
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and

β    

  

 =
−





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−tan 1

1

k

k
h

v

(2.36)

Equations 2.34 and 2.35 generally are referred to as the Mononobe-Okabe equations
(Mononobe 1929; Okabe 1926). The variation of Kae with θ = 0° and kv = 0 is given in Table
2.6. The active force Pae will be inclined at an angle δ ′ with the normal drawn to the back face
of the wall. Figure 2.8 shows the variation of kae cos δ ′ with kh and φ′ for kv = 0, α = 0, θ = 0,
and δ′ = φ′�2.

It is important to note from the term sin(φ′ − α − β ) that if φ′ − α − β  is less than 0, no
real solution of Kae is possible. Hence, for stability:

α φ β    ≤ ′ − (2.37)

Seed and Whitman (1970) have shown that Equation 2.34 can be rewritten as

P H k Kae v a        
  

* *= −
+









1

2
12

2

2
γ θ α

θ β

β θ
( ) ( , )

cos ( )

cos cos
(2.38)

where

θ θ β* = +    (2.39)

and

α α β* = +    (2.40)

Ka(θ*,α*) = static active earth pressure coefficient Ka (see Tables 2.4 and 2.5) for a retaining
wall with its back face inclined at an angle θ* with the vertical and with a backfill inclined at
an angle α* with the horizontal.

J. Ross Publishing; All Rights Reserved



2-18 Geotechnical Engineering Handbook

TABLE 2.6 Values of Kae (Equation 2.35) with θ = 0° and kv = 0

φ′ (deg)

kh δ′ (deg) α (deg) 28 30 35 40 45

0.1 0 0 0.427 0.397 0.328 0.268 0.217
0.2 0.508 0.473 0.396 0.382 0.270
0.3 0.611 0.569 0.478 0.400 0.334
0.4 0.753 0.697 0.581 0.488 0.409
0.5 1.005 0.890 0.716 0.596 0.500
0.1 0 5 0.457 0.423 0.347 0.282 0.227
0.2 0.554 0.514 0.424 0.349 0.285
0.3 0.690 0.635 0.522 0.431 0.356
0.4 0.942 0.825 0.653 0.535 0.442
0.5 — — 0.855 0.673 0.551
0.1 0 10 0.497 0.457 0.371 0.299 0.238
0.2 0.623 0.570 0.461 0.375 0.303
0.3 0.856 0.748 0.585 0.472 0.383
0.4 — — 0.780 0.604 0.486
0.5 — — — 0.809 0.624
0.1 φ′�2 0 0.396 0.368 0.306 0.253 0.207
0.2 0.485 0.452 0.380 0.319 0.267
0.3 0.604 0.563 0.474 0.402 0.340
0.4 0.778 0.718 0.599 0.508 0.433
0.5 1.115 0.972 0.774 0.648 0.552
0.1 φ′�2 5 0.428 0.396 0.326 0.268 0.218
0.2 0.537 0.497 0.412 0.342 0.283
0.3 0.699 0.640 0.526 0.438 0.367
0.4 1.025 0.881 0.690 0.568 0.475
0.5 — — 0.962 0.752 0.620
0.1 φ′�2 10 0.472 0.433 0.352 0.285 0.230
0.2 0.616 0.562 0.454 0.371 0.303
0.3 0.908 0.780 0.602 0.487 0.400
0.4 — — 0.857 0.656 0.531
0.5 — — — 0.944 0.722
0.1 ⅔ φ′ 0 0.393 0.366 0.306 0.256 0.212
0.2 0.486 0.454 0.384 0.326 0.276
0.3 0.612 0.572 0.486 0.416 0.357
0.4 0.801 0.740 0.622 0.533 0.462
0.5 1.177 1.023 0.819 0.693 0.600
0.1 ⅔ φ′ 5 0.427 0.395 0.327 0.271 0.224
0.2 0.541 0.501 0.418 0.350 0.294
0.3 0.714 0.655 0.541 0.455 0.386
0.4 1.073 0.921 0.722 0.600 0.509
0.5 — — 1.034 0.812 0.679
0.1 ⅔ φ′ 10 0.472 0.434 0.354 0.290 0.237
0.2 0.625 0.570 0.463 0.381 0.317
0.3 0.942 0.807 0.624 0.509 0.423
0.4 — — 0.909 0.699 0.573
0.5 — — — 1.037 0.800
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FIGURE 2.8 Variation of Kae cos δ′ with kh and φ′.

2.6.1 Location of the Resultant Force Pae

Seed and Whitman (1970) proposed a simple procedure to determine the location of the line
of action of the resultant Pae . Their method is as follows:

1. Let

P P Pae a ae    = + ∆ (2.41)

where Pa = Coulomb’s active force as determined from Equation 2.30 and ∆Pae =
additional active force caused by the earthquake effect.

2. Calculate Pa (Equation 2.30).
3. Calculate Pae (Equation 2.34 or 2.38).
4. Calculate ∆Pae = Pae − Pa .
5. According to Figure 2.9, Pa will act at a distance of H�3 from the base of the wall. Also,

∆Pae will act at a distance of 0.6H from the base of the wall.
6. Calculate the location of Pae as

z

P
H

P H

P

a ae

ae

  

   

=







+
3

0 6∆ ( . )

(2.42)

where z  = distance of the line of action of Pae from the base of the wall.
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Note that the line of action of Pae will be inclined at an angle of δ′ to the normal drawn to the
back face of the retaining wall.

Example 3

For a retaining wall, H = 5 m, γ = 15 kN�m3, φ′ = 30°, δ′ = 15°, θ = 5°, α = 5°, kv = 0, and kh

= 0.18. Determine Pae and z .

Solution

β

θ θ β

α α β

δ
φ
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





=
−
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
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= ° ≈ °

= + = + = °

= + = + = °

′
′

= =

− −tan tan
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From Table 2.5 for α* = 15°, θ* = 15°, φ′ = 30°, and δ′�φ′ = 0.5, the magnitude of Ka is 0.5419.
From Equation 2.38:

P H K kae a v       
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FIGURE 2.9 Location of the resultant Pae.
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Determination of z
From Equation 2.30:

P K Ha a  = 1

2
2γ

For φ′ = 30°, δ ′�φ′ = 0.5, θ = 5°, and α = 5°, the magnitude of Ka is 0.3601 (Table 2.5).
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2.7 Rankine Passive Pressure

Figure 2.10a shows a frictionless retaining wall with a vertical back face and a c ′-φ′ soil backfill.
If the wall is pushed into the soil mass, a triangular soil mass ABC will fail. The plane BC will
make an angle 45 − φ′�2 with the horizontal. At this point, the effective horizontal pressure at
a depth z is the Rankine passive earth pressure and can be given as

′ = ′ + ′σ σp o p pK c K     2 (2.43)

where σ′p = vertical effective stress (= γ z in Figure 2.10a) and Kp = Rankine passive earth
pressure coefficient

= +
′





    tan2 45
2

φ
(2.44)

Figure 2.10b shows the variation of σ′p with depth. The force per unit length of the wall Pp

can be obtained by calculating the area of the pressure distribution diagram, or

P H K c H Kp p p     = + ′1

2
22γ (2.45)
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The location of the line of action z  above the bottom of the wall can be obtained by taking
the moment of the pressure diagram about the bottom of the wall, or

z

H K
H

c H K
H

P

H K c H K

P

p p

p

p p

p
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


=
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3 2
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(2.46)

FIGURE 2.10 Rankine passive pressure.
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2.8 Rankine Passive Pressure with Inclined Backfill

Chu (1991) developed a general expression for Rankine passive earth pressure for a frictionless
retaining wall with an inclined back and a granular sloping backfill (c ′ = 0), as shown in Figure
2.11. The following are the relationships in reference to Figure 2.11.

σ′p = pressure at any depth z

=
+ ′ + ′

− ′ −

 

    

     

  γ α φ φ

α φ α

z pcos sin sin cos

cos sin sin

1 22

2 2

�
(2.47)

where

�p        =
′







+ −−sin
sin

sin
1 2

α
φ

α θ (2.48)

The inclination β of σ′p as shown in Figure 2.11 is

β
φ

φ
    

  

=
′

+ ′







−tan

sin sin

sin cos
1

1

�

�

p
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(2.49)

FIGURE 2.11 Rankine passive pressure with an inclined
granular backfill.
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The passive force per unit length of the wall is

P H Kp p  = 1

2
2γ (2.50)

where

Kp

p
  

        

       

=
− + ′ + ′

− ′ −





cos( ) sin sin cos

cos cos sin sin

α θ φ φ

θ α φ α

1 22

2 2 2

�
(2.51)

As a special case, if θ = 0,

Kp   
    

 

 =
+ − ′

− − ′
cos

cos cos cos

cos cos cos

α
α α φ

α α φ

2 2

2 2

(2.52)

′ =σ γa pzK  (2.53)

and

P K Hp p  = 1

2
2γ (2.54)

The variation of Kp with φ′ and α as given by Equation 2.52 is given in Table 2.7.

Backfill of c ′-�′ Soil. If the backfill of a frictionless retaining wall with a vertical back face (θ
= 0) is a c ′-φ′ soil (see Figure 2.4), then the Rankine passive pressure at any depth z can be
expressed as (Mazindrani and Ganjali 1997)

′ = = ′σ γ γ αp p pzK zK    cos (2.55)

TABLE 2.7 Passive Earth Pressure Coefficient Kp (Equation 2.52)

φ′ (deg)

α (deg) 28 30 32 34 36 38 40

0 2.770 3.000 3.255 3.537 3.852 4.204 4.599
5 2.715 2.943 3.196 3.476 3.788 4.136 4.527

10 2.551 2.775 3.022 3.295 3.598 3.937 4.316
15 2.284 2.502 2.740 3.003 3.293 3.615 3.977
20 1.918 2.132 2.362 2.612 2.886 3.189 3.526
25 1.434 1.664 1.894 2.135 2.394 2.676 2.987

J. Ross Publishing; All Rights Reserved



Lateral Earth Pressure 2-25

where

′ =
′
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(2.56)

The variation of K ′p with φ′, α , and c ′�γ z is given in Table 2.8.

2.9 Coulomb’s Passive Pressure

Figure 2.12 shows a retaining wall with an inclined back face (similar to Figure 2.6) with an
inclined granular backfill (c ′ = 0). The angle of friction between the wall and granular backfill
is δ ′. The failure wedge in the soil in the passive case is ABC. BC is assumed to be a plane. This

TABLE 2.8 Values of K ′p (Equation 2.56)

′c
zγ

φ′ (deg) α (deg) 0.025 0.050 0.100 0.500

15 0 1.764 1.829 1.959 3.002
5 1.716 1.783 1.917 2.971

10 1.564 1.641 1.788 2.880
15 1.251 1.370 1.561 2.732

20 0 2.111 2.182 2.325 3.468
5 2.067 2.140 2.285 3.435

10 1.932 2.010 2.162 3.339
15 1.696 1.786 1.956 3.183

25 0 2.542 2.621 2.778 4.034
5 2.499 2.578 2.737 3.999

10 2.368 2.450 2.614 3.895
15 2.147 2.236 2.409 3.726

30 0 3.087 3.173 3.346 4.732
5 3.042 3.129 3.303 4.674

10 2.907 2.996 3.174 4.579
15 2.684 2.777 2.961 4.394
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is Coulomb’s passive case. Coulomb’s passive earth pressure per unit length of the wall thus can
be given as

P H Kp p  = 1

2
2γ (2.57)

where Kp = Coulomb’s passive earth pressure coefficient, or

Kp   
  

      
    

    

    

=
′ +

′ − − ′ + ′ ′ +
′ − −













cos ( )

cos cos( )
sin( ) sin( )

cos( ) cos( )

2

2

2

1

φ θ

θ δ θ φ δ φ α
δ θ α θ

(2.58)

The variation of Kp with φ′ and δ ′ (for θ = 0° and α = 0°) is given in Table 2.9. It can be
seen from this table that for a given value of φ′, the value of Kp increases with the wall friction.
Note that the resultant passive force Pp will act at a distance H�3 from the bottom of the wall
and will be inclined at an angle δ′ to the normal drawn to the back face of the wall.

2.10 Passive Pressure with Curved Failure Surface
(Granular Soil Backfill)

The assumption of plane failure surface in the backfill (as described in Section 2.5) gives fairly
good results for calculation of active earth pressure. However, this assumption may grossly

FIGURE 2.12 Coulomb’s passive pressure.
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FIGURE 2.13 Curved failure surface for passive pressure determination.

TABLE 2.9 Values of Kp (Equation 2.58) for θ = 0° and α = 0°

δ ′ (deg)

φ′ (deg) 0 5 10 15 20

15 1.698 1.900 2.130 2.405 2.735
20 2.040 2.313 2.636 3.030 3.525
25 2.464 2.830 3.286 3.855 4.597
30 3.000 3.506 4.143 4.977 6.105
35 3.690 4.390 5.310 6.854 8.324
40 4.600 5.590 6.946 8.870 11.772

overestimate the actual passive earth pressure, particularly when δ ′ > φ′�2. This is on the
unsafe side for design considerations.

Figure 2.13 shows a curved failure surface in a granular soil backfill (c ′ = 0) for passive
pressure consideration. The curved surface defined by BC is usually taken as an arc of a
logarithmic spiral. CD is a plane. Several solutions have been proposed by various investigators
to obtain the passive pressure coefficient Kp using a failure surface such as that shown in Figure
2.13. Some of these solutions are summarized below.

Terzaghi and Peck’s Solution. Based on the trial wedge solution suggested by Terzaghi and
Peck (1967):

K
P

H
p

p
  =

0 5 2. γ
(2.59)

The variation of Kp with δ ′ for θ = 0 (vertical back face) and α = 0 (horizontal backfill) is
shown in Figure 2.14.

Pp
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σp = Kpγ H

H /3
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Shields and Tolunay’s Solution. Shields and Tolunay (1973) used the method of slices and
obtained the variation of Kp for θ and α = 0. The variation of Kp = Pp �0.5γH 2 with φ′ and δ′�φ′
based on this solution is shown in Figure 2.15.

Zhu and Qian’s Solution. Zhu and Qian (2000) used the method of triangular slices (such as
in zone ABC in Figure 2.13) to obtain the variation of Kp . According to this analysis (for α =
0)

K
P

H
K Rp

p

p    = = ′ =
0 5 2 0

.
( )γ δ (2.60)

where Kp = passive earth pressure coefficient for given values of θ, δ′, and φ′; Kp(δ′=0) = passive
earth pressure coefficient for given values of θ, φ′ with δ ′ = 0; and R = a modification factor
which is a function of φ′, θ, and δ′�φ′.

The variations of Kp(δ′=0) are given in Table 2.10, and the interpolated values of R are given
in Table 2.11.

Caquot and Kerisel’s Solution. According to Caquot and Kerisel’s (1948) solution for α = 0
and θ ≠ 0

K
P

H
K Rp

p

p  

 

  

 

=






= ′′ ′ =

0 5
2

1

.
cos

( )( )

γ
θ

δ θ� (2.61)

FIGURE 2.14 Terzaghi and Peck’s (1967) solution for Kp.
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FIGURE 2.15 Kp based on Shields and Tolunay’s (1973) analysis. (Note:
θ = 0, α = 0.)

TABLE 2.10 Variation of Kp(δ′= 0) (Equation 2.60)

θ (deg)

φ′ (deg) 30 25 20 15 10 5 0

20 1.70 1.69 1.72 1.77 1.83 1.92 2.04
21 1.74 1.73 1.76 1.81 1.89 1.99 2.12
22 1.77 1.77 1.80 1.87 1.95 2.06 2.20
23 1.81 1.81 1.85 1.92 2.01 2.13 2.28
24 1.84 1.85 1.90 1.97 2.07 2.21 2.37
25 1.88 1.89 1.95 2.03 2.14 2.28 2.46
26 1.91 1.93 1.99 2.09 2.21 2.36 2.56
27 1.95 1.98 2.05 2.15 2.28 2.45 2.66
28 1.99 2.02 2.10 2.21 2.35 2.54 2.77
29 2.03 2.07 2.15 2.27 2.43 2.63 2.88
30 2.07 2.11 2.21 2.34 2.51 2.73 3.00
31 2.11 2.16 2.27 2.41 2.60 2.83 3.12
32 2.15 2.21 2.33 2.48 2.68 2.93 3.25
33 2.20 2.26 2.39 2.56 2.77 3.04 3.39

16

20

12

8

4

0

Soil friction angle φ'  (deg)

20 25 30 35 40 45

P p

0.
5

γH
2

K
p 
=

= 1.0δ' 
φ' 

0.8

0.6

0.4

0.2

0

J. Ross Publishing; All Rights Reserved



2-30 Geotechnical Engineering Handbook

TABLE 2.11 Variation of R (Equation 2.60)

R for φ′ (deg)

θ (deg)

′
′

δ
φ 30 35 40 45

0 0.2 1.2 1.28 1.35 1.45
0.4 1.4 1.6 1.8 2.2
0.6 1.65 1.95 2.4 3.2
0.8 1.95 2.4 3.15 4.45
1.0 2.2 2.85 3.95 6.1

5 0.2 1.2 1.25 1.32 1.4
0.4 1.4 1.6 1.8 2.1
0.6 1.6 1.9 2.35 3.0
0.8 1.9 2.35 3.05 4.3
1.0 2.15 2.8 3.8 5.7

10 0.2 1.15 1.2 1.3 1.4
0.4 1.35 1.5 1.7 2.0
0.6 1.6 1.85 2.25 2.9
0.8 1.8 2.25 2.9 4.0
1.0 2.05 2.65 3.6 5.3

15 0.2 1.15 1.2 1.3 1.35
0.4 1.35 1.5 1.65 1.95
0.6 1.55 1.8 2.2 2.7
0.8 1.8 2.2 2.8 3.8
1.0 2.0 2.6 3.4 4.95

20 0.2 1.15 1.2 1.3 1.35
0.4 1.35 1.45 1.65 1.9
0.6 1.5 1.8 2.1 2.6
0.8 1.8 2.1 2.5 3.55
1.0 1.9 2.4 3.2 4.8

where Kp(δ′�φ′=1) = passive earth pressure coefficient with δ′ = φ′, and R ′ = a reduction factor
for actual δ′ (which is a function of φ′ and δ′�φ′).

The variation of Kp (δ′�φ′ = 1) with φ′ and θ is shown in Figure 2.16. Table 2.12 gives the
values of R ′ as a function of φ′ and δ′�φ′.

34 2.24 2.32 2.45 2.64 2.87 3.16 3.53
35 2.29 2.37 2.52 2.72 2.97 3.28 3.68
36 2.33 2.43 2.59 2.80 3.07 3.41 3.84
37 2.38 2.49 2.66 2.89 3.18 3.55 4.01
38 2.43 2.55 2.73 2.98 3.29 3.69 4.19
39 2.48 2.61 2.81 3.07 3.41 3.84 4.38
40 2.53 2.67 2.89 3.17 3.53 4.00 4.59
41 2.59 2.74 2.97 3.27 3.66 4.16 4.80
42 2.64 2.80 3.05 3.38 3.80 4.34 5.03
43 2.70 2.88 3.14 3.49 3.94 4.52 5.27
44 2.76 2.94 3.23 3.61 4.09 4.72 5.53
45 2.82 3.02 3.32 3.73 4.25 4.92 5.80

TABLE 2.10 Variation of Kp(δ′=0) (Equation 2.60) (continued)

θ (deg)

φ′ (deg) 30 25 20 15 10 5 0
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FIGURE 2.16 Variation of Kp (δ ′�φ′=1) with φ′ and θ (Equation 2.61).
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TABLE 2.12 Reduction Factor R ′ for Use in Equations 2.61 and 2.62

′
′

δ
φ

φ′ (deg) 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

10 0.978 0.962 0.946 0.929 0.912 0.898 0.881 0.864
15 0.961 0.934 0.907 0.881 0.854 0.830 0.803 0.775
20 0.939 0.901 0.862 0.824 0.787 0.752 0.716 0.678
25 0.912 0.860 0.808 0.759 0.711 0.666 0.620 0.574
30 0.878 0.811 0.746 0.686 0.627 0.574 0.520 0.467
35 0.836 0.752 0.674 0.603 0.636 0.475 0.417 0.362
40 0.783 0.682 0.592 0.512 0.439 0.375 0.316 0.262
45 0.718 0.600 0.500 0.414 0.339 0.276 0.221 0.174

If θ = 0 and α ≠ 0, the passive earth pressure coefficient can be expressed as:

K
P

H
K Rp

p
p    = = ′′ ′ =

0 5 2 1
.

( )( )γ δ θ� (2.62)

The variation of Kp with φ′ and 
α
φ′  is shown in Figure 2.17. The reduction factor R ′ shown

in Table 2.12 also can be used in Equation 2.62.

Example 4

For a retaining wall with a granular soil backfill as shown in Figure 2.13, H = 4 m, θ = 0, α =
0, γ = 16 kN�m3, φ′ = 30°, and δ′ = 15°. Estimate Pp by:

a. Terzaghi and Peck’s method
b. Shields and Tolunay’s method
c. Zhu and Qian’s method
d. Caquot and Kerisel’s method

Solution

Part a

P K Hp p  = 1

2
2γ

From Figure 2.14 for φ′ = 30° and δ′ = 15°, the value of Kp is about 4.6. Hence:

Pp          = 





=1

2
4 6 16 4 2( . ) ( ) ( ) 588.8 kN m�

Part b
δ′�φ′ = 15�30 = 0.5. For φ′ = 30° and δ′�φ′ = 0.5, the value of Kp (Figure 2.15) is 4.13, so
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FIGURE 2.17 Variation of Caquot and Kerisel’s (1948) Kp(δ′�φ′=1) φ′ and α�φ′.
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Part c

P H K Rp p  = ′ =
1

2
2

0γ δ( )

For φ′ = 30° and θ = 0, the value of Kp(δ′=0) (Table 2.10) is 3. Again, from Table 2.11, for θ =
0, δ ′�φ′ = 0.5, and φ′ = 30°, the value of R is about 1.5, so

Pp          = 





=1

2
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FIGURE 2.18 Passive force Ppe on a retaining wall with a plane failure surface.

Part d

P
H

K Rp p      = 



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



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′′ ′ =
1

2

2

1( )
cos

( )( )γ
θ δ φ�

With θ = 0 and φ′ = 30°, the value of Kp(δ′�φ′=1) is about 6.5 (Figure 2.16). Again, from Table
2.12, for φ′ = 30° and δ′�φ′ = 0.5, the value of R ′ = 0.746. Hence:

Pp            = 











=1

2
16

4

0
6 5 0 746

2

( )
cos

( . )( . ) 620.7 kN m�

2.11 Passive Pressure under Earthquake Conditions
(Granular Backfill)

Figure 2.18 shows a retaining wall with a granular soil as the backfill material. If the wall is
pushed toward the soil mass, it is assumed that, at a certain stage, failure in the soil will occur
along a plane BC. At failure, the force Ppe per unit length of the retaining wall is the dynamic
passive force. The force per unit length of the wall that needs to be considered for equilibrium
of the soil wedge is shown in Figure 2.18. The notations W, φ′, δ′, γ , F, kh , and kv have the same
meaning as described in Figure 2.7 (Section 2.6). Using the basic assumptions for the soil given
in Section 2.6, the passive force Ppe also may be derived as (Kapila 1962)

P H k Kpe v pe    = −1

2
12γ ( ) (2.63)
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FIGURE 2.19 Variation of Kpe with soil friction angle and
kh.
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and β  = tan−1(kh �1 − kv ).
Figure 2.19 shows the variation of Kpe for various values of soil friction angle φ′ and kh

(with kv = α = θ = δ ′ = 0). From the figure, it can be seen that, with other parameters remaining
the same, the magnitude of Kpe increases with the increase in soil friction angle φ′.

The relationship for passive earth pressure on a retaining wall with a granular horizontal
backfill and vertical back face under earthquake conditions was evaluated by Subba Rao and
Choudhury (2005) using the pseudo-static approach to the method of limit equilibrium. The
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FIGURE 2.20 Variation of Kp γ(e) (Equation 2.65) for δ′�φ′ =
0.5.

curved failure surface in soil assumed in the analysis was similar to that shown in Figure 2.13
(with θ = 0, vertical back face and α = 0, horizontal backfill). Based on this analysis, the passive
force Ppe can be expressed as

P H Kpe p e     = 



 ′

1

2

12γ
δγ ( )

cos
(2.65)

where Kp γ (e) = passive earth pressure coefficient in the normal direction to the wall.
Kpγ(e) is a function of kh and kv . The variations of Kpγ (e) for δ ′�φ′ = 0.5 and 1 are shown

in Figures 2.20 and 2.21. The passive pressure Ppe will be inclined at an angle δ′ to the back face
of the wall and will act at a distance of H�3 above the bottom of the wall.
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FIGURE 2.21 Variation of Kp γ(e) (Equation 2.65) for δ ′�φ′ = 1.0.
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3.1 Introduction

A foundation is a structural element that is expected to transfer a load from a structure to the
ground safely. The two major classes of foundations are shallow foundations and deep founda-
tions. A shallow foundation transfers the entire load at a relatively shallow depth. A common
understanding is that the depth of a shallow foundation (Df ) must be less than the breadth (B).
Breadth is the shorter of the two plan dimensions. Shallow foundations include pad footings,
strip (or wall) footings, combined footings, and mat foundations, shown in Figure 3.1. Deep
foundations have a greater depth than breadth and include piles, pile groups, and piers, which
are discussed in Chapter 4. A typical building can apply 10–15 kPa per floor, depending on the
column spacing, type of structure, and number of floors.

Shallow foundations generally are designed to satisfy two criteria: bearing capacity and
settlement. The bearing capacity criterion ensures that there is adequate safety against possible
bearing capacity failure within the underlying soil. This is done through provision of an
adequate factor of safety of about 3. In other words, shallow foundations are designed to carry
a working load of one-third of the failure load. For raft foundations, a safety factor of 1.7–2.5
is recommended (Bowles 1996). The settlement criterion ensures that settlement is within
acceptable limits. For example, pad and strip footings in granular soils generally are designed
to settle less than 25 mm.

3.2 Stresses beneath Loaded Areas

In particular for computing settlement of footings, it is necessary to be able to estimate the
stress increase at a specific depth due to the foundation loading. The theories developed for
computing settlement often assume the soil to be a homogeneous, isotropic, weightless elastic
continuum.

FIGURE 3.1 Types of shallow foundations.

(a) Pad footing (b) Strip footing (c) Mat or raft foundation 
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3.2.1 Point and Line Loads

Boussinesq (1885) showed that in a homogeneous,
isotropic elastic half-space, the vertical stress in-
crease (∆σv ) at a point within the medium, due
to a point load (Q) applied at the surface (see
Figure 3.2), is given by

∆σ
πv
Q

z x z
   

  

 =
+







3

2

1

12 2

5 2

( )�

�

(3.1)

where z and x are the vertical and horizontal
distance, respectively, to the point of interest from
the applied load.

Westergaard (1938) did similar research, assuming the soil to be reinforced by closely
spaced rigid sheets of infinitesimal thicknesses, and proposed a slightly different equation:
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(3.2)

Westergaard’s equation models anisotropic sedimentary clays with several thin seams of sand
lenses interbedded with the clays. The stresses computed from the Boussinesq equation
generally are greater than those computed from the Westergaard equation. As it is conservative
and simpler, the Boussinesq equation is more popular and will be used throughout this
section.

If the point load is replaced by an infinitely long line load in Figure 3.2, the vertical stress
increase ∆σv is given by:

∆σ
πv
Q

z x z
   

  

 =
+







2 1

1 2

2

( )�
(3.3)

3.2.2 Uniform Rectangular Loads

The vertical stress increase at a depth z beneath the corner of a uniform rectangular load (see
Figure 3.3a) can be obtained by breaking the rectangular load into an infinite number of point
loads (dq = Q dx dy) and integrating over the entire area. The vertical stress increase is given
by

x

z

Q

GL

∆σv

FIGURE 3.2 Stress increase beneath a point
or line load.
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∆σv Iq  = (3.4)

where q is the applied pressure and the influence factor I is given by:
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Here m = B�z and n = L�z. Variation of I with m and n is shown in Figure 3.3b. Using the
equation or Figure 3.3b, the vertical stress increase at any point within the soil, under a
uniformly loaded rectangular footing, can be found. This will require breaking up the loaded
area into four rectangles and applying the principle of superposition. This can be extended to
T-shaped or L-shaped areas as well.

At a depth z, ∆σv is the maximum directly below the center and decays with horizontal
distance. Very often, the value of ∆σv is estimated by assuming that the soil pressure applied
at the footing level is distributed through a rectangular prism, with slopes of 2 (vertical):1
(horizontal) in both directions, as shown in Figure 3.4. Assuming the 2:1 spread in the load,
the vertical stress at depth z below the footing becomes:

FIGURE 3.3 Influence factor for stress beneath a corner of uniform rectangular load: (a) uniformly
loaded rectangle and (b) chart.
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∆σv
Q

B z L z
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(3.6)

In the case of strip footings, Equation 3.6 becomes:

∆σv
Q

B z
  

  

=
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(3.7)

3.2.3 Newmark’s Chart for Uniformly Loaded Irregular Areas

The vertical stress increase at depth z below the center of a uniformly loaded circular footing
of radius r is given by:

∆σv
r z

q    
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1
1

12 3 2[( ) ]� �
(3.8)

The values of r�z for ∆σv = 0.1q, 0.2q…1.0q are given in Table 3.1. Newmark (1942)
developed the influence chart shown in Figure 3.5 using the values given in Table 3.1. Each
block in the chart contributes an equal amount of vertical stress increase at any point directly
below the center. This chart can be used to determine the vertical stress increase at depth z
directly below any point (X ) within or outside a uniformly loaded irregular area.

The following steps are required for computing ∆σv at depth z below P :

1. Redraw (better to use tracing paper) the plan of the loaded area to a scale where z is
equal to the scale length given in the diagram.

2. Place the plan on top of the influence chart such that the point of interest P on the plan
coincides with the center of the chart.

FIGURE 3.4 Average vertical stress increase with 2:1 distribution.

TABLE 3.1 Influence Circle Radii for Newmark’s Chart

∆σv �q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
r�z 0.270 0.401 0.518 0.637 0.766 0.918 1.110 1.387 1.908 ∞

Q 

L  B  
z

B + z L + z 
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3. Count the number of blocks (say, n) covered by the loaded area (include fractions of
the blocks).

4. Compute ∆σv as ∆σv = Inq, where I is the influence value for Newmark’s chart. For the
one in Figure 3.5, where there are 200 blocks, I = 1�120 = 0.00833.

3.3 Bearing Capacity of Shallow Foundations

Several researchers have studied bearing capacity of shallow foundations, analytically and
using model tests in laboratories. Let’s look at some historical developments and three of the
major bearing capacity equations with corresponding correction factors.

Typical pressure-settlement plots in different types of soils are shown in Figure 3.6. Three
different failure mechanisms, namely general shear, local shear, and punching shear, were
recognized by researchers. General shear failure is the most common mode of failure, and it
occurs in firm ground, including dense granular soils and stiff clays, where the failure load is
well defined (see Figure 3.6a). Here, the shear resistance is fully developed along the entire

FIGURE 3.5 Newmark’s influence chart.
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failure surface that extends to the ground level, and a clearly formed heave appears at the
ground level near the footing. The other extreme is punching shear failure, which occurs in
weak, compressible soils such as very loose sands, where the failure surface does not extend to
the ground level and the failure load is not well defined, with no noticeable heave at the ground
level (Figure 3.6c). In between these two modes, there is local shear failure (Figure 3.6b), which
occurs in soils of intermediate compressibility such as medium-dense sands, where only slight
heave occurs at the ground level near the footing.

In reality, the ground conditions are always improved through compaction before placing
the footing. For shallow foundations in granular soils with Dr > 70% and stiff clays, the failure
will occur in the general shear mode (Vesic 1973). Therefore, it is reasonable to assume that
the general shear failure mode applies in most situations.

From bearing capacity considerations, the allowable bearing capacity (qall) is defined as

q
q

Fall
ult

  = (3.9)

where qult is the ultimate bearing capacity, which is the average contact pressure at the soil-
footing interface when the bearing capacity failure occurs, and F is the factor of safety, which
typically is taken as 3 for the bearing capacity of shallow foundations.

3.3.1 Historical Developments

Prandtl (1921) modeled a narrow metal tool bearing against the surface of a block of smooth
softer metal, which later was extended by Reissner (1924) to include a bearing area located
below the surface of the softer metal. The Prandtl-Reissner plastic limit equilibrium plane
strain analysis of a hard object penetrating a softer material later was extended by Terzaghi
(1943) to develop the first rational bearing capacity equation for strip footings embedded in
soils. Terzaghi assumed the soil to be a semi-infinite, isotropic, homogeneous, weightless, rigid
plastic material; the footing to be rigid; and the base of the footing to be sufficiently rough to
ensure there is no separation between the footing and the underlying soil. It also was assumed
that the failure occurs in the general shear mode (Figure 3.7).

3.3.2 Terzaghi’s Bearing Capacity Equation

Assuming that the bearing capacity failure occurs in the general shear mode, Terzaghi ex-
pressed his first bearing capacity equation for a strip footing as:

FIGURE 3.6 Failure modes of a shallow foundation.
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q cN D N B Nc f qult       = + +γ γ γ1 20 5. (3.10)

Here, c  is the cohesion and γ1 and γ 2 are the unit weights of the soil above and below,
respectively, the footing level. Nc , Nq , and N γ are the bearing capacity factors, which are
functions of the friction angle. The ultimate bearing capacity is derived from three distinct
components. The first term in Equation 3.10 reflects the contribution of cohesion to the
ultimate bearing capacity, and the second term reflects the frictional contribution of the
overburden pressure or surcharge. The last term reflects the frictional contribution of the self-
weight of the soil in the failure zone.

For square and circular footings, the ultimate bearing capacities are given by Equations 3.11
and 3.12, respectively:

q cN D N B Nc f qult       = + +1 2 0 41 2. .γ γ γ (3.11)

q cN D N B Nc f qult       = + +1 2 0 31 2. .γ γ γ (3.12)

It must be remembered that the bearing capacity factors in Equations 3.11 and 3.12 are still for
strip footings. For local shear failure, where the failure surface is not fully developed and thus
the friction and cohesion are not fully mobilized, Terzaghi reduced the values of the friction
angle and cohesion by one-third to:

′ = −φ φ  tan ( . )1 0 67 (3.13)

′ =c c  0 67. (3.14)

Terzaghi neglected the shear resistance provided by the overburden soil, which was treated
as a surcharge (see Figure 3.7). Also, he assumed that α = φ in Figure 3.7. Subsequent studies
by several others show that α = 45 + φ�2 (Vesic 1973), which makes the bearing capacity
factors different than what were originally proposed by Terzaghi. With α = 45 + φ�2, the
bearing capacity factors Nq and Nc become:

N eq       = +





π φ φ
tan tan2 45

2
(3.15)

FIGURE 3.7 Assumed failure surfaces within the soil during bearing capacity failure.
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N Nc q    = −( ) cot1 φ (3.16)

The above expression for Nc is the same as the one originally proposed by Prandtl (1921), and
the expression for Nq is the same as the one given by Reissner (1924). While there is general
consensus about Equations 3.15 and 3.16, various expressions for Nγ have been proposed in
the literature, the most frequently used of which are those proposed by Meyerhof (1963) and
Hansen (1970). Some of these different expressions for Nγ are presented in Table 3.2.

For undrained loading in clays, when φu = 0, it can be shown that Nq = 1, Nγ = 0, and Nc

= 2 + π (= 5.14). Skempton (1951) studied the variation of Nc with shape and the depth of the
foundation. He showed that for a strip footing, it varies from 2 + π at the surface to 7.5 at a
depth greater than 5B, and for a square footing, it varies between 2π at the surface and 9.0 at
a depth greater than 5B. Therefore, for pile foundations, it generally is assumed that Nc = 9.

Most of the bearing capacity theories (e.g., Prandtl, Terzaghi) assume that the footing-soil
interface is rough. Concrete footings are made by pouring concrete directly on the ground, and
therefore the soil-footing interface is rough. Schultze and Horn (1967) noted that from the way
concrete footings are cast in place, there is adequate friction at the base, which mobilizes
friction angles equal to or greater than φ. Even the bottom of a metal storage tank is not
smooth, since the base is always treated with paint or asphalt to resist corrosion (Bowles 1996).
Therefore, the assumption of a rough base is more realistic than a smooth one. Based on
experimental studies, Vesic (1975) stated that foundation roughness has little effect on the
ultimate bearing capacity, provided the footing load is vertical.

Meyerhof’s Nγ , used predominantly in North America, and Hansen’s, used in Europe,
appear to be the most popular of the above. The values of Nγ  proposed by Meyerhof (1963),
Hansen (1970), Vesic (1973), and in Eurocode 7 (European Committee for Standardisation
1995) are shown in Figure 3.8, along with the values of Nq and Nc . For φ < 30°, Meyerhof’s
and Hansen’s values are essentially the same. For φ > 30°, Meyerhof’s values are larger, the
difference increasing with φ. The Indian standard recommends Vesic’s Nγ factor (Raj 1995).
The Canadian Foundation Engineering Manual recommends Hansen’s Nγ factor (Canadian
Geotechnical Society 1992).

3.3.3 Meyerhof’s Bearing Capacity Equation

In spite of the various improvements that were made to the theoretical developments proposed
by Terzaghi, his original form of the bearing capacity equation is still being used because of its

TABLE 3.2 Expressions for Nγ

Expression Reference

(Nq − 1) tan (1.4φ) Meyerhof (1963)
1.5 (Nq − 1) tan φ Hansen (1970)
2.0 (Nq − 1) tan φ European Committee for Standardisation (1995)
2.0 (Nq + 1) Vesic (1973)
1.1 (Nq − 1) tan(1.3φ) Spangler and Handy (1982)
0.1054 exp(9.6φ)a Davis and Booker (1971)
0.0663 exp(9.3φ)b Davis and Booker (1971)

a Rough footing with φ in radians.
b Smooth footing with φ in radians.
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simplicity and practicality. Terzaghi neglected the shear resistance within the overburden soil
(i.e., above the footing level), which was included in the modifications made by Meyerhof
(1951) that are discussed here. Meyerhof’s (1963) modifications, which are being adapted
worldwide, are summarized here. Meyerhof (1963) proposed the general bearing capacity
equation of a rectangular footing as

q s d i cN s d i D N s d i B Nc c c c q q q f qult          = + +γ γγ γ γ γ1 20 5. (3.17)

where Nc , Nq , and Nγ are the bearing capacity factors of a strip footing. The shape of the
footing is accounted for through the shape factors sc , sq , and s γ . The depth of the footing is
taken into account through the depth factors dc , dq, and d γ . The inclination factors ic , iq , and
i γ account for the inclination in the applied load. These factors are summarized below.

Shape factors (Meyerhof 1963):

s
B

L
c          = + +



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1 0 2 45
2

2. tan
φ

(3.18)
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L
q              for  = = + +



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≥ °γ
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φ1 0 1 45
2

102. tan (3.19)

s sq           for  = = =γ φ1 0 (3.20)

FIGURE 3.8 Bearing capacity factors.
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Depth factors (Meyerhof 1963):
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d dq        for   = = =γ φ1 0 (3.23)

Inclination factors (Meyerhof 1963; Hanna and Meyerhof 1981):

i ic q       = = − °





1
90

2α
(3.24)

i γ
α
φ

φ        for   = −






≥ °1 10
2

(3.25)

i γ φ     for   = =1 0 (3.26)

In Equations 3.24 and 3.25, α is the inclination (in degrees) of the footing load to the vertical.
It should be noted that in spite of the load being inclined, the ultimate bearing capacity
computed from Equation 3.17 gives its vertical component.

3.3.3.1 Plane Strain Correction

It has been reported by several researchers that the friction angle obtained from a plane strain
compression test is greater than that obtained from a triaxial compression test by about 4– 9°
in dense sands and 2–4° in loose sands (Ladd et al. 1977). A conservative estimate of the plane
strain friction angle may be obtained from the triaxial friction angle by (Lade and Lee 1976):

φ φ φps tx tx       for   = − ° > °1 5 17 34. (3.27)

φ φ φps tx tx     for  = ≤ °34 (3.28)

Allen et al. (2004) related the peak friction angles from direct shear and plane strain
compression tests through the following equation:

φ φps ds  = −tan ( . tan )1 1 2 (3.29)

The soil element beneath the centerline of a strip footing is subjected to plane strain
loading, and therefore, the plane strain friction angle must be used in calculating its bearing
capacity. The plane strain friction angle can be obtained from a plane strain compression test.
The loading condition of a soil element along the vertical centerline of a square or circular
footing more closely resembles axisymmetric loading than plane strain loading, thus requiring
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a triaxial friction angle, which can be determined from a consolidated drained or undrained
triaxial compression test.

On the basis of the suggestions made by Bishop (1961) and Bjerrum and Kummeneje
(1961) that the plane strain friction angle is 10% greater than that from a triaxial compression
test, Meyerhof proposed the corrected friction angle for use with rectangular footings as:

φ φrectangular tx        = −





1 1 0 1. .
B

L
(3.30)

The above equation simply enables interpolation between φtx (for B�L = 1) and φps (for B�L
= 0). The friction angles available in most geotechnical designs are derived from triaxial tests
in the laboratory or in situ penetration tests.

3.3.3.2 Eccentric Loading

When the footing is applied with some eccentricity, the ultimate bearing capacity is reduced.
Meyerhof (1963) suggested the effective footing breadth (B ′) and length (L ′) as:

′ = −B B eB    2 (3.31)

′ = −L L eL    2 (3.32)

where eB and eL are the eccentricities along
the breadth and length, respectively, as
shown in Figure 3.9.

For footings with eccentricities, B ′ and
L ′ should be used in computing the ulti-
mate bearing capacity (Equation 3.17) and
shape factors (Equations 3.18 and 3.19).
In computing the depth factors (Equa-
tions 3.21 and 3.22), B should be used.
The unhatched area (A ′ = B ′ × L ′) in
Figure 3.9 is the effective area which con-
tributes to the bearing capacity, and there-
fore, the ultimate footing load is com-
puted by multiplying the ultimate bearing
capacity by this area A ′. It should be noted
that when the hatched area is disregarded,
the load is applied at the center of the
remaining area.

3.3.4 Hansen’s Bearing Capacity Equation

Based on theoretical and experimental work, Hansen (1970) and Vesic (1973, 1975) proposed
the following bearing capacity equation for drained and undrained conditions:

q s d i b g cN s d i b g D N s d i b g B Nc c c c c c q q q q q f qult           = + +γ γγ γ γ γ γ γ0 5. (3.33)

FIGURE 3.9 Meyerhof ’s eccentricity correction.
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In addition to the shape (s), depth (d ), and inclination (i ) factors, they included base
inclination (b) and ground inclination (g) factors. Base inclination factors account for any
inclination in the base of the footing. This may become necessary when the footing is required
to carry an inclined load. The ground inclination factors account for the reduction in bearing
capacity when the footing is located on sloping ground, as shown in Figure 3.10. The equations
to compute these factors are summarized below.

Shape factors (Hansen 1970):

s
B

L

N

N
c

q

c

         = + 











1 (3.34)

s
B

L
q       = + 





1 tan φ (3.35)

s
B

L
γ        = − 





1 0 4. (3.36)

Depth factors (Hansen 1970):

d
D

B
c

f
     = +1 0 4. (3.37)

d
D

B
q

f
         = + −1 2 1 2tan ( sin )φ φ (3.38)

d γ   = 1 (3.39)

When Df > B, the factor Df �B should be replaced by tan−1 (Df �B).

FIGURE 3.10 Base and ground inclination.
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Load inclination factors (Hansen 1970):

i
H

cBL
c             for  = + −





=0 5 0 5 1 0. . φ (3.40)

i i
i

N
c q

q

q

    

  

  

   for  = −
−

−
>

1

1
0φ (3.41)

i
H

V cBL
q      

  

= −
+







1
0 5

5
.

cot φ
(3.42)

i

H

V cBL
γ

θ

φ
    

     

  

  = −
−

°





+



















1

0 7
450

5

.

cot
(3.43)

The cohesion mobilized at the footing-soil contact area must be used for c in Equations 3.40,
3.42, and 3.43. The U.S. Army (1993) recommends using adhesion or a reduced value of
cohesion.

Base inclination factors (Hansen 1970):

bc     = − °
1

147

θ
(3.44)

bq   = − °exp( . tan )0 0349θ φ (3.45)

bγ θ φ  = − °exp( . tan )0 0471 (3.46)

Ground inclination factors (Hansen 1970):

gc     = −
°

1
147

β
(3.47)

g gq       = = −γ β( . tan )1 0 5 5 (3.48)

3.3.5 Vesic’s Bearing Capacity Equation

Vesic’s bearing capacity equation is the same as Hansen’s, but with slight differences in the
bearing capacity factor Nγ and the last three inclination factors (i , b, and g ), which are less
conservative.
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Shape factors (Vesic 1975):

s
B

L

N

N
c

q

c

        = + 











1 (3.49)

s
B

L
q       = + 





1 tan φ (3.50)

s
B

L
γ       = − 





1 0 4. (3.51)

Depth factors (Vesic 1975):

d
D

B
c

f
        for  = + =1 0 4 0. φ (3.52)

d d
d

N
c q

q

q

    

  

  

   for   = −
−

−
>

1

1
0φ (3.53)

d
D

B
q

f
        = + −1 2 1 2tan ( sin )φ φ (3.54)

d γ   = 1 (3.55)

When Df > B, the factor Df �B should be replaced by tan−1 (Df �B).

Load inclination factors (Vesic 1975):
If V and H are the components of the load perpendicular and parallel to the base of the footing,
the load inclination factors ic , iq , and i γ are given by:

i
mH

AcN
c

c

       for  = − =1 0φ (3.56)

i i
i

N
c q

q

q

    

  

  

   for   = −
−

−
>

1

1
0φ (3.57)

i
H

V cBL
q

m

    

  

  = −
+







1
cot φ

(3.58)

i
H

V cBL

m

γ φ
    

  

  = −
+







+

1
1

cot
(3.59)
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where

m
B L

B L
  

  

  

=
+
+

2

1

�

�

if the load is inclined in the direction parallel to the breadth and

m
L B

L B
  

  

  

=
+
+

2

1

�

�

if the load is inclined in the direction parallel to the length. The cohesion mobilized at the
footing-soil contact area must be used for c in Equations 3.56, 3.58, and 3.59. The U.S. Army
(1993) recommends using adhesion or a reduced value of cohesion.

Base inclination factors (Vesic 1975):

bc        for   = −
°

=1
147

0
φ

φ (3.60)

b b
b

N
c q

q

q

    

  

  

   for   = −
−

−
>

1

1
0φ (3.61)

b bq         = = −
°



γ

θ φ
1

57

2
tan

(3.62)

where θ is the inclination (in degrees) of the base of the footing to horizontal (see Figure 3.10).

Ground inclination factors (Vesic 1975):

gc        for  = −
°

=1
147

0
β

φ (3.63)

g g
g

N
c q

q

q

    

  

  

   for  = −
−

−
>

1

1
0φ (3.64)

g gq       = = −γ β( tan )1 2 (3.65)

where β is the inclination of the slope in degrees, β < φ, and θ + β ≤ 90° (see Figure 3.10). On
a sloping ground, when φ = 0, Ng = −2 sin β.

It should be noted that the ultimate bearing capacity equation for clays under undrained
conditions (φu = 0) sometimes is given in the literature slightly differently as (Aysen 2002;
Bowles 1988)

q s d i b g c N Dc c c c c u c fult               = + + − − − +( )1 γ (3.66)
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and consequently the reported correction factors for Equation 3.32 are slightly different (U.S.
Army 1993; Cernica 1995; Coduto 2001; McCarthy 2007; European Committee for
Standardisation 1995).

3.3.6 Gross and Net Pressures and Bearing Capacities

The ultimate bearing capacities computed using Equations 3.10–3.12, 3.17, 3.33, and 3.66 are
all gross ultimate bearing capacities. There already is an overburden pressure of γDf acting at
the foundation level. The net ultimate bearing capacity is the maximum additional soil
pressure that can be sustained before failure. Therefore, net ultimate bearing capacity is
obtained by subtracting the overburden pressure from the gross ultimate bearing capacity.
Similarly, the net applied pressure is the additional pressure applied at the foundation level in
excess of the existing overburden pressure. The safety factor with respect to bearing capacity
failure is therefore defined in terms of the net values as:

F
q

q

q D

q D

f

f

    

  

  

ult,net

applied,net

ult,gross

applied,gross

= =
−

−

γ

γ
(3.67)

In most spread footing designs, the gross pressures are significantly larger than the over-
burden pressures. Only in problems that involve removal of large overburden pressures, such
as foundations for basements, can gross and net pressures be significantly different. In clays
under undrained conditions (φu = 0), Nc = 5.14, Nq = 1, and Nγ = 0. Therefore, the net ultimate
bearing capacity of a shallow foundation can be written as:

q c
D

B

B

L
u

f

ult,net                = +






+





5 14 1 0 2 1 0 2. . . (3.68)

3.3.7 Effects of the Water Table

When computing the ultimate bearing capacity in terms of effective stress parameters, it is
necessary to use the correct unit weights, depending on the location of the water table. If the
water table lies at or above ground level, γ ′ must be used in both terms in the bearing capacity
equation (Equation 3.10). If the water table lies at the footing level, γm must be used in the
second term and γ ′ in the third term in the bearing capacity equation. It can be seen from
Figure 3.7 that the failure zone within the soil is confined to a depth of B below the footing
width. Therefore, if the water table lies at B or more below the footing, the bulk unit weight
(γm ) must be used in both terms in the bearing capacity equation. Terzaghi and Peck (1967)
stated that the friction angle is reduced by 1–2° when a sand is saturated. Therefore, if a future
rise in the water table is expected, the friction angle may be reduced slightly in computing the
ultimate bearing capacity.

3.3.8 Presumptive Bearing Pressures

Presumptive bearing pressures are very approximate and conservative safe bearing pressures
that can be assumed in preliminary designs. They are given in building codes and geotechnical
textbooks (see U.S. Army 1993; Bowles 1988). Here, the specified values do not reflect the site
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or geologic conditions, shear strength parameters, or the foundation dimensions. Some typical
values are given in Table 3.3.

3.4 Pressure Distribution beneath Eccentrically
Loaded Footings

The pressure distribution beneath a flexible footing often is assumed to be uniform if the load
is applied at the center. This is not the case when the load is applied with some eccentricity in
one or both directions. Eccentricity can be introduced through moments and�or lateral loads
such as wind loads. It can reduce the ultimate bearing capacity, and with the reduced effective
area, the allowable load on the footing is reduced even further.

In a strip footing, when the line load is applied with an eccentricity of e, as shown in Figure
3.11a, the soil pressure at any point beneath the footing is given by

q x
Q

B

ex

B
( )       = +





1
12

2
(3.69)

where x is the horizontal distance from the centerline. The maximum and minimum values
of the soil pressure, which occur at the two edges of the strip footing, at x = 0.5B and x =
−0.5B, respectively, are given by:

TABLE 3.3 Presumed Bearing Capacity Values

Soil Type Bearing Capacity (kPa)

Rocks
Hard and sound igneous and gneissic rock 10,000
Hard limestone�sandstone 4,000
Schist�slate 3,000
Hard shale�mudstone or soft sandstone 2,000
Soft shale�mudstone 600–1,000
Hard sound chalk or soft limestone 600

Granular soils
Dense gravel or sand�gravel >600
Medium-dense gravel or sand�gravel 200–600
Loose gravel or sand�gravel <200
Dense sand >300
Medium-dense sand 100–300
Loose sand <100

Cohesive soils
Very stiff clays 300–600
Stiff clays 150–300
Firm clays 75–150
Soft clays and silts <75

After BS8004:1986 (British Standards Institution 1986) and Canadian
Geotechnical Society (1992).
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FIGURE 3.11 Pressure distribution beneath eccentrically loaded foot-
ings: (a) strip footing with one-way eccentricity and (b) rectangular foot-
ing with two-way eccentricity.
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Bmax       = +



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1
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(3.70)

q
Q
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e

Bmin             = −





1
6

(3.71)

It can be seen from Equation 3.71 that the soil pressure beneath the footing will be compressive
at all points provided e < B�6. Since there cannot be tensile normal stress between the
foundation and the soil, when e exceeds B�6, one edge of the footing will lift off the ground,
reducing the contact area, resulting in redistribution of the contact pressure. It is therefore
desirable to limit the eccentricity to a maximum of B�6.

In a rectangular footing with eccentricities of eB and eL in the direction of breadth and
length, respectively, the contact pressure at any point beneath the footing is given by:

q x y
Q

BL

e

B
x

e

L
yB L( , )            = + +





1
12 12

2 2
(3.72)

Here, the origin is at the center of the footing and the x- and y-axes are in the direction of
breadth and length, respectively (see Figure 3.11b). The lightly shaded area at the center of
Figure 3.11b, a rhombus, is known as the kern. Provided the foundation load acts within this
area, the contact stresses are compressive at all points beneath the footing.

3.5 Settlement of Shallow Foundations in Cohesive Soils

When foundations are subjected to vertical loads, there will be settlement. Depending on
whether the underlying soils are cohesive or granular, the settlement pattern can be quite
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different. In saturated cohesive soils, the settlements consist of three components: immediate
settlement (si ), consolidation settlement (sc ), and secondary compression (ss ). Immediate settle-
ment occurs immediately after the load is applied and is instantaneous. Consolidation settle-
ment occurs due to the expulsion of water from the soil and dissipation of excess pore water
pressure. This can take place over a period of several years. Secondary compression settlement,
also known as creep, occurs after the consolidation is completed. Therefore, there will be no
excess pore water pressure during the secondary compression stage.

3.5.1 Immediate Settlement

Immediate settlement, also known as distortion settlement, initial settlement, or elastic
settlement, occurs immediately upon the application of the load, due to lateral distortion of
the soil beneath the footing. In clays, where drainage is poor, it is reasonable to assume that
immediate settlement takes place under undrained conditions where there is no volume
change (i.e., v = 0.5). The average immediate settlement under a flexible footing generally is
estimated using the theory of elasticity, using the following equation, originally proposed by
Janbu et al. (1956):

s
qB

E
i

u

   = µ µ0 1 (3.73)

The values of µ1 and µ2, originally suggested by Janbu et al. (1956), were modified later by
Christian and Carrier (1978), based on the work by Burland (1970) and Giroud (1972). The
values of µ0 and µ1, assuming ν = 0.5, are given in Figure 3.12. Obtaining a reliable estimate
of the undrained Young’s modulus (Eu) of clays through
laboratory or in situ tests is quite difficult. It can be esti-
mated using Figure 3.13, proposed by Duncan and
Buchignani (1976) and the U.S. Army (1994). Eu �cu can
vary from 100 for very soft clays to 1500 for very stiff clays.
Typical values of the elastic modulus for different types of
clays are given in Table 3.4. Immediate settlement gener-
ally is a small fraction of the total settlement, and there-
fore a rough estimate often is adequate.

3.5.2 Consolidation Settlement

Consolidation is a time-dependent process in saturated clays, where the foundation load is
gradually transferred from the pore water to the soil skeleton. Immediately after loading, the
entire applied normal stress is carried by the water in the voids, in the form of excess pore water
pressure. With time, the pore water drains out into the more porous granular soils at the
boundaries, thus dissipating the excess pore water pressure and increasing the effective stresses.
Depending on the thickness of the clay layer, and its consolidation characteristics, this process
can take from a few days to several years.

Consolidation settlement generally is computed assuming one-dimensional consolidation,
and then a correction factor is applied for three-dimensional effects (Skempton and Bjerrum
1957). In one-dimensional consolidation, the normal strains and drainage are assumed to take
place only in the vertical direction. This situation arises when the applied pressure at the
ground level is uniform and is of a very large lateral extent, as shown in Figure 3.14.

TABLE 3.4 Typical Values of
Elastic Modulus for Clays

Clay E (MPa)

Very soft clay 0.5–5
Soft clay 5–20
Medium clay 20–50
Stiff clay, silty clay 50–100
Sandy clay 25–200
Clay shale 100–200

After U.S. Army (1994).
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FIGURE 3.12 Values of µ0 (top) and µ1 (bottom) for immediate settlement computation (after
Christian and Carrier 1978).

In a clay layer with an initial thickness of H and a void ratio of e0, the final consolidation
settlement sc due to the applied pressure q can be estimated from

s
e

e
Hc   

  

 =
+
∆

1 0

(3.74)

where ∆e is the change in the void ratio due to the applied pressure q. H and e0 can be obtained
from the soil data, and ∆e has to be computed as follows.
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Three different cases, as shown in Figure 3.15, are discussed here. Point I corresponds to
the initial state of the clay, where the void ratio and the vertical stress are e0 and σ′vo ,
respectively. With the vertical stress increase of ∆σv , consolidation takes place, and the void
ratio decreases by ∆e. Point F corresponds to the final state, at the end of consolidation. Point
P corresponds to the preconsolidation pressure (σ′p ) on the virgin consolidation line.

Case I. If the clay is normally consolidated, ∆e can be computed from:

∆
∆

e Cc
vo v

vo

    
  

 =
′ +

′






log
σ σ

σ
(3.75)

FIGURE 3.14 One-dimensional consolidation settlement within a clay layer.

FIGURE 3.13 Eu �cu values (after Duncan and Buchignani 1976;
U.S. Army 1994).
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Case II. If the clay is overconsolidated and σ′vo +  ∆σv ≤ σ′p (i.e., the clay remains
overconsolidated at the end of consolidation), ∆e can be computed from:

∆
∆

e Cr
vo v

vo

    
  

 =
′ +

′






log
σ σ

σ
(3.76)

Case III. If the clay is overconsolidated and σ′vo +  ∆σv ≥ σ′p (i.e., the clay becomes
normally consolidated at the end of consolidation), ∆e can be computed from:

∆
∆
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′






+

′ +
′


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
log log

σ

σ
σ σ

σ
(3.77)

In one-dimensional consolidation, assuming the pressure at the ground level is applied
over a large lateral extent, ∆σv = q at any depth. In the case of footings where the loading is
not one-dimensional, ∆σv can be significantly less than the footing pressure q and can be
estimated using the methods discussed in Section 3.2.

Another but less desirable method to compute the consolidation settlement is to use the
coefficient of volume compressibility (mv ). The final consolidation settlement can be written
as:

s m qHc v  = (3.78)

The main problem with this apparently simple method is that mv is stress dependent, and
therefore a value appropriate to the stress level must be used. The consolidation settlement
s (t 1) at a specific time t1 can be determined from the Uavg-T plot in Figure 1.17.

3.5.3 Secondary Compression Settlement

Secondary compression settlement takes place at constant effective stress, when there is no
more dissipation of excess pore water pressure. For simplicity, it is assumed to start occurring

FIGURE 3.15 ∆e calculations from e vs. log σ′v plot.
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when the primary consolidation is completed at time tp (see Figure 3.16), and the settlement
increases linearly with the logarithm of time. Secondary compression settlement can be
estimated using the following equation:

s C
H

e

t

t
t ts a

p p
p  

  

        for =
+













>

1
log (3.79)

Here, ep is the void ratio at the end of primary consolidation and Cα is the coefficient of
secondary compression or the secondary compression index, which can be determined from
a consolidation test or estimated empirically. Assuming that the void ratio decreases linearly
with the logarithm of time, Cα is defined as:

C
e

t
α   = ∆

∆ log
(3.80)

Mesri and Godlewski (1977) reported that Cα �Cc is a constant for a specific soil and
suggested typical values. In the absence of consolidation test data, Cα can be assumed to be
0.03–0.08 times Cc . While the upper end of the range applies to organic and highly plastic
clays, the lower end of the range is suitable for inorganic clays. Secondary compression
settlement can be quite significant in organic clays, especially in peat.

3.6 Settlement of Shallow Foundations in Granular Soils

Settlement of footings in granular soils is instantaneous, with some possibility for long-term
creep. There are more than 40 different settlement prediction methods, but the quality of the
predictions is still very poor, as demonstrated at the Settlement 94 settlement prediction
symposium in Texas in 1994 (Briaud and Gibbens 1994).

The five most important factors that govern the settlement of a footing are the applied
pressure, soil stiffness, footing breadth, footing depth, and footing shape. Soil stiffness often

FIGURE 3.16 Settlement in soils: (a) footing under pressure, (b) settlement in cohesive soils, and (c)
settlement in granular soils.
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is quantified indirectly through penetration resistance such as the N-value or blow count from
a standard penetration test or through tip resistance qc from a cone penetration test. Das and
Sivakugan (2007) summarized the empirical correlations relating soil stiffness to penetration
resistance.

3.6.1 Terzaghi and Peck Method

Terzaghi and Peck (1967) proposed the first rational method for predicting settlement of a
shallow foundation in granular soils. They related the settlement of a square footing of width
B (in meters) to that of a 300-mm square plate, obtained from a plate loading test, through the
following expression:

δ δfooting plate    

  

       
2B

B + 0.3
   = 





−






2

1
1

4

D

B

f
(3.81)

The last term in Equation 3.81 accounts for the reduction in settlement with the increase in
footing depth. Leonards (1986) suggested replacing ¼ by ⅓, based on additional load test
data. The values of δplate can be obtained from Figure 3.17, which summarizes the plate loading
test data given by Terzaghi and Peck (1967). This method originally was proposed for square
footings, but can be applied to rectangular and strip footings with caution. The deeper
influence zone and increase in the stresses within the soil mass in the case of rectangular or
strip footings are compensated for by the increase in the soil stiffness.

FIGURE 3.17 Settlement of 300-mm × 300-mm plate (adapted from Terzaghi et al. 1996;
load test data from late Professor G.A. Leonards).
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3.6.2 Schmertmann et al. Method

Based on the theory of elasticity, Schmertmann (1970) proposed that the vertical normal strain
(εz ) at a depth z below the footing is given by

εz
z

z

q

E
I   = (3.82)

where Ez and Iz are Young’s modulus and the strain influence factor, respectively, at depth z.
Based on some finite element studies and load tests on model footings, Schmertmann pro-
posed the influence factor as shown in Figure 3.18a, which is known as the 2B-0.6 distribution.
The influence factor increases linearly from 0 at the footing level to 0.6 at a depth of 0.5B below
the footing and then decreases linearly to 0 at a depth of 2B below the footing. Integrating the
above equation and dividing the granular soil beneath the footing into sublayers of constant
Young’s modulus, the vertical settlement can be expressed as

s q C C
I dz

E
z

zz

z B

  net     =
=

=

∑1 2
0

2

(3.83)

where C1 and C2 are the correction factors to account for the embedment and strain relief due
to the removal of overburden and the time dependence of settlement, respectively, and qnet is
the net applied pressure at the footing level. C1 and C2 are given by

C
q

vo
1 1 0 5 0 5        

net

= −
′





≥. .
σ

(3.84)

FIGURE 3.18 Schmertmann et al.’s influence factors.
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C
t

2 1 0 2
0 1

       = + 





. log
.

(3.85)

where σ ′vo is the effective in situ overburden stress at the footing level, and t is the time since
loading (in years). Leonards (1986), Holtz (1991), and Terzaghi et al. (1996) suggest that C2

= 1, disregarding the time-dependent settlements in granular soils. They suggest that the time-
dependent settlements in the footings studied by Schmertmann probably are due to the thin
layers of clays and silts interbedded within the sands in Florida, from where most of
Schmertmann’s load test data come. Schmertmann (1970) recommended that Young’s modu-
lus be derived from the static cone resistance as E = 2qc . Leonards (1986) suggested that E
(kg�cm2) = 8N60 for normally consolidated sands, where N60 is the blow count from a standard
penetration test, not corrected for overburden (1 kg�cm2 = 98.1 kPa).

Schmertmann’s (1970) original method does not take the footing shape into account.
Realizing the need to account for the footing shape, Schmertmann et al. (1978) made some
modifications to the original method. The modified influence factor diagram is shown in
Figure 3.18b, where the strain influence factor extends to a depth of 2B for square footings and
4B for strip footings, peaking at depths of 0.5B and B, respectively. The peak value of the
influence factor is given by

I
q

z
vo

, . .peak  
net

      = +
′

0 5 0 1
σ

(3.86)

where σ′vo is the original overburden pressure at a depth of 0.5B below the footing for square
footings and B below the footing for strip footings, where the peak values occur. The equations
for computing the settlement and the correction factors remain the same. Schmertmann et al.
(1978) suggested that E = 2.5qc for axisymmetric loading and E = 3.5qc for plane strain
loading, based on the observation by Lee (1970) that Young’s modulus is about 40% greater
for plane strain loading compared to axisymmetric loading. They suggested that for rectangu-
lar footings, the settlement be calculated separately for B�L = 0 and 1 and interpolated on the
basis of B�L.

Terzaghi et al. (1996) suggested a simpler influence factor diagram, shown in Figure 3.18c,
with the influence factors starting and peaking at the same points but extending to depths of
2B and 4B for square and strip footings. For rectangular footings, they suggested an interpo-
lation function to estimate the depth of influence zI (see Figure 3.18c) as:

z B
L

B
I        = +





2 1 log (3.87)

Terzaghi et al. (1996) suggest taking E = 3.5qc for axisymmetric loading and increasing it
by 40% for plane strain loading and suggest the following expression for E of a rectangular
footing:

E
L

B
qcrectangular footing         = +





3 5 1 0 4. . log (3.88)
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These modifications give more realistic and less conservative estimates of settlements. Never-
theless, the above values of E  = (3.5–4.9)qc are significantly larger than what is recommended
in the literature.

3.6.3 Burland and Burbidge Method

Burland et al. (1977) collated more than 200 settlement records of shallow foundations of
buildings, tanks, and embankments on granular soils and plotted settlement per unit pressure
against the footing breadth, as shown in Figure 3.19, defining the upper limits for possible
settlement that can be expected. It is a good practice to use this figure to check whether the
settlement predicted by a specific method falls within the bounds. They suggested that the
“probable” settlement is about 50% of the upper limit shown in the figure and that in most
cases the maximum settlement will be unlikely to exceed 75% of the upper limit.

Burland and Burbidge (1985) reviewed the above settlement records and proposed an
indirect and empirical method for estimating settlement of shallow foundations in granular
soils, based on N-values from standard penetration tests that are not corrected for overburden
pressure. The influence depth (zI ) was defined as

z BI   = 0 7. (3.89)

where zI and B are in meters. They expressed the compressibility of the soil by a compress-
ibility index (Ic), which is similar to the coefficient of volume compressibility (mv ) used in
consolidation of saturated clays. For normally consolidated granular soils, Ic was related to the
average blow count within the influence depth N60 by

FIGURE 3.19 Upper limits of settlement per unit pressure (after Burland et al. 1977).
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I
N

c   = 1 71

60
1 4

.
.

(3.90)

where Ic is in MPa−1. For overconsolidated granular soils, Ic is one-third of what is given in
Equation 3.90. Burland and Burbidge (1985) suggested that the settlement can be estimated
from:

s qI zc I  = (3.91)

It should be noted that Equation 3.91 is similar in form to Equation 1.36, which is used for
estimating consolidation settlement in clays. In normally consolidated granular soils, Equation
3.91 becomes:

s q
N

B    = 1 71

60
1 4

0 7.
.

. (3.92)

In overconsolidated granular soils, if the preconsolidation pressure (σ′p ) can be estimated,
Equation 3.91 becomes:

s q
N

B q p       if  = ≤ ′1

3

1 71

60
1 4

0 7.
.

. σ (3.93)

s q
N

B qp p           if = − ′



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≥ ′2

3

1 71

60
1 4

0 7σ σ.
.

. (3.94)

For fine sands and silty sands below the water table, where N60 > 15, driving of the split-
spoon sampler can dilate the sands, which can produce negative pore water pressure that
would increase the effective stresses and hence overestimate the blow count. Here, Terzaghi’s
correction given below should be applied:

N N60 6015 0 5 15,corrected      = + −. ( ) (3.95)

In gravel or sandy gravel, N should be increased by 25% using Equation 3.96:

N N60 601 25,corrected  = . (3.96)

The settlements estimated above apply to square footings. For rectangular or strip footings,
settlement has to be multiplied by the following factor ( fs ):

f
L B

L B
s   

  

 =
+





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1 25

0 25

2
.

.

�
�

(3.97)

The settlement estimated above implies that there is granular soil to a depth of at least zI .
If the thickness (Hs ) of the granular layer below the footing is less than the influence depth,
the settlement has to be multiplied by the following reduction factor ( f l ):
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      = −
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2 (3.98)

Burland and Burbidge (1985) noted some time-dependent settlement of footings and
suggested a multiplication factor ( f t ) given by

f R R
t

t t       = + +1
3

3 log (3.99)

where R3 takes into consideration the time-dependent settlement during the first three years
of loading, and the last component accounts for the time-dependent settlement that takes
place after the first three years at a slower rate. Suggested values for R3 and Rt are 0.3–0.7 and
0.2–0.8, respectively. The lower end of the range is applicable for static loads and the upper end
for fluctuating loads such as bridges, silos, and tall chimneys.

3.6.4 Accuracy and Reliability of the Settlement Estimates and
Allowable Pressures

Das and Sivakugan (2007) reviewed the different settlement prediction methods and discussed
the current state-of-the-art. The three methods discussed above in detail are the most popular
for estimating settlement of shallow foundations in granular soils. It is well known that these
methods overestimate settlement in general and thus are conservative. Sivakugan et al. (1998)
studied 79 settlement records where the footing width was less than 6 m and concluded that
the settlement predictions by Terzaghi and Peck (1967) and Schmertmann (1970) overesti-
mate settlement by about 2.18 and 3.39 times, respectively.

Tan and Duncan (1991) introduced two parameters—accuracy and reliability—to quan-
tify the quality of settlement predictions and applied these to 12 different methods using a large
database of settlement records. Accuracy was defined as the average ratio of the predicted
settlement to the measured settlement. Reliability is the probability that the predicted settle-
ment is greater than the measured settlement. Therefore, an ideal settlement prediction
method will have an accuracy of 1 and reliability approaching 100%. There often is a trade-
off between accuracy and reliability. The Terzaghi and Peck (1967) method has high reliability
but poor accuracy, which shows that the estimates are conservative. On the other hand, the
Burland and Burbidge (1985) method has good accuracy but poor reliability, which shows that
the predictions are more realistic, but it does not always overestimate like the Schmertmann
et al. (1978) method or Terzaghi and Peck (1967) method and is less conservative.

It is widely documented in the literature that the design of shallow foundations in granular
soils is almost always governed more by settlement considerations than bearing capacity.
Therefore, more care is required in the settlement computations. The allowable bearing
capacity values, on the basis of limiting settlement to 25 mm, estimated by the Burland and
Burbidge (1985) and Terzaghi and Peck (1967) methods are shown in Figure 3.20. The
Burland and Burbidge (1985) charts were developed for square footings on normally consoli-
dated sands, with no consideration given to time-dependent settlement. If the sand is
overconsolidated with a preconsolidation pressure of σ′p and q < σ′p , the allowable pressure
from Figure 3.20 should be multiplied by 3. If the sand is overconsolidated and q > σ′p , add
0.67σ ′p to the value obtained from Figure 3.20. For any other value of limiting settlement, the
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FIGURE 3.20 Allowable pressure for footings on sands with maximum settlement
of 25 mm.

allowable pressure from Figure 3.20 must be adjusted proportionally. To limit the probability
that the actual settlement will exceed 25 mm, it may be necessary to limit the maximum
settlement to 16 mm and reduce the allowable soil pressure proportionately (Terzaghi et al.
1996). It can be seen in Figure 3.20 that the Burland and Burbidge (1985) method gives
significantly smaller settlements and higher allowable pressures compared to the more conser-
vative Terzaghi and Peck (1967) method.

Meyerhof (1956, 1974) suggested an expression for allowable pressure that would limit
settlement to 25 mm, which again underestimates the allowable pressure significantly. Bowles
(1996) suggested increasing this value by 50%, whereby the modified Meyerhof equation
becomes

q N
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(3.100)

where Df �B  ≤ 1 and B > 1.2 m. Equation 3.100 gives a slightly higher allowable pressure than
the Terzaghi and Peck (1967) values, but significantly less than the Burland and Burbidge
(1985) values shown in Figure 3.20.

3.6.5 Probabilistic Approach

The magnitude of settlement can have a different meaning depending on which method was
used in the settlement computations. Sivakugan and Johnson (2004) proposed a probabilistic
design chart, based on several settlement records reported in the literature, to quantify the
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probability that the settlement predicted by a certain method will exceed a specific limiting
value in the field. Three separate charts for the Terzaghi and Peck, Schmertmann et al., and
Burland and Burbidge methods are given in Figure 3.21. For example, if the settlement
predicted by the Schmertmann et al. method is 20 mm, the probability that the actual
settlement will exceed 25 mm is 0.2.

3.7 Raft Foundations

A raft foundation, also known as a mat foundation, is a large, thick concrete slab that supports
all or some of the columns and�or walls of a structure. A raft also can support an entire
structure, such as a silo, storage tank, chimney, tower, and foundation machinery. A hollow
raft can reduce the heavy self-weight of a large slab and yet provide enough structural stiffness.
A widely accepted practical criterion is to use a raft when more than 50% of the building plan
projection is covered by footings. Other purposes of rafts include increasing the foundation
area and thus increasing the foundation bearing capacity whenever possible, bridging over
small compressible pockets to minimize differential settlements, resisting hydrostatic uplift,
facilitating basement waterproofing, and redistributing horizontal soil and water thrust through
the structure or support peripheral columns and walls. Reduced raft thicknesses can be
achieved efficiently by introducing structural stiffeners such as plates thickened under col-
umns, a two-way beam and slab, and a flat plate with pedestals or basement walls incorporated
into the raft (Teng 1975; Bowles 1996). Thinner slabs also can be designed to resist high uplift
pressures by introducing vertical prestressed anchors or tension piles (Danziger et al. 2006).
Compared to footings, a raft spreads the structural load over a larger area in the soil and
reduces the bearing pressure. Because of the high stiffness of the thick concrete slab, a raft can
reduce differential settlement. Differential settlement also can be minimized by simulta-
neously taking into account the slab stiffness and the stiffness of the superstructure.

3.7.1 Structural Design Methods for Rafts

The methods for raft foundation design are classified as rigid and flexible. The rigid method
(also known as the conventional method) is still widely used in practice because of its
simplicity. It is also used to check or validate results obtained by more sophisticated flexible
methods.

The rigid method assumes that a thick slab is infinitely rigid when compared to the soil, and
hence the flexural deflections are negligible and do not influence the contact pressure, which
is assumed to vary linearly as a result of simultaneous rigid body translation and rotation of
the raft. Closed-form solutions to estimate the contact pressure underneath a rigid eccentri-
cally loaded circular raft can be found elsewhere (e.g., Teng 1975). For a rigid rectangular raft
with area B × L, the contact pressure q at any point, with coordinates x and y with respect to
a Cartesian coordinate system passing through the centroid of the raft area (see Figure 3.22),
is given by

q x y
Q

B L

M

I
y

M

I
x

t x

x

y

y

(   

  

     , ) =
×

± ± (3.101)

where
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Qt = Qi
i

n

=
∑

1

 = total load on the raft (sum of all column loads)

Mx = Qt ey = moment of the column loads about the x-axis
My = Qtex = moment of the column loads about the y-axis

ex , ey = eccentricities about the x- and y-axes, respectively
Ix = BL3�12 = moment of inertia about the x-axis
Iy = BL3�12 = moment of inertia about the y-axis

The contact pressure distribution given by Equation 3.101 is used to estimate raft settle-
ment, bearing capacity, bending moment, and shear forces. Static equilibrium in the vertical
direction causes the resultant of column loads Qt to be equal and opposite to the resultant load

FIGURE 3.22 Assumptions for the rigid method of raft design.
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obtained from integration of the reactive contact pressure in Equation 3.101. For simplicity,
the rigid method assumes that the raft is analyzed by tributary areas in each of two perpendicu-
lar directions, similar to the structural design of two-way flat slabs, as shown by the shaded
areas in Figure 3.22. To calculate bending moments and shear forces, each of two perpendicu-
lar bands is assumed to represent independent continuous beams under a constant average
upward pressure qav estimated by Equation 3.101. This simplification violates equilibrium
because bending moments and shear forces at the common edge between adjacent bands are
neglected. Therefore, the contact pressure qc obtained by dividing the sum of the column loads
in each band by the total area of the band is not equal to qav computed from Equation 3.101.
Hence, one of the following two assumptions is made in practice to estimate bending moments
and shear forces in the assumed independent beams shown in Figure 3.22: (1) the actual
column loads Qij are multiplied by an adjustment factor µ to make the contact pressure qc

equal to q av (Das 1984) or (2) the columns are assumed to be rigid supports whose reactions
Rij are calculated assuming uniform contact pressure qav . The above simplifications produce
adjusted loads (µQij with assumption 1) or rigid support reactions (Rij with assumption 2)
that are not equal to the corresponding column loads. This error is tolerated in practice
provided the raft is regarded as rigid, which satisfies the following requirements (American
Concrete Institute 1988):

1. The column loads and column spaces do not vary from each other by more than 20%.
2. The spacing (l ) between column loads is such that

b
k l

E I
s

f f

  

 

≤ 1 75

4
4

.

(3.102)

where l is the width of the band, Ef is the modulus of elasticity of the foundation material, If

is the moment of inertia of the cross section of the equivalent continuous beam, and ks is the
coefficient of the subgrade reaction defined as

k
q

s   =
δ

(3.103)

where δ is the settlement produced by a gross bearing pressure q. ks is measured in pressure
per unit of length, sometimes referred as force per cubic length, which should not be confused
with the soil unit weight. If the above requirements are not met, the raft should be designed
as a flexible raft. In addition to calculation of bending moments and shear forces, the punching
shear under each column also must be checked.

Flexible methods are based on analytical linear elastic solutions (Milović 1992; Hemsley
1998) and numerical solutions such as the method of finite differences and method of finite
elements, where the stiffness of both the soil and structural members can be taken into
account. Early flexible numerical methods were based on the numerical solution of the fourth-
order differential equation governing the flexural behavior of a plate by the method of finite
differences. The raft is treated as a linear elastic structural element whose soil reaction is
replaced by an infinite number of independent linear elastic springs, following the Winkler
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hypothesis. The soil elastic constant is given by the coefficient of the subgrade reaction ks

defined by Equation 3.103.
Let’s consider an infinitely long beam of width b (m) and thickness h (m) resting on the

ground and subjected to a point load where the soil reaction is q* (kN�m) at distance x from
the origin. From the principles of engineering mechanics, it can be shown that the bending
moment at distance x is

M E I
d z

dx
   raft raft=

2

2
(3.104)

The shear force at distance x is

V
dM

dx
E I

d z

dx
     raft raft= =

3

3
(3.105)

The soil reaction at distance x is

q
dV

dx
E I

d z

dx
zk* = = = − ′       raft raft

4

4
(3.106)

Here, Iraft is the moment of inertia of the cross section of the beam about the bending axis,
given by bh3�12, and k ′ is the subgrade reaction of the Winkler beam (in kN�m2), which is
related to ks by:

′ =k k bs  (3.107)

Therefore, Equation 3.106 becomes:

E I
d z

dx
zk bsraft raft    

4

4
= − (3.108)

Equation 3.108 can be solved with appropriate boundary conditions, and the deflections of the
Winkler beam on elastic springs can be obtained.

Approximate methods to estimate ks as a function of the soil and foundation material
elastic constants can be found elsewhere (e.g., Teng 1975; Bowles 1996; Das 2007; Coduto
2001; Lopes 2000). A major limitation of the early flexible methods comes from the unrealistic
estimates of the coefficient of the subgrade reaction. The difficulty in estimating ks comes from
the fact that it is not a fundamental soil property, and its magnitude depends on factors such
as the (1) width of the loaded area, (2) shape of the loaded area, (3) depth of the loaded area,
(4) location on the raft for which settlement is being considered, and (5) time. Thus, consid-
erable judgment and personal experience are required to select appropriate ks values for design
purposes. A practical way to estimate ks roughly is to calculate the settlement δ by any method
outlined in Sections 3.5 and 3.6 and back calculate ks by Equation 3.103.

The modulus of the subgrade reaction can be obtained from a plate load test, typically
using a 300-mm square plate. Typical values of k 0.3 (from a 300-mm plate) are given in Table
3.5. In granular soils, the value of ks for a B × L rectangular footing is given by:
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In cohesive soils:
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Vesic (1961) suggested that ks can be estimated from Equation 111 by:
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(3.111)

Here, Es = Young’s modulus of the soil, EF = Young’s modulus of the footing, IF = moment
of inertia of the foundation’s cross section, and ν = Poisson’s ratio of the soil.

Flexible methods based on the coefficient of the subgrade reaction generally are not
suitable for reliable estimates of total settlement, although such methods may provide accept-
able estimates of differential settlement. Since bending moments and shear forces generally are
not very sensitive to variations in ks , flexible methods are still widely used for structural raft
design.

Due to the increasing popularity of efficient, user-friendly computational codes for
geotechnical design based on finite elements and advanced versions of the finite difference
method, it was possible to overcome some of the limitations of the rigid method and early
flexible methods, such as equilibrium and compatibility requirements, irregular soil layers,
nonlinear inelastic soil response, three-dimensional modeling, soil-structure interaction, coupled
flow-deformation analyses, and dynamic loading. Three-dimensional numerical modeling of
a soil-structure interaction problem is still a time-consuming task, and hence numerical
modeling commonly is limited to simpler two-dimensional analyses whenever feasible. The
finite element method and advanced versions of the finite difference method allow different
possibilities for modeling the soil stiffness, including linear elastic analysis, hyperbolic models,
and elastic-plastic and viscous-plastic models (e.g., Duncan and Chang 1970; Chen and Saleeb
1982; Desai and Siriwardena 1984). Although more refined elastic-plastic and viscous-plastic
models represent a better idealization of the soil response, simpler models such as linear elastic
analyses limited by a simple failure criterion (e.g., Mohr-Coulomb), hyperbolic models, and

TABLE 3.5 Typical Values of Modulus of Subgrade Reaction
(k 0.3) of a 300-mm Plate

Soil k 0.3 (MN�m3)

Granular soils Loose Medium Dense
Dry or moist 10–25 25–125 125–250
Saturated 10–15 25–40 125–150

Cohesive soils Stiff Very stiff Hard
10–20 20–40 40+
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the Cam-Clay elastic-plastic model probably are the most widely used in practice due to their
simplicity, ease in estimating input parameters, computational speed, and numerical stability.

3.7.2 Bearing Capacity and Settlement of Rafts

Raft bearing capacity and settlement calculations generally follow the same conventional
methods outlined previously for pad footings. Although numerical analyses are gaining in-
creased acceptance, conventional methods still are widely used in practice, either in prelimi-
nary estimates or to cross-check numerical calculations. Numerical methods rely on input soil
constants estimated mostly by laboratory tests. Apart from the differences between field and
laboratory soil responses, actual stress path dependency in the field may not be adequately
reproduced by simple paths simulated in the laboratory. This is especially true for the simpler
numerical models more commonly used in practice, as they rely on a reduced number of soil
constants, which may not thoroughly simulate the complex soil behavior. Hence, some
adjustments in the input soil constants may be needed in numerical analyses, and conventional
methods may be very helpful in validating numerical results.

An increased raft area (and a corresponding decreased contact pressure) generally can
increase the raft bearing capacity. However, increasing the raft area may not prevent bearing
capacity failure in cases of low-strength soils underneath a raft, including cases where the raft
bears on firm deposits underlain by soft sediments. For clays under undrained conditions (φu

= 0), Nγ = 0, and hence the ultimate bearing capacity becomes independent of the foundation
width B. Increasing the raft area also may be ineffective in reducing total settlement because
a larger foundation width also will encompass a deeper volume of the deformable soil mass.
Therefore, increasing the raft area to reduce total settlement or to increase bearing capacity in
weak soils may be costly and inefficient. Total settlement can be minimized by a larger
foundation area in cases where the compressible soil stratum is at a relatively shallow depth
(hence part of the contact pressure can be distributed to a more resistant soil layer beneath the
weak soil) or when the soil stiffness increases significantly with depth.

An efficient way to increase bearing capacity and decrease total settlement is to design
floating (or compensated ) rafts whereby the total weight of construction is compensated for by
previous excavation of the same or a slightly higher total weight of soil and water (Golder 1975;
Zeevaert 1983). This leads to a higher gross ultimate bearing capacity as a result of the deeper
raft depth Df  and lower total settlement because the soil elements beneath the raft become
overconsolidated. Fully compensated floating rafts in normally consolidated deposits settle
less than noncompensated or partially compensated rafts, where loading reaches the virgin
compression and produces undesired long-term deformations.

Excavation unloading causes bottom heave that may progress to bottom failure. Zeevaert
(1983) classifies bottom heave as P-heave (plastic heave, ultimately leading to bottom failure),
E-heave (elastic heave, caused by nearly instantaneous elastic unloading and further upward
relief by seepage pressure), S-heave (swelling heave, time-dependent upward displacement at
constant total stress), and D-heave (driving heave, nearly instantaneous upward movement
caused by the soil displaced by pile driving in the case of piled rafts).

Figure 3.23 shows the unloading path OBC of a fully unloaded normally consolidated soil
element located right beneath the bottom of the excavation. Excavation unloading causes an
upward displacement corresponding to ABC, where AB is nearly instantaneous E-heave and
BC is time-dependent S-heave. Time-dependent S-heave depends on the amount of time the
excavation remains open, and hence construction reloading should proceed as quickly as
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possible to minimize BC. For settlement calculations, S-heave should be measured soon after
the bottom of the excavation is reached and added to settlements estimated by the recompres-
sion index Cr (FQ). For preliminary estimates of settlements produced by E- and S-heave
recompression, the recompression index Chr1 (CO) may be selected for soil elements close to
the excavation bottom. Chr1 depends on the duration the sample is exposed to relaxation until
it is recompressed in the laboratory. Hence, Chr1 is higher than the recompression index Cr

(FQ), selected for deeper soil elements not affected by S-heave. Intermediate values Chr 2 (EP)
between Chr1 and Cr may be selected at intermediate depths, where unloading may produce
smaller S-heave (DE). D-heave is minimized in piled rafts by an alternating driving program,
where a sufficient distance is allowed between piles during driving. Next, intermediate piles are
driven between two previously driven piles only after a prescribed time has elapsed. D-heave
also is minimized by driving from the center toward the edges of the raft. Piles can minimize
E- and S-heave as long as they are driven from the surface, before excavation commences. This
allows mobilization of negative skin friction along the pile right from the early stages of
excavation. Upon construction reloading, rafts with full friction piles are efficient for control-
ling differential settlements and building tilting induced by eccentric loading, uneven primary
and secondary consolidation settlements, neighboring construction, dewatering, and defor-
mation of wall supports. Design criteria for piled rafts can be found elsewhere (e.g., Zeevaert
1983; Franke et al. 2000; Katzenbach et al. 2000; Poulos 2000).

Compensated nonpiled rafts are efficient for ensuring adequate bearing capacity and
tolerable settlements only when not influenced by unforeseen features in the compressible
strata and from adjacent existing or new buildings. Massad (2005) explains the excessive tilting
of some buildings in the city of Santos, Brazil, as due to local overconsolidation produced by
mobile sand dunes. Figure 3.24 shows possible types of damage caused by adjacent construc-
tion (Teixeira 2003). In Figure 3.24a, buildings A and B are constructed at approximately the

FIGURE 3.23 Estimation of E-heave and S-heave.
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same time. In Figure 3.24b, buildings A and B are constructed at approximately the same time
and building C shortly thereafter. In Figure 3.24c, building B is constructed long after building
A. In Figure 3.24d, buildings B and C are constructed nearly simultaneously after existing
building C. The interaction with adjacent construction always should be carefully investigated
in foundation design. Excavation and subsequent building construction always must rely on
rigorous and permanent monitoring of the new building and all adjacent buildings for mutual
settlement and tilting.

3.8 Shallow Foundations under Tensile Loading

Tensioned foundations are common in civil engineering applications such as transmission
towers, harbors, basement slabs under pressure, industrial equipment, etc. Procedures for the
design of tensioned foundations are discussed in this section, including specific recommen-
dations for the more common transmission tower foundations. Starting with a distinction
between shallow and deep modes of failure, this section presents the most common failure
mechanisms for shallow failure under tension and procedures for calculation of the founda-
tion tensile capacity under vertical and inclined loading. Emphasis is given to the influence
of the strength of the compacted backfill compared to the strength of the natural soil. The
design considerations presented here are the results of three decades of research carried out
at the Federal University of Rio de Janeiro since the 1970s, based on many full-scale tensile
tests on different types of transmission tower foundations in several soil formations through-

FIGURE 3.24 Influence of adjacent buildings (Teixeira 2003).
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out Brazil (Barata et al. 1978, 1979, 1985; Danziger 1983; Danziger et al. 1989; Pereira Pinto
1985; Ruffier dos Santos 1985, 1999; Garcia 2005, Danziger et al. 2006). The practical
recommendations are based on the second author’s experience in the design and construc-
tion of foundations for extra-high-voltage transmission lines over the last 30 years across
Brazil, including very long transmission systems in the Amazon region and the Itaipu 750-
kV transmission system. The criteria for predicting tensioned foundation capacity as dis-
cussed in this session are based mainly on the comprehensive work developed at the Univer-
sity of Grenoble (e.g., Martin 1966; Biarez and Barraud 1968; Martin 1973), due to its wide
applicability for different types of soils, failure modes, load inclinations, and embedment
depths and its good agreement with several full-scale tests on different types of foundations
in a wide variety of soils.

In tensile foundations, shear strains are more pronounced than volumetric strains in
contributing to displacement. In foundations under compressive loads, especially in weak
soils, volumetric strains are predominant in contributing to settlement. As a result, tensioned
foundations generally produce smaller displacements compared to foundations under the
same compressive load in the same type of soil. Therefore, the design of foundations under
tensile loads is conceived under limit equilibrium criteria in most cases, in contrast to com-
pressed foundations, where consideration of limit equilibrium and settlement is important.
Further discussion on prediction of displacement of tensioned foundations is provided by
Trautmann and Kulhawy (1988) and Sakai and Tanaka (2007). Finite element analyses also are
useful for predicting displacement of tensioned foundations, although more accurate three-
dimensional simulations may be time consuming for design purposes. In this section, the
design recommendations are restricted to limit equilibrium analyses.

3.8.1 Tensile Loads and Failure Modes

Tensioned foundations can be subjected to permanent as well as transient loading. In the case
of transmission lines, permanent loading is caused by angle and anchor loading in the towers.
Angle loading occurs when there is a change in the direction of the transmission line at the
tower. Anchor loading occurs on one side of the first and last tower in a row of towers (called
end-of-line or anchor towers), resulting in unbalanced forces at the sides of the towers,
produced by different cable tension and construction load. For design purposes, temperature
variation in the conductors also may be regarded as permanent loading. Transient loading
occurs due to wind load (usually the dominant design load) and sudden mechanical failure of
the conductors.

Self-supported transmission towers (Figure 3.25a) can apply alternate concentric com-
pression�tension loads (Figures 3.26a and 3.26b) or eccentric loads (Figure 3.26c) to the
foundation. Guyed towers (Figure 3.25b) transmit concentric orthogonal tension loads to the
inclined guy foundation and compressive eccentric loads to the central mast foundation. For
the typical design and inclination of a tower guy (about 30–35° to vertical), the effect of load
inclination should be accounted for in the foundation design, as the ultimate tensile capacity
is dependent on the load�plate inclination.

The foundation design loads usually are provided by the tower manufacturer. The foun-
dation loads are calculated under different load hypotheses. For self-supported towers (Figure
3.25a), the design loads are given by superposition of the vertical (tension�compression) and
two mutually perpendicular horizontal loads that act transversely and along the transmission
line. The foundation designer takes into account the most unfavorable load hypothesis for
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each foundation element, making a clear distinction between permanent and transient load-
ing. A safety factor of 3 for permanent loads and 2 for transient loads, with respect to the
theoretical ultimate tensile capacity, generally is recommended for tensioned foundations.
Intermediate values may be used for simultaneous permanent and transient loading.

Steel grillage foundations (Figures 3.26a) or footings with inclined pedestals (Figure 3.26b)
for self-supported transmission towers are subjected to a resultant tension�compression load
that is approximately in the same direction as the tower leg, thus transmitting mostly concen-
tric loading to the foundation. Moreover, the usual slope of a typical self-supported tower leg
is small. Thus, for practical purposes, the tensile capacity of steel grillage foundations or
footings with inclined pedestals for self-supported towers is calculated for vertical loading
only, neglecting the secondary effects of load inclination and minor eccentricities. In contrast,
self-supported towers on footings with a vertical pedestal (Figure 3.26c) introduce eccentrici-
ties in two orthogonal directions, parallel and perpendicular to the direction of the transmis-

FIGURE 3.26 Common foundations for self-supported towers: (a) steel grillage, (b) foot-
ing with inclined pedestal, and (c) footing with vertical pedestal.

FIGURE 3.25 Most common types of towers: (a) self-supported tower and (b) guyed tower.
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sion line. The behavior of tensioned foundations under an eccentric oblique load was studied
by Meyerhof (1973a, 1973b). A simplified procedure for practical design is to determine the
equivalent reduced foundation dimensions to account for the double eccentricity, similar to
the design of compressive eccentric loads discussed in Section 3.3. Horizontal loading and
foundation eccentricity may play a dominant role in the design of piled transmission tower
foundations on weak soils. There are situations in practice where foundation pedestals need
to be high, such as in cases of significant seasonal variation in the flooding level of rivers or
inundated areas crossed by transmission lines. High pedestals are much easier to build verti-
cally than inclined. The overturning moments generated in such cases may be very high, and
the corresponding footing dimensions would be very large. Hence, the use of prestressed
anchors at the foundation corners is generally a cost-effective way to absorb high overturning
moments (Danziger et al. 2006).

Vertical or nearly vertical tensioned plates can fail in shallow and deep modes of failure
(Martin 1966; Biarez and Barraud 1968; Meyerhof and Adams 1968; Martin 1973), as shown
in Figure 3.27a for firm soils and Figure 3.27b for weak soils. In the shallow mode (Figure
3.27a.1 and b.1), the failure surface reaches the ground level, and all applied tensile load is
resisted by the plate. Thus, the shaft (or pedestal) transmits the applied tensile load directly
from the structural member to the plate. In the deep mode (Figure 3.27a.2 and b.3), the tensile
load is shared by the plate and the shaft where the failure surface around the plate does not
reach the ground level. Therefore, the applied tensile load is not entirely transmitted to the

FIGURE 3.27 Shallow and deep failure modes: (a) firm soils where α
< 0 and (b) weak soils where α > 0. (a.1) Shallow mode in firm soils,
(a.2) deep mode in firm soils, (b.1) shallow mode in weak soils, (b.2)
intermediate mode in weak soils, and (b.3) deep mode in weak soils
(Biarez and Barraud 1968; Martin and Cochard 1973).
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plate. The ultimate tensile load Qult obtained as a function of the plate depth in the shallow
and deep modes is shown qualitatively in Figure 3.28. The dashed and solid lines represent the
shallow and deep modes, respectively (Biarez and Barraud 1968; Martin and Cochard 1973).
The two curves intersect at the critical depth Dc , where the failure mode changes from shallow
to deep or vice versa. To determine whether failure will be in the shallow or deep mode, the
calculations for both modes should be performed and the one that corresponds to the smaller
tensile resistance chosen. However, full-scale load tests indicate that the critical depth usually
is less than two to three times the diameter of a circular plate or the width of a square plate.
Therefore, for typical depths and dimensions of ordinary shallow foundations used in trans-
mission towers, failure would be in the shallow mode. Thus, the behavior of foundations under
tensile loading discussed in this section is limited to the shallow mode.

The shapes of the failure surface in the shallow and deep modes are dictated by the type
of soil in which the foundation is placed (Biarez and Barraud 1968) and by the inclination of
the tensile load (Martin and Cochard 1973). The simplified shallow mode shown in Figure
3.29 was developed for homogeneous firm soils under vertical loading. The actual curvilinear
failure surface observed in tensile tests is replaced by an equivalent simplified conical surface

FIGURE 3.28 Determination of the critical depth (Biarez and Barraud 1968;
Martin and Cochard 1973).

FIGURE 3.29 Observed (dashed line) and simplified (solid
line) failure modes in firm soils (Biarez and Barraud 1968).
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with a slope α, as indicated in Figures 3.27 and 3.29. The shape of the failure surface (and hence
slope α) depends on the type of soil and the friction angle φ, as shown in Figure 3.27. For
shallow plates, Biarez and Barraud (1968) and Martin and Cochard (1973) conceived three
cases of distinct failure modes, depending on the soil type:

1. Granular soils (dense or loose), where the failure surface develops outward with an
average inclination α = −φ

2. Firm clayey soils with φ > 15°, where the failure surface develops outward with an
average inclination α = −φ�4

3. Soft clayey soils with φ < 15°, where the failure surface develops inward with an average
inclination α = tan−1 (0.2)

The convention used here is that α < 0 for a failure surface that propagates outward from the
plate and α > 0 when this surface propagates inward. The above failure modes have been
observed in model tests in homogeneous soils in the laboratory and often have been confirmed
by full-scale tests. The shallow mode for weak soils such as saturated soft clays (case 3)
generally is of little importance in practice, since in this case the weak soil above the foundation
almost always is replaced by more resistant, preselected compacted backfills, as in Figure 3.30.
In situations such as Figure 3.30a, the undrained tensile capacity of the plate is estimated
simply as cu pbD, where cu = undrained shear strength of the clay, pb = perimeter of the plate,
and D = plate depth. In situations such as Figure 3.30b, the tensile capacity is estimated either
as in case 1 or case 2.

The failure modes shown in Figures 3.27 and 3.29 are applicable to homogeneous soils.
Sakai and Tanaka (2007) investigated the tensile capacity of layered soils. To account for the
inhomogeneity introduced by the compacted backfill, the tensile capacity is controlled by the
weaker of the two materials: backfill or surrounding natural soil. If the backfill is weaker than
the natural soil, the failure takes place at the vertical interface (α = 0). If the natural soil is
weaker, the failure takes places within the natural soil, with the conical failure surface propa-
gating outward from the plate (α = −φ�4 or α = −φ).

The effect of load inclination β (with respect to the vertical direction) in homogeneous
soils is shown in Figure 3.31a for the shallow mode of failure and in Figure 3.31b for the deep
mode (Martin and Cochard 1973). In the shallow mode, however, depending on the load
inclination and the relative strength of the compacted backfill with respect to the natural soil,
the actual shallow failure mode is likely to depart from the idealized modes shown in Figure

FIGURE 3.30 Uplift capacity in soft clays: (a) vertical excavation and (b) sloped excavation.
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FIGURE 3.31 Failure modes for inclined load in firm soils: (a.1)
vertical load in shallow mode, (a.2) inclined load in shallow mode,
(a.3) horizontal load in shallow mode, (b.1) vertical load in deep
mode, (b.2) inclined load in deep mode, and (b.3) horizontal load
in deep mode.

3.31a and produce distinct failure angles αL and αR (at the left and right edges of the plate),
as in Figure 3.32. The failure modes for shallow inclined plates at moderate load inclination
(β < 30°), as in the case of guyed transmission towers shown in Figure 3.25b, are similar to the
ones for horizontal plates under uplift loading (Martin and Cochard 1973). For steeper
inclinations (β > 30°), the failure modes change as the angle β increases (Figure 3.31b). In all
the models discussed below, it is assumed that the load is acting normal to the plate.

3.8.2 Tensile Capacity Equations in Homogeneous Soils: Grenoble
Model (Martin and Cochard 1973)

3.8.2.1 Moderately Inclined Plates (� < 30°), Including Horizontal Plates (� = 0°)

As with most methods discussed in the literature, the uplift capacity Qult of plates installed at
a shallow depth can be expressed by tensile capacity factors, similar to the bearing capacity
formulae, as (Biarez and Barraud 1968; Martin and Cochard 1973)
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FIGURE 3.32 Tensile tests on inclined grillages showing the influence of the compacted backfill.

where D = depth, pb = plate perimeter, Sb = plate area, c  = cohesion, γ = unit weight of the
soil, W = foundation self-weight, and q0 = external surcharge acting at the ground level. Mc ,
(Mφ + Mγ ), and Mq are dimensionless tensile capacity factors dependent on the soil type and
friction angle φ, calculated by the set of formulae given in Appendix A. The term

         cM
D

M M q Mc q+ + +








cos

( )
β φ γ 0

in Equation 3.112 accounts for the average shear stress acting on the failure surface and is
usually the dominant term in the foundation tensile capacity. In the absence of external
surcharge at the soil surface (the most common situation in practice), the term q0Mq vanishes.
The term W, the foundation self-weight, is negligible in the case of steel grillage foundations.
The term γSbD accounts for the weight of the soil above the plate.

3.8.2.2 Steeply Inclined Plates

The following applies to a steeply inclined (β > 30°) shallow rectangular plate under a
concentric load acting normal to the plate:

Q BL cN B N q N Wc qult         = + + +( . ) cos0 5 0γ βφ (3.113)

where B is the width and L is the length of a rectangular plate. In the case of a circular plate,
the plate area is calculated assuming an equivalent radius Re = (B + L)�π . The term (cNc +
0.5B γNφ + q0Nq ) accounts for the average shear stress acting on the failure surface and usually
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is the dominant term in the foundation tensile capacity. The tensile capacity factors Nc , Nφ,
and Nq are given by the set of formulae in Appendix B. For load inclinations close to the limit
β = 30°, it is advisable to calculate the tensile capacity separately by Equations 3.112 and 3.113
and choose the smaller value. The tensile capacity factors applicable to Equations 3.112 and
3.113 are obtained easily with spreadsheets or programmable hand calculators.

Example 1. Determine the uplift capacity of a 2.50-m × 2.50-m horizontal square grillage
embedded D = 2.30 m. The soil strength parameters are c = 15 kPa and φ = 25°, and the unit
weight is γ = 16 kN�m3. The backfill is assumed to be stronger than the natural soil.

In this example, the strength parameters of the more resistant backfill are not needed in
the calculations, since failure is expected to develop through the natural soil (α = −φ�4). The
uplift capacity factors applicable to Equation 3.12 are obtained from Appendix A as Mc = 0.83
and Mφ + M γ = 0.22. Neglecting the weight of the grillage and assuming no surcharge at the
soil surface (W = 0 and q0 = 0), the uplift capacity is calculated from Equation 3.12 taking β
= 0 (vertical loading) as:

Q x x x x x x x

Q

ult

ult

      

        kN

= + +

= + =

4 2 50 2 30 15 0 0 83 16 0 2 30 0 22 2 50 2 30 16 0

472 6 230 0 702 6

2. . [ . . . . . ] . . .

. . .

Example 2. For the same horizontal grillage as in example 1, now the backfill is less resistant
than the natural soil. The backfill strength parameters are c = 15 kPa and φ = 25°. The backfill
unit weight is γ = 16 kN�m3.

In this example, the strength parameters of the more resistant natural soil are not needed
in the calculations, since failure is expected to develop at the interface of the backfill with the
natural soil (α = 0), controlled by the strength of the backfill. From Appendix A, the tensile
capacity factors are calculated as Mc = 0.66, Mφ + M γ = 0.19, and Mq = 0.31. Therefore, from
Equation 3.12:

Q x x x x x x x

Q

ult

ult

      

        kN

= + +

= + =

4 2 50 2 30 15 0 0 66 16 0 2 30 0 19 2 50 2 30 16 0

388 5 230 0 618 5

2. . [ . . . . . ] . . .

. . .

The above examples show that for the same strength parameters in both cases, the uplift
capacity in example 1 (failure through the less resistant natural soil) is about 13% higher than
in example 2 (failure through the interface). This illustrates the need for adequate compac-
tion of the backfill, as a poorly compacted backfill significantly decreases the overall tensile
capacity.

Example 3. Determine the tensile capacity of a rectangular plate (B = 0.5 m and L = 1.35 m),
inclined β = 33.5°, embedded D = 1.28 m, and loaded normally to the plate. The soil strength
parameters are c  = 9 kPa and φ = 23°, and the soil unit weight is γ = 13.4 kN�m3.

Assuming initially that the plate is at moderate inclination, it follows from Appendix A (for
φ = 23° and α = −23�4 =  −5.75°) that Mc = 0.897, Mφ + Mγ = 0.21, and Mq = 0.267. Neglecting
the plate self-weight and assuming no surcharge at the soil surface (q0 = 0 and W = 0), then:
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Example 4. Assuming in example 3 that the plate inclination is steep, it follows from Appen-
dix B (for φ = 23°) that Nc = 9.523, Nφ = 13.563, and Nq = 4.042. Therefore, taking q0 = 0 and
W = 0:

Q x x x x x xult        kN= + =0 5 1 35 9 9 523 0 5 18 4 0 5 13 563 99 96. . ( . . . . . ) .

Comparing examples 3 and 4, the smaller value Qult = 95.4 kN (plate at moderate inclination)
should be taken as the plate tensile capacity.

Figure 3.32 shows that the failure surface propagates through the natural soil and com-
pacted backfill in the case of an inclined foundation. Thus, good engineering judgment is
required to select the strength parameters to be used in the design of inclined foundations in
practice, due to the influence of the compacted backfill. For safe design, however, it is
recommended that the strength parameters from the smaller values corresponding to either
the natural soil or the compacted backfill be chosen. As with vertical tensioned foundations,
proper backfill compaction is essential for adequate foundation performance.

Appendix A

Tensile Capacity Factors for Shallow Plates at Moderate Load
Inclination (� < 30°) or Horizontal Plates (� = 0): Grenoble Model
(Martin and Cochard 1973)
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Mc , (Mφ + Mγ ), and Mq are dimensionless tensile capacity factors dependent on the friction
angle φ and calculated by the following set of formulae:
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β is the load inclination to the vertical (which is zero for horizontal plates) and R is the radius
of a circular plate or the equivalent radius of a rectangular plate with dimensions B × L,
calculated as R = (B + L)�π , except in the case of saturated clays, where R = (B + L)�4. D is
the plate depth, pb is the plate perimeter, Sb is the plate area, c is the soil cohesion, γ is the unit
weight of the soil, W is the self-weight of the foundation element, and q 0 is the external
surcharge acting at the ground level.

Appendix B

Tensile Capacity Factors for Shallow Plates at Steep Load Inclination
(� > 30°): Grenoble Model (Martin and Cochard 1973)

Q BL cN B N q N Wc qult         + + + +( . ) cos0 5 0γ βφ

Nc , Nφ, and Nq are dimensionless tensile capacity factors dependent on the friction angle φ
and calculated by the following set of formulae:
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β (>30°) is the load inclination to the vertical. B is the width and L is the length of a rectangular
plate. In the case of a circular plate, the plate area is calculated assuming an equivalent radius
R = (B + L)�π . W is the self-weight of the foundation and q0 is the external surcharge acting
at the ground level.
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4.1 Introduction

A system is defined as a collection of entities or processes that act and interact together toward
accomplishment of a logical end. This logical end is the production of an output that
corresponds to an external input. Therefore, an interaction problem is quite important for
the analysis of any kind of system and especially for the systems related to applied mathemat-
ics and engineering. In the case of foundation engineering, the system under consideration
has three components: the structure, the structural foundation, and the supporting soil�rock
media. The external input is the various loading conditions for which the response of the
system is to be studied. Conventional analysis and design methods treat structure as indepen-
dent of foundation as well as the supporting soil. However, in reality, the structure, structural
foundation, and supporting soil�rock media act as one integral compatible unit; therefore,
analysis of the soil-foundation interaction problem is quite essential to study the response of
a system, in the form of deformations and stresses, under external loading conditions. The
superstructure remains in firm contact with the structural foundation, and the foundation is
in contact with the supporting soil media. Forces transferred from the superstructure to the
foundation govern the settlements of the foundation and the supporting soil media. These
settlements, in turn, govern the stresses in the foundation as well as in the superstructure.
Therefore, the behavior of the supporting soil media is a function of the stresses transferred
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to it, and the behavior of the foundation is a function of the settlement or deformational
characteristics of the soil media. This interdependence of the behavior of the foundation and
the supporting soil gives rise to the foundation-soil interaction problem. In the solution of
the foundation-soil interaction problem, the whole system is first represented by a math-
ematical model comprised of the deformational characteristics of the supporting soil me-
dium, interface conditions, and the flexibility of the foundation. Various research workers
have developed several constitutive models to represent the supporting soil medium based on
its type and deformational characteristics. Various parameters of the models represent the
system characteristics (i.e., the characteristics of the structure–supporting foundation–soil
system). These parameters can be physically interpretable parameters or sometimes fitting
parameters.

In this chapter, various aspects related to the foundation-soil interaction problem are
addressed. First of all, various constitutive models (lumped parameter as well as distributed)
are presented for the idealization of various types of soil media, including linear elastic,
nonlinear elastic, elastoplastic, and viscoelastic characteristics. Methods adopted for estima-
tion of the parameters associated with these models are discussed, and typical representative
values of the parameters are reported. Application of the foundation-soil interaction to the
problems of shallow footings such as isolated footings, strip footings, combined footings, and
raft foundations are discussed. Various research workers have contributed by means of differ-
ent methods of analysis; however, some typical applications also are discussed in detail. The
last section of this chapter deals with the application of the interaction to pile foundations
under axial loads, lateral loads, and moments. Although the main focus is the foundation-soil
interaction problems, the stiffness of the structure or the manner in which the structural
stiffness is transmitted to the foundation has quite a significant influence on the response of
the foundation-soil system. Therefore, a complete analysis and design procedure should
consider the interaction between all three components. In view of this, a few typical studies are
discussed which deal with structure-foundation-soil interaction problems.

4.2 Modeling of the Ground (Soil Mass) and
Constitutive Equations

The mechanics of the interaction between a foundation and the subsoil must take into account
the effects of the complex states of stress, strain, and environment on the mechanical behavior
of different classes of materials. This requires that the different variables involved be related
by means of fundamental equations, including equilibrium equations, kinematic equations,
compatibility equations, constitutive equations, and a set of boundary conditions. The me-
chanics of the interaction between a foundation and the soil is governed by the mechanical
response of the compressible subsoil. Soil behaves elastically or nearly so under small stresses.
The strain remains constant as long as the stress is fixed and disappears immediately upon
removal of the load. However, the inelastic strain does not disappear after removal of the
stress, representing the plastic behavior of soil.

In cohesive soils (composed of clay minerals), the strength of the films of adsorbed water
surrounding the grains accounts for the resistance of soil to deformation (S̆uklje 1969; Findley
et al. 1976). These soils exhibit elastic action upon loading; then a slow and continuous
increase in strain at a decreasing rate is observed. A continuously decreasing strain follows as
an initial elastic recovery upon the removal of stress. This type of response is said to be
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viscoelastic behavior. The time-dependent behavior of such soils must be expressed by a
constitutive equation which includes time as a variable in addition to the stress and strain
variables. Viladkar (1989) has summarized various constitutive laws that represent the behav-
ior of soils.

Due to the inherent complexity in the behavior of the soil mass, various models have been
developed for the response of foundation-soil interaction problems. Generally, the response
of these models is represented by the surface deflection caused by an external system of forces.
The response represents the displacement characteristics of the upper boundary of the soil
which is in contact with the foundation (i.e., soil-foundation interface). The displacement
characteristics form a major portion of the information necessary in foundation-soil interac-
tion analysis.

Two approaches have been adopted for modeling the soil mass: the discrete approach and
the continuum approach. Various models used in these approaches are presented in this
section.

4.2.1 Discrete Approach

In the discrete approach, the soil mass is replaced by a finite number of equivalent springs,
which results in the simplest model using this approach. The response of the model can be
studied only at a finite number of points where the springs have been connected to the
foundation. To make the model more realistic, sometimes these springs are employed in
combination with a shear layer or dashpots.

The discrete approach, because of its simplicity, has been widely adopted for analyzing
various foundation-soil interaction problems. Kerr (1964), S̆uklje (1969), Findley et al. (1976),
and Selvadurai (1979) have summarized various fundamental models developed by employing
this approach. These fundamental models have been further extended by various research
workers. Some of the discrete models adopted for modeling the ground are presented below.

4.2.1.1 Winkler Model

Winkler (1867) proposed a model of soil media which assumes that the deflection w of the soil
medium at any point on the surface is directly proportional to the stress p applied at that point
and independent of stresses applied at other locations; that is,

p x y kw x y( , ) ( , )  = (4.1)

where k is the modulus of subgrade reaction in units of stress per unit length. Winkler’s
idealization of the soil mass is comprised of a system of mutually independent springs that
have a spring constant k . An important feature of this model is that displacement occurs only
under the loaded area. The surface displacements of the Winkler model are shown in Figure
4.1 for various types of loading. The Winkler model cannot distinguish between an infinitely
rigid load and a uniform flexible load (Figures 4.1c and 4.1d).

4.2.1.2 Filonenko-Borodich Model

Filonenko-Borodich (1940, 1945) proposed a model to eliminate the inherent deficiency of the
Winkler model in depicting the continuous behavior of real soil masses. This model provides
continuity between the individual spring elements in the Winkler model by connecting them
to a thin elastic membrane under a constant tension T (Figure 4.2). The equilibrium of the
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FIGURE 4.2 Surface displacements of the Filonenko-Borodich model: (a) basic model,
(b) concentrated load, (c) rigid load, and (d) uniform flexible load.

FIGURE 4.1 Surface displacements of the Winkler model due to (a) a concentrated
load, (b) a nonuniform load, (c) a rigid load, and (d) a uniform flexible load.
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membrane-spring system yields the surface deflection of the soil medium due to a pressure p
as

p x y kw x y T w x y( , ) ( , ) ( , )    = − ∇2 (4.2)

where

∇ = +2
2

2

2

2
    

∂
∂

∂
∂x y

is Laplace’s differential operator in rectangular Cartesian coordinates. The two elastic con-
stants k and T characterize the soil model. Typical surface deflection profiles due to concen-
trated, flexible, and rigid external loads are depicted in Figure 4.2.

4.2.1.3 Hetényi Model

Hetényi (1946) proposed a model in which the interaction between the independent spring
elements was established by incorporating an imaginary elastic plate (in three-dimensional
problems) or an elastic beam (in two-dimensional problems). The surface deflection due to a
pressure p is given by

p x y kw x y D w x y( , ) ( , ) ( , )    = − ∇4 (4.3)

where

D
E hp

p

  

  

=
−

3

212 1( )ν

is the flexural rigidity of the plate, h is the thickness of the plate, and Ep and νp are the elastic
constants for the plate material.

4.2.1.4 Pasternak Model

Pasternak (1954) presented a model that assumes shear interaction between the spring ele-
ments; this was accomplished by connecting these spring elements to a layer of incompressible
vertical elements deforming only in transverse shear (Figure 4.3). A free body diagram of an
element of the shear layer is depicted in Figure 4.3. Force equilibrium in the z direction yields
the relation

p x y kw x y G w x y( , ) ( , ) ( , )    = − ∇2 (4.4)

where G is the shear modulus of the shear layer, which is considered to be isotropic in the
x, y plane.

Equation 4.4 coincides with Equation 4.2 if T is replaced by G. Thus, the surface deflection
profiles for this model and the Filonenko-Borodich model are quite similar. The Filonenko-
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Borodich (1940, 1945), Hetényi (1946), and Pasternak (1954) models reduce to the Winkler
(1867) model as the respective parameters T, D, and G tend to zero.

4.2.1.5 Kelvin-Voigt Model

The Kelvin-Voigt model is constructed by a combination of a
Hookean spring element in series with a Kelvin model (Figure 4.4).
Various research workers have employed this model to explain the
phenomenon of primary compression, consolidation, and second-
ary compression of clayey soils and have developed theories (Mer-
chant 1939; Taylor and Merchant 1940; Gibson and Lo 1961).

The constitutive relation for this model is

ε σ σ η          
  

= + −










−

k k
e

k
t

1 2

1
2

2 (4.5)

where σ is the total applied stress and ε is the total strain. k1 and
k2 are spring constants and η2 is the dashpot constant (coefficient
of viscosity), as shown in Figure 4.4.

FIGURE 4.3 Pasternak model: (a) basic model and (b) stresses
in the shear layer.
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FIGURE 4.4 Kelvin-
Voigt model
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This model shows an instantaneous strain of σ�k1 at time t = 0.
The strain described by Equation 4.5 increases at a decreasing rate
and asymptotically approaches a value of σ�(k1 + k2) when time t
tends to infinity. Under applied stress, the viscous element under-
goes strain at a decreasing rate, thus transferring a greater and
greater portion of the applied load to the Hookean spring element.
Finally, the entire applied stress is carried by the Hookean elements
of the model.

4.2.1.6 Burger’s Model

Burger’s model is used for soils that exhibit creep behavior and is
composed of a Maxwell model connected in series with a Kelvin
model (Figure 4.5). The constitutive equation for this model can be
derived by considering the strain response under the constant stress
of each of the elements coupled in series. The total strain at any
time t will be the sum of the strains in the three elements of
Burger’s model (viz., the Kelvin model and the spring and dashpot
in the Maxwell model). This yields a constitutive equation of Burger’s
model as

σ
η η η

σ
η η

σ η ε
η η

ε                    + + +






+ = +1

1

1

2

2

2

1 2

1 2
1

1 2

2k k k k k k
˙ ˙̇ ˙ ˙̇ (4.6)

where k1 and k2 are spring constants and η1 and η2 are dashpot constants, as shown in Figure
4.5. This model finds wide application in the study of the time-dependent behavior of soils,
underground tunnels, and excavations.

4.2.1.7 Generalized Maxwell Model

The Maxwell model is represented by a viscous damper and an elastic spring connected in
series. Several Maxwell models in series or parallel result in the generalized Maxwell model, as
presented in Figure 4.6. Maxwell models connected in series (Figure 4.6a) result in the
following constitutive equation:

˙ ˙ε σ σ
η

           = +
= =
∑ ∑1 1

1 1
kii

n

ii

n

(4.7)

where  σ̇ and ε̇ are the applied stress rate and strain rate, respectively; ki and ηi are the spring
constant (modulus of subgrade reaction) and dashpot constant (coefficient of viscosity),
respectively, for the i th Maxwell body; and n is the total number of Maxwell bodies connected
in series. The above equation is equivalent to the stress-strain rate relation for a single Maxwell
model and describes the same mechanical behavior.

Several Maxwell models connected in parallel (Figure 4.6b) represent instantaneous elas-
ticity, delayed elasticity with various retardation times, stress relaxation with various relax-
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FIGURE 4.5 Burger’s
model.
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ation times, and also viscous flow. This generalized Maxwell model (Figure 4.6b) is convenient
for predicting the stress associated with a prescribed strain variation, as the same prescribed
strain is applied to each individual element and the resulting stress is the sum of the individual
contributions. The i th element would yield the stress-strain relation as

σ

η

εi

i i

D

D

k

  

  

 

+

  =
1

(4.8)

where D is the differential operator with respect to time (i.e., D = d �dt).
Upon summing both sides of Equation 4.8 and simplifying, the generalized constitutive

relation takes the following form:
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FIGURE 4.6 Generalized Maxwell model (a) in series and (b) in parallel.
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4.2.1.8 Generalized Kelvin Model

A purely viscous damper and a purely elastic spring connected in parallel form the basic unit
of the Kelvin model. Several Kelvin models connected in series or parallel (Figure 4.7) result
in the generalized Kelvin model. The strain contribution of the i th element of the generalized
Kelvin model resulting in a series combination of several Kelvin models is

ε
η

σi
i iD k

  

  

 =
+

1
(4.10)

where D is the differential operator with respect to time (i.e., D = d�dt).
Summing up both sides of Equation 4.10 and on further simplification, the open form of

the constitutive equation can be obtained as:

[( ) ( ) ( ) ]

[( ) ( )

( ) ( ) ]

D k D k D k

D k D k

D k D k

η η η ε

η η

η η σ

1 1 2 2 3 3

2 2 3 3

1 1 3 3

        

     

          

  

 

 

 

  

+ + +

= + +

+ + + +

K

K

K K

(4.11)

If several Kelvin models are connected in parallel, they do not exhibit any different
behavior than an equivalent Kelvin model. The constitutive equation for n Kelvin models
connected in series is

σ ε ε η          = +
==
∑∑ ki i

i

n

i

n

˙
11

(4.12)

FIGURE 4.7 Generalized Kelvin model (a) in series and (b) in parallel.

(a)

(b)

   

k1

k2

ki

η1

η i

k1 η1
k 2 η2 ki

η i

η2

J. Ross Publishing; All Rights Reserved



4-10 Geotechnical Engineering Handbook

4.2.2 Continuum Approach

As mentioned above, in the discrete approach, the soil is replaced by distinct spring elements
or sometimes spring elements in combination with dashpots. In the case of soil media, surface
deflections occur not only immediately under the loaded region but also within certain limited
zones outside the loaded region. To account for this continuous behavior, soil often is treated
as infinitely divisible media, which leads to the idea of an infinitesimal volume. This infinitesi-
mal volume is treated as a particle of the continuum. The distribution of the continuum is
considered to be continuous without any gaps or voids. Various models in the form of
constitutive relations that are employed in this approach are presented below for the analysis
of soil-foundation interaction problems.

4.2.2.1 Elastic Half-Space Approach

In this approach, soil media are modeled as three-dimensional continuous elastic solids or
elastic continua. Generally, the distribution of displacements and stresses in such media
remains continuous under external loading systems. Boussinesq (1878, 1885) analyzed the
problem of a semi-infinite homogeneous isotropic linear elastic solid subjected to a concen-
trated load acting normal to the plane boundary, and this analysis initiated the continuum
representation of soil media.

In the most general three-dimensional form, the stresses and strains in linear elasticity are
related as

{ } [ ] { }σ ε      = D (4.13)

where the matrix [D ] is known as the elastic constitutive matrix and is comprised of elements
in terms of the elastic properties of the soil. These elements can be expressed in terms of several
different parameters, such as:

1. Modulus of elasticity E —Relates axial strain to axial stress in a simple tension or
compression test

2. Poisson’s ratio ν—Relates axial strain to transverse normal strain in a simple tension or
compression test

3. Shear modulus G —Relates shear stress to shear strain
4. Bulk modulus K —Relates volumetric strain εvol to octahedral normal stress
5. Lame’s constants λ and µ—Relate stresses and strains as:

σ λ ε µεx x    vol= + 2 (4.14)

Similar equations can be written for σy and σz as well as

τ µγx y x y  = (4.15)

with similar equations for other shear stresses.
If the constitutive relationships and the strain-deformation relations are known, surface

displacement profiles of an elastic half-space can be obtained for various loading conditions.
Davis and Selvadurai (1996) have summarized some special problems that hold a fundamental
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position in relation to the elastic solutions (Boussinesq’s problem [1878], Flamant’s problem
[1892], Kelvin’s problem [Thompson 1848], Cerrutti’s problem [1884], Mindlin’s problem
[1936], etc.).

The displacement in the z direction, w (r, z) in an isotropic elastic half-space due to the
action of a concentrated force Q (Figure 4.8) on its boundary as per Boussinesq (1885) is

w r z
Q

GR

z

R
( , ) ( )          = − +









4

2 1
2

2π
ν (4.16)

where G and ν are the shear modulus and Poisson’s ratio of the elastic material and R2 = r 2

+ z 2. As per Equation 4.16, surface deflection becomes zero as r  tends to infinity (Figure 4.8).
Surface deflection at the boundary due to a uniform load p distributed over a radius a is
calculated as

w a
pa

G
( , )

( )
0

2 1
  

  

=
− ν
π

(4.17)

FIGURE 4.8 Typical surface displacement profiles of an elas-
tic half-space subjected to (a) a concentrated load Q and (b) a
uniform load p of radius a.
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Boussinesq’s solution has been used extensively to determine the deflection profile for other
loadings (such as line, triangular, rectangular, etc.) by employing the principle of superposition.

The cross-anisotropic relation of Equation 4.13 also can be expressed in terms of a strain-
stress matrix. For a three-dimensional situation, this can be presented as
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(4.18)

where Eh and Ev can be interpreted as the modulus of elasticity for loading in the horizontal
plane and along the vertical axis, respectively. Poisson’s ratio relating the loading along one
horizontal axis to strains along the other horizontal axis is νh . The relation between extensional
strains in the horizontal plane and vertical loadings or between vertical extensional strains and
horizontal loadings is controlled by the other Poisson’s ratio νv .

4.2.2.2 Nonlinear Elastic Half-Space Approach

The relations between stresses and strains for soils are much more complex than the simple
linearly elastic relations described in Section 4.2.2.1. In order to represent foundation-soil
interaction problems more realistically therefore, some form of nonlinear relations must be
used, as given below.

4.2.2.2.1 Bilinear Models
The simplest type of nonlinear relation is the bilinear one, illustrated in Figure 4.9. The
material has the initial modulus E1 until the modulus reduces, after which the modulus is
changed to E 2. Before change of modulus, therefore, the incremental stress-strain relation can
be written as

{ } [ ] { }∆ ∆σ ε      = D1 (4.19)

and after change of modulus can be written as

{ } [ ] { }∆ ∆σ ε      = D 2 (4.20)

where [D1] and [D2] are elasticity matrices before and after change of modulus, respectively.
The drawback of this method is that the bulk and shear moduli are reduced equally. The
material becomes compressible just as it becomes highly deformable after change of moduli
values and often gives unreliable results. It is, therefore, much better to reduce the shear
modulus and keep the bulk modulus constant.
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4.2.2.2.2 Quasi-linear Model
A nonlinear stress-strain curve can be divided into a number of linear curves, leading to the
so-called multilinear, piecewise linear, or quasi-linear models. In the initial stages involving
nonlinear analyses, the piecewise linear approach (Figure 4.10) involves interpolation on the
basis of a set of data points (σi , εi ) on the given stress-strain curve. The tangent modulus Et

is defined as the slope of the chord between two computed points. The constitutive equations
can be written in incremental form as

{ } [ ] { }d D dm t m mσ ε       = (4.21)

where m denotes the m th increment of stress {d σ} and strain {d ε}, and [Dt ]m denotes the
tangent constitutive matrix corresponding to the m th increment (Figure 4.10).

FIGURE 4.9 Bilinear model.

FIGURE 4.10 Piecewise linear or quasi-linear approximation.
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4.2.2.2.3 Hyperbolic Model
Kondner (1963) and Kondner and Zelasko (1963) have shown that nonlinear stress-strain
curves for both clay and sand may be approximated with a high degree of accuracy by a
hyperbola (Figure 4.11) of the form

ε
σ σ

ε
1 3  

    

−
= +a b (4.22)

where ε is the axial strain and a and b are constants of the hyperbola.
The plot ε�(σ1 − σ3) vs. ε gives a straight line, where a is the intercept on the y-axis and

b is the slope of the line (Figure 4.11b). The reciprocal of b represents the ultimate compressive
strength of the soil, which is larger than the failure compressive strength. This is expected
because the hyperbola remains below the asymptote at all values of strain. The ratio Rf  of

FIGURE 4.11 Hyperbolic model: (a) hyperbolic simulation of stress-strain curve
and (b) transformed hyperbola.
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compressive strength (σ1 − σ3)f to the ultimate compressive value σu varies from 0.75 to 1.0
for different soils independent of the confining pressure (Kondner 1963). The inverse of a
represents the initial tangent modulus Ei .

Duncan and Chang (1970) have stated Kondner’s expression in terms of the shear strength
defined by the Mohr-Coulomb failure criterion and initial tangent modulus as

( )
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where c is cohesion, φ is the angle of internal friction, Ei is the initial tangent modulus, and
Rf = (σ1 − σ3 )f �(σ1 − σ3)ult. The material tangent modulus Et can therefore be written as:
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By employing the relation between the initial tangent modulus and the confining pressure
σ3 as given by Janbu (1963), the above expression takes the form
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where K and n are experimentally determined parameters. pa is the atmospheric pressure and
was introduced to make K a dimensionless number.

A similar relation for the tangent Poisson’s ratio was developed by Kulhawy et al. (1969)
based on the hyperbolic concept as
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where G, F, and d are the material parameters.
All the parameters can be obtained from laboratory triaxial compression tests conducted

for a given stress path. However, the hyperbolic model can yield satisfactory results only in
cases of geotechnical problems that involve monotonic loadings. For problems that involve
loading and unloading and various stress paths in soil, the results from hyperbolic simulation
may not be reliable. One of the major limitations is that the hyperbolic model includes only
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one stress path, whereas loading and�or unloading can cause a wide range of stress paths. The
hyperbolic model also is not able to account for the second-order dilatancy effects. Expression
4.26 loses significance as soon as νt > 0.5. Hence the hyperbolic model of a given curve for a
specific stress path should be used with care and essentially for cases that involve monotonic
loading.

4.2.2.2.4 Parabolic Model
Hansen (1963) proposed two additional functional representations of stress-strain relationships:

( )σ σ ε
1 3     

  

 − =
+





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½

(4.28)

( )σ σ ε
1 3    

  

− =
+

½

a b
(4.29)

Equation 4.28 accounts for the possibility of parabolic variation of stress-strain curves at small
strains. Equation 4.29 is an alternative form to account for the parabolic variation and
possesses the property of giving a maximum value of (σ1 − σ3) for finite strain; that is, it is
suitable when the curve shows a decrease after the peak stress.

4.2.2.3 Elastoplastic Half-Space Approach

The behavior of most geological media is quite different from that of metals, and their strength
is dependent on the hydrostatic stress. Under fully or partially drained conditions, the strength
of soil often increases with mean pressure and exhibits frictional characteristics. There are
certain exceptions, such as the undrained behavior of clays, which can be similar to the
behavior of metals. In view of this, true representation of the characteristics of soils cannot be
accomplished with the help of the above-mentioned constitutive relations. The constitutive
relations that arise from plasticity theory must be used. These usually are incremental in
nature; that is, stresses and strains are related entirely by their incremental or differential
behavior. It is not possible to relate total stress to total strain directly without knowledge of the
loading path. The essential features of plasticity theory are (1) a yield function that separates
the elastic and plastic states of soil, (2) a plastic potential function that defines the direction
of plastic straining when yielding occurs, (3) a hardening�softening law that describes the
dependence of the yield function on plastic strains, and (4) some assumed elastic behavior of
the yield surface. Clearly, all four of these assumptions have to be checked against experimental
evidence before satisfactory performance of the model can be expected. There are many yield
criteria available for representation of soil behavior. Viladkar et al. (1995) have presented the
convenient forms of these criteria for use in the elastoplastic analysis of geological materials
like soils and rocks.

4.2.2.3.1 Mohr-Coulomb Model
It has long been noted that the Mohr envelope to a series of Mohr’s circles of stress usually is
curved (Figure 4.12), and therefore a general expression for the yield surface can be written as

F f n         = − ′ =τ σ( ) 0 (4.30)
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where � τ � and σ ′n represent the absolute value of shearing stress and the effective normal stress
on the failure plane, respectively. f (σ ′n ) is a function chosen to represent the nonlinearity of
the Mohr envelope. The linear form of Equation 4.30 is commonly known as the Mohr-
Coulomb yield criterion, which is a generalization of the Coulomb failure law and can be
written as

τ σ φ      − ′ − =n ctan 0 (4.31)

where c and φ denote cohesion and the angle of internal friction, respectively. Graphically,
Equation 4.31 represents a straight line tangent to the largest principal stress circle, as shown
in Figure 4.13, and was first presented by Mohr. By inspection of Figure 4.13, the linearized
equation (Equation 4.31) can be written in terms of major and minor principal stresses as:

( ) cos ( ) sin′ − ′ = + ′ + ′σ σ φ σ σ φ1 3 1 32        c (4.32)

4.2.2.3.2 Drucker-Prager Model
The Mohr-Coulomb yield surface exhibits singularities at the corners of the hexagon in the
principal stress space whenever the stresses are represented by one of the ridges of the yield
surface and is not suitable for use as a plastic potential. To avoid such singularities, Drucker
and Prager (1952) approximated the angular yield surface by using a right circular cone, which
is given by

F Km        = ′ + − =3 0α σ β σ (4.33)

where
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(4.34)

FIGURE 4.12 Envelope to Mohr-Coulomb circles of stress.
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It can be shown that the Drucker-Prager yield criterion will always give a lower bound to
the Mohr-Coulomb representation. In terms of the invariants of the stress tensor, the Drucker-
Prager yield criterion can be written as

f J J kD       = + −2 1α (4.35)

where α and k are positive material parameters, J1 is the first invariant of the stress tensor, and
J 2D is the second invariant of the deviatoric stress tensor. Equation 4.35 represents a straight
line on a J1 vs. (J 2D )½ plot (Figure 4.14). In three-dimensional principal stress space, the
criterion plots as a right circular cone. When the state of stress reaches the failure surface
(Equation 4.35), the material undergoes plastic deformations. The material can undergo
plastic deformations while the stress point is moving on the failure surface.

The two material parameters α and k can be determined from the slope and the intercept
of the failure envelope plotted on the J1-( J 2D )½ space (Figure 4.14). In order to establish a
failure envelope for a material, it is necessary to perform laboratory tests such as conventional
triaxial, true triaxial, or plane strain tests up to the failure. The values of α and k can be
expressed in terms of cohesion c and angle of internal friction φ. However, the values of c and
φ determined by conventional triaxial compression tests are different from those determined
under plane strain conditions. The values of α and k can be expressed as follows.

Conventional triaxial compression :

α
φ

φ

φ

φ
  

  

  

    

=
−

=
−

2

3 3

6

3 3

sin

( sin )
,

cos

( sin )
k

c
(4.36a)

FIGURE 4.13 Mohr-Coulomb failure envelope.
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Plane strain condition :

α
φ

φ φ
  

   

  

   

=
+

=
+

tan

tan
,

tan9 12

3

9 122 2

k
c

(4.36b)

4.2.2.3.3 Critical State Model
Frictional criteria like the Mohr-Coulomb and Drucker-Prager yield criteria do not represent
soil behavior adequately. The few drawbacks are prediction of unreasonably large dilation with
associated flow rules and the occurrence of yielding well below the Mohr-Coulomb failure
envelope. If the soil sample is loaded, the frictional yield criteria would predict a reversible
linear stress-strain behavior, but the observed stress-strain response actually would show
deviation from linearity and permanent strain after removal of the load. These drawbacks can
be avoided by using strain-dependent cap models.

Drucker et al. (1957) were the first to suggest that soil can be treated as a work-hardening
material which would eventually reach a perfectly plastic state. The proposed yield surface
consisted of a Drucker-Prager yield surface with a spherical end cap, the position and size of
which depended upon the volumetric strain. Roscoe et al. (1958) proposed a model which also
distinguished between yielding and ultimate failure by introducing the concept of a critical
state line in conjunction with the strain-dependent yield surface, which was called the Cam-
Clay model. This was improved upon by Roscoe and Burland (1968), who proposed an
elliptical shape for the strain-dependent yield surface, which became known as the modified
Cam-Clay model. Originally, the theory was developed for a triaxial stress condition, but
Roscoe and Burland (1968) extended it to a plane strain situation, still using the material
parameters determined from triaxial tests.

An elliptical yield surface of this type, which is a function of the first two stress invariants,
is shown in Figure 4.15. The normality principle assuming an associated flow rule applies to
the elliptical surface, and since the surface is completely smooth, the direction of viscoplastic
straining is uniquely defined. At the intersection of the critical state line and the ellipse, the
normal to the yield surface is vertical; therefore, the failure state is reached. The expression for
the yield surface can be written as

FIGURE 4.14 Drucker-Prager yield criterion in terms of stress invariants.
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F p p p
q

M
c o      = − +2

2

2
(4.37a)

where p is the mean pressure = J 1 �3, po is the initial mean pressure, M is the slope of the
critical state line, and q is the deviatoric stress = √3( J ′2)½.

The hardening rule is defined as a function of the plastic volumetric strain ε p
ii
 as

ε λ
ii

p

o

o

o

K

e

p

p
  

  

  

  = −
+

′
1

10log (4.37b)

where eo is the initial void ratio; λ and K are the compression and swelling indices, respec-
tively; and p ′o is the preconsolidation pressure.

The generalization of the above model was given by Zienkiewicz et al. (1975) with the help
of a third stress invariant in terms of θ. This model is an elliptical model whose section in the
π-plane is similar to that for the Mohr-Coulomb criterion. Figure 4.15 leads to a surface in
which various parameters are expressed as

a
c

  =
tan φ

(4.38a)

where

tan
sin

cos sin sin

φ
φ

θ θ φ
  

     

=
−( )

3

3

(4.38b)

and

FIGURE 4.15 Graphical representation of critical state yield surface in
the space of two stress invariants p and q.
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c
c

  

     

=
−( )

3
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θ θ φ
(4.38c)

Thus, the equation for the yield surface becomes

F
q

p

p p a

pco

co

c o

    

    

= +
− +3 2

2

2

2( tan )

( )

φ
(4.39)

where 2pco is the major axis of the ellipse and pco is the initial preconsolidation pressure.
Subsequent hardening is related to change of volumetric stress by means of a consolidation
test; thus:

∆p F pc o
p

c o
p

    = = −( ) exp( )ε χεν ν (4.40a)

where χ is a constant given by

χ
λ

  

  

  

=
+
−

1 e

k
o

(4.40b)

where eo is the initial void ratio, and λ and k are the compression and swelling indices,
respectively, determined from odometer tests.

4.2.2.4 Viscoelastic Half-Space Approach

Soil is a three-phase system comprised of solid, liquid, and gaseous materials. Therefore, soil
resists the effects of external forces in a manner different from simple solid continua. In
noncohesive soils, the external force is resisted by intergranular friction at the contact surfaces.
In cohesive soils, composed of clay minerals, the strength of the films of adsorbed water
surrounding the grains accounts for the resistance of the soil to deformation (S̆uklje 1969).

Soils exhibit elasticity as well as creep under constant stress. Creep occurs at a rate that
either remains constant or varies with time. Stress relaxation under constant applied strain also
is observed in soils. This behavior of soil can be described by viscoelastic models comprised of
rheological elements, namely a Hookean elastic body, Newtonian viscous liquid, Saint Venant
plastic body, and Pascal’s liquid. Rheological models are constructed in an intuitive way, and
the corresponding relationships between stresses and strains are deduced and compared with
experimental observations. This comparison controls the applicability of the assumed rheo-
logical models. Some of these rheological models were discussed in Sections 4.2.1.5–4.2.1.8.
Constitutive relations as presented in Sections 4.2.1.5–4.2.1.8 which correspond to the various
models can be directly employed to represent soils that exhibit viscoelastic behavior.

4.3 Estimation of Model Parameters

Before an analysis of any situation involving the stressing of soil can be undertaken, it is
necessary to determine the constitutive equation of state for the soil and the constants in the
equation that describe its behavior. Various constitutive relations that represent soil behavior
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were discussed in the previous section. This section includes the methodologies used to
estimate the constants or parameters of the different models (modulus of subgrade reaction,
elastic constants, shear strength parameters, coefficient of viscosity, etc.).

4.3.1 Modulus of Subgrade Reaction

If a foundation of width B undergoes settlement ∆s due to a load ∆q per unit area, the
modulus of subgrade reaction ks is defined as (Figure 4.16):

k
q

s
s   =

∆
∆

(4.41)

ks (in kN�m3) describes the constant of the Winkler model or two-parameter models (Filonenko-
Borodich model, Hetényi model, Pasternak model, etc.).

In practical situations, the fundamental assumptions of modeled soil behavior may not be
completely satisfied, and therefore the value of the modulus of subgrade reaction is not a
unique property of the given soil medium. The modulus of subgrade reaction is determined
from plate loading tests and is affected by factors such as the size, shape, and embedded depth
of the plate. Terzaghi (1955), Teng (1962), Selvadurai (1979), Bowles (1996), and Das (1999)
have presented methods for evaluation of the modulus of subgrade reaction in a comprehen-
sive manner. Terzaghi (1955) proposed that ks for footings of width B could be obtained from
plate load test data using the following equations:

For footings on stiff clay k k
B

B
s s   = 1

1 (4.42a)

For footings on sand k k
B B

B
s s   

  

  =
+



1

1
2

2
(4.42b)

FIGURE 4.16 Determination of modulus of subgrade reaction.
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where B1 is the dimension of the square plate used in the plate load test to produce ks1. For
a rectangular footing of width B and length mB  resting on stiff clay or medium-dense sand,
the modulus of subgrade reaction is obtained as

k k
m

m
s s   

  
 = +

1
0 5

1 5

.

.
(4.43)

where ks1 is the value of the modulus of subgrade reaction obtained from a plate load test using
a 0.3 × 0.3 m or other size plate.

Considering the average values of stress and strain beneath a rigid plate resting at a depth
D below the surface of a granular soil medium, it was shown by Terzaghi (1955), Teng (1962),
and Bowles (1996) that the modulus of subgrade reaction ks at depth D is related to the
modulus of subgrade reaction ks1 of the plate located at the surface of the granular soil
medium as:

k k
D

B
s s        = +



1 1 2 (4.44)

The effects of size, shape, and depth of embedment of the footing can be combined to obtain
the modulus of subgrade reaction by employing Equations 4.42–4.44.

Vesic (1961) proposed a relationship between the modulus of subgrade reaction and the
stress-strain modulus Es . For all practical purposes, this relationship reduces to

k
E

B
s

s

s

  

  

=
−( )1 2ν

(4.45)

where νs is Poisson’s ratio of the soil.
Biot (1937) compared the solutions using both the Winkler model and the elastic con-

tinuum model for a particular soil-foundation interaction problem and expressed the modu-
lus of subgrade reaction ks in terms of the elastic constants of the soil medium Es and νs . This
correlation was obtained by comparing the maximum bending moment of an infinite beam
subjected to a concentrated force P using both soil models. The following expression was
obtained as a measure of k in terms of elastic constants of the soil medium and the properties
of the infinite beam:
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E b

C E I
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0 11.

( ) ( )

.

ν ν
(4.46)

where b is the width of the beam, Eb I  is the flexural rigidity of an infinite beam, and C is a
dimensionless parameter (C = 1.0 for uniform pressure distribution across the width of the
beam and 1.0 < C < 1.13 for uniform deflection across the width of the beam). This technique
for obtaining the modulus of subgrade reaction was substantiated by means of experimental
studies and has been used extensively by various research workers.
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Selvadurai (1979), Bowles (1996), and Das (1999) have presented typical ranges of values
for the modulus of subgrade reaction ks1 and ks for various types of soils. The range for the
modulus of subgrade reaction ks1 adapted from Das (1999) is presented in Table 4.1.

Daloglu and Vallabhan (2000) developed a method for evaluation of an equivalent modu-
lus of subgrade reaction to be used in the Winkler model using nondimensional parameters
for the analysis of a slab on a layered soil medium. The results from the study have been
compared by means of numerical examples with those obtained from the modified Vlazov
model (Vlazov and Leontiev 1966) and by using the value of ks suggested by Biot (1937) and
Vesic (1961). It was concluded that if a constant value of the modulus of subgrade reaction is
used for a uniformly distributed load, the displacements would be uniform and there would
be no bending moment and shear force in the slab. It was recommended that higher values of
ks closer to the edges of the slab have to be used for realistic results. The value of the modulus
of subgrade reaction was observed to be dependent on the depth of the soil layer. Plots have
been provided for nondimensional values of the modulus of subgrade reaction ks for different
nondimensional depths of the soil layer, from which an equivalent value of ks can be computed
when the complete geometry and properties of the overall system are known.

4.3.2 Elastic Constants

The elastic constants are the modulus of elasticity Es and Poisson’s ratio νs , which characterize
the isotropic elastic continuum model. According to their definitions, these constants are
assumed to be independent of test procedure or size of the sample used. Several factors, such
as levels of applied isotropic and deviatoric stresses, stress history, type and rate of application
of load, sample disturbance, and influence of physical properties (moisture content, void ratio,
etc.), affect the measured values of elastic constants as far as the elastic behavior of the soil
medium is concerned.

4.3.2.1 Poisson’s Ratio

Poisson’s ratio for a soil is evaluated from the ratio of radial strain to axial strain during a
triaxial compression test. As mentioned above, the test procedure plays an important role in
its determination. Bowles (1996) and Das (1999) have presented ranges of values for Poisson’s
ratio for various types of soil. Typical ranges adapted from Das (1999) are presented in Table
4.2.

TABLE 4.1 Range of Modulus of Subgrade Reaction ks1

Soil Type ks1 (MN�m3)

Sand (dry or moist) Loose 8–25
Medium 25–125
Dense 125–375

Sand (saturated) Loose 10–15
Medium 35–40
Dense 130–150

Clay Stiff 12–25
Very stiff 25–30
Hard >50

After Das (1999).
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4.3.2.2 Modulus of Elasticity

The modulus of elasticity Es of the soil medium often is determined from unconfined com-
pression, triaxial compression, or odometer tests. Field tests such as plate loading tests and
pressuremeter tests also may be used for determination of the in situ modulus of elasticity of
the soil. Some typical values of the modulus of elasticity for various types of soils adapted from
Das (1999) are presented in Table 4.2.

4.3.3 Constants That Describe Two-Parameter Elastic Models
of Soil Behavior

The material constants in this category include the modulus of subgrade reaction ks and the
parameter Gp . They can be determined by the expressions

k
E

H
G

E H
s

s

s s
p

s

s

  

    

  

  2
=

+ −
=

+( ) ( )
;

( )1 1 6 1ν ν ν
(4.47)

where H is the thickness of the soil layer, and the values of Es and νs can be determined as
discussed in Section 4.3.2.

Similar expressions can be obtained for multilayer soil media. However, these have been
found to be quite complicated (Vlazov-Leontiev 1966; Rao et al. 1971).

4.3.4 Constants for Viscoelastic Half-Space Models

The method of estimating the constants that describe the behavior of
soil in the constitutive relations of viscoelastic half-space models is
described in this section with the help of a representative model in the
form of a Kelvin model (Figure 4.17). A Kelvin model is used to
represent the saturated soil mass in the drained condition and con-
sists of a spring and a dashpot in parallel (Figure 4.17) such that the
strains experienced by the two components under constant applied
stress are the same, whereas the stresses shared are different. The
material constants (i.e., spring and dashpot constants) can be ob-
tained using consolidation test data or triaxial compression test data.

TABLE 4.2 Elastic Parameters of Various Soils

Soil Type Modulus of Elasticity Es (MN�m2) Poisson’s Ratio νs

Loose sand 10.35–24.15 0.20–0.40
Medium-dense sand 17.25–27.60 0.25–0.40
Dense sand 34.50–55.20 0.30–0.45
Silty sand 10.35–17.25 0.20–0.40
Sand and gravel 69.00–172.50 0.15–0.35
Soft clay 4.1–20.7
Medium clay 20.7–41.4 0.20–0.50
Stiff clay 41.4–96.6

After Das (1999).

σ

σ

k η

FIGURE 4.17 Kelvin
model.
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4.3.4.1 Determination of Material Constants Using Consolidation Test Data

Viladkar et al. (1992, 1993) developed the procedure for determination of the material con-
stants of a Kelvin model by employing consolidation test data. The rheological equation for a
Kelvin model in a uniaxial stress situation is

σ ε η ε    = +k ˙ (4.48)

where σ is the total applied stress, ε is the total strain, and ε̇ is the strain rate. k and η are the
spring constant and dashpot constant, respectively, and are determined using consolidation
test data.

The solution to the above differential equation can be obtained, with the help of appropri-
ate boundary and initial conditions, at any time T as:

ε σ ηT k T

k
e     = − −[ ]( )1 � (4.49)

The steady state is reached at time T = ∞, and at this state:

ε ε σT

k
    = =∞ (4.50)

From this equation, the spring constant k can be approximated as

k  =
∞

σ
ε

(4.51)

where ε∞ is the final strain at the end of the steady state.
Taking the natural logarithm of Equation 4.49 and rearranging it, the dashpot constant at

any time T can be expressed as:

η
ε
ε

T

T

kT
  

    

= −

−




∞

ln 1

(4.52)

The stress in the Kelvin model splits into its deviatoric and hydrostatic stress components; the
spring and dashpot constants (k ′ and η′ for deviatoric and k″ and η″ for hydrostatic) can be
determined for the two situations using Equations 4.51 and 4.52 if the strains under the two
stress conditions are known at any time T and correspond to the steady state. The hydrostatic
(or volumetric) and deviatoric strains occur simultaneously in a saturated soil mass subjected
to a three-dimensional stress situation under the fully drained condition. In such a situation,
if the vertical component of strain ∆ε1 at any given time during deformation can be evaluated,
then it can be expressed as its hydrostatic component ∆ε1

h as

∆ ∆ε ε
1

1

3
h

v  = (4.53)
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and the deviatoric component ∆ε1
d can be expressed as

∆ ∆ ∆ε ε ε
1 1

1

3
d

v     = − (4.54)

where ∆εv is the volumetric strain due to hydrostatic stress (S̆uklje 1969). The methods for
evaluation of the above strains and determination of the rheological constants on the basis of
the strains evaluated are discussed in the following sections.

4.3.4.1.1 Hydrostatic Stress Condition
Application of stress at the surface causes an excess pore water pressure u to develop at points
in the underlying saturated soil, where u is expressed in terms of the pore pressure coefficients
A and B and the incremental principal stresses ∆σ1, ∆σ2, and ∆σ3. The state of stress can be
separated into its hydrostatic and deviatoric components as

Total stress = Hydrostatic stress + Deviatoric stress
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(4.55)

where

∆ ∆ ∆ ∆σ σ σ σv        = + +1

3
1 2 3( ) (4.56)

The volumetric strain ∆εv due to hydrostatic stress can be obtained as

∆
∆

∆ ∆ε
σ

σ σv
v

v i v v v
K

m m       = = = 1 5. (4.57)

where K is the bulk modulus, mv i is the coefficient of volume compressibility determined
from a triaxial isotropic consolidation test for a three-dimensional stress situation, and mv is
the coefficient of volume compressibility for one-dimensional consolidation. The relationship
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between the two coefficients is given by Head (1984). The vertical component of volumetric
strain due to the hydrostatic stress condition when the steady state is reached is given by

∆ ∆ ∆ ∆ε ε σ σ1

1

3

1

3
1 5

1

2
h

v v v v vm m∞ ∞= = =         ( . ) (4.58)

Therefore, the spring constant k″ under the hydrostatic condition is given by

′′ =
∞

k
v

h
  

∆

∆

σ

ε
1

(4.59a)

and the dashpot viscosity coefficient at any time T, using Equation 4.52, is given by

′′ = − ′′
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(4.59b)

where ε1
hT is the hydrostatic strain at any time T during consolidation and can be expressed

as

∆ ∆ε ε
1 1
hT

h
hU  = ∞ (4.60)

where Uh is the degree of hydrostatic consolidation. Therefore, Equation 4.59b takes the
following form:

′′ = − ′′
−

η T

h

k T

U
  

  ln ( )1
(4.61)

The time T required to reach a certain percentage of consolidation can be determined from
Terzaghi’s one-dimensional consolidation theory.

4.3.4.1.2 Deviatoric Stress Condition
The deviatoric strain at infinite time when the steady state condition is reached is given by

∆ ∆ ∆ε ε ε
1 1 1
d h∞ ∞ ∞= −    (4.62a)

where ∆ε1
h ∞ is given by Equation 4.58 and the strain due to the applied stress increment tensor

(Equation 4.55) ∆ε1
∞ is given by

∆ ∆ ∆
∆ ∆ ∆ε σ σ σ1 3 1 3
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where ∆s is the vertical compression of a soil layer of thickness H caused by the increase in
pore water pressure ∆u given by Skempton and Bjerrum (1957).

The spring constant k ′ under the deviatoric condition is therefore given by

′ =
−

∞
k

v

d
  

  ∆ ∆

∆

σ σ

ε
1

1

(4.63)

and the dashpot viscosity coefficient at any time T is given by employing Equation 4.52:

′ = − ′
−

η T

d

k T

U
  

  ln ( )1
(4.64)

This equation is analogous to Equation 4.61, where Ud is the degree of deviatoric consolida-
tion expressed as

Ud

d T

d
  =

∞

∆

∆

ε

ε
1

1

(4.65)

where ∆ε1
d T is the deviatoric strain at any time T.

Since ∆ε1
d T and ∆ε1

h T correspond to the same time T, the value of Ud can be taken as that
of Uh . The degree of consolidation U that corresponds to any time T during the consolidation
period can easily be obtained. The dashpot viscosity coefficients η″ and η′ (Equations 4.61 and
4.64) are both functions of load and time and will vary accordingly.

4.3.4.2 Determination of Material Constants Using Triaxial Test Data

Sharma (1989) considered a nonlinear Kelvin model consisting of a Hookean element with a
spring constant k and a dashpot with a constant η, both connected in parallel, and proposed
a methodology for the determination of the rheological constants from triaxial tests. The same
methodology is presented here.

The model considered is similar to the earlier model (Figure 4.17) and follows the same
constitutive relationship (Equation 4.48). The rheological constants can be defined as follows.
The spring constant k is

k
a b

  =
+
1

ε
(4.66)

and at any time T the dashpot constant is

η η  = −
o

NT 1 (4.67)

where a , b, ηo , and N are constants. Thus, the governing differential equation for the
proposed model becomes:
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σ
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The solution to the above equation can be written as
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where

f b    = −σ 1 (4.70a)

and εo is the initial strain at time T = 0. If this initial strain is zero, Equation 4.69 can be
simplified as:
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f
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Equation 4.70 contains four constants: a , b, ηo , and N. These constants can be determined
separately under both hydrostatic and deviatoric stress conditions on the basis of triaxial tests
which can be conducted on soil samples. Subsequently, spring and dashpot constants due to
these stress conditions can be evaluated.

To determine the above constants, it is essential to know the experimental strain-time
curve under the constant stress condition. It is easier to obtain this curve for the hydrostatic
stress situation, but it is difficult to obtain it directly for the deviatoric stress condition. The
deviatoric strains can be computed from strains for the total stress situation by subtracting the
hydrostatic strains. Triaxial tests can be conducted on identical soil samples under total and
hydrostatic stress situations to obtain the axial strain vs. time curve. The data obtained from
these tests can be analyzed to estimate the spring and dashpot constants for the hydrostatic and
deviatoric stress conditions.

The axial strains due to the total stress condition are calculated by dividing the observed
axial displacements by the original length of the soil sample. The volumetric strains are
calculated by dividing the volume change (which can be observed in the form of drained water
from the soil sample in a burette) by the original volume of the sample. The strain vs. time plot
can then be obtained for the hydrostatic stress condition, taking one-third of the volumetric
strain as axial strain. The deviatoric strains are computed by subtracting one-third of the
volumetric strains from the axial strains obtained under the total stress condition, and the
strain vs. time curve for the deviatoric stress condition also can be plotted. It can be observed
that axial strain vs. time curves for both the hydrostatic and deviatoric stress conditions tend
to become asymptotic when the rate of strain can be assumed to be zero.

When the strain rate tends to become zero, the strain becomes the final strain εf , and
Equation 4.68 takes the form
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The final strain can be obtained from the strain-time curves. The above equation suggests that
if the ratio εf �s is plotted against ε f , a linear relationship would be obtained such that a is the
intercept on the ε f �σ axis and b is the slope of the straight line (Figure 4.18a).

The constants ηo and N can be computed using Equations 4.70a and 4.70b as follows.
Equation 4.71 can be rewritten as:
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Substituting the value of f and the above expression in Equation 4.70b and rearranging the
terms gives
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where F (T ) is a function of time T. If F (T ) is plotted against time on a logarithmic plot
(Figure 4.18b), the constants N and ηo can be computed.

4.4 Application to Shallow Foundations

In addition to the conventional methods of analyzing the soil-foundation interaction phe-
nomenon, various research workers have proposed different methods that employ various

FIGURE 4.18a Determination of material constants a and b
for nonlinear Kelvin model.

εf

 

a 

tan–1 (b) 

εf /σ

J. Ross Publishing; All Rights Reserved



4-32 Geotechnical Engineering Handbook

constitutive models for the analysis of shallow foundations. Some typical studies are presented
below that pertain to the analysis of various types of shallow foundations on different types of
soil which take into consideration the interaction between the soil and the foundation.

4.4.1 Strip Footings

Strip footings are shallow footings subjected to a uniformly distributed load. Usually these are
analyzed under a plain strain condition. Khadilkar and Varma (1977) addressed the interfer-
ence effect of two adjacent strip footings resting on cohesionless soil by employing the finite
element method and by invoking the nonlinear stress-dependent and inelastic soil behavior.
Gazetas (1980) presented an analytical-numerical formulation for dynamic and static analysis
of strip foundations on an elastic isotropic medium consisting of heterogeneous layers. The
main emphasis was on the dynamic aspect of the analysis. Small and Booker (1984) analyzed
a horizontally layered elastic material using an exact finite-layer flexibility matrix. This method
is useful in overcoming the difficulty which can arise due to incompressible behavior in
undrained conditions. Li and Dempsey (1988b) proposed a solution for a rigid strip footing
on an elastic layer. Azam et al. (1991) investigated the performance of strip footings on
homogeneous soil and also a stratified deposit containing two soil layers, both with and
without a continuous void, using the finite element method. Maheshwari and Madhav (2006)
presented an elastic approach for the analysis of strip footings on layered soil and investigated
the effect of a thin and a very stiff soil layer sandwiched between two soil layers on deformation
and stress distribution. Maheshwari and Viladkar (2007) extended this study to understand
the influence of relative thickness and modular ratio on the response of the strip footing.

The interference phenomenon is quite common in the case of shallow footings and can
only be dealt with by considering the soil-footing interaction. Khadilkar and Varma (1977)
analyzed the problem of the interference of two strip footings resting on cohesionless soil using
the finite element method by considering nonlinear stress-dependent and inelastic soil behav-
ior. The stress deformation study first was conducted for an isolated footing and subsequently
was extended to the interfering footings at various spacings for rigid and flexible foundations.
A quadrilateral finite element composed of four constant strain triangles was adopted for the
discretization. The stress-strain behavior of sands was approximated by using the hyperbolic
model presented by Duncan and Chang (1970) (Equation 4.23). The model parameters

FIGURE 4.18b Determination of material constants N and ηo for non-
linear Kelvin model.
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suggested by Duncan and Chang (1970) for dense silica sand at a relative density of 100% were
used, with φ = 36.5°, R f = 0.91, K = 2000, and n = 0.54. The unit weight of sand was taken as
17 kN�m3. First, the initial stresses corresponding to at rest conditions were introduced in the
soil. An incremental procedure was adopted to invoke the nonlinear stress-dependent and
inelastic behavior of the soil in the analysis. In this procedure, the stress components of the
elements are accumulated at the end of each load step, and the tangent moduli for the
successive load increments are computed from the resulting principal stresses after ascertain-
ing the strength criterion based on the Mohr-Coulomb failure hypothesis. The inelasticity of
the soil behavior was taken into account in the analysis by adopting the appropriate unload
and reload moduli for elements where the major principal stress value σ1 decreases for the
progressive load increments on the footing. The modulus was calculated from Equation 4.74
until the element developed a value of σ1 which exceeded the corresponding value prior to
unloading:

E K
p

ur ur
a

n

     =






σ3
(4.74)

where the parameter Ku r was assumed to have a value of 2120. The load intensity on the
footing was incrementally increased to 14 t�m2, and this value was found to exceed the
ultimate bearing capacity of an isolated footing on this sand.

The influence of friction between the rigid footing and the soil was considered by employ-
ing special joint elements in plane strain in the nonlinear analysis. The normal and shear
stresses at the footing-soil contact interface were computed after each load increment and a
friction rule was applied by prescribing a coefficient of sliding friction Uf = 0.5. The load-
settlement characteristics were obtained from the analysis for the case of isolated and interfer-
ing footings for both rigid and flexible strip footings. It was found that interfering footings in
certain cases indicate an increase in bearing capacity governed by the settlement criteria.
However, at smaller spacings, the interference causes greater differential settlement. The
settlement pattern of interfering footings is indicated in Figure 4.19, and numerical values for
some typical cases are given in Tables 4.3a and 4.3b.

FIGURE 4.19 Settlement pattern of interfering footings (Khadilkar and
Varma 1977).
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The horizontal stress components in the soil continuum below the closer vicinity of the
footing on the interfering side are higher, and this resulted in larger soil moduli due to
confinement. Therefore, the interfering rigid footings tilt away from each other during the
initial stages of loading (a < b, Figure 4.19). As loading progresses, these increased soil moduli
in this region build up greater vertical stress components, which for smaller spacings (2B and
below) are large enough to cause many soil elements to fail, resulting in the footings tilting
toward each other (positive α).

For greater spacings (i.e., 3B and above), the vertical stress components in the region, as
mentioned above, were not found to build to such levels as to cause failure while the increased
horizontal stress component prevailed. Therefore, the footings tilt progressively away from
each other (Table 4.3a) as the load is increased incrementally.

The results for the influence of friction at the contact surface are presented in Table 4.3b.
It was observed that the interfering footings for Uf = 0.5 yield greater total and differential
settlements than rigid rough interfering footings.

The finite element analysis was further extended to obtain the displacement and stress
patterns for some other cases of interfering footings of larger widths. It was noted that there
is qualitative agreement in the settlement and tilt patterns with values obtained for smaller
footing widths. However, for the same spacing of interfering footings, the magnitude of tilts
associated with wider footings was found to be smaller compared with footings of smaller
widths for an applied load intensity. This study clearly brought out the interesting behavior of
two strip footings at various spacings as influenced by the assumed constitutive response of the
soil and was found to be helpful in better understanding the problem of interference.

TABLE 4.3b Settlement Pattern for Interfering Footings for Coefficient of Sliding Friction = 0.5

Settlement Settlement

Loading intensity (mm) S = 2B Tilt α (mm) S = 3B Tilt α
q (t�m2) a b (radians) a b (radians)

4.0 2.2 2.7 0.0025 5.3 5.0 −0.0015
6.0 5.0 6.3 0.0065 6.5 5.8 −0.0035
8.0 5.6 6.9 0.0065 8.1 6.5 −0.0008

10.0 6.5 10.0 0.0175 9.0 −1.1 −0.0505
12.0 9.2 13.2 0.0200 10.0 −0.9 −0.0545

Based on the results of Khadilkar and Varma (1977).

TABLE 4.3a Settlement Pattern for Interfering Rigid Footings with Rough Interface

Settlement Settlement

Loading intensity (mm) S = 2B Tilt α (mm) S = 3B Tilt α
q (t�m2) a b (radians) a b (radians)

4.0 2.7 3.4 0.0035 3.4 3.3 −0.0005
6.0 5.1 4.9 −0.0010 6.5 5.4 −0.0050
8.0 8.3 8.0 −0.0015 8.8 7.9 −0.0045

10.0 11.9 11.5 −0.0020 11.8 10.3 −0.0075
12.0 13.6 15.3 0.0085 14.7 11.7 −0.0150

Based on the results of Khadilkar and Varma (1977).
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Maheshwari and Madhav (2006) analyzed a strip footing resting on a three-layer soil
medium by employing the theory of elasticity approach. The main purpose of this investiga-
tion was to evaluate and quantify the effect of the thin but very strong and stiff layer on the
distribution of stresses on the soil and the settlement of the lower normally consolidated
alluvial deposit. The soil deposit was modeled as depicted in Figure 4.20. The second layer (II)
was considered to be the stiffest layer and the third layer (III) was the softest layer (i.e., E1 <
E 2 and E 3 < (E1 and E 2). The governing differential equations for this model were derived
from the theory of elasticity approach as
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and the stresses can be expressed in terms of displacements as
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FIGURE 4.20 Strip footing resting on three-layer soil medium
(Maheshwari and Madhav 2006).
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where E and ν are the elastic modulus and Poisson’s ratio, respectively; σx and σz are the
normal stresses in the x and z directions, respectively; τx z is the shear stress; G represents the
shear modulus; and u and w are the independent displacements in the x and z directions,
respectively.

The governing equations were solved with the help of appropriate boundary and continu-
ity conditions as follows.
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Displacement boundary conditions :

u x B z       for  = ≤ =0 0; (4.80a)

and

u w x z H, ;     for  all  = =0 (4.80b)

Continuity conditions at the interface where z = H1 in terms of displacements:
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Similarly, at the interface where z = H1 + H2:
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where the various terms are as defined in Figure 4.20.
Equation 4.75 along with above-mentioned boundary conditions were expressed in finite

difference form and solved by employing the Gauss-Siedel iterative technique to obtain the
horizontal and vertical displacements of the footing at various nodes inside the soil medium.
Once the displacements were evaluated, Equation 4.76 was used to evaluate the respective
stresses. For the sake of simplicity, Poisson’s ratio was kept constant at 0.3 for all three soil
layers. A detailed parametric study was conducted to study the influence of the presence of a
thin but very stiff soil layer sandwiched between two relatively softer soil layers. The thin but
very stiff middle layer was found to act as a plate, and it redistributed the stresses uniformly
on the very soft lower soil layer. The stresses on the lower soft soil layer were found to reduce
to a large extent. The effect of the position of the middle stiff layer also was studied. The closer
the middle stiff layer was to the ground surface, the less the displacement. The effect of
variation of the modular ratio of the third and second layers (i.e., E3 �E 2) was not very
significant in the stress redistribution, but it helped in the reduction of stress on the lower soft
soil layer.

Maheshwari and Viladkar (2007) extended the above-mentioned analysis (Figure 4.20) to
study the influence of the relative thickness and relative modular ratio of adjacent soil layers
on the resulting vertical displacements and vertical stress redistribution. A detailed parametric
study was carried out for this purpose, and relevant parameters were adopted for both
conventional and industrial structures such as silos, chimneys, cooling towers, overhead tanks,
etc. The input parameters for this study are given in Table 4.4.

For typical industrial structures such as silos, chimneys, etc., an increase in the normalized
thickness of the upper soil layer H1�H  could be of help in reducing the vertical displacement
along the thickness of the middle soil layer by about 75% (Figure 4.21). The corresponding
reduction in vertical stress at the center of the footing could be of the order of about 17%
(Figure 4.22). This also was found to be true in the case of conventional structures. The
variation in the normalized thickness of the middle soil layer H2 �H  was found to affect the
vertical displacement along the thickness of the upper and the middle soil layers significantly.
However, its effect along the thickness of the lower layer was negligible.

Figures 4.23 and 4.24 show the typical effect of variation of E1 and modular ratios E 2 �E1

and E3�E 2 on vertical displacement and vertical stress distribution along the soil interfaces for
various parametric values listed in the plot. The maximum vertical stress occurs at the center
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TABLE 4.4 Range of Values of Various Parameters Considered for Parametric Study (Maheshwari
and Viladkar 2007)

Range of Values

Conventional Industrial
Parameter Symbol Structures Structures Units

Applied load intensity q 0.15 0.30 MN�m
Half-width of loaded region B 1.0 4.0 m
Thickness of soil stratum H 16 40 m
Elastic modulus of upper soil layer E1 30–120 80 MPa
Poisson’s ratio ν 0.3 0.3 —
Relative thickness of upper soil layer H1�H 0.05–0.3 0.05–0.3 —
Relative thickness of middle soil layer H2 �H 0.05–0.3 0.05–0.3 —
Modular ratio with respect to upper E 2 �E1 0.5–4 0.25–2 —

and middle soil layer
Modular ratio with respect to middle E3 �E 2 0.5–2 0.25–1.25 —

and lower soil layer

FIGURE 4.21 Effect of thickness of upper soil layer on vertical displacement along central axis of
footing (Maheshwari and Viladkar 2007).

of the footing, gradually reducing with distance from the central axis and vanishing at the
boundary. Further, an increase in the modular ratio E 2 �E 1 was found to be of help in reducing
the vertical displacement below the center of the footing. A reduction in vertical displacement
was observed with an increase in the modular ratio E 3�E2. At the layer interfaces, this
reduction was found to be 65–70% for both conventional as well as industrial structures. The
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FIGURE 4.22 Effect of thickness of upper soil layer on vertical stress distribution at layer
interfaces (Maheshwari and Viladkar 2007).

FIGURE 4.23 Effect of variation of E1, E 2 �E1, and E 3 �E 2 on vertical displacement along central
axis of footing (Maheshwari and Viladkar 2007).
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corresponding effect on the vertical stress at the bottom of the middle layer was found to be
more pronounced compared to that on top of the middle layer.

4.4.2 Isolated Footings

Isolated footings usually are subjected to various types of loading, such as concentrated,
triangular, rectangular, etc. Boussinesq’s solution (Equations 4.16 and 4.17) has been used
very widely to determine the deflection and stress profiles for such types of loading by means
of the principle of superposition. Typical distribution of the vertical stress beneath the point
load is depicted in Figure 4.25.

The soil-foundation interaction of isolated footings has been analyzed by various research
workers for different shapes of footings resting on sand, clay, or a layered soil stratum by
employing various approaches as presented above. Desai and Reese (1970) analyzed circular
footings resting on single-layer and two-layer cohesive subsoils by the finite element method.
The suggested method used the nonlinear stress-strain relationship obtained from triaxial
tests. An excellent correlation was obtained between the results from laboratory experiments
and the finite element method. Borodachev (1976), Li and Dempsey (1988a), and Dempsey
and Li (1989) analyzed a rectangular footing by employing the elastic half-space approach.
Viladkar et al. (1992) presented a three-dimensional viscoelastic finite element formulation to
analyze a square footing. The approach considered the stress-strain-time response of the
supporting soil medium (represented as a Kelvin model). Further, a methodology for evalu-
ating time-dependent viscoelastic constants for the soil mass also was presented. The behavior
of a square footing was compared with that predicted by the Skempton and Bjerrum theory
and the results were found to be in good agreement. Papadopoulos (1992) presented a new

FIGURE 4.24 Effect of variation of E1, E 2 �E1, and E 3 �E 2 on vertical stress distribu-
tion at layer interfaces (Maheshwari and Viladkar 2007).
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method for the estimation of settlements of shallow foundations in cohesionless soils. The
method included a simplified model for the distribution of applied stresses with depth,
incorporated certain experimental results concerning the stress-strain relation in cohesionless
soils, and proposed a formula for selection of the effective depth below which deformations
can be considered negligible. It was found that the final expressions for the calculation of
settlement, although they have the form of elastic-type solutions, were, in effect, nonlinear
functions of the foundation width and of the applied loading. A rectangular footing was
analyzed and the influence of certain basic factors, such as the effect of stress history and the
width of the foundation, on the settlement of cohesionless soils was examined. It was con-
cluded that the trends from known statistical correlations were predicted satisfactorily by the
proposed method. Back calculations of settlement using data from published cases also showed
generally satisfactory approximation.

Mayne and Poulos (1999) proposed a methodology for obtaining approximate displace-
ment influence factors for calculating the magnitude of drained and undrained settlements of
shallow foundations by simple numerical integration of elastic stress distribution in a spread-
sheet. Influence factors for circular foundations resting on soils with homogeneous (constant
modulus with depth) to Gibson-type (linearly increasing modulus) profiles with finite layer
thicknesses were obtained by summing the unit strains from incremental vertical and radial
stress changes. The influence of foundation rigidity and embedment was addressed by ap-
proximate modifier terms obtained from prior finite element studies. An equivalent circular
foundation was used to approximate other geometric areas. Results were compared with
closed-form analytical and rigorous numerical solutions, where available. A new solution for
Gibson soil of finite thickness was presented.

Conniff and Kiousis (2007) introduced a novel elastoplastic three-degree-of-freedom
medium which can be employed to model foundation settlements under combined loadings.
A soil-structure interaction problem can then be solved by replacing the soil mass with this

FIGURE 4.25 Typical distribution of the vertical stress beneath the point load.
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three-degree-of-freedom elastoplastic medium, thus significantly reducing the size of the
problem. The model was developed by extending the classical plasticity concepts to the force
deformation level. Its ability to predict foundation deformations was evaluated using finite
element solutions of a typical shallow foundation (rectangular and circular) problem and was
found to be reasonably accurate as well as to save a significant amount of time.

Some of the typical studies are discussed below in detail in order to understand the
interaction behavior of isolated footings of different shapes resting on various type of soils.

Desai and Reese (1970) investigated the behavior of rigid circular footings on a single layer
of clay and on two layers of clay using the finite element method. The proposed method
employed nonlinear stress-strain curves which were obtained from triaxial tests. Two plate
loading tests also were conducted to predict the load displacement characteristic of a steel
footing with a diameter of 3 in. and thickness of 0.5 in., and the results were compared with
those obtained from the finite element method.

For the finite element analysis, material properties were obtained from the actual test
behavior and were specified in terms of deformation moduli. These moduli depend on the
state of stress for a nonlinear material. Quadrilateral elements were adopted for discretizing the
soil-footing system. The stiffness matrix of the entire continuum was obtained from individual
element stiffnesses by means of the direct stiffness method. The Gaussian elimination tech-
nique was used to solve the resulting simultaneous equations for unknown displacements.
Subsequently, the stresses and strains were computed from the known displacements.

Stress-strain curves for clays were obtained from undrained triaxial tests for different
confining pressures. The incremental load method was employed to compute the constitutive
matrix corresponding to the i th state of stress, as given below.

In triaxial test conditions, the generalized constitutive relation yields

ε σ νσ
σ σ σ ν

z z zz rr
zz rr rr

E E E
       

  

  

  

= − =
−

+
−1

2
1 2

( )
( )

(4.85)

where σzz is the axial stress, σrr is the confining pressure, and εzz is the axial strain. For a
constant confining pressure σrr , differentiation of Equation 4.85 would yield the deformation
modulus E as:
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(4.86)

For a load increment, the deformation modulus E  can be computed from
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(4.87)

where i indicates the current total load after the i th increment and i  − 1 indicates the total load
after the (i  − 1)th increment.

Poisson’s ratio of the soils was assumed to be constant at 0.485 during the deformation
process. To start the computations, values of the initial modulus Eo were computed from the
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initial slopes of the stress-strain curves. With the onset of the deformation process, the
deformation modulus E was modified as per Equation 4.87.

A nonlinear stress-strain relationship was used for the analysis of a rigid circular footing
resting on layered soil media and showed that the finite element method can be adopted for
the solution of very complex problems of foundation engineering that involve nonhomogeneous
materials, arbitrary boundary conditions, and nonlinear stress-strain behavior. The proposed
method finds application in the design and bearing capacity computations of foundations in
layered cohesive soils.

Dempsey and Li (1989) attempted to address the soil-foundation interaction problem of
a rigid rectangular footing (a × b) on an elastic layer under symmetric loading. The soil was
modeled by using the elastic half-space approach. The contact between the soil and the footing
was assumed to be frictionless. The soil layer was assumed to rest on a rigid base. Burmister’s
(1956) point load solution was employed and extended for this study. The contact pressure at
the edges and corners of a rigid footing is singular; therefore, these singularities were treated
by discretizing the contact region as per Gauss-Chebyshev quadrature.

A detailed parametric study was conducted to investigate the influence of Poisson’s ratio
(0.1–0.5), normalized depth (d�a = 0.3 to infinity), and aspect ratio of the footing (r = b�a
= 1 to infinity) on displacement and the contact pressure at the center of a footing. Figures 4.26
and 4.27 show, respectively, typical results for depicting the variation in contact pressure and
displacement at the center of a footing with depth. The corresponding Poisson’s ratio was 0.3
and the results adopted an aspect ratio r that varied from 1 to infinity (strip footing).

The results from a parametric study in the form of footing indentations and center contact
pressures were found to be independent of Poisson’s ratio for an elastic half-space (i.e.,
normalized depth, d�a tending to infinity). The intensity of the pressure singularities reduces

FIGURE 4.26 Effect of aspect ratio on normalized contact pressure at the center of a
rectangular footing (based on the results of Dempsey and Li 1989).
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near the edge of the footing with the reduction in soil layer depth. This causes the pressure to
increase in the center; therefore, to get a general idea of the pressure distribution, the pressure
was normalized as the ratio of the center pressure to the average pressure. In general, for all
values of Poisson’s ratio, this ratio was found to be less than one, indicating that the center
pressure is less than the average pressure (Figure 4.26).

When the thickness of the soil layer is less, the indentations for an incompressible material
(Poisson’s ratio = 0.5) were found to be much smaller than those for other Poisson’s ratios and
also decreased with increasing aspect ratio. This was observed because of the greater increase
in stiffness due to bonded contact at the rigid base compared to the reduction in stiffness due
to a higher aspect ratio. The elastic solutions thus obtained and presented (e.g., Figures 4.26
and 4.27) were found to be useful in the design and analysis of rectangular footings.

Viladkar et al. (1992) presented a three-dimensional viscoelastic finite element formula-
tion to study the behavior of a soil-footing system that takes into account the stress-strain-time
response of the supporting soil medium. A square footing resting on stratified soil was
analyzed and the footing was assumed to behave in a linearly elastic manner. The soil support-
ing the footing was modeled as a linear viscoelastic half-space. The problem considered was
treated as quasi-static and isothermal due to the presence of clay soil. The shear strength of the
soil was not exceeded, and the assumption of infinitesimal strain theory was considered as
valid.

The saturated soil mass was considered to be in the drained condition and was modeled
as a Kelvin body (Figure 4.17). Constitutive relations were developed for the soil mass,
modeled as a viscoelastic body, for uniaxial and hydrostatic stress conditions. Analysis of the
soil-footing interaction problem was carried out by employing the finite element method. The
equations for element stiffness matrices were derived and evaluated using the Gauss integra-
tion technique. The viscoelastic finite element formulation for saturated clay soils in the
drained condition and a conventional elastic finite element formulation for a soil-foundation

FIGURE 4.27 Effect of aspect ratio on normalized displacement of a rectangular footing
(based on the results of Dempsey and Li 1989).
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FIGURE 4.28 Square footing on stratified soil medium (as consid-
ered by Viladkar et al. 1992).

system were integrated to obtain the solution. The material constants were determined using
consolidation test data as discussed in Section 4.3.4.1.

The problem of a square footing 2 m × 2 m in plan and 0.75 m thick subjected to a
uniform pressure intensity of 150 kN�m2 was analyzed in order to establish the proposed
three-dimensional finite element formulation. The footing was resting on a clay layer under-
lain by sand layers. Various properties of different soil layers are depicted in Figure 4.28. The
behavior of the footing was studied with respect to settlement of the footing, variation of the
stress below the footing with time, computational time, and effect of the length of the time
step.

Due to symmetry, a quarter of the soil-footing system was considered for analysis. A rigid
footing was discretized as a single eight-node three-dimensional isoparametric element, and
the soil medium was discretized into a number of similar elements. The side boundaries of the
soil system were considered at a distance of more than five times the width of the footing to
nullify their influence. Rheological constants were obtained for each of the elements for
hydrostatic and deviatoric conditions. The time-settlement curves of the footing were ob-
tained from viscoelastic finite element analysis of the soil-footing system. Two sets of results
were obtained: one corresponding to an average value of the dashpot constants and the other
corresponding to time-variant dashpot constants. Typical results in the form of settlement of
the footing with time are presented in Figure 4.29 for two different values of the time step: ∆t
= 0.06 and 0.24 yr. The curves, with average values of dashpot constants as well as with time-
variant dashpot constants, indicate that settlement increases at a faster rate initially and
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becomes asymptotic with time. At a time corresponding to about 96% of consolidation and
with a time step of 0.06 yr, the settlement of footing was observed to be 263.0 and 242.0 mm
for average and time-variant dashpot constants, respectively. These values were found to
match well with those obtained from the Skempton and Bjerrum (1957) method. The differ-
ences in the results were attributed to the proposed method and corresponding modeling of
the soil-footing system.

The settlement of the footing at a time step ∆t of 0.06 yr was observed to be same at a time
instant of 0.162 yr for both cases of the dashpot constants. Before the time instant of 0.162 yr,
the values of the dashpot constants, considered to vary with time, were less and later were
found to be larger than the average values of dashpot constants. Therefore, the results indi-
cated that the dashpot constants influence settlement. A similar observation was found for a
different time step of 0.24 yr (Figure 4.29).

The settlement predicted by the proposed approach at time T = 0 was zero. This was due
to the fact that the footing was placed on clay which was assumed to be fully saturated.
However, the elastic settlement of the sand layer would appear at time T = 0. Due to
formulation of the problem, the solution directly moved into the time domain. For the first
increment of time, the displacements of the nodes in clay were considered to be zero, as the
initial condition of no settlement was assumed. Therefore, elastic settlement of sand was
absent at time T = 0. However, the analysis was able to take care of this aspect and it appeared
in the displacement reached at the end of each time increment.

The increase in stress with time in the clay element just below the footing was found to be
negligible, and it was suggested that it can be neglected for all practical purposes.

The consolidation period usually is considered to be 90–95% of the time for total settle-
ment to occur; therefore, the total time for settlement to occur was considered to be the time
required for about 96% consolidation, which was 1.2 yr for the soil-footing system studied.

FIGURE 4.29 Settlement of footing with time for different time steps (based on the results
of Viladkar et al. 1992).
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The effect of the length of the time step also was studied by varying the time steps from 0.03
yr to 0.24 yr, and it was proposed that a suitable time step should maintain a balance between
accuracy and economy in the time required to analyze the interaction problem.

Keeping in mind the aspects of accuracy and economy, it was concluded that an analysis
with average values of the dashpot constants and a time increment of one-tenth of the time
required for 95% consolidation of the clay layer would yield satisfactory results.

4.4.3 Combined Footings

Combined footings are used in situations where the spacing of the structural columns is so
close that there would be interference from the pressure bulbs below the isolated column
footings. These footings transfer the load from the superstructure to the soil near the ground
surface and usually are analyzed in the form of beams. Many research workers have proposed
different approaches, including analytical, numerical, and seminumerical methods, to model
soil media and simulate the interaction between the soil and combined footings.

The assumption of the elastic nature of soil media is not unrealistic because most struc-
tures are subjected to working loads that cause stresses in the soil mass which remain within
the elastic limit. Therefore, many mathematical analyses employ a beams on elastic foundation
approach for simulation of the soil-footing interaction problem. However, the nonlinearity of
soils can come into play due to the stress concentration that may occur along the edges of the
foundations; in such cases, soil media can be modeled with the help of any of the models
discussed in Section 4.2 to address the nonlinear or time-dependent behavior. Wang et al.
(2005) presented a state-of-the-art review on the analysis of beams and plates on elastic
foundations and summarized the most commonly adopted soil models and the literature
pertaining to their application.

Hetényi (1946) reported the solutions for finite and infinite beams resting on a Winkler
foundation for a number of cases of practical interest. The method of superposition can be
used to solve problems of more general loading conditions by combining the solutions for the
basic cases. Other approaches also are employed to analyze a beam resting on a Winkler
foundation, including iterative methods (Gazis 1958; Yankelevsky et al. 1989), matrix methods
(Iyenger 1965; Lee and Yang 1993; Bowles 1996), Green’s function approach (Gao et al. 1999;
Guo and Weitsman 2002), and finite element methods (Kaschiev and Mikhajlov 1995; Noorzaei
et al. 1995; Erguven and Gedikli 2003). Yin (2000) developed a Timoshenko model for the
analysis of the interaction action between a reinforced structure and the soil. Maheshwari
(2004, 2008) modified Hetényi’s model for the analysis of a combined footing resting on
reinforced earth beds. Various research workers have analyzed a beam resting on a two-
parameter model, including Selvadurai (1979), Zhaohua and Cook (1983), and Morfidis
(2002) among others. A combined footing modeled as a beam can be analyzed by employing
the elastic continuum approach (Cheung and Zeinkiewicz 1965; Cheung and Nag 1968). A few
typical studies are discussed in detail below.

Hetényi (1946) presented an analysis of various types of beams on an elastic foundation
for different loading conditions. In the case where the soil medium is modeled as a Winkler
foundation, the differential equation for the deflection curve of such a beam of unit width is

EI
d y

dx
k y qs        

4

4
= − + (4.88)
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where E I is the flexural rigidity of the beam, q is the external distributed loading, y is the
deflection of the beam, and x is the dimension along the length of the beam. Along the
unloaded parts of the beam, where no distributed load is acting, the general solution to the
above equation becomes

y e C x C x e C x C xx x
        = + + +−λ λλ λ λ λ( cos sin ) ( cos sin )1 2 3 4 (4.89)

where the constants C1 to C4 can be evaluated by means of appropriate boundary conditions
and

λ   = k

EI
s

4

4 (4.90)

The term 1�λ is referred to as the characteristic length. As can be observed, as the length of
the beam increases, the end effects become less pronounced, and therefore length becomes an
important parameter influencing the response of the beam. Beams are classified in terms of
length as:

Short beams For λ l < π�4
Beams of medium length For π�4 < λ l < π
Long beams For λ l > π

where l is the length of the beam.
A closed-form solution for various types of loadings, such as a uniformly distributed patch

strip load, symmetrically placed concentrated load, etc., can be obtained (Hetényi 1946). For
some problems, difficulty arises in determining the integration constants; this can be avoided
by using the method of superposition, which also can be employed when the beam is subjected
to axial forces or twisting moments in addition to lateral loads.

Bowles (1996) presented the general formulation for the finite element analysis of beams
on an elastic foundation. Yin (2000) suggested a method for obtaining closed-form solutions
for a reinforced Timoshenko beam on an elastic foundation subjected to any vertical pressure
loading. A particular solution was then obtained for uniform pressure loading. The choice of
a Timoshenko beam was based on the fact that the Winkler model (based on pure bending
beam theory) and Pasternak model (based on pure shearing of the beam) take an extreme
point of view on the deformation behavior of a beam. The basic equations for a Timoshenko
beam on an elastic foundation can be reduced to

D
d w

dx

k D

C

d w

dx
k w q

D
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d q
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s            
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4

2

2

2

2
− + = − (4.91)

where q is the pressure loading and may be a function of x also. C is the shear stiffness, and
D is the bending stiffness, which is expressed as

D EI E y yc g g c      = + −( )2 (4.92)
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where yc is the location of the neutral line, E is Young’s modulus of the beam, Eg is the tensile
stiffness of the reinforcement, and yg is the location of the reinforcement, as shown in Figure
4.30.

A finite beam of length L subjected to any form of pressure loading q = f (x) was
considered and the general procedure for obtaining the closed-form solution was presented.
Further, the solution was obtained for a particular case of uniform vertical pressure loading.
A detailed parametric study was carried out to consider the influence of the shear stiffness of
the reinforcement, tensile modulus of the reinforcement, and location of the pressure loading.
The width of the loaded region B was taken as 0.1 m. For the undrained condition, the soft clay
was assumed to have an elastic modulus of 2000 kPa and Poisson’s ratio of 0.5. The spring
constant was then evaluated using the expression

k
E

B
s   

  

clay=
−( )1 2ν

and ks was calculated as 26,666.7 kN�m3. Because the granular soil was placed on soft ground,
it was difficult to compact the granular soil to a high density to achieve a high stiffness;
therefore, accordingly, the elastic modulus for the granular soil was taken as 50,000 kPa. For
the parametric study, the tensile modulus of the reinforcement was varied as 5000, 10,000, and
50,000 kN�m. The length and thickness of the beam were taken as 3 and 0.64 m, respectively.
The location of the reinforcement yg was 0.24 m (Figure 4.30). A uniform loading intensity of
1000 kPa was applied to the Timoshenko beam.

To study the influence of the shear stiffness of the reinforcement on the response of a
foundation beam, two cases were considered. In one case, the shear stiffness was assumed to
be fully mobilized and in the other to be zero. The maximum settlement in the absence of shear
stiffness of the reinforcement layer was found to be larger than the settlement obtained with

FIGURE 4.30 Schematic diagram of a one-dimensional foundation model as pro-
posed by Yin (2000).
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shear stiffness. However, an opposite trend was observed for maximum mobilized tension of
the reinforcement. The difference was found to be 17.6% for maximum settlement and 9.03%
for maximum tension. In both these cases, the location of the loaded region (i.e., the distance
r) was taken as 1.45 m (see Figure 4.30).

To study the influence of the tensile modulus of the reinforcement layer Eg in relation to
full shear stiffness C , three cases (Eg = 5000, 10,000 and 50,000 kN�m) were analyzed. In all
three cases, the location of the loaded region r was taken as 1 m. Settlement and rotation
(radians) were found to decrease with an increase in Eg , while bending moment, tension in the
reinforcement, and shear force were found to increase with an increase in Eg . The decrease in
maximum settlement was from 3.69 mm to 3.02 mm and the increase in maximum tension
was from 10.75 kN�m to 35.35 kN�m for a corresponding decrease in tensile modulus from
50,000 kN�m to 5000 kN�m.

In comparing the results of these five cases, it was observed that the location of the vertical
pressure loading r affects the shape of the profiles for deflection, rotation angle, and mobilized
tension in the reinforcement. However, a negligible effect was observed as far as magnitude of
maximum settlement and tension was concerned.

The main limitations of this model are the linear behavior of the beam and springs,
nonoccurrence of sliding between granular soils and the reinforcement, and lack of consider-
ation of large deformation�deflection.

Maheshwari (2004) proposed a generalized procedure for the analysis of beams on rein-
forced earth beds. In Hetényi’s model, the interaction between the independent spring ele-
ments is established by including an imaginary elastic beam. However, Maheshwari (2004)
considered this imaginary beam as a physical entity (reinforcement has some finite bending
stiffness). Further, a finite length of the foundation and the reinforcing beam was considered
along with the weight of the soil lying above the reinforcing beam (Figure 4.31). The reinforc-
ing beam was assumed to be smooth. The governing differential equations for the proposed
model were obtained as

FIGURE 4.31 Proposed model for the analysis of combined footing on rein-
forced earth beds (Maheshwari 2004).
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where y1 and y2 are the deflections of the upper and the lower beams, respectively (Figure
4.31); E1I1 and E 2I 2 are their flexural rigidities; l1 and l 2 are their lengths; h is the depth of
placement of the reinforcing beam; γ1 is the unit weight of the upper soil layer; and k1 and k2

are the stiffness of the two soil layers, as shown in Figure 4.31. x is any location along the length
of the beam. The above equations were converted into nondimensional form, and it was
possible to obtain their closed-form solution as
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where various nondimensional terms are defined as
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External loads were treated as shear and accommodated via boundary conditions. The 12
constants of integration in the above equations were obtained with the help of appropriate
boundary and continuity conditions, which are presented below in nondimensional form.

Boundary Conditions
For the upper beam, at z = 0:
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and at z = z 1:
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where ε tends to zero.
These equations were solved to obtain the constants C1 to C12 using a Cholesky decom-

position scheme. Using the constants C1 to C12 in the appropriate expressions, deflections,
bending moments, and shear forces of the upper and lower beam can be obtained.

This model was further modified by Maheshwari (2008) to address the separation of the
combined footing from the ground surface. This separation was assumed to occur only due
to the application of external loads. The weight of the foundation beam also was considered
while modeling the soil-foundation system. Separation from the ground surface was taken
into consideration by invoking the condition that the contact pressure must be zero for
negative deflection values of the foundation beam. The governing differential equations were
solved by employing a finite difference scheme with the help of appropriate boundary,
continuity, and interface conditions. The proposed model was first validated by comparing
the results of a particular case (without considering the separation between the beam and the
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ground surface) to those from Hetényi’s model. The normalized deflection profiles of the
upper beam (idealization for a combined footing) for various values of the normalized weight
of the beam w ′ are depicted in Figure 4.32. It can be observed that the deflection profile for
w ′ = 0 coincides with the results obtained from Hetényi’s model. The results from this study
were compared with those obtained by Maheshwari (2004) in which the beam was assumed
to have perfect contact with the ground surface (Figure 4.33). In the case of separation
between the ground surface and the upper beam (tensionless foundation), the negative

FIGURE 4.32 Variation of deflection with weight of the combined footing (Maheshwari 2008).

FIGURE 4.33 Typical deflection profiles of a foundation beam for perfect contact and
separation between the soil and the beam (Maheshwari 2008).
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FIGURE 4.34 Effect of relative stiffness of soil layers on the deflection of a foundation
beam (Maheshwari 2008).

deflection (lift up) was found to be greater. The maximum lift up at the center of the beam
was found to increase by 167% as the soil is unable to take any tension (Figure 4.33). It further
became obvious that a tensionless foundation affects negative deflection more than positive
deflection of a foundation beam.

A detailed parametric study was conducted to determine the influence of the length ratio
of beams and the relative stiffness of the soil layers. The response of the soil-footing system was
found to be the same for a length ratio of beams greater than 1.5. It was observed that the
relative stiffness of the soil layers influences the response of the model significantly. The
amount of lift up of the beam was found to be less for higher values of relative stiffness of the
soil layers, as shown in Figure 4.34. As the relative stiffness of the soil layers is reduced from
45 to 30, settlement of the footing was found to be reduced by 58%.

Various research workers have proposed many approaches which employ methods other
than the beams on elastic foundation approach. The constitutive relations representing the
behavior of soil in these studies form various nonlinear�viscoelastic or elastoplastic models
(Section 4.2).

The settlement, contact pressure, and bending moment in the elastic combined footing are
affected by the structural stiffness, type of connection between the columns and the combined
footing, and compressibility of the subsoil. In view of this, Noorzaei et al. (1995) analyzed a
soil-structure interaction problem of a plane frame-combined footing-soil system, taking into
account the elastoplastic behavior of the underlying compressible soil stratum and its strain-
hardening characteristics. The methodology makes use of an incremental elastoplastic stress-
strain relationship and the associated flow rule. This elastoplastic behavior was modeled with
the help of two Drucker-Prager yield criteria (DPYC). For the first yield criterion (DPYC-1),
the yield locus passes through the outer apices of the Mohr-Coulomb hexagon (Equation
4.36a), and for the other yield criterion (DPYC-2), the yield locus passes through the inner
apices of the Mohr-Coulomb hexagon (Equation 4.36b). A coupled finite-infinite element
model was used in the analysis. Three-node isoparametric beam bending elements with three
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degrees of freedom (u, v, φ) were used to discretize the combined footing. Three different types
of analyses were carried out: elastoplastic interactive analysis with no hardening, elastoplastic
analysis with strain hardening, and linear interactive analysis. The interactive behavior with
the strain-hardening characteristics was compared with that of an elastic–perfectly plastic
response and also with the linear elastic response. Some of the properties of the soil were
obtained on the basis of unsaturated undrained triaxial tests. The shear strength parameters
c and φ were obtained as 25 kN�m2 and 29°. The initial tangent modulus Ei and Poisson’s ratio
were found to be 7500 kN�m2 and 0.343 and the strain-hardening parameter H to be 500
kN�m2. The load intensity on the foundation beam q was 40 kN�m2 and the corresponding
collapse loads from the analysis were 1.6q and 2.2q for rigid plastic analysis and strain-
hardening analysis, respectively, for DPYC-1. However, for DPYC-2, they were 1.5q and 2.2q,
respectively.

It was observed from the deformation profiles that at low values of the load factor (collapse
load�applied load), the total vertical settlements obtained from elastoplastic analysis are
almost the same as those from linear interactive analysis. However, a significant departure was
observed at higher values of the load factor. This is due to the fact that most of the soil elements
start yielding at higher load factors and there is a progressive spread of the plastic zone. Vertical
settlements at the center and at the edge of the foundation beam for the maximum load factor
were compared for the rigid plastic and the strain-hardening behavior of the soil mass. For
DPYC-1, a reduction of around 7 and 5.7% in vertical settlement along the length of the beam
was observed in elastic–rigid plastic analysis and elastic-plastic analysis with strain hardening,
respectively. However, the corresponding reduction for DPYC-2 was around 6 and 2.6%.

It was further observed that all the interactive analyses give essentially the same contact
pressure up to a load factor of 2.0. However, the contact pressure obtained with DPYC-1 was
found to be greater compared to the other criterion (DPYC-2) and when the subsoil is
considered as behaving in a linear elastic manner. The spread of the plastic zone for the elastic–
rigid plastic and elastic-plastic analysis with strain-hardening behavior of the soil mass was
obtained. It was observed that the plastic zone initially spreads vertically and then toward the
center of the soil-foundation system, causing more redistribution of forces and moments in
the frame members and the foundation beam.

4.4.4 Raft Foundations

A raft or mat foundation is used where the base soil has a low bearing capacity and�or the
column loads are so large that more than 50% of the area is covered by conventional spread
footings. These foundations are modeled as plates and can be analyzed by employing a plates
on elastic foundation approach. However, as in the case of combined footings, the interaction
problem also can be analyzed by taking the nonlinear or time-dependent behavior of the soil
into consideration.

There are two approaches to the plate theory of elastic foundations to describe the bending
action of a plate: the thin plate and the thick plate approach. For a thin plate, Kirchhoff (1850)
assumed that the plane cross sections normal to the undeformed mid-surface would remain
normal to the deformed mid-surfaces (Timoshenko and Goodier 1970). The deflection of a
plate w subjected to an applied load p (x, y) and reaction q(x, y) is given by

D w x y p x y q x y∇ = −4 ( , ) ( , ) ( , )    (4.98)

where D is the flexural rigidity of the plate.

J. Ross Publishing; All Rights Reserved



Foundation-Soil Interaction 4-57

For a thick plate, the Reissner (1947) plate theory, which can take into account the shear
effect, is more appropriate. The general governing differential equation for the deflection of
the plate is

D w x y p x y q x y

h
p x y q x y

p

p

∇ = −

−
−

−






∇ −

4

2
2

10

2

1

( , ) ( , ) ( , )

[ ( , ) ( , )]

    

          
ν

ν

(4.99)

where νp and h are Poisson’s ratio and the thickness of the plate, respectively.
Wang et al. (2005) have reviewed the state-of-the-art for plates on an elastic foundation.

Various analytical methods have been developed for the analysis of thin plates resting on an
elastic foundation. In these analyses, the soil has been modeled either as a Winkler foundation
or as a two-parameter foundation. Due to complexity, the analytical solutions could be
obtained only for foundations of special shapes, such as an infinite plate or a circular plate.
Kerr (1964) emphasized the proper mathematical formulation of the physical problems under
consideration, and in view of this, a critical study of a number of foundation models was
presented. The differential equations for a circular plate resting on various types of foundation
models, such as the Pasternak model, Reissner model, and viscoelastic Pasternak model, were
obtained. Appropriate boundary conditions also were discussed, along with initial conditions
for time-dependent behavior of the soil (viscoelastic model).

Selvadurai (1979) has presented and summarized various analytical solutions for infinite
and circular plates on elastic foundations. Analysis of circular plates has drawn more attention
from research workers compared to rectangular foundations. The analytical treatment of a
rectangular plate problem is much more complicated than the axisymmetric case of a circular
plate. General analysis of the rectangular plate problem involves two spatial variables, and the
boundary conditions have to be specified on all four edges of the plate. Selvadurai (1979)
considered rectangular plates with free edges and symmetrical loading in both the x and y
directions and obtained an analytical solution. The soil medium was represented as either a
Winkler model or as a two-parameter elastic model.

In addition to the analytical methods for the solution of the soil-raft interaction problem,
various numerical and seminumerical methods also are employed. These include the substruc-
ture method (Hain and Lee 1974), finite difference method (Chakravorty and Ghosh 1975;
Selvadurai 1979; Vallabhan and Das 1991), finite strip method (Booker and Small 1986;
Rajapakse 1988; Chow et al. 1989), finite element method (Cheung and Zienkiewicz 1965;
Yang 1972; Bowles 1996; Wang and Cheung 2001), and boundary element method (Beskos
1997; Providakis and Beskos 1999).

The raft and the supporting soil are two of the elements in a three-element system. The
stiffness of the third element, the structure, may have a significant influence on the distribution
of loads and moments transmitted to the raft, resulting in an effect on the differential
settlement pattern and the moments and shears induced in the raft. Therefore, the structure,
foundation, and supporting soil should be analyzed as a system comprised of three compatible
and interacting elements. Hain and Lee (1974) proposed a substructure approach for the
analysis of such a three-element system. The supporting soil was modeled as a Winkler model
or a layer of linear elastic material, and a detailed study was carried out to understand the
influence of the stiffness of the frame structure and the choice of the soil model on the
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settlements and moments induced in the raft. The substructure method facilitates the inclu-
sion of the contribution of the stiffness of the structure and the supporting soil in the stiffness
matrix of the raft. This approach is discussed next.

The free body equilibrium equation for the structure and the raft was written in matrix
form as

[ ] { } { }K U P       = (4.100)

where [K ] is the structure-raft stiffness matrix (superstructure), {U } is the nodal displace-
ments, and { P } is the external nodal forces. This equation system can be partitioned into a
two-equation system as

K K
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(4.101)

where the set of nodal displacements is divided into {Ub } for boundary displacements com-
mon to the superstructure and the supporting soil and {Ui } for interior displacements of the
superstructure. The corresponding set of external forces is {Pb } and {Pi }, respectively.

From the partial inversion of Equation 4.101, the free body equilibrium equation in matrix
form for the boundary nodes of the superstructure was obtained:

[ ] { } { } [ ] { }K K K K U P K K Pbb bi ii ib b b bi ii i              − = −− −1 1 (4.102)

Employing one of the mathematical models for the analysis of an elastic foundation, the
equilibrium equation for the supporting medium was

[ ] { } { }       K Fs δ = (4.103)

where [Ks ] is the supporting medium stiffness matrix, {δ } is the supporting medium nodal
displacements, and {F } is the corresponding external nodal forces.

Similarly,

{ }    δ
δ

=








Ub

s

(4.104)

and

{ }    F
F

F
b

s

=








(4.105)

where {Ub } is the vector comprised of nodal displacements along the soil-raft interface, {Fb }
is the corresponding external forces, {δs } is the remaining supporting medium nodal displace-
ments, and {Fs } is the corresponding external forces.

The partitioned form of Equation 4.103 was then obtained as:
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The full set of equations for the raft, which includes the contribution of stiffness from both
the structure as well as the supporting soil below, was obtained by combining Equations 4.102
and 4.106:
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The above equation was solved for {δ } using the available techniques (Gauss and Cholesky).
After evaluating {δ }, the actual column loads were extracted from the vector Sb , which is
calculated by extracting Ub from {δ }:

{ } [ ] { } [ ] { }                 S K K K K U K K Pb bb bi ii ib b bi ii i= − +− −1 1 (4.108)

Similarly, the foundation reaction forces were calculated by back substitution of {δ } into
Equation 4.103, and the superstructure member forces and stresses were calculated.

The influence of the stiffness of the structure on the performance of a flexible rectangular
raft was studied by analyzing two multibay structures for a range of raft and soil stiffnesses.
Results were presented for both a Winkler soil model and a linear elastic soil model. For the
Winkler model, the pressure p at any point along the contact surface was expressed as

p kw  = (4.109)

where k is the modulus of subgrade reaction and w is the settlement of the point.
The term relative flexibility λL was defined while analyzing the raft to express the flexibility

of the raft compared with the compressibility of the soil:

λL
kL

E IR R

   =
4

4

4
(4.110)

where ERIR is the flexural rigidity of the raft per unit width and the plan dimensions of the raft
are B × L (B < L).

Typically, diagrams for variation of column load with relative flexibility and bending
moment are plotted by employing the above-mentioned method of analysis, representing the
soil by a Winkler model. An increase in relative flexibility was found to result in a transfer of
load to the interior columns due to the convex settlement profile of the raft. The actual
magnitude of the load redistribution was found to be a function of the absolute stiffness of the
structure as well as of the soil.
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The same analysis was carried out by representing the soil as a linear elastic model. In this
case, the soil layer was considered to be of infinite lateral extent and of finite or infinite
thickness. One of the simplest cases was where the layer was considered to be isotropic and
homogeneous with an elastic modulus Es and Poisson’s ratio νs . From these analyses, a relative
flexibility parameter F analogous to λL for the Winkler model was derived as

F
L E

E I B

s R

s R R

  

  

  

=
−

−

π ν

ν

4 2

2

1

16 1

( )

( )
(4.111)

where νR is Poisson’s ratio of the raft material.
The influence of raft flexibility on the distribution of column load, total and differential

settlements, and maximum moments was determined. The settlement profile was observed to
be concave with the linear elastic model, thus leading to a transfer of load to the edge and
corner columns. This was found to be in contrast to the predictions based on the Winkler
model. The same contrast was observed in the case of bending moments.

A relationship was established between the relative flexibility parameters for the Winkler
model and the linear elastic model as

( ) .λ L F4 1 55  = (4.112)

which was found to be independent of the absolute values of Es and k .
From the pattern of results obtained from the above analysis, it was clear that the predicted

behavior of the structure-raft-soil system depends on the choice of the soil model. By selecting
“equivalent” values of the subgrade modulus k and elastic parameters Es and νs , it was possible
to obtain identical values of raft settlement at a specified point on the raft and for a specific
raft-soil flexibility. Even under these special circumstances, the settlement profiles and the
associated column loads and raft moments were quite different, except for very large raft
flexibility.

Results for the linear elastic model were found to be consistent with the commonly
observed concave settlement profile, and therefore it was concluded that the linear elastic
model should be used in preference to the Winkler model.

Vallabhan and Das (1991) proposed a mathematical model for the analysis of an
axisymmetric circular tank foundation in which two parameters were used to represent the
elastic foundation. The elastic properties of the soil stratum were assumed to be constant or
to vary linearly in the vertical direction, and the soil stratum was assumed to rest on a rigid
surface. The modified Vlazov model used to represent the soil employed a parameter λ to
characterize the distribution of the vertical displacement in the elastic foundation. Figure 4.35
shows a circular plate of radius R resting on an elastic foundation of uniform thickness H with
a rigid base. The system was axisymmetric in geometry, loading, and boundary conditions. The
governing equations for this interaction problem were derived by using the minimum poten-
tial energy theorem. The potential energy function was a function of flexural rigidity of the
plate,

D
E hp
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=
−

3

212 1( )ν
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lateral displacement of the circular plate w ; displacements along the r and z axes in the soil
continuum u  and w ; components of stress at a point in the soil continuum σr , σθ, σz , and
σr z ; modulus of elasticity of the plate Ep; Poisson’s ratio of the plate νp ; lateral loading on the
plate q(r); prescribed bending moment M

~
 and shear force Q

~
 on the plate; and thickness of the

plate h .
The constitutive equations for the elastic foundation were given by
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where E and ν are the elastic modulus and Poisson’s ratio of the elastic foundation. Vlazov
assumptions were applied: the vertical displacement w (r, z) = w(r)φ(z) such that φ(0) = 1 and
φ(H) = 0 and the horizontal displacement u (r, z) = 0 everywhere in the elastic foundation,

FIGURE 4.35 Circular plate on an elastic foundation (Vallab-
han and Das 1991).
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where φ(z) is a function that describes the decay of the vertical displacement w (r, z) in the
direction of the z axis.

By employing the constitutive equations and assumptions, the potential function was
modified and the field equation and boundary conditions were obtained. The field equation
was solved by employing the finite difference method. As the field equation was a quasi-linear
fourth-order differential equation, the finite difference equations were expressed by a qui-
diagonal matrix equation with five coefficients using the central difference. The appropriate
boundary conditions also were expressed in finite difference form, and subsequently the
equations were solved with the help of special numerical techniques.

Vallabhan and Das (1991) first published the data on elastic settlements of circular plates
on an elastic continuum with a finite thickness for the general loading condition. The pro-
posed model was employed for a numerical example. To establish the accuracy of the solution,
results were compared with those obtained from a finite element model in which rectangular
finite elements were employed. The numerical displacements obtained from these examples
using the proposed model were compared with the corresponding finite element displace-
ments, and a fairly good correlation was observed. Any variation of material properties with
depth easily can be incorporated into the proposed model by modifying the parameters of the
model.

Wang and Cheung (2001) proposed a finite element method for the analysis of plates on
a cross-anisotropic foundation. This problem can be solved in two ways. The first is to divide
both the plate and the foundation into a number of elements. Since the foundation is consid-
ered to be a half-space, its boundary is far away from the plate, and thus the foundation has
to be divided into a large number of elements. This results in a large amount of data and
computing time. In the second way of solving the problem, the foundation reaction is treated
as a force external to the plate, and therefore only the plate needs to be divided into a number
of elements.

Wang and Cheung (2001) adopted the latter way for the analysis of a plate resting on a
cross-anisotropic foundation using the isoparametric element method. The plate was modeled
as a Reissner-Midlin plate. The rotations of a point on the plate were chosen as independent
variables, and therefore it was possible to consider the shear deformations at the same time.
The proposed method, therefore, finds application for thick and thin plates of different shapes.
The surface displacement due to a point force acting on a cross-anisotropic foundation was
taken as the fundamental solution. Displacement fields were uniquely specified by an indepen-
dent variation of the deflection w and two independent variations θx and θy  of the two angles
defining the direction of the line originally normal to the mid-surface of the plate. The load
vector and geometry for the isoparametric plate bending element were expressed for each node
on the plate. The element stiffness matrix relating nodal forces to the corresponding nodal
displacements was derived for each element on the plate, and the integration was carried out
in a natural coordinates system by employing the Gauss integration method. The equilibrium
equation for the plate acted upon by the forces from the upper structure F and the foundation
forces Q finally was expressed as

( )K K Ff    + =δ (4.114)

where K and Kf are the global stiffness matrix for the plate and the foundation, respectively,
and δ is the displacement vector.
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Interaction between the plate and the foundation was considered to determine the stiffness
matrix for the foundation Kf . This matrix represents the relationship between the force Q and
the displacement δ. By considering the fundamental solution for the surface displacement due
to a point load acting on a cross-anisotropic foundation, this relationship was established.

To exhibit the effectiveness of the proposed isoparametric finite element method, two
numerical examples were analyzed. For the first example, a square plate was considered on an
isotropic elastic foundation. Due to the symmetry of the problem, a quarter of the plate was
divided into equal-size elements by using different meshes (2 × 2, 4 × 4, 6 × 6, and 6 × 8).
Results from the study were found to be in good agreement with those obtained from the
spline method and the displacement method. At the boundary of the plate, especially at the
corners of the plate, a stress concentration was observed. However, no stress concentration was
observed in the internal part of the plate. This agreed well with the normally accepted stress
concentration profile. The second example considered a square plate resting on a cross-
anisotropic soil medium. A detailed parametric study was carried out to investigate the
influence of cross-anisotropy on the displacement and contact pressure, and corresponding
charts were developed.

The method also lifted the restriction that contact pressure must be assumed to be
uniformly distributed around each nodal point. Due to eight-node elements, the model was
found to be useful for a plate with different boundaries and applicable in all cases. As the
rotation angles of the plate were assumed to be independent of deflection, the method was
found to be applicable to both thin and thick plates.

4.5 Application to Pile Foundations

The mechanisms that resist applied loads in pile foundations are quite different compared to
those for shallow foundations. Vertical compressive loads are resisted by a combination of skin
friction and end bearing, vertical uplift loads by a combination of dead weight and skin
friction, horizontal loads by lateral earth pressures, and moments by converting them to axial
compression and uplift (Figure 4.36). Therefore, treatment of the soil-pile interaction problem
is somewhat different, although the same models discussed in previous sections can be adopted
for representation of the soil media. Analyses focus on the interaction of piles with soil media

FIGURE 4.36 Load transfer mechanism in pile foundations.
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primarily under vertical and lateral loads. Various research workers have proposed different
theories for analysis of the soil-pile interaction problem.

Analytical approaches to the soil-pile interaction problem for laterally loaded piles have
been developed in two separate directions. The first uses the conceptual model of treating the
soil restraint as discrete springs. The model is improved by allowing the spring stiffness to
vary along the length of the pile (Matlock and Reese 1960; Sogge 1981). This approach has
two main limitations. First, difficulties exist in choosing appropriate p-y curves for a given
combination of pile size and soil type. Second, replacement of the soil continuum by discrete
springs precludes extension of the analysis to pile groups since interaction between neighbor-
ing piles may not be taken into account. The second development in solutions for laterally
loaded piles has made use of methods in which the soil is modeled by employing the
continuum approach. Methods such as boundary element and finite element analysis are
adopted for this approach. The characteristics of the soil medium can be represented by
various constitutive models, some of which are those by Banerjee and Davies (1978), Poulos
and Davis (1980), Randolph (1981), Chen and Poulos (1993), Poulos (1999), and Xu and
Poulos (2000).

For axially loaded piles and pile groups, different studies have been conducted employing
various constitutive models as discussed in previous sections. Some of these are by Randolph
and Wroth (1978), Banerjee and Davies (1978), Hain and Lee (1978), Poulos and Davis (1980),
Nogami and Chen (1984), Chin and Poulos (1991), Poulos (1999), and Xu and Poulos (2000).
Guo (2000) presented closed-form solutions for the radial consolidation of the soil around a
driven pile, assuming that the soil skeleton deforms viscoelastically. Subsequently, the load-
settlement response of the pile also was predicted.

Matlock and Reese (1960) presented a general method for determining moments and
displacements of a vertical pile embedded in a granular soil and subjected to lateral load and
moment at the ground surface. A Winkler model was employed to represent the soil medium
(i.e., the soil was replaced by a series of infinitely close independent elastic springs). The
response of a pile of length L under a lateral load Qg and moment Mg was obtained in the form
of its deflection, slope of the deflected shape, moment, and shear force at any depth z below
the ground surface as follows:
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g

p p

g

p p

z A
Q T

E I
B

M T

E I
( )      = +

2

Moment of the pile M z A Q T B Mz m g m g( )    = +

Shear force on the pile V z A Q B
M

T
z v g v

g
( )     = +

where Ep is the modulus of elasticity of the pile material and Ip is the moment of inertia of the
pile section. Ax , Bx , A θ , B θ , Am , Bm , A v , and Bv are coefficients, and T is the characteristic
length of the soil-pile system and is defined as
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T
E I

n

p p

h

   = 5

where nh is the constant of the modulus of the horizontal subgrade reaction. Das (1999)
presented representative values of nh as shown in Table 4.5.

Randolph (1981) developed simple al-
gebraic expressions which allowed the be-
havior of flexible piles under lateral loading
to be calculated in terms of fundamental
soil properties. These expressions were
based on the results of a parametric study
conducted using the finite element method
and treating the soil as an elastic continuum
with a linearly varying soil modulus. The
expressions enabled immediate estimates of
the active length of the pile, ground-level
deformations, and maximum bending moment down the pile. In addition, the patterns of soil
movement around a laterally loaded pile obtained from finite element analysis were used to
develop expressions for interaction factors between neighboring piles, by which the solutions
for single piles may be extended to deal with pile groups.

First of all, a detailed parametric study was performed for piles in homogeneous soil,
characterized by a shear modulus G and Poisson’s ratio ν, and also in soil with stiffness
proportional to depth z . The latter type of soil was characterized by a parameter m to indicate
the rate of increase in shear modulus with depth as

G mz mr
z

r
o

o

     = = (4.115)

For a particular pile radius ro, it was found more convenient to use the term mro (i.e., the
rate of increase of the shear modulus with each pile radius), which has the same dimensions
as the shear modulus. For this parametric study, the range of stiffness ratios was taken as

100 10 400 4 106 6
          and≤ ≤ ≤ ≤ ×

E

G

E

mr

p p

o

where Ep is the effective Young’s modulus of the pile and is defined as

E
EI

r
p

p

o

  =
( )

( )π 4 4�

where (EI )p is the bending rigidity of the pile.
Further, the pile length l was varied to correlate the critical pile length, or the critical

slenderness ratio (l �ro )c , with the stiffness ratio.
It was found that the influence of variation in Poisson’s ratio on the deformation of a

laterally loaded pile could be adequately represented by considering a parameter G *, given by

TABLE 4.5 Representative Values of nh

Soil Type nh (MN�m3)

Dry or moist sand Loose 1.8–2.2
Medium 5.5–7.0
Dense 15.0–18.0

Submerged sand Loose 1.0–1.4
Medium 3.5–4.5
Dense 9.0–12.0

After Das (1999).
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G G* = +



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        1
3

4

ν

for homogeneous soil and

m m* = +





        1
3

4

ν

for soil with stiffness proportional to depth z .
The results from a finite element study were presented in the form of algebraic expressions

of the same form as those obtained by Hetényi (1946), from which the lateral response of single
piles may be readily calculated. To model pile deformations at ground level using finite
element analyses, the expressions proposed for homogeneous soil conditions were
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(4.116)

where H is the applied lateral load, M is the moment applied to the pile at ground level, and
u and θ are the lateral deflection and rotation of the pile at ground level, respectively. The
results from the above equations were compared with those obtained from finite element
analyses and other results available in the literature and were found to be in good agreement,
with only about a 10% difference observed.

For the case of soil with stiffness proportional to depth, the corresponding expressions
were obtained as
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The results in this case also were found to be in good agreement with those obtained from
previous studies. The critical slenderness ratio was correlated with the stiffness ratio by noting
the effect of pile length on ground-level deformations and was given as
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(4.118)
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for homogeneous soil and
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(4.119)

for soil with stiffness proportional to depth.
To consider the more general variation of soil stiffness with depth, Equations 4.116 and

4.117 were combined, as were Equations 4.118 and 4.119. To accomplish this, a characteristic
modulus Gc was defined, which was the average value of G * over the active length of the pile
(i.e., over depths less than l c ). Subsequently, this concept of a characteristic modulus was used
to combine Equations 4.116 and 4.117 to obtain the general expressions for ground-level
deformations of a laterally loaded pile as
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where the parameter �c , which reflects the relative homogeneity of the soil deposit, was defined
as:

�c

z l

c

G

G

c
  =

= �4
*

(4.121)

The solutions for the lateral response of single piles were extended to deal with groups of
closely spaced piles by using interaction factors. Approximate expressions for these interaction
factors were presented as a function of the parameters �c , Ep , Gc , and ro and the direction of
loading and spacing between the piles.

The expressions developed were found to be quite accurate within the framework of an
elastic soil response and simple enough to be of practical use in estimating the response of
laterally loaded piles and pile groups.

Pile groups always have a pile cap on top which is designed as a raft, and the stiffness of
the structure influences the distribution of loads and moments transmitted to the raft. There-
fore, the complete system, which consists of a structure–raft–supporting soil–pile group,
should be analyzed. In view of this, Hain and Lee (1978) developed an analysis to predict the
behavior of a raft-pile foundation system in which the interaction of the raft, supporting soil,
and pile group was taken into consideration. The raft was considered to be a flexible elastic
plate, with variable stiffness and any geometric shape, supported by a random group of
identical compressible friction piles, and the supporting soil was represented as an elastic
homogeneous or nonhomogeneous material. The raft was modeled by using rectangular plate
bending finite elements, and the pile group–supporting soil system was modeled using Mindlin’s
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equation for a deep homogeneous soil mass. Further, modified linear elastic analysis was
employed for a layer of finite thickness, and a finite element analysis was used for
nonhomogeneous soil situations. The analysis of a pile-reinforced continuum, apart from the
analysis of a single pile, required consideration of four interactions between a pile and�or the
surface of the continuum. These interactions were pile-to-pile interaction, surface-to-pile
interaction, pile-to-surface interaction, and surface-to-surface interaction. Interaction factors
were determined for a soil modulus increasing linearly with depth. It was found that the
increase in value of the modulus with depth caused a significant reduction in the interaction
between adjacent piles. The pile-pile interaction factor was defined as the ratio of the addi-
tional displacement due to unit load on an adjacent pile to the displacement of the pile due to
unit load. Two pile-surface interaction factors were defined as

β

β

p

s

  
         

       

  
         

       

Additional displacement of a pile due to unit surface pressure

Displacement of a pile due to unit load

Additional displacement of the surface due to unit pile load

Displacement of the surface due to unit

         

       

         

       

=

=
loadload

where βp is the pile–soil surface interaction factor and βs is the soil surface–pile interaction
factor. The surface interaction effect can be evaluated using various available methods for a
homogeneous or nonhomogeneous continuum.

After establishing the basic interaction between the supporting soil and the pile group,
stiffness equations for the supporting soil–pile group system were derived. Compatibility and
equilibrium equations were satisfied between this system and the raft, resulting in a set of
stiffness equations representing the raft–supporting soil–pile group system. In obtaining this,
two assumptions were made: (1) vertical forces were transmitted only from the raft to the head
of a pile and (2) each pile occupied the whole of the “constant pressure” area around a
particular node.

The reduction in settlement was found to be more effective with an increase in pile stiffness
and length. Differential settlement was found to increase with increasing raft flexibility, but a
corresponding reduction in maximum bending moments induced in the raft was observed. It
was evident that the ultimate load capacity of the individual piles affected the performance of
the system. Two raft-pile systems were reanalyzed by this approach, and encouraging agree-
ment between measured and predicted settlements and pile loads was found.

Chin and Poulos (1991) employed a hybrid approach for the analysis of axially loaded
vertical piles and pile groups embedded in layered soil. In this approach, a single pile response
was represented by load-transfer (t-z ) curves, whereas pile-soil-pile interaction was obtained
accurately using the available analytical solutions for a two-layer system and in an appropriate
manner for a Gibson soil. The schematic diagram in Figure 4.37 depicts the composition of an
axially loaded pile group. The pile group problem was decomposed into two systems: (1)
group piles acted upon by external applied loads {Q } and the pile-soil interaction forces {Pp }
acting on the piles and (2) an extended layered soil continuum acted upon by the pile-soil
interaction forces {Ps } at an imaginary pile-soil interface. The group piles were divided into
a number of elastic discrete bar elements with an axial mode of deformation. This approach
was different than the continuum approach in the manner in which the soil flexibility coeffi-
cients were evaluated. This hybrid approach modeled the single pile response using load-
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transfer curves, whereas the pile-soil-pile interaction was obtained using the fundamental
point load solutions for a layered soil. The hyperbolic shear stress–strain model was used to
adequately represent the nonlinear behavior of the soil. The results from this approach were
compared with those obtained from the continuum approach for layered soil and were found
to be in good agreement. The influence of the socketing length e�d , pile–soil stiffness ratio
Ep �E1, and soil stiffness ratio E 2 �E 1 on the response of the pile was studied, and the results
were compared with those obtained from the more rigorous elastic continuum method.

The elastic interaction factor for two equally loaded single piles socketed into the lower
bearing layer was obtained, and again the results were in good agreement with the continuum
solutions. The interaction effect was found to be more significant for a less compressible pile
and for decreasing pile spacing. Further, the results also were compared with field measure-
ments, and it was found that the computed solutions generally tend to overpredict settlements
measured at the end of construction. An advantage of this analysis was reduced computation
time to form the single-pile flexibility coefficients.

An advantage of the finite element method is its ability to deal with complex configurations
of structures and soil media. However, the proper location of the finite outer boundary often
is crucial in obtaining an accurate solution, and selection of the minimum distance from the
region of interest often depends on engineering experience and judgment. This problem is
solved by using a combination of infinite and finite elements. Infinite elements are used to
simulate the far-field behavior of the soil medium, while the standard finite elements are used
to model the pile and the neighboring soil. Such a technique for the analysis and better
understanding of pile-soil interaction under lateral loading has been adopted by Chen and
Poulos (1993). Piles within a group may suffer some reduction in capacity due to interaction
effects; therefore, a single isolated pile was analyzed first and then the analysis was extended
to the pile group. This necessitated a modification to the elastic approach to consider the local
yield of the soil, which required knowledge of the ultimate soil resistance pu .

The computer program AVPULL was developed to implement the proposed approach.
This program was verified by the analysis of a hollow cylinder subjected to internal pressure
in an isotropic elastic mass. The same problem also was analyzed by the conventional finite

FIGURE 4.37 Composition of an axially loaded pile group (Chin and Poulos 1991).
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element method to illustrate the advantage of the combined infinite and finite element method
over the conventional finite element method. For the case of finite and infinite elements,
displacements in both the near and far field were found to be in good agreement with the
analytical solution, while reasonable agreement was found for stresses.

After verification of the computer program, the problem of piles was analyzed as a plane
strain situation using eight-node isoparametric finite elements to model piles and the neigh-
boring soil (near-field), while mapped infinite elements were used to model the soil in the far-
field region. The pile was assumed to be rigid and square in shape. The soil was purely cohesive
undrained clay and was modeled as an elastoplastic material obeying the Tresca yield criterion.
A Goodman-type interface element was used to model the separation and slip between the soil
and the pile, and it was assumed to follow the same constitutive relation as the soil. The
properties of the interface element were assumed on basis of the data available in the literature.

The stress acting on the perimeter of the pile at each level was found to change from its
initial uniform state to a nonuniform state. The average stress p (per unit length of pile) over
the pile width w perpendicular to the direction of pile movement was calculated from the sum
of stresses acting in the direction of pile movement. Thus, at a particular depth, a p-y curve
of the pile (Figure 4.38) was constructed and the ultimate soil pressure was obtained.

First a single isolated pile 0.5 m wide was analyzed, and initial stress conditions represent-
ing a depth of six times the pile width were selected. Due to symmetry, only half of the problem
was analyzed, and symmetry was represented with the help of rollers. The boundary conditions
for the other three boundaries were automatically satisfied with the use of mapped infinite
elements for modeling the far-field behavior of the soil. A uniform displacement y was applied
to the pile in the direction of pile movement in an incremental fashion. For each increment,
a single point on the p-y curve (Figure 4.38) for the pile was obtained by means of computation
of the shear and normal stresses at the interface. The soil was assumed to have zero tensile
strength and was allowed to separate from the pile once it was required to transmit any tensile
stress. The parameters chosen for this analysis were as follows:

Elastic modulus of the soil Es = 2667.0 kN�m2

Undrained shear strength of the soil cu = 7.62 kN�m2

Poisson’s ratio νs = 0.495
Coefficient of earth pressure at rest ko = 1.0
Shear and normal stiffness of the interface element ks and kn = 1570.0 kN�m2�m

FIGURE 4.38 p-y curve for a pile.
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Pile adhesion ratio f c = ca �cu = 1.0
Width of the pile w = 0.5 m

The normalized ultimate soil resistance pu �cu was found to be equal to 11.7, which agreed
well with the analytical predictions, although separation was not permitted in the analytical
study. This verified the proposed method and generated confidence for the analysis of pile
groups. The deformed mesh at failure clearly depicted the development of slip between the soil
and the sides of the pile. When the pile displaced forward, the neighboring soil was found to
move around the pile from the front toward the back. The displacement of the soil was found
to decrease with increasing distance away from the pile. A parametric study was carried out to
understand the influence of the elastic modulus of the soil, elastic stiffness of the interface, and
pile adhesion on the normalized ultimate soil resistance. The elastic modulus of the soil was
found to have an insignificant effect on the value of the ultimate soil resistance pu , although
there was a tendency for pu to be slightly higher for stiffer soils. The elastic stiffness of the
interface element was found to have a significant bearing on the ultimate soil resistance. The
normalized ultimate soil resistance was found to increase with the increase in stiffness. This
increase was found to be around 33%, which corresponds to an increase in stiffness of the
interface element from 157 to 15,700 kN�m2�m. The effect of pile adhesion was accounted for
in the form of the ratio f c (= ca �cu ). The ultimate soil resistance was found to reduce
significantly (about 24–25%) as the ratio f c tends to zero (i.e., for a perfectly smooth pile).
However, little reduction (about 6%) was observed for a pile of intermediate roughness. It was
concluded from this parametric study that for a rigid pile in a purely cohesive soil, the ultimate
soil resistance is governed primarily by the properties of the interface between the soil and the
pile and pile adhesion.

The analysis was further extended to pile groups, and four cases were considered, as listed
in Table 4.6. In each case, it was assumed that the piles were connected by a rigid cap and were
sufficiently rigid to displace equally at all levels. The p-y curves for the pile group were
obtained in a manner similar to that for a single pile. It was concluded from the analysis of
these four cases that no significant group effect on piles within a group needs to be considered
when piles are in one row (either infinitely long or a row of limited length). However, a
substantial group effect was noticed when piles were in parallel rows, resulting in a major
reduction in the ultimate lateral resistance of all piles in the group.

The viscoelastic behavior of the neighboring soil becomes an important aspect for many
soft clays when analyzing a pile and a pile group, and its effect therefore should be accounted
for in the analysis. Many studies have been conducted on this aspect; one of the most recent
studies is by Guo (2000), who presented closed-form solutions for the radial consolidation of
soil around a driven pile, assuming that the soil skeleton deforms viscoelastically. To predict

TABLE 4.6 Configurations of a Pile Group (Chen and Poulos 1993)

Case a An infinitely long row of piles (different spacings were considered)
Case b Two infinitely long rows of piles (Sh �w = Sv �w = 3; Sh �w = 6, Sv �w = 3; Sh �w = 3, Sv �w = 6)
Case c A three-pile group (different spacings were considered)
Case d A 3 × 2 pile group

Note : Sh = spacing of piles in the direction perpendicular to the direction of loading; Sv = spacing of piles in
the direction parallel to the direction of loading; w = width of pile.
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the load-settlement response, variation of pile-soil stiffness with dissipation of pore pressure
must be quantified. For this purpose, logarithmic variation of the initial pore pressure with
radius was assumed. This initial pore pressure was generated due to the expansion of a
cylindrical cavity in an ideal elastic–perfectly plastic soil. In the process of reconsolidation, the
soil was assumed to be a viscoelastic medium and was described by a model as depicted in
Figure 4.4 (Merchant 1939). Volumetric strain was first generated and expressed as the sole
variable of excess pore water pressure for a plane strain condition. Governing equations were
established for radial consolidation of a viscoelastic medium, and a general solution was
obtained by employing logarithmic variation of initial pore pressure for radial consolidation.
It was concluded that a viscoelastic solution can be obtained from the available elastic solutions
using the principle of correspondence. The viscosity of a soil was found to significantly
increase consolidation time and therefore pile-head settlement. However, a negligible effect on
soil strength or pile capacity was observed. The overall pile response measured from three case
studies was used to back analyze the time-dependent variation of shear modulus and strength.
This study showed that the variation in the normalized soil-pile interaction stiffness (shear
modulus of the soil) due to reconsolidation is consistent with the variation in pore pressure
dissipation on the pile-soil interface and the increase in soil strength. Therefore, radial consoli-
dation theory was found to be quite accurate for predicting the time-dependent properties
following pile installation.
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5.1 Introduction

The load on any structure, irrespective of its size, shape, type, and function, has to be
transferred to soil or rock unless the structure is floating in space or water. The structural
element that transfers a structural load to the ground is called a foundation. For any project
that requires foundation design and construction, the first and obvious question to be an-
swered is whether a shallow or a deep foundation is needed. As the names suggest, a founda-
tion that transfers the structural load to the ground at a shallow depth is called a shallow
foundation, and a foundation that transfers the load at deeper depths is called a deep founda-
tion. Selection of the type of foundation generally is based on many factors, including but not
limited to the magnitude and type of the design load, strength and compressibility of site soils,
project performance criteria, availability of foundation construction materials, and founda-
tion cost.

Design and construction of shallow foundations generally are cheaper as long as antici-
pated settlements are within the acceptable limits and the stresses in the soil mass are less than
the soil strength. Therefore, on many projects, if the soil strength and structural load combi-
nation is such that shallow foundations bearing on the existing soils are not practical, ground
improvements in conjunction with shallow foundations are evaluated before selecting a deep
foundation system. The engineer also should understand that use of deep foundations is not
a panacea for all subsurface conditions. There are many subsurface conditions where construc-
tion of pile foundations is impractical and cost prohibitive. Some of the most common
practical situations where use of deep foundations may be more economical or may be
required are

1. Heavy column loads (vertical, uplift, or horizontal) and moments
2. Soft soil or unsuitable fill near the ground surface
3. Expansive (or collapsible) soils near the ground surface
4. Foundations for offshore towers, transmission towers, etc.
5. Foundations for structures where there is significant erosion or scour potential

Sometimes deep foundations also are used to stabilize slopes and site soils. Deep founda-
tions used for these purposes generally experience limited vertical loads but may be subjected
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to significant lateral loads. Discussion of the design, construction, and testing of these types of
deep foundations is beyond the scope of this chapter.

5.2 Foundation Support Cost Index

Economic evaluation of the potential foundation types suitable for a particular project is an
essential part of any foundation design and construction project. For subsurface conditions at
a particular site, several foundation alternatives may satisfy project requirements; however,
only one foundation type may be the most economical. One of the ways various foundation
alternatives can be compared is by the foundation support cost (FSC) index, which is defined
as the ratio of the total cost of an installed foundation alternative to the allowable load it is
designed to support:

FSC index
Total cost of installed foundation alternative

Allowable load supported by the foundation alternative
   

     

      

= (5.1)

It is important to note that the total foundation cost must include all costs associated with the
foundation design, construction, and testing (e.g., need for excavation and retention system,
any environmental restrictions, type and cost of foundation testing program, need for and type
and size of pile cap, need for and cost of predrilling, etc.).

Komurka (2004) has provided a detailed study that describes the use of the FSC concept.
For large projects, it is highly recommended that the FSC index for various foundation
alternatives be calculated to select a particular type of foundation system. Within a particular
type of foundation alternative (e.g., pile foundation alternative), the FSC index can be devel-
oped for various types and sizes of piles in order to select the most economical.

With the development of new pile design and testing methods and new equipment for
installation of piles, great opportunities are now available for optimizing pile sizes and types,
which in turn would result in installation of efficient and cost-effective pile foundation systems
without compromising safety or service life of the project. Table 5.1 provides cost-saving
recommendations for pile foundation systems.

5.3 Types of Deep Foundations

Many different types of deep foundations are available. However, deep foundations can be
broadly divided into the categories shown in Figure 5.1. Selection of a particular type of deep
foundation is based on many factors, but constructability and cost normally control selection
of a deep foundation. Basic technical information about commonly used piles is presented in
Table 5.2.

5.3.1 Classification of Pile Foundations

Based on various variables, deep foundations can be classified as listed in Table 5.3. Figures
5.2–5.6 are photographs of various types of piles. Figure 5.7 shows a steel casing for construc-
tion of drilled shafts, and Figure 5.8 shows construction of a geopier.
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FIGURE 5.1 Flowchart showing various types of deep foundations.

5.4 Allowable Stress and Load and Resistance Factor
Design of Deep Foundations

Allowable stress design (ASD) of pile foundations has been in use in geotechnical engineering
practice for over a century. It is based on the simple concept that the allowable load (Qall) that
can be transferred to a pile is equal to the ultimate load (Qult) divided by a factor of safety
(FS):

Q
Q

all
ult

  

FS
= (5.2)

The ultimate load may be envisioned as the load that will cause failure (yield) stresses in either
the pile material or the surrounding soils without considering deformations in the pile
material or settlements in the surrounding soil. The factors of safety generally used range
between 2 and 3.5, depending primarily on reliability of the design method and construction
control method.
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The load and resistance factor design (LRFD) approach currently is being used worldwide
in structural design practice, whereas use of LRFD in geotechnical engineering practice is still
limited. However, use of LRFD in foundation design is being adopted at a very rapid pace. In
October 2007, the Federal Highway Administration decided to use the LRFD approach to
designing foundations for any bridge design that it supports financially. For any engineer
involved in the design of pile foundations, it is extremely important to understand the LRFD
methodology. Misinterpretation or incorrect application of the LRFD procedure can result in
unsafe or impractical design. Equation 5.3 forms the basis of the LRFD methodology:

   γ φi i nQ R≤∑ (5.3)

On the left-hand side of the above equation, Qi refers to the effect of all loads or forces and
γi is the load factor (multiplier) which accounts for the variability of loads, lack of accuracy in
the analysis, and the probability of the simultaneous occurrence of different loads (AASHTO
2007). Subscript i refers to the force type (e.g., dead load, live load, snow load, and so on). The
left-hand side of Equation 5.3 also is referred to as factored load. On the right-hand side of
Equation 5.3, Rn refers to nominal resistance, which is the maximum resistance available, and
φ is a resistance factor (multiplier) which accounts for variability in material properties,
structural dimensions, and workmanship and uncertainty in the prediction of resistance
(AASHTO 2007). The right-hand side of Equation 5.3 also is referred to as factored resistance
(Rr); that is, φRn = Rr .

The primary difference between the ASD and LRFD methodologies is the way of account-
ing for uncertainties. In the ASD method, uncertainties are blended into a single factor of
safety, whereas in the LRFD method, uncertainties are assigned to load and resistance sepa-
rately. In order to compare the LRFD method with the ASD method, the LRFD load and
resistance factors can be viewed as partial factors of safety and the combined effect of load and
resistance factors is similar to the effect of the factor of safety in the ASD method. Comparison
of Equations 5.2 and 5.3 suggests that the factor of safety is equivalent to the ratio of the load
factor to the resistance factor.

Take a closer look at Equation 5.3. In order to account for the variability of loads, lack of
accuracy in analysis, and probability of the simultaneous occurrence of different loads, it
makes sense to increase the calculated loads. Therefore, for most design conditions (except
when the load effects tend to resist failure), the load factor γ i is equal to or greater than 1.0.
On the other hand, in order to account for variability in material properties, structural
dimensions, and workmanship and uncertainty in the prediction of resistance, it makes sense
to reduce the calculated maximum resistance. Therefore, for most design conditions, the
resistance factor φ is less than or equal to 1.0. Table 5.4 presents some commonly used load
and resistance factors from AASHTO (2007).

Assuming that each soil layer has fairly uniform soil properties and the soil properties are
known with reasonable accuracy, calculation of ultimate load Qult that a pile can resist (ASD
method) and the nominal resistance Rn of a pile (LRFD method) is essentially the same, and
the same basic equations are used to calculate Qult or Rn . When soil properties measured or
estimated show some scatter, mean soil properties are used with the LRFD method.

Although calculations for estimating Qult and Rn are the same, it is extremely important
for structural and geotechnical engineers to communicate clearly whether the structure under
consideration is being designed using the ASD or LRFD method. Otherwise, the recom-
mended capacities may either have too small a factor of safety or too great a factor of safety.
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Timber piles 12- to 20-in. (300- to 500-mm) 15–120 ft 20–100 kips
butt diameter (5–35 m) (100–500 kN)
5- to 10-in. (120- to 230-mm)
toe diameter

Steel H-piles Various sections ranging from 15–150 ft 125–550 kips
HP 8 × 36 (HP 200 × 53) (5–45 m) (600–2500 kN)
through HP 14 × 117
(HP 360 × 174)

Steel pipe piles 8–48 in. (200–1200 mm) 15–150 ft 125–550 kips
(open or Larger sections also are (5–45 m) (600–2500 kN)
closed end) available Capacities above 3000 kips

(13,000 kN) could be
obtained with steel H-pile
and concrete as core)

Precast 10–36 in. (250–900 mm) 30–50 ft 90–225 kips
concrete piles square (10–15 m) (400–1000 kN)

10–24 in. (250–600 mm)
circular

Prestressed 10–36 in. (250–900 mm) 50–150 ft 90–1000 kips
concrete square (15–45 m) (400–4500 kN)

10–24 in. (250–600 mm)
circular

Auger-cast 16- to 30-in. (400- to 760-mm) 15–100 ft 60–200 kips
or continuous- diameter (5–30 m) (250–875 kN)
flight auger
piles

Micropiles 4- to 8-in. (100- to 200-mm) 40–100 ft 70–250 kips
diameter (12–25 m) (300–1100 kN)

Generally installed in 5-ft
sections

TABLE 5.2 Technical Information about Commonly Used Piles

Pile Type Typical Cross Section Typical Lengths Typical Axial Loads
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Low initial cost, easy to handle, re-
sistance to decay if fully submerged

Easy to handle, relatively high ca-
pacity, easy to splice, can penetrate
through stiff soils and light ob-
structions, also can penetrate
through soft rock or weathered
rock with toe protection, small soil
displacement

Easy to handle, relatively high ca-
pacity, easy to splice, open-end piles
can penetrate through stiff soils and
light obstructions, open-end pipes
with cutting shoe also can penetrate
through soft rock or weathered
rock, small soil displacement with
open-end pipes, closed-end pipes
are easy to inspect and clean after
installation

Resistance to corrosion, easy to
manufacture

Resistance to corrosion, easy to
manufacture, relatively high load
capacity

Minimum vibrations during in-
stallation, cost effective, high skin
resistance

Installation under low headroom
and limited access conditions, low
vibrations and noise, small amount
of soil, suitable for installation in
soils that contain boulders

Prone to damage due to driving
stresses, difficult to splice, prone to
decay if not completely submerged

Possibility of damage during driv-
ing due to hard major obstructions
such as boulders, vulnerable to
corrosion

Possibility of damage during driv-
ing due to hard major obstructions
such as boulders, vulnerable to cor-
rosion, large ground vibrations
when installed closed ended

Possibility of damage during trans-
portation and installation, difficult
to splice, low lateral and uplift load
capacity, large ground vibrations
during driving

Possibility of damage during trans-
portation and installation, difficult
to splice, low lateral and uplift load
capacity, large ground vibrations
during driving

Need for significant quality con-
trol, needs extensive subsurface ex-
ploration, no indirect correlations
to estimate capacity based on mea-
surements during installation, dif-
ficult to install reinforcing cage

Must be used in groups, relatively
expansive

Displacement pile, good
for granular material

Good end-bearing pile,
low-displacement pile, in-
crease the pile size or re-
duce the allowable load if
installation is in a corro-
sive environment

Displacement pile if in-
stalled closed ended, high
bending resistance

High-displacement pile
suitable for granular soils,
possibility of significant
tensile stress during driv-
ing to rock

High-displacement pile
suitable for granular soils,
possibility of significant
tensile stress during driv-
ing to rock

Techniques are available to
verify workmanship, exces-
sive auger cuttings, not
suitable for highly com-
pressible material such as
peat

Suitable for foundation un-
derpinning, suitable for
most subsurface conditions

TABLE 5.2 Technical Information about Commonly Used Piles (continued)

Advantages Disadvantages Remarks
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TABLE 5.3 Classification of Pile Foundations

Basis of Classification Classification

Pile material Precast reinforced concrete, prestressed concrete, steel, tim-
ber, composite, gravel, or stone

Method of installation Driven, cast-in-place, bored, jetted

Load transfer mechanism End bearing, friction piles, combination of end-bearing
and friction piles

Soil displacement during pile installation Nondisplacement, low or partial displacement, high or full
displacement

Mode of loading Axially loaded, transverse or laterally loaded, moment
resisting

Shape Square (solid or hollow), octagonal (solid or hollow), cir-
cular (solid or hollow), fluted, H, pipe, others

FIGURE 5.2 Stack of steel micropiles.

FIGURE 5.3 Closed end of a steel pipe pile.
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FIGURE 5.4 Stack of steel H-piles.

FIGURE 5.5 Reinforced concrete fluted piles.

FIGURE 5.6 Reinforced concrete square and circular piles.
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FIGURE 5.7 Steel casing for construction of drilled shafts.

FIGURE 5.8 Construction of a geopier.

5.5 Axial Capacity of Piles in Compression

Axial capacity of piles primarily depends on how and where the applied loads are transferred
into the ground. Based on the location of the load transfer in deep foundations, they can be
classified as follows:

1. End- or point-bearing piles —The load is primarily distributed at the tip or base of the
pile.

2. Frictional piles —The load is distributed primarily along the length of the pile through
friction between the pile material and the surrounding soil.

3. Combination of friction and end bearing —The load is distributed both through friction
along the length of the pile and at the tip or base of the pile.

Figure 5.9 shows types of deep foundations based on the location of load transfer.
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In general, the ultimate load-carrying capacity of a pile or shaft can be calculated as

Q R Rs pult    = + (5.4)

where Rs = load resisted due to friction and Rp = load resisted at the pile tip or point.

5.5.1 Load Transfer Mechanism in Pile Foundations

As discussed above, any load applied to a pile is resisted by the skin resistance and the resistance
at the tip of the pile. In order to understand the load transfer mechanism, refer to Figure 5.10.
Consider that a pile is installed at a site, and the pile is capable of transferring load through skin

TABLE 5.4 Commonly Used Load and Resistance Factors (AASHTO
2007)

Load factors
For permanent structures Dead load 1.25–1.50

Live load 1.30–1.75
Seismic 1.0

Resistance factors for single-pile foundations
Axial compression Clay and mixed soils

α-Method 0.35
β-Method 0.25
λ-Method 0.40

Sand
Nordlund method 0.45
Meyerhof method 0.35

End bearing on rock 0.45

Uplift resistance Nordlund method
α-Method 0.35
β-Method 0.25
λ-Method 0.40

Meyerhof method 0.25
Load test 0.60

FIGURE 5.9 Types of deep foundations based on the location of load transfer.
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friction and point. Also assume that when load is applied at the top of the pile, we have a
mechanism of measuring the magnitude of the load that is transferred through skin friction
and point separately.

If a very small amount of load (say Q1) is applied at the top of the pile, all of the load may
be resisted by the skin friction near the top of the pile, and the tip of the pile may not experience
the application of load Q1. At this stage, total load resisted by the pile can be calculated as:

Q Rs1 1
  =

If the load is gradually increased, skin friction along more and more of the length of the
pile would resist the load, and a stage will come when the tip of the pile also will start
contributing to resisting the applied load. This is shown by the curve for load Q4 in Figure 5.10.
At this stage, total load resisted by the pile can be calculated as

Q R Rs p4 4 4
    = +

where Rs4
 = magnitude of the load resisted by the skin friction and Rp4

 = magnitude of the load
resisted by the pile tip.

If the load on the pile is increased further, the magnitude of the load resisted by skin
friction and point would increase, and a stage will come when all the skin resistance is
mobilized (i.e., the skin resistance reaches its maximum value). In other words, any additional
load on the pile will be resisted by the pile tip. This stage is shown by the curve for load Q5 in
Figure 5.10. At this stage, total load resisted by the pile can be calculated as

Q R Rs p5 5 5
    = +

FIGURE 5.10 Load transfer mechanism in deep foundations.
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where Rs 5
 = maximum skin friction capacity of the pile and Rp 5

 = magnitude of the load
resisted by the pile tip.

Further increase in the applied load will be resisted by the pile tip; that is, there will be no
increase in the skin resistance since it has reached its maximum value. Ultimately, a stage will
come when the point resistance also reaches its maximum value. The total load at this stage
has fully mobilized its skin friction and point capacity, which means any further increase in the
load will cause pile failure. This stage is shown by the curve for load Qu in Figure 5.10. At this
stage, total load resisted by the pile can be calculated as:

Q R Ru s p    = +

The above equation is the same as Equation 5.4. Note that Rs is the same as Rs 5
.

5.5.2 Pile Settlement and Resistance Mobilization

It is very important to understand that movements required to completely mobilize Rs and Rp

are significantly different. Therefore, Equation 5.4 should be used with great care. Calculation
of Rs and Rp should be consistent with the amount of deformation required to mobilize them,
which in turn depends on the amount of maximum acceptable settlement in the pile or shaft:

Movement required to mobilize Rs ≈ 0.2–0.3 in., irrespective of the pile diameter or
length

Movement required to mobilize Rp ≈ 10–25% of the pile diameter or width (10% for
driven piles and 25% for drilled piles)

For a 15-in.-diameter driven pile, the approximate amount of movement (or settlement)
required to mobilize Rp is 10% of 15 in. (i.e., 1.5 in.). Now, if 1.5 in. of settlement in the pile
foundation is acceptable, the load-carrying capacity of the pile can be calculated by adding Rs

and Rp according to Equation 5.4, because this movement is large enough to fully mobilize
both the skin resistance and point resistance. However, if settlement of 1.5 in. is not acceptable,
Rp would not be fully mobilized and the point capacity available would be less than Rp . In
other words, if only ½  in. of settlement is acceptable, full skin resistance Rs would be available
since it would be fully mobilized; however, full point capacity Rp would not be available
because ½  in. of movement is not sufficient for the full point capacity to be mobilized.
Therefore, the smaller value of Rp , consistent with the amount of expected settlement, should
be used. It is important to note that Qult (or Rn for the LRFD method) is based on limiting
strength without considering the amount of deformation or settlement. Therefore, Qult is
calculated by first calculating Rs and Rp separately, assuming that the movement is significant
enough to mobilize both Rs and Rp, and then adding Rs and Rp.

5.6 Ultimate Static Capacity of Single Piles
in Cohesionless Soils

Over the years, many methods have been developed to estimate the ultimate load-carrying
capacity of single piles. It is very important for designers to understand the applicability of a
particular method to the project being designed and assumptions and limitations of the
method being used. Only selected methods are discussed in this chapter.
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5.6.1 Point Capacity

From the design of shallow foundations, the ultimate bearing capacity of shallow foundations
can be calculated as

q cN F q N F BN Fu c c q q      = + ′ + ½γ γ γ (5.5)

where the F factors depend on the shape and depth of the foundation.
If we incorporate the effect of shape and depth in determination of the N factors, the

equation for bearing capacity of shallow foundations may be modified for deep foundations
as:

q cN q N BNu c q      *= + ′ +* *½γ γ (5.6)

For deep foundations, the third term in the above equation generally is small because of the
small diameter or width of the piles. Therefore, for deep foundations, the equation to calculate
ultimate bearing pressure at the tip or point of the pile can be reduced to Equation 5.7:

q q cN q Nu p c q  or      = + ′* * (5.7)

The capacity of deep foundations generally is expressed in terms of load they can carry.
Therefore, the above equation can be modified to obtain the point capacity by multiplying the
pressure by the point area of the pile:

R q A A cN q Np u p p c q        = ⇒ × + ′( * *) (5.8)

where Rp = point capacity of the pile, Ap = point or tip area of the pile (refer to Section 5.12
for additional discussion), q ′ = effective overburden pressure, c = soil cohesion near the pile
tip, and N *

c and N *
q = bearing capacity factors for deep foundations which are related to the

length and diameter of piles and the angle of internal friction of soils.
Bearing capacity factor N *

c is commonly taken as 9. Several recommendations for bearing
capacity factor N *

q are available. Figure 5.11 shows the range of values for N *
q recommended

by various researchers. Note the wide range of recommended values.

5.6.2 Skin Friction Capacity

Frictional capacity of a single pile can be calculated by considering the frictional resistance
between the pile material and the soil surrounding the pile. In order to understand the basic
equation used to calculate the frictional capacity of a pile, let’s first consider a small portion
of the pile ∆L (refer to Figure 5.12).

If p is the perimeter of the pile and f is the unit frictional resistance, then the frictional
capacity offered by a small portion of the pile can be calculated as:

∆ ∆R p Lfs  = (5.9)

The frictional capacity of the entire pile length can then be calculated as:
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R p Lfs   = Σ ∆ (5.10)

Note that the unit frictional resistance will depend on several
factors, including the pile material, cohesion in the soil surround-
ing the pile, and angle of internal friction of the soil surrounding
the pile.

Let’s first review the basic principle of frictional resistance.
Refer to Figure 5.13a, which shows a massless block resting on
another surface. Let’s assume that the friction angle between the
block material and the surface on which the block is resting is
equal to δ. If a pressure σ is applied on the block and horizontal
force P is applied in an attempt to move the block, frictional
resisting force will develop at the contact, as shown in Figure
5.13a. The maximum magnitude of this frictional force (or resis-
tance) can be calculated by:

Fr       Area= × ×µ σ (5.11)

The discussion presented above also is true if the whole setup is turned 90°, as shown in Figure
5.13b.

FIGURE 5.11 Range of theoretical values for N *
q recommended by

various researchers (data from Vesic 1963).
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The basic principle of frictional resistance presented above now can be extended to
estimate the frictional capacity of piles in sand. For the case of a pile embedded in sand, let’s
first estimate the frictional capacity of a small portion of the pile ∆L  at a depth z from the
ground surface. Refer to Figure 5.14. The frictional capacity of the small portion of the pile can
be calculated from

∆ ∆R K q p Ls z                

Area

= × ′ ×
↑

× ×( ) tan

σ

δ

µ
1 24 34 1 24 34

(5.12)

where ∆Rs = frictional capacity offered by pile length ∆L , (q ′ )z = effective vertical pressure
(or overburden pressure) at depth z , K = coefficient to convert vertical pressure to lateral
pressure, p = perimeter of the pile, and δ = frictional angle
between the pile material and soil, generally taken as between
0.5 and 0.8 of the friction angle of soil φ. Note that the format
of Equation 5.12 is the same as that of Equation 5.11. The
term [K × (q ′ )z tan δ] is commonly referred to as unit
frictional resistance. For cohesive soils, the unit friction is
related to cohesion c, as discussed in subsequent sections.

Since the vertical pressure (and, in turn, the horizontal
pressure) will be different at different depths, the skin friction
capacity of the pile can be calculated by dividing the pile into
smaller sections, calculating the capacity of each section using
Equation 5.9, and then taking the sum of the capacity of each
pile section; that is:

R Rs s  = Σ∆ (5.13)

Field studies have shown that the unit frictional resistance of piles embedded in cohesion-
less soils increases with depth. However, beyond a certain depth, the unit frictional resistance
remains more or less constant, as illustrated in Figure 5.15. This depth, beyond which the unit

FIGURE 5.13 Concept of frictional resistance.
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frictional resistance does not increase, is called the critical depth and has been observed to vary
between 15 to 20 times the pile diameter.

A critical look at Equation 5.12 reveals that one of the most important parameters that can
affect the skin friction capacity of piles in cohesionless soils is coefficient K. Several studies
have shown that the value of K varies between 0.5 and 1.5 depending on several factors,
including pile installation technique used, roughness of the pile surface, type of soil, etc.
Although the value of coefficient K varies with depth, it is common practice to consider the
value of K to be constant unless there is a significant change in the type and density of sand.
The value of K is related to Rankine’s coefficient of lateral earth pressure (K0), and the
following vales are commonly used in practice to estimate the skin friction capacity of piles:

K = K0 Bored or jetted piles
K ≅ 1.4K0 Low-displacement driven piles
K ≅ 1.8K0 High-displacement driven piles

where K0 = 1 − sin φ for sands.

5.6.3 Meyerhof Method

The Meyerhof method of estimating single-pile capacity is primarily based on the analyses of
numerous pile load tests in a variety of cohesionless soils. This method is quick and simple for
preliminary estimates of pile capacities based on the results of standard penetration tests
(SPTs). Because of the wide-scale use of SPTs for subsurface exploration, this method is widely
used for preliminary estimates of pile capacities. However, the method should be used with
caution because of the nonreproducibility of SPT N-values.

5.6.3.1 Point Capacity (Meyerhof Method)

Meyerhof (1976) proposed that N *
c and N *

q may be estimated from Figure 5.16. For piles
installed in sand, cohesion c is 0 and Equation 5.8 can be rewritten as:

R q A A q Np u p p q      = ⇒ × ′( *) (5.14)

FIGURE 5.15 Concept of critical depth.
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Equation 5.14 shows that as the length of a pile in sand increases, the point capacity Rp also
increases because the overburden pressure q ′ increases. However, Meyerhof (1976) observed
that point capacity increases with the depth of embedment but reaches a limiting value after
the ratio of the embedment length of the pile Lb in the bearing stratum (the soil stratum in
which the pile tip is located) to the diameter of the pile D reaches a critical value, as illustrated
in Figure 5.17.

FIGURE 5.16 Meyerhof (1976) bearing capacity
factors N *

c and N *
q (adapted from Das 1999).

FIGURE 5.17 Increase in the point capacity with depth of
embedment in the bearing stratum.
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Based on field observations, Meyerhof (1976) suggested that the limiting point capacity
can be calculated as:

( ) ( * tan )

( ) ( * tan )

lim

lim

R A N A

R A N A

p p q p

p p q p

           

           

in lb,  area of  the pile  in ft

in kN,  area of the pile  in m

2

2

= ×

= ×

1000

50

φ

φ
(5.15)

Meyerhof also suggested that for piles embedded at least 10 pile diameters in the sand or
gravel-bearing stratum, the point capacity can be approximated using SPT data as

R A N L
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(5.16)

where Ncor is the average of corrected SPT N-values between 10 pile diameters above and 3
pile diameters below the pile tip. It is recommended that Ncor be taken as (N1)60 (i.e., N-values
corrected for overburden and 60% hammer efficiency).

For open-end piles in cohesionless soils, Tomlinson (1994) recommended that the static
pile capacity be calculated using a limiting value of 105 ksf for the unit toe resistance regardless
of the pile size or soil density because higher toe resistance does not develop due to yielding
of soil plug rather than bearing capacity failure of the soil below the plug (Hannigan et al.
2006).

5.6.3.2 Skin Friction Capacity (Meyerhof Method)

Meyerhof suggested that skin friction capacity of piles embedded in sand or gravel can be
approximated using SPT data as follows.

High-displacement driven piles :

R N pL pL p L

R N pL pL p L

s

s
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cor
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= ≤
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2 100
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(5.17)

Low-displacement driven piles :
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where Ncor is the average of corrected SPT N-values along the embedded length of the pile. It
is typical to divide the soil profile into 10- to 20-ft- (3- to 6-m-) thick sublayers and skin
friction capacity is estimated using Equation 5.17 or 5.18. It is recommended that Ncor be taken
as (N1)60 (i.e., N-values corrected for overburden and 60% hammer efficiency).

5.6.4 Nordlund Method

The Nordlund method is a semiempirical
method which is based on results of several pile
load tests on various pile types (steel H-piles,
timber piles, steel pipe piles, Raymond step-
taper piles, etc.) ranging in size from 10 to 20 in.
(250 to 500 mm) embedded in cohesionless
soils. This method considers the increased skin
friction of tapered piles and includes the effects
of volume of soil displaced and friction angle
between the soils and pile material. Figure 5.18
presents various variables considered by Nord-
lund (1963).

5.6.4.1 Point Capacity (Nordlund
Method)

Nordlund (1963) proposed that the point capacity of a pile (shown in Figure 5.18) can be
estimated by

R q N Ap q p  = ′α * (5.19)

where α = a dimensionless factor that depends on the friction angle of the soil and L �D ratio
of the pile, N *

q = a bearing capacity factor, q ′ = effective overburden pressure at the pile base
not to exceed 3 ksf (150 kPa), and Ap = cross-sectional area of the pile base. Factors α and N *

q

can be obtained from Figures 5.19 and 5.20, respectively.

5.6.4.2 Skin Friction Capacity (Nordlund Method)

Nordlund proposed that the ultimate skin friction capacity of a pile (shown in Figure 5.18) can
be calculated by

R K C q D Ls F z

z

z L

z        = ′
+

=

=

∑ δ
δ ω

ω
( )

sin( )

cos
0

∆ (5.20)

where α = friction angle between the soil and pile material, φ = friction angle of the soil, ω =
pile taper angle with vertical, z = depth from the ground line, L = length of the pile, ∆L = pile
length increment, Dz = pile diameter at depth z , Kδ = coefficient of lateral earth pressure at
depth z (at the center of the pile length increment) based on the angle of pile taper and

FIGURE 5.18 Variables considered by Nord-
lund (1963).
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displaced volume V, CF = correction factor for Kδ when δ ≠ φ, and (q ′ )z = effective
overburden pressure at depth z .

In order to estimate the skin friction capacity of piles, the displaced volume of soil is
calculated using Figure 5.21, which presents the relationship between δ�φ and the volume of
soil displaced for various types of piles proposed by Nordlund (1979). The coefficient of lateral
earth pressure Kδ is then obtained from Figures 5.22–5.25 based on the pile taper angle and
displaced volume of soil. A correction factor CF is estimated using Figure 5.26 based on the
frictional angle of the soil and δ�φ.

5.6.5 Effective Stress Method

The effective stress method can be used to estimate capacities of piles installed in cohesion-
less, cohesive, or layered soils. Effective stress soil parameters are used to calculate the pile
capacities.

FIGURE 5.19 Dimensionless factor α for Nordlund
method (adapted from Hannigan et al. 2006).

FIGURE 5.20 Bearing capacity factor N *
q for Nordlund

method (adapted from Hannigan et al. 2006).
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FIGURE 5.22 Design curves for estimating Kδ by
Nordlund method where φ = 25° (adapted from
Hannigan et al. 2006).

FIGURE 5.23 Design curves for estimating Kδ by
Nordlund method where φ = 30° (adapted from
Hannigan et al. 2006).

5.6.5.1 Point Capacity (Effective Stress Method)

Fellenius (1991) suggested that the point capacity of single piles installed in cohesionless or
cohesive soils using effective stress soil parameters can be estimated by

R A q Np p t    = × ′( ) (5.21)

FIGURE 5.21 Displaced volume of soil for Nordlund method: (a)
closed-end pipe and nontapered portion of monotube piles, (b) timber
piles, (c) precast concrete piles, (d) Raymond step-taper piles, (e)
Raymond uniform-taper piles, (f) H-piles, and (g) tapered portion of
monotube piles (adapted from Hannigan et al. 2006).
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FIGURE 5.24 Design curves for estimating Kδ by
Nordlund method where φ = 35° (adapted from
Hannigan et al. 2006).

FIGURE 5.25 Design curves for estimating Kδ by
Nordlund method where φ = 40° (adapted from
Hannigan et al. 2006).

FIGURE 5.26 Correction factor CF for Nordlund method
(adapted from Hannigan et al. 2006).

where q ′ = effective overburden pressure at the pile tip and Nt = bearing capacity coefficient.
Note that the format of Equation 5.21 is the same as Equation 5.14. Recommended values of
Nt are given in Table 5.5 and Figure 5.27. For piles tips installed in clay, Fellenius (1991)
recommends an Nt of 3.

5.6.5.2 Skin Friction Capacity (Effective Stress Method)

Fellenius (1991) suggested that the skin friction capacity of single piles installed in cohesionless
or cohesive soils using effective stress soil parameters can be estimated by
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R p L qs z          = × × × ′∑ ∆ β ( ) (5.22)

where (q ′)z = effective overburden pressure at the center of depth increment and β = Bjerrum-
Burland beta coefficient. Note that the format of Equation 5.22 is the same as Equation 5.12
if β = K tan φ. Recommended values of β are presented in Table 5.6 and Figure 5.28.
Alternatively, β can be estimated as β = K tan φ.

5.7 Ultimate Static Capacity of Single Piles
in Cohesive Soils

5.7.1 Point Capacity of Piles in Clay

As discussed earlier, the general equation to estimate point capacity of piles bearing on soil
is

FIGURE 5.27 Nt vs. effective soil friction angle φ for effective
stress method (based on Fellenius 1991; adapted from Hannigan et
al. 2006).

TABLE 5.5 Recommended Range of Nt

Soil Type Effective Soil Friction Angle (φ) Bearing Capacity Coefficient (Nt )

Clay 25–30 3–30
Silt 28–34 20–40
Sand 32–40 30–150
Gravel 35–45 60–300

Based on Fellenius (1991); adapted from Hannigan et al. (2006).

 

φ′  (degrees)

T
oe

-b
ea

rin
g 

ca
pa

ci
ty

 c
oe

ffi
ci

en
t, 

N
t

20 25 30 35 40 45 50
2

3
4
5

10

20

30
40
50

400
300

200

100

Clay
Silt
Sand
GravelClay

Silt

Sand

Gravel

J. Ross Publishing; All Rights Reserved



Design of Pile Foundations 5-27

FIGURE 5.28 β vs. effective soil friction angle φ for effective stress method
(based on Fellenius 1991; adapted from Hannigan et al. 2006).

TABLE 5.6 Recommended Range of β

Soil Type Effective Soil Friction Angle (φ) Beta Coefficient (β)

Clay 25–30 0.23–0.40
Silt 28–34 0.27–0.50
Sand 32–40 0.30–0.60
Gravel 35–45 0.35–0.80

Based on Fellenius (1991); adapted from Hannigan et al. (2006).

R q A A c N q Np u p p c q        = ⇒ × + ′( * *)

which is the same as Equation 5.18.
For clays under undrained condition, the angle of internal friction of soil φ is zero. For φ

= 0, N *
q from Figure 5.16 is equal to 1.0, which makes the second term q  (i.e., γz). This is the

weight of overburden, which generally is assumed to be balanced by the weight of the pile, and
therefore this term is neglected. The bearing capacity factor N *

c is taken as 9 for φ = 0.
Therefore, the point capacity of piles embedded in clay can be calculated from Equation 5.23:

R A c c Ap p p          = × × ⇒ ×( )9 9 (5.23)

5.7.2 Frictional Capacity of Piles in Clay

The basic equation for estimating the skin friction capacity of piles (Equation 5.10) is appli-
cable to piles embedded in both sand and clays. However, determination of the unit friction
factor f is significantly different from that presented for sands:

R p Lfs   = Σ ∆

Although several methods of estimating the unit frictional resistance are available in the
literature, the three most commonly used methods are
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1. λ-method
2. α-method
3. β-method (effective stress method)

5.7.2.1 �-Method

Based on the results of pile load tests, Vijayvergiya and Focht (1972) proposed a method to
estimate the skin friction capacity of piles embedded in overconsolidated clays. This method
is commonly known as the λ-method. According to this method, the skin friction capacity of
piles in clays can be estimated by

R p L cs u        = × × ′ +λ σ( )0 2 (5.24)

where p = perimeter of the pile, L = length of the pile, λ = a coefficient that is based on the
embedment length of the pile and can be obtained from Figure 5.29 (note that the embedment
length is in meters), σ′0 = mean effective vertical stress, and Cu = mean undrained shear
strength.

For a layered soil profile, the mean values of undrained shear strength cu and effective
vertical stress σ′0 can be calculated from Equations 5.25 and 5.26, respectively:

FIGURE 5.29 Relationship between pile embedment
length and λ (data from Vijayvergiya and Focht 1972).
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FIGURE 5.30 Explanation of variables for λ-method.
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The variables used in the above equations are explained in Figure 5.30. Note that only one
value of λ based on the pile embedment length is used in Equation 5.24.

5.7.2.2 �-Method

According to the α-method, the skin friction capacity of a portion of a pile ∆L  at a depth z can
be calculated using

∆ ∆R p L cs u        = × × ×α (5.27)

where cu = undrained cohesion of the soil at a depth z and α = an empirical adhesion factor.
The adhesion factor α may be estimated from Figure 5.31. The skin friction capacity of the

entire pile can be calculated by summing the capacities of various portions of the pile using
Equation 5.28:

R p L cs u         = × × ×∑ ∆ α (5.28)

It is important to note that the value of α depends on many factors, including strength of the
clay, pile dimensions, roughness of the pile, method of pile installation used, and time after

Effective vertical pressure  

L1

L2

L3

Cu1    
γ ′1

Cu 2    
γ ′2

Cu 3    
γ ′3

A1 = Area of this portion of 
        the pressure diagram  

A2 = Area of this portion of 
        the pressure diagram   

A3 = Area of this portion of 
  the pressure diagram  

γ ′1 × L1

γ ′1 × L1 + γ ′2 × L2

γ ′1 × L1 + γ ′2 × L2 + γ ′3 × L3

J. Ross Publishing; All Rights Reserved



5-30 Geotechnical Engineering Handbook

installation. Figure 5.31 shows that the adhesion factor decreases sharply with the unconfined
compression strength of the clay. Tomlinson (1980) presented the variation in pile adhesion
(αcu) with the undrained shear strength of clay as shown in Figure 5.32.

5.7.2.3 �-Method (Effective Stress Method)

Unlike the λ-method and the α-method, which are based on undrained parameters, the β-
method is based on the effective stress or drained soil parameters. This method was proposed
by Burland (1973) and makes the following assumptions:

1. The effective or drained cohesion adjacent to the pile is zero.
2. The effective horizontal pressure on the pile surface after installation of the pile is

approximately equal to the pressure before pile installation (i.e., lateral earth pressure
coefficient is approximately equal to K0).

3. The excess pore water pressure generated due to pile installation near the pile surface
dissipates during the period between pile driving and loading.

The procedure to estimate skin friction capacity of piles in clay is the same as presented
earlier in Section 5.6.5.2). By making the above assumption, the skin friction capacity of a
portion of a pile ∆L at a depth z can be calculated using the following equation (which is the
same as Equation 5.22):

R p L qs z         = × × × ′∑ ∆ β ( )

FIGURE 5.31 Relationship between α and cu

(adapted from Das 1999).
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FIGURE 5.32 Pile adhesion in clays (based on Tomlinson 1980; adapted
from Hannigan et al. 2006).

Recommended values of β are given in Table 5.6 and Figure 5.28. Alternatively, β can be
estimated as β = K tan φ, where φ = drained friction angle of remolded clay near the pile surface
and K = coefficient of lateral earth pressure, which can be estimated as K = 1 − sin φ for
normally consolidated clays and K = (1 − sin φ) × overconsolidation ratio for overconsoli-
dated clays.

5.8 Design Capacity of Single Piles

In accordance with allowable stress design, it is common practice to calculate the design
capacity (allowable capacity) of a single pile by applying a factor of safety to the ultimate static
load determined as per Sections 5.6 and 5.7. The purpose of the factor of safety is to
incorporate the effects of various factors including but not limited to variability of the soil
and rock, lack of confidence in developing input parameters such as soil and rock properties,
construction control during pile installation, and limitations of the method used for estimat-
ing ultimate pile capacity. In general, a factor of safety between 2 and 4 is used, depending
on the level of confidence in these factors. Design and allowable capacity of piles can be
calculated by:

Q
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= (5.29)

Confidence in factors related to soil and rock profile and properties can be enhanced by
implementing quality subsurface exploration and field and laboratory testing programs.
Therefore, it makes sense to relate the factor of safety to the level of confidence in pile
installation and testing. Hannigan et al. (2006) recommended the factors of safety in Table
5.7, which are based on the construction control method selected and associated level of field
observations.
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Note that the recommended factor of safety when static load tests are planned is almost half
of that recommended for use with the Gates dynamic formula. More detailed field observation
and a testing program result in higher confidence and hence a lower factor of safety (i.e., higher
pile capacity). Therefore, the design engineer must consider the advantages and disadvantages
of using a particular design and construction control method and the impacts on the project
cost.

5.9 Effect of Pile Driving on Pile Capacity

Method of installation of piles and soil type have a significant effect on the long-term capacity
of piles. Pile driving can cause substantial disturbance and remolding of soils around a pile. In
addition, substantial change in pore water pressure occurs in soils around the pile. Based on
field measurements, Poulos and Davis (1980) presented results which show that the pore water
pressure near a pile can be as high as two times the effective overburden pressure but drop
sharply within a distance of 5–7.5 pile diameters.

In cohesionless soils, driving of displacement piles also can cause a significant increase in
the relative density of loose and medium-dense sand. The zone of densification may extend 3–
5 pile diameters around a pile, as shown in Figure 5.33a. Densification of cohesionless soils

FIGURE 5.33 Typical zone of densification�remolding around a pile: (a) cohesionless soils and
(b) cohesive soils.

TABLE 5.7 Recommended Factors of Safety Based on the Construction Control
Method Selected (Hannigan et al. 2006)

Construction Control Method Factor of Safety

Static load test (ASTM D-1143) with wave equation analysis 2.00
Dynamic testing (ASTM D-4945) with wave equation analysis 2.25
Indicator piles with wave equation analysis 2.50
Wave equation analysis 2.75
Gates dynamic formula 3.50
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may cause a drop in the ground around a pile. Since pile capacity depends on the relative
density of the soil around a pile, an increase in the relative density due to pile driving generally
results in an increase in pile capacity. For piles driven into soft or normally consolidated
saturated cohesive soils, remolding of soils occur within a distance of approximately 1 pile
diameter. Radial compression of cohesive soils may cause ground heave, as shown in Figure
5.33b. The soil around the pile goes through a recovery phase after disturbance during pile
driving. The magnitude of recovery and the time it takes to recover cause a change in pile
capacity.

The change in pore water pressure during and after pile driving can significantly affect the
short-term and long-term pile capacities. The time required for a pile to reach its long-term
capacity depends on how fast the excess pore water dissipates. Field measurements have shown
that the capacity of piles driven in saturated clays, silts, and fine sands increases with time after
their installation. This increase in pile capacity is caused by a phenomenon known as soil setup.
On the other hand, the capacity of piles driven into dense saturated sands may decrease with
time due to the development of negative pore water pressures during and immediately after
pile driving. This is known as soil relaxation.

Table 5.8 presents the recommended values of the soil setup factor, which is defined as the
ratio of long-term pile capacity divided by the capacity of the pile at the end of driving. A
relaxation factor, which is defined similar to the setup factor, in the range of 0.5–0.9 has been
reported in the literature. If the capacity of a pile driven into soils where soil relaxation is
possible needs to be verified, it is recommended that a static pile load test or a restrike test be
delayed for a week after pile driving.

5.10 Ultimate Load-Carrying Capacity and Resistance
to Driving

The long-term ultimate load-carrying capacity of piles installed in soils depends on the
resistance provided by soils. Therefore, only soil layers that are expected to provide resistance
throughout the life of the project should be considered for determination of ultimate load-
carrying capacity. However, the effects of soil layers present during pile installation should be
considered to determine the resistance to pile driving. As an example, consider the soil profile
shown in Figure 5.34 in which soils to a depth of z have the potential to be scoured. These soils
may not be available to provide resistance throughout the life of the project but will be present
during pile installation. Therefore, the resistance from soils present within the potential scour

TABLE 5.8 Recommended Values of Soil Setup Factor

Soil Type Range of Soil Setup Factor Recommended Soil Setup Factor

Clay 1.2–5.5 2.0
Silt-clay 1.0–2.0 1.0
Silt 1.5–5.0 1.5
Sand-clay 1.0–6.0 1.5
Sand-silt 1.2–2.0 1.2
Fine sand 1.2–2.0 1.2
Sand 0.8–2.0 1.0
Sand-gravel 1.2–2.0 1.0

Based on Rausche et al. (1996); adapted from Hannigan et al. (2006).
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zone should be ignored for determination of long-term ultimate pile load-carrying capacity
but should be included in determining resistance to pile driving.

Similarly, consider the soil profile shown in
Figure 5.35. Due to the new fill, the soft clay
layer has the potential for compression under
the weight of the new fill. Therefore, the soft clay
layer and the layers above should not be in-
cluded in determining the long-term ultimate
pile load-carrying capacity but should be in-
cluded to determine resistance to pile driving. In
fact, the soft clay layers and the layers above it
may impart significant additional load on the
piles due to down-drag forces. This phenom-
enon is commonly known as negative skin fric-
tion. Particular attention should be given to this
phenomenon when interpreting the results of
pile load tests.

5.11 Capacity of Piles Bearing on Rock

If rock is within 150 ft below the ground surface and soils above the rock do not have sufficient
load-carrying capacity, piles are commonly driven or augered to bedrock. Pile foundations
bearing on rock generally are designed to carry large loads. Because of the significant difference
in the stiffness of the bedrock and the overlying soil, only the end-bearing or point capacity
of piles is calculated.

The point capacity of piles bearing on bedrock should be calculated in two steps: (1)
capacity based on the strength of rock and (2) capacity based on the yield strength of the pile
material. The lower value of the capacity calculated from step 1 and step 2 should be selected
as the point capacity of the pile. Unless a pile is bearing on soft rock such as shale or other poor
quality rocks (rock quality designation less than 50), the capacity calculated from the strength

FIGURE 5.34 Soil profile with scour potential.

FIGURE 5.35 Soil profile with compressible
soft clay layer.
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of the rock is higher than that calculated from the yield strength of the pile material. Therefore,
in most cases, calculation of the capacity of pile bearing on rock based on the properties of the
pile material is sufficient.

The most common types of piles which are driven to rock include steel H-piles, steel pipe
piles, and prestressed concrete piles. When piles are driven to rock, the exact area of the pile
tip in contact with the bedrock is not known with reasonable certainty. In addition, the quality
of the rock below the pile tip and the depth of penetration of the pile tip into the bedrock bring
additional uncertainty to the performance of piles bearing on rock. Therefore, it is important
to perform field observations during pile installation and pile load tests to verify the load-
carrying capacity of piles bearing on bedrock.

5.11.1 Capacity Based on Strength of Bedrock

The ultimate capacity of a pile based on the strength of rock can be calculated by

Q R A q Nu p p u      = = +( )φ 1 (5.30)

where qu = unconfined compression strength of the bedrock, Nφ = tan2 (45 + φ�2), φ = the
drained angle of internal friction, and Ap = point area at the tip of the pile, which may be taken
as equal to the actual area of the pile.

For steel H-piles or pipe piles, if a driving shoe is used at the tip of the pile or if the tip of
the pile has the potential to become plugged, the point area through which the load is
transferred to the rock may be higher than the actual area of the pile. Therefore:

Q
A q Np u

allowable  

  

FS
=

+( )φ 1
(5.31)

The unconfined compression strength on rock generally is obtained by performing uncon-
fined compression strength tests on a small-diameter and intact sample of bedrock in the
laboratory. Bedrock generally has irregularities and fractures which may or may not show up
in small-diameter samples. Studies have shown that the unconfined compression strength of
rock decreases as the sample diameter increases. The strength from a 2-in.-diameter sample
may be four to five times greater than that obtained from a large-diameter sample or from field
tests on bedrock. Therefore, the unconfined compression strength of bedrock for design
purposes is generally taken as one-fourth to one-fifth of the strength measured in the labora-
tory as given by:

Q
q

u

u

( )design

(lab)
  

 to 
=

4 5
(5.32)

It is important to note that the number 4 or 5 in Equation 5.32 is not a factor of safety. Instead,
it is applied to consider the scaling effect in measuring the unconfined compression strength
of the bedrock.

Equation 5.31 can be rewritten as:
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Typical values of unconfined compression strength of common types of rocks from
laboratory samples and typical values of the effective angle of internal friction of rocks are
given in Table 5.9.

5.11.2 Capacity Based on Yield Strength of the Pile Material

If a pile is driven to a sound rock, which has sufficient capacity, the ultimate design load based
on the yield strength of the pile material can be calculated by

Q Au y p    = ×σ (5.34)

Q
Ay p

allowable  

FS
=

×σ
(5.35)

where σy = design yield strength of the pile material (for steel piles, the design yield strength
of steel is generally taken as one-third to one-half of the actual yield strength reported by the
manufacturer, but this reduction is not a factor of safety), Ap = actual area at the pile (note that
for a steel H-pile or steel pipe pile, Ap is the area of the steel only since the yield strength of
the pile material is used in Equation 5.35), and FS = an acceptable factor of safety.

5.12 Special Considerations for Calculation of Ap

As discussed earlier, the area of the tip of the pile is needed to calculate the point capacity of
a pile. For almost all types of piles except steel pipe piles driven open ended and steel H-piles,
the area of the pile tip is clearly defined and easy to calculate (i.e., full base area). However, for
steel pipe piles driven open ended and steel H-piles, calculation of the area of the pile tip is
more complex and depends on the formation of a competent soil plug. In the case of piles
embedded in soil where a competent soil plug forms, the pile tip area should be taken as the
full base area (i.e., the area of the steel and soil plug), as shown in Figure 5.36.

TABLE 5.9 Typical Values of Unconfined Compression Strength and Effective Angle of
Internal Friction of Rocks

Rock Type Compressive Strength, qu (psi) Internal Friction Angle φ (degrees)

Basalt 28,000–67,000 40–50
Granite 10,000–38,000 35–50
Quartzite 16,000–44,800 35–50
Limestone 2,450–28,400 30–45
Marble 7,900–27,000 25–30
Sandstone 4,900–20,000 25–45
Slate 6,950–31,000 5–30
Shale 500–6,500 5–20
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When a steel pipe pile is driven open ended, soil enters the pipe and starts formation of the
plug. After penetrating a certain distance into the soil, the soil inside the pipe starts behaving
as a part of the pile and starts moving with the pile. Formation of a competent soil plug
depends on several factors, including but not limited to the size of the pile, method of
installation of the pile, soil type and density or consistency, and penetration depth. An ideal
and most desirable situation is that no soil plug forms under the dynamic load of pile driving,
but a competent plug forms after driving. This can be achieved to a certain extent by carefully
selecting the characteristics of the pile-driving hammer and controlling acceleration of the pile
during driving.

According to Paikowsky and Whitman (1990), formation of a competent soil plug may be
assumed in steel pipe piles if the penetration-to-diameter ratio is greater than 25–35 for sands
and 10–20 for clays. For steel H-piles, the penetration-to-diameter ratio required for forma-
tion of the soil plug is smaller because of the much smaller space between the flanges.

For most piles embedded in soil, penetration is generally greater than 25–35 times the
diameter or width of the pile. Therefore, assumption of the presence of a competent soil plug
is reasonable. However, steel pipe piles and steel H-piles often are driven to bedrock. Due to
the significant difference in the stiffness of soil and bedrock, load transfer at the point primarily
occurs through the actual area of the steel. Therefore, for piles driven to bedrock, the actual
area of the steel, without any soil plug, should be used for calculation of point capacity.

5.13 Special Considerations for Calculation of Perimeter

The perimeter of the pile is needed to calculate the frictional capacity of a pile. For almost all
types of piles except steel pipe piles driven open ended and steel H-piles, calculation of the
perimeter of the pile is straightforward. However, for steel pipe piles driven open ended and
steel H-piles, an effective perimeter depends on many factors.

For steel pipe pile when a competent soil plug forms near the pile tip, resistance due to
friction between the outside surface of the pile over the embedded length and the surrounding

FIGURE 5.36 Plugging of steel pipe pile driven open ended and steel H-pile.
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soil is available to resist the load. Therefore, the outside perimeter of the pile should be taken
into account in calculation of the frictional capacity of the pile. However, if a competent soil
plug does not form, resistance due to friction between both the outside and inside surfaces of
the pile over the embedded length and the soil may be considered in estimating the frictional
capacity of the pile (in this case, the point capacity of the pile will be minimal). If the soil inside
the pipe has the potential to develop fissures and�or clumps (as shown in Figure 5.36),
resistance from that portion of the pile should be ignored.

Estimation of the skin frictional capacity of steel H-piles is more complex than other piles.
If the soil within the flanges of a steel H-pile is intact throughout the embedded length of the
pile, the perimeter of the box as shown in Figure 5.36 can be used for calculation of skin
friction capacity. However, it is important to understand that frictional resistance along the
two flanges will develop due to friction between steel and soil, whereas on the other two faces
it will be due to friction between soil and soil. In most practical situations, skin friction capacity
can be calculated by considering friction between steel and soil along all four faces. If the soil
within the flanges of a steel H-pile has the potential to develop fissures and�or clumps (e.g.,
stiff clays), frictional resistance from the faces where the contact is soil to soil should be
calculated from the zone of the competent soil plug only, as shown in Figure 5.36.

As discussed in Section 5.8, for most piles embedded in soil, penetration generally is greater
than 25–35 times the diameter or width of the pile, and assumption of the presence of a
competent soil plug is reasonable. Therefore, for pipe piles and H-piles embedded in soil, it is
reasonable to calculate the perimeter by assuming the piles to be fully plugged. If the piles are
driven to bedrock, it is common practice to ignore the frictional resistance of the piles because
of the significant difference in the stiffness of soil and bedrock.

5.14 Maximum Stresses in Driven Piles

In order for piles to perform as designed and intended, it is important that stresses in piles
remain within structural limits during installation and service life. Therefore, maximum
allowable material stresses should be within the limits given in Table 5.10.

5.15 Uplift Capacity of Single Piles

Because of seismic and other dynamic loads of considerable magnitude, the penetration depth
of a pile foundation may be controlled by its uplift capacity. It is obvious that piles derive
resistance to uplift loads from friction between the pile material and the surrounding soil. For
large-diameter piles (e.g., concrete-filled pipe piles and drilled shafts), the weight of the pile
itself also provides significant resistance against uplifting.

Based on information available in the literature, the uplift capacity of a single pile generally
ranges from about 70–100% of the skin friction capacity in compression. Therefore, it is
common practice to take the allowable uplift capacity of a single pile as one-third of the skin
friction capacity in compression unless the uplift capacity of a pile is verified in the field by
performing an uplift pile load test. When a field test is performed, the uplift capacity of a single
pile can be taken as one-half of the failure load determined from the uplift load test.

Where there is the potential for loss of contact between the soil and the pile near the
ground surface (e.g., due to desiccation or application of cyclic loads), resistance from the soil
down to an appropriate depth should be ignored. Also, when the effects of down drag due to

J. Ross Publishing; All Rights Reserved



Design of Pile Foundations 5-39

the presence of a compressible soil layer are considered in the calculation of the skin friction
capacity, the uplift capacity of the pile should be adjusted appropriately.

5.16 Lateral Capacity of Single Piles

Piles that sustain lateral loads of significant magnitude are used in offshore structures, water-
front structures, bridges, buildings, industrial plants, locks and dams, and retaining walls. Piles
used to stabilize slopes also are subjected to lateral loading. The lateral loads on piles are
derived from earth pressures, wind pressures, current forces from flowing water, earthquakes,
impact loads from barges and other vessels, and moving vehicles. Even if the above loads are
not present, lateral load on piles can result from eccentric application of vertical load (Kumar
1993). In many cases, the design of piles is controlled by their lateral capacity instead of their
axial capacity.

Lateral loads on piles are accommodated either by designing vertical piles to resist the
lateral load or by using battered piles. However, use of battered piles to resist lateral loads in
seismically active areas is not recommended because battered piles, due to their higher stiff-

TABLE 5.10 Maximum Allowable Stresses

Pile Type Stresses during Driving Stresses during Service Life

Timber piles 3 × allowable working 0.8–1.2 ksi (5.5–8.3 MPa)
stress (compression and Southern pine = 1.2 ksi (8.3 MPa)
tension) Douglas fir = 1.2 ksi (8.3 MPa)

Red oak = 1.1 ksi (7.6 MPa)
Eastern hemlock = 0.8 ksi (5.5 MPa)

Steel H-piles 0.9 fy 0.25fy (can be increased to 0.33 fy if
damage to the pile is unlikely and
pile load tests will be performed to
verify the design)

Steel pipe piles (open or 0.9 fy 0.25fy (can be increased to 0.33 fy if
closed end) damage to the pile is unlikely and

pile load tests will be performed to
verify the design)

For concrete-filled pipe piles,
maximum allowable stresses may
be taken as 0.25 f y + 0.40f ′c

Precast reinforced concrete 0.85 f ′c  (compression) 0.33f ′c
piles 0.9 fy (tension)

Precast prestressed concrete 0.85 f ′c  − fpe (compression) 0.33f ′c  − 0.27fpe

0.25 × ′f c  + fpe (tension,
SI units)

3 × ′f c  + fpe (tension,
U.S. units)

Modified from Hannigan et al. (2006).
f y = yield strength of steel, f ′c  = unconfined compression strength of concrete at 28 days of curing, fpe =

effective prestress after losses (for prestressed concrete piles).
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ness, can cause punching through pile caps. Analysis and design of laterally loaded piles must
consider structural capacity of piles and deformations in surrounding soils. Therefore, it is
important that an engineer working on lateral load design have appropriate knowledge of both
geotechnical and structural engineering.

The basic concept behind the analysis of laterally loaded piles is that a horizontal load on
a pile induces resistive pressures by the soil opposite to the direction of the load. The magni-
tude and distribution of the soil resistance along the length of the pile depend on three closely
related factors: (1) soil stiffness, (2) pile stiffness, and (3) pile head fixity.

The stiffness of a pile is a relative parameter that depends on stiffness of the pile material,
stiffness of the surrounding soil, and pile length. Piles subjected to lateral loads are commonly
classified as short or rigid piles and long or flexible piles depending on the stiffness of pile
material, stiffness of the soil, and pile length. The differentiation originates from the fact that
a long, flexible pile tends to bend under lateral loads, while the short rigid pile tends to rotate
or translate; hence the terms flexible and rigid (Kumar and Cisco 2006).

Another important parameter that affects the design and analysis of piles under lateral load
is pile head fixity. In general, pile head fixity refers to whether or not the pile head is allowed
to rotate. A pile is considered free headed if it is free to rotate at its top, as shown in Figure
5.37a. Under this condition, movement of both piles, due to a lateral load, will result in lateral
and rotational movement of the pile head. A pile is considered to be fixed headed if it is not
allowed to rotate at its top. A pile head embedded in a pile cap generally is considered to be
fixed, since it is not free to rotate. Under this condition, piles will translate without rotation
of the pile head, as shown in Figure 5.37b.

Pile stiffness and pile head fixity are very important interrelated factors in the design of
laterally loaded piles. Deflection of a free-head pile can be reduced by as much as one-half for
a given lateral load with the introduction of a pile cap. Therefore, the stiffness of the pile is
greater for a fixed-head pile than for a pile with a top that is free to rotate. The fixity issue is
actually more complex in most cases since some piles are considered to have some degree of
fixity when the pile head is not completely restrained from rotation.

FIGURE 5.37 Rotation at the pile head: (a) free-head pile and (b) fixed-head
pile.
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Generally, the ultimate lateral capacity of piles is determined based on the following two
criteria:

1. Ultimate soil resistance
2. Acceptable lateral deflection of single piles

The first approach estimates the ultimate load in terms of the shear failure of the soil (i.e.,
ultimate lateral load capacity based on ultimate soil resistance), and the second and most
widely used approach estimates the ultimate capacity in terms of acceptable lateral deflections.

5.16.1 Ultimate Lateral Capacity of Single Piles Based on
Ultimate Soil Resistance

There are two commonly used methods for estimating the ultimate lateral capacity of a single
pile under lateral loading in terms of ultimate lateral resistance of the soil against the pile:
Brinch Hansen’s method (1961) and Broms’ method (1964a, 1964b). Both methods utilize soil
resistance and use equations of static equilibrium to solve for the ultimate lateral load, from
which the allowable lateral load can be determined. Broms’ method is applicable for both long
and short piles, while Brinch Hansen’s method is applicable to short piles.

Lateral load design of most of the piles used in practice is based on acceptable deflection
rather than ultimate soil resistance. Therefore, further discussion is limited to designing
laterally loaded piles based on acceptable lateral deflection.

5.16.2 Lateral Load Capacity of Single Piles Based on Acceptable
Lateral Deflection

An acceptable lateral load against an acceptable deflection is most often determined from a
load-deflection curve developed through lateral pile load analysis. Due to the complexity and
trial-and-error nature of analysis, computer programs are used to accomplish some or all of
this task. The most widely used method for determining allowable deflections at working loads
is the p-y curve method (Matlock 1970; Reese et al. 1974; Reese and Welch 1975; Bhushan et
al. 1979), which is an extension of the subgrade reaction method (Reese and Matlock 1956;
Matlock and Reese 1961, 1962). Other methods include the elastic continuum approach
(Poulos 1971a, 1971b), the strain wedge model approach (Norris 1986; Ashour et al. 1998),
and the Khmax approach (Kumar 1993; Prakash and Kumar 1996). The p-y curve method is the
most commonly used method in practice. Therefore, only this method is discussed herein.
Since the p-y curve method is based on the modulus of subgrade reaction approach, a brief
discussion of the modulus of subgrade reaction is presented first.

5.16.2.1 Modulus of Subgrade Reaction

The subgrade reaction method is primarily based on the Winkler (1867) soil model in which
the soil along a pile is replaced by a series of infinitely closely spaced independent and elastic
springs. The stiffness of the springs may be defined by the modulus of subgrade reaction kh

using

k
p

y
h   = − (5.36)
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where p is the soil reaction per unit length of the pile and y is the lateral deformation of the
pile. The negative sign indicates that the deflection is opposite to the soil reaction. The
modulus is the secant modulus obtained from the p-y relationship. For overconsolidated clays,
the modulus of subgrade reaction typically is assumed to be constant with depth, whereas for
sands and normally consolidated clays, the modulus of subgrade reaction usually is assumed
to increase linearly with depth, and kh can be related to depth x by

k n xh h  = (5.37)

where nh is the coefficient of the horizontal subgrade reaction and x is the depth from the
ground surface to any point along the pile length.

The behavior of the pile is assumed to be elastic, which results in the following fourth-
order differential equation:
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0+ + = (5.38)

where Ep = modulus of elasticity of the pile, Ip = moment of inertia of the pile section, Es =
modulus of elasticity of the soil, Q = lateral load at the ground surface, and y = deflection at
the ground surface.

The derivation of this equation for a beam on an elastic foundation was given by Hetenyi
(1946). Solutions for this equation to determine deflection and maximum moments in a free-
head pile, as a function of depth, in the form of nondimensional coefficients and charts were
developed by Reese and Matlock (1956) and Matlock and Reese (1961, 1962). Solution of the
differential equation yields a set of curves similar to those shown in Figure 5.38.

The p-y curve method also is rooted in the Winkler model and separates the soil into a
series of infinitely closely spaced independent and elastic springs, which in this case are defined
by p-y curves: p is the unit pressure in terms of load per unit length of the pile due to the lateral
load applied to the pile at a particular deflection y . In other words, p-y curves are modeled to
represent the soil reaction with deflection at any point along the pile. The nonlinear differential
equations are solved using the finite difference numerical technique. For each set of applied
boundary loads (shear and moment), an iterative solution is needed which satisfies the static
equilibrium and achieves compatibility between force and deflection in every element. Because
of the iterative nature of analysis, it is necessary to use a computer program. The computer
programs most commonly used to analyze single piles under lateral loads are LPILE (Reese et
al. 2004) and FLPIER, developed by the University of Florida in collaboration with the Florida
Department of Transportation. Further discussion in this chapter is limited to the LPILE
computer program.

The most accurate p-y curve would be developed from the results of a full-scale load test,
which is expensive and impractical to carry out at every site. Instead, typical p-y curves have
been developed by the author’s researchers using the results of full-scale field load tests and
laboratory tests, which model the behavior of soils of varying types and conditions. The shape
of the p-y curve depends on the type of soil and soil properties. A p-y curve also depends on
many other factors, such as depth, location of the groundwater table, pile width, loading
conditions, etc. For analysis using LPILE, the typical p-y curves generated by the program from
input parameters supplied by the user can be used or the user has the option to input p-y
curves. LPILE Version 5.0 has p-y curves for the following soils built into the program: soft
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clay, stiff clay without free water, stiff clay with free water, stiff clay without free water using
initial k , sand, API sand, liquefied sand, silt, string rock (vuggy limestone), and weak rock. The
reader should refer to the LPILE technical and user manuals for detailed information about
these p-y curves. To develop p-y curves for clays, soil strain parameter E50 and soil modulus
parameter k are needed, whereas to develop p-y curves for sands, soil modulus parameter k is
needed. The strain parameter E50 represents the axial strain at which 50% of the undrained
strength is developed in a laboratory compression test. Representative soil parameters for clays
and sands commonly used are given in Tables 5.11 and 5.12, respectively.

Figures 5.39 and 5.40 show p-y curves for clays and sand, respectively, developed using
LPILE 5.0. The unit weight of the soil for all curves was selected as 110 lb�ft3; undrained
cohesion for soft and stiff clays was taken as 1000 and 2000 lb�ft2, respectively; and the angle
of internal friction for loose and dense sand was taken as 30 and 38°, respectively.

In order to perform analysis of a single pile subjected to lateral load, all data are input using
various menu screens. Figure 5.41 shows the various menus to input pile properties, soil

FIGURE 5.38 Typical set of curves from the solution of Equation 5.38 (based on
Reese and Matlock 1956; adapted from Hannigan et al. 2006).

TABLE 5.11 Representative Values of Soil Strain Parameter E 50 and Soil Modulus Parameter k for
Clays

Average Undrained Soil Strain k (lb�in.3) k (lb�in.3)
Soil Consistency Shear Strength (lb�ft2) Parameter (E 50) Static Loading Cyclic Loading

Soft 250–500 0.02 30
Medium 500–1000 0.01 100
Stiff 1000–2000 0.007 500 200
Very stiff 2000–4000 0.005 1000 400
Hard 4000–8000 0.004 2000 1000
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properties, and loading conditions and the control options for terminating the iteration
process. Several different types of analysis can be performed (see Figure 5.42); for example,
Type 1 analysis consists of computing the response using elastic pile stiffness, and Type 3
analysis consists of computing the response using nonlinear pile stiffness. The user can control
the output by specifying the information that needs to be included in the output file (Figure
5.43). Also, depending on the project requirements, various response relationships can be
viewed graphically.

Figures 5.44 and 5.45 show typical responses of a steel H-pile under free-head and fixed-
head conditions, respectively. Comparison of Figures 5.44 and 5.45 shows that the deflections
in the free-head pile are significantly greater compared to the fixed-head pile. Also, for a free-
head pile, the maximum bending moment in the pile occurs at some depth below the top of
the pile, whereas for a fixed-head pile, the maximum bending moment generally occurs at the
top of the pile.

FIGURE 5.39 p-y curves for soft and stiff clay developed using LPILE 5.0.

TABLE 5.12 Representative Values of Soil Modulus Parameter k (lb�in.3):
Static and Cyclic Loading

Loose Medium Dense

Sand below groundwater table 20 60 125
Sand above groundwater table 25 90 225
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FIGURE 5.40 p-y curves for loose and dense sand developed using LPILE 5.

5.17 Design of Pile Groups

So far, the discussion of pile foundation design has been limited to the design of single piles.
However, a pile foundation is rarely constructed using a single pile. Instead, a pile foundation
generally is constructed by installing a cluster of piles, known as a pile group, as shown in
Figure 5.46. Piles in a pile group generally are connected though a pile cap. The design of pile
groups subjected to static loads depends on several factors, such as pile material, pile spacing,
pile length, pile head fixity, and soil conditions. Most of the difficulty in the design of pile
groups comes from the interaction of piles because piles are typically spaced close to one
another, and thus interaction between the pile and adjacent soil becomes very important.
Although the most accurate and appropriate method for analyzing pile groups is to account
for pile-to-pile and pile-to-soil interaction simultaneously for each pile in a group, the most
commonly used method is to estimate the group response based on the response of a single
pile in a group and then apply factors to account for various effects. Because of the complex
nature of pile-soil-pile interaction, computer programs such as GROUP (Reese et al. 2003) and
FLPIER (Hoit and McVay 1996) are commonly used to analyze and design pile groups.

Figure 5.47a shows the typical shape of the stress zone along a single pile subjected to an
axial compression load, Figure 5.47b shows overlapping of the stress zones of piles installed
close to each other, and Figure 5.47c shows the typical shape and size of a stress zone for a
group of piles installed close to each other. It is important to understand that if the piles are
spaced sufficiently far away from each other such that their stress zones do not overlap, the
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FIGURE 5.43 Drop-down menu in LPILE 5.0 for selecting output file options.

FIGURE 5.42 Drop-down menus in LPILE 5.0 for selecting type of analysis and graphics.
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shape and size of the heavily stressed zone for a pile group will be different. In practice,
however, the piles in most pile groups are installed close to each other and their stress zone is
similar to Figure 5.47c.

Overlapping of stress zones in a pile group generally reduces the ultimate capacity of the
pile group unless the method of installation of piles changes the characteristics of the soils
surrounding the piles (e.g., densification due to pile driving; see Section 5.9). The increased
stress as shown in Figure 5.47c could increase the settlement of the pile group significantly.
Figure 5.48 shows a typical load-deflection curve of a pile group compared to the load-

FIGURE 5.47 Typical stress zones for pile foundations under axial compression load.

FIGURE 5.46 A group of steel H-piles for construction of a bridge pier (before con-
struction of the pile cap).
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deflection curve obtained by adding the in-
dividual ultimate capacity of all piles in a
group. Reduction of the group capacity at
any deflection is the result of a group effect.
The group capacity often is assessed in terms
of group efficiency η, which usually is de-
fined by

η  =
Q

NQ

ug

u

(5.39)

where Qug = ultimate capacity of the group,
Qu = ultimate capacity of a single pile in the
pile group, and N = number of piles in the
group.

5.17.1 Capacity of Pile Groups Subjected to Axial Compression Loads

5.17.1.1 Pile Groups in Cohesive Soils

When a pile is driven in cohesive soils, an increase in the pore water pressure occurs in the soils
surrounding the pile. Excess pore water pressure can cause uplift in other adjacent piles during
driving. Increase in pore water pressure also can cause significant reduction in group efficiency
(as low as 0.4). However, this reduction is short term. After dissipation of the excess pore water
pressure, group efficiency is likely to increase. The rate of dissipation of the excess pore water
pressure depends on properties of the soil and size of the pile group. Typically, the excess pore
water pressure dissipates within 1–6 weeks, but may take up to a year for large pile groups. In
order to minimize installation problems and ground heave, it is recommended that piles in
cohesive soils be driven at a minimum center-to-center spacing of 3 pile diameters or 3 ft.

Published literature suggests that the efficiency of a pile group installed in cohesive soils is
influenced by the type of contact between the pile cap and the ground. When the contact
between the pile cap and the ground is firm, the piles and the soil within a pile group act as
a unit. Hannigan et al. (2006) recommend the group efficiencies given in Table 5.13 for
estimating the group capacity of piles driven into cohesive soils.

For piles installed in saturated clay or cohesionless soils underlain by weak cohesive soils,
the ultimate bearing capacity also should be checked, assuming block failure, as shown in
Figure 5.49. The lesser of the ultimate bearing capacity calculated by using group efficiency
factors and that calculated assuming block failure should be used as the ultimate bearing
capacity of the pile group.

5.17.1.2 Ultimate Group Capacity against Block Failure

The ultimate group capacity of a pile group installed in cohesive soils assuming block failure
can be calculated as follows.

Average skin friction resistance of the block :

R B L Z Ssg u        = + × ×2 1( ) (5.40)

n × Single pile
response 

 
 

Group
response  

Deflection

Load  

Group effect  

FIGURE 5.48 Typical load-deflection curve of a
pile group compared to that obtained by adding the
individual ultimate capacity of all piles in a group.
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Point resistance of the block :

R B L S Npg u c        = × × ×2 (5.41)

Ultimate capacity of the pile group :

Q R Rug s g pg    = + (5.42)

where Rsg = ultimate skin resistance of the
block, Rpg = ultimate point resistance of the
block, Qug = ultimate capacity of the pile
group against block failure, B = width of the
pile group (block), L = length of the pile
group (block), Z = embedment depth of
piles in the block, Su1 = weighted average of
undrained shear strength of clays along the embedment depth, Su2 = average undrained shear
strength of clays below the point of the pile group (block) to a depth of 2B , and Nc = a bearing
capacity factor.

The value of Nc for rectangular blocks generally is taken as 9. However, for large groups
or for relatively short pile embedment depths, Nc can be estimated by:

N
Z

B

B

L
c                 = × +





× +





≤5 1 0 2 1 0 2 9. . (5.43)

As discussed earlier, due to the development of excess pore water pressures, the group
efficiency factors may be as low as 0.4 immediately after pile installation. Therefore, if a pile
group in clay is expected to experience full group load shortly after construction, group
capacity may range between 0.4 and 0.8 times the long-term ultimate group capacity. In that
case, skin friction resistance Rsg of the pile group (block) should be calculated using the
remolded value of the undrained shear strength Su1.

TABLE 5.13 Group Efficiencies for Estimating Ultimate Capacity of Pile Group in Cohesive Soils

Undrained Firm Contact
Shear Strength between Pile

of Clay Cap and Ground Group Efficiency a Remarks

Less than 2 ksf NO η = 0.7 for s�d = 3 Use linear interpolation for s�d
η = 1.0 for s�d = 6 values between 3 and 6; also

check ultimate group capacity
against block failure

Less than 2 ksf YES η = 1.0 for s�d ≥ 3 Also check ultimate group
capacity against block failure

Greater than or Not applicable η = 1.0 for s�d ≥ 3 Also check ultimate group
equal to 2 ksf capacity against block failure

a s = center-to-center spacing between the piles, and d = pile diameter or width.

FIGURE 5.49 Pile group for block failure.
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5.17.1.3 Pile Groups in Cohesionless Soils

As discussed earlier, when a pile is driven in cohesionless soils, densification of soils around
the pile occurs at a distance ranging from 3 to 5 pile diameters (refer to Figure 5.33). It is
common practice to estimate the ultimate capacity of piles using the soil parameters before
taking any densification into consideration. Therefore, when piles are installed at a center-to-
center spacing of less than 3 pile diameters, overlapping of the zone of densification could
result in an ultimate group capacity greater than the sum of the ultimate capacities of the
individual piles in the pile group. When piles are installed at a center-to-center spacing
greater than 3 pile diameters, piles generally act as individual piles. Therefore, for all practical
purposes, when piles are installed in cohesionless soils, the ultimate capacity of a pile group
can be taken as the sum of the ultimate capacities of the individual piles irrespective of the
pile spacing (i.e., group efficiency of 1.0). However, the following should be taken into
consideration:

• Sequence of pile installation, especially for displacement piles, is very important in order
to avoid overdensification of soils. Therefore, it is recommended that pile installation
start from the center of the group and move outward.

• Although some codes allow installation of piles at a center-to-center spacing less than
3 piles diameters, it is recommended that driven piles not be installed at a spacing less
than 3 pile diameters to optimize group efficiency and minimize pile installation
problems.

• If jetting or predrilling is used for pile installation, densification of surrounding soils is
not likely to take place. Therefore, group efficiency is likely to be less than 1.0. It is
recommended that jetting or predrilling be avoided for pile installations in cohesionless
soils. For drilled piles, such as auger-cast or continuous-flight auger piles, a group
efficiency of 0.7 is recommended when piles are installed at a center-to-center spacing
less than 3 pile diameters.

• If the pile group is installed in a stratum that is underlain by a weak layer of cohesive
soils, the ultimate group capacity should be checked assuming block failure. The lesser
of the ultimate bearing capacity calculated using group efficiency factors and that
calculated assuming block failure should be taken as the ultimate bearing capacity of the
pile group. The procedure discussed in Section 5.17.1.2 for calculating the ultimate
group capacity assuming block failure can be used by replacing the undrained shear
strength with unit frictional resistance.

5.17.2 Capacity of Pile Groups Subjected to Lateral Loads

Pile-soil-pile interaction in a pile group subjected to lateral loads is much more prevalent
compared to that in pile groups subjected to vertical compression loads. Lateral deflection of
a pile in a pile group can be two to three times greater than that of an isolated single pile
subjected to the same lateral load. There are many factors that contribute to the behavior of
pile groups under lateral loads. Some of the most important factors are the shadowing effect,
center-to-center spacing of piles, and the size of the pile group.

Figure 5.50 shows the typical stress zones of an isolated single pile and a pile in a pile group
subjected to lateral load. As shown in the figure, the stress zones of piles in a pile group overlap,
thus reducing soil resistance due to overstressing of the soil in front of the pile. Therefore, if
the piles are closely spaced, overlapping of the stress zones could reduce soil resistance
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significantly. It is obvious that the piles in the front row (row 1 or the leading row) draw their
resistance from the less stressed zone compared to those in the trailing rows. Reduction of soil
resistance for the trailing rows is known as the shadow effect. If the piles are spaced such that
their stress zones do not overlap, the lateral capacity of a pile group can be taken as the sum
of the lateral capacity of each pile in the pile group.

Rollins et al. (1998) reported that pile-soil-pile interaction becomes insignificant when
center-to-center spacing between piles, in the direction of loading, is greater than 6 pile
diameters. However, Prakash (1962) has shown that the shadowing effect begins to occur if the
center-to-center spacing is less than 8 pile diameters in the direction of loading. Prakash
(1962), Cox et al. (1984), Brown et al. (1987, 1988), and Lieng (1988) have shown that the
shadowing effect perpendicular to the direction of loading becomes insignificant when center-
to-center spacing is greater than 3 pile diameters. However, AASHTO (2007) recommends
considering some interaction when pile spacing perpendicular to the direction of loading is
less than 5 pile diameters. It is important to note that most pile groups in practice are
constructed by installing piles at a center-to-center spacing of 2.5 to 4 pile diameters. There-
fore, the shadowing effect has a significant influence on the lateral capacity of pile groups.

One of the most common approaches to estimate the response of a pile group subjected
to lateral loads is based on the response of a single pile in the same group. This approach
consists of predicting or measuring the response of a single pile and then modifying the
response by using group efficiency factors, interaction factors, or response modifiers. Most of
the factors and modifiers have been developed based on results of both full-scale and labora-
tory-scale lateral load tests on various pile groups subjected to lateral loading. Some of the
methods used to obtain the pile group response from a single-pile response when piles in a
group are closely spaced are

• p-multiplier method
• Soil modifier method
• Group reduction (efficiency) factor method

FIGURE 5.50 Typical stress zones for pile foundations under
lateral load.
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• Modulus of subgrade reaction multiplier method
• Equivalent pier method

The soil modifier method is similar to and may be considered a variation of the p-multiplier
method. The least common of these methods is the equivalent pier method. The most
commonly used method in practice is the p-multiplier method. Therefore, only this method
is discussed further.

5.17.2.1 p -Multiplier Method

The basic concept behind the p-multiplier method is that the soil resistance around a pile in
a pile group is reduced due to the shadowing effect, while the pile stiffness is unchanged.
Brown et al. (1987) suggested that the reduced soil resistance can be modeled by modifying the
p-y curve such that the p-value is reduced at each deflection by a factor commonly known as
the p-multiplier; that is, the p-multiplier is a factor applied to account for pile-soil-pile action.
The p-multiplier reduces the soil resistance of every pile in a particular row by the same
amount.

5.17.2.2 Published p-Multipliers

Several studies have been conducted to estimate the value of the p-multiplier for different rows
of piles. Table 5.14 presents some of the published p-multipliers which were developed based
on results of many lateral load tests on varying pile types, soil conditions, group configura-
tions, and center-to-center spacing of piles. Brown et al. (1987) and Rollins et al. (1998)

TABLE 5.14 Published p-Multipliers

p -Multipliers for Deflection
Soil Type Test Type s�d Row 1, 2, and 3+ (in.) Reference

Stiff clay Field test 3 0.70, 0.50, 0.40 2 Brown et al. (1987)
Field test 3 0.70, 0.60, 0.50 1.2 Brown et al. (1987)

Medium clay Model test 3 0.60, 0.45, 0.40 2.4 Moss (1997)
Cyclic load

Clayey silt Field test 3 0.60, 0.40, 0.40 1.0–2.4 Rollins et al. (1998)

Very dense sand Field test 3 0.80, 0.40, 0.30 1 Brown et al. (1988)

Medium-dense Centrifuge model 3 0.80, 0.40, 0.30 3 McVay et al. (1995)
sand Centrifuge model 5 1.0, 0.85, 0.70 3 McVay et al. (1995)

Loose medium Centrifuge model 3 0.65, 0.45, 0.35 3 McVay et al. (1995)
sand Centrifuge model 5 1.0, 0.85, 0.70 3 McVay et al. (1995)

Loose fine sand Field test 3 0.80, 0.70, 0.30 1–3 Ruesta and Town-
send (1997)

All soils Based on Leading row: Reese et al. (2003)
laboratory tests pm = 0.7309 (s �d)0.2579 for s �d < 3.37
conducted by pm = 1.0 for s �d ≥ 3.37
Cox et al. (1984),
Schmidt (1981, Trailing row:
1985), and pm = 0.5791 (s �d)0.3251 for s �d < 5.37
Lieng (1988) pm = 1.0 for s �d ≥ 5.37

Adapted from Hannigan et al. (2006) with additional information from Reese et al. (2003).
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developed p-multipliers based on a full-scale experimental study, whereas Cox et al. (1984),
Schmidt (1981, 1985), and Lieng (1988) developed p-multipliers based on laboratory tests.
Based on an analysis of the data of Cox et al. (1984), Dunnavant and O’Neill (1986) related
p-multipliers to pile spacing. Experimental studies have shown that there are several factors
that can affect the group capacity; however, the position of a particular pile in a pile group has
received the most attention.

Most p-multipliers published in the literature are based on the relative position of the piles
in the direction of the loading. There is general consensus that the piles in the leading row
sustain the maximum load (i.e., have minimum reduction in their load-carrying capacity).
Therefore, the p-multiplier of the piles in the leading row is highest and in some cases close
to 1. Reese et al. (2003) plotted the data from Cox et al. (1984) and Schmidt (1981, 1985) and
concluded that if the center-to-center spacing of the piles in a group is greater than 3.37, the
p-multiplier for the leading row may be taken as 1. For spacing less than 3.37, the p-multiplier
reduces almost linearly to a value of 0.7 for piles spaced next to each other. For trailing rows,
Reese et al. (2003) plotted the data from Cox et al. (1984), Schmidt (1981, 1985), and Lieng
(1988) and concluded that if the center-to-center spacing of the piles in a group is greater than
5.37 pile diameters, the p-multiplier may be taken as 1.0. For spacing less than 5.37 pile
diameters, the p-multiplier reduces almost linearly to a value of 0.58 for piles spaced next to
each other. Table 5.15, which is taken from AASHTO (2007), shows the average of p-
multipliers proposed by various researchers.

5.17.2.3 Procedure to Develop Load-Deflection Response of Pile Group
Using p-Multipliers

The following is a step-by-step procedure to develop the lateral load-deflection response of a
pile group:

1. Develop the site-specific p-y curves for a single pile. This may be done most accurately
by using an instrumented lateral load test on a test pile at the site. However, for projects
where no pile load test is performed, the p-y curve can be developed from known soil
properties. Computer programs are commonly used to develop the p-y curves.

2. The p-values from the p-y curves for every single pile are multiplied by the p-multiplier
specific to each row to develop a modified p-y curve for any pile in a particular row.
Computer programs such as LPILE can perform this task.

3. Develop a lateral load-deflection curve for a single pile that represents a particular row
in a pile group using the modified p-y curves for that pile. A computer program is
usually used to develop lateral load-deflection curves.

4. At each deflection, multiply the value of the load by the number of piles in a specific row
to obtain the lateral load-deflection response of that row.

TABLE 5.15 p -Multipliers from AASHTO (2007)

Center-to-center spacing of piles p -Multipliers

(in the direction of loading) Row 1 Row 2 Row 3+

3 × pile diameter 0.7 0.5 0.35
5 × pile diameter 1.0 0.85 0.7
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5. Repeat the above procedure for other rows in the pile group.
6. At each deflection, add the load values of each row to obtain the lateral load-deflection

response of the pile group.
7. The group lateral capacity with respect to an acceptable deflection is determined by

selecting the load for that deflection.

5.17.3 Capacity of Pile Groups Subjected to Axial Uplift Loads

On most projects, the uplift capacity of pile groups does not control the pile group design.
However, there are many situations where the uplift capacity of a pile group may control the
pile design, particularly the embedment length of piles in a pile group. According to AASHTO
(2002, 2007), the uplift capacity of pile groups can be taken as the lesser of:

1. The design uplift capacity of a single pile times the number of piles in a pile group
2. The uplift resistance of the pile group considered as a block

There are several approaches to estimating the uplift capacity of a pile group considered
as a block. AASHTO (2007), based on the recommendations of Tomlinson (1987), recom-
mends calculating the uplift capacity of a pile group using the soil block as shown in Figure
5.51a for cohesive soils and Figure 5.51b for cohesionless soils. It is recommended that the side
slope of the block for cohesionless soil be 1 horizontal to 4 vertical (1H :4V ). In addition, it
is recommended that the buoyant (effective) weight of the soils below the groundwater table
be used to calculate the uplift capacity. For cohesive soils, the uplift capacity of the pile group
can be calculated by (refer to Figure 5.51a):

Q B L Z c Wu gulg             = × + × × +2 1( ) (5.44)

where Qulg = ultimate uplift capacity of the pile group, B = width of the pile group (block),
L = length of the pile group (block), Z = embedment depth of piles in the block, cu1 = weighted
average of undrained shear strength of clays along the embedment depth, and Wg = effective
weight of the pile group including the weight of the pile cap.

FIGURE 5.51 Uplift capacity of a pile group considering the group as a block for (a)
cohesive soils and (b) cohesionless soils (modified from AASHTO 2007).
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AASHTO (2002) recommends that the uplift capacity of a block can be estimated as the
lesser of:

1. Two-thirds the effective weight of the pile group and the soil contained within a block
defined by the perimeter of the pile group and the embedded length of the piles

2. Two-thirds the effective weight of the pile group and the soil contained within a block
defined by the perimeter of the pile group and the embedded pile length plus one-half
the total soil shear resistance on the peripheral surface of the pile group

For pile groups in cohesionless soils (refer to Figure 5.51b), it is the author’s opinion that
instead of using the slope of the side block recommended by AASHTO (2007), an angle α equal
to half of the friction angle of the soil could be used.

5.18 Settlement of Pile Foundations

No foundation design is complete unless both the load-carrying capacity and anticipated
settlements have been estimated. In most practical situations, settlement of deep foundations
is less than ½ in. and therefore is not of major concern, unless the structure is sensitive to
settlements. However, certain conditions can produce settlements greater than ½ in., which
requires special attention. Some of these conditions include but are not limited to:

• Large pile groups designed to resist the load primarily through end bearing
• Presence of a highly compressive stratum near the toe of the pile
• Significant increase in the down drag on the pile

Since piles will actually be subjected to allowable loads only, it is common practice to estimate
settlement of piles under allowable loads.

5.18.1 Settlement of Pile Groups in Cohesionless Soils

Pile groups installed in cohesionless soils experience only immediate or elastic settlements
unless they are underlain by compressible soils. Immediate settlements in most cases are small
and of no major concern. When cohesionless soils are not underlain by a compressible soil
layer, immediate settlements can be estimated using the following equations recommended by
Meyerhof (1976).

For clean sand :

s
q B I

N

z
  

  

=
4 0

1 60( )
(5.45)

For silty sand :

s
q B I

N

z
  

  

=
8 0

1 60( )
(5.46)
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where

s = immediate settlement due to compression of soil (in.)

q0 = allowable pressure (ksf); that is, q 0 = 
Allowable group load in kips    

  B L×B = width of the pile group (ft)
L = length of the pile group (ft)
Iz = influence factor which is taken as Iz =    1

8
−







Z

B
 ≥ 0.5

Z = embedment depth of piles in the group (ft)
( )N1 60 = average corrected N-values to a depth B below the tip of the pile group

Settlement estimated using the above equations does not include elastic compression of the
pile material. Therefore, settlement due to the pile material should be added to calculate the
total expected settlement. Elastic compression of piles can be calculated by

s
Q Z

AE
e

ag

p

  = (5.47)

where Qag = allowable axial load on the pile group, Z = length of the piles, A = cross-sectional
area of the pile, and Ep = modulus of elasticity of the pile material.

The modulus of elasticity of steel is 29 × 106 psi and the modulus of elasticity of concrete
can be calculated by

E fp c (psi) 57,000     = ′ (5.48)

where f ′c is the compressive strength of concrete (psi) after 28 days of curing.

5.18.2 Settlement of Pile Groups in Cohesive Soils

Pile groups installed in cohesive soils or groups underlain by cohesive soils within a depth B
below the pile group tip may experience both immediate settlements and long-term consoli-
dation settlements. However, in normally consolidated or slightly overconsolidated soils,
consolidation settlement generally is the major source of settlement. The method of calculat-
ing consolidation settlement of pile groups is the same as for shallow foundations with the
exception of estimating the new applied load ∆P at various depths in the layer that is expected
to undergo consolidation settlement.

For pile groups in clay, an equivalent footing method proposed by Terzaghi and Peck
(1967) generally is used to estimate the new applied load ∆P . Figure 5.52a shows the concept
of equivalent footing. As shown in Figure 5.52a, the load on the pile group is assumed to be
transferred through an equivalent footing of size B × L bearing at a depth of Z�3 above the
tip of the pile group. The pressure is assumed to spread out at a rate of 2 vertical to 1 horizontal
(2V :1H ). AASHTO (2007), based on the work of Duncan and Buchignani (1976), recom-
mends that if the pile group tip is embedded in a firm soil layer, as shown in Figure 5.52b, the
location of an equivalent footing be taken at a depth of Zb �3 above the pile group tip, where
Zb is the embedment depth in the firm soil layer. Consolidation settlement is then calculated
as follows.
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Bearing pressure at the location of an equivalent footing :

q
Q

B L0  

  

allowable=
×

(5.49)

Pressure at depth d below the bearing elevation of the equivalent footing :

∆P
Q

B d L d
  

      

allowable=
+ × +( ) ( )

(5.50)

Consolidation settlement due to a pile group can be calculated as follows. For normally
consolidated soil, if P0 = Pc and P0 + ∆P > Pc :

s
C H

e

P P

P
c

c
  

  

  

  =
+

+

1 0

0

0

log
∆

(5.51)

For highly overconsolidated soil, if P0 < Pc and P0 + ∆P ≤ Pc :

s
C H

e

P P

P
c

r
  

  

  

  =
+

+

1 0

0

0

log
∆

(5.52)

For slightly overconsolidated soil, if P0 < Pc and P0 + ∆P > Pc :

s
C H

e

P

P

C H

e

P P

P
c

r c c

c

  

  

  

  

  

    =
+

+
+

+

1 10 0 0

0log log
∆

(5.53)

FIGURE 5.52 Equivalent footing for calculating consolidation settlement of a pile group in clay.
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In the above equations, Qallowable = allowable capacity of the pile group, B = width of the pile
group, L = length of the pile group, Z = embedment depth of piles in the block, q0 = allowable
pressure at the bearing elevation of the equivalent footing, d = depth below the bearing
elevation of the equivalent footing at which an increase in pressure needs to be calculated, ∆P
= increase in pressure due to the pile group at depth d , sc = consolidation settlement, H =
thickness of the clay layer in which consolidation settlement needs to be calculated, Cc =
compression index, Cr = recompression index, e 0 = initial void ratio, Pc = preconsolidation
pressure, and P0 = effective overburden pressure before application of the new load.

The reader should refer to the discussion on settlement of shallow foundations for addi-
tional information on consolidation settlement. The location of the equivalent footing dis-
cussed above is for a homogeneous clay layer above and below the tip of the pile group.
Hannigan et al. (2006), based on the recommendations of Cheney and Chassie (2002), suggest
that the location of the equivalent footing for various subsurface conditions may be taken as
shown in Figure 5.53.

Example 1: Point Capacity of a Pile in Sand

Problem Statement

A 16-in.-diameter × 50-ft-long precast concrete pile is driven in sand that has a moist unit
weight of 110 pcf and an angle of internal friction of 30°. The compressive strength of the
concrete used to manufacture the pile is 5000 psi. Calculate the point capacity of the pile.

Solution

For sand, c = 0.

Meyerhof Method

From Figure 5.16, φ = 30° and N *
q = 58. Therefore:

R A cN q N A q Np p c q p q          = × + ′ ⇒ × ′( * * ) *

Rp   
 

              
 in.

 pcf  ft) 58 lb  kips= 





× × × ⇒ ⇒π
4

16

12
110 50 445 408 445

2

[( ] ,

The limiting value of Rp is

( ) tan )

( ) tan , .

lim

lim

R A N A

R

p p q p

p

              

  
 

            

( * in lb, area of the pile  in ft

 
 in.

 lb  kips

2= ×

= 





× × × ° ⇒ ⇒

1000

4
16

12
1000 58 30 46 756 46 75

2

φ

π

Since the limiting value of the point capacity is smaller than the point capacity calculated
earlier, the limiting value of 46.75 kips should be used as the point capacity:

Rp     kips= 46
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FIGURE 5.53 Location of equivalent footing and pressure distribution for various subsurface condi-
tions (adapted from Hannigan et al. 2006).

Notes: (1) Plan area of perimeter of pile group = (B )(Z )
(2) Plan area (B 1)(Z1) = projection of area (B )(Z ) at depth based on shown pressure distribution
(3) For relatively rigid pile cap, pressure distribution is assumed to vary with depth as above
(4) For flexible slab or group of small separate caps, compute pressures by elastic solutions
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Nordlund Method

R q N Ap q p  = ′α *

L

D
  

  
  = × =50 12

16
37 5.

From Figure 5.19, α = 0.5. From Figure 5.20, N *
q = 30. Therefore:

Rp             
 

    
 in.

,  lb= × × × × 





=0 5 110 50 30
16

12
115 191

2

. π

Rp     kips= 115

Effective Stress Method

R A q Np p t    = × ′( )

From Figure 5.27, Nt = 25. Therefore:

Rp    
 

         
 in.

 lb= 



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× × × =π
4

16

12
110 50 25 191 986

2

,

Rp     kips= 192

Example 2: Skin Friction Capacity of a Pile in Sand

Problem Statement

A 16-in.-diameter × 50-ft-long precast concrete pile is driven in sand that has a moist unit
weight of 110 pcf, a corrected N-value of 12, and an angle of internal friction of 30°. The
compressive strength of the concrete used to manufacture the pile is 5000 psi. Calculate the
skin friction capacity of the pile. Also calculate the total pile capacity assuming that the
acceptable pile movement is large enough to mobilize both the skin friction and point capacity.

Solution

Meyerhof Method

A precast concrete pile is a high-displacement pile. Therefore:

R N pL pL p Ls            cor in lb,   and  in  ft= ≤∑ 40 2000( )

Rs        
 

       
 in.

 lb= × × ×



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× =40 12
16

12
50 100 531π ,
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The limiting value of Rs is

Rs      
 

       
 in.

 lb= × ×





× =2000
16

12
50 418 879π ,

Rs      00,531  lb 00.5 kips= =1 1

Nordlund Method

R K C q D Ls F z z
z

z L

    
  

  = ′
+

=

=

∑ δ
δ ω

ω
( )

sin( )

cos
∆

0

Let’s assume δ = ⅔ φ (i.e., δ = ⅔ × 30° ⇒ 20°. The pile taper angle ω = 0. From Figure 5.21,
the displaced volume V = 0.70 ft3�ft. From Figure 5.23, Kδ = 1.10. From Figure 5.26, CF = 0.88.
(q ′ )z at the middle of the soil layer = 110 × 25 = 2750 psf. Therefore:

R

R

s

s

         
 

     

   

  
 in.

lb

 kips

= × × × + × 



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× =

=

1 10 0 88 2750
20 0

0

16

12
50 60 697

60 7

. .
sin( )

cos
,

.

Effective Stress Method

Since it is a driven pile, assume K ≈ 1.0. The critical depth beyond which the unit frictional
resistance can be assumed to be constant can be taken as 15 times the pile diameter; that is:

Lcr    
 

    
 in.

 ft= × ⇒15
16

12
20

At a depth of 20 ft, the effective overburden pressure σ′v can be calculated as:

( )′ = × ⇒q z           pcf  ft  psf110 20 2200

Let’s assume δ = ⅔ φ (i.e., δ = ⅔  × 30° ⇒ 20°). The unit frictional resistance at a depth of
20 ft (i.e., the critical depth) can be calculated as:

f K q

f

z         

   

 psf

 psf

= ′ ⇒ × × °

=

( ) tan . tan

.

δ 1 0 2200 20

800 7

The unit frictional resistance diagram along with critical depth are shown in Figure 5.54.
Now the skin friction capacity of the pile can be calculated by considering two sections: one

from the ground surface to a depth of 20 ft (i.e., the critical depth) and the other from 20 to
50 ft since the unit frictional resistance within this section is constant.
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From 0.0 to 20 ft, the average unit friction can be used; that is:

fav  

   
     

 psf

2
 psf=

+





⇒
0 0 800 7

400 35
. .

.

The skin friction capacity offered by the pile between depths of 0–20 ft can be calculated as:

Rs         
 

           psf
6 in.

12
 ft lb  kips= × × ×





⇒ ⇒400 35
1

20 33 541 0 33 5. , . .π

The skin friction capacity offered by the pile between depths of 20–50 ft can be calculated as
(note that the unit friction is constant within this section):

Rs        
 

           psf
6 in.

12
 ft lb  kips = × × ×





⇒ ⇒800 735
1

30 100 622 7 100 622. , . .π

The total skin capacity can be calculated by adding the skin capacity of each section; that is:

Rs           kips  kips  kips= + ⇒100 6 33 5 134 1. . .

Example 3: Capacity of a Pile in Clay

Problem Statement

A 16-in.-diameter × 50-ft-long precast concrete pile is driven in the soil stratigraphy shown in
Figure 5.55. All soil layers are clay. The soil properties of each clay layer are shown in the figure.
The effective angle of internal friction of all clay layers is 25°. The compressive strength of the

FIGURE 5.54 Unit frictional resistance diagram and
critical depth for Example 2.
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concrete used to manufacture the pile is 5000 psi.
Calculate the point and skin friction capacities of
the pile using the λ-method, α-method, and β-
method. Also calculate the total pile capacity as-
suming that the acceptable pile movement is large
enough to mobilize both the skin friction and point
capacity.

Layers 1 and 2 Normally consolidated
Layer 3 Overconsolidated with an

overconsolidation ratio of 2

Solution

Point Capacity

Note that the pile tip is in layer 3. Therefore, the soil properties of layer 3 should be used for
calculation of the point capacity of the pile.

For clay in an undrained condition, φ = 0. From Figure 5.16, N *
q = 0 and N *

c = 9. Therefore,
the point capacity can be calculated as:

R C A

R

p p

p

       
 

     

      

 
6 in.

12
 psf )

lb  kips

= × = × 





× ×

= ⇒

9
4

1
9 1000

12 566 4 12 56

2

π (

, . .

Skin Friction Capacity

�-Method
According to the λ-method, the skin friction capacity can be calculated by

R p L Cs u        = × × ′ +λ σ( )0 2

where

C
C L C L C L

L L L

A A A

L L L

u

u u u
  

      

      

  

      

      

=
+ + +

+ + +

′ =
+ + +

+ + +

( )

( )

1 2 31 2 3

1 2 3

0
1 2 3

1 2 3

K

K

K

K
σ

To calculate A1, A2, and A3, let’s first calculate the effective overburden pressure at various
depths:

Effective overburden pressure at a depth of 10 ft = 115 × 10 = 1150 psf
Effective overburden pressure at a depth of 20 ft = 1150 + (120 − 62.4) × 10 = 1726 psf
Effective overburden pressure at a depth of 50 ft = 1726 + (125 − 612.4) × 30 = 3604 psf

FIGURE 5.55 Soil properties of clay lay-
ers for Example 3.
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Now A1, A2, and A3 can be calculated as follows:

A

A

A

1

2

3

0 1150

2
10 5750

1150 1726

2
10 14 380

1726 3604

2
30 79 950

  
  

     

  
  

     

  
  

     

 ft

 ft

 ft

= + × ⇒

= + × ⇒

= + × ⇒

,

,

The values of the overburden pressures and A1, A2, and A3 are shown in Figure 5.56.
Cu

 and σ′0 now can be calculated as follows:

Cu   
                

 

   

  
    

   

 psf  ft  psf  ft  psf  ft

 ft
 psf

 ft
 psf

=
× + × + ×

⇒

′ = + + ⇒

750 10 900 10 1000 30

50
930

5750 14 380 79 950

50
2001 60σ , ,

.

From Figure 5.29, λ ≅ 0.21. Therefore:

R

R

s

s

    
 

             

      

 in.
 ft  psf 2  psf)

lb  kip

= × × × × + ×

= ⇒

π 16

12
50 0 21 2001 6 930

169 842 169 8

. ( .

, .

�-Method
According to the α-method, the skin friction capacity of a pile can be calculated by

R p L cs u         = × × ×∑ ∆ α

FIGURE 5.56 Effective overburden pressure at the top and bot-
tom of each layer calculated using the λ-method for Example 3.
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From Figure 5.31, values of α can be estimated based on the undrained cohesion of each soil
layer. The values are as follows:

Layer 1 Cu = 750 psf α = 1.0
Layer 2 Cu = 900 psf α = 0.9
Layer 3 Cu = 1000 psf α = 0.8

R

R

s

s

        
 

   

     
 

   

       
 

   

      

 psf
 in.

 ft

   psf  
 in.

 ft

   psf
 in.

 ft

lb

 

 

= × × × ×

+ × × × ×

+ × × × ×
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1 0 750
16

12
10

0 9 900
16

12
10

0 83 1000
16

12
30

169 646 00 169 64

.

.

.

, . .

π

π

π

 kips kips

�-Method (Effective Stress Method)
The skin friction capacity of a pile using the β-method can be calculated by the following
equation:

R p L K qs R z          = × × × ′∑ ∆ tan ( )φ

Layers 1 and 2 are normally consolidated. Therefore:

K R          = − ⇒ − ° ⇒1 1 25 0 577sin sin .φ

Layer 3 is overconsolidated. Therefore:

K R                OCR= − × ⇒ − ° × ⇒( sin ) ( sin ) .1 1 25 2 0 816φ

where OCR is the overconsolidation ratio.
The effective overburden pressure at the top and bottom of each layer was calculated earlier

for the λ-method and is shown in Figure 5.56. Now the skin friction capacity offered by each
of the soil layers can be estimated using the β-method as follows:

R

R

R

s

s

s

1

2

3

16

12
10 0 577 25
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2
6480 4

16

12
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2
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.
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  psftan , .25
1726 3604

2
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Total skin resistance can be calculated as:

R R R R

R

s s s s

s

            

      lb  kips

= + + = + +

= ⇒

1 2 3
6480 4 16 206 7 127 429 4

150 116 5 150 1

. , . , .

, . .

To summarize, the skin friction capacity using all three methods is

λ-method Rs = 169.8 kips
α-method Rs = 169.6 kips
β-method Rs = 150.1 kips

Since all three methods resulted in reasonably close values of Rs , the skin friction capacity for
the pile can be taken as the average of the capacities from all three methods; that is:

Rs   
    

    kips= + + ⇒169 8 169 6 150 1

3
163 2

. . .
.

Total Pile Capacity

The point capacity of this pile is 12.6 kips. Since movements in the pile are sufficient to
mobilize skin friction and point resistances are acceptable, the total pile capacity can be
calculated as:

Q R Rs pult             + . .  kips= + ⇒ ⇒163 2 12 6 175 8.

If a factor of safety of 2 is acceptable, the allowable pile capacity can be calculated as:

R
Q

allowable
ult

   
 

   

FS
 

 kips
 kips= ⇒ ⇒

175 8

2
87 9

.
.

The recommend pile capacity is 85 kips.

Example 4: Capacity of a Pile End Bearing on Rock

Problem Statement

A steel H-pile of size 10 × 57 is driven to limestone bedrock at a depth of 60 ft through loose
to medium-dense, medium sand. The yield strength of the pile material reported by the
manufacturer is 50 ksi. The average unconfined compression strength of the bedrock mea-
sured from 2-in.-diameter rock cores in the laboratory is 20,000 psi, and the effective angle of
friction is 35°. Calculate the allowable capacity of the pile assuming a factor of safety of 2. Also
calculate the expected settlement. The modulus of elasticity of steel is 29,000 ksi.
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Solution

The properties of a steel H-pile section of size 10 × 57 from
standard tables are as follows:

Flange width = 10 in.
Depth of pile section = 10 in. (refer to Figure 5.57)
Actual area of the pile = 16.8 in.2

(Note that this is the area of the steel only)

Capacity Based on Strength of Bedrock

The design unconfined compression strength of the bedrock is

q
q

q

u
u

u

(design)
(lab)

(design)

  

     

 to 

 psi

=

= ⇒

4 5

20 000

4
5000

,

The ultimate pile capacity can be calculated as follows:

Q R A q N

Q

Q
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u p p u

u

u
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 kips

 kipsallowable

= = +

= × × +
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.

.
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φ 1

16 8 5000 45
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2
1 393 974 5

393 9

393 9

2
196 9

2 2

Capacity Based on Yield Strength of the Pile

The design yield strength of the pile material is 16.67 ksi (taken as one-third of the yield
strength). The ultimate capacity of the pile can be calculated as follows:

Q A

Q

Q

u y p

u

    

         

     

 ksi  in.  kips

 kipsallowable

= ×

= × ⇒

= ⇒

σ

16 67 16 8 280

280

2
140

2. .

Since the capacity based on the yield strength of the pile material is lower than that
calculated based on the strength of the bedrock, the capacity based on the yield strength of the
pile material should be used as the design capacity. Therefore:

Q allowable    kips= 140

FIGURE 5.57 Depth of the
pile section in Example 4.
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Since the pile is supported on rock, all the load is assumed to be transferred through the
pile tip. Therefore, settlement in the pile can be estimated by using the basic equation from the
mechanics of deformable bodies:

S
PL

AE
    

      

    

   

 kips  in.

 in.  ksi
 in.= =

× ×
×

=
140 60 12

16 8 29 000
0 207

2

( )

. ,
.
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6.1 Introduction

A retaining wall is a structure whose primary purpose is to provide lateral support to soil and
rock. Some of the common types of retaining walls are gravity walls, cantilever walls, counterfort
walls, diaphragm walls, crib walls, gabion walls, bored pile (contiguous and secant) walls, sheet
pile walls, and mechanically stabilized walls.

A gravity retaining wall (Figure 6.1a) is built of plain concrete or stone masonry. The
stability of a gravity retaining wall depends on its own weight and the weight of the soil resting
on it. It is considered to be a rigid structure. Sometimes a minimum amount of steel reinforce-
ment also is used in the construction of a gravity retaining wall to minimize the size of the wall
section. This type of wall is referred to as a semigravity wall (Figure 6.1b).

A cantilever retaining wall (Figure 6.1c) is built of reinforced concrete. It consists of a thin
stem and a base slab. The stem of a cantilever retaining wall is provided with reinforcement
at the back. It also is provided with temperature reinforcement near the exposed front face to
control cracking that might occur due to temperature changes.

A counterfort retaining wall (Figure 6.1d) is similar to a cantilever wall. In this type of wall,
thin vertical concrete slabs known as counterforts are placed at regular intervals to tie the wall
and the base slab together. The purpose of the counterforts is to reduce the shear and the
bending moments.

A diaphragm wall (Figure 6.2) is a thin retaining structure which is constructed using the
slurry trench technique. This technique involves excavating a narrow trench that is kept full

FIGURE 6.1 Different types of walls.

Plain
concrete
or stone
masonry

(a) Gravity wall (b) Semigravity wall (c) Cantilever wall

Reinforcement Reinforcement

Counterfort

(d) Counterfort wall
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of clay and bentonite slurry. The slurry exerts hydraulic pressure against the trench walls and
acts as shoring to prevent collapse. A diaphragm wall is constructed by excavating the trench
in discontinuous sections. Once the excavation of a panel is complete, a steel reinforcement
cage is placed in the center of the panel. Concrete is tremied in one continuous operation. The
finished wall may be cantilever, anchored, or propped for lateral support.

A crib wall (Figure 6.3) consists of interlocking concrete�wooden members that form
cells. These are then filled with compacted soil or boulders.

A gabion wall (Figure 6.4) is similar to a crib wall. It is constructed of gabions, which are
double-twisted wire mesh containers of variable size that are uniformly partitioned into
internal cells, interconnected with other similar units, and filled with stones.

In a contiguous bored pile wall (Figure 6.5a), reinforced concrete piles are installed at
center-to-center spacing of generally 150 mm greater than their diameter, thus leaving gaps in
the structural wall. This option usually is suitable where the retained soil is firm to stiff and
where the groundwater table is below the level of the maximum excavation. A secant bored pile
wall (Figure 6.5b) is similar to a contiguous bored pile wall, but the gap between piles is filled
by secant piles made of unreinforced cement�bentonite mix for the hard�soft wall and weak
concrete for the hard�firm wall. This type of wall is constructed by installing the primary piles,
and then the secondary piles are formed in reinforced concrete, cutting into the primary piles.
In secant bored pile walls, the ingress of water to any subsequent excavation is substantially
reduced.

FIGURE 6.2 Diaphragm wall.

FIGURE 6.3 Crib wall.

Prestressed ground anchor

Diaphragm wall

Crib

Crib
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A sheet pile wall (Figure 6.6) consists of interlocking members that are driven into place.
Usually the sheet piles are steel sections which come in different shapes and sizes, with
interlocking joints that enable the individual segments to be connected to form a solid wall.
This type of flexible wall often is used for waterfront construction.

A mechanically stabilized wall (Figure 6.7) is the most modern type of wall. In this type of
wall, the thin facing skin is held in position by a large number of thin reinforcing strips tied

FIGURE 6.5 Pile wall: (a) contiguous and (b) secant.

FIGURE 6.4 Gabion wall.

Prestressed
ground anchor

Pile wall

ELEVATION

PLAN

(a) Contiguous pile wall (b) Secant pile wall
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to it and running through the backfill material. The backfill soil is held in position by the
mechanical friction between the reinforcing strips and the backfill soil.

6.2 Initial Proportioning of Retaining Walls

Over the years, some guidelines have
evolved regarding the initial trial di-
mensions of gravity and cantilever re-
taining walls which have been found
to give satisfactory outcomes (the gen-
eral proportions of various retaining
wall components are shown in Figure
6.8). These guidelines are based on the
total height of the wall H , which must
be fixed in relation to the height of the
soil to be retained. The top width of
the stem of a retaining wall should not
be less than 300 mm for proper place-
ment of concrete. The increase in the
width of the stem typically is between
20 and 60 mm per meter height of the
stem. The depth Df to the bottom of

FIGURE 6.6 Sheet pile wall.

FIGURE 6.7 Mechanically stabilized wall.

(a) Sheet pile wall (b) Sheet pile section
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the base slab is fixed based on the theories for shallow foundations. However, it should not be
less than 600 mm. The thickness of the base slab typically is between 1�12 and ⅛H . The width
of the base slab B  is 0.4–0.7H . The smaller B-to-H ratio is for firm soil and when the retaining
soil is horizontal. The ratio increases with decreasing strength of the foundation soil and
increasing slope of the backfill. The projection of the toe from the stem is 0.1H for a cantilever
wall and 0.12–0.17H for a gravity wall.

6.3 Lateral Earth Pressure Theories

Lateral earth pressures that act on a retaining wall play a pivotal role in the design and stability
calculations of a wall. The lateral earth pressure acting on the back of a wall is the driving force
that can cause instability, such as sliding and rotation, of the wall. Thus, determination of the
lateral earth pressures acting on a wall is important.

There are two classical earth pressure theories: (1) Coulomb’s (1776) earth pressure theory
and (2) Rankine’s (1857) earth pressure theory. Both theories propose to estimate the magni-
tudes of two lateral earth pressures: active earth pressure and passive earth pressure.

When a rigid wall, such as a counterfort wall, does not move even after the backfill soil is
placed, the lateral pressure P  exerted by the backfill on the wall is termed at-rest pressure and
is expressed as

P H Ko  = 1

2
2γ (6.1)

where γ = unit weight of the backfill soil, H = height of the retaining wall, and Ko = coefficient
of earth pressure at rest.

The coefficient of earth pressure at rest Ko can
be obtained from the theory of elasticity as

Ko   

  

=
−
ν

ν1
(6.2)

where ν = Poisson’s ratio of the backfill soil. Typi-
cal values of Poisson’s ratio for different soils are
given in Table 6.1.

A good approximation for Ko is given by Jaky
(1944), according to whom

Ko     = −1 sin φ (6.3)

where φ = angle of internal friction of the backfill
soil. Typical values of the friction angle for different
soils are given in Table 6.2. Table 6.3 gives the value
of Ko for different types of backfill soil.

If the lateral pressures acting on a wall are such
that the wall rotates about the toe and moves away

TABLE 6.1 Typical Range of Poisson’s
Ratio (ν) for Different Soils

Type of Backfill Soil ν

Loose sand 0.2–0.35
Dense sand 0.3–0.4
Sandy soil 0.15–0.25
Silt 0.3–0.35
Unsaturated clay 0.35–0.4
Saturated clay 0.5
Clay with sand and silt 0.3–0.42

TABLE 6.2 Typical Range of
Friction Angle (φ) for Different Soils

Type of Backfill Soil φ (deg)

Sand and gravel 30–40
Silty sand 20–30
Compacted clay 20–30
Soft clay 30–15
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from the backfill soil, as may be the case in a
cantilever retaining wall, the lateral earth pres-
sure gradually reduces to a minimum after a
particular displacement. This lateral pressure is
termed the active earth pressure Pa . If, on the
other hand, the lateral pressures acting on a wall
are such that the wall moves into the backfill soil,
the lateral earth pressure gradually reaches a
maximum possible value after a certain displace-
ment. This maximum possible value of lateral
earth pressure is called the passive earth pressure
Pp . This type of situation may arise if the anchor forces are high enough to move the anchored
retaining wall toward the backfill. The movement of the wall required to mobilize the passive
pressure is far greater than that required to mobilize the active pressure. Table 6.4 gives the
movement of the wall X  in terms of wall height H  required to mobilize the active and passive
conditions (Department of the Navy 1982).

6.3.1 Coulomb’s Earth Pressure Theory

As per Coulomb’s earth pressure theory for cohesionless soil, the active earth pressure Pa

acting on a wall is given by

P H Ka a  = 1

2
2γ (6.4)

where Ka = the active earth pressure coefficient and is given by

K

i

i

a   
  

      
    

    

     

=
−

+ +
+ −
+ −













cos ( )

cos cos( )
sin( ) sin( )

cos( ) cos( )

2

2

2

1

φ α

α α δ
φ δ φ
α δ α

(6.5)

where α = inclination (with respect to the vertical axis) of the back face of the wall, δ = friction
between the wall and the backfill soil, and i = slope of the backfill soil.

Typical values of wall friction for different backfill soils are given in Table 6.5. If no
information is known regarding the wall friction, two-thirds of φ can be used as an estimate.

TABLE 6.4 Movement (X ) of Wall Required to Activate Active and
Passive Conditions

Type of Backfill Soil X�H for Active State X�H for Passive State

Dense sand 0.0005 0.0002
Loose sand 0.002 0.006
Soft clay 0.02 0.04
Stiff clay 0.01 0.02

TABLE 6.3 Coefficient of Earth Pressure at
Rest (Ko) for Different Soils

Type of Backfill Soil Ko

Dry loose sand (void ratio, e = 0.8) 0.64
Dry dense sand (void ratio, e = 0.6) 0.49
Loose saturated sand 0.46
Dense saturated sand 0.36
Low-plastic compacted clay 0.42
High-plastic compacted clay 0.60
Organic silty clay 0.57
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The passive pressure acting on a wall with cohesion-
less backfill is given by

P H Kp p  = 1

2
2γ (6.6)

where Kp = the passive earth pressure coefficient, given
by

K

i

i

p   
  

      
    

    

     

=
+

− −
+ +
− −













cos ( )

cos cos( )
sin( ) sin( )

cos( ) cos( )

2

2

2

1

φ α

α α δ
φ δ φ
α δ α

(6.7)

Coulomb’s theory assumes that the backfill soil is isotropic, homogeneous, and cohesion-
less. The rupture surface is planer. The failure wedge can be treated as a rigid body.

6.3.2 Rankine’s Earth Pressure Theory

Rankine, in his earth pressure theory, assumed that the wall is vertical and smooth or friction-
less. The rupture surface is planer. The backfill soil is cohesionless. According to Rankine, the
active earth pressure is given by

P H Ka A  = 1

2
2γ (6.8)

where KA is the active earth pressure coefficient, given by

K i
i i

i i
A   

     

     

  =
− −

+ −
cos

cos cos cos

cos cos cos

2 2

2 2

φ

φ
(6.9)

The passive earth pressure is given by

P H Kp P  = 1

2
2γ (6.10)

where KP is the passive earth pressure coefficient, expressed as

K i
i i

i i
P   

     

     

  =
+ −

− −
cos

cos cos cos

cos cos cos

2 2

2 2

φ

φ
(6.11)

If the backfill soil is horizontal (that is, i = 0), Rankine’s above expressions for the active
and passive earth pressure coefficients reduce to

TABLE 6.5 Wall Friction Angle
(δ) for Different Backfill Soils

Type of Backfill Soil δ (deg)

Coarse sand 20–28
Fine sand 15–25
Silty clay 12–16
Stiff clay 15–20
Gravel 27–30
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K
N

A   
  

  

        =
−
+

= −





=
1

1
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2

1
2
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sin
tan

φ
φ

φ

φ
(6.12)

and

K NP   
  

  

        =
+
−

= +





=
1

1
45

2
2

sin

sin
tan

φ
φ

φ
φ (6.13)

Thus, under this condition, KA and KP are reciprocals of each other.
If the wall is vertical and smooth, and the backfill soil is horizontal (that is, i = γ = 0 and

α = 90°), Coulomb’s equations for active and passive pressures also reduce to the above forms
of Rankine’s equations.

6.3.3 Earth Pressure Theory for Clayey Soil

The active earth pressure for a clayey soil is given by

P H
N

c
H

N
a      

 

  = −1

2

1
22γ

φ
φ

(6.14)

where Nφ is given by Nφ = tan2 (45 + φ�2) and c = cohesion of the soil.
For soft soil, φ = 0 and Nφ = 1. Therefore,

P H cHa     = −1

2
22γ (6.15)

The expression for the passive earth pressure in clayey soil is given by

P HN c Np        = +γ φ φ2 (6.16)

6.3.4 Pressures Due to Surcharge Load and Groundwater

When calculating total lateral pressures acting on a wall, lateral pressures due to surcharge
load on the ground and due to the steady groundwater table need to be accounted for.

6.3.5 Earth Pressures Acting on a Wall in a Braced Excavation

Vertical or near-vertical cuts often are required in the construction of foundations for high-
rise buildings and underground transportation facilities and in laying underground cables and
water and sewer lines. The vertical faces of a cut are protected by temporary bracing systems
to avoid failure. First, vertical steel or timber beams, called soldier beams, are driven into the
ground. After excavation is started, horizontal timber planks or steel plates called lagging are
placed between the soldier beams. After excavation reaches a desired depth, horizontal steel
beams called wales and struts are installed to support the side walls. Instead of soldier beams,
interlocking sheet pile walls often are utilized as side walls. In contrast to the ordinary retaining
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walls discussed above, braced walls show different yielding behavior, in which the lateral
deformation gradually increases with depth. As a result, the lateral earth pressures acting on
braced walls also are different. Figure 6.9 shows the earth pressure envelopes for braced walls
in sand and clay as proposed by Peck (1943, 1969). Peck suggested using PA = 0.65γHKA for
sand, whichever is the higher of PA = γH [1 − (4c�γH )] or 0.3γH to calculate earth pressure
envelopes for soft to medium clay, and about 0.3γH for stiff clay. When both sand and clay
are encountered in an excavation, Peck proposed using the equivalent (weighted average)
value of cohesion c and the unit weight of the soil γ for calculation of earth pressures.

6.3.6 Earth Pressures Acting on a Wall during an Earthquake

During an earthquake, there is an increase in the lateral pressure exerted by backfill. This
increase depends on many factors, including intensity and type of the earthquake, natural
frequency of the wall, nature of the backfill, etc. Total lateral earth pressure (static plus
dynamic) in the active condition is computed by the Mononobe-Coulomb formula (Seed and
Whitman 1970; Fang and Chen 1995) as

P H Kae ae  = 1

2
2γ (6.17)

with

K

n

ae   
    

       
    

=
− −

+ + +[ ]
cos ( )

cos cos cos( )

2

2
2

1

φ θ α

θ α δ α θ
(6.18)

where

FIGURE 6.9 Peck’s pressure envelopes for a braced wall.

(a) (b) (c)

0.25H

0.75H

0.25H

0.25H

0.5H

In sand
PA = 0.65 γHKA

H

In soft to medium clay γH/c > 4 In stiff clay γH/c ≤ 4

PA
PA PA

J. Ross Publishing; All Rights Reserved


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































	Table of Contents 
	About the Editor-in-Chief

	Contributors
	Chapter 1: Engineering Properties of Soil
	Chapter 2: Lateral Earth Pressure
	Chapter 3: Design of Shallow Foundations

	Chapter 4: Foundation-Soil Interaction

	Chapter 5: Design of Pile Foundations

	Chapter 6: Retaining Walls

	Chapter 7: Slope Stability

	Chapter 8: Expansive Clays

	Chapter 9: Ground Improvement

	Chapter 10: Site Investigation and In Situ Tests

	Chapter 11: Vibration of Foundations
	Chapter 12: Geosynthetics
	Chapter 13: GeoenvironmentalEngineering

	Chapter 14: Railway Track Bed Foundation Design

	Chapter 15: Special Foundations

	Index




