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a 1983 copyright. The second edition had a 1997 copyright and was pub-
lished by Taylor and Francis. This edition essentially is designed for readers
at the same level.

Compared to the second edition, following are the major changes.

e Chapter 1 has been renamed as “Soil aggregate, plasticity, and clas-
sification.” It includes additional discussions on clay minerals, nature
of water in clay, repulsive potential and pressure in clay, and weight—
volume relationships.

e Chapter 3 has also been renamed as “Stresses and displacements in
a soil mass.” It includes relationships to evaluate displacements in a
semi-infinite elastic medium due to various types of loading in addition
to those to estimate stress.

e Chapter 4 on “Pore water pressure due to undrained loading” has addi-
tional discussions on the directional variation of pore water pressure
parameter A due to anisotropy in cohesive soils.

e Chapter 5 on “Permeability and seepage” has new material to esti-
mate the coefficient of permeability in granular soil using the Kozeny—
Carman equation. The topics of electroosmosis and electroosmotic
coefficient of permeability have been discussed.

e Solutions for one-dimensional consolidation using viscoelastic model
has been presented in Chapter 6 on “Consolidation”.

e Chapter 7 on “Shear strength of soils” has more detailed discussions
on the effects of temperature, anisotropy, and rate of strain on the
undrained shear strength of clay. A new section on creep in soil using
the rate-process theory has been added.

e Chapter 8 has been renamed as “Settlement of shallow foundations.”
More recent theories available in literature on the elastic settlement
have been summarized.

e  SI units have been used throughout the text, including the problems.



xxvi Preface

I am indebted to my wife Janice for her help in preparing the revised
manuscript. She prepared all the new and revised artwork for this edition.
I would also like to thank Tony Moore, Senior Editor, and Eleanor Rivers,
Commissioning Editor of Taylor and Francis, for working with me during
the entire publication process of this book.

Braja M. Das



Chapter |

Soil aggregate, plasticity, and
classification

I. Introduction

Soils are aggregates of mineral particles, and together with air and/or water
in the void spaces, they form three-phase systems. A large portion of the
earth’s surface is covered by soils, and they are widely used as construction
and foundation materials. Soil mechanics is the branch of engineering that
deals with the engineering properties of soils and their behavior under
stress.

This book is divided into eight chapters—“Soil aggregate, plasticity,
and classification,” “Stresses and strains—elastic equilibrium,” “Stresses
and displacement in a soil mass,” “Pore water pressure due to undrained
loading,” “Permeability and seepage,” “Consolidation,” “Shear strength of
soils,” and “Settlement of foundations.”

This chapter is a brief overview of some soil properties and their classifi-
cation. It is assumed that the reader has been previously exposed to a basic
soil mechanics course.

2

1.2 Soil—separate size limits

A naturally occurring soil sample may have particles of various sizes.
Over the years, various agencies have tried to develop the size limits
of gravel, sand, silt, and clay. Some of these size limits are shown in
Table 1.1.

Referring to Table 1.1, it is important to note that some agencies clas-
sify clay as particles smaller than 0.005 mm in size, and others classify
it as particles smaller than 0.002 mm in size. However, it needs to be
realized that particles defined as clay on the basis of their size are not
necessarily clay minerals. Clay particles possess, the tendency to develop
plasticity when mixed with water; these are clay minerals. Kaolinite,
illite, montmorillonite, vermiculite, and chlorite are examples of some clay
minerals.
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Table |.I Soil—separate size limits

Agency Classification Size limits (mm)
U.S. Department of Agriculture (USDA) Gravel >2
Very coarse sand 2-1
Coarse sand 1-0.5
Medium sand 0.5-0.25
Fine sand 0.25-0.1
Very fine sand 0.1-0.05
Silt 0.05-0.002
Clay <0.002
International Society of Soil Mechanics Gravel >2
(ISSS) Coarse sand 2-0.2
Fine sand 0.2-0.02
Silt 0.02-0.002
Clay <0.002
Federal Aviation Agency (FAA) Gravel >2
Sand 2-0.075
Silt 0.075-0.005
Clay < 0.005
Massachusetts Institute of Technology Gravel >2
(MIT) Coarse sand 2-0.6
Medium sand 0.6-0.2
Fine sand 0.2-0.06
Silt 0.06-0.002
Clay <0.002
American Association of State Highway Gravel 76.2-2
and Transportation Officials (AASHTO) Coarse sand 2-0.425
Fine sand 0.425-0.075
Silt 0.075-0.002
Clay <0.002
Unified (U.S. Army Corps of Engineers, Gravel 76.2-4.75
U.S. Bureau of Reclamation, and Coarse sand 4.75-2
American Society for Testing and Medium sand 2-0.425
Materials) Fine sand 0.425-0.075
Silt and clay (fines) <0.075

Fine particles of quartz, feldspar, or mica may be present in a soil
in the size range defined for clay, but these will not develop plastic-
ity when mixed with water. It appears that is it more appropriate for
soil particles with sizes <2 or Sum as defined under various systems
to be called clay-size particles rather than clay. True clay particles are
mostly of colloidal size range (< 1um), and 2 um is probably the upper

limit.
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1.3 Clay minerals

Clay minerals are complex silicates of aluminum, magnesium, and iron. Two
basic crystalline units form the clay minerals: (1) a silicon—oxygen tetrahe-
dron, and (2) an aluminum or magnesium octahedron. A silicon—oxygen
tetrahedron unit, shown in Figure 1.1a, consists of four oxygen atoms sur-
rounding a silicon atom. The tetrahedron units combine to form a silica
sheet as shown in Figure 1.2a. Note that the three oxygen atoms located
at the base of each tetrahedron are shared by neighboring tetrahedra. Each
silicon atom with a positive valence of 4 is linked to four oxygen atoms
with a total negative valence of 8. However, each oxygen atom at the base
of the tetrahedron is linked to two silicon atoms. This leaves one negative
valence charge of the top oxygen atom of each tetrahedron to be counter-
balanced. Figure 1.1 shows an octahedral unit consisting of six hydroxyl
units surrounding an aluminum (or a magnesium) atom. The combination
of the aluminum octahedral units forms a gibbsite sheet (Figure 1.2b). If
the main metallic atoms in the octahedral units are magnesium, these sheets
are referred to as brucite sheets. When the silica sheets are stacked over the

O Oxypen

# Silicon

() Hydroxyl

. Aluminum or
magnesium

L

Figure 1.1 (a) Silicon—oxygen tetrahedron unit and (b) Aluminum or magnesium
octahedral unit.



& & ¢ Silicon

O & 7 Oxygen

@ Aluminum

O & 3 Hydroxyl

{3 Oxygen
& Hydroxyl
i Aluminum
#® 0 Silicon

{c)

Figure 1.2 (a) Silica sheet, (b) Gibbsite sheet and (c) Silica—gibbsite sheet (after
Grim, 1959).
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octahedral sheets, the oxygen atoms replace the hydroxyls to satisfy their
valence bonds. This is shown in Figure 1.2c.

Some clay minerals consist of repeating layers of two-layer sheets. A
two-layer sheet is a combination of a silica sheet with a gibbsite sheet, or
a combination of a silica sheet with a brucite sheet. The sheets are about
7.2 A thick. The repeating layers are held together by hydrogen bonding
and secondary valence forces. Kaolinite is the most important clay mineral
belonging to this type (Figure 1.3). Other common clay minerals that fall
into this category are serpentine and halloysite.

The most common clay minerals with three-layer sheets are illite and
montmorillonite (Figure 1.4). A three-layer sheet consists of an octahedral
sheet in the middle with one silica sheet at the top and one at the bot-
tom. Repeated layers of these sheets form the clay minerals. Illite layers
are bonded together by potassium ions. The negative charge to balance the
potassium ions comes from the substitution of aluminum for some silicon in
the tetrahedral sheets. Substitution of this type by one element for another
without changing the crystalline form is known as isomorphous substi-
tution. Montmorillonite has a similar structure to illite. However, unlike
illite there are no potassium ions present, and a large amount of water is
attracted into the space between the three-sheet layers.

The surface area of clay particles per unit mass is generally referred to
as specific surface. The lateral dimensions of kaolinite platelets are about
1000-20,000 A with thicknesses of 1001000 A. Illite particles have lateral
dimensions of 1000-5000 A and thicknesses of 50-500 A. Similarly, montmo-
rillonite particles have lateral dimensions of 1000-5000 A with thicknesses

f 3

A number of
repeating layers of
kaolinite form a
kaclinie particle

Elementary kaclinite layer
40— Ciibibsipe sheet
g +— Silica sheet /

Figure 1.3 Symbolic structure for kaolinite.
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Figure 1.4 Symbolic structures of (a) illite and (b) montmorillonite.

of 10-50 A. If we consider several clay samples all having the same mass, the
highest surface area will be in the sample in which the particle sizes are the
smallest. Soitis easy to realize that the specific surface of kaolinite will be small
compared to that of montmorillonite. The specific surfaces of kaolinite, illite,
and montmorillonite are about 15, 90 and 800 m? /g, respectively. Table 1.2
lists the specific surfaces of some clay minerals.

Clay particles carry a net negative charge. In an ideal crystal, the pos-
itive and negative charges would be balanced. However, isomorphous

Table 1.2 Specific surface area and cation exchange capacity of some
clay minerals

Clay mineral Specific surface (m?/g)  Cation exchange capacity
(mel100g)
Kaolinite 10-20 3
lllite 80-100 25
Montmorillonite 800 100
Chlorite 5-50 20
Vermiculite 5-400 150
Halloysite (4H,0O) 40 12

Halloysite (2H,0) 40 12
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substitution and broken continuity of structures result in a net negative
charge at the faces of the clay particles. (There are also some positive charges
at the edges of these particles.) To balance the negative charge, the clay
particles attract positively charged ions from salts in their pore water. These
are referred to as exchangeable ions. Some are more strongly attracted than
others, and the cations can be arranged in a series in terms of their affinity
for attraction as follows:

AP* > Ca®* > Mg*" > NH > K* > H* > Na* > Li*

. . . . 34 - .
This series indicates that, for example, AI’* ions can replace Ca”" ions, and
Ca" ions can replace Na* ions. The process is called cation exchange. For
example,

Na,,, 4+ CaCl, — Ca,,, +NaCl

clay

Cation exchange capacity (CEC) of a clay is defined as the amount of
exchangeable ions, expressed in milliequivalents, per 100g of dry clay.
Table 1.2 gives the cation exchange capacity of some clays.

1.4 Nature of water in clay

The presence of exchangeable cations on the surface of clay particles was
discussed in the preceding section. Some salt precipitates (cations in excess
of the exchangeable ions and their associated anions) are also present on
the surface of dry clay particles. When water is added to clay, these cations
and anions float around the clay particles (Figure 1.5).

+ + - |
+ o+ + B
+ - % g Cations
L]
+ + - + - E
+ + o+ o+
-+ - 4
Surface ol Dhistance from surface of clay particle
clay particle

Figure 1.5 Diffuse double layer.
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Figure 1.6 Dipolar nature of water.

At this point, it must be pointed out that water molecules are dipolar,
since the hydrogen atoms are not symmetrically arranged around the oxygen
atoms (Figure 1.6a). This means that a molecule of water is like a rod with
positive and negative charges at opposite ends (Figure 1.6b). There are three
general mechanisms by which these dipolar water molecules, or dipoles; can
be electrically attracted toward the surface of the clay particles (Figure 1.7):

Case {a)

é Dipole
Cation
Case (b)
Dipole
Cation
Case {c)

Hydrogen

Figure 1.7 Dipolar water molecules in diffuse double layer.
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(a) Attraction between the negatively charged faces of clay particles and the
positive ends of dipoles.

(b) Attraction between cations in the double layer and the negatively
charged ends of dipoles. The cations are in turn attracted by the nega-
tively charged faces of clay particles.

(c) Sharing of the hydrogen atoms in the water molecules by hydrogen
bonding between the oxygen atoms in the clay particles and the oxygen
atoms in the water molecules.

The electrically attracted water that surrounds the clay particles is known
as double-layer water. The plastic property of clayey soils is due to the
existence of double-layer water. Thicknesses of double-layer water for typ-
ical kaolinite and montmorillonite crystals are shown in Figure 1.8. Since

XTI
400 A<éuble-layer waler

104 . L Adsorbed

walker

{a)

- 'y . .
e, Monmorllonite

16 A crystal

(®)

Figure 1.8 Clay water (a) typical kaolinite particle, 10,000 by 1000 A and (b) typical
montmorillonite particle, 1000 by 10 A (after Lambe, 1960).
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the innermost layer of double-layer water is very strongly held by a clay
particle, it is referred to as adsorbed water.

1.5 Repulsive potential

The nature of the distribution of ions in the diffuse double layer is shown in
Figure 1.5. Several theories have been presented in the past to describe the
ion distribution close to a charged surface. Of these, the Gouy—Chapman
theory has received the most attention. Let us assume that the ions in the
double layers can be treated as point charges, and that the surface of the clay
particles is large compared to the thickness of the double layer. According
to Boltzmann’s theorem, we can write that (Figure 1.9)

—v, ed

n+=n+(0)epr;T (1.1)
—v_ed

n_=n_)exXp —rr— (1.2)

where

n, = local concentration of positive ions at a distance x

n_ = local concentration of negative ions at a distance x

.0 M = concentration of positive and negative ions away from clay
surface in equilibrium liquid

® = average electric potential at a distance x (Figure 1.10) v, v_ = ionic
valences

e = unit electrostatic charge, 4.8 x 107! esu

K = Boltzmann’s constant, 1.38 x 10~ erg/K

T = absolute temperature

Figure 1.9 Derivation of repulsive potential equation.
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£

Potential, &

Distance from surface of clay, x

Figure 1.10  Nature of variation of potential ® with distance from the clay surface.

The charge density p at a distance x is given by
p=v,en, —v_en_ (1.3)
According to Poisson’s equation,

d&?® —4mp
e 1.4
dx? A (1.4)
where A is the dielectric constant of the medium.
Assuming v, =v_ and n, o =n_ = 1y, and combining Eqs. (1.1)-(1.4),
we obtain

d*®  8mnve ved

= inh 1.5

dx? x VKT (1.3)

It is convenient to rewrite Eq. (1.5) in terms of the following nondimen-
sional quantities:

ved
- 1.6
Y=%T (1.6)
_ ved, (1.7)

KT
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and & =kx (1.8)
where @, is the potential at the surface of the clay particle and
2 8mn e v
- AKT
Thus, from Eq. (1.5),
2

y .
pr =sinhy (1.10)

(cm™2) (1.9)

The boundary conditions for solving Eq. (1.10) are:

1. Até=o00,y=0and dy/d¢=0.
2. Até=0,y=gz,1.e, P=7,.

The solution yields the relation

2 2_1)e¢
g2 €D (e~ e (1.11)
(32 4+ 1) — (e —1)e~¢

Equation (1.11) gives an approximately exponential decay of potential.
The nature of the variation of the nondimensional potential y with the
nondimensional distance is given in Figure 1.11.

For a small surface potential (less than 25 mV), we can approximate
Eq. (1.5) as

@
dx?

O = Pye (1.13)

=KD (1.12)

Equation (1.13) describes a purely exponential decay of potential. For
this condition, the center of gravity of the diffuse charge is located at a
distance of x = 1/k. The term 1/« is generally referred to as the double-layer
thickness.

There are several factors that will affect the variation of the repulsive
potential with distance from the surface of the clay layer. The effect of the
cation concentration and ionic valence is shown in Figures 1.12 and 1.13,
respectively. For a given value of @, and x, the repulsive potential ®
decreases with the increase of ion concentration 7, and ionic valence v.

When clay particles are close and parallel to each other, the nature of
variation of the potential will be a shown in Figure 1.14. Note for this case
thatatx =0, ® = ®,, and at x = d (midway between the plates), ® = &, and
d®/dx = 0. Numerical solutions for the nondimensional potential y =y,
(i.e., ® = ®,) for various values of z and ¢ = kd (i.e., x = d) are given by
Verweg and Overbeek (1948) (see also Figure 1.15).
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Figure 1.11 Variation of nondimensional potential with nondimensional distance.
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Figure 1.12  Effect of cation concentration on the repulsive potential.
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Figure 1.13 Effect of ionic valence on the repulsive potential.

Clay
particle

Figure 1.14 Variation of ® between two parallel clay particles.



Soil aggregate, plasticity, and classification 15

»

£=xd

Figure 1.15 Nature of variation of the nondimensional midplane potential for two
parallel plates.

1.6 Repulsive pressure

The repulsive pressure midway between two parallel clay plates
(Figure 1.16) can be given by the Langmuir equation

ved,
p=2n,KT (cosh XT —1) (1.14)

where p is the repulsive pressure, i.e., the difference between the osmotic
pressure midway between the plates in relation to that in the equilib-
rium solution. Figure 1.17, which is based on the results of Bolt (1956),
shows the theoretical and experimental variation of p between two clay
particles.

Although the Guoy—Chapman theory has been widely used to explain
the behavior of clay, there have been several important objections to
this theory. A good review of these objections has been given by Bolt
(1955).



Clay P o Clay
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Figure 1.16 Repulsive pressure midway between two parallel clay plates.
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Figure 1.17 Repulsive pressure between sodium montmorillonite clay particles
(after Bolt, 1956).
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1.7 Flocculation and dispersion of clay particles

In addition to the repulsive force between the clay particles there is an
attractive force, which is largely attributed to the Van der Waal’s force. This
is a secondary bonding force that acts between all adjacent pieces of matter.
The force between two flat parallel surfaces varies inversely as 1/x° to 1/x*,
where x is the distance between the two surfaces. Van der Waal’s force
is also dependent on the dielectric constant of the medium separating the
surfaces. However, if water is the separating medium, substantial changes
in the magnitude of the force will not occur with minor changes in the
constitution of water.

The behavior of clay particles in a suspension can be qualitatively visual-
ized from our understanding of the attractive and repulsive forces between
the particles and with the aid of Figure 1.18. Consider a dilute suspension of
clay particles in water. These colloidal clay particles will undergo Brownian
movement and, during this random movement, will come close to each other
at distances within the range of interparticle forces. The forces of attraction
and repulsion between the clay particles vary at different rates with respect

Repulsive foree

Attractive force

1!

Figure 1.18 Dispersion and flocculation of clay in a suspension.
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Figure 1.19  (a) Dispersion and (b) flocculation of clay.

to the distance of separation. The force of repulsion decreases exponentially
with distance, whereas the force of attraction decreases as the inverse third
or fourth power of distance, as shown in Figure 1.18. Depending on the
distance of separation, if the magnitude of the repulsive force is greater than
the magnitude of the attractive force, the net result will be repulsion. The
clay particles will settle individually and form a dense layer at the bottom;
however, they will remain separate from their neighbors (Figure 1.19a).
This is referred to as the dispersed state of the soil. On the contrary, if the
net force between the particles is attraction, flocs will be formed and these
flocs will settle to the bottom. This is called flocculated clay (Figure 1.19b).

Salt flocculation and nonsalt flocculation

We saw in Figure 1.12 the effect of salt concentration, 7, on the repulsive
potential of clay particles. High salt concentration will depress the double
layer of clay particles and hence the force of repulsion. We noted earlier
in this section that the Van der Waal’s force largely contributes to the
force of attraction between clay particles in suspension. If the clay particles
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(b)

Figure 1.20 (a) Salt and (b) nonsalt flocculation of clay particles.

are suspended in water with a high salt concentration, the flocs of the
clay particles formed by dominant attractive forces will give them mostly
an orientation approaching parallelism (face-to-face type). This is called a
salt-type flocculation (Figure 1.204).

Another type of force of attraction between the clay particles, which is
not taken into account in colloidal theories, is that arising from the elec-
trostatic attraction of the positive charges at the edge of the particles and
the negative charges at the face. In a soil-water suspension with low salt
concentration, this electrostatic force of attraction may produce a floccula-
tion with an orientation approaching a perpendicular array. This is shown
in Figure 1.206 and is referred to as nonsalt flocculation.

1.8 Consistency of cohesive soils

The presence of clay minerals in a fine-grained soil will allow it to be remolded
in the presence of some moisture without crumbling. If a clay slurry is
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Figure 1.21  Consistency of cohesive soils.

dried, the moisture content will gradually decrease, and the slurry will pass
from a liquid state to a plastic state. With further drying, it will change to
a semisolid state and finally to a solid state, as shown in Figure 1.21. In
1911, A. Atterberg, a Swedish scientist, developed a method for describing
the limit consistency of fine-grained soils on the basis of moisture content.
These limits are the liquid limit, the plastic limit, and the shrinkage limit.

The liquid limit is defined as the moisture content, in percent, at which
the soil changes from a liquid state to a plastic state. The moisture contents
(in percent) at which the soil changes from a plastic to a semisolid state
and from a semisolid to a solid state are defined as the plastic limit and the
shrinkage limit, respectively. These limits are generally referred to as the
Atterberg limits. The Atterberg limits of cohesive soil depend on several fac-
tors, such as amount and type of clay minerals and type of adsorbed cation.

Liquid limit

Liquid limit of a soil is generally determined by the Standard Casagrande
device. A schematic diagram (side view) of a liquid limit device is shown in
Figure 1.224. This device consists of a brass cup and a hard rubber base.
The brass cup can be dropped onto the base by a cam operated by a crank.
To perform the liquid limit test, one must place a soil paste in the cup. A
groove is then cut at the center of the soil pat with the standard grooving
tool (Figure 1.22b). By using the crank-operated cam, the cup is lifted
and dropped from a height of 10 mm. The moisture content, in percent,
required to close a distance of 12.7 mm along the bottom of the groove (see
Figures 1.22¢ and d) after 25 blows is defined as the liquid limit.

It is difficult to adjust the moisture content in the soil to meet the
required 12.7-mm closure of the groove in the soil pat at 25 blows. Hence,
at least three tests for the same soil are conducted at varying moisture
contents, with the number of blows, N, required to achieve closure varying
between 15 and 35. The moisture content of the soil, in percent, and
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Figure 1.22 Schematic diagram of (a) liquid limit device, (b) grooving tool, (c) soil pat at
the beginning of the test and (d) soil pat at the end of the test.

the corresponding number of blows are plotted on semilogarithmic graph
paper (Figure 1.23). The relationship between moisture content and log N
is approximated as a straight line. This line is referred to as the flow curve.
The moisture content corresponding to N = 25, determined from the flow
curve, gives the liquid limit of the soil. The slope of the flow line is defined
as the flow index and may be written as

wy—w,

| Ny
0og ﬁl

Iy = (1.15)
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Figure 1.23 Flow curve for determination of liquid limit for a silty clay.

where

I = flow index
w, = moisture content of soil, in percent, corresponding to N; blows
w, = moisture content corresponding to N, blows

Note that w, and w, are exchanged to yield a positive value even though
the slope of the flow line is negative. Thus, the equation of the flow line
can be written in a general form as

w=—IlogN+C (1.16)

where C = a constant.

From the analysis of hundreds of liquid limit tests in 1949, the U.S. Army
Corps of Engineers, at the Waterways Experiment Station in Vicksburg,
Mississippi, proposed an empirical equation of the form

N tan 8
LL = wy (E) (1.17)

where

N = number of blows in the liquid limit device for a 12.7-mm groove closure
wy = corresponding moisture content
tan B =0.121 (but note that tan 8 is not equal to 0.121 for all soils)
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Equation (1.17) generally yields good results for the number of blows
between 20 and 30. For routine laboratory tests, it may be used to determine
the liquid limit when only one test is run for a soil. This procedure is generally
referred to as the one-point method and was also adopted by ASTM under
designation D-4318. The reason that the one-point method yields fairly good
results is that a small range of moisture content is involved when N = 20-30.

Another method of determining liquid limit that is popular in Europe
and Asia is the fall cone method (British Standard—BS 1377). In this test
the liquid limit is defined as the moisture content at which a standard cone
of apex angle 30° and weight of 0.78 N (80 gf) will penetrate a distance
d =20mm in 5s when allowed to drop from a position of point contact
with the soil surface (Figure 1.24a). Due to the difficulty in achieving the
liquid limit from a single test, four or more tests can be conducted at
various moisture contents to determine the fall cone penetration, d, in 5s.
A semilogarithmic graph can then be plotted with moisture content w
versus cone penetration d. The plot results in a straight line. The moisture
content corresponding to d =20 mm is the liquid limit (Figure 1.24b). From
Figure 12.24b, the flow index can be defined as

w, (%) —wy (%)

= Togd, —logd, e

FC

where w,, w, = moisture contents at cone penetrations of d; and d,,
respectively.

Plastic limit

The plastic limit is defined as the moist content, in percent, at which the soil
crumbles when rolled into threads of 3.2 mm diameter. The plastic limit is
the lower limit of the plastic stage of soil. The plastic limit test is simple
and is performed by repeated rolling of an ellipsoidal size soil mass by hand
on a ground glass plate. The procedure for the plastic limit test is given by
ASTM Test Designation D-4318.

As in the case of liquid limit determination, the fall cone method can be
used to obtain the plastic limit. This can be achieved by using a cone of
similar geometry but with a mass of 2.35N (240 gf). Three to four tests at
varying moist contents of soil are conducted, and the corresponding cone
penetrations d are determined. The moisture content corresponding to a
cone penetration of d =20 mm is the plastic limit. Figure 1.25 shows the
liquid and plastic limit determined by fall cone test for Cambridge Gault
clay reported by Wroth and Wood (1978).

The difference between the liquid limit and the plastic limit of a soil is
defined as the plasticity index, PI

PI=LL-PL (1.19)
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Figure 1.24 (a) Fall cone test and (b) Plot of moisture content versus cone pene-
tration for determination of liquid limit.

where LL is the liquid limit and PL the plastic limit.
Sridharan et al. (1999) showed that the plasticity index can be correlated to
the flow index as obtained from the liquid limit tests. According to their study,
PL(%) = 4.121:(%) (1.20)

and

PI(%) = 0.74I;c(%) (1.21)
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Figure 1.25 Liquid and plastic limits for Cambridge Gault clay determined by fall
cone test.

1.9 Liquidity index

The relative consistency of a cohesive soil can be defined by a ratio called
the liquidity index LI. It is defined as

_wy—PL _wy—PL

_ — (1.22)
LL—-PL PI

where wy is the natural moisture content. It can be seen from Eq. (1.22)
that, if wy = LL, then the liquidity index is equal to 1. Again, if wy =PL,
the liquidity index is equal to 0. Thus, for a natural soil deposit which is in
a plastic state (i.e., LL > wy > PL), the value of the liquidity index varies
between 1 and 0. A natural deposit with wy > LL will have a liquidity index
greater than 1. In an undisturbed state, these soils may be stable; however,
a sudden shock may transform them into a liquid state. Such soils are called
sensitive clays.

1.10 Activity

Since the plastic property of soil is due to the adsorbed water that sur-
rounds the clay particles, we can expect that the type of clay minerals and
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Figure 1.26 Relationship between plasticity index and percentage of clay-size frac-
tion by weight.

their proportional amounts in a soil will affect the liquid and plastic lim-
its. Skempton (1953) observed that the plasticity index of a soil linearly
increases with the percent of clay-size fraction (percent finer than 2u by
weight) present in it. This relationship is shown in Figure 1.26. The average
lines for all the soils pass through the origin. The correlations of PI with the
clay-size fractions for different clays plot separate lines. This is due to the
type of clay minerals in each soil. On the basis of these results, Skempton
defined a quantity called activity that is the slope of the line correlating PI
and percent finer than 2u. This activity A may be expressed as

PI
A= : : : (1.23)
(percentage of clay-size fraction, by weight)

Activity isused as an index for identifying the swelling potential of clay soils.
Typical values of activities for various clay minerals are given in Table 1.3.

Table 1.3 Activities of clay minerals

Mineral Activity (A)
Smectites 1-7
lllite 0.5-1
Kaolinite 0.5
Halloysite (4H,0O) 0.5
Halloysite (2H,0O) 0.1
Attapulgite 0.5-1.2
Allophane 0.5-1.2
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Seed et al. (1964a) studied the plastic property of several artificially
prepared mixtures of sand and clay. They concluded that, although the
relationship of the plasticity index to the percent of clay-size fraction is
linear (as observed by Skempton), it may not always pass through the origin.
This is shown in Figure 1.27. Thus, the activity can be redefined as

PI
A= : . (1.24)
percent of clay-size fraction — C’

where C’ is a constant for a given soil. For the experimental results shown
in Figure 1.27, C'=9.

Commercial bentonite
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Figure 1.27 Relationship between plasticity index and clay-size fraction by weight
for kaolinite/bentonite clay mixtures (after Seed et al., 1964a).
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Figure 1.28 Simplified relationship between plasticity index and percentage of clay-
size fraction by weight (after Seed et al., 1964b).

Further works of Seed et al. (1964b) have shown that the relationship
of the plasticity index to the percentage of clay-size fractions present in a
soil can be represented by two straight lines. This is shown qualitatively
in Figure 1.28. For clay-size fractions greater than 40%, the straight line
passes through the origin when it is projected back.

I.1l1 Grain-size distribution of soil

For a basic understanding of the nature of soil, the distribution of the
grain size present in a given soil mass must be known. The grain-size
distribution of coarse-grained soils (gravelly and/or sandy) is determined by
sieve analysis. Table 1.4 gives the opening size of some U.S. sieves.

The cumulative percent by weight of a soil passing a given sieve is referred
to as the percent finer. Figure 1.29 shows the results of a sieve analysis for a
sandy soil. The grain-size distribution can be used to determine some of the
basic soil parameters, such as the effective size, the uniformity coefficient,
and the coefficient of gradation.

The effective size of a soil is the diameter through which 10% of the total
soil mass is passing and is referred to as D,,. The uniformity coefficient C, is
defined as

D60

C, ==
DlO

(1.25)

where Dy, is the diameter through which 60% of the total soil mass is passing.
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Table 1.4 U.S. standard sieves

Sieve no. Opening size (mm)
3 6.35
4 4.75
6 336
8 2.38
10 2.00
16 1.19
20 0.84
30 0.59
40 0.425
50 0.297
60 0.25
70 0.21
100 0.149
140 0.105
200 0.075
270 0.053

Percent finer

10 L 0.1 o0l
Drameter, mm ([og scaie)

Figure 1.29  Grain-size distribution of a sandy soil.

The coefficient of gradation C, is defined as

o __(DyP

= De)Dry) (1.26)

where Dy, is the diameter through which 30% of the total soil mass is passing.
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A soil is called a well-graded soil if the distribution of the grain sizes
extends over a rather large range. In that case, the value of the uniformity
coefficient is large. Generally, a soil is referred to as well graded if C, is
larger than about 4-6 and C, is between 1 and 3. When most of the grains
in a soil mass are of approximately the same size—i.e., C, is close to 1—the
soil is called poorly graded. A soil might have a combination of two or
more well-graded soil fractions, and this type of soil is referred to as a
gap-graded soil.

The sieve analysis technique described above is applicable for soil grains
larger than No. 200 (0.075 mm) sieve size. For fine-grained soils the pro-
cedure used for determination of the grain-size distribution is hydrometer
analysis. This is based on the principle of sedimentation of soil grains.

1.12 Weight-volume relationships

Figure 1.30a shows a soil mass that has a total volume V and a total weight W.
To develop the weight—volume relationships, the three phases of the soil mass,
i.e., soil solids, air, and water, have been separated in Figure 1.30b. Note that

W=W,+W, (1.27)
and, also,

V=V4+V,+V, (1.28)

V,=V,+V, (1.29)
where

W, = weight of soil solids
W, = weight of water

V., = volume of the soil solids
V,, = volume of water

V, = volume of air

The weight of air is assumed to be zero. The volume relations commonly
used in soil mechanics are void ratio, porosity, and degree of saturation.
Void ratio e is defined as the ratio of the volume of voids to the volume
of solids:
|4

_ v 1.
e=7 (1.30)

S

Porosity n is defined as the ratio of the volume of voids to the total
volume:
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Figure 1.30 Weight—volume relationships for soil aggregate.

|4

= 1.31
n= (131)
Also, V=V, 4V,

and so
v V.V, e

= == = 1.32

VAV TV T Tre (1.32)
Vo Vi

Degree of saturation S, is the ratio of the volume of water to the volume
of voids and is generally expressed as a percentage:

S.(%) = % x 100 (1.33)

v

The weight relations used are moisture content and unit weight. Moisture
content w is defined as the ratio of the weight of water to the weight of soil
solids, generally expressed as a percentage:

W,
w(%) = < * 100 (1.34)

S

Unit weight v is the ratio of the total weight to the total volume of the
soil aggregate:

=" (1.35)
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This is sometimes referred to as moist unit weight since it includes the
weight of water and the soil solids. If the entire void space is filled with
water (i.e., V, =0), it is a saturated soil; Eq. (1.35) will then give use the
saturated unit weight v,,,.

The dry unit weight vy, is defined as the ratio of the weight of soil solids
to the total volume:

W.
= 1.36
Yd v ( )

Useful weight—volume relations can be developed by considering a soil
mass in which the volume of soil solids is unity, as shown in Figure 1.31.
Since V, =1, from the definition of void ratio given in Eq. (1.30) the volume
of voids is equal to the void ratio e. The weight of soil solids can be
given by

where G, is the specific gravity of soil solids, and v,, the unit weight of
water (9.81kN/m’).

From Eq. (1.34), the weight of water is W, = wW, = wG,y,,. So the
moist unit weight is

_ W _ W5+WW _ GS’YWJ’_WGS’YW _ GS’YW(l_i—w) (1 37)
YTV TVIV, T dte | d+te ‘

W.=wGy. | - Water_ _ V. =w(,

NN\
NN\

Figure 1.31 Weight—volume relationship for V, = I.




Soil aggregate, plasticity, and classification 33

The dry unit weight can also be determined from Figure 1.31 as

W, G,y
ERgAS et RALL 1.38
vd \% 1+e ( )
The degree of saturation can be given by
Vo _ W/ _ wGyw/ve _ WG
A V, e e ( )
For saturated soils, S, = 1. So, from Eq. (1.39),
e=WG, (1.40)

By referring to Figure 1.32, the relation for the unit weight of a saturated
soil can be obtained as
W W +W, Gy, +ey,

- = 1.41
1 \% 1+e ( )

Ysar =

Basic relations for unit weight such as Eqgs. (1.37), (1.38), and (1.41) in
terms of porosity 7 can also be derived by considering a soil mass that has
a total volume of unity as shown in Figure 1.33. In this case (for V = 1),
from Eq. (1.31), V,=#n. S0, V.=V -V, =1—n.

The weight of soil solids is equal to (1 —1)G,v,,, and the weight of water
W, = wW, = w(l —n)G,vy,,. Thus the moist unit weight is

o Y _ WS+WW _ (1 _n)Gs’)/w—i_w(l _n)Gs’)’w

YTy v 1
=Gy, (1—n)(14+w) (1.42)
T - - - —
Wo=ep |~ - Water - -. |y =

Figure 1.32 Weight—volume relation for saturated soil with V, = I.
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Figure 1.33 Weight—volume relationship for V = 1.

The dry unit weight is
Wi
devz(l_n)csyxv (1'43>
If the soil is saturated (Figure 1.34),
W+ W,
Ysat = T = (1 - n)GSYVV +n’YW = [Gi - n(Gs - 1)]’)/w (1'44>

Table 1.5 gives some typical values of void ratios and dry unit weights
encountered in granular soils.

x o TTF

F.=n

W, = Gyl - 1) Xﬂids Y, = () -
PN L

Figure 1.34 Weight—volume relationship for saturated soil with V = 1.
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Table [.5 Typical values of void ratios and dry unit weights for granular soils

Soil type Void ratio, e Dry unit weight, y4
Maximum Minimum Minimum Maximum
(kN/m?) (kN/m?)
Gravel 0.6 0.3 16 20
Coarse sand 0.75 0.35 15 19
Fine sand 0.85 0.4 14 19
Standard Ottawa sand 0.8 0.5 14 17
Gravelly sand 0.7 0.2 15 22
Silty sand | 0.4 13 19
Silty sand and gravel 0.85 0.15 14 23

ExamriE 1.1

For a soil in natural state, given ¢ = 0.8, w =24%, and G, =2.68.

(a) Determine the moist unit weight, dry unit weight, and degree of satu-
ration.

(b) If the soil is completely saturated by adding water, what would its
moisture content be at that time? Also find the saturated unit weight.

SOLUTION Part a: From Eq. (1.37), the moist unit weight is

Gy (1+w)
N 1+e
Since y,, = 9.81kN/m’,
(2.68)(9.81)(1+0.24)

= =18.11k 3
Y 1408 8-11kN/m

From Eq. (1.38), the dry unit weight is

Gy, (2.68)(9.81)

= = =14.61kN/m’
Tte 1408 /m

Yd

From Eq. (1.39), the degree of saturation is

G 0.24)(2.68
$.(%) = L5 % 100 = % x 100 = 80.4%
Part b: From Eq. (1.40), for saturated soils, e = wG,, or
0.8
w(%) = < %100 = —— x 100 = 29.85%

G. 2.68
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From Eq. (1.41), the saturated unit weight is

Gy, ey,  9.81(2.68+0.8)

- =18.97k 3
Tte 140.8 8.97kN/m

Ysat =

1.13 Relative density and relative compaction

Relative density is a term generally used to describe the degree of compaction
of coarse-grained soils. Relative density D, is defined as

Conax — €
D == (1.45)
€max ~ €min
where
€nax = Maximum possible void ratio

e, = minimum possible void ratio
e = void ratio in natural state of soil

Equation (1.45) can also be expressed in terms of dry unit weight of the
soil:

G G
v4(max) = sYw or Cin = s S (1.46)
1+ €min Yd (max)
Similarly,
G
€max = S—%V_l (147)
Ya(min)
and
G

o= 2w (1.48)

Yd

where y4(max), vy,(min), and y, are the maximum, minimum, and natural-
state dry unit weights of the soil. Substitution of Egs. (1.46), (1.47), and
(1.48) into Eq. (1.45) yields

Ya(max) 74— v4(min)

D, = :
Yo Ya(max)— yy(min)

r

(1.49)

Relative density is generally expressed as a percentage. It has been used
by several investigators to correlate the angle of friction of soil, the soil
liquefication potential, etc.
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Another term occasionally used in regard to the degree of compaction of
coarse-grained soils is relative compaction, R_, which is defined as

R,=— Y4 (1.50a)
Yq(max)

Comparing Egs. (1.49) and (1.50a),

RO
Re= 151k (1.50b)

where R, = y,(min)/y,(max).
Lee and Singh (1971) reviewed 47 different soils and gave the approxi-
mate relation between relative compaction and relative density as

R.=80-+0.2D, (1.50¢)

where D, is in percent.

1.14 Effect of roundness and nonplastic fines on
€.ax and e .. for granular soils

min)

The maximum and minimum void ratios (e,,,, and e,,,) described in the
preceding section depends on several factors such as the particle size, the
roundness of the particles in the soil mass, and the presence of nonplastic
fines. Angularity R of a granular soil particle can be defined as

Average radius of the corner and edges

R (1.51)

~ Radius of the maximum inscribed sphere

Youd (1973) provided relationship between R, the uniformity coefficient
C,, and e, and e_;,. These relationship are shown in Figure 1.35. Note
that, for a given value of R, the magnitudes of ¢, and e,,;, decrease with the
increase in uniformity coefficient. The amount of nonplastic fines present
in a given granular soil has a great influence on e, and e,;,. Figure 1.36
shows a plot of the variation of e, and e,,;, with percentage of nonplastic
fines (by volume) for Nevada 50/80 sand (Lade et al., 1998). The ratio
of Dy, (size through which 50% of soil will pass) for the sand to that of
nonplastic fines used for the tests shown in Figure 1.36 (i.e., Dsy-cand/Dso-fine)
was 4.2. From this figure it can be seen that, as the percentage of fines by
volume increased from zero to about 30%, the magnitudes of e,,,, and e,
decreased. This is the filling-of-void phase where the fines tend to fill the
void spaces between the larger sand particles. There is a transition zone
where the percentage of fines is between 30 and 40%. However, when the

min*

min
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Figure 1.35 Youd’s recommended variation of e, and e, with angularity and C,.

percentage of fines becomes more than about 40%, the magnitudes of e,
and e, start increasing. This is the so-called replacement-of-solids phase
where the large size particles are pushed out and are gradually replaced by
the fines.

Cubrinovski and Ishihara (2002) studied the variation of e, ,, and e,
for a very large number of soils. Based on the best-fit linear regression lines,
they provided the following relationships:

e C(Clean sand (E =0—5%)

e = 0.072+1.53¢,;, (1.52)

max
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Figure 1.36 Variation of e, and e, (for Nevada 50/80 sand) with percentage of
nonplastic fines based on the study of Lade et al., 1998.

e Sand with fines (5 < E < 15%)

emax = 0.25+1.37e:. (1.53)
e Sand with fines and clay (15 < E. <30%; P.=35 to 20%)
o = 0.444+1.21¢ (1.54)
e Silty soils (30 < E. <70%; P. =35 to 20%)
(1.55)

e = 0.44+1.32¢,,,

max

where

E. = fine fraction for which grain size is smaller than 0.075 mm
P. = clay-size fraction (< 0.005 mm)
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Figure 1.37 Plot of e, — e, versus the mean grain size.

Figure 1.37 shows a plot of e, — e, versus the mean grain size (Ds,)
for a number of soils (Cubrinovski and Ishihara, 1999, 2002). From this
figure, the average plot for sandy and gravelly soils can be given by the
relationship

0.06

Doy (mm) (1.56)

€max — Conin = 0.23 +

max

1.15 Unified soil classification system

Soil classification is the arrangement of soils into various groups or sub-
groups to provide a common language to express briefly the general usage
characteristics without detailed descriptions. At the present time, two major
soil classification systems are available for general engineering use. They
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are the unified system, which is described below, and the AASHTO system.
Both systems use simple index properties such as grain-size distribution,
liquid limit, and plasticity index of soil.

The unified system of soil classification was originally proposed by
A. Casagrande in 1948 and was then revised in 1952 by the Corps of Engi-
neers and the U.S. Bureau of Reclamation. In its present form, the system
is widely used by various organizations, geotechnical engineers in private
consulting business, and building codes.

Initially, there are two major divisions in this system. A soil is classified
as a coarse-grained soil (gravelly and sandy) if more than 50% is retained
on a No. 200 sieve and as a fine-grained soil (silty and clayey) if 50% or
more is passing through a No. 200 sieve. The soil is then further classified
by a number of subdivisions, as shown in Table 1.6.

Table [.6 Unified soil classification system

Major divisions Group Typical names Criteria or classification*

symbols

Coarse-grained soils

(< 50% passing
No. 200 sieve)
Gravels (< 50% of coarse
fraction passing No. 4
sieve)
Gravels with few or GW Well-graded C. = g—‘;’g > 4;
no fines gravels; gravel-sand _ (Dy)?
mixtures (few or € (D10)(Deo)
no fines) Between | and 3
GP Poorly graded Not meeting the two
gravels; gravel-sand  criteria for GW
mixtures (few or
no fines)

Gravels with fines GM Silty gravels; Atterberg limits below
gravel-sand-silt A-line or plasticity
mixtures index less than 4f

(see Figure 1.38)
GC Clayey gravels; Atterberg limits about
gravel-sand—clay A-line with plasticity
mixtures index greater than 71
(see Figure 1.38)
Sands (> 50% of coarse
fraction passing No. 4
sieve)
Clean sands (few or Sw Well-graded sands; C, = g—fg > 6;
no fines) gravelly sands (few Dy
or no fines) ¢ (D10)(Deo)

Between | and 3




Table 1.6 (Continued)

Major divisions Group Typical names Criteria or classification*
symbols
SP Poorly graded Not meeting the two
sands; gravelly criteria for SW
sands (few or
no fines)

Sands with fines SM Silty sands; sand-silt ~ Atterberg limits below
(appreciable amount of mixtures A-line or plasticity
fines) index less than 47

(see Figure 1.38)
SC Clayey sands; Atterberg limits above

sand—clay mixtures A-line with plasticity
index greater than 77
(see Figure 1.38)
Fine-grained soils (> 50%
passing No. 200 sieve)
Silts and clay (liquid limit ML Inorganic silts; See Figure
less than 50) very fine sands;
rock flour; silty or
clayey fine sands
CL Inorganic clays (low  See Figure
to medium
plasticity); gravelly
clays; sandy clays;
silty clays; lean clays
oL Organic silts; See Figure
organic silty clays
(low plasticity)
Silts and clay (liquid limit MH Inorganic silts; See Figure
greater than 50) micaceous or
diatomaceous fine
sandy or silty soils;
elastic silt
CH Inorganic clays See Figure
(high plasticity);
fat clays
OH Organic clays See Figure
(medium to high
plasticity); organic
silts
Highly organic silts Pt Peat; mulch; and
other highly organic
soils

.38

.38

.38

.38

.38

.38

Group symbols are G. gravel: W. well-graded; S. sand; P. poorly graded; C. clay: H. high plasticity;

M. silt: L. low plasticity: O. organic silt or clay: Pt. peat and highly organic soil.

* Classification based on percentage of fines: < 5% passing No. 200: GW. GP. SW. SP: > 2% passing
No. 200: GM. GC. SM. SC: 5-12% passing No. 200: borderline—dual symbols required such as
GW-GM. GW-GC. GP-GM. GP-SC. SW-SM. SW-SC. SP-SM. SP-SC.

T Atterberg limits above A-line and plasticity index between 4 and 7 are borderline cases. It needs
dual symbols (see Figure 1.38).



Soil aggregate, plasticity, and classification 43

ExampLE 1.2

For a soil specimen, given the following,

passing No. 4 sieve = 92% passing No. 40 sieve = 78%
passing No. 10 sieve = 81% passing No. 200 sieve = 65%
liquid limit = 48 plasticity index = 32

classify the soil by the unified classification system.

SOLUTION Since more than 50% is passing through a No. 200 sieve, it is a
fine-grained soil, i.e., it could be ML, CL, OL, MH, CH, or OH. Now, if
we plot LL =48 and PI = 32 on the plasticity chart given in Figure 1.38,
it falls in the zone CL. So the soil is classified as CL.

&0

50
CH

N

Plasticity mdex
bt
=]

bt

=

-
.

7

el L

__';':E-:Mf;/‘ ML and OL
o I:’) |

0 W 20 3 4o 50 a0 70 20
Liquid limit

Figure 1.38 Plasticity chart.



44 Soil aggregate, plasticity, and classification

PROBLEMS

1.1 For a given soil, the in situ void ratio is 0.72 and G, = 2.61. Calculate the
porosity, dry unit weight (kN/m?), and the saturated unit weight. What would the
moist unit weight be when the soil is 60% saturated?

1.2 A saturated clay soil has a moisture content of 40%. Given that G, = 2.78,
calculate the dry unit weight and saturated unit weight of the soil. Calculate the
porosity of the soil.

1.3 For an undisturbed soil, the total volume is 0.145m?, the moist weight is
2.67kN, the dry weight is 2.32 kN, and the void ratio is 0.6. Calculate the mois-
ture content, dry unit weight, moist unit weight, degree of saturation, porosity,
and G,.

1.4 If a granular soil is compacted to a moist unit weight of 20.45kN/m’ at a
moisture content of 18%, what is the relative density of the compacted soil, given
=0.85, ey, =0.42, and G, =2.65?

1.5 For Prob. 1.4, what is the relative compaction?

emax

1.6 From the results of a sieve analysis given below, plot a graph for percent
finer versus grain size and then determine (a) the effective size, (b) the uniformity
coefficient, and (c) the coefficient of gradation.

U.S. sieve No. Mass of soil
retained on each
sieve (g)

4 12.0

10 48.4

20 92.5

40 156.5

60 201.2

100 106.8

200 162.4

Pan 63.2

Would you consider this to be a well-graded soil?

1.7 The grain-size distribution curve for a soil is given in Figure P1.1. Determine
the percent of gravel, sand, silt, and clay present in this sample according to the
M.LT. soil-separate size limits Table 1.1.

1.8 For a natural silty clay, the liquid limit is 55, the plastic limit is 28, and the
percent finer than 0.002 mm is 29%. Estimate its activity.

1.9 Classify the following soils according to the unified soil classification
system.
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Figure PI.1
Soil Percent passing U.S. sieve LL PL

No.4 No. 10 No.20 No.40 No. 60 No. 100 No. 200

A 94 63 21 10 7 5 3 NP

B 98 80 65 55 40 35 30 28 18

C 98 86 50 28 18 14 20 NP

D 100 49 40 38 26 18 10 NP

E 80 60 48 31 25 18 8 NP

F 100 100 98 93 88 83 77 63 48
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Chapter 2

Stresses and strains—elastic
equilibrium

2.1 Introduction

An important function in the study of soil mechanics is to predict the stresses
and strains imposed at a given point in a soil mass due to certain loading
conditions. This is necessary to estimate settlement and to conduct stability
analysis of earth and earth-retaining structures, as well as to determine
stress conditions on underground and earth-retaining structures.

An idealized stress—strain diagram for a material is shown in Figure 2.1.
At low stress levels the strain increases linearly with stress (branch ab),
which is the elastic range of the material. Beyond a certain stress level the
material reaches a plastic state, and the strain increases with no further
increase in stress (branch bc¢). The theories of stresses and strains presented
in this chapter are for the elastic range only. In determining stress and
strain in a soil medium, one generally resorts to the principles of the theory
of elasticity, although soil in nature is not fully homogeneous, elastic, or
isotropic. However, the results derived from the elastic theories can be
judiciously applied to the problem of soil mechanics.

2.2 Basic definition and sign conventions for
stresses

An elemental soil mass with sides measuring dx, dy, and dz is shown in
Figure 2.2. Parameters o, o,, and o, are the normal stresses acting on
the planes normal to the x, y, and z axes, respectively. The normal stresses
are considered positive when they are directed onto the surface. Parameters
Teys Tyxs Tyes Teys Tex> aNd T, are shear stresses. The notations for the shear
stresses follow.

If 7, is a shear stress, it means the stress is acting on a plane normal
to the 7 axis, and its direction is parallel to the j axis. A shear stress 7;; is
considered positive if it is directed in the negative j direction while acting

on a plane whose outward normal is the positive i direction. For example,



g
?| Elastic Plastic
) £
|
4 Strain
Figure 2.1 Idealized stress—strain diagram.
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Figure 2.2 Notations for normal and shear stresses in Cartesian coordinate system.
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all shear stresses are positive in Figure 2.2. For equilibrium,

Ty = Tyx (2.1)
Tee = Tee 2.2
Tyz = sz (23)

Figure 2.3 shows the notations for the normal and shear stresses in the
polar coordinate system (two-dimensional case). For this case, o, and o,
are the normal stresses, and 7, and 7, are the shear stresses. For equi-
librium, 7, = 7,,. Similarly, the notations for stresses in the cylindrical
coordinate system are shown in Figure 2.4. Parameters o,, 0,, and o, are
the normal stresses, and the shear stresses are 7,y = 0y, 0, = 0., and
Ty = Ty

2.3 Equations of static equilibrium

Figure 2.5 shows the stresses acting on an elemental soil mass with sides
measuring dx, dy, and dz. Let y be the unit weight of the soil. For equilib-
rium, summing the forces in the x direction,

¥
z

Figure 2.3 Notations for normal and shear stresses in polar coordinate system.
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Figure 2.4 Notations for normal and shear stresses in cylindrical coordinates.

ZFx:|:0' —< 6, >i|dy dz+|:7'zx—(7'zx+%dz)i|dx dy
ox 0z
+ [T (T +—dy>:| dx dz=0

a or,, 9
Ty D T (2.4)
ox ady dz

or

Similarly, along the y direction, XF, =0, or

Along the z direction,
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dx
- X
&
ot
T — Y
X 5’1
E?r.lrz
o_+—Fuly
g1 ox
1, r—Zdx
¥ s &
ZIdz
oz
_’dl/

Figure 2.5 Derivation of equations of equilibrium.

(90'Z (?sz
ZE — |:0'Z — (O'Z =+ EdZ)] dx dy+ |:sz — <sz + ox dx)] dy dz
8Tyz
[ (et T2dy) | et dy i) =0

The last term of the preceding equation is the self-weight of the soil mass.

Thus

) d a7,
e, 9Tz % _y=0 (2.6)
dz 0x dy

Equations (2.4)—(2.6) are the static equilibrium equations in the Cartesian
coordinate system. These equations are written in terms of total stresses.
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They may, however, be written in terms of effective stresses as
o, =0.tu=0,+vy,bh (2.7)
where
o, = effective stress
u = pore water pressure

v, = unit weight of water
h = pressure head

Thus
68‘3 = 3{‘;" +yw% (2.8)
Similarly,
i B (2.9)

ay o ay Moy
and

Jdo. do’ b

L= — 2.10

iz 0z T 0z (2.10)
Substitution of the proper terms in Egs. (2.4)—(2.6) results in

dol, 0Ty,  d7, b

= = —=0 2.11
dx  dy * 0z T dx ( )
do!,  dt., 9T oh
24+ 24+ N —=0 (2.12)
ady dx 0z ay
do. 9 oT, a
O-Z sz yz W__y/zo (2.13)
0z ox ady 0z

where v is the effective unit weight of soil. Note that the shear stresses will
not be affected by the pore water pressure.

In soil mechanics, a number of problems can be solved by two-
dimensional stress analysis. Figure 2.6 shows the cross-section of an elemen-
tal soil prism of unit length with the stresses acting on its faces. The static
equilibrium equations for this condition can be obtained from Egs. (2.4),
(2.5), and (2.6) by substituting 7,, =7,, =0, 7, =7, =0, and do,/dy = 0.
Note that 7,, = 7,,.. Thus
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Figure 2.6 Derivation of static equilibrium equation for two-dimensional problem

in Cartesian coordinates.

o, e
dx 9z

do, 01,

bk STl S !
0z * dx

(2.14)

(2.15)

Figure 2.7 shows an elemental soil mass in polar coordinates. Parameters
o, and o, are the normal components of stress in the radial and tangential
directions, and 7y, and 7,4 are the shear stresses. In order to obtain the static
equations of equilibrium, the forces in the radial and tangential directions

need to be considered. Thus

Y E= |:(7,r do— (ar—i—

ad

I dr) (r+dn) d6:|
ar

+ |:0'9 drsind6/2 + <U‘, + %d@) drsin d0/2i|

+ |:79, drcosdf/2 — (79, +

+7y(r d6 dr)cosf =0

0Ty,
20 d0> drcos d0/2:|

Taking sin d0/2 ~ d0/2 and cosdf/2 ~ 1, neglecting infinitesimally small
quantities of higher order, and noting that d(o,7)/dr = r(do,/dr) + o, and

Ty, = T,9, the above equation yields
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Figure 2.7 Derivation of static equilibrium equation for two-dimensional problem
in polar coordinates.

do

T

1971,y o,—0

-—— - 6=0 2.16

ar 1 d0 7 yeos ( )
Similarly, the static equation of equilibrium obtained by adding the com-

ponents of forces in the tangential direction is

1%_’_87,,, 27

70 .
Z = 2.1
r 00 or r Fysing=0 (2.17)

The stresses in the cylindrical coordinate system on a soil element are shown
in Figure 2.8. Summing the forces in the radial, tangential, and vertical
directions, the following relations are obtained:

a 10 d —
Ir 2% TTer 070 _ (2.18)
or r 40 0z r
g1y 190y 97y 279 (2.19)
ar r 90 dz r
ior, 1dr,, do, T,
ey el ) 2.20
ar r 90 dz * r Y ( )
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da,
o+ ldr
dz

Figure 2.8 Equilibrium equations in cylindrical coordinates.

2.4 Concept of strain

Consider an elemental volume of soil as shown in Figure 2.9a. Owing to
the application of stresses, point A undergoes a displacement such that its
components in the x, y, and z directions are u, v, and w, respectively. The
adjacent point B undergoes displacements of u+ (du/dx) dx, v+ (dv/dx) dx,
and w+ (dw/dx) dx in the x, y, and z directions, respectively. So the change
in the length AB in the x direction is # + (du/dx) dx — u = (du/dx) dx. Hence
the strain in the x direction, €., can be given as

e =1 (8—udx) u (2.21)

= dx \ox ~ ox
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Figure 2.9 Concept of strain.

Similarly, the strains in the y and z directions can be written as

dv
i 2.22
e)’ ay ( )
- (2.23)
dz

where €, and €, are the strains in the y and z directions, respectively.

Owing to stress application, sides AB and AC of the element shown in
Figure 2.94 undergo a rotation as shown in Figure 2.95 (see A’B” and A’C").
The small change in angle for side AB is «,, the magnitude of which may
be given as [(dv/dx) dx|(1/dx) = dv/dx, and the magnitude of the change in
angle a, for side AC is [(9u/dy) dy](1/dy) = du/dy. The shear strain y,, is
equal to the sum of the change in angles «; and «,. Therefore

Yy = Z—Z % (2.24)
Similarly, the shear strains y,, and v,, can be derived as

Ve = Z—: 2—2’: (2.25)
and

YVyz = g—: + aai; (2.26)
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Generally, in soil mechanics the compressive normal strains are consid-
ered positive. For shear strain, if there is an increase in the right angle BAC
(Figure 2.9b), it is considered positive. As shown in Figure 2.9b, the shear
strains are all negative.

2.5 Hooke’s law

The axial strains for an ideal, elastic, isotropic material in terms of the stress
components are given by Hooke’s law as

ou 1

€ = a = E[Ux - V(o-y + Uz)] (227)
v 1

€, = E = E[(Ty—v(ax—{—az)] (2.28)

and
w 1
A DU 2.2
€= 50 = Zlo.— v+ )] 229)

where E is Young’s modulus and v Poisson’s ratio.
From the relations given by Egs. (2.27), (2.28), and (2.29), the stress
components can be expressed as

vE
=— - 2.30
=iz S tO TS (2.30)
vE
= 2.31
o, (1+y)(1—2v)(GX+€y+EZ)+1+Vey (2.31)
vE
=— - 2.32
e AR R s (2.32)
The shear strains in terms of the stress components are
Ty
Vo= (2.33)
T
== 2.34
Y = (2.34)
and
r
Y= & (2:35)
where shear modulus,
G=_F (2.36)
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2.6 Plane strain problems

A state of stress generally encountered in many problems in soil mechanics
is the plane strain condition. Long retaining walls and strip foundations
are examples where plane strain conditions are encountered. Referring to
Figure 2.10, for the strip foundation, the strain in the y direction is zero
(i.e., €, = 0). The stresses at all sections in the xz plane are the same, and the
shear stresses on these sections are zero (i.e., 7,, = 7, =0and 7, =7, =0).

> Tyx

Thus, from Eq. (2.28),

ey= 0= E[Uy - V(O-x+0-z)]

o, =v(o,+0,)

Substituting Eq. (2.37) into Egs. (2.27) and (2.29)

. 1_E,,z [‘fx—li,,‘fz]

1—12 v
= TE [UZ_ 1—V"x]

Since 7,, =0 and 7, =0,

—

m Strip foundation

0

il

Figure 2.10  Strip foundation—plane strain problem.

(2.37)

(2.38)

(2.39)

(2.40)
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: (2.41)

Compatibility equation

The three strain components given by Egs. (2.38), (2.39), and (2.41) are
functions of the displacements # and w and are not independent of each
other. Hence a relation should exist such that the strain components give
single-valued continuous solutions. It can be obtained as follows. From
Eq. (2.21), €,= du/dx. Differentiating twice with respect to z,
d*e, Pu
02> ox 0z?

(2.42)

From Eq. (2.23), €,= dw/dz. Differentiating twice with respect to x,

Pe, Pw
o dz dx?* (2.43)

Similarly, differentiating vy,, [Eq. (2.25)] with respect to x and z,

Py, Pu Pw
X 2.44
ox dz  dx 0z% + x2 0z ( )

Combining Egs. (2.42), (2.43), and (2.44), we obtain

e, de, vy,
= = = 2.45
972 + axr  Ox 9z ( )

Equation (2.45) is the compatibility equation in terms of strain com-
ponents. Compatibility equations in terms of the stress components can
also be derived. Let E' = E/1 —v? and v/ = v/1 —v. So, from Eq. (2.38),
€,= 1/F (o, —v'c,). Hence

92 1 [ é? 9?
S _ (L% _yf% (2.46)
92

02 E 022
Similarly, from Eq. (2.39), €,=1/E'(o, —v'0,). Thus

re, 1 (62(TZ /620'x> (2.47)

x> E \ox2 -7 0x2
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Again, from Eq. (2.41),
T, 2(1+v) 2(1+v)

Yo =~ = E Txz = E Txz (248>
Py 2(14V) P1,,
dx dz E  0x oz

Substitution of Egs. (2.46), (2.47), and (2.48) into Eq. (2.45) yields

o, o, ’o, o o*r
x v x) =21 4 v) 0 2.49
02 o ( 02 o ) SR (2.49)

From Egs. (2.14) and (2.15),
d (do, d1., d (oo, Jt.,
S o E T B Tz ) — 0
ax(ax * 8z>+8z<8z T 7

> P’ P’ d
22— —— = : — 2.50
dx 9z < P 0z> >+ 0z ) (2.50)

or

Combining Egs. (2.49) and (2.50),

PR N
(4305 ) ot o = (1405

For weightless materials, or for a constant unit weight 7y, the above
equation becomes

* *
(8_x2+8_z2) (oy+0,)=0 (2.51)

Equation (2.51) is the compatibility equation in terms of stress.

Stress function

For the plane strain condition, in order to determine the stress at a given
point due to a given load, the problem reduces to solving the equations of
equilibrium together with the compatibility equation [Eq. (2.51)] and the
boundary conditions. For a weight-less medium (i.e., y = 0) the equations
of equilibrium are

do, 0T,
—+—==0 2.14
dx * 9z ( )
do, 0T,

=0 (2.15)
0z dx
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The usual method of solving these problems is to introduce a stress
function referred to as Airy’s stress function. The stress function ¢ in terms
of x and z should be such that

Fat0)
g, = g (2.52)
P
82
ro—_59 (2.54)
dx 0z

The above equations will satisfy the equilibrium equations. When
Egs. (2.52)—(2.54) are substituted into Eq. (2.51), we get

o, o '

—_— —+—=0 2.55
dxc Ix2 9z 9t ( )

So, the problem reduces to finding a function ¢ in terms of x and z such
that it will satisfy Eq. (2.55) and the boundary conditions.

Compatibility equation in polar coordinates

For solving plane strain problems in polar coordinates, assuming the soil to
be weightless (i.e., y = 0), the equations of equilibrium are [from Egs. (2.16)
and (2.17)]

do, 1ir, o,—0y 0
ar r 90 ro
1doy 01, 27, 0

r 90 ar r
The compatibility equation in terms of stresses can be given by

(32 19 1

8_72+;8_r+r_23_02> (o,+0,) =0 (2.56)

The Airy stress function ¢ should be such that

19p 1 0*¢
e ST 2.57
"oy dr  v? 002 (2.57)
82qb
T=7 (2.58)
10 1 9% Jd (10
po L0 170 0 (10 (2.59)
r2 90  r dr 30 ar \ r 90
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The above equations satisfy the equilibrium equations. The compatibility
equation in terms of stress function is

2 2 2 2
(D12, 12)(28, 108, 199y a0

wtratrw )\ e T
Similar to Eq. (2.37), for the plane strain condition,

o, =v(o, +0p)

ExamrLE 2.1

The stress at any point inside a semi-infinite medium due to a line load of
intensity q per unit length (Figure 2.11) can be given by a stress function

¢ = Axtan'(z/x)
where A is a constant. This equation satisfies the compatibility equation

[Eq. (2.55)]. (a) Find o, o, 0,, and 7. (b) Applying proper boundary
conditions, find A.

Line Toad,
¢unit length
x¥.

F4

Figure 2.1 1 Stress at a point due to a line load.
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SOLUTION Part a:
¢ = Axtan ' (z/x)

The relations for o, o, and 7, are given in Egs. (2.52), (2.53), and (2.54).

Fat0)
Oe= o
o 1 1 A
0z T /arx L (e/x?
Fat0) 2 Azx?
=% = faray
o, = ré
0 ox?
%:A tan‘lE—L:A tan‘li— Axz
ax x  [14(z/x)*]x x  (x?42?)
¢ A z Az 2Ax*z
> 1+ (2/x)2 a2 xi422 + (x2 +2%)?
Az Az 2Ax%z 2AZ3
T T X+ A+ (X2 +22)2 = Tt
Fato)
T = Tk oz
% _ Atan~' 2 = _Axz
dx X (x2+22)
P’ A 1 Ax 2Axz?

ox 0z 1+ (z/x)2x  x24+z22  (x2+z2)?

or
P 2Axz?
dx 0z (x* +22)?
2 2Axz?
T = — = —
w dx 0z (x2+22%)?
2Azx? 2A%°
o, =v(0,+0)=v|— (24222 (k24222
2Azv 2Azv
= (X’ 42 =~

(e +27)2 (2 +22)
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Part b: Consider a unit length along the y direction. We can write

+00 +00 3
a=[ e = [ -

2AZ° x dx \™
__ 4
222 \x?+2? x>+22)

x 1 x\ "
=—-Az ——i——tan_l—) =—-Alm/2+7/2)=—-Am
<x2—|—z2 z 2) (/ /2)
A=-1
T
So
2gx? 2973 2gxz>
goo 2T 22 2qx2
m(x2 +z2)2 m(x2 + 22)2 (a2 +z2)2

We can see that at z =0 (i.e., at the surface) and for any value of
x#0, o,, 0, and 7, are equal to zero.

2.7 Equations of compatibility for three-dimensional
problems

For three-dimensional problems in the Cartesian coordinate system as
shown in Figure 2.2, the compatibility equations in terms of stresses are
(assuming the body force to be zero or constant)

1 90

& —_— = 2.61
o, + T 0 (2.61)
1 90
v? — =0 2.62
o+ 14v dy? ( )
1 9*0
v? — =0 2.63
0-Z+ 1 +V 8Z2 ( )
1 06
V2 _ 2.64
ot 14+ v dx dy ( )
1 9’0
VZ — 2.65
T”Z+_1+vay p (2.65)
1 9’0
Vr_+ (2.66)

1+4+vdx dz -
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where

2:(9_2+3_2+i
axr = dyr 92
and

O=o0,+0,+0,

The compatibility equations in terms of stresses for the cylindrical coor-
dinate system (Figure 2.4) are as follows (for constant or zero body force):

Vo, + ﬁ = (2.67)
Vo T A 2 e =0 (2.68)

2.8 Stresses on an inclined plane and principal
stresses for plane strain problems

The fundamentals of plane strain problems is explained in Sec. 2.5. For

these problems, the strain in the y direction is zero (i.e., 7,, =7, =0; 7, =
7, = 0) and o, is constant for all sections in the plane.

If the stresses at a point in a soil mass [i.e., 0., 0,, 0., T, (=7,)]| are
known (as shown in Figure 2.12a), the normal stress o and the shear stress
7 on an inclined plane BC can be determined by considering a soil prism of
unit length in the direction of the y axis. Summing the components of all

forces in the 7 direction (Figure 2.12b) gives
> E =0
o dA = (0, cos0)(dA cosb)+ (o,sinb)(dA sinb)
+(7,, sin)(dA cos )+ (7., cosB)(dA sinb)

4
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» X
{a)
LY
LY
v a3
o Principal plans
o,
1
I
I
o ]
Unit +
length 1
(b) s l .
!
. |
A ﬂ,—i C 1
Ty ™a
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Figure 2.12 Stresses on an inclined plane for plane strain case.

where dA is the area of the inclined face of the prism. Thus

.2 .
o =0,cos’ 0+ a,sin” 0+ 27, sinfcos b

:<"“2L"Z>+<U*;"Z>cosze+rxzsinze (2.73)
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Similarly, summing the forces in the s direction gives

YE=0
T dA =—(0,sinb) (dA cos 0)+ (o, cos 6)(dA sin6)
+ (7, cos 0)(dA cos 0) — (1, sin B)(d A'sin 6)

T = —0,sin 0 cos O+ o, sin B cos O+ 7, (cos® § — sin” 6)

=17,,€0820— 9= % sin26 2.74
< 2

Note that a, has no contribution to o or 7.

Transformation of stress components from polar to Cartesian
coordinate system

In some instances, it is helpful to know the relations for transformation of
stress components in the polar coordinate system to the Cartesian coordi-
nate system. This can be done by a principle similar to that demonstrated
above for finding the stresses on an inclined plane. Comparing Figures 2.12
and 2.13, it is obvious that we can substitute o, for o,, o, for o, and 7,4 for
7., in Egs. (2.73) and (2.74) to obtain o, and 7,, as shown in Figure 2.13. So

o, = 0,sin” 0+ o, cos? §+ 21, sin f cos O (2.75)

Te. = —0,sin 0cos O+ o, sin 0 cos O + 7,4(cos* O — sin” ) (2.76)

Similarly, it can be shown that

0, = 0,c08” 0+ 0, sin”  — 27, sin 6 cos O (2.77)

Principal stress

A plane is defined as a principal plane if the shear stress acting on it is
zero. This means that the only stress acting on it is a normal stress. The
normal stress on a principal plane is referred to as the principal stress. In
a plane strain case, o, is a principal stress, and the xz plane is a principal
plane. The orientation of the other two principal planes can be determined
by considering Eq. (2.74). On an inclined plane, if the shear stress is zero,

it follows that

T, C0S20 = (Ux > UZ) sin26

2
tan 20 = -2 (2.78)

o, —0,
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v
H

Figure 2.13 Transformation of stress components from polar to Cartesian coordi-
nate system.

From Eq. (2.78), it can be seen that there are two values of 6 at right angles
to each other that will satisfy the relation. These are the directions of the
two principal planes BC' and BC” as shown in Figure 2.12. Note that there
are now three principal planes that are at right angles to each other. Besides
a,, the expressions for the two other principal stresses can be obtained by
substituting Eq. (2.78) into Eq. (2.73), which gives

o, +o o, —0,\?

Ty = 5 ( 3 ) +7% (2.79)
o,.+0 T, —0,\2

e e (2.80)

where 0, and o, are the principal stresses. Also

(Tp(])+0-p(3)=0'x+0'z (2.81)
Comparing the magnitude of the principal stresses, o, > 0y =0y >
.- Thus 0,4, 0,0, and g, are referred to as the major, intermedi-

ate, and minor principal stresses. From Egs. (2.37) and (2.81), it follows
that

(Ty = V[O-p(l) + Up(3)] (2.82)
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Mohr’s circle for stresses

The shear and normal stresses on an inclined plane (Figure 2.12) can also be
determined graphically by using Mohr’s circle. The procedure to construct
Mohr’s circle is explained below.

The sign convention for normal stress is positive for compression and
negative for tension. The shear stress on a given plane is positive if it
tends to produce a clockwise rotation about a point outside the soil ele-
ment, and it is negative if it tends to produce a counterclockwise rotation
about a point outside the element (Figure 2.14). Referring to plane AB in
Figure 2.124, the normal stress is +0, and the shear stress is +7,,. Sim-
ilarly, on plane AC, the stresses are +o, and —7,,. The stresses on plane
AB and AC can be plotted on a graph with normal stresses along the
abcissa and shear stresses along the ordinate. Points B and C in Figure 2.15
refer to the stress conditions on planes AB and AC, respectively. Now,
if points B and C are joined by a straight line, it will intersect the nor-
mal stress axis at O'. With O’ as the center and O'B as the radius, if
a circle BP,CP; is drawn, it will be Mohr’s circle. The radius of Mohr’s
circle is

— 2
OB=JOD>+BD? — (u) 2 (2.83)

2

Any radial line in Mohr’s circle represents a given plane, and the coordi-
nates of the points of intersection of the radial line and the circumference

Mepgative
shear siress

Pazitive i ]

. L

shear siress Pasintve
shear iress

Figure 2.14  Sign convention for shear stress used for the construction of Mohr’s
circle.
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of Mohr’s circle give the stress condition on that plane. For example,
let us find the stresses on plane BC. If we start from plane AB and
move an angle 0 in the clockwise direction in Figure 2.12, we reach
plane BC. In Mohr’s circle in Figure 2.15 the radial line O'B represents
the plane AB. We move an angle 26 in the clockwise direction to reach
point F. Now the radial line O'F in Figure 2.15 represents plane BC in
Figure 2.12. The coordinates of point F will give us the stresses on the
plane BC.

Note that the ordinates of points P, and Py are zero, which means that
O'P; and O'P; represent the major and minor principal planes, and OP, =
o1y and OP; = 0,,3:

/ ’ O-x+0- 0, —0, 2
Opy = OP =00+ O'P, = <+ ( Z) + 75

2 2
— 2
Gy = OPy =00 0P = 2% [(Z2T2)

The above two relations are the same as Egs. (2.79) and (2.80). Also note
that the principal plane O’'P; in Mohr’s circle can be reached by mov-
ing clockwise from O'B through angle BO'P, = tan~'[27,,/(0, — 7,)]. The
other principal plane O'P; can be reached by moving through angle 180° +
tan~![27,,/(0, —0,)] in the clockwise direction from O’B. So, in Figure 2.12,

=
£
1
o Tuny |
3% B
F
¥
T
{ L—""‘
P, Normal stress
N Yy (+ve)
— a o
™ ——
o p————— G, ——————— ]
— g #

Figure 2.15 Mohr’s circle.
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if we move from plane AB through angle (1/2) tan~![27,,/(0, — 0,)], we will
reach plane BC', on which the principal stress o, acts. Similarly, moving
clockwise from plane AB through angle 1/2{180°+tan™'[27,, /(0. —,)]} =
90°+(1/2)tan"'[27,,/(0, — 0,)] in Figure 2.12, we reach plane BC”, on
which the principal stress o5 acts. These are the same conclusions as
derived from Eq. (2.78).

Pole method for finding stresses on an inclined plane

A pole is a unique point located on the circumference of Mohr’s cir-
cle. If a line is drawn through the pole parallel to a given plane,
the point of intersection of this line and Mohr’s circle will give the
stresses on the plane. The procedure for finding the pole is shown in
Figure 2.16.

Figure 2.16a shows the same stress element as Figure 2.12. The corre-
sponding Mohr’s circle is given in Figure 2.16b. Point B on Mohr’s circle
represents the stress conditions on plane AB (Figure 2.16a). If a line is
drawn through B parallel to AB, it will intersect Mohr’s circle at P. Point P
is the pole for Mohr’s circle. We could also have found pole P by drawing
a line through C parallel to plane AC. To find the stresses on plane BC, we
draw a line through P parallel to BC. It will intersect Mohr’s circle at F,
and the coordinates of point F will give the normal and shear stresses on
plane AB.

n &
5
- f(o, T}
»x & ¥
W
Flo,t)
o Nurma"l
Sircss
El
: (@) (b}

Figure 2.16 Pole method of finding stresses on an inclined plane.
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ExXAMPLE 2.2

The stresses at a point in a soil mass are shown in Figure 2.17 (plane
strain case). Determine the principal stresses and show their directions. Use
v=0.35.

SOLUTION Based on the sign conventions explained in Sec. 2.2,

o,=+100 kN/m?, o, = +50kN/m?, and 7., = —25kN/m?

_ 2
Upzax—;azi (UXZUZ) + 72,
504100 50—100\>
- +2 j:\/( S ) 4 (=25)2 = (75 +35.36) kN/m?

gy =110.36kN/m> o5 = 39.64kN/m”

Ty = VG + 0s)] = (0.35)(110.36 +39.34) = 52.5 kN/m?

X [a,— 100 kMim?
5 &

~
£
rd
’
EL R 1,25 kMm?
I3
‘E—Dﬂr ... 0, = 50 kN/m®
v £
z Fo
S
I
A;
; _d
[
i
,J ELE 36 kN/m?
39,64 kN/m?

Figure 2.17 Determination of principal stresses at a point.
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From Eq. (2.78),

2 2)(-2
an2f— 2T _ 225

o.—o, (50-100)
260 =tan (1) =45° and 225° so #=22.5°and 112.5°

Parameter g'p(z).is acting on the xz plane. The directions of o, and o,
are shown in Figure 2.17.

ExamprLE 2.3

Refer to Example 2.2.

(@) Determine the magnitudes of o, and 0,3 by using Mohr’s circle.
(b) Determine the magnitudes of the normal and shear stresses on plane
AC shown in Figure 2.17.

SOLUTION Part a: For Mohr’s circle, on plane AB, o, = S0kN/m’ and
T = —25 kN/m?. On plane BC, o, =+100 kN/m* and +25kN/m”. For
the stresses, Mohr’s circle is plotted in Figure 2.18. The radius of the circle is

O'H = /(O + (HI)*> = /25> 4252 = 35.36 kN /m?
oyn =00 +O'P, =75+35.36 =110.36 kN/m’
0y = 00— O'P, =75—35.36 = 39.64kN/m”

The angle GO'P; = 20 = tan"!(JG/O']) = tan~!(25/25) = 45°. So we
move an angle 6 = 22.5° clockwise from plane AB to reach the
minor principal plane, and an angle 6 = 22.5+ 90 = 112.5° clockwise
from plane AB to reach the major principal plane. The orientation
of the major and minor principal stresses is shown in Figure 2.17.

Part b: Plane AC makes an angle 35°, measured clockwise, with plane AB.
If we move through an angle of (2)(35°) = 70° from the radial line O'G
(Figure 2.18), we reach the radial line O’K. The coordinates of K will give
the normal and shear stresses on plane AC. So

7= 0'Ksin25° = 35.365in25° = 14.94 kN/m>
0 =00 —0'Kcos25°=75—-35.36c0s25° = 42.95kN/m>
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Figure 2.18 Mohr’s circle for stress determination.

Note: This could also be solved using Egs. (2.73) and (2.74):

o

) sin26

’T:TxZCOSZG—(U-x;

where 7,, = —25 kN/m?*, 6=35°, o, =+50kN/m’, and 0,=+100 kN/m’
(watch the sign conventions). So

n70 = —8.55 — (=23.49)

-1
T=-25c0s70— <u> sin7

— 14.94kN/m?

o= (Ux_’_O-Z) +<Ux;0-z)c0520+7xzsin29

2

1 —1
= <502 OO>+<50 5 00)cos70+(—25)sin70

=75-8.55-23.49 =42.96kN/m*
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2.9 Strains on an inclined plane and principal
strain for plane strain problems

Consider an elemental soil prism ABDC of unit length along the y direction
(Figure 2.19). The lengths of the prism along the x and z directions are AB=
dx and AC = dz, respectively. When subjected to stresses, the soil prism is
deformed and displaced. The length in the y direction still remains unity.
A'B"D"C" is the deformed shape of the prism in the displaced position.
If the normal strain on an inclined plane AD making an angle 6 with the
x axis is equal to €,

A'D' = AD(1+ €) = dl(1+ €) (2.84)

where AD =dI.
Note that the angle B’AC” is equal to (/2 —,,). So the angle A’'C"D"
is equal to (7/2 +v,,). Now

(AD")? = (A'C")*+(C'D")* —2(A'C")(C'D")cos(m/2+y,,)  (2.85)
AC'=AC(1+ €,) = dz(1+ €,) = dl(sin ) (1+ €,) (2.86)
C'D' = A'B" = dx(1+ €,) = dl(cos 0)(1+ €,) (2.87)

Substitution of Egs. (2.84), (2.86), and (2.87) into Eq. (2.85) gives
(1+ €)*(dl)* =[dI(sin 0)(1+ €,)]* + [dI(cos 0) (1+ €,)]*

+2(dl)*(sin 6)(cos 0) (1+ €,)(1+ €,) sin y,, (2.88)

X

¥
r

Figure 2.19 Normal and shear strains on an inclined plane (plane strain case).
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Taking sin vy,, =~ v,, and neglecting the higher order terms of strain such

as €2, €2, €2, €¥us €.¥xe>» EE: Varr EQ. (2.88) can be simplified to

14+2e= (14+2¢,)sin* 0+ (142 ¢€,)cos’ O +2y,,sinfcosh

€ =c, cos’0+ e, sin? 0+ 77 sin 20 (2.89)
or
e= &S &% 0004 Y2inog (2.90)
-T2 2 2 ‘

Similarly, the shear strain on plane AD can be derived as
Y ="7,.€0820— (e, —€,)sin2 (2.91)

Comparing Egs. (2.90) and (2.91) with Egs. (2.73) and (2.74), it appears
that they are similar except for a factor of 1/2 in the last terms of the
equations.

The principal strains can be derived by substituting zero for shear strain
in Eq. (2.91). Thus

tan20 = — 2= (2.92)
€. — €

X y

There are two values of 6 that will satisfy the above relation. Thus from
Egs. (2.90) and (2.92), we obtain

o= (5T 4 () 253

where € = principal strain. Also note that Eq. (2.93) is similar to Egs. (2.79)

and (2.80).

2.10 Stress components on an inclined plane,
principal stress, and octahedral
stresses—three-dimensional case

Stress on an inclined plane

Figure 2.20 shows a tetrahedron AOBC. The face AOB is on the xy plane
with stresses, o, 7,,, and 7, acting on it. The face AOC is on the yz plane
subjected to stresses o, 7, and 7. Similarly, the face BOC is on the xz

plane with stresses o, 7,,, and 7. Let it be required to find the x, y, and
z components of the stresses acting on the inclined plane ABC.
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Mormal io plane 487,
Linit vector - §

4

Figure 2.20 Stresses on an inclined plane—three-dimensional case.

Let i, j, and k be the unit vectors in the x, y, and z directions, and let s
be the unit vector in the direction perpendicular to the inclined plane ABC:

s = cos(s, x)i+ cos(s, y)j + cos(s, )k (2.94)

If the area of ABC is dA, then the area of AOC can be given as dA(s-i) =
dAcos(s, x). Similarly, the area of BOC = dA(s-j) = dAcos(s, ), and the
area of AOB=dA(s-k) = dAcos(s, z).

For equilibrium, summing the forces in the x direction, X F, = 0:

Po dA =0, cos(s, x) + T, cos(s, y) 4 7, cos(s, 2) |dA

or

Psx = 0, COS(s, X) + 7, COS(S, ) + T, COS(S, Z) (2.95)

where p,, is the stress component on plane ABC in the x direction.
Similarly, summing the forces in the y and z directions,

Psy = Tyy €OS(s, X) + 0, cOs(s, y) + T, cos(s, z) (2.96)

Ps; = Ty, COS(S, X) + 7, cOS(s, y) + 0, cos(s, ?) (2.97)

Xz
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where p,, and p,, are the stress components on plane ABC in the vy
and z directions, respectively. Equations (2.95), (2.96), and (2.97) can be
expressed in matrix form as

psx Oy Tyx Tex COS(S9 'x)
Psy| = | Ty Ty Toy | |cOS(s, ) (2.98)
psz Txz Tyz g, COS(S’ Z)

The normal stress on plane ABC can now be determined as

O =P COS(Ss x) J’_Psy COS(Ss y) + P COS(S, Z)
=0, cos’(s, X)+0,cos’(s, y)+ 0, cos’(s, z)+27,,cos(s, x) cos(s, y)

+ 27, cos(s, y)cos(s, z)+ 27, cos(s, x)cos(s, z) (2.99)

The shear stress 7 on the plane can be given as

T=\/(p§x+P§y+P§z)—02 (2.100)

Transformation of axes

Let the stresses in a soil mass in the Cartesian coordinate system be given.
If the stress components in a new set of orthogonal axes (x,, y;, z;) as
shown in Figure 2.21 are required, they can be determined in the following
manner. The direction cosines of the x,, y,, and z; axes with respect to the
x, y, and z axes are shown:

Following the procedure adopted to obtain Eq. (2.98), we can write

px1x Oy 7-yx Tex ll
Prry| = | Ty Oy Toy | |71 (2.101)
pxlz Txz Tyz o ny

where p, ., Py, and p, . are stresses parallel to the x, y, and z axes and
are acting on the plane perpendicular to the x; axis (i.e., y,z; plane).

We can now take the components of p, ., p, ,,and p, , to determine the
normal and shear stresses on the y,z, plane, or

Oy, = llpxlx + mlpxly + nlpxlz
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z
Figure 2.21

Transformation of stresses to a new set of orthogonal axes.

Ty = lsz]x +m2px1y +n2px1z

Txlzl = l3px1x + m3px1y + n3px1z

In a matrix form, the above three equations may be expressed as

X1 ll my 1y pxlx
Tey | = |l 2 1y | | D,y (2.102)
Txlzl 3m3 g pxlz
In a similar manner, the normal and shear stresses on the x,z, plane
(ie., o, 7, .,and 7, ) and on the x;y; plane (ie., o, , 7, ,,and 7, )
can be determined. Combining these terms, we can express the stresses in
the new set of orthogonal axes in a matrix form. Thus
Tt Tyiey Teyn, Lming ||o. 7Tl | I L 1
Tey Oy ey | = I, m, n, Tay Oy Toy| |12q 111y 115
Tx1z| Ty1z1 O'Z] 3 My ny Txz Tyz g
Note: 1,

(2.103)
2| |7 My 73

y = Tyx: sz = Tyz’ and Tex = Txz

Solution of Eq. (2.103) gives the following relations:
o, = Po. + m%a'y +nta, 4+ 2myng T, 4+ 20 T+ 21 my T

, o (2.104)
o, =Bo,+mio,+njo, 4+ 2myny 1, +2mly7, + 2,m, T,

(2.105)
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o, =Bo,+mio, +njo, +2myny7, 4+ 2n5l57, 4 2lmyT,, (2.106)

Teiyy = Tyiny = lllzax—l—mlmzay—i-nlnz(fz+(m1n2+m2n1)7yz
+(myly + 1y 14) 7o+ (Lymy + Ly )7, (2.107)

Teizey = Toyw, = hl30+mymso, +nyny0, + (myny +myny)7,
+ (myly +n314) 7o + (Lymy + Lymy) 7, (2.108)

Tyer =Tepy, = 12130'x+m2m30y+n2n30'z+ (myny +myn,)T),
+ (ol +n3ly) 7 A (my + ymy) T, (2.109)

Principal stresses

The preceding procedure allows the determination of the stresses on any
plane from the known stresses based on a set of orthogonal axes. As dis-
cussed above, a plane is defined as a principal plane if the shear stresses
acting on it are zero, which means that the only stress acting on it is a normal
stress. This normal stress on a principal plane is referred to as a principal
stress. In order to determine the principal stresses, refer to Figure 2.20, in
which x, y, and z are a set of orthogonal axes. Let the stresses on planes
OAC, BOC, and AOB be known, and let ABC be a principal plane. The
direction cosines of the normal drawn to this plane are I, m, and # with
respect to the x, y, and z axes, respectively. Note that

Pym*+n*=1 (2.110)
If ABC is a principal plane, then the only stress acting on it will be a

normal stress o,. The x, y, and z components of o, are 0,/, o,m, and o,n.
Referring to Egs. (2.95), (2.96), and (2.97), we can write

ol=0l+1,m+7,.n

or
(o, =)+, m+T1,n=0 (2.111)
Similarly,
Tl + (o, —o)m+1,mn=0 (2.112)
T+ 1, m+(0,—0,)n=0 (2.113)

From Egs. (2.110)—(2.113), we note that /, m, and 7 cannot all be equal to
zero at the same time. So,
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(O-x - (Tp) Tyx Tex
Ty (0y=0y) 7y =0 (2.114)
Txz 7-yz (Uz - Up)
or
o) —lLo,+Lo,—I;=0 (2.115)
where
L=0,t0,t0, (2.116)
L= a'xa'y+0'ya'z+0'xa'z—rfy—Tyzz—Tiz (2.117)
L =0,0,0,+27,7, T, — (rxryzz —o,7, — o'zrfy (2.118)

I, I, and I; defined in Egs. (2.116), (2.117), and (2.118) are independent
of direction cosines and hence independent of the choice of axes. So they
are referred to as stress invariants.

Solution of Eq. (2.115) gives three real values of o,. So there are three
principal planes and they are mutually perpendicular to each other. The
directions of these planes can be determined by substituting each o, in
Egs. (2.111), (2.112), and (2.113) and solving for [, 72, and #, and observing
the direction cosine condition for /> 4+ m? +n* = 1. Note that these values
for I, m, and n are the direction cosines for the normal drawn to the plane
on which o, is acting. The maximum, intermediate, and minimum values
of o, are referred to as the major principal stress, intermediate principal
stress, and minor principal stress, respectively.

Octahedral stresses

The octahedral stresses at a point are the normal and shear stresses acting on
the planes of an imaginary octahedron surrounding that point. The normals
to these planes have direction cosines of £1+/3 with respect to the direction
of the principal stresses (Figure 2.22). The axes marked 1, 2, and 3 are the
directions of the principal stresses o), @), and ;3. The expressions for
the octahedral normal stress o, can be obtained using Egs. (2.95), (2.96),

(2.97), and (2.99). Now compare planes ABC in Figures 2.20 and 2.22. For
the octahedral plane ABC in Figure 2.22,

psl = a-p(l)l (2.119)
po = aym (2.120)
P = O-p(?’)n (2121)
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Normal o oetahedral plane,

h"l':?’uf v 'lﬁ’q}t < (g T Dwechon cosine 143,143,143

Figure 2.22 Octahedral stress.

where pg, po, and pg are stresses acting on plane ABC parallel to the
principal stress axes 1, 2, and 3, respectively. Parameters /, 7, and n are
the direction cosines of the normal drawn to the octahedral plane and are
all equal to 1/+/3. Thus from Eq. (2.99),

Ooct = lfo-p(l) + m%ap(z) + 7’1%0'[)(3)

= 2[00+ ) + 03] (2.122)

The shear stress on the octahedral plane is

_\/ psl psl (ps3) ] gct (2123>

where T,

¢ 18 the octahedral shear stress, or

1
Toct = g\/[ap(l) - a-p(Z)]2 + [Up(z) - Up(3)]2 + [Up(?:) - 0-p<1)]2 (2.124)
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The octahedral normal and shear stress expressions can also be derived
as a function of the stress components for any set of orthogonal axes x, y,
z. From Eq. (2.116),

I, =const =0, +0,+ 0, = 0,4+ 0y + 03 (2.125)
So
1 1
Ooct = g[a-p(l) + Up(Z) + a-p(3)] = g(a-x + O'y + UZ) (2126)

Similarly, from Eq. (2.117),

_ B 222
I, = const = (0,0, + 0,0, +0,0,)— T, — T, — T,

= 0,1)0p) F Tp2) O3 T T3 i) (2.127)

Combining Egs. (2.124), (2.125), and (2.127) gives

1
Toet = 5\/(a'x —0,)* + (0, —0,)* +(0,—0,)* + 672 + 67, + 672 (2.128)

ExaMPLE 2.4

The stresses at a point in a soil mass are as follows:
o, = S0kN/m? Ty = 30kN/m?
o, =40kN/m?* 7,. = 25kN/m?*
o, = 80kN/m? 7., = 25 kN/m?
Determine the normal and shear stresses on a plane with direction cosines

[=2/3, m=2/3,and n=1/3.

soLUTION From Egq. (2.98),

P X Oy Txy sz l
psy = | Ty Oy Ty | |
p K4 sz Tyz Uz n

The normal stress on the inclined plane [Eq. (2.99)] is

g :psxl+psym+pszn

=0’ +om* + o0’ + 21, Ilm+ 21, mn+2r, In
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=50(2/3)*4+40(2/3)* +80(1/3)* +2(30)(2/3)(2/3)
+2(25)(2/3)(1/3) +2(25)(2/3)(1/3) = 97.78 kN/m?*

P =0+ T m+7n=502/3)430(2/3)+25(1/3)
=33.33+20+8.33 =61.66 kN/m?

by =Tyl +oym+1,n=30(2/3)+40(2/3)+25(1/3)
=20+26.67+8.33 = S5kN/m?

Do =Tl +7,m+0,n=252/3)+252/3)+80(1/3)
=16.67416.67426.67 = 60.01 kN/m?

The resultant stress is

p=/pL+PL+pL =61.662+552+60.012 = 102.2kN/m?

The shear stress on the plane is

T=/p?— 02 =+/102.22—-97.782 = 29.73 kN/m>

ExXAMPLE 2.5

At a point in a soil mass, the stresses are as follows:

o, =25kN/m? Ty = 30kN/m?
o, =40kN/m* 7, = —6 kN/m?
o, =17kN/m? 7., = —10kN/m?

Determine the principal stresses and also the octahedral normal and shear
stresses.

sOLUTION From Eq. (2.114),

(Ux - Up) Tyx Tex
Tey (o, — Up) Ty =0
Txz Tyz (O-Z - Up)
(25— Up) 30 —10
30 (40-0,) -6 |=0)—820,+10690,—800=0
—10 —6 (17 — Up)
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The three roots of the equation are

Up(l) =65.9 l(N/I'n2
Up(z) = 15.7kN/m2
O-P(3) = O.4kN/m2

Oocr =3 [Tp) + 040 + 03]

3
1
=3(65.9+15.740.4) =27.33kN/m’

1
Toct =§\/["p(1> = 0o +0pp) = 0y * + 03 = o]

1
=3V(65.9 157 +(15.7 0,47 + (0.4~ 65.97 = 27.97kN/m’

2.11 Strain components on an inclined
plane, principal strain, and octahedral
strain—three-dimensional case

We have seen the analogy between the stress and strain equations derived in
Secs. 2.7 and 2.8 for plane strain case. Referring to Figure 2.20, let the strain
components at a point in a soil mass be represented by €., €, €., V1> Vyes
and 7,,. The normal strain on plane ABC (the normal to plane ABC has
direction cosines of I, m and #) can be given by

e= e, +m’e, +n’e, +Iimy,, +mny,, +Iny,, (2.129)

This equation is similar in form to Eq. (2.99) derived for normal stress.
When we replace €,, €,, €,, Vy/2, V,./2, and v,./2, respectively, for
Ty Ty Oy Ty Ty and 7, in Eq. (2.99), Eq. (2.129) is obtained.

If the strain components at a point in the Cartesian coordinate system
(Figure 2.21) are known, the components in a new set of orthogonal axes

can be given by [similar to Eq. (2.103)]

€x1 %Yxlyl %Yxlzl ll my ny €x %yxy %sz ll 12 13
%'Yxm = %yylzl =|Lmyn %yxy Sy %Wz my My
%Yxlzl %Yylzl Ezl 13 UGRG] %yxz %sz Ez ny m, ny

(2.130)

The equations for principal strains at a point can also be written in a
form similar to that given for stress [Eq. (2.115)] as

e —Jies+he,—J;=0 (2.131)
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where
€,= principal strain

Ji=e.t€,+¢, (2.132)

Yo \o (Ve (Ve )2
]zzexey+eyez+ezex—<%) —(%) —(%) (2.133)

2 2
N yxy)’yz)’zx_ k _ k 2_ &
s =€.€,€, = Ex< 5 ) Ey( 5 ) €\ (2.134)

Ji» J», and J; are the strain invariants and are not functions of the direction
cosines.
The normal and shear strain relations for the octahedral planes are

1
€oct = g[epm) + €0 + €3l (2.135)
2 2 2 2
Yot = g\/[ep(l) — €l T € — o> T — €l (2.136)
where

€,= octahedral normal strain

Yoo = Octahedral shear strain

€p1)> €pp)»  Ep3= major, intermediate, and minor principal strains,
respectively

Equations (2.135) and (2.136) are similar to the octahedral normal and
shear stress relations given by Egs. (2.126) and (2.128).



Chapter 3

Stresses and displacements in a
soil mass

3.1 Introduction

Estimation of the increase in stress at various points and associate displace-
ment caused in a soil mass due to external loading using the theory of
elasticity is an important component in the safe design of the foundations
of structures. The ideal assumption of the theory of elasticity, namely that
the medium is homogeneous, elastic, and isotropic, is not quite true for
most natural soil profiles. It does, however, provide a close estimation for
geotechnical engineers and, using proper safety factors, safe designs can be
developed.

This chapter deals with problems involving stresses and displacements
induced by various types of loading. The expressions for stresses and dis-
placements are obtained on the assumption that soil is a perfectly elastic
material. Problems relating to plastic equilibrium are not treated in this
chapter.

The chapter is divided into two major sections: two-dimensional (plane
strain) problems and three-dimensional problems.

TWO-DIMENSIONAL PROBLEMS

3.2 Vertical line load on the surface

Figure 3.1 shows the case where a line load of g per unit length is applied at
the surface of a homogeneous, elastic, and isotropic soil mass. The stresses
at a point P defined by » and 6 can be determined by using the stress
function

d):%r@ sin 6 (3.1)
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gurut lenglh

Figure 3.1 Vertical line load on the surface of a semi-infinite mass.

In the polar coordinate system, the expressions for the stresses are as fol-

lows:
1op 18
=rataw
a0
O'@ZW
and Tﬂz—i(1%>
" ar \ r 90

Substituting the values of ¢ in the above equations, we get

1,9 . 1 /q
g, = p ;Hsmﬂ) +ﬁ (;rcos
2
= —qcosﬂ
Tr
Similarly,
0-0 = O
and

0+ i1’(:08(9— g1’¢9sin¢9>
T T

(2.57))
(2.58)

(2.59)

(3.2)

(3.4)
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The stress function assumed in Eq. (3.1) will satisfy the compatibility
equation

2 2 2 >
(a +1a+1a)<a¢+1a¢+16¢>:0 (2.60)

arr " rar 12002 )\ a2 T rar 2 06%

Also, it can be seen that the stresses obtained in Eqs. (3.2)—(3.4) satisfy the
boundary conditions. For § = 90° and r > 0, ¢, =0, and at » =0, o, is the-
oretically equal to infinity, which signifies that plastic flow will occur locally.
Note that o, and o, are the major and minor principal stresses at point P.

Using the above expressions for o,, d,, and 7,5, we can derive the stresses
in the rectangular coordinate system (Figure 3.2):

2
0, = 0,c08” 0+ 0, sin” O — 27, 5in f cos = —z cos’ 6 (2.77')
u
2 ’ 2¢2°
_ < z >= T (3.5)
TN X2 +22 \Vx2+22 T +22)
Similarly,
o, = 0,sin’ 0+ 0, cos® O+ 27, sin f cos 0 (2.75")
2gx*z
= 3.6
T m(x? +22)? (3.6)
and
Ty, = —0psinfcos @+ o, sinfcos+ 7, (cos2 6 — sin” 6) (2.76)
gunit lengih

cosh = %
;II"-SE
x

sind = —I'_.=

vrlagt

Figure 3.2 Stresses due to a vertical line load in rectangular coordinates.
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Table 3.1 Values of a,/(q/z), 0,/(q/z), and T7,,/(q/z)
[Egs. (3.5)-(3.7)]

x/z 0,/(q/2) 0,/(a/2) T/ (q/2)

0 0.637 0 0

0.1 0.624 0.006 0.062

0.2 0.589 0.024 0.118

0.3 0.536 0.048 0.161

0.4 0.473 0.076 0.189

0.5 0.407 0.102 0.204

0.6 0.344 0.124 0.207

0.7 0.287 0.141 0.201

0.8 0.237 0.151 0.189

0.9 0.194 0.157 0.175

1.0 0.159 0.159 0.159

1.5 0.060 0.136 0.090

2.0 0.025 0.102 0.051

3.0 0.006 0.057 0.019

2gxz*

Ter TR (3.7)
For the plane strain case,

o, =v(o,+0,) (3.8)

The values for o,, o, and 7., in a nondimensional form are given in
Table 3.1.

Displacement on the surface (z = 0)

By relating displacements to stresses via strain, the vertical displacement w
at the surface (i. e., z = 0) can be obtained as

_ 21—v?

w gln|x|+C (3.9)

where

E = modulus of elasticity
v = Poisson’s ratio
C = a constant

The magnitude of the constant can be determined if the vertical displace-
ment at a point is specified.
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ExamprLE 3.1

For the point A in Figure 3.3, calculate the increase of vertical stress o,
due to the two line loads.

SOLUTION The increase of vertical stress at A due to the line load ¢, =
20kN/m is

x_Zm_

z 2m

From Table 3.1, for x/z =1, 0,/(q/z) =0.159. So,

20
o = 0.159(%) = 0.159(7> =1.59 kN/m?

The increase of vertical stress at A due to the line load g, = 30 kN/m is

x 6m_

. — E —
From Table 3.1, for x/z =3, 0,/(q/z) = 0.006. Thus

30
O = 0.006<%) - 0.006(7> —0.09 kN/m?

So, the total increase of vertical stress is

T, =01+ 0,0 =159+0.09=1.68 kN/m?
;=3 kam| am |q, =20 kMim
F) |;1
i .
—Im-

Figure 3.3 Two line loads acting on the surface.
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3.3 Vertical line load on the surface of a finite
layer

Equations (3.5)—(3.7) were derived with the assumption that the homo-
geneous soil mass extends to a great depth. However, in many practical
cases, a stiff layer such as rock or highly incompressible material may be
encountered at a shallow depth (Figure 3.4). At the interface of the top soil
layer and the lower incompressible layer, the shear stresses will modify the
pattern of stress distribution. Poulos (1966) and Poulos and Davis (1974)
expressed the vertical stress o, and vertical displacement at the surface
(w at z=0) in the following form

gfunit length
L2 . ; U - et
h
S . - - ;
' : ' : " * Rigid layer © "
-
z

Figure 3.4 Vertical line load on a finite elastic layer.

Table 3.2 Variation of I, (v =0)

x/h z/h
0.2 04 0.6 038 1.0

0 9.891 5.157 3.641 2.980 2.634
0.1 5.946 4516 3.443 2.885 2.573
0.2 2.341 3.251 2.948 2.627 2.400
0.3 0918 2.099 2.335 2.261 2.144
0.4 0.407 1.301 1.751 1.857 1.840
0.5 0.205 0.803 1.265 1.465 1.525
0.6 0.110 0.497 0.889 .17 1.223
0.8 0.032 0.185 0.408 0.592 0.721
1.0 0.000 0.045 0.144 0.254 0.357
1.5 —0.019 —0.035 —0.033 —0.018 0.010
2.0 —0.013 —0.025 —0.035 —0.041 —0.042
4.0 0.009 0.009 0.008 0.007 0.006

8.0 0.002 0.002 0.002 0.002 0.002
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Table 3.3 Variation of I, (v =0)

x/h I
0.1 3.756
0.2 2.461
0.3 1.730
0.4 1.244
0.5 0.896
0.6 0.643
0.7 0.453
0.8 0.313
1.0 0.126
1.5 —-0.012
2.0 —0.017
4.0 —0.002
8.0 0
q

o= I, (3.10)

W = :EIZ (3.11)

where I, and I, are influence values.

I, is a function of z/h, x/h, and v. Similarly, I, is a function of x/b and
v. The variations of I; and I, are given in Tables 3.2 and 3.3, respectively
for v=0.

3.4 Vertical line load inside a semi-infinite mass

Equations (3.5)—(3.7) were also developed on the basis of the assumption
that the line load is applied on the surface of a semi-infinite mass. However,
in some cases, the line load may be embedded. Melan (1932) gave the
solution of stresses at a point P due to a vertical line load of g per unit
length applied inside a semi-infinite mass (at point A, Figure 3.5). The final
equations are given below:

< {(z d)? N (k+d)(z+d)*+2dz] 8dz(d+z)x2}
‘ 2(1-v)

7 7 3
”1 5} 51

3.12
= (3.12)

1 21/ z— 3z—|—d 4zx? ))

q z— d) (z—i—d)(xz—}—ldz)—de2 8dz(d +z)x?
x= {2(1_V)[ A + }

T 1 5) 51

1—-2v (d—z z+3d 4zx2>}
+ +

41—-v) \ »? ) s

(3.13)




Figure 3.5 Vertical line load inside a semi-infinite mass.

1.8
0.8
i = 1.5
4.8
A\
[ H
0.4 |
a, 1
—= .2

"o F%Hﬁ‘—*ﬂ—-

-0.2 4

-04

-0.6
X
o

Figure 3.6 Plot of d,/(q/d) versus x/d for various values of z/d [Eq. (3.12)].
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qx{ 1 [(z—al)2 2 —=2dz—d? 8dz(d+z)2}
T, = + +

A 2(1—v) r} r 5
12w 71 1 4z(d+z)”
e B 1 G 3.14
e R 1

Figure 3.6 shows a plot of 0,/(q/d) based on Eq. (3.12).

3.5 Horizontal line load on the surface

The stresses due to a horizontal line load of g per unit length (Figure 3.7)
can be evaluated by a stress function of the form

¢=1r0c039 (3.15)
T

Proceeding in a similar manner to that shown in Sec. 3.2 for the case of
vertical line load, we obtain

2
(f,:—qsin(i' (3.16)
r
0y=0 (3.17)
0 =0 (3.18)

In the rectangular coordinate system,

2q  xz?

gfunit lenglh
T "-",‘.- .-'_\"

TR I

Figure 3.7 Horizontal line load on the surface of a semi-infinite mass.
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Table 3.4 Values of a,/(q/z), 0,/(q/z), and T7,,/(q/z)
[Egs. (3.19)-(3.21)]

x/z 0,/(q/2) 0,/(q/2) T2/(4/2)
0 0 0 0
0.1 0.062 0.0006 0.006
0.2 0.118 0.0049 0.024
0.3 0.161 0.0145 0.048
0.4 0.189 0.0303 0.076
0.5 0.204 0.0509 0.102
0.6 0.207 0.0743 0.124
0.7 0.201 0.0984 0.141
08 0.189 0.1212 0.151
0.9 0.175 0.1417 0.157
1.0 0.159 0.1591 0.159
15 0.090 0.2034 0.136
2.0 0.051 0.2037 0.102
3.0 0.019 0.1719 0.057
2g X3
T W) (3.20)
2
_29_xx (3.21)

T
Xz T (xZ +Z2)2

For the plane strain case, o, = v(o, +0,).
Some values of o, o0,, and 7, in a nondimensional form are given in
Table 3.4.

3.6 Horizontal line load inside a semi-infinite mass

If the horizontal line load acts inside a semi-infinite mass as shown in
Figure 3.8, Melan’s solutions for stresses may be given as follows:

o, =

_q_x{ 1 |:(z—d)2 -2 +6dz | 8dz x2:|

m | 2(1—v) r} ry re
1-2v [ 1 1 4z(d+z)
il 522
_gqx 1 x*  x*+8dz+6d’ N 8dz(d +2z)*
o | 20—y Lrt ry 5
1-2v [1 3  4z(d+2)
e | -
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i
d |
l :
I
I
— . > X
d
l gunit length
A
i
P(x.2)
L J
z
Figure 3.8 Horizontal line load inside a semi-infinite mass.
q 1 (z—d)x*  (2dz+x*)(d+z) 8dz(d+z)x*
Tae = re 7 - 3
T | 2(1—v) 71 5 )
1-2 —d 3z+d 4z(d+z)?
v aod, Jetd Hld+d) (3.24)
41—-v) L 7 75 7y

3.7 Uniform vertical loading on an infinite strip on
the surface

Figure 3.9 shows the case where a uniform vertical load of g per unit
area is acting on a flexible infinite strip on the surface of a semi-infinite
elastic mass. To obtain the stresses at a point P(x, z), we can consider an
elementary strip of width ds located at a distance s from the centerline of
the load. The load per unit length of this elementary strip is g-ds, and it

can be approximated as a line load.

The increase of vertical stress, o, at P due to the elementary strip loading

can be obtained by substituting x — s for x and g-ds for g in Eq. (3.5),

3

J _2qds z
T T r -t

or

(3.25)
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Flx)

L J
H

Figure 3.9  Uniform vertical loading on an infinite strip.

The total increase of vertical stress, o,, at P due to the loaded strip

can be determined by integrating Eq. (3.25) with limits of s =0 to
s=—b; so,

3

2q (b b4
UZ_/da'Z_?/ —(x—s)2+z2]2ds

_af. oz &z 2b(x* -2 D) ]
_7T|:tan oy tan POy A P B iy KR £ (3.26)

In a similar manner, referring to Egs. (3.6) and (3.7),

U—/da'—zq/+b w—9”

+z2]
_ 2 -1 _ IS sz(xz 2 bz) i|
= |:tar1 x—b tan x+b (x2+z2_b2)2+4b2z2 (327)
26] +b _x—s 2 B 4quz2
/ s+ 222 ds = (6% + 22 — b2)2 4+ 4b222] (3.28)

The expressions for o,, o, and 7., given in Egs. (3.26)—(3.28) can be
presented in a simplified form:

7, = L[a+sinacos(a+28)] (3.29)

T



Table 3.5 Values of 0,/q [Eq. (3.26)]

z/b

x/b

0.0

0.1

0.2

0.3

04

0.5

0.6

0.7

0.8

0.9

1.0

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00
2.10
2.20
2.30
2.40
2.50
2.60
2.70
2.80
2.90
3.00
3.10
3.20
3.30
3.40
3.50
3.60
3.70
3.80
3.90
4.00
4.10
4.20
4.30
4.40
4.50
4.60
4.70
4.80
4.90
5.00

1.000
1.000
0.997
0.990
0.977
0.959
0.937
0.910
0.881
0.850
0.818
0.787
0.755
0.725
0.696
0.668
0.642
0.617
0.593
0.571
0.550
0.530
0.511
0.494
0.477
0.462
0.447
0.433
0.420
0.408
0.396
0.385
0.374
0.364
0.354
0.345
0.337
0.328
0.320
0.313
0.306
0.299
0.292
0.286
0.280
0.274
0.268
0.263
0.258
0.253
0.248

1.000
1.000
0.997
0.989
0.976
0.958
0.935
0.908
0.878
0.847
0.815
0.783
0.752
0.722
0.693
0.666
0.639
0.615
0.591
0.569
0.548
0.529
0.510
0.493
0.476
0.461
0.446
0.432
0.419
0.407
0.395
0.384
0.373
0.363
0.354
0.345
0.336
0.328
0.320
0.313
0.305
0.299
0.292
0.286
0.280
0.274
0.268
0.263
0.258
0.253
0.248

1.000
0.999
0.996
0.987
0.973
0.953
0.928
0.899
0.869
0.837
0.805
0.774
0.743
0.714
0.685
0.658
0.633
0.608
0.585
0.564
0.543
0.524
0.506
0.489
0.473
0.458
0.443
0.430
0.417
0.405
0.393
0.382
0.372
0.362
0.352
0.343
0.335
0.327
0.319
0.312
0.304
0.298
0.291
0.285
0.279
0.273
0.268
0.262
0.257
0.252
0.247

1.000
0.999
0.995
0.984
0.966
0.943
0.915
0.885
0.853
0.821
0.789
0.758
0.728
0.699
0.672
0.646
0.621
0.598
0.576
0.555
0.535
0.517
0.499
0.483
0.467
0.452
0.439
0.425
0.413
0.401
0.390
0.379
0.369
0.359
0.350
0.341
0.333
0.325
0.317
0.310
0.303
0.296
0.290
0.283
0.278
0.272
0.266
0.261
0.256
0.251
0.246

1.000
0.999
0.992
0.978
0.955
0.927
0.896
0.863
0.829
0.797
0.766
0.735
0.707
0.679
0.653
0.629
0.605
0.583
0.563
0.543
0.524
0.507
0.490
0.474
0.460
0.445
0.432
0.419
0.407
0.396
0.385
0.375
0.365
0.355
0.346
0.338
0.330
0.322
0.315
0.307
0.301
0.294
0.288
0.282
0.276
0.270
0.265
0.260
0.255
0.250
0.245

1.000
0.998
0.988
0.967
0.937
0.902
0.866
0.831
0.797
0.765
0.735
0.706
0.679
0.654
0.630
0.607
0.586
0.565
0.546
0.528
0.510
0.494
0.479
0.464
0.450
0.436
0.424
0.412
0.400
0.389
0.379
0.369
0.360
0.351
0.342
0.334
0.326
0.318
0.311
0.304
0.298
0.291
0.285
0.279
0.274
0.268
0.263
0.258
0.253
0.248
0.244

1.000
0.997
0.979
0.947
0.906
0.864
0.825
0.788
0.755
0.724
0.696
0.670
0.646
0.623
0.602
0.581
0.562
0.544
0.526
0.510
0.494
0.479
0.465
0.451
0.438
0.426
0.414
0.403
0.392
0.382
0.372
0.363
0.354
0.345
0.337
0.329
0.321
0.314
0.307
0.301
0.294
0.288
0.282
0.276
0.271
0.266
0.260
0.255
0.251
0.246
0.242

1.000
0.993
0.959
0.908
0.855
0.808
0.767
0.732
0.701
0.675
0.650
0.628
0.607
0.588
0.569
0.552
0.535
0.519
0.504
0.489
0.475
0.462
0.449
0.437
0.425
0.414
0.403
0.393
0.383
0.373
0.364
0.355
0.347
0.339
0.331
0.323
0.316
0.309
0.303
0.296
0.290
0.284
0.278
0.273
0.268
0.263
0.258
0.253
0.248
0.244
0.239

1.000
0.980
0.909
0.833
0.773
0.727
0.691
0.662
0.638
0.617
0.598
0.580
0.564
0.548
0.534
0.519
0.506
0.492
0.479
0.467
0.455
0.443
0.432
0.421
0.410
0.400
0.390
0.381
0.372
0.363
0.355
0.347
0.339
0.331
0.324
0.317
0.310
0.304
0.297
0.291
0.285
0.280
0.274
0.269
0.264
0.259
0.254
0.250
0.245
0.241
0.237

1.000
0.909
0.775
0.697
0.651
0.620
0.598
0.581
0.566
0.552
0.540
0.529
0.517
0.506
0.495
0.484
0.474
0.463
0.453
0.443
0.433
0.423
0.413
0.404
0.395
0.386
0.377
0.369
0.360
0.352
0.345
0.337
0.330
0.323
0.316
0.310
0.304
0.298
0.292
0.286
0.280
0.275
0.270
0.265
0.260
0.255
0.251
0.246
0.242
0.238
0.234

0.000
0.500
0.500
0.499
0.498
0.497
0.495
0.492
0.489
0.485
0.480
0.474
0.468
0.462
0.455
0.448
0.440
0.433
0.425
0.417
0.409
0.401
0.393
0.385
0.378
0.370
0.363
0.355
0.348
0.341
0.334
0.327
0.321
0.315
0.308
0.302
0.297
0.291
0.285
0.280
0.275
0.270
0.265
0.260
0.256
0.251
0.247
0.243
0.239
0.235
0.231




Table 3.5 (Continued)

z/b

x/b

1.1

1.2

1.3

1.5

1.6

1.7

1.8

1.9

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00
2.10
2.20
2.30
2.40
2.50
2.60
2.70
2.80
2.90
3.00
3.10
3.20
3.30
3.40
3.50
3.60
3.70
3.80
3.90
4.00
4.10
4.20
4.30
4.40
4.50
4.60
4.70
4.80
4.90
5.00

0.000
0.091
0.225
0.301
0.346
0.373
0.391
0.403
0.411
0.416
0.419
0.420
0.419
0.417
0.414
0.411
0.407
0.402
0.396
0.391
0.385
0.379
0.373
0.366
0.360
0.354
0.347
0.341
0.335
0.329
0.323
0.317
0.311
0.305
0.300
0.294
0.289
0.284
0.279
0.274
0.269
0.264
0.260
0.255
0.251
0.247
0.243
0.239
0.235
0.231
0.227

0.000
0.020
0.091
0.165
0.224
0.267
0.298
0.321
0.338
0.351
0.360
0.366
0.371
0.373
0.374
0.374
0.373
0.370
0.368
0.364
0.360
0.356
0.352
0.347
0.342
0.337
0.332
0.327
0.321
0.316
0.311
0.306
0.301
0.296
0.291
0.286
0.281
0.276
0.272
0.267
0.263
0.258
0.254
0.250
0.246
0.242
0.238
0.235
0.231
0.227
0.224

0.000
0.007
0.040
0.090
0.141
0.185
0.222
0.250
0.273
0.291
0.305
0.316
0.325
0.331
0.335
0.338
0.339
0.339
0.339
0.338
0.336
0.333
0.330
0.327
0.323
0.320
0316
0.312
0.307
0.303
0.299
0.294
0.290
0.286
0.281
0.277
0.273
0.268
0.264
0.260
0.256
0.252
0.248
0.244
0.241
0.237
0.234
0.230
0.227
0.223
0.220

0.000
0.002
0.011
0.031
0.059
0.089
0.120
0.148
0.173
0.195
0.214
0.230
0.243
0.254
0.263
0.271
0.276
0.281
0.284
0.286
0.288
0.288
0.288
0.288
0.287
0.285
0.283
0.281
0.279
0.276
0.274
0.271
0.268
0.265
0.261
0.258
0.255
0.252
0.249
0.245
0.242
0.239
0.236
0.233
0.229
0.226
0.223
0.220
0.217
0.215
0.212

0.000
0.001
0.007
0.020
0.040
0.063
0.088
0.113
0.137
0.158
0.177
0.194
0.209
0.221
0.232
0.240
0.248
0.254
0.258
0.262
0.265
0.267
0.268
0.268
0.268
0.268
0.267
0.266
0.265
0.263
0.261
0.259
0.256
0.254
0.251
0.249
0.246
0.243
0.240
0.238
0.235
0.232
0.229
0.226
0.224
0.221
0.218
0.215
0.213
0.210
0.207

0.000
0.001
0.004
0.013
0.027
0.046
0.066
0.087
0.108
0.128
0.147
0.164
0.178
0.191
0.203
0.213
0.221
0.228
0.234
0.239
0.243
0.246
0.248
0.250
0.251
0.251
0.251
0.251
0.250
0.249
0.248
0.247
0.245
0.243
0.241
0.239
0.237
0.235
0.232
0.230
0.227
0.225
0.222
0.220
0.217
0.215
0.212
0.210
0.208
0.205
0.203

0.000
0.000
0.003
0.009
0.020
0.034
0.050
0.068
0.086
0.104
0.122
0.138
0.152
0.166
0.177
0.188
0.197
0.205
0.212
0.217
0.222
0.226
0.229
0.232
0.234
0.235
0.236
0.236
0.236
0.236
0.236
0.235
0.234
0.232
0.231
0.229
0.228
0.226
0.224
0.222
0.220
0.218
0.216
0.213
0.211
0.209
0.207
0.205
0.202
0.200
0.198

0.000
0.000
0.002
0.007
0.014
0.025
0.038
0.053
0.069
0.085
0.101
0.116
0.130
0.143
0.155
0.165
0.175
0.183
0.191
0.197
0.203
0.208
0.212
0.215
0.217
0.220
0.221
0.222
0.223
0.223
0.223
0.223
0.223
0.222
0.221
0.220
0.218
0.217
0.216
0.214
0.212
0.211
0.209
0.207
0.205
0.203
0.201
0.199
0.197
0.195
0.193
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Table 3.6 Values of 0, /q [Eq. (3.27)]

z/b x/b

0 1.000 1.000 0 0 0 0

0.5 0.450 0.392 0.347 0.285 0.171 0.110
1.0 0.182 0.186 0.225 0.214 0.202 0.162
1.5 0.080 0.099 0.142 0.181 0.185 0.165
2.0 0.041 0.054 0.091 0.127 0.146 0.145
25 0.230 0.033 0.060 0.089 0.126 0.121

Table 3.7 Values of 7,,/q [Eq. (3.28)]

z/b x/b
0 0.5 1.0 1.5 2.0 25
0 - — — — — —
0.5 — 0.127 0.300 0.147 0.055 0.025
1.0 — 0.159 0.255 0.210 0.131 0.074
1.5 — 0.128 0.204 0.202 0.157 0.110
2.0 — 0.096 0.159 0.175 0.157 0.126
2.5 — 0.072 0.124 0.147 0.144 0.127
0. = Lo —sinacos(a+28)] (3.30)
T
g
Tey = ;[smasm(a—i—ZiS)] (3.31)

where « and 6 are the angles shown in Figure 3.9.
Table 3.5, 3.6, and 3.7 give the values of o,/q, 0./q, 7,./q for various
values of x/b and z/b.

Vertical displacement at the surface (z = 0)

The vertical surface displacement relative to the center of the strip load can
be expressed as

oo [ (x=b)In|x—b]—
oo )= 0ol = 0= 220D 3.32)
™ (x+b)In|x+b|+2blnb
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Figure 3.10 Strip load inside a semi-infinite mass.
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3.8 Uniform strip load inside a semi-infinite mass

Strip loads can be located inside a semi-infinite mass as shown in
Figure 3.10. The distribution of vertical stress o, due to this type of loading
can be determined by integration of Melan’s solution [Eq. (3.8)]. This has
been given by Kezdi and Rethati (1988). The magnitude of o, along the
centerline of the load (i.e., x = 0) can be given as

cr2di+ 2 T T Tt

b v-1 b b
71__ _
e T (z+2d)[(z+2d)2+b2 z2+b2]
v+12(+2d)db (2 +d)
2 @240

_z{ b(z +24d) o, b bz
o |

} (for x =0) (3.33)

Figure 3.11 shows the influence of d/b on the variation of o0,/q.

3.9 Uniform horizontal loading on an infinite strip
on the surface

If a uniform horizontal load is applied on an infinite strip of width 2b as
shown in Figure 3.12, the stresses at a point inside the semi-infinite mass
can be determined by using a similar procedure of superposition as outlined
in Sec. 3.7 for vertical loading. For an elementary strip of width ds, the load
per unit length is ¢ - ds. Approximating this as a line load, we can substitute
q-ds for q and x —s for x in Egs. (3.19)—(3.21). Thus,

2q 22
o, —/dO’ = / +z2] ——— s
4bgxz?
- (x4 2% — b?)? +4bzz2] (3.34)
zq s=+b
(rx_/d(rx / [(x ) +z2] — s
g (x+b)>+22 4bxz?
= [2.303 log R R e S Ry S PR (3.35)
B 2q (x —s)*z
/dT fs_—b [(x —s)? zz]2 ds
g U SR - 2bz(x* — 22— %)
T [tan b ™ ¥ (x2 422 — b2)2 4+ 4b222 (3-36)
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Figure 3.12  Uniform horizontal loading on an infinite strip.

The expressions for stresses given by Egs. (3.34)—(3.36) may also be
simplified as follows:

o, = L [sin asin(a+26)] (3.37)
o
q R

g, == [2,303 log —; — sinasin(a+26)} (3.38)
T R3

T = i[oz—sinozcos(a~|—28)] (3.39)
o

where R, R,, «, and & are as defined in Figure 3.12.
The variations of ¢,, o, and 7, in a nondimensional form are given in
Tables 3.8, 3.9, and 3.10.

Table 3.8 Values of 0, /q [Eq. (3.34)]

z/b x/b

0 0.5 1.0 1.5 2.0 25
0 _ _ — — - -
0.5 - 0.127 0.300 0.147 0.055 0.025
1.0 - 0.159 0.255 0.210 0.131 0.074
1.5 - 0.128 0.204 0.202 0.157 0.110
2.0 - 0.096 0.159 0.175 0.157 0.126

2.5 - 0.072 0.124 0.147 0.144 0.127
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Table 3.10 Values of 7,,/q [Eq. (3.36)]

z/b x/b

0 1.000 1.000 0 0 0 0

0.5 0.450 0.392 0.347 0.285 0.171 0.110
1.0 0.182 0.186 0.225 0.214 0.202 0.162
1.5 0.080 0.099 0.142 0.181 0.185 0.165
2.0 0.041 0.054 0.091 0.127 0.146 0.145
2.5 0.230 0.033 0.060 0.089 0.126 0.121

Horizontal displacement at the surface (z=0)

The horizontal displacement # at a point on the surface (z = 0) relative to
the center of the strip loading is of the form

o [ (x=b)In|x—b|—
Uo_o(x) = tt,_p(x = 0) = &E” (3.40)
& (x+b)In|x+b|+2bInb

3.10 Triangular normal loading on an infinite strip
on the surface

Figure 3.13 shows a vertical loading on an infinite strip of width 2b. The
load increases from zero to g across the width. For an elementary strip of
width ds, the load per unit length can be given as (q/2b)s-ds. Approximating
this as a line load, we can substitute (q/2b)s-ds for ¢ and x —s for x in
Egs. (3.5)-(3.7) to determine the stresses at a point (x, z) inside the semi-
infinite mass. Thus

ro=far=(5) () [ wirser

— % (ga_smza) (3.41)

wm o= () G weme

q (x z. R}
=5 (Ea—2.303z—)10gR—%+sm28> (3.42)
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L )
I

Figure 3.13 Linearly increasing vertical loading on an infinite strip.

== () G e

_1 _ _z
== (1 +c0s28 ba) (3.43)

In the rectangular coordinate system, Eqgs. (3.41)—(3.43) can be expressed
as follows:

o, = % [ta“_l (2) ~tan”™ (%)] - % x —xz_b)22b+ z B4

R x—2b

T [(x—Zb)2+z2:| (3.43)
@’ @ (R N (R

T"Z_w(x—lb)2+z2+27rb[tan <x—2b) ran (x)] (3-46)

Nondimensional values of o, [Eq. (3.41)] are given in Table 3.11.
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Table 3.11 Values of 0,/q [Eq. (3.41)]

x/b z/b
0 0.5 1.0 1.5 2.0 2.5 3.0 4.0 5.0
-3 0 0.0003 0.0018 0.00054 0.0107 0.0170 0.0235 0.0347 0.0422
-2 0 0.0008 0.0053 0.0140 0.0249 0.0356 0.0448 0.0567 0.0616
-1 0 0.0041 0.0217 0.0447 0.0643 0.0777 0.0854 0.0894 0.0858
0 o0 0.0748 0.1273 0.1528  0.1592 0.1553 0.1469 0.1273 0.1098
I 05 04797 04092 0.3341 02749 0.2309 0.1979 0.1735 0.124]
2 05 04220 03524 0.2952 02500 0.2148 0.1872 0.1476 0.1211
3 0 0.0152 0.0622 0.1010 0.1206 0.1268 0.1258 0.1154 0.1026
4 0 0.0019 0.0119 0.0285 0.0457 0.0596 0.0691 0.0775 0.0776
5 0 0.0005 0.0035 0.0097 0.0182 0.0274 0.0358 0.0482 0.0546

Vertical deflection at the surface

For this condition, the vertical deflection at the surface (z = 0) can be
expressed as

AV A 5 x* |2b—x
wz_o_<b_77)( 5 >|:2b ln|2b—x|—71n

X

- b(b+x)}

(3.47)

3.1l Vertical stress in a semi-infinite mass due to
embankment loading

In several practical cases, it is necessary to determine the increase of vertical
stress in a soil mass due to embankment loading. This can be done by the
method of superposition as shown in Figure 3.14 and described below.

The stress at A due to the embankment loading as shown in Figure 3.14a
is equal to the stress at A due to the loading shown in Figure 3.14b minus
the stress at A due to the loading shown in Figure 3.14c.

Referring to Eq. (3.41), the vertical stress at A due to the loading shown
in Figure 3.14b is

chr(i/a)qr(a1 ta)

Similarly, the stress at A due to the loading shown in Figure 3.14c is

(20)=
dq ’iTa2
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Figure 3.14  Vertical stress due to embankment loading.

Thus the stress at A due to embankment loading (Figure 3.14a) is
_q[fa+b b
UZ_W[( P )(0‘1+0‘2) aa2:|

g (3.48)

or

where I is the influence factor,

1[/a+b b 1 [(a b
I3=_[< )(a1+a2)__a2i|=_f<_s_>
T a a T \z2 z
The values of the influence factor for various a/z and b/z are given in
Figure 3.15.

ExampLE 3.2

A 5-m-high embankment is to be constructed as shown in Figure 3.16.
If the unit weight of compacted soil is 18.5 kN/m’, calculate the vertical
stress due solely to the embankment at A, B, and C.

SOLUTION Vertical stress at A: g =yH = 18.5 x 5 = 92.5 kN/m” using the
method of superposition and referring to Figure 3.17a

0.4 = 0yq) T 0y
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Figure 3.15 Influence factors for embankment load (after Osterberg, 1957).

19.0

For the left-hand section, b/z =2.5/5=0.5 and a/z=5/5 = 1. From
Figure 3.15, I; = 0.396. For the right-hand section, b/z =7.5/5=1.5 and

a/z=135/5 =1. From Figure 3.15, I; =0.477. So

0., = (0.396+0.477)(92.5) = 80.75 kN/m>
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Figure 3.16 Stress increase due to embankment loading (Not to scale).
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Figure 3.17 Calculation of stress increase at A, B, and C (Not to scale).
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Vertical stress at B: Using Figure 3.17b

08 = Oy(1) T 030) — O3)

For the left-hand section, b/z =0/10=0, a/z=2.5/5=0.5. So, from
Figure 3.15, I; = 0.14. For the middle section, b/z =12.5/5=2.5, a/z =
5/5 = 1. Hence I; = 0.493. For the right-hand section, I; = 0.14 (same as
the left-hand section). So

0.5 = (0.14)(18.5 x 2.5) + (0.493)(18.5 x ) — (0.14)(18.5 x 2.5)
=(0.493)(92.5) = 45.5 kN/m?
Vertical stress at C: Referring to Figure 3.17¢
0:¢ = 0:1) ~ Tz

For the left-hand section, /2 =20/5=4, a/z=5/5=1.So I; =0.498.
For the right-hand section, b/z=5/5=1, a/z=5/5=1. So I; = 0.456.
Hence

0.c = (0.498 — 0.456)(92.5) = 3.89 kN/m?

THREE-DIMENSIONAL PROBLEMS

3.12 Stresses due to a vertical point load on the
surface

Boussinesq (1883) solved the problem for stresses inside a semi-infinite mass
due to a point load acting on the surface. In rectangular coordinates, the
stresses may be expressed as follows (Figure 3.18):

30z*
30 [x*z 1-2» 1 2R+z)x* =z
L - -z 3.50
%=\’ T3 [R(R+z) RO(R +2)° R3]} (3-50)
30 [yz 12w 1 (2R+2)y” =z (3.51)
T2 B T3 |RR+2) R(R+z? R :
30 [xyz 1-2v (2R+2z)xy
T 2 | RT3 BR+e! (3.32)

30 xz?
Ty = EF (353)
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Figure 3.18 Concentrated point load on the surface (rectangular coordinates).
30 yz?
_ 30y (3.54)

T2 R’

where

QO = point load
r = /x2+y2
R=+Vz2+7?

v = Poisson’s ratio

In cylindrical coordinates, the stresses may be expressed as follows
(Figure 3.19):

o, = ;%i (3.55)
2 _
- L[t
oy = %(1—21/) [m—%} (3.57)
T, = 327971’552 (3.58)
Equation (3.49) [or (3.55)] can be expressed as
0, =12 (3.59)

4
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X

¥
y

Figure 3.19 Concentrated point load (vertical) on the surface (cylindrical coordi-
nates).

where

I, = nondimensional influence factor

3 ,-5/2
-2 {1 + <f) } (3.60)
2 z
Table 3.12 gives the values of I, for various values of 7/z.

Table 3.12 Values of I, [Eq. (3.60)]

r/z I

0 0.4775
0.2 0.4329
0.4 0.3294
0.6 0.2214
0.8 0.1386
1.0 0.0844
1.2 0.0513
1.4 0.0317
1.6 0.0200
1.8 0.0129
2.0 0.0085
2.5 0.0034
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3.13 Deflection due to a concentrated point load
at the surface

The deflections at a point due to a concentrated point load located at the
surface are as follows (Figure 3.18).

_O(+y)[xz (1-2v)x
”‘/8 dx==F [R3 R(R+z)} 3-61)
B O+v)[yz  (1-2v)y
v [8 h==F [ﬁ_ R(R+z)} (3.62)
w= / e, dz = %[UZ —v(o, +0y)] = % [% - 2(1R_ U)i| (3.63)

3.14 Horizontal point load on the surface

Figure 3.20 shows a horizontal point load Q acting on the surface of a
semi-infinite mass. This is generally referred to as Cerutti’s problem. The
stresses at a point P(x, y, z) are as follows:

30xz?
O x [3x? (1—2v)R? x*(3R+2)
= mire U R P RR (3.65)
O x [3y? (1-2v)R? y*(3R +2)
==_1>2 _(1-2 3— 3.66
%= aar |k T TR R2R+2) (3.66)
Q —— — ——— X
O e '.{'flf
I SRV
X ]
&
Y EZ
LY
'n\r
¥ * Pixy.z]
¥
2

Figure 3.20 Horizontal point load on the surface.
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S
= g%z (3.68)
- %% (3.69)

Also, the displacements at point P can be given as:

- e ey ()] 370

3.15 Stresses below a circularly loaded flexible
area (uniform vertical load)

Integration of the Boussinesq equation given in Sec. 3.12 can be adopted
to obtain the stresses below the center of a circularly loaded flexible area.
Figure 3.21 shows a circular area of radius b being subjected to a uniform
load of ¢ per unit area. Consider an elementary area dA. The load over the
area is equal to g-dA, and this can be treated as a point load. To determine
the vertical stress due to the elementary load at a point P, we can substitute
q-dA for O and +/72+z% for R in Eq. (3.49). Thus

- glunit area -

L

Digmeter — 25 =8 _
P = z = depth of point #
from Lhe surface

L
L
]
b
I
i
1
1
i
|
*u‘

P

Figure 3.21 Stresses below the center of a circularly loaded area due to uniform
vertical load.
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(3q dA)Z*
_ 7
do, 2m(r> 4 22)3/2 (3.73)
Since dA =rd6 dr, the vertical stress at P due to the entire loaded area may
now be obtained by substituting for dA in Eq. (3.73) and then integrating:

o=2m ’b3qzrd0dr 7
- =q(1- 53—, 3.74
% fo 0 /r 0 21 r2+z2)5/2 q|: (b2 +z2)3/2] ( )

Proceeding in a similar manner, we can also determine ¢, and o, at point
P as

q 2(1+v)z 23
0-720-6:E[1+2U_(b2+z2)1/2+(b2~|—zz>3/2 (375)

A detailed tabulation of stresses below a uniformly loaded flexible circular
area was given by Ahlvin and Ulery (1962). Referring to Figure 3.22, the
stresses at point P may be given by

=q(A'+B) (3.76)
= g[2vA’+ C+(1-2p)F] (3.77)
= g[2vA' =D+ (1 —2v)E] (3.78)
T =Ty =46 (3.79)

where A, B, C, D, E, F, and G are functions of s/b and z/b; the values of
these are given in Tables 3.13-3.19.

Load - gunit area

—_—— e —

|
R

Figure 3.22 Stresses at any point below a circularly loaded area.
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Stresses and displacements in a soil mass 125

Note that oy is a principal stress, due to symmetry. The remaining two
principal stresses can be determined as

AT AR o R (3.80)

ExamrLE 3.3

Refer to Figure 3.22. Given that g =100 kN/mz, B=5m, and v=0.45,
determine the principal stresses at a point defined by s=3.75m and z =5 m.

SOLUTION s/b = 3.75/2.5 =1.5; z/b=15/2.5 = 2. From Tables 3.13-3.19,

A" '=0.06275 E =0.04078
B '=0.06371 F=0.02197
C=-0.00782 G =0.07804
D =10.05589

So,
o, =q(A' +B) =100(0.06275 +0.06371) = 12.6 5 kN/m?
o, =q[2vA' —D+(1—2v)E]
=100[2(0.45)(0.06275) — 0.05589 +[1 — (2)(0.45)]0.04078]
= 0.466 kN /m>
0, =q[2vA'+ C+(1-2v)F]
=100[0.9(0.06275) — 0.00782 +0.1(0.02197)] = 5.09 kN/m?
7., = qG = (100)(0.07804) = 7.8 kN/m?

oy =0.466kN/m* = o, (intermediate principal stress)

(12.6545.09) £ /(12.65 —5.092 + 2 x 7.8)2
2

U-P:

_17.74x17.34
B 2

opy = 17.54kN/m” (major principal stress)

op = 0.2 kN/m? (minor principal stress)




126 Stresses and displacements in a soil mass

3.16 Vertical displacement due to uniformly
loaded circular area at the surface

The vertical displacement due to a uniformly loaded circular area (Figure 3.23)
can be determined by using the same procedure we used above for a pointload,
which involves determination of the strain €, from the equation

&= £l o, +0)] (3.81)

and determination of the settlement by integration with respect to z.

The relations for o, o,, and o, are given in Egs. (3.76)—(3.78). Substitu-
tion of the relations for o, o,, and o, in the preceding equation for strain
and simplification gives (Ahlvin and Ulery, 1962)

q 5 _Z[(1-20)A +B] (3.82)
where ¢ is the load per unit area. A’ and B’ are nondimensional and are
functions of z/b and s/b; their values are given in Tables 3.13 and 3.14.

The vertical deflection at a depth z can be obtained by integration of
Eq. (3.82) as

1+v, 12
w=qu[515+(1_u)16] (3.83)

where I; = A’ (Table 3.13) and b is the radius of the circular loaded area.
The numerical values of I, (which is a function of z/b and s/b) are given in
Table 3.20.

W— 8-2F —

Rad ut
Circular area, ——— L-—-ﬂ

Load/unit area -

o T

Figure 3.23 Elastic settlement due to a uniformly loaded circular area.
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128 Stresses and displacements in a soil mass

From Eq. (3.83) it follows that the settlement at the surface (i.e., at
z2=0)is

I (3.84)

ExamMPLE 3.4

Consider a uniformly loaded flexible circular area on the surface of a
sand layer 9m thick as shown in Figure 3.24. The circular area has a
diameter of 3m. Also given: ¢ = 100kN/m’; for sand, E = 21,000 kN/m’
and v =0.3.

(a) Use Eq. (3.83) and determine the deflection of the center of the circular
area (z =0).

(b) Divide the sand layer into these layers of equal thickness of 3 m each.
Use Eq. (3.82) to determine the deflection at the center of the circu-

lar area.
—31m—-
Flexible
g = 100 kN!m!
TR
3im *E £=21,000 kN.IfmI
z v=10.23

Figure 3.24  Elastic settlement calculation for layer of finite thickness.
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SOLUTION  Part a: From Eq. (3.83)

z
b

Wher = W(z=0, s=0) — W(z=9m, s=0)

I+(1 —u)16]

For z/b=0and s/b =0, I; =1 and I, =2; so

100(1+0.3)

W(ZZO,S:()) - 21,000 (1.5)[(1 - 0.3)2] == 0.01311’1 == 13 mm

For z2/b=9/1.5=6 and s/b=0, I, =0.01361 and I, = 0.16554; so,

100(1+0.3)(1.5)
W(em9m, s=0) = 21,000

=0.00183m =1.83mm

[6(0.01361) + (1 — 0.3)0.16554]

Hence w,,=13-1.83 =11.17 mm.
Part b: From Eq. (3.82),

q(1+v)

e=LT—=[1-20)A'+B]

Layer 1: From Tables 3.13 and 3.14, for z/b=1.5/1.5=1 and s/b =0,
A’'=0.29289 and B' = 0.35355:

_100(1+0.3)

€= 3100 (1~ 0-6(0:29289)+0.35355] = 0.00291

Layer 2: For z/b=4.5/1.5=3 and s/b=0, A’ =0.05132 and B =
0.09487:

~100(1+0.3)

= 1-0.6)(0.05132)+0.09487] = 0.00071
22) 21,000 [( ) )+ ]

Layer 3: For 2/b=7.5/1.5=35 and s/b=0, A'=0.01942 and B =
0.03772:

~100(1+0.3)

= 1-0.6)(0.01942)+0.03772] = 0.00028
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The final stages in the calculation are tabulated below.

Layeri Layer thickness Strain at the center of €, Az (m)

Az; (m) the layer €,
| 3 0.00291 0.00873
2 3 0.00071 0.00213
3 3 0.00028 0.00084
20.0117m
=11.7mm

3.17 Vertical stress below a rectangular loaded
area on the surface

The stress at a point P at a depth z below the corner of a uniformly
loaded (vertical) flexible rectangular area (Figure 3.25) can be determined
by integration of Boussinesq’s equations given in Sec. 3.12. The vertical
load over the elementary area dx-dy may be treated as a point load of
magnitude g-dx-dy. The vertical stress at P due to this elementary load
can be evaluated with the aid of Eq. (3.49):

J 3q dx dy 2*
g, =
z 27T(x2+y2+z2)5/2

A L 4
O - PEFEE— X

"|Uniform vertical lead Ledlen

- |qrunitarea - 0L D1l Lk
SRR SRy
Jf'/
IP{UJ].Z}
z

Figure 3.25 Vertical stress below the corner of a uniformly loaded (normal) rect-
angular area.
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The total increase of vertical stress at P due to the entire loaded area may
be determined by integration of the above equation with horizontal limits
of x=0tox=L and y=0 to y=B. Newmark (1935) gave the results of
the integration in the following form:

0. =ql, (3.85)

1 [2mn(m2 +*+ V)2 4+ n?+2

I, =—
T 4a | mE 2 m2n2 1 m2 a2+ 1

+tan

_y 2mn(m® +n’ + 1)1/2} (3.86)

m?+n2 —m?n>+1

where m = B/z and n = L/z.

The values of I, for various values of 7 and 7 are given in a graphical
form in Figure 3.26, and also in Table 3.21.

For equations concerning the determination of o, o, 7, 7,,and 7.,
the reader is referred to the works of Holl (1940) and Giroud (1970).

The use of Figure 3.26 for determination of the vertical stress at any
point below a rectangular loaded area is shown in Example 3.5.

In most cases, the vertical stress below the center of a rectangular area is

of importance. This can be given by the relationship

Aoc=ql;
h L2 myn 1+m?42n?
where = —

U | ST mEu? (L n)(m +n?)

P | m/l

+sin (3.87)
\/m/12+n/12\/1+n/12:|

L
=3 (3.88)
=g (3.89)

The variation of Iy with 71, and 7, is given in Table 3.22.
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Table 3.22 Variation of Ig with m| and n|

/
n;

4

5

9

10

0.20
0.40
0.60
0.80
1.00
1.20
1.40
1.60
1.80
2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00
10.00

0.994
0.960
0.892
0.800
0.701
0.606
0.522
0.449
0.388
0.336
0.179
0.108
0.072
0.051
0.038
0.029
0.023
0.019

0.997
0.976
0.932
0.870
0.800
0.727
0.658
0.593
0.534
0.481
0.293
0.190
0.131
0.095
0.072
0.056
0.045
0.037

0.997
0.977
0.936
0.878
0.814
0.748
0.685
0.627
0.573
0.525
0.348
0.241
0.174
0.130
0.100
0.079
0.064
0.053

0.997
0.977
0.936
0.880
0.817
0.753
0.692
0.636
0.585
0.540
0.373
0.269
0.202
0.155
0.122
0.098
0.081
0.067

0.997
0.977
0.937
0.881
0.818
0.754
0.694
0.639
0.590
0.545
0.384
0.285
0.219
0.172
0.139
0.113
0.094
0.079

0.997
0.977
0.937
0.881
0.818
0.755
0.695
0.640
0.591
0.547
0.389
0.293
0.229
0.184
0.150
0.125
0.105
0.089

0.997
0.977
0.937
0.881
0.818
0.755
0.695
0.641
0.592
0.548
0.392
0.298
0.236
0.192
0.158
0.133
0.113
0.097

0.997
0.977
0.937
0.881
0.818
0.755
0.696
0.641
0.592
0.549
0.393
0.301
0.240
0.197
0.164
0.139
0.119
0.103

0.997
0.977
0.937
0.881
0.818
0.755
0.696
0.641
0.593
0.549
0.394
0.302
0.242
0.200
0.168
0.144
0.124
0.108

0.997
0.977
0.937
0.881
0.818
0.755
0.696
0.642
0.593
0.549
0.395
0.303
0.244
0.202
0.171
0.147
0.128
0.112

ExAMPLE 3.5

A distributed load of 50kN/m” is acting on the flexible rectangular area
6 x 3m as shown in Figure 3.27. Determine the vertical stress at point A,

which is located at a depth of 3 m below the ground surface.

SOLUTION The total increase of stress at A may be evaluated by sum-
ming the stresses contributed by the four rectangular loaded areas shown
in Figure 3.26. Thus

na)

4

3

=1.5

0, = q(ln) + L)+ L) + L)
L, 45

1.5
3

From Figure 3.26, I;;) = 0.131. Similarly,

my =0.5
4

17(3) = 0.131

17(4) = 0.085

=0.5

17(2) = 0.084
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T
B =15%m
A
O
31=1.5ﬂ‘|
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e i
L "

Figure 3.27 Distributed load on a flexible rectangular area.

So,

0. =50(0.131+0.084+0.131+0.084 = 21.5 kN/m>

3.18 Deflection due to a uniformly loaded flexible
rectangular area

The elastic deformation in the vertical direction at the corner of a uniformly
loaded rectangular area of size L x B (Figure 3.25) can be obtained by
proper integration of the expression for strain. The deflection at a depth
z below the corner of the rectangular area can be expressed in the form
(Harr, 1966)

w(corner) = %(1 —1?) |:19 — (%) I1O:| (3.90)
1 |:ln (,/1+m%+n%+m1>

h I, =
where 9 =— Niver e
STt +1

4oy In [ Y (3.91)
V1+mi+ni—1




136 Stresses and displacements in a soil mass
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Figure 3.28 Determination of settlement at the center of a rectangular area of
dimensions L x B.

n m
Lo="ltan ' | — (3.92)
R (nl,/1+m%+n%
(3.93)

my =

(3.94)

ny =

SSTRSN el o)

Values of I, and I, are given in Tables 3.23 and 3.24.
For surface deflection at the corner of a rectangular area, we can substi-
tute /B =7, =0 in Eq. (3.90) and make the necessary calculations; thus

B
wicorner) = g—E(l — ), (3.95)

The deflection at the surface for the center of a rectangular area
(Figure 3.28) can be found by adding the deflection for the corner of four
rectangular areas of dimension L/2 x B/2. Thus, from Eq. (3.90),

w(center) = 4 |:6](§;1{:2)i| 1=, = %(1 -4, (3.96)

3.19 Stresses in a layered medium

In the preceding sections, we discussed the stresses inside a homogeneous
elastic medium due to various loading conditions. In actual cases of soil
deposits it is possible to encounter layered soils, each with a different mod-
ulus of elasticity. A case of practical importance is that of a stiff soil layer
on top of a softer layer, as shown in Figure 3.294. For a given loading
condition, the effect of the stiff layer will be to reduce the stress con-
centration in the lower layer. Burmister (1943) worked on such problems



Table 3.23 Variation of I,

n, Value of m,
I 2 3 4 5 6 7 8 9 10
0.00 1.122 1.532 1.783 1.964 2.105 2.220 2.318 2.403 2.477 2.544
0.25 1.095 1.510 1.763 1.944 2.085 2200 2.298 2383 2.458 2.525
0.50 1.025 1.452 1.708 1.890 2.032 2.148 2.246 2.331 2.406 2.473
0.75 0933 1.371 1.632 1.816 1.959 2076 2.174 2259 2.334 2.40|
1.00 0.838 1.282 1.547 1.734 1.878 1.995 2.094 2.179 2255 2322
.25 0.751 1.192 1.461 1.650 1.796 1.914 2.013 2099 2.175 2242
1.50 0.674 1.106 1.378 [1.570 [1.717 1.836 1.936 2.022 2.098 2.166
.75 0.608 1.026 1.299 1.493 1.641 1.762 1.862 1.949 2.025 2.093
2.00 0.552 0.954 1.226 1.421 1.571 1.692 1.794 1.881 1.958 2.026
2.25 0.504 0.888 1.158 1.354 1.505 1.627 1.730 1.817 1.894 1.963
2.50 0.463 0.829 1.095 1.291 1.444 1.567 1.670 1.758 1.836 1.904
2.75 0.427 0.776 1.037 1.233 1.386 1.510 1.613 1.702 1.780 1.850
3.00 0396 0.728 0.984 1.179 1.332 1.457 1.561 1.650 1.729 1.798
325 0369 0.686 0.935 1.128 1.281 1.406 1.511 1.601 1.680 1.750
3.50 0.346 0.647 0.889 1.081 1.234 1.359 1.465 1.555 1.634 1.705
375 0325 0.612 0.848 1.037 1.189 1315 [1.421 1.511 1.591 1.662
4.00 0.306 0.580 0.809 0.995 1[.147 1.273 1.379 1.470 1.550 [.62]
425 0.289 0.551 0.774 0.957 1.107 1.233 1.339 1.431 1.511 1.582
450 0.274 0.525 0.741 0921 1.070 1.195 1.301 1.393 1.474 1.545
475 0.260 0.501 0.710 0.887 1.034 1.159 1.265 1.358 1.438 1.510
500 0.248 0.479 0.682 0.855 1.001 1.125 1.231 1.323 1.404 1.477
525 0.237 0.458 0.655 0.825 0.969 1.093 1.199 1.291 1.372 |.444
550 0.227 0.440 0.631 0.797 0.939 1.062 [1.167 1.260 1.341 1.413
575 0.217 0422 0.608 0.770 0.911 1.032 [1.137 1.230 1311 1.384
6.00 0.208 0.406 0.586 0.745 0.884 1.004 1.109 1.201 1.282 1.355
6.25 0.200 0.391 0.566 0.722 0.858 0.977 1.082 1.173 1.255 1.328
6.50 0.193 0377 0.547 0.699 0.834 0.952 1.055 1.147 1.228 1.301
6.75 0.186 0.364 0.529 0.678 0.810 0.927 1.030 [I.121 1.203 1.275
7.00 0.179 0.352 0.513 0.658 0.788 0.904 1.006 1.097 1.178 1.25]
725 0.173 0.341 0.497 0.639 0.767 0.881 0.983 1.073 1.154 1.227
7.50 0.168 0.330 0.482 0.621 0.747 0.860 0.960 1.050 [1.131 1.204
7.75 0.162 0.320 0.468 0.604 0.728 0.839 0.939 1.028 1.109 1.18]
8.00 0.158 0.310 0.455 0.588 0.710 0.820 0.918 1.007 1.087 1.160
825 0.153 0.301 0.442 0.573 0.692 0.801 0.899 0.987 1.066 1.139
850 0.148 0.293 0.430 0.558 0.676 0.783 0.879 0.967 1.046 1.118
8.75 0.144 0.285 0.419 0.544 0.660 0.765 0.861 0.948 1.027 1.099
9.00 0.140 0.277 0.408 0.531 0.644 0.748 0.843 0.930 1.008 1.080
9.25 0.137 0.270 0.398 0.518 0.630 0.732 0.826 0.912 0.990 1.061
9.50 0.133 0.263 0.388 0.506 0.616 0.717 0.810 0.895 0.972 1.043
9.75 0.130 0.257 0.379 0.494 0.602 0.702 0.794 0.878 0.955 1.026
10.00 0.126 0.25] 0.370 0.483 0.589 0.688 0.778 0.862 0.938 1.009




Table 3.24 Variation of I,

n

Value of m,

5

6

0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3.25
3.50
3.75
4.00
4.25
4.50
4.75
5.00
5.25
5.50
5.75
6.00
6.25
6.50
6.75
7.00
7.25
7.50
7.75
8.00
8.25
8.50
8.75
9.00
9.25
9.50
9.75
10.00

0.098
0.148
0.166
0.167
0.160
0.149
0.139
0.128
0.119
0.110
0.102
0.096
0.090
0.084
0.079
0.075
0.071
0.067
0.064
0.061
0.059
0.056
0.054
0.052
0.050
0.048
0.046
0.045
0.043
0.042
0.040
0.039
0.038
0.037
0.036
0.035
0.034
0.033
0.032
0.032

0.103
0.167
0.202
0.218
0.222
0.220
0.213
0.205
0.196
0.186
0.177
0.168
0.160
0.152
0.145
0.138
0.132
0.126
0.121
0.116
0.111
0.107
0.103
0.099
0.096
0.093
0.089
0.087
0.084
0.081
0.079
0.077
0.074
0.072
0.070
0.069
0.067
0.065
0.064
0.062

0.104
0.172
0.212
0.234
0.245
0.248
0.247
0.243
0.237
0.230
0.223
0.215
0.208
0.200
0.193
0.186
0.179
0.173
0.167
0.161
0.155
0.150
0.145
0.141
0.136
0.132
0.128
0.124
0.121
0.117
0.114
0.111
0.108
0.105
0.103
0.100
0.098
0.095
0.093
0.091

0.105
0.174
0.216
0.241
0.254
0.261
0.263
0.262
0.259
0.255
0.250
0.244
0.238
0.232
0.226
0.219
0.213
0.207
0.201
0.195
0.190
0.185
0.179
0.174
0.170
0.165
0.161
0.156
0.152
0.149
0.145
0.141
0.138
0.135
0.132
0.129
0.126
0.123
0.120
0.118

0.105
0.175
0.218
0.244
0.259
0.267
0.271
0.273
0.272
0.269
0.266
0.262
0.258
0.253
0.248
0.243
0.237
0.232
0.227
0.221
0.216
0.211
0.206
0.201
0.197
0.192
0.188
0.183
0.179
0.175
0.171
0.168
0.164
0.160
0.157
0.154
0.151
0.147
0.145
0.142

0.105
0.175
0.219
0.246
0.262
0.271
0.277
0.279
0.279
0.278
0.277
0.274
0.271
0.267
0.263
0.259
0.254
0.250
0.245
0.241
0.236
0.232
0.227
0.223
0.218
0.214
0.210
0.205
0.201
0.197
0.193
0.190
0.186
0.182
0.179
0.176
0.172
0.169
0.166
0.163

0.105
0.175
0.220
0.247
0.264
0.274
0.280
0.283
0.284
0.284
0.283
0.282
0.279
0.277
0.273
0.270
0.267
0.263
0.259
0.255
0.251
0.247
0.243
0.239
0.235
0.231
0.227
0.223
0.219
0.216
0.212
0.208
0.205
0.201
0.198
0.194
0.191
0.188
0.185
0.182

0.105
0.176
0.220
0.248
0.265
0.275
0.282
0.286
0.288
0.288
0.288
0.287
0.285
0.283
0.281
0.278
0.276
0.272
0.269
0.266
0.263
0.259
0.255
0.252
0.248
0.245
0.241
0.238
0.234
0.231
0.227
0.224
0.220
0.217
0.214
0.210
0.207
0.204
0.201
0.198

0.105
0.176
0.220
0.248
0.265
0.276
0.283
0.288
0.290
0.291
0.291
0.291
0.290
0.288
0.287
0.285
0.282
0.280
0.277
0.274
0.271
0.268
0.265
0.262
0.259
0.256
0.252
0.249
0.246
0.243
0.240
0.236
0.233
0.230
0.227
0.224
0.221
0.218
0.215
0.212

0.105
0.176
0.220
0.248
0.266
0.277
0.284
0.289
0.292
0.293
0.294
0.294
0.293
0.292
0.291
0.289
0.287
0.285
0.283
0.281
0.278
0.276
0.273
0.270
0.267
0.265
0.262
0.259
0.256
0.253
0.250
0.247
0.244
0.241
0.238
0.235
0.233
0.230
0.227
0.224
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Radius = &
Load = g/unit arza
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o

R
£,
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Rad

Based on Burmister {1958
solution §Note: B = &)

(2 (b

Figure 3.29 (a) Uniformly loaded circular area in a two-layered soil E, > E, and (b)
Vertical stress below the centerline of a uniformly loaded circular area.

involving two- and three-layer flexible systems. This was later developed
by Fox (1948), Burmister (1958), Jones (1962), and Peattie (1962).

The effect of the reduction of stress concentration due to the presence of
a stiff top layer is demonstrated in Figure 3.29b. Consider a flexible circular
area of radius b subjected to a loading of g per unit area at the surface
of a two-layered system. E, and E, are the moduli of elasticity of the top
and the bottom layer, respectively, with E,; > E,; and 5 is the thickness of
the top layer. For b = b, the elasticity solution for the vertical stress o, at
various depths below the center of the loaded area can be obtained from
Figure 3.29b. The curves of 0,/q against z/b for E,/E, =1 give the simple
Boussinesq case, which is obtained by solving Eq. (3.74). However, for
E,/E, > 1, the value of ,/q for a given z/b decreases with the increase of
E,/E,. It must be pointed out that in obtaining these results it is assumed
that there is no slippage at the interface.

The study of the stresses in a flexible layered system is of importance in
highway pavement design.

3.20 Vertical stress at the interface of
a three-layer flexible system

Jones (1962) gave solutions for the determination of vertical stress o, at
the interfaces of three-layered systems below the center of a uniformly
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Uniformly loaded circular arca
Radius - &

l,n/ Laad - g/unit area

v, =05
E,

Interlacs |
v, =035
£y

Interface 2
v, =03
£,

Figure 3.30 Uniformly loaded circular area on a three-layered medium.

loaded flexible area (Figure 3.30). These solutions are presented in a
nondimensional form in the appendix. In preparing these appendix tables,
the following parameters were used:

E,
k=1
E,
k, E_3
, b
]_/72
hy
H=7

(3.97)

(3.98)

(3.99)

(3.100)

ExaMPLE 3.6

Refer to Figure 3.31. Given ¢ = 100kN/m?*, 6=0.61m, b, =1.52m, h, =
3.05m, E, =10.35 MN/m?, E, = 6.9 MN/m?, E; = 1.725 MN/m?, deter-

mine 0.
SOLUTION
E 10.35
ky==t="C"2—-15
'"E, 6.9
b 0.61
a,=—=——-=0.2

h,  3.05

E, 6.9

k = == 4
*TE, 1.725
b, 1.52
=1=—"C2=205
hy, — 3.05
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Figure 3.32  Plot of 0, /q against k, (k, = 4).

Using the above parameters and the tables for o, /q, the following table
is prepared:

k| (Tz|/q

k=02 k,=2.0 k,=20.0

02 0272 0.27 0.268
20 0.16 0.153 0.15
200 0.051 0.042 0.036
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Based on the results of the above table, a graph of o, /q against k, for
various values of k, is plotted (Figure 3.31). For this problem, k, = 4.
So the values of o, /q for k, =4 and k; =0.2, 2.0, and 20 are obtained
from Figure 3.31 and then plotted as in Figure 3.32. From this graph,
0,,/q=0.16 for k; = 1.5. Thus

o, =100(0.16) = 16kN/w?

3.21 Distribution of contact stress over footings

In calculating vertical stress, we generally assume that the foundation of a
structure is flexible. In practice, this is not the case; no foundation is per-
fectly flexible, nor is it infinitely rigid. The actual nature of the distribution
of contact stress will depend on the elastic properties of the foundation and
the soil on which the foundation is resting.

Borowicka (1936, 1938) analyzed the problem of distribution of contact
stress over uniformly loaded strip and circular rigid foundations resting on
a semi-infinite elastic mass. The shearing stress at the base of the foundation
was assumed to be zero. The analysis shows that the distribution of contact
stress is dependent on a nondimensional factor K, of the form

)

where

v, = Poisson’s ratio for soil

v; = Poisson’s ratio for foundation material

E;, E, = Young’s modulus of foundation material and soil, respectively
half-width for strip foundation

radius for circular foundation
T = thickness of foundation

Figure 3.33 shows the distribution of contact stress for a circular founda-
tion. Note that K, = 0 indicates a perfectly flexible foundation, and K, = oo
means a perfectly rigid foundation.

Foundations of clay

When a flexible foundation resting on a saturated clay (¢ = 0) is loaded with
a uniformly distributed load (g/unit area), it will deform and take a bowl
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Figure 3.34 Contact pressure and settlement profiles for foundations on clay.

shape (Figure 3.34). Maximum deflection will be at the center; however,
the contact stress over the footing will be uniform (g per unit area).

A rigid foundation resting on the same clay will show a uniform settlement
(Figure 3.34). The contact stress distribution will take a form such as that
shown in Figure 3.33, with only one exception: the stress at the edges of the
footing cannot be infinity. Soil is not an infinitely elastic material; beyond
a certain limiting stress [q.(max ]> plastic flow will begin.
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Figure 3.35 Contact pressure and settlement profiles for foundations on sand.

Foundations on sand

For a flexible foundation resting on a cohesionless soil, the distribution of
contact pressure will be uniform (Figure 3.35). However, the edges of the
foundation will undergo a larger settlement than the center. This occurs
because the soil located at the edge of the foundation lacks lateral-confining
pressure and hence possesses less strength. The lower strength of the soil at
the edge of the foundation will result in larger settlement.

A rigid foundation resting on a sand layer will settle uniformly. The
contact pressure on the foundation will increase from zero at the edge to a
maximum at the center, as shown in Figure 3.35.

3.22 Reliability of stress calculation using the
theory of elasticity

Only a limited number of attempts have been made so far to compare the-
oretical results for stress distribution with the stresses observed under field
conditions. The latter, of course, requires elaborate field instrumentation.
However, from the results available at present, fairly good agreement is
shown between theoretical considerations and field conditions, especially
in the case of vertical stress. In any case, a variation of about 20-30%
between the theory and field conditions may be expected.

PROBLEMS

3.1 A line load of g per unit length is applied at the ground surface as shown in
Figure 3.1. Given g = 44kN/m,

(a) Plot the variations of o,, o0, and 7, against x fromx =+6mto x =—6m
for z=2.4m.
(b) Plot the variation of o, with z (from z=0m to 2 =6m) for x =1.5m.
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3.2 Refer to Figure 3.8. Assume that g =45 kN/m.

(a) If z =5m, plot the variation of o,, o, and 7., against x for the range
x==+10m.

(b) Plot the variation of o, with z for the range z = 0-10m (for x = Om).

(c) Plot the variation of o, with z for the range z = 0-10m (for x = Sm).

3.3 Refer to Figure 3.1. Given that ¢ = 51kN/m, v =0.35, and z = 1.5m, cal-
culate the major, intermediate, and minor principal stresses at x =0, 1.5, 3, 4.5
and 6 m.

3.4 Refer to Figure P3.1. Given that ; =90°, @, =90°, a=1.5m, a;,=3m, a, =
3m, b=1.5m, q, =36kN/m, and g, = 50kN/m, determine o, at M and N.

3.5 Refer to Figure P3.1. Given that a; = 30°, @, =45°, a=2m, a, =
3m, a,=5m, b=2m, g, =40kN/m, and ¢, = 30kN/m, determine o, at M
and N.

3.6 For the infinite strip load shown in Figure 3.9, given B=4m, g=105kN/m’,
and » = 0.3, draw the variation of o, o,, 7., 0,4 (maximum principal stress),
0y (intermediate principal stress), and o, (minimum principal stress) with x
(from x =0 to +8m) at g =3 m.

3.7 An embankment is shown in Figure P3.2. Given that B=5m, H=35m, m =
1.5, z=3m, a=3m, b=4m, and y = 18kN/m’, determine the vertical stresses
at A, B, C, D, and E.

3.8 Refer to Figure 3.22. Given that v = 0.35, g =135kN/m*, b=1.5m, and
s =0.75m, determine the principal stress at z =0.75m.

3.9 Figure P3.3 shows the plan of a loaded area on the surface of a clay layer.
The uniformly distributed vertical loads on the area are also shown. Determine the
vertical stress increase at A and B due to the loaded area. A and B are located at a
depth of 3 m below the ground surface.

3.10 The plan of a rectangular loaded area on the surface of a silty clay layer is
shown in Figure P3.4. The uniformly distributed vertical load on the rectangular area
is 165 kN/m?2. Determine the vertical stresses due to a loaded area at A, B, C, and D.
All points are located at a depth of 1.5 m below the ground surface.
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3.11 An oil storage tank that is circular in plan is to be constructed over a layer
of sand, as shown in Figure P3.5. Calculate the following settlements due to the
uniformly distributed load g of the storage tank:
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(a) The elastic settlement below the center of the tank at z =0 and 3 m.
(b) The elastic settlement at (i) 2 =1.5m, s=0; (ii) z=1.5m, s=3m.
Assume that v= 0.3, E=36MN/m?, B=6m, and g = 145kN/m*

3.12 The plan of a loaded flexible area is shown in Figure P3.6. If load is applied
on the ground surface of a thick deposit of sand (v = 0.25), calculate the surface
elastic settlement at A and B in terms of E.
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Chapter 4

Pore water pressure due to
undrained loading

4.1 Introduction

In 1925, Terzaghi suggested the principles of effective stress for a saturated
soil, according to which the total vertical stress o at a point O (Figure 4.1)
can be given as

o=0'+u (4.1)

where o=hy+hyya (4.2)
o’ = effective stress

u = pore water pressure = h,7y,, (4.3)

v, = unit weight of water

Combining Eqs. (4.1)—(4.3) gives
o'=0—u=(hyy+hyYa) —hvy=hy+hy (4.4)

where vy is the effective unit weight of soil =y, — v,
In general, if the normal total stresses at a point in a soil mass are o, 0,
and o5 (Figure 4.2), the effective stresses can be given as follows:

Direction 1: oj =0y —u
Direction 2: o} =0, —u
Direction 3: o} =03;—u

where of, o}, and o} are the effective stresses and u is the pore water
pressure, by .

A knowledge of the increase of pore water pressure in soils due to various
loading conditions without drainage is important in both theoretical and
applied soil mechanics. If a load is applied very slowly on a soil such that
sufficient time is allowed for pore water to drain out, there will be practically
no increase of pore water pressure. However, when a soil is subjected to
rapid loading and if the coefficient of permeability is small (e.g., as in the
case of clay), there will be insufficient time for drainage of pore water. This
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Figure 4.2 Normal total stresses in a soil mass.

will lead to an increase of the excess hydrostatic pressure. In this chapter,
mathematical formulations for the excess pore water pressure for various
types of undrained loading will be developed.

4.2 Pore water pressure developed due to isotropic
stress application

Figure 4.3 shows an isotropic saturated soil element subjected to an isotropic
stress increase of magnitude Ag. If drainage from the soil is not allowed,
the pore water pressure will increase by Au.
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Figure 4.3  Soil element under isotropic stress application.

The increase of pore water pressure will cause a change in volume of the
pore fluid by an amount AV,. This can be expressed as

AV, = nV,C,Au (4.5)
where

n = porosity
C, = compressibility of pore water
V., = original volume of soil element

The effective stress increase in all directions of the element is Ao’ =
Ao — Au. The change in volume of the soil skeleton due to the effective
stress increase can be given by

AV =3C.V,Ac' =3C.V (Ao — Au) (4.6)

In Eq. (4.6), C. is the compressibility of the soil skeleton obtained from
laboratory compression results under uniaxial loading with zero excess pore
water pressure, as shown in Figure 4.4. It should be noted that compression,
i.e., a reduction of volume, is taken as positive.

Since the change in volume of the pore fluid, AV,, is equal to the change
in the volume of the soil skeleton, AV, we obtain from Egs. (4.5) and (4.6)

nV,C,Au =3C.V, (Ao — Au)

and hence
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- a’

Figure 4.4 Definition of C_: volume change due to uniaxial stress application with
zero excess pore water pressure. (Note: V is the volume of the soil
element at any given value of ¢’.)

A 1
“ _p

Aoc T 1+n(C,/3C) 4.7)

where B is the pore pressure parameter (Skempton, 1954).
If the pore fluid is water,

C, = C,, = compressibility of water

and

3(1-v)

3Cc=Csk= E

where E and v = Young’s modulus and Poisson’s ratio with respect to
changes in effective stress. Hence

B—— 1 (4.8)

C
1 _w
+n<csk>

4.3 Pore water pressure parameter B

Black and Lee (1973) provided the theoretical values of B for various types
of soil at complete or near complete saturation. A summary of the soil types
and their parameters and the B values at saturation that were considered
by Black and Lee is given in Table 4.1.
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Figure 4.5 shows the theoretical variation of B parameters for the soils
described in Table 4.1 with the degree of saturation. It is obvious from this
figure that, for stiffer soils, the B value rapidly decreases with the degree of
saturation. This is consistent with the experimental values for several soils
shown in Figure 4.6.

Table 4.1 Soils considered by Black and Lee (1973) for evaluation of B

Soil type Description Void ratio  Cg, B at 100%
saturation

Soft soil Normally ~2 ~0.145 x 1072 m2/kN  0.9998
consolidated clay

Medium soil  Compacted silts and  ~0.6 ~0.145 x 1073 m2/kN  0.9988
clays and lightly
overconsolidated clay

Stiff soil Overconsolidated stiff ~0.6 ~0.145x 107* m2/kN  0.9877
clays, average sand of
most densities

Very stiff soil Dense sands and stiff 0.4 ~0.145x 107> m?/kN  0.9130

clays, particularly at
high confining

pressure

1.00

0.95

0.85

0.5

.65

Change
of scals

LI

o4 9 99
Degrec of saturation (%)

Figure 4.5 Theoretical variation of B with degree of saturation for soils described
in Table 4.1 (Note: Back pressure =207 kN/m?, Ac = 138 kN/m?).
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Figure 4.6  Variation of B with degree of saturation.

As noted in Table 4.1, the B value is also dependent on the effective
isotropic consolidation stress (o) of the soil. An example of such behavior
in saturated varved Fort William clay as reported by Eigenbrod and Burak
(1990) is shown in Figure 4.7. The decrease in the B value with an increase

in ¢’ is primarily due to the increase in skeletal stiffness (i.e., Cg).

Hence, in general, for soft soils at saturation or near saturation, B~ 1.

1.0 T T
[ ™ b . o Case{a)
o e Case (h)
0.8 - Oase {ch 7
B Case (d)
06 |
B
04
02k Unluading
0 1 1 ]
o 0 X a0

Filective consolidation pressure, 0°

LILY

Figure 4.7 Dependence of B values on level of isotropic consolidation stress (varved
clay) for (a) regular triaxial specimens before shearing, (b) regular triaxial
specimens after shearing, (c) special series of B tests on one single
specimen in loading, and (d) special series of B tests on one single
specimen in unloading (after Eigenbrod and Burak, 1990).



156 Pore water pressure due to undrained loading

4.4 Pore water pressure due to uniaxial loading

A saturated soil element under a uniaxial stress increment is shown in
Figure 4.8. Let the increase of pore water pressure be equal to Au. As
explained in the previous section, the change in the volume of the pore
water is

AV, =nV,C Au
The increases of the effective stresses on the soil element in Figure 4.7 are
Direction 1: Ao’ = Ao —Au
Direction 2: Ao’ =0—Au=—Au

Direction 3: Ao’ =0—Au=—Au

This will result in a change in the volume of the soil skeleton, which may
be written as

AV = C.V, (Ao — Au)+ C,V,(—Au) + C,V, (—Au) (4.9)

where C, is the coefficient of the volume expansibility (Figure 4.9). Since
AV, = AV,

c’o ¢ 0

nV,CyAu = C.V,(Aa — Au) — 2C,V,Au

or
Au C
— =A=— 4.10
Ao nCp—i—Cc—i—ZCe ( )
1
&
Aa
]
% w2
A
3

Figure 4.8 Saturated soil element under uniaxial stress increment.



Figure 4.9 Definition of C,: coefficient of volume expansion under uniaxial loading.
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Figure 4.10 Variation of Ag, Au, and A for a consolidated drained triaxial test in
clay.
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where A is the pore pressure parameter (Skempton, 1954).
If we assume that the soil element is elastic, then C. = C,, or

AL (4.11)

C, ;
”<q>+
Again, as pointed out previously, C, is much smaller than C.. So C,/C.~ 0,
which gives A = 1/3. However, in reality, this is not the case, i.e., soil
is not a perfectly elastic material, and the actual value of A varies
widely.

The magnitude of A for a given soil is not a constant and depends on the
stress level. If a consolidated drained triaxial test is conducted on a saturated
clay soil, the general nature of variation of Ao, Au, and A = Au/Ac with
axial strain will be as shown in Figure 4.10. For highly overconsolidated
clay soils, the magnitude of A at failure (i.e., A;) may be negative. Table 4.2
gives the typical values of A at failure (= A;) for some normally consolidated
clay soils. Figure 4.11 shows the variation of A; with overconsolidation

ratio for Weald clay. Table 4.3 gives the typical range of A values at failure
for various soils.

Table 4.2 Values of A; for normally consolidated clays

Clay Type Liquid limit  Plasticity Sensitivity As
index

Natural soils

Toyen Marine 47 25 8 1.50
47 25 8 1.48
Drammen Marine 36 16 4 1.2
36 16 4 24

Saco River Marine 46 17 10 0.95
Boston Marine - - - 0.85
Bersimis Estuarine 39 18 6 0.63
Chew Stoke Alluvial 28 10 - 0.59
Kapuskasing Lacustrine 39 23 4 0.46
Decomposed Talus  Residual 50 18 | 0.29
St. Catherines Till () 49 28 3 0.26

Remolded soils
London Marine 78 52 | 0.97
Weald Marine 43 25 | 0.95
Beauharnois Till (7) 44 24 | 0.73
Boston Marine 48 24 | 0.69
Beauharnois Estuarine 70 42 | 0.65
Bersimis Estuarine 33 13 | 0.38

After Kenney, 1959.
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Figure 4.11 Variation of A; with overconsolidation ratio for Weald clay.

Table 4.3 Typical values of A at failure

Type of soil A
- s 31
Clay with high sensitivity —I =
4 2
I
Normally consolidated clay E_I
I
Overconsolidated clay —E—O
I3
C ted sandy cl —
ompacted sandy clay 273

4.5 Directional variation of A;

Owing to the nature of deposition of cohesive soils and subsequent consoli-
dation, clay particles tend to become oriented perpendicular to the direction
of the major principal stress. Parallel orientation of clay particles could
cause the strength of clay and thus A; to vary with direction. Kurukulasuriya
et al. (1999) conducted undrained triaxial tests on kaolin clay specimens
obtained at various inclinations i as shown in Figure 4.12. Figure 4.13
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Figure 4.12 Directional variation of major principal stress application.
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Figure 4.13  Variation of A; with a and overconsolidation ratio (OCR) for kaolin
clay based on the triaxial results of Kurukulasuriya et al. (1999).
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shows the directional variation of A; with overconsolidation ratio. It can
be seen from this figure that A; is maximum between @ = 30°-60°.

4.6 Pore water pressure under triaxial test
conditions

A typical stress application on a soil element under triaxial test conditions
is shown in Figure 4.14a (Ao, > Ao;). Au is the increase in the pore water
pressure without drainage. To develop a relation between Au, Aoy, and
Ao, we can consider that the stress conditions shown in Figure 4.144 are
the sum of the stress conditions shown in Figure 4.14b and 4.14c.

For the isotropic stress Ag; as applied in Figure 4.14b,

Au, = BAo, (4.12)

[from Eq. (4.7)], and for a uniaxial stress Aoy, — Aoy as applied in
Figure 4.14c,

Au, = A(Ao, —Aoy) (4.13)
[from Eq. (4.10)]. Now,
Au=Au,+Au, =B Aoy + A(Ao, —Aoy) (4.14)

For saturated soil, if B=1; so

Au=Ao;+ A(Ao, — Aoy) (4.15)
L 3 f 3 &
Ao, Ao, m}:, -Aa,
|
‘1' f,ﬁn, @ L Ao, @ '
do,—+ (au| *1—40, Ao+ |, | 4—ao, S, .
L v L " i
FV e
Ag, / A, / Ag, - Ao,
{a (b {c}

Figure 4.14 Excess pore water pressure under undrained triaxial test conditions.
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4.7 Henkel’s modification of pore water pressure
equation

In several practical considerations in soil mechanics, the intermediate and
minor principal stresses are not the same. To take the intermediate principal
stress into consideration Figure 4.15, Henkel (1960) suggested a modifica-
tion of Eq. (4.15):

Ao+ Ao, + Aoy
Au = -
3
+ay/(Aoy — Ady)? + (Ao, — Ags)? 4 (Aoy — Ady)? (4.16)
or
Au= Ao, +3aA7,, (4.17)
where a is Henkel’s pore pressure parameter and Ao, and A7, are the
increases in the octahedral normal and shear stresses, respectively.
In triaxial compression tests, Ao, = Aco;. For that condition,
A 2A
Au = %M\Fzmq —Agy) (4.18)

For uniaxial tests as in Figure 4.14¢, we can substitute Ao, — Ag; for Ao,
and zero for Ao, and Aoy in Eq. (4.16), which will yield

Aoy —A
Au="0"0% 3 % +av2(Ao, — Ady)
or
1
Au= §+aﬁ (Ao, — Ads) (4.19)
Aa, (Major principal stress)
E &g, (Minor principal
' sleess)
rgdu ] .
Ao, ——w ! Ao, (Tnlermediale
ﬁ!-'-" =4--- principal stress’
ﬁﬂjf 7 T

Figure 4.15 Saturated soil element with major, intermediate, and minor principal
stresses.
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A comparison of Egs. (4.13) and (4.19) gives
1

or

a= % <A - %) (4.20)

The usefulness of this more fundamental definition of pore water pressure
is that it enables us to predict the excess pore water pressure associated
with loading conditions such as plane strain. This can be illustrated by
deriving an expression for the excess pore water pressure developed in a
saturated soil (undrained condition) below the centerline of a flexible strip
loading of uniform intensity, g (Figure 4.16). The expressions for o, o,,
and o, for such loading are given in Chap. 3. Note that o, > 0, > 0,, and
o, =v(o,+a,). Substituting o,, o,, and o, for oy, 03, and o5 in Eq. (4.16)
yields

o,+v(o.+o,)+0 1 1
A — 2 X 2 X . A——
g 3 +ﬁ< 3)

X \/[Uz - U(o-z + O-x)]z + [U(Uz + a-x) - O-x]z + (a-x - o-z)z

Load per unul arez - g

7]

.

F4

Figure 4.16 Estimation of excess pore water pressure in saturated soil below the
centerline of a flexible strip loading (undrained condition).
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For v =0.5,

Au=o,+ |:%§ (A—%>+%:| (o, —0) (4.21)

If a representative value of A can be determined from standard triaxial tests,
Au can be estimated.

ExamPrLE 4.1

A uniform vertical load of 145 kN/m? is applied instantaneously over a very
long strip, as shown in Figure 4.17. Estimate the excess pore water pressure
that will be developed due to the loading at A and B. Assume that v =0.45
and that the representative value of the pore water pressure parameter A
determined from standard triaxial tests for such loading is 0.6.

soLUTION The values of o, o, and 7., at A and B can be determined from
Tables 3.5, 3.6, and 3.7.

e ArA:x/b=0, z/b=2/2 =1, and hence

1. 0,/g=0.818,50 o, = 0.818 x 145 = 118.6 kN/m’
2. 0,/9=0.182, s0 o, = 26.39kN/m’
3. 7./9=0,s071,=0.

Note that in this case o, and o, are the major (o) and minor (o3) principal
stresses, respectively.
This is a plane strain case. So the intermediate principal stress is

0, = v(0, +03) = 0.45(118.6 + 26.39) = 65.25 kN/m>

Figure 4.17 Uniform vertical strip load on ground surface.
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From Eq. (4.20),

a:%(A—%):%(Oﬁ—%):O.lw

So

o +o,+0o
Au= %4_‘1\/(0—1_0-2)2+(0-2_0-3)2+(0-3_0-1>2

_ 118.6+65.25+26.39
B 3

+0.189/(118.6 — 65.25)2 + (65.25 — 26.39)2 + (26.39 — 118.6)

— 91.51kN/m>
o AtrB:x/b=2/2=1, z/b=2/2=1, and hence

0,/q=0.480, 50 0, =0.480 x 145 =69.6 kN/m’
0./q =0.2250, so o, = 0.2250 x 145 = 32.63 kN/m’
3. 7./q=0.255s0 1, =0.255x 145 =36.98 kN/m’

N -

Calculation of the major and minor principal stresses is as follows:

o,+o0, o, —0,\?2
z2 (z2 )‘H'fz

6432, 6—32.63\°
_ 69 6+23 63:&\/(696 23 63) © 3695

gy, 03 =

Hence

o, =92.46 kN/m* o3 = 9.78 kN/m?
0, =0.45(92.46 +9.78) = 46 kN/m?>

 92.46+9.78+46

Au
3

+0.189,/(92.46 —46)2 + (46— 9.78)2 + (9.78 — 92.46)2
= 68.6 kN/m?




166 Pore water pressure due to undrained loading

4.8 Pore water pressure due to one-dimensional
strain loading (oedometer test)

In Sec. 4.4, the development of pore water pressure due to uniaxial loading
(Figure 4.8) is discussed. In that case, the soil specimen was allowed to
undergo axial and lateral strains. However, in oedometer tests the soil spec-
imens are confined laterally, thereby allowing only one directional strain,
i.e., strain in the direction of load application. For such a case, referring to
Figure 4.8,

AV, =nV,C Au
and

AV =C.V, (Ao — Au)

c’o

However, AV, = AV. So,

nV,C Au= C.V, (Ao — Au)

o~p c’o

or

Au —C— 1
Ao 1+n(Cp/CC)

(4.22)
If C, < C,, the ratio C,/C. ~ 0; hence C~ 1. Lambe and Whitman (1969)
reported the following C values:

Vicksburg buckshot clay slurry 0.99983
Lagunillas soft clay 0.99957
Lagunillas sandy clay 0.99718

More recently, Veyera et al. (1992) reported the C values in reloading for
two poorly graded sands (i.e., Monterrey no. 0/30 sand and Enewetak coral
sand) at various relative densities of compaction (D,). In conducting the
tests, the specimens were first consolidated by application of an initial stress
(0)), and then the stress was reduced by 69 kN/m®. Following that, under
undrained conditions, the stress was increased by 69 kN/m” in increments
of 6.9 kN/m”. The results of those tests for Monterey no. 0/30 sand are
given in Table 4.4.

From Table 4.4, it can be seen that the magnitude of the C value can
decrease well below 1.0, depending on the soil stiffness. An increase in the
initial relative density of compaction as well as an increase in the effective
confining pressure does increase the soil stiffness.
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Table 4.4 C values in reloading for Monterrey no. 0/30 sand
[compiled from the results of Veyera et al. (1992)]

Relative Effective confining C
density D, (%) pressure
o (kN/m?)

6 86 1.00

6 172 0.85

6 345 0.70
27 86 1.00
27 172 0.83
27 345 0.69
27 690 0.56
46 86 1.00
46 172 0.8l
46 345 0.66
46 690 0.55
65 86 1.00
65 172 0.79
65 345 0.62
65 690 0.53
85 86 1.00
85 172 0.74
85 345 0.61
85 690 0.51

PROBLEMS

4.1 A line load of g = 60kN/m with @ = 0 is placed on a ground surface as shown
in Figure P4.1. Calculate the increase of pore water pressure at M immediately after
application of the load for the cases given below.

al
— —

Figure P4.1
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(@) z=10m, x=0m, v=0.5, A=0.45.

() z=10m, x=2m, v=0.45, A=0.6.
4.2 Redo Prob. 4.1a and 4.16 with g = 60kN/m and o = 90°.
4.3 Redo Prob. 4.1a and 4.1b with g = 60kN/m and a = 30°.

4.4 Determine the increase of pore water pressure at M due to the strip loading
shown in Figure P4.2 Assume v = 0.5 and a = 0 for all cases given below.

(@) z2=2.5m; x=0m; A=0.65.
() z=2.5m; x=1.25m; A=0.52.

4.5 Redo Prob. 4.4b for a =45°.

4.6 A surcharge of 195kN/m” was applied over a circular area of diameter 3 m, as
shown in Figure P4.3. Estimate the height of water b, that a piezometer would show
immediately after the application of the surcharge. Assume that A~ 0.65 and v = 0.5.
4.7 Redo Prob. 4.6 for point M; i.e., find bh,.

g - USKNmM! S

Figure P4.2

Cenler kine

I-n—--{dm-—hl

195 kNim”

Li i)
Im

Figure P4.3
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Chapter 5

Permeability and seepage

5.1 Introduction

Any given mass of soil consists of solid particles of various sizes with inter-
connected void spaces. The continuous void spaces in a soil permit water
to flow from a point of high energy to a point of low energy. Permeability
is defined as the property of a soil that allows the seepage of fluids through
its interconnected void spaces. This chapter is devoted to the study of the
basic parameters involved in the flow of water through soils.

PERMEABILITY

5.2 Darcy’s law

In order to obtain a fundamental relation for the quantity of seepage
through a soil mass under a given condition, consider the case shown in
Figure 5.1. The cross-sectional area of the soil is equal to A and the rate of
seepage 1s .

According to Bernoulli’s theorem, the total head for flow at any section
in the soil can be given by

Total head = elevation head + pressure head + velocity head (5.1)

The velocity head for flow through soil is very small and can be neglected.
The total heads at sections A and B can thus be given by

Total head at A=z, +h,
Total head at B =z + b,

where z, and zp are the elevation heads and b, and b, are the pressure
heads. The loss of head Ah between sections A and B is

Ab = (zy+hy) — (25 + bg) (5.2)



Permeability and seepage 171

HEy — — -5
&R

l Datum

Figure 5.1 Development of Darcy’s law.

The hydraulic gradient i can be written as

A

= (5.3)

where L is the distance between sections A and B.
Darcy (1856) published a simple relation between the discharge velocity
and the hydraulic gradient:

v=ki (5.4)
where
v = discharge velocity
i = hydraulic gradient
k = coefficient of permeability
Hence the rate of seepage g can be given by

g = ki (5.5)

Note that A is the cross-section of the soil perpendicular to the direction
of flow.
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The coefficient of permeability k has the units of velocity, such as cm/s or
mm/s, and is a measure of the resistance of the soil to flow of water. When
the properties of water affecting the flow are included, we can express k by
the relation

Kpg

k(cm/s) = (5.6)

where

K = intrinsic (or absolute) permeability, cm?

p = mass density of the fluid, g/cm’

g = acceleration due to gravity, cm/s

wu = absolute viscosity of the fluid, poise [that is, g/(cm - s)]

It must be pointed out that the velocity v given by Eq. (5.4) is the discharge
velocity calculated on the basis of the gross cross-sectional area. Since water
can flow only through the interconnected pore spaces, the actual velocity
of seepage through soil, v,, can be given by

B (5.7)

where 7 is the porosity of the soil.

Some typical values of the coefficient of permeability are given in
Table 5.1. The coefficient of permeability of soils is generally expressed
at a temperature of 20°C. At any other temperature T, the coefficient of
permeability can be obtained from Eq. (5.6) as

@ _ (P20) (1)
kr  (pr)(ra0)

where

kr, kyy = coefficient of permeability at T°C and 20°C, respectively
prs Pao = mass density of the fluid at T°C and 20°C, respectively
Ut Moo = coefficient of viscosity at T°C and 20°C, respectively

Table 5.1 Typical values of coefficient of permeability for various soils

Material Coefficient of permeability
(mmls)

Coarse 10-103

Fine gravel, coarse, and medium sand 102-10

Fine sand, loose silt 104~10"2

Dense silt, clayey silt 10-5-10~*

Silty clay, clay 1081075
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Table 5.2 Values of py/ g

Temperature ot/ g Temperature Mot/ Mg
UK T°Q)

10 1.298 21 0.975
Il 1.263 22 0.952
12 1.228 23 0.930
13 1.195 24 0.908
14 1.165 25 0.887
15 1.135 26 0.867
16 1.106 27 0.847
17 1.078 28 0.829
18 1.051 29 0.811
19 1.025 30 0.793
20 1.000

Since the value of p,,/pr is approximately 1, we can write

kZOZkTﬂ (5.8)
20

Table 5.2 gives the values of py/u,, for a temperature T varying from 10
to 30°C.

5.3 Validity of Darcy’s law

Darcy’s law given by Eq. (5.4), v = ki, is true for laminar flow through
the void spaces. Several studies have been made to investigate the range
over which Darcy’s law is valid, and an excellent summary of these works
was given by Muskat (1937). A criterion for investigating the range can
be furnished by the Reynolds number. For flow through soils, Reynolds
number R, can be given by the relation

D
R, =P (5.9)
M

where

v = discharge (superficial) velocity, cm/s

D = average diameter of the soil particle, cm
p = density of the fluid, g/cm’

= coefficient of viscosity, g/(cm-s).

For laminar flow conditions in soils, experimental results show that
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va
R,=—+<1 (5.10
n

—

with coarse sand, assuming D = 0.45 mm and k ~ 100D? = 100(0.045)?
0.203cm/s. Assuming i = 1, then v = ki = 0.203cm/s. Also, pyaer
1g/cm?, and pyp.c = (107°)(981) g/(cm - s). Hence

&

_(0.203)(0.045)(1)
R.= ooy = 0931<1

From the above calculations, we can conclude that, for flow of water
through all types of soil (sand, silt, and clay), the flow is laminar and Darcy’s
law is valid. With coarse sands, gravels, and boulders, turbulent flow of water
can be expected, and the hydraulic gradient can be given by the relation

i=av+bv? (5.11)

where a and b are experimental constants [see Forchheimer (1902), for
example].

Darcy’s law as defined by Eq. (5.4) implies that the discharge velocity
bears a linear relation with the hydraulic gradient. Hansbo (1960) reported
the test results of four undisturbed natural clays. On the basis of his results
(Figure 5.2),

v=rkii—i) ix{ (5.12)
and

v=ki" i<i (5.13)

=

Z

£

4

£ (512}

51 Eq.(5.13)  Eg (51

2 M + -

i’ Hydraulic gradient, §

Figure 5.2 Variation of v with i [Egs. (5.12) and (5.13).]
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Figure 5.3 Discharge velocity-gradient relationship for four clays (after Tavenas
et al., 1983b).

The value of 7 for the four Swedish clays was about 1.6. There are several
studies, however, that refute the preceding conclusion.

Figure 5.3 shows the laboratory test results between v and i for four
clays (Tavenas et al., 1983a,b). These tests were conducted using triaxial
test equipment, and the results show that Darcy’s law is valid.

5.4 Determination of coefficient of permeability in
the laboratory

The three most common laboratory methods for determining the coefficient
of permeability of soils are the following:

1. constant-head test
2. falling-head test
3. indirect determination from consolidation test

The general principles of these methods are given below.

Constant-head test

The constant-head test is suitable for more permeable granular materials.
The basic laboratory test arrangement is shown in Figure 5.4. The soil
specimen is placed inside a cylindrical mold, and the constant-head loss »
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Figure 5.4 Constant-head laboratory permeability test.

of water flowing through the soil is maintained by adjusting the supply.
The outflow water is collected in a measuring cylinder, and the duration of
the collection period is noted. From Darcy’s law, the total quantity of flow
QO in time ¢ can be given by

Q =gt =kiAt

where A is the area of cross-section of the specimen. However, i = h/L,
where L is the length of the specimen, and so Q = k(h/L)At. Rearrang-
ing gives

_ QoL
k= AL (5.14)
Once all the quantities on the right-hand side of Eq. (5.14) have been
determined from the test, the coefficient of permeability of the soil can be
calculated.

Falling-head test

The falling-head permeability test is more suitable for fine-grained soils.
Figure 5.5 shows the general laboratory arrangement for the test. The soil
specimen is placed inside a tube, and a standpipe is attached to the top of
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Parous
slons

Figure 5.5 Falling-head laboratory permeability test.

the specimen. Water from the standpipe flows through the specimen. The

initial head difference b, at time ¢ = 0 is recorded, and water is allowed to

flow through the soil such that the final head difference at time t = ¢ is b,.
The rate of flow through the soil is

dh

h
=kiA=k—A=—a— 515
=5 L Tt ( )
where
h = head difference at any time ¢
A = area of specimen
a = area of standpipe
L = length of specimen
From Eq. (5.15),
t by al. ( dh
dt = — |-
[a=] %(-%)
or
al.. h
k=2.303— log — 5.16
At 87, (5.16)
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The values of a, L, A, t, by, and b, can be determined from the test, and
the coefficient of the permeability k& for a soil can then be calculated from
Eq. (5.16).

Permeability from consolidation test

The coefficient of permeability of clay soils is often determined by the
consolidation test, the procedures of which are explained in Sec. 6.5. From
Eq. (6.25),

C,t
T, = 7
where

T, = time factor

C, = coefficient of consolidation

H = length of average drainage path
t = time

The coefficient of consolidation is [see Eq. (6.15)]

where

v, = unit weight of water
m,, = volume coefficient of compressibility

Also,
Ae
m,=——
' Ao(l+e)
where

Ae = change of void ratio for incremental loading
Ao = incremental pressure applied
e = initial void ratio

Combining these three equations, we have

_ T,y AeH?

~ tAo(1+e) (5:17)
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For 50% consolidation, T, = 0.197, and the corresponding ¢5, can be esti-
mated according to the procedure presented in Sec. 6.10. Hence

~0.197y,AeH?

tso0Ao(l+e) (5-18)

5.5 Variation of coefficient of permeability for
granular soils

For fairly uniform sand (i.e., small uniformity coefficient), Hazen (1911)
proposed an empirical relation for the coefficient of permeability in the form

k(cm/s) = cD7, (5.19)

where c is a constant that varies from 1.0 to 1.5 and D, is the effective size,
in millimeters, and is defined in Chap. 1. Equation (5.19) is based primarily
on observations made by Hazen on loose, clean filter sands. A small quantity
of silts and clays, when present in a sandy soil, may substantially change
the coefficient of permeability.

Casagrande proposed a simple relation for the coefficient of permeability
for fine to medium clean sand in the following form:

k=1.4¢ky g (5.20)

where k is the coefficient of permeability at a void ratio e and kg5 is the
corresponding value at a void ratio of 0.85.

A theoretical solution for the coefficient of permeability also exists in
the literature. This is generally referred to as the Kozeny—Carman equation,
which is derived below.

It was pointed out earlier in this chapter that the flow through soils finer
than coarse gravel is laminar. The interconnected voids in a given soil mass
can be visualized as a number of capillary tubes through which water can
flow (Figure 5.6).

According to the Hagen—Poiseuille equation, the quantity of flow of water
in unit time, g, through a capillary tube of radius R can be given by

S
q= —Z;;L R’a (5.21)
where

v, = unit weight of water
= absolute coefficient of viscosity
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Figure 5.6 Flow of water through tortuous channels in soil.

a = area cross-section of tube
S = hydraulic gradient

The hydraulic radius Ry; of the capillary tube can be given by

area 7R*> R

~ wetted perimeter “27R 2

Ry (5.22)

From Egs. (5.21) and (5.22),

1v,S
="V R? 2
o Ha (5.23)

For flow through two parallel plates, we can also derive

1 )VVS 2
= R”a 5.2 )
3 2

So, for laminar flow conditions the flow through any cross-section can
be given by a general equation

S
— %Rﬁa (5.25)
S

where Cg is the shape factor. Also, the average velocity of flow v, is given by

q YWS 2
=1_2R 5.26
Ya a Cqu M ( )
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For an actual soil, the interconnected void spaces can be assumed to be
a number of tortuous channels (Figure 5.6), and for these, the term § in
Eq. (5.26) is equal to Ah/AL,. Now,

R, area (area)(length) ~ volume
"™ perimeter ~ (perimenter)(length) — surface area
1

- (surface area)/(volume of pores) (5:27)

If the total volume of soil is V, the volume of voids is V, = nV, where 7 is
porosity. Let Sy be equal to the surface area per unit volume of soil (bulk).
From Eq. (5.27),

volume nV n

R, = (5.28)

surface area S,V Sy

Substituting Eq. (5.28) into Eq. (5.26) and taking v, = v, (where v, is the
actual seepage velocity through soil), we get
2
Yw oM
=—38— 5.29

It must be pointed out that the hydraulic gradient i used for soils is
the macroscopic gradient. The factor S in Eq. (5.29) is the microscopic
gradient for flow through soils. Referring to Figure 5.6, i = Ab/AL and
S=Ah/AL,. So,

Ab AL,

or

=1 (5.31)

where T is tortuosity, AL,/AL.
Again, the seepage velocity in soils is
vAL, v

— ——-T 5.32
Us n AL n ( )

where v is the discharge velocity. Substitution of Egs. (5.32) and (5.31) into
Eq. (5.29) yields

)
LY, L

*n CuTS:
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or

Yo W

C5MS‘2/ ﬁl

(5.33)

In Eq. (5.33), Sy is the surface area per unit volume of soil. If we define S
as the surface area per unit volume of soil solids, then

S.V.=S8,V (5.34)

where V, is the volume of soil solids in a bulk volume V, that is,

Vi=(1-nV
So,

S, = V.oV 1o (5.35)
Combining Egs. (5.33) and (5.35), we obtain

Y no
'T CuS T (1 np
1 3
- Ww ¢ ; (5.36)

CeS2T? w 1+e

where ¢ is the void ratio. This relation is the Kozeny—Carman equation
(Kozeny, 1927; Carman, 1956). Comparing Egs. (5.4) and (5.36), we find
that the coefficient of permeability is

1 vy, €
= 5.37
CSSSZ TZ 14 1 + e ( )
The absolute permeability was defined by Eq. (5.6) as
K=k
Yw
Comparing Egs. (5.6) and (5.37),
1 3
¢ (5.38)

T CSIT 1+

The Kozeny—Carman equation works well for describing coarse-grained
soils such as sand and some silts. For these cases the coefficient of per-
meability bears a linear relation to e3/(1 4+ e). However, serious discrepan-
cies are observed when the Kozeny—Carman equation is applied to clayey
soils.
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For granular soils, the shape factor Cg is approximately 2.5, and the
tortuosity factor T is about +/2. Thus, from Eq. (5.20), we write that

k o e (5.39)

Similarly, from Eq. (5.37),

e’

k
Ocl—i—e

(5.40)

Amer and Awad (1974) used the preceding relation and their experimen-
tal results to provide
&

k -C D2.32 CO.6
1~10 u 1+€

(5.41)

where D, is effective size, C, a uniformity coefficient, and C, a constant.
Another form of relation for coefficient of permeability and void ratio
for granular soils has also been used, namely,

62

k
O(l—i-e

(5.42)

For comparison of the validity of the relations given in Egs. (5.39)—(5.42),
the experimental results (laboratory constant-head test) for a uniform Madi-
son sand are shown in Figure 5.7. From the plot, it appears that all three
relations are equally good.

More recently, Chapuis (2004) proposed an empirical relationship for k&
in conjunction with Eq. (5.42) as

B : 83 0.7825

where D,, = effective size (mm).

The preceding equation is valid for natural, uniform sand and gravel to
predict k that is in the range of 107'=107% cm/s. This can be extended to
natural, silty sands without plasticity. It is not valid for crushed materials
or silty soils with some plasticity.

Mention was made in Sec. 5.3 that turbulent flow conditions may exist
in very coarse sands and gravels and that Darcy’s law may not be valid
for these materials. However, under a low hydraulic gradient, laminar flow
conditions usually exist. Kenney et al. (1984) conducted laboratory tests
on granular soils in which the particle sizes in various specimens ranged
from 0.074 to 25.4 mm. The uniformity coefficients of these specimens,
C,, ranged from 1.04 to 12. All permeability tests were conducted at a

u’d
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Figure 5.7 Plot of k against permeability function for Madison sand.

relative density of 80% or more. These tests showed that, for laminar flow
conditions, the absolute permeability can be approximated as

K(mm?) = (0.05-1)D? (5.44)

where Ds = diameter (mm) through which 5% of soil passes.

Modification of Kozeny—Carman equation for practical
application

For practical use, Carrier (2003) modified Eq. (5.37) in the following man-
ner. At 20°C, v, /u for water is about 9.33 x 10* (1/cm-S). Also, (C;T?)
is approximately equal to 5. Substituting these values into Eq. (5.37), we
obtain.

1\*> &
k(cm/s) = 1.99 x 10°* (§> 116 (5.45)
Again,
SF (1
S, = — 5.46
) D (cm) ( )
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with
Deff - & (5.47)
D(av)i
where

f; = fraction of particles between two sieve seizes, in
percent (Note: larger sieve, [; smaller sieve, s)
D(av)i(cm) = [Dli(cm)]o's X [Dsi(cm)]o.s (5.48)

SF = shape factor

Combining Egs. (5.45), (5.46), (5.47), and (5.48)
2

100% 1\*/ &
=1. 10 ——2 | (= 4
k(cm/s) 99 x 10 7 (SF) <1+e> (5.49)
ZDg.-Sng.-S

The magnitude of SF may vary from between 6 and 8, depending on the
angularity of the soil particles.

Carrier (2003) further suggested a slight modification of Eq. (5.49), which
can be written as

B A 100% 1\’ [ &
k(cm/s)=1.99 x 10 . 7 <§) <1+e> (5.50)

0.404 0.593
D" x Dy

ExamrLE 5.1

The results of a sieve analysis on sand are given below.

Sieve No.  Sieve opening (cm)  Percent  Fraction of particles between
passing  two consecutive sieves (%)

30 0.06 100
4

40 0.0425 96
12

60 0.02 84
34

100 0.015 50
50

200 0.0075 0
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Estimate the hydraulic conductivity using Eq. (5.50). Given: the void ratio
of the sand is 0.6. Use SF =7.

SOLUTION For fraction between Nos. 30 and 40 sieves:

f 4

= = 1. 2
Dl()i.404 X Dgi.595 (0.06)0.404 X (0.0425)0.595 8 6
For fraction between Nos. 40 and 60 sieves:
. 12
/i = =440.76

Dl()i.404 X DS,"595 (0.0425)0.404 X (0.02)0.595

Similarly, for fraction between Nos. 60 and 100 sieves:

fi 34
DDA 5 DO = (0.02)0404 5 (0.015)05% =2009.5
And, for between Nos. 100 and 200 sieves:
f; 50
= =5013.8
D% x D% (0.015)0404 x (0.0075)0-59
100% 100
= ~0.0133
f: 81.62+440.76 +2009.5+ 5013.8

z

0.404 0.595
D™ x Dg;

From Eq. (5.50)

1\* [/ 0.6°
= (1.9 10%)(0.0133)* ( = =0.0097
k=(1.99 x 10%)(0.0133) (7) <1+O.6) 0.0097 cm/s

ExAMPLE 5.2

Refer to Figure 5.7. For the soil, (a) calculate the “composite shape factor,”
CsS2T?, of the Kozeny—Carman equation, given u,.c = 10.09 x 1073 poise,
(b) If Cg =2.5 and T = +/2, determine S.. Compare this value with the
theoretical value for a sphere of diameter D, = 0.2 mm.

SOLUTION Part a: From Eq. (5.37),
3

1y, e
TGS T o 14e
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C SZTZ — h€3/<1+€)
SPs w k

The value of [¢3/(1+e)]/k is the slope of the straight line for the plot of
e?/(1+e) against k (Figure 5.7). So

e/(1+e) 015
k ~0.03cm/s
1g/cm?)(981 cm/s?
22 = Le/em)O8Llem/s) o ) oo 105 cm2

10.09 x 103 poise

Part b: (Note the units carefully.)

486x105 [4.86x10°
5 = (486107 486107 _ 414 g mjem?
CsT? 2.5 % (v/2)?

For Dy, =0.2mm,

_surface area of a sphere of radius 0.01 cm

S

volume of sphere of radius 0.01 cm

477(0.01)2 3 L
- — > _—300
4/3 m(0.017 _ 0.01 cm”/em

This value of S, = 300cm?/cm? agrees closely with the estimated value of

S, =311.8cm?/cm’.

5.6 Variation of coefficient of permeability for
cohesive soils

The Kozeny—Carman equation does not successfully explain the variation
of the coefficient of permeability with void ratio for clayey soils. The dis-
crepancies between the theoretical and experimental values are shown in
Figures 5.8 and 5.9. These results are based on consolidation—permeability
tests (Olsen, 1961, 1962). The marked degrees of variation between the
theoretical and experimental values arise from several factors, including
deviations from Darcy’s law, high viscosity of the pore water, and unequal
pore sizes. Olsen developed a model to account for the variation of perme-
ability due to unequal pore sizes.
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Figure 5.8 Coefficient of permeability for sodium illite (after Olsen, 1961).

Several other empirical relations were proposed from laboratory and field
permeability tests on clayey soil. They are summarized in Table 5.3.

ExampLE 5.3

For a normally consolidated clay soil, the following values are given:

Void ratio  k(cm/s)

1.1 0.302 x 1077
0.9 0.12x 1077

Estimate the hydraulic conductivity of the clay at a void ratio of 0.75. Use
the equation proposed by Samarsinghe et al. (1982; see Table 5.3).

SOLUTION

en
k=C4<1+e>
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LEGEND
Curve 1 Sodium Illite, 107N NaCl
Curve 2 Sodium Illite, 10~*N NaCl
Curve 3 Natural Kaolinite, Distilled Water H,O
Curve 4  Sodium Boston Blue Clay, 10~'N NaCl
Curve 5 Sodium Kaolinite and
1% (by weight) Sodium Tetraphosphate
Curve 6 Calicum Boston Blue Clay, 107N NaCl
100
[ [ [ [
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2
5 1
2
Q
2
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&
k=t
T o0
=1
3
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1<
g
3
=2
1.0 —
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Porosity, n

Figure 5.9 Ratio of the measured flow rate to that predicted by the Kozeny—Carman
equation for several clays (after Olsen, 1961).

0.302x 1077 _1+1.1
0.12x10~7 _ (0.9)"

14+0.9




Table 5.3 Empirical relations for coefficient of permeability in clayey soils

Investigator Relation Notation Remarks
Mesri and logk=C, loge+C; C,, C; = constants Based on artificial
Olson and remolded
(1971) soils
Taylor (1948) log k= ko = coefficient of in situ C, ~ 0.5¢,
log ko — € —¢€ permeability at void ratio e, (Tavenas et al.,
k = coefficient of permeability 1983a,b)
at void ratio e
C, = permeability change index
en
Samarsinghe k=C,4 I C, = constant Applicable only
et al. (1982) te log [k(1 +€)] =log C,+nlog e to normally
consolidated clays
Raju et al. £ k is in cm/s Normally
e o . K
(1995) 2.2340.20410g k e, = void ratio at consolidated clay

liquid limit = w G,

W, = moisture content at

liquid limit
Tavenas etal. k=f f = function of void ratio, and  See Figure 5.10
(1983a,b) PI+CF
Pl = plasticity index in decimals
CF = clay size fraction in
decimals
Sl N L LLLALY
Based on Tavenas e 2l [19834,b) P+ CF =113 |1
74 L Wl
. /f
11 ‘//
D3 1.0
2.0 I
L] ,/P’ Fa |~
= / | L~
H ] ol
E 16 /
= ] 75
2 st ] O
1
12 ] A H ] N ]
[
1A __,_.,-f" 0.5
ng = e [
_rdr._._,_,..-r"" --._____..--""'"-r'-"
._'_____,,_.—r'
0.4 [ 0 *
gt 1" 10" 5«10
K{misec)

Figure 5.10 Plot of e versus k for various values of PI+ CF.
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1.9\ /1.1\"
2.517 = <ﬂ) (ﬁ)
2.782 = (1.222)"

log(2.782)  0.444
n = = =
log(1.222) ~ 0.087

o5
kzc4(l+e>

To find C,,

5.1
0.302x107 =C, [ﬂ} _ <1.626) .

5.1

SO

1+1.1 2.1

(0.302 x 10-7)(2.1)

_ -7
W =0.39x 10

C4:

Hence

_ -7 e’
k=(0.39x 107" cm/s) <1 +e>

At a void ratio of 0.75

0.75%1

_ -7
k=(0.39x 107" cm/s) (—1 075

) =0.514x10"%cm/s

5.7 Directional variation of permeability in
anisotropic medium

Most natural soils are anisotropic with respect to the coefficient of per-
meability, and the degree of anisotropy depends on the type of soil and
the nature of its deposition. In most cases, the anisotropy is more predom-
inant in clayey soils compared to granular soils. In anisotropic soils, the
directions of the maximum and minimum permeabilities are generally at
right angles to each other, maximum permeability being in the horizontal
direction.

Figure 5.11a shows the seepage of water around a sheet pile wall. Con-
sider a point O at which the flow line and the equipotential line are as
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Figure 5.11 Directional variation of coefficient of permeability.

shown in the figure. The flow line is a line along which a water particle at O
will move from left to right. For the definition of an equipotential line, refer
to Sec. 5.12. Note that in anisotropic soil the flow line and equipotential
line are not orthogonal. Figure 5.11b shows the flow line and equipotential
line at O. The coefficients of permeability in the x and z directions are &,
and k,, respectively.

In Figure 5.11, m is the direction of the tangent drawn to the flow line
at O, and thus that is the direction of the resultant discharge velocity.
Direction 7 is perpendicular to the equipotential line at O, and so it is the
direction of the resultant hydraulic gradient. Using Darcy’s law,

ob

v = —ky 5 (5.51)

v, = —kV% (5.52)
a2

v, = —kaﬁ (5.53)
om

o (5.54)
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where

k, = maximum coefficient of permeability (in the horizontal x direction)
k, = minimum coefficient of permeability (in the vertical z direction)
k., kg = coefficients of permeability in 7, 7 directions, respectively

Now we can write

obh b ah
— = —cosa+—sin« (5.55)
om  dx dz

From Egs. (5.51)—(5.53), we have

b v,

b v ob v

= —1 _m
dx ky, 0z k, om k,

Also, v, =v,,cosa and v, = v,,sina.
Substitution of these into Eq. (5.55) gives

v,, v,
_—— = ——cosa+ Zsina
ka kh v
or
v,, +
= M cos? a+ 2 sin’
ka kh kv
SO

)
1 cos’a sin“a

Rk

v

(5.56)

The nature of the variation of k, with @ as determined by Eq. (5.56) is
shown in Figure 5.12. Again, we can say that

v, =v,cosB+v,sinf (5.57)
Combining Egs. (5.51), (5.52), and (5.54),

kﬁah—kh hcos,8+k smB (5.58)
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et Eq. (5.56)

Figure 5.12 Directional variation of permeability.

However,
/)
a:%cosﬁ (5.59)
and
obh b .
& = %SIHB (5.60)

Substitution of Egs. (5.59) and (5.60) into Eq. (5.58) yields
kg =k, cos® B+k,sin* B (5.61)

The variation of kg with 8 is also shown in Figure 5.12. It can be seen that,
for given values of k,, and k,, Egs. (5.56) and (5.61) yield slightly different
values of the directional permeability. However, the maximum difference
will not be more than 25%.

There are several studies available in the literature providing the experi-
mental values of &k, /k,. Some are given below:

Soil type ky, /k, Reference

Organic silt with peat 1.2-1.7 Tsien (1955)

Plastic marine clay 1.2 Lumb and Holt (1968)
Soft clay 1.5 Basett and Brodie (1961)
Soft marine clay 1.05 Subbaraju (1973)

Boston blue clay 0.7-3.3 Haley and Aldrich (1969)
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Figure 5.13 shows the laboratory test results obtained by Fukushima and
Ishii (1986) related to k, and k, on compacted Maso-do soil (weathered
granite). All tests were conducted after full saturation of the compacted soil
specimens. The results show that k;, and k, are functions of molding mois-
ture content and confining pressure. For given molding moisture contents
and confining pressures, the ratios of k;, /k, are in the same general range
as shown in the preceding table.

5.8 Effective coefficient of permeability for
stratified soils

In general, natural soil deposits are stratified. If the stratification is con-
tinuous, the effective coefficients of permeability for flow in the horizontal
and vertical directions can be readily calculated.

Flow in the horizontal direction

Figure 5.14 shows several layers of soil with horizontal stratification. Owing
to fabric anisotropy, the coefficient of permeability of each soil layer may vary
depending on the direction of flow. So, let us assume that &, , Ry, Ry 5. -5
are the coefficients of permeability of layers 1, 2, 3, ..., respectively,
for flow in the horizontal direction. Similarly, let k,, k,, k
be the coefficients of permeability for flow in the vertical direction.

Considering the unit length of the soil layers as shown in Figure 5.14,
the rate of seepage in the horizontal direction can be given by

v3dt

=+ +q+--+q, (5.62)

where g is the flow rate through the stratified soil layers combined and
41> ¢r> q5s- - - 1s the rate of flow through soil layers 1, 2, 3, ..., respec-
tively. Note that for flow in the horizontal direction (which is the direction
of stratification of the soil layers), the hydraulic gradient is the same for all
layers. So,

91 = khliHl
q2 = khziHZ (5.63)
qs = kh3iH3

and
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Figure 5.13  Variation of k, and k;, for Masa-do soil compacted in the laboratory.
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Ll

ol 9. r

Figure 5.14 Flow in horizontal direction in stratified soil.
where

i = hydraulic gradient

k.y = effective coefficient of permeability for flow in horizontal
direction

H,, H,, H; = thicknesses of layers 1,2, 3, respectively

H=H,+H,+ Hs+

Substitution of Egs. (5.63) and (5.64) into Eq. (5.62) yields
ke H = ki Hy + ki, Hy + ki, Hy + -+
Hence

1
ke(h) - E(kthl+kh2H2+kh3H3+”.) (565)

Flow in the vertical direction

For flow in the vertical direction for the soil layers shown in Figure 5.15,
V=V =0, =U3=... =1, (5.66)

where v, v,, v3,..., are the discharge velocities in layers 1, 2, 3,...,
respectively; or

=kc(v)z=k 11 —kvllz k 13 = (5.67)
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{

Figure 5.15 Flow in vertical direction in stratified soil.

where

ke = effective coefficient of permeability for flow in the vertical direction
ky sk, 5k = coefficients of permeability of layers 1, 2, 3,. .., respec-

tively, for flow in the vertical direction
iy, iy, i3,... = hydraulic gradient in soil layers 1, 2, 3, ..., respectively

vyttt

For flow at right angles to the direction of stratification,
Total head loss = (head loss in layer 1) 4 (head loss in layer 2)+---

or
iH = i,H, + iy, H, +i;Hy + - - - (5.68)

Combining Egs. (5.67) and (5.68) gives

v v v v
H=—H —H —
ot Tty

e(v) vy V2 v3

H3_|_...
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Figure 5.16 Variations of moisture content and grain size across thick-layer varves of
New Liskeard varved clay (after Chan and Kenny, 1973).
or

H
= 5.69
< Hl/kv] +H2/kvz +H3/kv;+ ( )

k

Varved soils are excellent examples of continuously layered soil.
Figure 5.16 shows the nature of the layering of New Liskeard varved clay
(Chan and Kenny, 1973) along with the variation of moisture content and
grain size distribution of various layers. The ratio of k.y/k, for this soil
varies from about 1.5 to 3.7. Casagrande and Poulos (1969) provided the
ratio of ke, /R, for a varved clay that varies from 4 to 40.

5.9 Determination of coefficient of permeability in
the field

It is sometimes difficult to obtain undisturbed soil specimens from the field.
For large construction projects it is advisable to conduct permeability tests
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in situ and compare the results with those obtained in the laboratory. Several
techniques are presently available for determination of the coefficient of
permeability in the field, such as pumping from wells and borehole tests,
and some of these methods will be treated briefly in this section.

Pumping from wells

Gravity wells

Figure 5.17 shows a permeable layer underlain by an impermeable stratum.
The coefficient of permeability of the top permeable layer can be determined
by pumping from a well at a constant rate and observing the steady-state
water table in nearby observation wells. The steady-state is established
when the water levels in the test well and the observation wells become
constant. At steady state, the rate of discharge due to pumping can be
expressed as

q=kiA

From Figure 5.17, i & dh/dr (this is referred to as Dupuit’s assump-
tion), and A = 277h. Substituting these into the above equation for rate of
discharge gives

Oibservation
wlfs

- . R b ¥,
— r,
2r'|"-

Test

X
Phreating line doring
pumping according to Permezhle
Dupui’s assumption fayer H
Actual phreating hne

Figure 5.17 Determination of coefficient of permeability by pumping from wells—gravity
well.
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dh
72 hy
[T 2T
n T q h
So,
_ 2.303llog(r,/ ) (5.70)

(b3 — )

If the values of r,, r,, by, b,, and g are known from field measure-
ments, the coefficient of permeability can be calculated from the simple
relation given in Eq. (5.70). According to Kozeny (1933), the maximum
radius of influence, R (Figure 5.17), for drawdown due to pumping can be
given by

2
R= |12 ok (5.71)
n ar

where

n = porosity
R = radius of influence
t = time during which discharge of water from well has been established

Also note that if we substitute b, = b, at r, =r,, and h, = H at r, = R, then

_ 2.3034[log (R/r,)]

k m(H? — hZ)

(5.72)

where H is the depth of the original groundwater table from the imperme-
able layer.

The depth b at any distance r from the well (r, < < R) can be determined
from Eq. (5.70) by substituting b, = b, at r, = r, and b, = b at r, = r. Thus

b 2.303q(log (r/7,)]
B mw(h? —h%)

or

b:\/2'303q log — + 2 (5.73)
Tk
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It must be pointed out that Dupuit’s assumption (i.e., that i = db/dr)
does introduce large errors in regard to the actual phreatic line near the
wells during steady state pumping. This is shown in Figure 5.17. For
r> H —1.5H the phreatic line predicted by Eq. (5.73) will coincide with
the actual phreatic line.

The relation for the coefficient of permeability given by Eq. (5.70) has
been developed on the assumption that the well fully penetrates the perme-
able layer. If the well partially penetrates the permeable layer as shown in
Figure 5.18, the coefficient of permeability can be better represented by the
following relation (Mansur and Kaufman, 1962):

_ wk[(H—s)* —1?] |: ( 10rw) , 1.85i|
1= 5303 Tog (R/r.) 1+(0.30+ T ) g (5.74)

The notations used on the right-hand side of Eq. (5.74) are shown in
Figure 5.18.

Artesian wells

The coefficient of permeability for a confined aquifier can also be deter-
mined from well pumping tests. Figure 5.19 shows an artesian well

s

I

Tala it v QRN ¥ '-_':'_"_"l'_’i‘-.'v’aler leve]
" before pumping

&

_.'. ‘. - Pl

Impenneable layer

Figure 5.18 Pumping from partially penetrating gravity wells.
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Figure 5.19 Determination of coefficient of permeability by pumping from wells—
confined aquifier.

penetrating the full depth of an aquifier from which water is pumped out
at a constant rate. Pumping is continued until a steady state is reached. The
rate of water pumped out at steady state is given by

dh
q=kiA=k— =2mrT (5.75)
dr
where T is the thickness of the confined aquifier, or

b (5.76)

1 r hl q

/’z dr _ by 2wk T

Solution of Eq. (5.76) gives

. glog(r, /)
- 2.727Th, — hy)

Hence the coefficient of permeability k& can be determined by observing the
drawdown in two observation wells, as shown in Figure 5.19.
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Figure 5.20 Auger hole test.

If we substitute b, = b, at r, = r, and h, = H at r, = R in the previous
equation, we get

o _aloglR/n)

~2.727TIH —h,) (5:77)

Auger hole test

Van Bavel and Kirkham (1948) suggested a method to determine k from
an auger hole (Figure 5.204). In this method, an auger hole is made in the
ground that should extend to a depth of 10 times the diameter of the hole
or to an impermeable layer, whichever is less. Water is pumped out of the
hole, after which the rate of the rise of water with time is observed in several
increments. The coefficient of permeability is calculated as
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1y, db
k=0.617ga (5.78)

where

7, = radius of the auger hole

d = depth of the hole below the water table

S =shape factor for auger hole

dbh/dt =rate of increase of water table at a depth » measured from the
bottom of the hole

The variation of S with 7,,/d and h/d is given in Figure 5.20b (Spangler
and Handy, 1973). There are several other methods of determining the field
coefficient of permeability. For a more detailed description, the readers are
directed to the U.S. Bureau of Reclamation (1961) and the U.S. Department
of the Navy (1971).

ExAMPLE 5.4

Refer to Figure 5.18. For the steady-state condition, 7, = 0.4m, H =
28m, s=8m, and ¢t = 10m. The coefficient of permeability of the layer
is 0.03 mm/s. For the steady state pumping condition, estimate the rate of
discharge ¢ in m?®/ min.

soLUTION From Eq. (5.74)

_ 7k[(H —s)* — 7] 107\ . 1.8s
1= 3303[log(R/7.)] [1 * <O'3 0+ T) sin 7}

k=0.03mm/s = 0.0018 m/min

So,

7(0.0018)[(28 — 8)2 — 102]
= 2.303[log(R/0.4)]
0.8976
~ log(R/0.4)

(140304 00041, 138
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From the equation for g, we can construct the following table:

R (m) q (m)
25 0.5

30 0.48
40 0.45
50 0.43
100 0.37

From the above table, the rate of discharge is approximately 0.45 m?/ min.

5.10 Factors affecting the coefficient of

permeability

The coefficient of permeability depends on several factors, most of which
are listed below.

1.
2.
3

a

Shape and size of the soil particles.

Void ratio. Permeability increases with increase in void ratio.

Degree of saturation. Permeability increases with increase in degree of
saturation.

Composition of soil particles. For sands and silts this is not important;
however, for soils with clay minerals this is one of the most important
factors. Permeability depends on the thickness of water held to the soil
particles, which is a function of the cation exchange capacity, valence
of the cations, and so forth. Other factors remaining the same, the
coefficient of permeability decreases with increasing thickness of the
diffuse double layer.

Soil structure. Fine-grained soils with a flocculated structure have
a higher coefficient of permeability than those with a dispersed
structure.

Viscosity of the permeant.

Density and concentration of the permeant.

5.11 Electroosmosis

The coefficient of permeability—and hence the rate of seepage—through
clay soils is very small compared to that in granular soils, but the drainage
can be increased by application of an external electric current. This phe-
nomenon is a result of the exchangeable nature of the adsorbed cations in
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— Water

Anode ‘ Cathode

Figure 5.21 Principles of electroosmosis.

clay particles and the dipolar nature of the water molecules. The principle
can be explained with the help of Figure 5.21. When dc electricity is applied
to the soil, the cations start to migrate to the cathode, which consists of a
perforated metallic pipe. Since water is adsorbed on the cations, it is also
dragged along. When the cations reach the cathode, they release the water,
and the subsequent build up of pressure causes the water to drain out. This
process is called electroosmosis and was first used by L. Casagrande in 1937
for soil stabilization in Germany.

Rate of drainage by electroosmosis

Figure 5.22 shows a capillary tube formed by clay particles. The surface of
the clay particles have negative charges, and the cations are concentrated
in a layer of liquid. According to the Helmholtz—Smoluchowski theory
(Helmholtz, 1879; Smoluchowski, 1914; see also Mitchell, 1970, 1976),
the flow velocity due to an applied dc voltage E can be given by

_DiE

= — 7
Ve 47 L (5.79)

where

v, = flow velocity due to applied voltage
D = dielectric constant
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Potential difference, E

<
—_
+ 0+ + 4+ 4+ Y+ 4+ 4+ o+ o+
I
| . . .
— Distribution
:4/ of velocity

Concentration Wall of
of cations R capillary
near the wall | L | tube

Figure 5.22 Helmholtz—Smoluchowski theory for electroosmosis.

{ = zeta potential
1) = viscosity
L = electrode spacing

Equation (5.79) is based on the assumptions that the radius of the cap-
illary tube is large compared to the thickness of the diffuse double layer
surrounding the clay particles and that all the mobile charge is concentrated
near the wall. The rate of flow of water through the capillary tube can be
given by

4. = av, (5.80)

where a is area of the cross-section of the capillary tube.
If a soil mass is assumed to have a number of capillary tubes as a result
of interconnected voids, the cross-sectional area A, of the voids is

A =nA

v

where A is the gross cross-sectional area of the soil and 7 the porosity.
The rate of discharge g through a soil mass of gross cross-sectional area

A can be expressed by the relation

D¢ E

q:Avve:nAve:n%z (5.81)

= ki A (5.82)
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where k, = n(D{/4m) is the electroosmotic coefficient of permeability and
i, the electrical potential gradient. The units of k, can be cm?/(s-V) and the
units of i, can be V/cm.

In contrast to the Helmholtz—Smoluchowski theory [Eq. (5.79)], which is
based on flow through large capillary tubes, Schmid (1950, 1951) proposed
a theory in which it was assumed that the capillary tubes formed by the
pores between clay particles are small in diameter and that the excess cations
are uniformly distributed across the pore cross-sectional area (Figure 5.23).
According to this theory,

r*AFE
v, = -
8n L

(5.83)

where

r = pore radius
A, = volume charge density in pore
F = Faraday constant

Based on Eq. (5.83), the rate of discharge g through a soil mass of gross
cross-sectional area A can be written as
PAFE

a=n—g, TA=kiA (5.84)

where 7 is porosity and k, = n(r* A, F/8m) is the electroosmotic coefficient
of permeability.

Potential difference, E

~..— Distribution of velocity
+ + 4+ o+ o+

+\+++ +
+ +
+
-

N
N+
N

\\
+
+
+
+
+

Uniform §

distribution F— Wall of

of cation capillary
f L | tube

Figure 5.23 Schmid theory for electroosmosis.



210 Permeability and seepage

Without arguing over the shortcomings of the two theories proposed,
our purpose will be adequately served by using the flow-rate relation as

q=k.i,A. Some typical values of k, for several soils are as follows (Mitchell,
1976):

Material Water content (%)  k,[cm?/(s-V)]
London clay 52.3 5.8x107°
Boston blue clay 50.8 5.01x107°
Kaolin 67.7 5.7x 107
Clayey silt 31.7 5.0x 1073
Rock flour 27.2 45x107°
Na-Montmorillonite 170 2.0x 1073
Na-Montmorillonite 2000 12.0x 1073

These values are of the same order of magnitude and range from 1.5 x
1075 to 12 x 1073 cm?/(s- V) with an average of about 6 x 1075 cm?/(s- V).

Electroosmosis is costly and is not generally used unless drainage by
conventional means cannot be achieved. Gray and Mitchell (1967) have
studied the factors that affect the amount of water transferred per unit
charge passed, such as water content, cation exchange capacity, and free
electrolyte content of the soil.

SEEPAGE
5.12 Equation of continuity

Laplace’s equation

In many practical cases, the nature of the flow of water through soil is
such that the velocity and gradient vary throughout the medium. For these
problems, calculation of flow is generally made by use of graphs referred
to as flow nets. The concept of the flow net is based on Laplace’s equation
of continuity, which describes the steady flow condition for a given point
in the soil mass.

To derive the equation of continuity of flow, consider an elementary
soil prism at point A (Figure 5.24b) for the hydraulic structure shown in
Figure 5.24a. The flows entering the soil prism in the x, vy, and z directions
can be given from Darcy’s law as

q. =k, i A = kx%dy dz (5.85)
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Figure 5.24 Derivation of continuity equation.
. ah
q, = k,i,A, = /ey@dx dz (5.86)
. ah
q, =k,i,A, = /ez(?—zdx dy (5.87)

where

x> dy> q, = tlow entering in directions x, y, and z, respectively

k., k,, k, = coefficients of permeability in directions x, y, and z, respectively

h = hydraulic head at point A

The respective flows leaving the prism in the x, y, and z directions are

qx + dqx = kx(ix + dix)Ax

obh  9*h
=k, (& +@dx> dy dz (5.88)
b 9*h
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2
q,+dq, =k, <% + ﬁa’z) dx dy (5.90)
dz = 9z2

For steady flow through an incompressible medium, the flow entering
the elementary prism is equal to the flow leaving the elementary prism. So,

4+, +4q. = (4. +dq.) + (g, +dq,) + (. +dq.) (5.91)
Combining Egs. (5.85-5.91), we obtain

*h *h *h

Ih 0Py 00 92
e Hhgy Hhag =0 (5.92)

For two-dimensional flow in the xz plane, Eq. (5.92) becomes

*h ?*h
xa—xz-i- Z@=0 (5.93)

If the soil is isotropic with respect to permeability, k, = k, = k, and the
continuity equation simplifies to

b, #h

a3 =0 (5.94)

This is generally referred to as Laplace’s equation.

Potential and stream functions

Consider a function ¢(x, z) such that

% :vx:—k% (5.95)
ox 0x

and
% :vzz—k% (5.96)
0z 0z

If we differentiate Eq. (5.95) with respect to x and Eq. (5.96) with respect
to z and substitute in Eq. (5.94), we get

’d PP
Frei 0 (5.97)
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Therefore ¢(x, z) satisfies the Laplace equation. From Egs. (5.95) and
(5.96),

b(x,z) = —kh(x,2) +f(z) (5.98)
and
$(x, z) = —kh(x, 2) + g(x) (5.99)
Since x and z can be varied independently, f(z) = g(x) = C, a constant. So,
b(x, 2) = —kh(x,2)+C
and
1
k

If h(x, z) is a constant equal to b, Eq. (5.100) represents a curve in the xz
plane. For this curve, ¢ will have a constant value ¢,. This is an equipoten-
tial line. So, by assigning to ¢ a number of values such as ¢, ¢,, ¢5,...,
we can get a number of equipotential lines along which h=h,, h,, b;, ...,
respectively. The slope along an equipotential line ¢ can now be derived:

h(x, z) = —[C — ¢(x, 2)] (5.100)

dp =22 4x 4 94 (5.101)
dz
If ¢ is a constant along a curve, d¢p = 0. Hence
dz\  dd/ix v,
Again, let {/(x, z) be a function such that
%zvxz—k% (5.103)
0z 0z
and
W, (5.104)
0x iz
Combining Egs. (5.95) and (5.103), we obtain
% _%
dx oz
2 2
oy _ o9 (5.105)

922 0x 0z
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Again, combining Egs. (5.96) and (5.104),

L

a7z~ ox

>d Py
Tox i axt (5-106)

From Egs. (5.105) and (5.106),

Py Py Po PP

oxr 92 ox oz ox oz

So (x, z) also satisfies Laplace’s equation. If we assign to i(x, z) various
values ¥, ,, ¥s,..., we get a family of curves in the xz plane. Now

_ W,
diy = -—dx+ —-dz (5.107)

For a given curve, if ¢ is constant, then diy = 0. Thus, from Eq. (5.107),

dz\ awx v,
(E)d, T e v, (5.108)

Note that the slope (dz/dx), is in the same direction as the resultant velocity.
Hence the curves ¢ = i, ¥,, ¥, ..., are the flow lines.

From Egs. (5.102) and (5.108), we can see that at a given point (x, z) the
equipotential line and the flow line are orthogonal.

The functions ¢(x, z) and ¢(x, z) are called the potential function and the
stream function, respectively.

5.13 Use of continuity equation for solution of
simple flow problem

To understand the role of the continuity equation [Eq. (5.94)], consider
a simple case of flow of water through two layers of soil as shown in
Figure 5.25. The flow is in one direction only, i.e., in the direction of the
x axis. The lengths of the two soil layers (L, and L) and their coefficients
of permeability in the direction of the x axis (k, and ky) are known. The
total heads at sections 1 and 3 are known. We are required to plot the total
head at any other section for 0 <x < L, + Ly.
For one-dimensional flow, Eq. (5.94) becomes

b
2 =0

e (5.109)
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Figure 5.25 One-directional flow through two layers of soil.

Integration of Eq. (5.109) twice gives
h=Cyx+C, (5.110)

where C, and C, are constants.
For flow through soil A the boundary conditions are

1. atx=0, h=h,
2. atx:LA, h:bz

However, b, is unknown (b, > b,). From the first boundary condition and
Eq. (5.110), C, = h,. So,

h=Cyx+h, (5.111)

From the second boundary condition and Eq. (5.110),

hy = CLy+hy or Cy=(hy—h)/Ly
So,

by —h,

A

bh=—

x+h, 0<x<L, (5.112)
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For flow through soil B the boundary conditions for solution of C; and C,
in Eq. (5.110) are

1. atx=L,, h=h,
2. atx=Ly+Lg, h=0

From the first boundary condition and Eq. (5.110), b, = C,L, + C,, or
C] :hZ_CZLA (5.113)

Again, from the secondary boundary condition and Eq. (5.110),
0=C,y(Ly+Lg)+ Gy, or

Cl :_CZ(LA+LB) (5.114)
Equating the right-hand sides of Egs. (5.113) and (5.114),

hy —CyLy =—Cy(Ly +Ly)

h,
__ 11
C, ” (5.115)

and then substituting Eq. (5.115) into Eq. (5.113) gives
b L
Ci=h+2L,=h, <1+—A> (5.116)
Ly Ly

Thus, for flow through soil B,

h L
=i, <1+L_A) Ly<x<LytL, (5.117)
B B

With Egs. (5.112) and (5.117), we can solve for b for any value of x from
0 to Ly + Ly, provided that b, is known. However,

q = rate of flow through soil A = rate of flow through soil B

So,
q:leA<h1L_bz)A=kB (%)A (5.118)

A B

where k, and ky are the coefficients of permeability of soils A and B,
respectively, and A is the area of cross-section of soil perpendicular to the
direction of flow.
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From Eq. (5.118),

Rah,

= 5.119
La(ka/La+kg/Ly) ( )

h,

Substitution of Eq. (5.119) into Egs. (5.112) and (5.117) yields, after sim-
plification,

kyx
h=b 1 B> =0—1L 5.120
1( kALB+kBLA) * N ( )
ka
b = hl [m(LA+LB_X)] x_LA_(LA +LB) (5121)

5.14 Flow nets

Definition
A set of flow lines and equipotential lines is called a flow net. As discussed
in Sec. 5.12, a flow line is a line along which a water particle will travel. An

equipotential line is a line joining the points that show the same piezometric
elevation (i.e., hydraulic head = h(x, z) = const). Figure 5.26 shows an

Warer level
Uis amrfvf__l_ —  Consam hydraulic

head along an
equipotentizl line

Im
x5
L waler level v H

AlE = 5 m

Permeable
layer L]

F 1ttty —r—r——ar—r—————x ff

Irnpernteable laver

Figure 5.26 Flow net around a single row of sheet pile structures.
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example of a flow net for a single row of sheet piles. The permeable layer
is isotropic with respect to the coefficient of permeability, i.e., k, = k, = k.
Note that the solid lines in Figure 5.26 are the flow lines and the broken lines
are the equipotential lines. In drawing a flow net, the boundary conditions
must be kept in mind. For example, in Figure 5.26,

AB is an equipotential line

EF is an equipotential line

BCDE (i.e., the sides of the sheet pile) is a flow line
GH is a flow line

B =

The flow lines and the equipotential lines are drawn by trial and error.
It must be remembered that the flow lines intersect the equipotential lines
at right angles. The flow and equipotential lines are usually drawn in
such a way that the flow elements are approximately squares. Drawing
a flow net is time consuming and tedious because of the trial-and-error
process involved. Once a satisfactory flow net has been drawn, it can be
traced out.

Some other examples of flow nets are shown in Figures 5.27 and 5.28
for flow under dams.

Calculation of seepage from a flow net under a hydraulic
structure

A flow channel is the strip located between two adjacent flow lines. To
calculate the seepage under a hydraulic structure, consider a flow channel
as shown in Figure 5.29.

r Dielerming maximum
-T = exit gradient from this
10m clement {Sec. 5.10)
Permeable Ao
layer, . .

Figure 5.27 Flow net under a dam.
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Figure 5.29 Flow through a flow channel.

The equipotential lines crossing the flow channel are also shown, along
with their corresponding hydraulic heads. Let Ag be the flow through the
flow channel per unit length of the hydraulic structure (i.e., perpendicular

to the section shown). According to Darcy’s law,

Aq=kiA=k<bll_b2>(b1xl)=k(hzl_h3>(bzx1)
1 2

:k(’“ih“)(@m):...

(5.122)
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If the flow elements are drawn as squares, then

llzbl
lzzbz
Iy =b;

So, from Eq. (5.122), we get
h

hl_hzzhz_h3=h3_h4="'=Ah=_ (5.123)
Nd

where

Ah = potential drop = drop in piezometric elevation between two consec-
utive equipotential lines

b = total hydraulic head = difference in elevation of water between the
upstream and downstream side

N, = number of potential drops

Equation (5.123) demonstrates that the loss of head between any two
consecutive equipotential lines is the same. Combining Egs. (5.122) and
(5.123) gives

h
Ag=k— 5.124
1=k, ( )
If there are N; flow channels in a flow net, the rate of seepage per unit
length of the hydraulic structure is

N
q9=NAg=kb (5.125)
d

Although flow nets are usually constructed in such a way that all flow
elements are approximately squares, that need not always be the case. We
could construct flow nets with all the flow elements drawn as rectangles. In
that case the width-to-length ratio of the flow nets must be a constant, i.e.,

by b, b

LOnL T

Il
N

(5.126)

For such flow nets the rate of seepage per unit length of hydraulic structure
can be given by

N
q _khﬁdn (5.127)
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ExaMPLE 5.5

For the flow net shown in Figure 5.27:

(@) How high would water rise if a piezometer is placed at (i) A
(ii) B (iii) C?
(b) 1If k=0.01 mm/s, determine the seepage loss of the dam in m3/(day - m).

SOLUTION The maximum hydraulic head / is 10 m. In Figure 5.27, Ny =
12, Ab=h/Ny=10/12 =0.833.

Part a(i): To reach A, water must go through three potential drops. So
head lost is equal to 3 x 0.833 = 2.5m. Hence the elevation of the water
level in the piezometer at A will be 10 —2.5 = 7.5m above the ground
surface.

Part a(ii): The water level in the piezometer above the ground level is
10—5(0.833) = 5.84m.

Part a(iii): Points A and C are located on the same equipotential line. So
water in a piezometer at C will rise to the same elevation as at A, i.e., 7.5 m
above the ground surface.

Part b: The seepage loss is given by q = kb(N;/N,). From Figure 5.27,
N; =5 and N; = 12. Since

0.01

k=0.01mm/s = (m) (60 x 60 x 24) = 0.864m/day

q=0.864(10)(5/12) = 3.6 m*/(day - m)

5.15 Hydraulic uplift force under a structure

Flow nets can be used to determine the hydraulic uplifting force under a
structure. The procedure can best be explained through a numerical exam-
ple. Consider the dam section shown in Figure 5.27, the cross-section of
which has been replotted in Figure 5.30. To find the pressure head at point
D (Figure 5.30), we refer to the flow net shown in Figure 5.27; the pres-
sure head is equal to (10 + 3.34m) minus the hydraulic head loss. Point
D coincides with the third equipotential line beginning with the upstream
side, which means that the hydraulic head loss at that point is 2(h/N;) =
2(10/12) = 1.67m. So,

Pressure head at D=13.34—-1.67=11.67m
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Pressure head {m}

\

Figure 5.30 Pressure head under the dam section shown in Figure 5.27.

Similarly,
Pressure head at E = (10+3.34) —3(10/12) = 10.84m
Pressure head at F=(10+1.67) —3.5(10/12) = 8.75m
(Note that point F is approximately midway between the fourth and fifth
equipotential lines starting from the upstream side.)
Pressure head at G = (10+1.67) —8.5(10/12) =4.56 m
Pressure head at H = (10+3.34) — 9(10/12) = 5.84m
Pressure head at [ = (10+3.34) —10(10/12) =S m

The pressure heads calculated above are plotted in Figure 5.30. Between
points F and G, the variation of pressure heads will be approximately

linear. The hydraulic uplift force per unit length of the dam, U, can now

be calculated as

U =v,,(area of the pressure head diagram)(1)

_931 [(11.67—;10.84) (1.67)+ (10.84;—8.75) (1.67)

. 4. 4. .84
(BT 0 4 (155155 g
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(55 ]

=9.81(18.8+16.36+121.92 + 8.68 +9.05)
—1714.9 kN/m

5.16 Flow nets in anisotropic material

In developing the procedure described in Sec. 5.14 for plotting flow nets, we
assumed that the permeable layer is isotropic, i.€., Ryorizontal = Ryertical = R Let
us now consider the case of constructing flow nets for seepage through soils
that show anisotropy with respect to permeability. For two-dimensional
flow problems, we refer to Eq. (5.93):

*h *h

a7 77 _0
x8x2+ 022

where k&, = Ryorizoncal a0d R, = kyericar- This equation can be rewritten as

&*h *h
A (3128
Let x' = /k,/k, x, then
2 2
*h___ b (5.129)

(k,/k)ox* — ox?
Substituting Eq. (5.129) into Eq. (5.128), we obtain

?*h b

ﬁ-i-a—zz:o (5.130)

Equation (5.130) is of the same form as Eq. (5.94), which governs the
flow in isotropic soils and should represent two sets of orthogonal lines in
the x'z plane. The steps for construction of a flow net in an anisotropic
medium are as follows:

1. To plot the section of the hydraulic structure, adopt a vertical scale.

k ko
2. Determine |-=% = vertical

kx khorizonral

) 3
3. Adopt a horizontal scale such that scale;, ;o0 = 7
4. With the scales adopted in steps 1 and 3, plot the cross-section of the

structure.

(Scalevertical)
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5. Draw the flow net for the transformed section plotted in step 4 in the
same manner as is done for seepage through isotropic soils.
6. Calculate the rate of seepage as

_ N
g= /ex/eszd (5.131)

Compare Egs. (5.124) and (5.131). Both equations are similar except for
the fact that k in Eq. (5.124) is replaced by /k,k, in Eq. (5.131).

ExAMPLE 5.6

A dam section is shown in Figure 5.31a. The coefficients of permeabil-
ity of the permeable layer in the vertical and horizontal directions are
2x1072mm/s and 4 x 107> mm/s, respectively. Draw a flow net and cal-
culate the seepage loss of the dam in m?/(day - m).

(a)

Permeable
layer 125m

X
Impermeable layer

\
\
1
1
I I
XXX X X X X X X X X X X X
Horizontal scale=12.5x V2=17.68m

1
Vertical scale=12.5m

Figure 5.31 Construction of flow net under a dam.
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SOLUTION From the given data,
k,=2x10"?mm/s = 1.728 m/day
k,=4x10">mm/s = 3.456 m/day

and » = 10m. For drawing the flow net,

, [2x 1072 ,
Horizontal scale = W(vertlcal scale)

= % (vertical scale)

On the basis of this, the dam section is replotted, and the flow net drawn as
in Figure 5.31b. The rate of seepage is given by q = \/k.k,h(N;/N,). From
Figure 5.31b, N; = 8 and N; = 2.5. (the lowermost flow channel has a
width-to-length ratio of 0.5). So,

g =+/(1.728)(3.456)(10)(2.5/8) = 7.637m’ /(day - m)

ExamrLE 5.7

A single row of sheet pile structure is shown in Figure 5.32a. Draw a flow
net for the transformed section. Replot this flow net in the natural scale
also. The relationship between the permeabilities is given as k, = 6k,.

SOLUTION For the transformed section,

Horizontal scale = (vertical scale)

~|, 7

X

= L (vertical scale)

V6

The transformed section and the corresponding flow net are shown in
Figure 5.32b.

Figure 5.32¢ shows the flow net constructed to the natural scale. One
important fact to be noticed from this is that when the soil is anisotropic
with respect to permeability, the flow and equipotential lines are not nec-
essarily orthogonal.




(a)

(b)

Vertical scale

l1'-2I':r|1|

Horizontal scale =
Voo 10x5=245m

Figure 5.32 Flow net construction in anisotropic soil.
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5.17 Construction of flow nets for hydraulic
structures on nonhomogeneous subsoils

The flow net construction technique described in Sec. 5.14 is for the con-
dition where the subsoil is homogeneous. Rarely in nature do such ideal
conditions occur; in most cases, we encounter stratified soil deposits (such
as those shown in Figure 5.35). When a flow net is constructed across the
boundary of two soils with different permeabilities, the flow net deflects
at the boundary. This is called a transfer condition. Figure 5.33 shows
a general condition where a flow channel crosses the boundary of two
soils. Soil layers 1 and 2 have permeabilities of k, and k,, respectively.
The dashed lines drawn across the flow channel are the equipotential
lines.

Let Ab be the loss of hydraulic head between two consecutive equipoten-
tial lines. Considering a unit length perpendicular to the section shown, the
rate of seepage through the flow channel is

Ahb Ab
Ag = kll—(b1 x1)= /ell—(b2 x 1)
1 2

or

ki _ byl

- — 5.132
&~ bl 5:132)

where [, and b, are the length and width of the flow elements in soil layer 1
and [, and b, are the length and width of the flow elements in soil layer 2.

Figure 5.33 Transfer condition.
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Referring again to Figure 5.33,

l, = ABsin0, = ABcos«; (5.133a)
[, = ABsin6, = ABcos a, (5.133b)
b, = ACcosf, = ACsina, (5.133¢)
b, = ACcos b, = ACsina, (5.133d)
From Egs. (5.1334) and (5.133¢),
by _cosb, _sina,
I,  sin@, cosa,
or
b 1
L= =tana, (5.134)
[, tan#,
Also, from Eqgs. (5.133b) and (5.133d),
b, cos, sina,
I, sinh, cosa,
or
b 1
2= =tana, (5.135)
I, tané,
Combining Egs. (5.132), (5.134), and (5.135),
ky tanf, tana, (5.136)

k_z ~ tan#, tana,

Flow nets in nonhomogeneous subsoils can be constructed using the rela-
tions given by Eq. (5.136) and other general principles outlined in Sec. 5.14.
It is useful to keep the following points in mind while constructing the
flow nets:

1. If k; > k,, we may plot square flow elements in layer 1. This means
that [, = b, in Eq. (5.132). So k,/k, = b,/1,. Thus the flow elements in
layer 2 will be rectangles and their width-to-length ratios will be equal
to k,/k,. This is shown in Figure 5.34a4.

2. If k, < k,, we may plot square flow elements in layer 1 (i.e., [, = b;).
From Eq. (5.132), k,/k, = b,/1,. So the flow elements in layer 2 will be
rectangles. This is shown in Figure 5.34b.
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Sgquare elements Square elements
I -b

(a) (b}

Figure 5.34 Flow channel at the boundary between two soils with different coeffi-
cients of permeability.

Layer2
i‘.—zﬁa m*mmscc Do

]
P
7 | 1
| ! H H
.‘—_—rT_L—‘—ﬁ— Lt - J,; T T r T Ly -

Figure 5.35 Flow net under a dam resting on a two-layered soil deposit.

An example of the construction of a flow net for a dam section rest-
ing on a two-layered soil deposit is given in Figure 5.35. Note that
k, =5x10"2mm/s and k, = 2.5 x 102 mm/s. So,

ky  5.0x107? _,_tana _ tan 6,
k, 2.5x102 7 tana, tan6,




230 Permeability and seepage

In soil layer 1, the flow elements are plotted as squares, and since &, /k, =2,
the length-to-width ratio of the flow elements in soil layer 2 is 1/2.

5.18 Numerical analysis of seepage

General seepage problems

In this section, we develop some approximate finite difference equations
for solving seepage problems. We start from Laplace’s equation, which was
derived in Sec. 5.12. For two-dimensional seepage,

b N *h
Toxt o

k =0 (5.137)

Figure 5.36 shows, a part of a region in which flow is taking place. For
flow in the horizontal direction, using Taylor’s series, we can write

by = by + Ax <%)0+ (Azx!)z <62b> ) (M’)O o (5.138)

2
x= /),

0x 31 o

*h

Figure 5.36 Hydraulic heads for flow in a region.
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and
B b (Ax)* [ &*h (Ax)® (b
b3—/’JO—Ax(£)O+ o1 (@)O— 30 <6_x3>0+ (5.139)
Adding Egs. (5.138) and (5.139), we obtain
_ 2(Ax)> (*h 2(Ax)* (9*h
hi+hy=2hy+ o (a—xz>0+T(a—x4>o+“' (5.140)

Assuming Ax to be small, we can neglect the third and subsequent terms
on the right-hand side of Eq. (5.140). Thus

(alh) by +hy—2h,
0

= TwE (5.141)

Similarly, for flow in the z direction we can obtain

*h by + b, —2b,
)y =214 70 5.142
(azz )0 (Az)? ( )

Substitution of Egs. (5.141) and (5.142) into Eq. (5.137) gives

by+hy—2hy

k =0 (5.143)

by + by —2h,
T R TV

If k, =k, =k and Ax = Az, Eq. (5.143) simplifies to
b1+b2+h3+h4_4h0 :O
or

1

Equation (5.144) can also be derived by considering Darcy’s law, g = kiA.
For the rate of flow from point 1 to point 0 through the channel shown in
Figure 5.37a, we have

qio=k A% (5.145)
Similarly,
by — b
Qo_s = k———Az (5.146)

Ax
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(a} (b}
2 2
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Figure 5.37 Numerical analysis of seepage.
hy—h
Gro = k———Ax (5.147)
hy—h
Joa = k—~——2Ax (5.148)

Since the total rate of flow into point 0 is equal to the total rate of flow
out of point 0, ¢,, — ¢,,, = 0. Hence

(@1-0+a2-0) —(q0-3+d0-4) =0 (5.149)

Taking Ax = Az and substituting Eqgs. (5.145)—(5.148) into Eq. (5.149),
we get

1
hy = Z(hl +hy+hs+hy)

If the point 0 is located on the boundary of a pervious and an impervious
layer, as shown in Figure 5.37b, Eq. (5.144) must be modified as follows:

hy—hy Az
Ax 2

Gio=k (5.150)
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hy— by Az
Ax 2

hy

—h,
A 152
Az x (5.152)

Gor =k
For continuity of flow,

di-0—qo-3—do2=0 (5.153)
With Ax = Az, combining Egs. (5.150)—(5.153) gives
bi—hy  hy—h,
2 2
hy b

71+73+h2—2h0:0

_(ho_hz)zo

or
1
ho = (by+2h, 4 by) (5.154)

When point 0 is located at the bottom of a piling (Figure 5.37¢), the
equation for the hydraulic head for flow continuity can be given by

G1-0+q4-0— 903 — do-2 —do-2» =0 (5.155)

Note that 2’ and 2” are two points at the same elevation on the opposite
sides of the sheet pile with hydraulic heads of b, and h,,, respectively. For
this condition we can obtain (for Ax = Az), through a similar procedure to
that above,

1 1
h():Z[h1+i(h2/+h2//)+h3+h4] (5.156)

Seepage in layered soils

Equation (5.144), which we derived above, is valid for seepage in homo-
geneous soils. However, for the case of flow across the boundary of one
homogeneous soil layer to another, Eq. (5.144) must be modified. Referring
to Figure 5.37d, since the flow region is located half in soil 1 with a coeffi-
cient of permeability &, and half in soil 2 with a coefficient of permeability
k,, we can say that

kﬂ\,:%(kl-i-kz) (5.157)
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Now, if we replace soil 2 by soil 1, the replaced soil (i.e., soil 1) will have

a hydraulic head of b, in place of h,. For the velocity to remain the same,

hy—hy  hy—hy
k, A k, A7 (5.158)
or
k,
h4/=k_(h4_l’]0)+l’]o (5.159)
1
Thus, based on Eq. (5.137), we can write
k1+k2 h1+b3_2b0 h2+h4/_2h0_
> Ty ag =0 (5.160)
Taking Ax = Az and substituting Eq. (5.159) into Eq. (5.160),
1 hy+hy—2h,
z(kl+k2> |: (Ax)z ]
ul h & hy—hy)+h b
+W 2+ E(4_ 0)+ho|—=2hyt =0 (5.161)
or
1 2k, 2k,
ho—Z<h1+mh2+b3+mb4) (5.162)

The application of the equations developed in this section can best be

demonstrated by the use of a numerical example. Consider the problem of
determining the hydraulic heads at various points below the dam shown in
Figure 5.35. Let Ax = Az = 1.25 m. Since the flow net below the dam will
be symmetrical, we will consider only the left half. The steps or determining
the values of b at various points in the permeable soil layers are as follows:

1.
2.

Roughly sketch out a flow net.

Based on the rough flow net (step 1), assign some values for the
hydraulic heads at various grid points. These are shown in Figure 5.38a.
Note that the values of / assigned here are in percent.

Consider the heads for row 1 (i.e., i =1). The b, for i =1 and
j=1, 2,...,22 are 100 in Figure 5.384; these are correct values based
on the boundary conditions. The b , for i =1 and j =23, 24,...,
28 are estimated values. The flow condition for these grid points is
similar to that shown in Figure 5.37b, and according to Eq. (5.154),
(hy+2hy+h3)—4by =0, or

(B ey +2higr )+ b 1) —4h; ) =0 (5.163)
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Since the hydraulic heads in Figure 5.38 are assumed values,
q- (5.163) will not be satisfied. For example, for the grid point i =1
and j=23, h;; 1y =100, h; y =84, h;; 4, =68, and b, ; =78. If
these values are substltuted 1nt0 Eq. (5.163), we get [68+2(78) +100]—
4(84) = —12, instead of zero. If we set —12 equal to R (where R stands
for residual) and add R/4 to h; ;, Eq. (5.163) will be satisfied. So the
new, corrected value of b ; is equal to 84+ (—3) = 81, as shown in
Figure 5.38b. This is called the relaxation process. Similarly, the cor-
rected head for the grid point i =1 and j = 24 can be found as follows:

[84+2(67)+61]—4(68) =7 =R

S0, hj h4 = 68+7/4=69.75 ~ 69.8. The corrected values of b, s,
hi,265 and h1 .27 can be determined in a similar manner. Note that
h(l,zg = 50 is correct, based on the boundary condition. These are
shown in Figure 5.38b.

4. Consider the rows i =2, 3, and 4. The h; ; for i=2,...,4 and j =
2,3,...,27 should follow Eq. (5.144); (b, +h2+/o3 —|—h4) 4/70 =0; or

(b oy +hiajy+he iyt b)) —4bi )= (5.164)

To find the corrected heads h; ;, we proceed as in step 3. The residual R
is calculated by substituting values into Eq. (5.164), and the corrected
head is then given by h; ;+ R/4. Owing to symmetry, the corrected
values of by 4 for i =2, 3 and 4 are all 50, as originally assumed. The
corrected heads are shown in Figure 5.38b.

5. Consider row i =35 (for j=2,3,...,27). According to Eq. (5.162),

2k, 2k,
ey kzh 2 byt b= 4y =0 (5.165)

Since k; =5 x 102 mm/s and k, = 2.5 x 107> mm/s,

2k 2(5)x102 o,
ki+k, (54+2.5)x10-2

-2
2k 22.5)x102

ki+k, (54+2.5)x1072
Using the above values, Eq. (5.165) can be rewritten as

Bijeny+1.333h 15+ by +0.667h, 1, —4b,

(i,j+ (i) =

As in step 4, calculate the residual R by using the heads in
Figure 5.38a. The corrected values of the heads are given by b, , +R/4.
These are shown in Figure 5.38b. Note that, owing to symmetry, the
head at the grid point i = 5 and j =28 is 50, as assumed initially.
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6. Consider the rows i =6,7,...,12. The h; , for i=6,7,..., 12 and
j=2,3,...,27 can be found by using Eq. (5 164). Fmd the corrected
head in a manner similar to that in step 4. The heads at j =28 are all
50, as assumed. These values are shown in Figure 5.38b.

7. Consider row i =13. The b, fori=13 and j=2, 3,..., 27 can be
found from Eq. (5.154), (b, +2h2 +hy)—4h, =0, or

by +2bG g+ by =4k, =

With proper values of the head given in Figure 5.384, find the residual
and the corrected heads as in step 3. Note that ;3 55 = 50 owing to
symmetry. These values are given in Figure 5.38b.

8. With the new heads, repeat steps 3-7. This iteration must be carried
out several times until the residuals are negligible.

Figure 5.38¢ shows the corrected hydraulic heads after ten iterations. With
these values of b, the equipotential lines can now easily be drawn.

5.19 Seepage force per unit volume of soil mass

Flow of water through a soil mass results in some force being exerted on the
soil itself. To evaluate the seepage force per unit volume of soil, consider
a soil mass bounded by two flow lines ab and c¢d and two equipotential
lines ef and gh, as shown in Figure 5.39. The soil mass has unit thick-
ness at right angles to the section shown. The self-weight of the soil mass

£ d4

Figure 5.39 Seepage force determination.
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is (length)(width)(thickness)(y.,) = (L)(L)(1)(Vs) = L* V- The hydrostatic
force on the side ef of the soil mass is (pressure head)(L)(1) = b, 7y, L. The
hydrostatic force on the side gh of the soil mass is b, Ly,,. For equilibrium,

AF = by, L+L*y, sina—h,y,L (5.166)
However, b, + Lsina = b, + Ab, so

hy=h,+Lsina—Ab (5.167)
Combining Egs. (5.166) and (5.167),

AF = by, L+L*y, sina— (b, + Lsina— Ah)y, L
or

AF = L2(y,, —vy)sina+Aby L =1y sina + Aby,L (5.168)
submerged seepage
unit weight  force
of soil

where y' = y,,, — V,,- From Eq. (5.168) we can see that the seepage force on
the soil mass considered is equal to Aby, L. Therefore

Aby, L
12

Ab

Seepage force per unit volume of soil mass =

where i is the hydraulic gradient.

5.20 Safety of hydraulic structures against piping

When upward seepage occurs and the hydraulic gradient 7 is equal to i,
piping or bheaving originates in the soil mass:

.Y
by = —

Yw

;o _ _ G57w+eyw _ _ (GS_]‘)YW
y_ysat ‘}/W_ 1+€ ’}Iw_ 1+e
So,
T Gy—1

=L = (5.170)
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For the combinations of G, and e generally encountered in soils, i, varies
within a range of about 0.85-1.1.

Harza (1935) investigated the safety of hydraulic structures against pip-
ing. According to his work, the factor of safety against piping, F, can be

defined as

Fg= - (5.171)
1

exit

where i, is the maximum exit gradient. The maximum exit gradient can
be determined from the flow net. Referring to Figure 5.27, the maximum
exit gradient can be given by Ah/I (Ab is the head lost between the last
two equipotential lines, and / the length of the flow element). A factor
of safety of 3-4 is considered adequate for the safe performance of the
structure. Harza also presented charts for the maximum exit gradient of
dams constructed over deep homogeneous deposits (see Figure 5.40). Using
the notations shown in Figure 5.40, the maximum exit gradient can be
given by

i =c’? (5.172)

exit —

o9

A theoretical solution for the determination of the maximum exit gradient
for a single row of sheet pile structures as shown in Figure 5.26 is available
(see Harr, 1962) and is of the form

1 maximum hydraulic head

Lexit = (5173)

7 depth of penetration of sheet pile

Lane (1935) also investigated the safety of dams against piping and sug-
gested an empirical approach to the problem. He introduced a term called
weighted creep distance, which is determined from the shortest flow path:

L
L,= 23 L (5.174)

where

L, = weighted creep distance

> L,=Ly +L,+--=sum of horizontal distance along shortest flow path
(see Figure 5.41)
>L,=L, +L, +---=sum of vertical distances along shortest flow path

(see Figure 5.41)
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0.5
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Figure 5.40 Critical exit gradient [Eq. (5.172)].

Once the weighted creep length has been calculated, the weighted creep
ratio can be determined as (Figure 5.41)

L
Weighted creep ratio = erz (5.175)

For a structure to be safe against piping, Lane suggested that the weighted
creep ratio should be equal to or greater than the safe values shown in
Table 5.4.

If the cross-section of a given structure is such that the shortest flow path
has a slope steeper than 45°, it should be taken as a vertical path. If the
slope of the shortest flow path is less than 45°, it should be considered as
a horizontal path.
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Figure 5.41 Calculation of weighted creep distance.

Table 5.4 Safe values for the weighted creep ratio

Material Safe weighted creep ratio
Very fine sand or silt 85

Fine sand 7.0

Medium sand 6.0

Coarse sand 5.0

Fine gravel 4.0

Coarse gravel 3.0

Soft to medium clay 2.0-3.0

Hard clay 1.8

Hard pan 1.6

Terzaghi (1922) conducted some model tests with a single row of sheet
piles as shown in Figure 5.42 and found that the failure due to piping
takes place within a distance of D/2 from the sheet piles (D is the depth of
penetration of the sheet pile). Therefore, the stability of this type of structure
can be determined by considering a soil prism on the downstream side of
unit thickness and of section D x D/2. Using the flow net, the hydraulic
uplifting pressure can be determined as
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Figure 5.42 Failure due to piping for a single-row sheet pile structure.

1
U= 3%,Dh, (5.176)

where b, is the average hydraulic head at the base of the soil prism. The sub-
merged weight of the soil prism acting vertically downward can be given by

1
W = Ey/Dz (5.177)

Hence the factor of safety against heave is
W _avD Dy
° U %’YWDba ha Yw

(5.178)

A factor of safety of about 4 is generally considered adequate.

For structures other than a single row of sheet piles, such as that
shown in Figure 5.43, Terzaghi (1943) recommended that the sta-
bility of several soil prisms of size D/2 x D' x 1 be investigated to
find the minimum factor of safety. Note that 0 < D' < D. How-
ever, Harr (1962, p. 125) suggested that a factor of safety of 4-
5 with D' = D should be sufficient for safe performance of the
structure.
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Figure 5.43 Safety against piping under a dam.

ExampLE 5.8

A flow net for a single row of sheet piles is given in Figure 5.26.

(a) Determine the factor of safety against piping by Harza’s method.
() Determine the factor of safety against piping by Terzaghi’s method
[Eq. (5.178)]. Assume y' = 10.2kN/m”.

SOLUTION Part a:

. Ah 3-0.5 3-0.5
Texit = T Ab = Nd = 6 =0.417m

The length of the last flow element can be scaled out of Figure 5.26 and is
approximately 0.82 m. So,

0.417
Lexit — m =0.509
[We can check this with the theoretical equation given in Eq. (5.173):
feie = (1/m)[(3—0.5)/1.5] = 0.53
which is close to the value obtained above.]

v 10.2kN/m?
1 =

Lot T .04
= T 9.81kN/m?
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Figure 5.44 Factor of safety calculation by Terzaghi’s method.

So the factor of safety against piping is

i 1.04
L =204
i 0.509 0

exit
Part b: A soil prism of cross-section D x D/2 where D = 1.5m, on the
downstream side adjacent to the sheet pile is plotted in Figure 5.44a. The
approximate hydraulic heads at the bottom of the prism can be evaluated
by using the flow net. Referring to Figure 5.26 (note that Ny = 6),

by = %(3 —0.5)=1.25m
2
by=2(3-0.5) = 0.833m
1.8
0.375 (1.25+0.75
R ( : +0.833) —0.917m

Dy’ 1.5x10.2

by, 0.917x9.81

Eg

The factor of safety calculated here is rather low. However, it can be
increased by placing some filter material on the downstream side above the
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ground surface, as shown in Figure 5.44b. This will increase the weight of
the soil prism [W’; see Eq. (5.177)].

ExampLE 5.9

A dam section is shown in Figure 5.45. The subsoil is fine sand. Using
Lane’s method, determine whether the structure is safe against piping.

sOLUTION From Eq. (5.174),
L
Z b4SLL

ZLh=6+10=16m
> L,=1+(8+8)+1+2=20m

L,

16
Ly=% +20=2533m

From Eq. (5.175),

L .
v = =3.17

Weighted creep ratio = H,—H, 10-2

From Table 5.4, the safe weighted creep ratio for fine sand is about 7. Since
the calculated weighted creep ratio is 3.17, the structure is unsafe.

IJM Upstream
!

apron—‘ ‘
SR J*—-ﬁm%l

(IS, F¥ —

Figure 5.45 Safety against piping under a dam by using Lane’s method.
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5.21 Filter design

When seepage water flows from a soil with relatively fine grains into a
coarser material (e.g., Figure 5.44b), there is a danger that the fine soil
particles may wash away into the coarse material. Over a period of time, this
process may clog the void spaces in the coarser material. Such a situation
can be prevented by the use of a filter or protective filter between the two
soils. For example, consider the earth dam section shown in Figure 5.46.
If rockfills were only used at the toe of the dam, the seepage water would
wash the fine soil grains into the toe and undermine the structure. Hence,
for the safety of the structure, a filter should be placed between the fine
soil and the rock toe (Figure 5.46). For the proper selection of the filter
material, two conditions should be kept in mind.

1. The size of the voids in the filter material should be small enough to
hold the larger particles of the protected material in place.

2. The filter material should have a high permeability to prevent buildup
of large seepage forces and hydrostatic pressures in the filters.

Based on the experimental investigation of protective filters, Terzaghi
and Peck (1948) provided the following criteria to satisfy the above
conditions:

D
BB <45 (to satisfy condition 1) (5.179)
Dys g
D
B0 > 4-5 (to satisfy condition 2) (5.180)
D]S(B)
where

D5 = diameter through which 15% of filter material will pass
D5 = diameter through which 15% of soil to be protected will pass
Dy = diameter through which 85% of soil to be protected will pass

Sotl to be
protecled

Figure 5.46 Use of filter at the toe of an earth dam.
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Figure 5.47 Determination of grain-size distribution of soil filters using Egs. (5.179)
and (5.180).

The proper use of Egs. (5.179) and (5.180) to determine the grain-size
distribution of soils used as filters is shown in Figure 5.47. Consider the soil
used for the construction of the earth dam shown in Figure 5.46. Let the
grain-size distribution of this soil be given by curve a in Figure 5.47. We can
now determine 5Dgsp and 5D, and plot them as shown in Figure 5.47.
The acceptable grain-size distribution of the filter material will have to lie
in the shaded zone.

Based on laboratory experimental results, several other filter design cri-
teria have been suggested in the past. These are summarized in Table 5.5.

Table 5.5 Filter criteria developed from laboratory testing

Investigator Year Criteria developed
D D
Bertram 1940 B0 < 0 <9
Dase) Das(e)
. D5 . Dsory
U.S. Corps of Engineers 1948 —— <5 <25;
gSS(B) Dso(e)
156) ~ 90
Dise)
Sherman 1953 For C u(base) < 1.5
15(F) 6: His(F) <20;
Dis@ 15(8)
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Table 5.5 (Continued)

Investigator Year Criteria developed

For 1.5 < Cpase) <4-0:

Disy _¢. Disir _ o,
Dgsg) D5

50 <90
Dsog)

For Cypase) > 4-0:

Pism 5: Dise

Dagsg) Degs(g)
I56) _ 55

< 40;

Dags g

D D
Leatherwood and Peterson 1954 —BO 4, l; 00

Dgsg) 50(B)
Karpoff 1955 Uniform filter:

5< Dso( 2506 < o
50(B)

Well-graded filter:
D5y,

12 < —— <58

50(8)

D
12 < 56« 40; and
15(8)
Parallel grain-size curves

<53

Zweck and Davidenkoff 1957 Base of medium and coarse
uniform sand:

Dsy,
5<—=<I0
50(B)
Base of fine uniform sand:

D5
5<——<I5
50(8)
Base of well-graded fine sand:

D
5 < 200 _ o
50(B)

Note: Dgyr) = diameter through which 50% of the filter passes; Dsyg = diameter through
which 50% of the soil to be protected passes; C, = uniformity coefficient.

5.22 Calculation of seepage through an earth dam
resting on an impervious base

Several solutions have been proposed for determination of the quantity of
seepage through a homogeneous earth dam. In this section, some of these
solutions will be considered.
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Figure 5.48 Dupuit’s solution for flow through an earth dam.

Dupuit’s solution

Figure 5.48 shows the section of an earth dam in which ab is the phreatic
surface, i.e., the uppermost line of seepage. The quantity of seepage through
a unit length at right angles to the cross-section can be given by Darcy’s
law as g = kiA.

Dupuit (1863) assumed that the hydraulic gradient 7 is equal to the slope
of the free surface and is constant with depth, i.e., i = dz/dx. So

dz dz

g =kl =k

d H,

/ q dx = kz dz

0 H,
R 2

gd = Z(Hl —H;)

or
g= ﬁ(Hz—HZ) (5.181)
zd 1 2 .

Equation (5.181) represents a parabolic free surface. However, in the
derivation of the equation, no attention has been paid to the entrance or
exit conditions. Also note that if H, = 0, the phreatic line would intersect
the impervious surface.

Schaffernak’s solution

For calculation of seepage through a homogeneous earth dam. Schaffernak
(1917) proposed that the phreatic surface will be like line ab in Figure 5.49,
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Figure 5.49  Schaffernak’s solution for flow through an earth dam.

i.e., it will intersect the downstream slope at a distance I from the impervious
base. The seepage per unit length of the dam can now be determined by
considering the triangle bcd in Figure 5.49:

g=kiA A= (bd)(1)=IsinB

From Dupuit’s assumption, the hydraulic gradient is given by i = dz/dx =
tan 3. So,

q= kzﬁ = (k)(/sin B)(tan B) (5.182)
dx
or
H d
[ z dz:[ (Isin B)(tan B)dx
Isinf lcosB
%(H2 — I sin* B) = (I'sin B)(tan B)(d — I cos B)
1,5, 5 .5 _sinz,B 3
E(H —[7sin 'B)_lcosﬂ(d [ cos B)
H?cos B B I>cos g
> s’ > =Ild—Icosf
lzcosB—Zld—f-w:O (5.183)
sin” 3

1 Zdi\/4d2 — 4[(H? cos® B)/ sin? B]
- 2cospf
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Figure 5.50 Graphical construction for Schaffernak’s solution.
SO
d d? H?
I= - - (5.184)
cosfB cos’  sin°fB

Once the value of | is known, the rate of seepage can be calculated from
the equation g = klsin Btan 3.

Schaffernak suggested a graphical procedure to determine the value of /.
This procedure can be explained with the aid of Figure 5.50.

—_

Extend the downstream slope line bc upward.

Draw a vertical line ae through the point a. This will intersect the
projection of line b¢ (step 1) at point f.

With fc as diameter, draw a semicircle fhc.

Draw a horizontal line ag.

With ¢ as the center and cg as the radius, draw an arc of a circle, gh.
With f as the center and /b as the radius, draw an arc of a circle, hb.
Measure bec = 1.

>

Nk w

Casagrande (1937) showed experimentally that the parabola ab shown in
Figure 5.49 should actually start from the point @’ as shown in Figure 5.51.
Note that aa’ = 0.3A. So, with this modification, the value of d for use in
Eq. (5.184) will be the horizontal distance between points @’ and c.
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Figure 5.52 L. Casagrande’s solution for flow through an earth dam (Note: length
of the curve da’bc = S).

L. Casagrande’s solution

Equation (5.187) was obtained on the basis of Dupuit’s assumption that
the hydraulic gradient i is equal to dz/dx. Casagrande (1932) suggested
that this relation is an approximation to the actual condition. In reality (see
Figure 5.52),

_dz
 ds
For a downstream slope of B > 30°, the deviations from Dupuit’s

assumption become more noticeable. Based on this assumption [Eq. (5.185)],
the rate of seepage is g = kiA. Considering the triangle bcd in Figure 5.52,

i (5.185)

=B _Gnp A= (b)) =Ising
ds
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So

dz

5= klsin* B (5.186)

q="k
or
H s
/ z dz/ (Isin” B) ds
IsinB !
where s is the length of the curve a’bc. Hence

%(HZ — P sin® B) = I'sin® B(s— 1)

H? — *sin* B = 2lssin* B — 2> sin* B
H2
PP=2ls+——=0 (5.187)

sin’

The solution to Eq. (5.187) is

H2
l=s— [s*—— (5.188)
sin” 3

With about a 4-5% error, we can approximate s as the length of the
straight line a’c. So,

s=vd2+H? (5.189)

Combining Egs. (5.188) and (5.189),

| =vd?+H?—/d>— H?cot? B (5.190)

Once [ is known, the rate of seepage can be calculated from the equation
g = klsin*

A solution that avoids the approximation introduced in Eq. (5.190) was
given by Gilboy (1934) and put into graphical form by Taylor (1948), as
shown in Figure 5.53. To use the graph,

Determine d/H.

For given values of d/H and B, determine .
Calculate [ = mH/sin B.

Calculate g = kl'sin* B.

el .
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Figure 5.53 Chart for solution by L. Casagrande’s method based on Gilboy’s solu-
tion.

Pavlovsky’s solution

Pavlovsky (1931; also see Harr, 1962) also gave a solution for calculation
of seepage through an earth dam. This can be explained with reference to
Figure 5.54. The dam section can be divided into three zones, and the rate
of seepage through each zone can be calculated as follows.

Zone | (area agOf)
In zone I the seepage lines are actually curved, but Pavlovsky assumed that
they can be replaced by horizontal lines. The rate of seepage through an
elementary strip dz can then be given by

dq=FkidA

dA = (dz)(1) =dz
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Figure 5.54 Pavlovsky’s solution for seepage through an earth dam.

loss of head, [, [
1= =
length of flow  (Hy;—z)cotp,

So,

B ok kl, kI H,
q—/dq—/o (Hy —z)cot B, dz_cotﬁl lan—hl

However, [, = H—h,. So,

k(H — h,) In H,
cot B, H,—h,

(5.191)

q:

Zone Il (area Ogbd)

The flow in zone II can be given by the equation derived by Dupuit
[Eq. (5.181)]. Substituting b, for H,, b, for H,, and L for d in Eq. (5.181),
we get

k

q:i(h%—hﬁ) (5.192)

where

L =B+ (Hy—h,)cotB, (5.193)
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Zone Il (area bcd)

As in zone I, the stream lines in zone III are also assumed to be horizontal:

kb,
g= k/ Cotﬁz = s, (5.194)

Combining Egs. (5.191)—(5.193),

e B (B ke (5.195)
27 cotp, M cotp, ¢ ! ’

From Egs. (5.191) and (5.194),

H-h,,  H, b,
n =
cotB, Hy;—h, cotp,

(5.196)

Equations (5.195) and (5.196) contain two unknowns, b, and b,, which
can be solved graphically (see Ex. 5.10). Once these are known, the rate of
seepage per unit length of the dam can be obtained from any one of the
equations (5.191), (5.192), and (5.194).

Seepage through earth dams with k, # k,

If the soil in a dam section shows anisotropic behavior with respect to
permeability, the dam section should first be plotted according to the trans-
formed scale (as explained in Sec. 5.16):

All calculations should be based on this transformed section. Also, for
calculating the rate of seepage, the term k& in the corresponding equations

should be equal to \/k,k,.

ExampLE 5.10

The cross-section of an earth dam is shown in Figure 5.55. Calculate the
rate of seepage through the dam [g in m3/(min -m)] by (a) Dupuit’s method;
(b) Schaffernak’s method; (¢) L. Casagrande’s method; and (d) Pavlovsky’s
method.



Permeability and seepage 259

5 m—

0350

k= 3u 10" mimin

x )] x x L T 4 x L w r L L S 4

o
|Impermeable layer

MmO ———— M- M fIm———#

Figure 5.55 Seepage through an earth dam.

SOLUTION Part a, Dupuit’s method: From Eq. (5.181),

k
4= s (H )
From Figure 5.55, H, =25m and H, = 0; also, d (the horizontal distance
between points a and ¢) is equal to 60+ 5+ 10 = 75 m. Hence
3% 107
- 2x7S

Part b, Schaffernak’s method: From Egs. (5.182) and (5.184),

(25> =12.5 x 10~* m?/(min - m)

d d? H?

cosB \ cos?B  sin? B

q = (k)(I'sin B)(tan B) /=

Using Casagrande’s correction (Figure 5.51), d (the horizontal distance
between @’ and ¢) is equal to 60+ 5+10+15 = 90m. Also,

1
B=tan"! 5= 26.57° H=25m

So,

%0 9 \ 25\
"~ cos 26.57° cos 26.57° sin 26.57°

= 100.63 —/(100.63)2 — (55.89)2 = 16.95 m
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g =(3x107%)(16.95)(sin 26.57°)(tan 26.57°) =11.37 x 10~*m?/(min - m)

Part ¢: L. Casagrande’s method: We will use the graph given in
Figure 5.53.

d 90
= = —=—=3.6 =26.57°
d=90m H=25m =755 B

From Figure 5.53, for §=26.57° and d/H = 3.6, m =0.34 and

34 (2
o _039@3) g4,
sinB  sin26.57°

g =kl sin” B=(3x107%)(19.0)(sin26.57°)> = 11.4 x 10~* m?/(min - m)

Part d: Pavlovsky’s method: From Egs. (5.195) and (5.196),

B B S
by = cot 3, +Hd_\/(cot,82 +Hd> —h

cot B, " H,—h, cotp,

From Figure 5.55, B=5m, cotfB, =cot26.57°=2, H;=30m, and H =
25 m. Substituting these values in Eq. (5.198), we get

5 5 :
h2=5+30— <E+3O> —h?

or

b, =32.5—,/1056.25 — h? (ES.1)

Similarly, from Eq. (5.196),

25-hy, 30 b

2 30—h, 2

or
30

hZ = (25—1’)1)11'130—_}]1

(ES.2)

Egs. (E5.1) and (ES5.2) must be solved by trial and error:
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h;(m) h, from h, from
Eq. (E5.1) (m) Eq. (E5.2) (m)

2 0.062 1.587
4 0.247 3.005
6 0.559 4.240
8 1.0 5.273
10 1.577 6.082
12 2.297 6.641
14 3.170 6.915
16 4211 6.859
18 5.400 6.414
20 6.882 5.493

Using the values of b, and b, calculated in the preceding table, we can
plot the graph as shown in Figure 5.56, and from that, »; = 18.9m and
h, = 6.06 m. From Eq. (5.194),

b 10-4)(6.
q=cﬁt;3 _Bx 02>(6 %) _ 9.09 x 10-* m?/(min-m)
2

Fq (E5I)

Eq (E5.2)

) L I b i
1Q 12 14 16 1 20

h {m)

Figure 5.56 Plot of h, against h,.
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5.23 Plotting of phreatic line for seepage through
earth dams

For construction of flow nets for seepage through earth dams, the phreatic
line needs to be established first. This is usually done by the method pro-
posed by Casagrande (1937) and is shown in Figure 5.57a. Note that aefb
in Figure 5.57a is the actual phreatic line. The curve a’efb'c’ is a parabola
with its focus at ¢’; the phreatic line coincides with this parabola, but with
some deviations at the upstream and the downstream faces. At a point a,
the phreatic line starts at an angle of 90° to the upstream face of the dam
and aa’ = 0.3A.
The parabola a’efb'c’ can be constructed as follows:

. 4 N Directrix

Coelficient of

permeability & .
L
g e S| ¢ e
-
-[E.:I - 7
—H P
z
& .
Directrix

g ] .y
\\
\\

/-er

{b)

Figure 5.57 Determination of phreatic line for seepage through an earth dam.
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1. Let the distance c¢c’ be equal to p. Now, referring to Figure 5.57b,
Ac = AD (based on the properties of a parabola), Ac = +/x%+ 22, and
AD = 2p+ x. Thus,

Va2 +22 =2p+x (5.197)

At x =d, z = H. Substituting these conditions into Eq. (5.197) and
rearranging, we obtain

p=1 (V&I -d) (5.198)

Since d and H are known, the value of p can be calculated.
2. From Eq. (5.197),

X+ =4pP +x* +4px
2_ap
e (5.199)
4p

With p known, the values of x for various values of z can be calculated
from Eq. (5.199), and the parabola can be constructed.

To complete the phreatic line, the portion ae must be approximated
and drawn by hand. When B < 30°, the value of / can be calculated from
Eq. (5.184) as

d d? H?

cosB  \ cos2B  sin? B

/=

Note that [ = bc in Figure 5.57a. Once point b has been located, the curve
b can be approximately drawn by hand.

If B > 30°, Casagrande proposed that the value of Al can be determined
by using the graph given in Figure 5.58. In Figure 5.57a, b'b = Al, and
bc = 1. After locating the point b on the downstream face, the curve fb can
be approximately drawn by hand.

5.24 Entrance, discharge, and transfer conditions
of line of seepage through earth dams

A. Casagrande (1937) analyzed the entrance, discharge, and transfer con-
ditions for the line of seepage through earth dams. When we consider the
flow from a free-draining material (coefficient of permeability very large;
k, ~ oo into a material of permeability k,, it is called an entrance. Similarly,
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Figure 5.58 Plot of Al/(I+ Al) against downstream slope angle (After Casagrande,
1937).

when the flow is from a material of permeability k, into a free-draining
material (k, &~ 00), it is referred to as discharge. Figure 5.59 shows various
entrance, discharge, and transfer conditions. The transfer conditions show
the nature of deflection of the line of seepage when passing from a material
of permeability k; to a material of permeability k,.

Using the conditions given in Figure 5.59, we can determine the nature
of the phreatic lines for various types of earth dam sections.

5.25 Flow net construction for earth dams

With a knowledge of the nature of the phreatic line and the entrance, dis-
charge, and transfer conditions, we can now proceed to draw flow nets for
earth dam sections. Figure 5.60 shows an earth dam section that is homo-
geneous with respect to permeability. To draw the flow net, the following
steps must be taken:

1. Draw the phreatic line, since this is known.

2. Note that ag is an equipotential line and that gc is a flow line.

3. It is important to realize that the pressure head at any point on the
phreatic line is zero; hence the difference of total head between any two
equipotential lines should be equal to the difference in elevation between
the points where these equipotential lines intersect the phreatic line.
Since loss of hydraulic head between any two consecutive equipotential
lines is the same, determine the number of equipotential drops, Ny, the
flow net needs to have and calculate Ah = h/N,.
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Figure 5.60 Flow net construction for an earth dam.

4. Draw the head lines for the cross-section of the dam. The points of
intersection of the head lines and the phreatic lines are the points from
which the equipotential lines should start.

5. Draw the flow net, keeping in mind that the equipotential lines and
flow lines must intersect at right angles.

6. The rate of seepage through the earth dam can be calculated from the
relation given in Eq. (5.125), g = kh(N;/Ny).

In Figure 5.60 the number of flow channels, N, is equal to 2.3. The top
two flow channels have square flow elements, and the bottom flow channel
has elements with a width-to-length ratio of 0.3. Also, N; in Figure 5.60 is
equal to 10.

If the dam section is anisotropic with respect to permeability, a trans-
formed section should first be prepared in the manner outlined in Sec. 5.15.
The flow net can then be drawn on the transformed section, and the rate
of seepage obtained from Eq. (5.131).

Figures 5.61 and 5.62 show some typical flow nets through earth dam
sections.

A flow net for seepage through a zoned earth dam section is shown in
Figure 5.63. The soil for the upstream half of the dam has a permeability
k,, and the soil for the downstream half of the dam has a permeability
k, = Sk,. The phreatic line must be plotted by trial and error. As shown in
Figure 5.34b, here the seepage is from a soil of low permeability (upstream
half) to a soil of high permeability (downstream half). From Eq. (5.132),

ki _by/l

ky, b/l




Imparmezble layer

Figure 5.61 Typical flow net for an earth dam with rock toe filter.

Impermeable layer

Figure 5.62 Typical flow net for an earth dam with chimney drain.
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Figure 5.63 Flow net for seepage through a zoned earth dam.
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If b, =1, and k, = 5k, b,/l, =1/5. For that reason, square flow elements
have been plotted in the upstream half of the dam, and the flow elements
in the downstream half have a width-to-length ratio of 1/5. The rate of
seepage can be calculated by using the following equation:

h h
g="~k EN““ = kzﬁde(z) (5.200)

where N is the number of full flow channels in the soil having a perme-
ability k;, and Ny is the number of full flow channels in the soil having a
permeability k,.

PROBLEMS

5.1 The results of a constant head permeability test on a fine sand are as fol-
lows: area of the soil specimen 180 cm?, length of specimen 320 mm, constant head
maintained 460 mm, and flow of water through the specimen 200 mL in 5 min.
Determine the coefficient of permeability.

5.2 The fine sand described in Prob. 5.1 was tested in a falling-head permeameter,
and the results are as follows: area of the specimen 90 cm?, length of the specimen
320 mm, area of the standpipe 5cm?, and head difference at the beginning of the
test 1000 mm. Calculate the head difference after 300s from the start of the test
(use the result of Prob. 5.1).

5.3 The sieve analysis for a sand is given in the following table. Estimate the

coefficient of permeability of the sand at a void ratio of 0.5. Use Eq. (5.50) and
SF=6.5.

U.S. sieve no. Percent passing
30 100
40 80
60 68

100 28

200 0

5.4 For a normally consolidated clay, the following are given:

Void ratio k(cm/s)
0.8 [.2x10°¢
1.4 3.6x107¢

Estimate the coefficient of permeability of the clay at a void ratio, e = 0.62. Use the
equation proposed by Samarsinghe et al. (Table 5.3.)

5.5 A single row of sheet pile structure is shown in Figure P5.1.
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Figure P5.1
(@) Draw the flow net.
(b) Calculate the rate of seepage.

Calculate the factor of safety against piping using Terzaghi’s method
[Eq. (5.178)] and then Harza’s method.

—_
o

5.6 For the single row of sheet piles shown in Figure P5.1, calculate the hydraulic
heads in the permeable layer using the numerical method described in Sec. 5.17.
From these results, draw the equipotential lines. Use Az = Ax =2 m.

5.7 A dam section is shown in Figure P5.2 Given k, =9 x 107 mm/s and k, =
1 x 10~ mmy/s, draw a flow net and calculate the rate of seepage.

5.8 A dam section is shown in Figure P5.3 Using Lane’s method, calculate the
weighted creep ratio. Is the dam safe against piping?

5.9 Refer to Figure P5.4. Given for the soil are G, =2.65 and e =0.5. Draw a
flow net and calculate the factor of safety by Harza’s method.

5.10 For the sheet pile structure shown Figure P5.5.

d=25m H;=3m k; =4 %1073 mm/s
d;=5m H,=1m ky =2x1073mm/s
d,=5m

(a) Draw a flow net for seepage in the permeable layer.
(b) Find the exit gradient.

5.11 An earth dam section is shown in Figure P5.6 Determine the rate of seepage
through the earth dam using (@) Dupuit’s method; (b) Schaffernak’s method; and
(c) L. Casagrande’s method. Assume that k= 10~ m/min.
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5.12 Repeat Prob. 5.9 assuming that k, = 4 x 10 m/min and k, = 1 x
10~ m/min.

5.13 For the earth dam section shown in Figure P5.6, determine the rate of seepage
through the dam using Pavlovsky’s solution. Assume that k =4 x 107> mm/s.

5.14 An earth dam section is shown in Figure P5.7. Draw the flow net and calculate
the rate of seepage given k= 0.055 cm/min.

5.15 An earth dam section is shown in Figure P5.8. Draw the flow net and calculate
the rate of seepage given k=2 x 10~*cmy/s.

5.16 An earth dam section is shown in Figure P5.9. Draw the flow net and calculate
the rate of seepage given k = 3 x 10~° m/min.
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Chapter 6

Consolidation

6.1 Introduction

When a soil layer is subjected to a compressive stress, such as during the
construction of a structure, it will exhibit a certain amount of compres-
sion. This compression is achieved through a number of ways, including
rearrangement of the soil solids or extrusion of the pore air and/or water.
According to Terzaghi (1943), “a decrease of water content of a satu-
rated soil without replacement of the water by air is called a process of
consolidation.” When saturated clayey soils—which have a low coefficient
of permeability—are subjected to a compressive stress due to a founda-
tion loading, the pore water pressure will immediately increase; however,
because of the low permeability of the soil, there will be a time lag between
the application of load and the extrusion of the pore water and, thus, the
settlement. This phenomenon, which is called consolidation, is the subject
of this chapter.

To understand the basic concepts of consolidation, consider a clay layer
of thickness H, located below the groundwater level and between two highly
permeable sand layers as shown in Figure 6.14. If a surcharge of intensity
Ao is applied at the ground surface over a very large area, the pore water
pressure in the clay layer will increase. For a surcharge of infinite extent, the
immediate increase of the pore water pressure, Au, at all depths of the clay
layer will be equal to the increase of the total stress, Ao. Thus, immediately
after the application of the surcharge,

Au= Ao

Since the total stress is equal to the sum of the effective stress and the pore
water pressure, at all depths of the clay layer the increase of effective stress
due to the surcharge (immediately after application) will be equal to zero
(i.e., Ao’ =0, where A¢” is the increase of effective stress). In other words,
at time ¢ = 0, the entire stress increase at all depths of the clay is taken by
the pore water pressure and none by the soil skeleton. It must be pointed
out that, for loads applied over a limited area, it may not be true that the
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Figure 6.1 Principles of consolidation.

increase of the pore water pressure is equal to the increase of vertical stress
at any depth at time ¢ = 0.

After application of the surcharge (i.e., at time # > 0), the water in the
void spaces of the clay layer will be squeezed out and will flow toward both
the highly permeable sand layers, thereby reducing the excess pore water
pressure. This, in turn, will increase the effective stress by an equal amount,
since Ac’ +Au = Ao. Thus at time ¢ > 0,

Ad’ >0
and

Au < Ao
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Theoretically, at time ¢ = oo the excess pore water pressure at all
depths of the clay layer will be dissipated by gradual drainage. Thus at

time ¢ = oo,
Ao’ =Ac
and
Au=0
Following is a summary of the variation of Ao, Au, and Ac¢’ at various

times. Figure 6.1b and ¢ show the general nature of the distribution of Au
and A¢’ with depth.

Time, t Total stress Excess pore water Effective stress
increase, Ao pressure, Au increase, Ao’

0 Ao Ao 0

>0 Ao <Ac >0

00 Ao 0 Ao

This gradual process of increase in effective stress in the clay layer due
to the surcharge will result in a settlement that is time-dependent, and is
referred to as the process of consolidation.

6.2 Theory of one-dimensional consolidation

The theory for the time rate of one-dimensional consolidation was first
proposed by Terzaghi (1925). The underlying assumptions in the derivation
of the mathematical equations are as follows:

1. The clay layer is homogeneous.

2. The clay layer is saturated.

3. The compression of the soil layer is due to the change in volume only,
which in turn, is due to the squeezing out of water from the void spaces.

4. Darcy’s law is valid.

Deformation of soil occurs only in the direction of the load application.

6. The coefficient of consolidation C, [Eq. (6.15)] is constant during the
consolidation.

L

With the above assumptions, let us consider a clay layer of thickness H,
as shown in Figure 6.2. The layer is located between two highly permeable
sand layers. When the clay is subjected to an increase of vertical pressure,
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Figure 6.2  Clay layer undergoing consolidation.

Ao, the pore water pressure at any point A will increase by #. Consider an
elemental soil mass with a volume of dx-dy-dz at A; this is similar to the
one shown in Figure 5.24b. In the case of one-dimensional consolidation,
the flow of water into and out of the soil element is in one direction only,
i.e., in the z direction. This means that q,, q,, dq,, and dq, in Figure 5.24b
are equal to zero, and thus the rate of flow into and out of the soil element
can be given by Egs. (5.87) and (5.90), respectively. So,

(g, +dq,) — q, = rate of change of volume of soil element
4
ot

where
V =dx dy dz (6.2)

Substituting the right-hand sides of Egs. (5.87) and (5.90) into the left-hand
side of Eq. (6.1), we obtain

b A%
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where k is the coefficient of permeability [k, in Egs. (5.87) and (5.90)].
However,

h=— (6.4)
VW

where 7, is the unit weight of water. Substitution of Eq. (6.4) into Eq. (6.3)
and rearranging gives

k *u 1 A%

Voo dxdy de it (6-5)

During consolidation, the rate of change of volume is equal to the rate of
change of the void volume. So,

av. - aV,
Y (6.6)
ot ot

where V, is the volume of voids in the soil element. However,
V, =¢éV, (6.7)

where V is the volume of soil solids in the element, which is constant, and
e is the void ratio. So,

v de V' de dxdydz e

MR v S — = 6.8
at ‘ot 1+eot 1+e ot (6.8)
Substituting the above relation into Eq. (6.5), we get
k 9 1 0
Y ¢ (6.9)

Yy 022 1+edt

The change in void ratio, de, is due to the increase of effective stress;
assuming that these are linearly related, then

de = —a,d(Ac”) (6.10)

where a, is the coefficient of compressibility. Again, the increase of effective
stress is due to the decrease of excess pore water pressure, du. Hence

de =a,0u (6.11)
Combining Egs. (6.9) and (6.11) gives

k 9*u a, ou u
- = — =m. —
Yo 022 1+4e ot v ot

(6.12)
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where
m,, = coefficient of volume compressibility = 16_1: (6.13)
e
d k9 0
or 2 X 2" _o2% (6.14)
at  y,m, 922 922
where

C, = coefficient of consolidation = (6.15)

WmU

Equation (6.14) is the basic differential equation of Terzaghi’s consolida-
tion theory and can be solved with proper boundary conditions. To solve
the equation, we assume # to be the product of two functions, i.e., the
product of a function of z and a function of ¢, or

uw=FRGW (6.16)
So,

‘;—‘; :F(z)%G(t) —FRIG() (6.17)
and

Fu_ & kG = FRGE (6.18)

0z 0z

From Egs. (6.14), (6.17), and (6.18),
F(z)G'(r) = C,F"(z)G(2)

or

F'(z) G'(1)

Flz) _ C,G(H

(6.19)

The right-hand side of Eq. (6.19) is a function of z only and is independent
of #; the left-hand side of the equation is a function of # only and is
independent of z. Therefore they must be equal to a constant, say, —B?. So,

F'(z) = —B*F(2) (6.20)
A solution to Eq. (6.20) can be given by

F(z) = A cosBz+ A,sin Bz (6.21)
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where A; and A, are constants.
Again, the right-hand side of Eq. (6.19) may be written as

G'(t) = —B*C,G(t) (6.22)
The solution to Eq. (6.22) is given by
G(t) = A; exp(—B*C,1) (6.23)
where A; is a constant. Combining Egs. (6.16), (6.21), and (6.23),

u = (A, cos Bz+ A, sin Bz)A; exp(—B*C,t)
= (A, cos Bz + A sin Bz) exp(—B*C,t) (6.24)

where A, = A|A; and A; = A, A;.
The constants in Eq. (6.24) can be evaluated from the boundary condi-
tions, which are as follows:

1. Attime ¢t =0, u=u, (initial excess pore water pressure at any depth).
2. u=0atz=0.
3. u=0atz=H,=2H.

Note that H is the length of the longest drainage path. In this case, which
is a twoway drainage condition (top and bottom of the clay layer), H is
equal to half the total thickness of the clay layer, H,.

The second boundary condition dictates that A, =0, and from the third
boundary condition we get

Assin2BH=0 or 2BH=nmw

where 7 is an integer. From the above, a general solution of Eq. (6.24) can
be given in the form

n=oo 32 2T
u= ;An sin%exp (%) (6.25)

where T, is the nondimensional time factor and is equal to C t/H?.

To satisfy the first boundary condition, we must have the coefficients of
A,, such that

n=00

u=Y A, sin% (6.26)

n=1
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Equation (6.26) is a Fourier sine series, and A, can be given by

1 2 nmz
A, = E/o u; sin ﬁdz (6.27)

Combining Egs. (6.25) and (6.27),

n=o0 1 2H . nmz nmwg —7’12’7T2TU
u=>y <E/(; u; sin ﬁdz> smﬁexp (T) (6.28)

n=1

So far, no assumptions have been made regarding the variation of #,; with
the depth of the clay layer. Several possible types of variation for u; are
shown in Figure 6.3. Each case is considered below.

Constant u; with depth

If u; is constant with depth—i.e., if u#; = u, (Figure 6.3a)—then, referring
to Eq. (6.28),

2u,
Hf u,- sm—d _E(l—cosmr)

2 ZT
u=>y E(l—cosnﬂ') sin%exp <%) (6.29)

Note that the term 1 — cosn in the above equation is zero for cases when
n is even; therefore u is also zero. For the nonzero terms it is convenient to
substitute # = 2m + 1, where m is an integer. So Eq. (6.29) will now read

=T 2u, . (2m+1)mz
= —[1 - 2 1 _
u ,,,2::0 (2m+1)77[ cos(2m+1)7|sin TH
|:—(2m+1)2772TU:|
xexp | ———*
4
or
mM=00 2
u= 3y, —AZZO sin —AI/_IIz exp(—M*T,) (6.30)

m=0
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where M = (2m+1)7/2. At a given time the degree of consolidation at any
depth z is defined as

excess pore water pressure dissipated
=

initial excess pore water pressure

= Aog’”  Ad’
_Mimw__w_A0 A0 (6.31)

U; U; U; Uy

where A¢” is the increase of effective stress at a depth z due to consolidation.
From Egs. (6.30) and (6.31),

=2 M
U =1- go —sin ﬁz exp(—M2T)) (6.32)
Figure 6.4 shows the variation of U, with depth for various values of
the nondimensional time factor T,; these curves are called isocrones. Exam-

ple 6.1 demonstrates the procedure for calculation of U, using Eq. (6.32).

Figure 6.4 Variation of U, with z/H and T,.
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ExAMPLE 6.1

Consider the case of an initial excess hydrostatic pore water that is con-
stant with depth, i.e., #; = u, (Figure 6.3¢). For T, = 0.3, determine the
degree of consolidation at a depth H/3 measured from the top of the
layer.

soLUTION From Eq. (6.32), for constant pore water pressure increase,

m=oo 2 ) M‘Z
U=1-) —sin— exp(—M*T,)
o M H

Here z = H/3, or z/H =1/3, and M = 2m+ 1)m/2. We can now make a
table to calculate U,:

l.z/H 173 1/3 173

2.7, 0.3 0.3 0.3

3m 0 | 2

4. M /2 3m/2 5m/2

5. Mz/H /6 )2 57/6

6.2/M 1.273 0.4244 0.2546

7. exp(—M?T,) 04770 000128 ~0

8. sin(Mz/H) 05 1.0 0.5

9. (2/M)lexp(—M?T,) 03036 00005 ~0 Y =0.304I
sin(Mz/H)]

Using the value of 0.3041 calculated in step 9, the degree of consolidation
at depth H/3 is

Upyzy =1-0.3041 = 0.6959 = 69.59%

Note that in the above table we need not go beyond m = 2, since the
expression in step 9 is negligible for m > 3.

In most cases, however, we need to obtain the average degree of consol-
idation for the entire layer. This is given by

H, H,
(1/Ht) u; dz—(l/Hz) udz
U. = /0 /0 (6.33)

av H,
(1/H,) [ de
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The average degree of consolidation is also the ratio of consolidation settle-
ment at any time to maximum consolidation settlement. Note, in this case,
that H, =2H and u; = u,.

Combining Egs. (6.30) and (6.33),

—1- Y %exp(—MzTU) (6.34)

m=0

U

av

Terzaghi suggested the following equations for U,, to approximate the
values obtained from Eq. (6.34):

o 7 (U, %\
For U,, =0-53% : T"_Z( 100 ) (6.35)
For U,, = 53—100% : T,=1.781-0.933 [log(100 — U,,%)]
(6.36)

Sivaram and Swamee (1977) gave the following equation for U,, varying
from 0 to 100%:

Un% _ (4T, /m)*
100~ [1+ (4T,/m)>8]017 (6.37)
or
o, 2
T — (7/4)(U,, % /100) 6.38)

* T 1= (U, %/ 1005757

Equations (6.37) and (6.38) give an error in T, of less than 1% for 0% <
U,, <90% and less than 3% for 90% < U,, < 100%. Table 6.1 gives the
variation of T, with U,, based on Eq. (6.34).

It must be pointed out that, if we have a situation of one-way drainage
as shown in Figures 6.3b and 6.3¢, Eq. (6.34) would still be valid. Note,
however, that the length of the drainage path is equal to the total thickness
of the clay layer.

Linear variation of u;
The linear variation of the initial excess pore water pressure, as shown in
Figure 6.3d, may be written as

H-z
H

(6.39)

u; = Uy — Uy



Table 6.1 Variation of T, with U,

U,, (%) Value of T,

u; = uy = const (Figures 6.3a—) u; = ug sin 37 (Figure 6.3e)
u; = up —u; (B=2) (Figure 6.3d)

0 0 0
I 0.00008 0.0041
2 0.0003 0.0082
3 0.00071 0.0123
4 0.00126 0.0165
5 0.00196 0.0208
6 0.00283 0.0251
7 0.00385 0.0294
8 0.00502 0.0338
9 0.00636 0.0382
10 0.00785 0.0427
I 0.0095 0.0472
12 0.0113 0.0518
13 0.0133 0.0564
14 0.0154 0.0611
15 0.0177 0.0659
16 0.0201 0.0707
17 0.0227 0.0755
18 0.0254 0.0804
19 0.0283 0.0854
20 0.0314 0.0904
21 0.0346 0.0955
22 0.0380 0.101
23 0.0415 0.106
24 0.0452 0.111
25 0.0491 0.117
26 0.0531 0.122
27 0.0572 0.128
28 0.0615 0.133
29 0.0660 0.139
30 0.0707 0.145
31 0.0754 0.150
32 0.0803 0.156
33 0.0855 0.162
34 0.0907 0.168
35 0.0962 0.175
36 0.102 0.181
37 0.107 0.187
38 0.113 0.194
39 0.119 0.200
40 0.126 0.207
41 0.132 0.214
42 0.138 0.221
43 0.145 0.228
44 0.152 0.235
45 0.159 0.242

46 0.166 0.250



0.173
0.18l
0.188
0.196
0.204
0.212
0.221
0.230
0.239
0.248
0.257
0.267
0.276
0.286
0.297
0.307
0.318
0.329
0.304
0.352
0.364
0.377
0.390
0.403
0417
0.431
0.446
0.461
0.477
0.493
0.511
0.529
0.547
0.567
0.588
0.610
0.633
0.658
0.684
0.712
0.742
0.774
0.809
0.848
0.891
0.938
0.993
1.055
1.129
1.219
1.336
1.500
1.781

0.257
0.265
0.273
0.281
0.289
0.297
0.306
0.315
0.324
0.333
0.342
0.352
0.361
0.371
0.382
0.392
0.403
0.414
0.425
0.437
0.449
0.462
0.475
0.488
0.502
0.516
0.531
0.546
0.562
0.578
0.600
0.614
0.632
0.652
0.673
0.695
0.718
0.743
0.769
0.797
0.827
0.859
0.894
0.933
0.976
1.023
1.078
1.140
1.214
1.304
1.420
1.585
1.866
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Substitution of the above relation for #; into Eq. (6.28) yields

=1 H—-z\ . nmz . nmg
u=>y [ﬁfo (“0‘”17) sin ﬁdz:| sin =

n=1

2 2T
X exp (%) (6.40)

The average degree of consolidation can be obtained by solving Egs. (6.40)
and (6.33):

m=0o0 2
Uav =1- Z WCXP(—MZTU)

m=0

This is identical to Eq. (6.34), which was for the case where the excess pore
water pressure is constant with depth, and so the same values as given in
Table 6.1 can be used.

Sinusoidal variation of u;

Sinusoidal variation (Figure 6.3¢) can be represented by the equation

. TR
= = 6.41
u; = g SIN ( )

The solution for the average degree of consolidation for this type of excess
pore water pressure distribution is of the form

—m72T
Uavzl—exp< 7; ) (6.42)

The variation of U,, for various values of T, is given in Table 6.1.

Other types of pore water pressure variation

Figure 6.3f, g, and i~k show several other types of pore water pres-
sure variation. Table 6.2 gives the relationships for the initial excess pore
water pressure variation (#;) and the boundary conditions. These could
be solved to provide the variation of U,, with T, and they are shown in
Figure 6.5.



Table 6.2 Relationships for u; and boundary conditions

Figure u; Boundary conditions
6.3f Timet=0, u=y
uocosﬁ u=0atz=2H
u=0atz=0
6.3g t=0, u=y;
For z <H, %z u=0atz=2H
u=0atz=0
U
Forz>H, 2uy— —z
6.3h t=0, u=y;
U L"_l:z u=0atz=H
u=uyatz=0
6.3i t=0, u=uy;
uﬁo u=uyatz=H
u=0atz=0
6.3 t=0, u=y;
uﬁ° u=ujatz=H
u=0atz=0
6.3k t=0, u=uy;
uof%z u=0atz=H
u=uyatz=0
] - .r—.-a
Iﬂi]l
zn\. e
i \1\
I
\\‘\ Far Fig & 3,4
i’.sa
oF

3]

For Fig. & 1,
N s o

m \\ For Fig 6 3pha
NS
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Figure 6.5 Variation of U,, with T, for initial excess pore water pressure diagrams
shown in Figure 6.3.
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EXAMPLE 6.2

Owing to certain loading conditions, the excess pore water pressure in a
clay layer (drained at top and bottom) increased in the manner shown in
Figure 6.6a. For a time factor T, = 0.3, calculate the average degree of
consolidation.

SOLUTION The excess pore water pressure diagram shown in Figure 6.6a
can be expressed as the difference of two diagrams, as shown in Figure 6.6b
and c. The excess pore water pressure diagram in Figure 6.6b shows a case
where u; varies linearly with depth. Figure 6.6¢ can be approximated as a
sinusoidal variation.

The area of the diagram in Figure 6.6 is

1
A =6 (E) (154 5) = 60kN/m
The area of the diagram in Figure 6.6¢ is

=¢ 7z 6 7z
Ay =) 2sin—dz= [ 2sin—d
2 Z(:) sin S dz /o sin —dz

(@)
Pervious

............................... -f u; (KN/m?)

6m=2H=H,

Pervious

15

5
(b) ©

Figure 6.6 Calculation of average degree of consolidation (T, = 0.3).
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— ) (5) (—cos E)6 L2 % = 7.64kN/m

T 6 /0

The average degree of consolidation can now be calculated as follows:

‘For Figure 6.6b‘ ’For Figure 6.66‘

Uav(T\; = 0.3) = UaV( v O 3) 1 Uav< v O 3) 2
A —A,
: T

’Net area of Figure 6.6a ‘

’ For Figure 6.6a ‘

From Table 6.1 for T, = 0.3, U,, ~ 61% for area A;; U,, ~ 52.3% for

area A,.
So
_ 61(60)—(7.64)52.3  3260.43 o
Un = 60—7.64 5236 62.3%

ExaMPLE 6.3

A uniform surcharge of g = 100kN/m” is applied on the ground surface as
shown in Figure 6.74.

(a) Determine the initial excess pore water pressure distribution in the clay
layer.

(b) Plot the distribution of the excess pore water pressure with depth in
the clay layer at a time for which T, =0.5.

SOLUTION Part a: The initial excess pore water pressure will be 100 kN/m”
and will be the same throughout the clay layer (Figure 6.7a).

Part b: From Eq. (6.31), U, =1—u/u;, or u=u,(1-"U,). For T, =0.5
the values of U, can be obtained from the top half of Figure 6.4 as shown
in Figure 6.7b, and then the following table can be prepared:

Figure 6.7c shows the variation of excess pore water pressure with depth.



z/H z(m) U, u=u/(l—-U,)
(kN/m?)
0 0 0.63 37
0.2 I 0.65 35
0.4 2 0.71 29
06 3 078 22
08 4 0.89 11
1.0 5 | 0

Rock
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Figure 6.7 Excess pore water pressure distribution.
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ExAMPLE 6.4

Refer to Figure 6.3e. For the sinusoidal initial excess pore water pressure
distribution, given

u; =50 sin (E

ZH) kN/m”

assume H;, = 2H = 5m. Calculate the excess pore water pressure at the
midheight of the clay layer for T, = 0.2, 0.4, 0.6, and 0.8.

soLUTION From Eq. (6.28),

=1 MM onmz . nmz —n*7T,
u=>y <E/o u; sin ﬁdz> (sm ﬁ) exp( y) )

n=1

term A

Let us evaluate the term A:

H/ u; sm—dz

or

=5 / 50sin ﬁ sin ﬁdz

Note that the above integral is zero if 7 # 1, and so the only nonzero term
is obtained when 7 = 1. Therefore

50 p2H 7z 50
A== in” =—=H=
Hly S ag®= =30

Since only for 7 =1 is A not zero,

—m72T
M—SOSIHW—ZCXP< il “)

2H 4

At the midheight of the clay layer, z = H, and so

—7*T —7*T
u=505ingexp< T; U):50 exp( T; ")
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The values of the excess pore water pressure are tabulated below:

—m2T
T, u=50exp( 7; ) (kN/m?)
02 30.52
0.4 18.64
0.6 1138
0.8 6.95

6.3 Degree of consolidation under time-dependent
loading

Olson (1977) presented a mathematical solution for one-dimensional con-
solidation due to a single ramp load. Olson’s solution can be explained with
the help of Figure 6.8, in which a clay layer is drained at the top and at
the bottom (H is the drainage distance). A uniformly distributed load ¢ is
applied at the ground surface. Note that g is a function of time, as shown
in Figure 6.8b.

The expression for the excess pore water pressure for the case where
u; = u, is given in Eq. (6.30) as

"= 2u, . M
u=>y ﬁ sin Fz exp(—M?*T,)

m=0

where T, = C,t/H>.
As stated above, the applied load is a function of time:

q=1t,) (6.43)

where ¢, is the time of application of any load.

For a differential load dgq applied at time ¢,, the instantaneous pore
pressure increase will be du; = dq. At time ¢ the remaining excess pore
water pressure du at a depth z can be given by the expression

m=oo ) _ 2 _
du= Y 2du; sin%exp |:—M G ta)i|

— M H?
"= 2d —M*C,(t—t
= %:0 _Mq sin % exp [—I-;ﬁ a):| (6.44)
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Figure 6.8 One-dimensional consolidation due to single ramp load (after Olson, 1977).
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The average degree of consolidation can be defined as

(1/H) "u dz settlement at time ¢
", = : (6.45)
q. ~ settlement at time £ — oo

where ag, is the total load per unit area applied at the time of the
analysis. The settlement at time ¢ = oo is, of course, the ultimate settle-
ment. Note that the term ¢. in the denominator of Eq. (6.45) is equal
to the instantaneous excess pore water pressure (#; = g.) that might have
been generated throughout the clay layer had the stress g. been applied
instantaneously.
Proper integration of Egs. (6.44) and (6.45) gives the following:

For T, < T

m=00 zqc Mz 5
U= DT, sm—[l —exp(—M~T,)] (6.46)
and
U =] = - _M2T 6.47
. T{ T, ")]} o
For T, > T,
m=00 2 5 . Mz )
u—= Z M3T [exp(M*T,) — 1]smﬁexp(—M T,) (6.48)
and
U, = _T T [exp(MPT) = 1]exp(—MT,) (6.49)
where
CUtC
T = o~ (6.50)

Figure 6.8¢ shows the plot of U,, against T, for various values of T..

EXAMPLE 6.5

Based on one-dimensional consolidation test results on a clay, the coef-
ficient of consolidation for a given pressure range was obtained as 8 x
1073 mm?/s. In the field there is a 2-m-thick layer of the same clay
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with two-way drainage. Based on the assumption that a uniform sur-
charge of 70kN/m* was to be applied instantaneously, the total con-
solidation settlement was estimated to be 150 mm. However, during the
construction, the loading was gradual; the resulting surcharge can be
approximated as

y_ 70
g (kN/m?) = 0! (days)
for ¢ < 60 days and
g =70kN/m’

for t > 60 days. Estimate the settlement at ¢ = 30 and 120 days.

SOLUTION
C,t
L= (6.50')

Now, #. =60 days = 60 x 24 x 60 x 60s; also, H, =2m = 2H (two-way
drainage), and so H = 1 m = 1000 mm. Hence,

(8 x 1073)(60 x 24 x 60 x 60)

T. = =0.0414
¢ (1000)?
At t = 30 days,
C,t (8x107%)(30 x 24 x 60 x 60)
T = v = - 0.0207
v H? (1000)?

From Figure 6.8¢, for T, =0.0207 and T, = 0.0414, U,, ~ 5%. So,
Settlement = (0.05)(150) = 7.5 mm
At t =120 days,

T (8 107)(120 x 24 x 60 x 60)

=0.083
v (1000)2

From Figure 6.8¢ for T, = 0.083 and T, = 0.0414, U,, ~27%. So,

Settlement = (0.27)(150) = 40.5 mm
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6.4 Numerical solution for one-dimensional
consolidation

Finite difference solution

The principles of finite difference solutions were introduced in Sec. 5.17.
In this section, we will consider the finite difference solution for one-
dimensional consolidation, starting from the basic differential equation of
Terzaghi’s consolidation theory:

u u
&gt (6.51)
at 0z%

Let uy, g, and zi be any arbitrary reference excess pore water pressure,
time, and distance, respectively. From these, we can define the following
nondimensional terms:

Nondimensional excess pore water pressure: # = S (6.52)
Ug
- t
Nondimensional time : ¢ = . (6.53)
R
Nondimensional depth: z = 2 (6.54)
<R

From Egs. (6.52), (6.53), and the left-hand side of Eq. (6.51),
du  uy du
ot ty ot

Similarly, from Egs. (6.52), (6.53), and the right-hand side of Eq. (6.51),

(6.55)

82 32—
Cor=c 22 (6.56)
dz2 2y 072
From Egs. (6.55) and (6.56),

ug 0 up 9

tp 0t Vzh 022
or

1du C,n

i 6.57

tp 0F 2% 9%2 (6.57)

If we adopt the reference time in such a way that t; = z%/C,, then
Eq. (6.57) will be of the form
ou  0*u
=z~ 6.58
9% 072 (6.58)
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The left-hand side of Eq. (6.58) can be written as

ou 1
= (Tl sy s — T 6.59
of At( 0,14+Af O,t) ( )
where i,; and i,;,,; are the nondimensional pore water pressures at

point 0 (Figure 6.94) at nondimensional times ¢ and ¢+ Az. Again, similar
to Eq. (5.141),

0*n 1 _ _
P @(”1,2 +it3;— 21 3) (6.60)

Equating the right sides of Eqs. (6.59) and (6.60) gives

1 _ _ 1 _ _
E(”O,H»Af — i) = w(ul,? +ity 5 — 2 5)

!

Az Az Clay
0 0
2 + 4 2 4 r [d LA 4
B _ Hmpervigus
ﬁf— .ﬂiz layer
3 k|
(a} {b}
1
T Layer |
M_' Cvll kl
2 0 Inlerface 4
X Layer 2
Az C .k
1 r
3
{c)

Figure 6.9 Numerical solution for consolidation.



302 Consolidation

or

_ Aty i} _
Uy irar = ﬁ(’h,z‘f‘us,z =20y 3) + i ; (6.61)

For Eq. (6.61) to converge, At and Az must be chosen such that Az/(Az)?
is less than 0.5.

When solving for pore water pressure at the interface of a clay layer and
an impervious layer, Eq. (6.61) can be used. However, we need to take
point 3 as the mirror image of point 1 (Figure 6.9b); thus #, ; = #3;. So
Eq. (6.61) becomes

_ A _ _
Uop4a1 = w(zuu — 2y 3) it 3 (6.62)

Consolidation in a layered soil

It is not always possible to develop a closed-form solution for consolida-
tion in layered soils. There are several variables involved, such as different
coefficients of permeability, the thickness of layers, and different values of
coefficient of consolidation. Figure 6.10 shows the nature of the degree of
consolidation of a two-layered soil.

In view of the above, numerical solutions provide a better approach.
If we are involved with the calculation of excess pore water pressure
at the interface of two different types (i.e., different values of C,) of
clayey soils, Eq. (6.61) will have to be modified to some extent. Refer-
ring to Figure 6.9¢, this can be achieved as follows (Scott, 1963).
From Eq. (6.14),

ko ou L *u
C, ot B 022
change difference between
in volume the rate of flow

Based on the derivations of Eq. (5.161),

82u_1|:(/e1 Lk ]< 2k, 2k,

02 2 -2 6.63
922~ 2| (A2)2 " (A2)2 | \k 4k, uy,+ S Uz, uo,t) ( )

where k; and k, are the coefficients of permeability in layers 1 and 2,
respectively, and #, ,, #; ,, and u;, are the excess pore water pressures at
time ¢ for points 0, 1, and 3, respectively.
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Figure 6.10 Degree of consol