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PREFACE

This text was originally published as Fundamentals of Soil Dynamics with a 1983 copyright by
Elsevier Science Publishing Company, New York. The first edition of Principles of Soil
Dynamics was published by PWS-Kent Publishing Company, Boston, with a 1993 copyright.
The present text is a revised version of Principles of Soil Dynamics with the addition of a co-
author, Professor G. V. Ramana.

During the past four decades, considerable progress has been made in the area of soil
dynamics. Soil dynamics courses have been added or expanded for graduate-level study in many
universities. The knowledge gained from the intensive research conducted all over the world has
gradually filtered into the actual planning, design, and construction process of various types of
earth-supported and earth-retaining structures. Based on the findings of those research initiatives,
this text is prepared for an introductory course in soil dynamics. While writing a textbook, all
authors are tempted to include research of advanced studies to some degree. However, since the
text is intended for an introductory course, it stresses the fundamental principles without
becoming cluttered with too many details and alternatives.

The text is divided into twelve chapters and an appendix. SI units are used throughout the
text. A new section on seismic bearing capacity and settlement of shallow foundations has been
added in Chapter 6. Also, in Chapter 8, a new section on the Mononobe-Okabe active earth
pressure theory for c—¢ backfill has been introduced. A number of worked-out example problems
are included, which are essential for the students. Practice problems are given at the end of most
chapters, and a list of references is included at the end of each chapter. We also believe the text

will be of interest to researchers and practitioners.
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understanding during the revision of the text. Professor Jean-Pierre Bardet of the University of
Southern California was kind enough to provide the cover page pictures taken after the January
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Introduction

1.1

1.2

General Information

Soil mechanics is the branch of civil engineering that deals with the engineering
properties and behavior of soil under stress. Since the publication of the book
Erdbaumechanik aur Bodenphysikalischer Grundlage by Karl Terzaghi (1925),
theoretical and experimental studies in the area of soil mechanics have
progressed at a very rapid pace. Most of these studies have been devoted to the
determination of soil behavior under static load conditions, in a broader sense,
although the term load includes both static and dynamic loads. Dynamic loads
are imposed on soils and geotechnical structures by several sources, such as
earthquakes, bomb blasts, operation of machinery, construction operations,
mining, traffic, wind, and wave actions. It is well known that the stress-strain
properties of a soil and its behavior depend upon several factors and can be
different in many ways under dynamic loading conditions as compared to the
case of static loading. Soil dynamics is the branch of soil mechanics that deals
with the behavior of soil under dynamic load, including the analysis of the
stability of earth-supported and earth-retaining structures.

During the last 50 years, several factors, such as damage due to
liquefaction of soil during earthquakes, stringent safety requirements for nuclear
power plants, industrial advancements (for example, design of foundations for
power generation equipment and other machinery), design and construction of
offshore structures, and defense requirements, have resulted in a rapid growth in
the area of soil dynamics.

Nature and Type of Dynamic Loading on Soils

The type of dynamic loading in soil or the foundation of a structure depends on
the nature of the source producing it. Dynamic loads vary in their magnitude,
direction, or position with time. More than one type of variation of forces may
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coexist. Periodic load is a special type of load that varies in magnitude with time
and repeats itself at regular intervals, for example, operation of a reciprocating or
a rotary machine. Nonperiodic loads are those loads that do not show any
periodicity, for example, wind loading on a building. Deterministic loads are
those loads that can be specified as definite functions of time, irrespective of
whether the time variation is regular or irregular, for example, the harmonic load
imposed by unbalanced rotating machinery. Nondeterministic loads are those
loads that can not be described as definite functions of time because of their
inherent uncertainty in their magnitude and form of variation with time, for
example, earthquake loads (Humar 2001). Cyclic loads are those loads which
exhibit a degree of regularity both in its magnitude and frequency. Static loads
are those loads that build up gradually over time, or with negligible dynamic
effects. They are also known as monotonic loads. Stress reversals, rate effects
and dynamic effects are the important factors which distinguishes cyclic loads
from static loads (Reilly and Brown 1991).

The operation of a reciprocating or a rotary machine typically produces a
dynamic load pattern, as shown in Figure 1.1a. This dynamic load is more or less
sinusoidal in nature and may be idealized, as shown in Figure 1.1b.

The impact of a hammer on a foundation produces a transient loading
condition in soil, as shown in Figure 1.2a. The load typically increases with time
up to a maximum value at time 7 = ¢, and drops to zero after that. The case shown
in Figure 1.2a is a single-pulse load. A typical loading pattern (vertical
acceleration) due to a pile-driving operation is shown in Figure 1.2b.

Dynamic loading associated with an earthquake is random in nature.
A load that varies in a highly irregular fashion with time is sometimes referred to
as a random load. Figure 1.3 shows the accelerogram of the E1 Centro,
California, earthquake of May 18, 1940 (north-south component).

WAL A A
= o=

(a) (b)

Dynamic load
Dynamic load

Figure 1.1 (a) Typical load versus record for a low-speed rotary machine;
(b) Sinusoidal idealization for (a)
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Time, ¢

Dynamic load

Vertical acceleration

g Time, ¢

(@) (b)

Figure 1.2 Typical loading diagrams: (a) transient loading due to single impact of a
hammer; (b) vertical component of ground acceleration due to pile driving

04 —
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02
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= Ll WLl |
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: !“u WH; I p
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02
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0 5 10 15 20 25 30

Time (s)

Figure 1.3 Accelerogram of E1 Centro, California, earthquake of May 18, 1940
(N-S component)

For consideration of land-based structures, earthquakes are the important
source of dynamic loading on soils. This is due to the damage-causing potential
of strong motion earthquakes and the fact that they represent an unpredictable
and uncontrolled phenomenon in nature. The ground motion due to an
earthquake may lead to permanent settlement and tilting of footings and, thus,
the structures supported by them. Soils may liquify, leading to buildings sinking
and lighter structures such as septic tanks floating up (Prakash, 1981). The
damage caused by an earthquake depends on the energy released at its source, as
discussed in Chapter 7.
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1.3

)

E +AF Load due to

.2 -- machine
g AF operation
g,

@]

Static load due to weight
of foundation and machine

Time, ¢

Figure 1.4  Schematic diagram showing loading on the soil below the foundation
during machine operation

For offshore structures, the dynamic load due to storm waves generally
represents the significant load. However, in some situations the most severe
loading conditions may occur due to the combined action of storm waves and
earthquakes loading. In some cases the offshore structure must be analyzed for
the waves and earthquake load acting independently of each other (Puri and Das,
1989; Puri, 1990).

The loadings represented in Figures 1.1, 1.2 and 1.3 are rather simplified
presentations of the actual loading conditions. For example, it is well known that
earthquakes cause random motion in every direction. Also, pure dynamic loads
do not occur in nature and are always a combination of static and dynamic loads.
For example, in the case of a well-designed foundation supporting a machine, the
dynamic load due to machine operation is a small fraction of the static weight of
the foundation (Barkan, 1962). The loading conditions may be represented
schematically by Figure 1.4. Thus in a real situation the loading conditions are
complex. Most experimental studies have been conducted using simplified
loading conditions.

Importance of Soil Dynamics

The problems related to the dynamic loading of soils and earth structures
frequently encountered by a geotechnical engineer include, but are not limited to
the following:

1. Earthquake, ground vibration, and wave propagation through soils

Dynamic stress, deformation, and strength properties of soils

Dynamic earth pressure problem

Dynamic bearing capacity problems and design of shallow foundations

Eal ol
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Problems related to soil liquefaction

Design of foundations for machinery and vibrating equipment
Design of embedded foundations and piles under dynamic loads
Stability of embankments under earthquake loading.

i Y

In order to arrive at rational analyses and design procedures for these
problems, one must have an insight into the behavior of soil under both static and
dynamic loading conditions. For example, in designing a foundation to resist
dynamic loading imposed by the operation of machinery or an external source,
the engineer has to arrive at a special solution dictated by the local soil
conditions and environmental factors. The foundation must be designed to satisfy
the criteria for static loading and, in addition, must be safe for resisting the
dynamic load. When designing for dynamic loading conditions, the geotechnical
engineer requires answers to questions such as the following:

1. How should failure be defined and what should be the failure criteria?
What is the relationship between applied loads and the significant parameters
used in defining the failure criteria?

3. How can the significant parameters be identified and evaluated?

4. What will be an acceptable factor of safety, and will the factor of safety as
used for static design condition be enough to ensure satisfactory performance
or will some additional conditions need to be satisfied?

The problems relating to the vibration of soil and earth-supported and
earth-retaining structures have received increased attention of geotechnical
engineers in recent years, and significant advances have been made in this
direction. New theoretical procedures have been developed for computing the
response of foundations, analysis of liquefaction potential of soils, and design of
retaining walls and embankments. Improved field and laboratory methods for
determining dynamic behavior of soils and field measurements to evaluate the
performance of prototypes deserve a special mention. In this text an attempt has
been made to present the information available on some of the important
problems in the field of soil dynamics. Gaps in the existing literature, if any,
have also been pointed out. The importance of soil dynamics lies in providing
safe, acceptable, and time-tested solutions to the problem of dynamic loading in
soil, in spite of the fact that the information in some areas may be lacking and the
actual loading condition may not be predictable, as in the case of the earthquake
phenomenon.

From the above, it can be seen that soil dynamics is an interdisciplinary
area and in addition to traditional soil mechanics, requires a knowledge of theory
of vibrations, principles of wave propagation, soil behavior under dynamic/cyclic
conditions, numerical methods such as finite element methods etc., in finding
appropriate solutions for problems of practical interest.
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Fundamentals of Vibration

2.1

Introduction

Satisfactory design of foundations for vibrating equipments is mostly based on
displacement considerations. Displacement due to vibratory loading can be
classified under two major divisions:

1. Cyclic displacement due to the elastic response of the soil-foundation system
to the vibrating loading
2. Permanent displacement due to compaction of soil below the foundation

In order to estimate the displacement due to the first loading condition listed
above, it is essential to know the nature of the unbalanced forces (usually supplied
by the manufacturer of the machine) in a foundation such as shown in Figure 2.1.

I Vertical

Yawing Pitching

e e
Latera

Rocking

N

Longitudinal

Figure 21 Six modes of vibration for foundation
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2.2

0 = Q,sin i
Mass = m
Foundation —> b
mass = m Y
BRSO Spring .- i Dash
AN B R U constant % ashpot
A TR TN _ R ?',\'.Ncoefﬁment
/! o =k e -
/! / : \\ o =c
/ \
Py b v N

(@) (b)
Figure 22 A lumped parameter vibrating system

Note that a foundation can vibrate in any or all six possible modes. For ease
of analysis, each mode is considered separately and design is carried out by
considering the displacement due to each mode separately. Approximate
mathematical models for computing the displacement of foundations under
dynamic loads can be developed by treating soil as a viscoelastic material. This
can be explained with the aid of Figure 2.2a, which shows a foundation subjected
to a vibratory loading in the vertical direction. The parameters for the vibration of
the foundation can be evaluated by treating the soil as equivalent to a spring and a
dashpot which supports the foundation as shown in Figure 2.2b. This is usually
referred to as a lumped parameter vibrating system.

In order to solve the vibration problems of lumped parameter systems, one
needs to know the fundamentals of structural dynamics. Therefore, a brief review
of the mathematical solutions of simple vibration problems is presented. More
detailed discussion regarding other approaches to solving foundation vibration
problems and evaluation of basic parameters such as the spring constant and
damping coefficient are presented in Chapter 5.

Fundamentals of Vibration

Following are some fundamental definitions that are essential in the development
of the theories of vibration.

Free Vibration: Vibration of a system under the action of forces inherent in
the system itself and in the absence of externally applied forces.

The response of a system is called free vibration when it is disturbed and
then left free to vibrate about some mean position.

Forced Vibration: Vibration of a system caused by an external force.
Vibrations that result from regular (rotating or pulsating machinery) and irregular
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(chemical process plant) exciting agencies are also called as forced vibrations.

Degree of Freedom: The number of independent coordinates required to
describe the solution of a vibrating system.

For example, the position of the mass m in Figure 2.3a can be described by
a single coordinate z, so it is a single degree of freedom system. In Figure 2.3b,
two coordinates (z; and z;) are necessary to describe the motion of the system;
hence this system has two degree of freedom. Similarly, in Figure 2.3c, two
coordinates (z and 6) are necessary, and the number of degrees of freedom is two.
A rigid body has total six degrees of freedom: three rotational and three
translational.

To understand the mathematical models that will be frequently used in
analysis of machine foundations, a thorough understanding of physics as well as
mathematics of a single degree of freedom system is required and is explained in
the following sections. Once the mathematics as well as physics of a single
degree of freedom system is clear, it is easy to extend this to multi-degree of
freedom systems as well as modal analysis of complicated physical systems. In
addition, the concept of response spectrum, often used by structural engineers is
also based on a single degree of freedom system. A proper selection of vibration
measuring instruments, design of vibration isolation as well as force isolation also
require a good understanding of concepts such as natural frequency, damping
ratio etc., that can be easily understood from one degree of freedoms systems.

Mass = m Mass = m;

T Mass = my

2

(a) (b) (c)

Figure 2.3  Degree of freedom for vibrating system
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System with Single Degree of Freedom

2.3 Free Vibration of a Spring-Mass System

Figure 2.4 shows a foundation resting on a spring. Let the spring represent the
elastic properties of the soil. The load W represents the weight of the foundation
plus that which comes from the machinery supported by the foundation.

If the area of the foundation is equal to 4, the intensity of load transmitted
to the subgrade can be given by

q 1 .
Due to the load ¥, a static deflection z; will develop. By definition,
w
k=— (2.2)
ZS
where k = spring constant for the elastic support.

The coefficient of subgrade reaction k; can be given by

Foundation Weight = W

Spring
constant, k
w..
—z
g
/4
W+ kz

Figure 24  Free vibration of a mass-spring system



Fundamentals of Vibration 11
ky=— (2.3)

If the foundation is disturbed from its static equilibrium position, the system
will vibrate. The equation of motion of the foundation when it has been disturbed
through a distance z can be written from Newton’s second law of motion as

(zj'z'+kz =0
g

or
E+ (ﬁj z=0 (2.4)
m
where g = acceleration due to gravity
= d’z/d’
t = time
m = mass = W/g
In order to solve Eq. (2.4), let
z = A cosm,t+ A,sinw,t (2.5)
where A;and A, = constants
o, = undamped natural circular frequency
Substitution of Eq. (2.5) into Eq. (2.4) yields
2 . k .
-, (A4, cosw,t+ A, sinw,t)+| — |(4 cosw,t+ A, sinw,t) =0
m
or

o, = |~ (2.6)

The unit of ), is in radians per second (rad/s). Hence,

z=4 cos[\/zt} + 4, sin(\/ztj (2.7
m m
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In order to determine the values of 4; and A4,, one must substitute the proper
boundary conditions. At time ¢ =0, let
Displacement z =z,

and

Velocity = % =z =1,

Substituting the first boundary condition in Eq. (2.7),
z0= A, (2.8)

Again, from Eq. (2.7)

z=—4 \/Z sin (\/Et] + 4, \/E cos £\/th (2.9
m m m m

Substituting the second boundary condition in Eq. (2.9)

z= 1)0 :Az\/z
m

Yo

JkIm

Combination of Egs. (2.7), (2.8), and (2.10) gives

2= 2y coS \/Et U ginl| K, .11
’ m Jki/m m '

zo=Zcos & (2.12)

or

4, = (2.10)

Now let

and

Y

JkIm

Substitution of Egs. (2.12) and (2.13) into Eq. (2.11) yields

=Zsin (2.13)
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|z = Zcos(w,t - )| (2.14)

where

o =tan™ [Zovﬁ] (2.15)

2
24| 2| = 22+(ﬂ]vz 2.16
0 [ ,k/m 0 k 0 ( )

The relation for the displacement of the foundation given by Eq. (2.14) can
be represented graphically as shown in Figure 2.5.

At time
t =0, z =Zcos(— Q) = Zcos o
o o
t=—, z=7c¢cos | W, ——«& =7
wl’l wn
Displacement z,

velocity z, and

(+) A acceleration Z
j¢«—————— One cycle + One cycle ——— >
A B C
Velocity Peak ;f) peak
_x/ o amplitude
Acceleration
)

Figure 25  Plot of displacement, velocity, and acceleration for the free vibration of a
mass-spring system (Note: Velocity leads displacement by m/2 rad:
acceleration leads velocity by m/2 rad.)
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z = Zcos
z = Zcos
z = ZcoS
z = Z oS

From Figure 2.5, it can be seen that the nature of displacement of the
foundation is sinusoidal. The magnitude of maximum displacement is equal to Z.
This is usually referred to as the single amplitude. The peak-to-peak displacement
amplitude is equal to 2Z, which is sometimes referred to as the double amplitude.
The time required for the motion to repeat itself is called the period of the
vibration. Note that in Figure 2.5 the motion is repeating itself at points 4, B, and
C. The period T of this motion can therefore be given by

(2.17)

The frequency of oscillation f is defined as the number of cycles in unit

time, or

1
7

@,
21

(2.18)

It has been shown in Eq. (2.6) that, for this system, @, = \/k/m . Thus,

o]

1
21

k

m

(2.19)

The term f, is generally referred to as the undamped natural frequency. Since

k=W/Z

S 2

and m = W/g, Eq. (2.19) can also be expressed as
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(1) |g
1 (27:) (2.20)

ZS

Table 2.1 gives values of £, for various values of z,

The variation of the velocity and acceleration of the motion with time can
also be represented graphically. From Eq.(2.14), the expressions for the velocity
and the acceleration can be obtained as

. 1
i=—(Zw,)sin(ot—-a)=Zw, cos(a)nt —a+5nj (2.21)

and
Z= —Za)f cos(w,t—a) = Za)f cos(w,t —a+m) (2.22)

The variation of the velocity and acceleration of the foundations is also
shown in Figure 2.5.

Table 2.1 Undamped natural frequencies

Zs Undamped natural frequency
(mm) (Hz)
0.02 111
0.05 71
0.10 50
0.20 35
0.50 22
1.0 16
2 11
5 7
10 5
Example 2.1

A mass is supported by a spring. The static deflection of the spring due to the
mass is 0.38 mm. Find the natural frequency vibration.

Solution

From Eq. (2.20),
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2.4

g= 981 m/s>, z,=0.381 mm =0.000381 m.
So,

o= [ 2] -2 254w
21 ) ¥ 0.000381

Example 2.2

For a machine foundation, given weight of the foundation = 45 kN and spring
constant = 10" kN/m, determine

a) natural frequency of vibration, and

b) period of oscillation

Solution

4
a) f,,=L k1100 =7.43Hz
am\m  2n (45/9.81)

b) From Eq. (2.18),

~ L —0135s

T: L
£, 143

Forced Vibration of a Spring-Mass System

Figure 2.6 shows a foundation that has been idealized to a simple spring-mass
system. Weight W is equal to the weight of the foundation itself and that
supported by it; the spring constant is k. This foundation is being subjected to an
alternating force Q=Q,sin(wr+ fB).This type of problem is generally

encountered with foundations supporting reciprocating engines, and so on.
The equation of motion for this problem can be given by
mz+kz =Q,sin(at + ) (2.23)

Let z = A;sin(wt+ ) be a particular solution to Eq. (2.23) (4; = const).
Substitution of this into Eq. (2.23) gives

—@’mA, sin(wt + ) + kA, sin(wt + ) = Q, sin(wt + f5)

4= 0,/m

R Ty (2.24)
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0 = Q, sin(wt + )

N . Weight = W W A
I Mass=m =

— .
g
.
.

Figure 2.6  Forced vibration of mass-spring system title

Hence the particular solution to Eq. (2.23) is of the form

_ ) _ O)/m )
z = A sin(wt + f) = —(k/m) e sin(wt + f) (2.25)

The complementary solution of Eq. (2.23) must satisfy
mz +kz=0
As shown in the preceding section, the solution to this equation may be given as

z=A,cosw,t+ A, sinw,t (2.26)

k
where o, =, —

m
A, A3 = const

Hence, the general solution of Eq. (2.23) is obtained by adding Egs. (2.25)
and (2.26), or
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z = A sin(wt + )+ A, cosw,t + A, sin ,t (2.27)

Now, let the boundary conditions be as follows:

Attime t=0,
z=2y=0 (2.28)
dz .
— =velocity = v, =0 (2.29)
dt
From Egs. (2.27) and (2.28),
A1 sin ﬁ+ A2 =0
or
A2 = —A1 sin ﬁ (230)

Again, from Eq. (2.27),

dz .
o =4, wcos(wt+ f)— 4, w, sin w,t+A3®, cos ,t
t

Substituting the boundary condition given by Eq. (2.29) in the preceding equation

gives
Ay wcos f+ A5 @,=0
or
A
Ay = —(1—“’] cos 3 (2.31)
a)n

Combining Egs. (2.27), (2.30), and (2.31),

2= A\[sin( @ + ) — cos( @t ) . sin f— [ﬂ] sin(@, 7). cos 8] (2.32)
a)}’l
For a real system, the last two terms inside the brackets in Eq. (2.32) will
vanish due to damping, leaving the only term for steady-state solution.
If the forcing function is in phase with the vibratory system (i.e., = 0),
then

. | .
z=A(sinwt — [—]sm w,t)
[0

_ Oy/m (

. a .
= m - sin @t —— sin a)ntj
m)—@

[0

n
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or

z= % sin o — % sin ot (2.33)
- (v /w)) (0]

n

However Qy/k = z; = static deflection. If one lets 1/ (1- o’ / a),% )be equal to
M [equal to the magnification factor or 4,/(Q, / k)1, Eq. (2.33) reads as

(0

n

2=z, M l:sin ot — (ﬂ] sin a)nt} (2.34)

The nature of variation of the magnification factor M with @/, is shown
in Figure 2.7a. Note that the magnification factor goes to infinity when @/, = 1.

This is called the resonance condition. For resonance condition, the right-hand
side of Eq. (2.34) yields 0/0.

Thus, applying L’ Hopital’s rule,

{(d/dw) [sin @t — (w/@, ) sin co,,z]]

(d/dw)(1- o /v})

lim(z) =z
®— o,

or

1
z=Ezs(sina)ntfa)ntcosa)nt) (2.35)
The velocity at resonance condition can be obtained from Eq. (2.35) as

! .
z= EZS (w, cosw,t —w, cosm,t + a),%tsm w,t)

=%(zsa),2,t)sin o1 (2.36)

Since the velocity is equal to zero at the point where the displacement is at
maximum, for maximum displacement

1 .
z=0= E(zsa)zt)sm w,t

or
sinw,t=0,1.e., ®,t=nn (2.37)

where 7 is an integer.
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+5 /
+4

S 2

g —

&

(a) g 0

=
-2
4

™)

(b)

Time, ¢

Displacement, z

©) <
Figure 27  Force vibration of a mass-spring system: (a) variation of magnification

factor with a)/ w,, ; (b) vibration of displacement with time at resonance
(o =w,)

For the condition given by Eq. (2.37), the displacement equation (2.35)
yields

1
| Zmaxlres = Ennzs (238)
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where  zy. = maximum displacement.

It may be noted that when n tends to oo, |z, is also infinite, which points
out the danger to the foundation. The nature of variation of z/z, versus time for the
resonance condition is shown in Figure 2.7b.

Maximum Force on Foundation Subgrade

The maximum and minimum force on the foundation subgrade will occur at the
time when the amplitude is maximum, i.e., when velocity is equal to zero. This
can be derived from displacement equation (2.33):

zZ Z&;(sin ot -2 sin a)nt]
k (1—(02/(()2) @,

n
Thus, the velocity at any time is

0 1

z==—"—(wcoswt —wcosw,t)
k (l—a)z/a)ﬁ) !

For maximum deflection, z =0, or

wcoswt — wcosw, t=0

Since w is not equal to zero,

1 .1
coswt —cos @, t=2 s1n5 (o, —a))tsmg (o, Tw)t=0

thus,
1
Lo, @)= nm; 1= 2" (2.39)
2 w,—Q
or
| 2
(o, +@)t=mm;t= T (2.40)
2 W, +o

where mandn=1,2,3,....

Equation (2.39) is not relevant (beating phenomenon). Substituting Eq.
(2.40) into Eq. (2.33) and simplifying it further,
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. 2.41
k (1-olw, 240

2Tma
w, +w

In order to determine the maximum dynamic force, the maximum value of
Zmax given in Eq. (2.41) is required:

0,/k
Zmax(max) = % (2~42)
Hence,

Faynam(max) = MZmax(max) 1= I-wlo, 1-o0lo
n n

Hence, the total force on the subgrade will very between the limits

l-w/ o, 1-ow/w,

Example 2.3

A machine foundation can be idealized as a mass-spring system. This foundation
can be subjected to a force that can be given as Q (kN) = 35.6 sin at .
Given f=1333 Hz
Weight of the machine + foundation = 178 kN
Spring constant = 70,000 kN/m
Determine the maximum and minimum force transmitted to the subgrade.

Solution
3
Natural angular frequency = @, = \/E = M
m \[178x10°/9.81
=62.11 rad/s
9
F, =
mam /e,
But

w=2nf=2nx13.33 =83.75 rad/s
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Thus
35.6

F =
[ Fagnam | = 1~ (83.75/62.11)

Maximum force on the subgrade = 178 + 102.18 = 280.18 kN
Minimum force on the subgrade = 178 — 102.18 = 75.82 kN

=102.18 kN

Free Vibration with Viscous Damping

In the case of undamped free vibration as explained in Section 2.3, vibration
would continue once the system has been set in motion. However, in practical
cases, all vibrations undergo a gradual decrease of amplitude with time. This
characteristic of vibration is referred to as damping. Figure 2.2b shows a
foundation supported by a spring and a dashpot. The dashpot represents the
damping characteristic of the soil. The dashpot coefficient is equal to c. For free
vibration of the foundation (i.e., the force Q = Oy sinwt on the foundation is
zero), the differential equation of motion can be given by

mZ+cz+kz=0 (2.44)

Let z = A¢” be a solution to Eq. (2.44), where A is a constant. Substitution of
this into Eq. (2.44) yields

mAre" + cAre’ + kde" =0
or

”+ (ijr LA (2.45)
m

m

The solutions to Eq. (2.45) can be given as

- (2.46)

There are three general conditions that may be developed from Eq. (2.46):

1. If ¢/2m >W , both roots of Eq. (2.45) are real and negative. This is
referred to as an overdamped case.

2. Ifce2m =JW , ¥ =—c/2m. This is called the critical damping case.
Thus, for this case,

c=c, =2\Vkm (2.47a)
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3. Ife2m <,/k/m,the roots of Eq. (2.45) are complex :

This is referred to as a case of underdamping.

It is possible now to define a damping ratio D, which can be expressed as

p="S_

c
¢, 2\km

(2.47b)

Using the damping ratio, Eq. (2.46) can be rewritten as

o C e _ﬁzwn(_pi,/02—1) (2.48)

2m am> m

where W, = kim

For the overdamped condition (D > 1),

rzwn(—Di\/ﬁ)

For this condition, the equation for displacement (i.e., z = 4€") may be
written as

Z=4, exp[a)nt(— D++D* -1 )}A2 exp[a)ﬂt(— D—-D*-1 )} (2.49)

where 4, and 4, are two constants. Now, let

A - %(A3 +4,) (2.50)
and
1
Ar= 5 (A3 —Aq) (2.51)

Substitution of Egs. (2.50) and (2.51) into Eq. (2.49) and rearrangement
gives
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z=ePo! {%A3 [exp(a)n\/ﬁt) +exp (—a)n \/ﬁtﬂ
+ %A4 [exp(a)n \/ﬁt) - exp(— w, \/ﬁt”}

or

z=¢ Dot [A3 cosh(a),ﬂ/D2 - lt) + 4, sinh(a),ﬂ/D2 - 1z)} (2.52)

Equation (2.52) shows that the system which is overdamped will not
oscillate at all. The variation of z with time will take the form shown in Figure
2.8a.

The constants 4; and A4 in Eq. (2.52) can be evaluated by knowing the
initial conditions. Let, at time ¢ = 0, displacement = z = z; and velocity = dz/dt
=1,.From Eq. (2.52) and the first boundary condition,

Z:Z():A3 (253)

Again, from Eq. (2.52) and the second boundary condition,

==, _( | D* — A4) -D w,4;

oD -1 w,D* -1

Substituting Eqgs. (2.53) and (2.54) into Eq. (2.52)

) D
z=ePot| 5 cosh(a) JD? lt) Yo+ DOn%o (\/ lt) (2.55)
w, \[

*For a critically damped condition (D = 1), from Eq. (2.48),

or

A= (2.54)

r=—a (2.56)

n

Given this condition, the equation for displacement (z = 4€’") may be written as

2 =(As + Agt)e” " (2.57)
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[N
g D>1
g Overdamped system
(a) 8
&
A
Time, ¢
[N
E D=1
=) Critically damped system
) 3 y ped sy
=
&
2
Time, ¢
Nn
= A
g ZVH Zvn-*-l
© 3 :
ks Time, ¢
73
a D<1
Underdamped system

Figure 28  Free vibration of a mass-spring-dashpot system: (a) overdamped case;
(b) critically damped case; (¢) underdamped case

where A5 and Ag are two constants. This is similar to the case of the overdamped
system except for the fact that the sign of z changes only once. This is shown in
Figure 2.8b.

The values of 45 and A4 in Eq. (2.57) can be determined by using the initial
conditions of vibration. Let, at time ¢ =0,

Z = Zy, — =1
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From the first of the preceding two conditions and Eq. (2.57),
z=1z0=As (2.58)

Similarly, from the second condition and Eq. (2.57)

dz
E = UOZ—C()”A5 +A6=—a)nzo+A6
or

Ag = 'UO"F ),z (259)

A combination of Egs. (2.57) — (2.59) yields

z=[z, + (v, + ®,2,)t]e” " (2.60)

Lastly, for the underdamped condition (D < 1),

r=o,(-D+iJ1-D?)

Thus, the general form of the equation for the displacement (z = 4¢™) can be
expressed as

z=e Dot [A7 exp(ia)nwfl - th) + Ay exp(—ia)nwfl - th” (2.61)

where A7 and Ag are two constants.

Equation (2.61) can be simplified to the form

z=e Dot [A9 cos(a)n«/l - th) + 4y sin(a)n«/l - th)} (2.62)

where Aq and A4, are two constants.

The values of the constants 49 and 4, in Eq. (2.62) can be determined by
using the following initial conditions of vibration. Let, at time ¢ =0,

dt

— =0,
o
dz
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The final equation with theses boundary conditions will be of the form

+D .
z=e PO Zy cos(a)n\H —th) +M.SIH(CU”\/1 —th) (2.63)

w,\1- D*

Equation (2.63) can further be simplified as

z =Zcos(w, t— a) (2.64)
2
_ +D
where A P R i (2.65)
w, 1-D?
_ -1 UO + Da)nZO
a = tan {—w - MJ (2.66)
n<0

w, = damped natural circular frequency = @, /1 - D? (2.67)

The effect of damping is to decrease gradually the amplitude of vibration
with time. In order to evaluate the magnitude of decrease of the amplitude of
vibration with time, let Z, and Z,.; be the two successive positive or negative
maximum values of displacement at times #, and #,; from the start of the
vibration as shown in Figure 2.8c. From Eq. (2.65),

Z, exp(—Da)t 1) ~
ZH _ exp(—D(:l)nnl:,) _exp[—Dwn(th—tn)] (2.68)

n

However, ¢,+1 — t, is the period of vibration 7,

T :2_1t:2—n (2.69)

@y @ \1-D?

Thus, combining Eqgs. (2.68) and (2.69),

5=1n| 22 2D (2.70)
Zn+l

~Jiop?

The term & is called the logarithmic decrement.
If the damping ratio D is small, Eq. (2.70) can be approximated as
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5=1n[ Zn J:an (2.71)

n+1

Example 2.4

For a machine foundation, given weight = 60 kN, spring constant = 11,000 kN/m,
and ¢ = 200 kN-s/m, determine

(a) whether the system is overdamped, underdamped, or critically damped,

(b) the logarithmic decrement, and

(c) the ratio of two successive amplitudes.

Solution

1. From Eq. (2.47),

co=2Jkm =2 11,000(ﬂ) =518.76 kKN-s/m
9.81

< _p=200 _3g6<1

c. 518.76

Hence, the system is underdamped.
2. From Eq. (2.70),

21D 21(0.386)

e J1-(0.386)’

3. Again, from Eq. (2.70),

o =2.63

Z
n_ _ 65
V4

n+1

% =13.87

Example 2.5

For Example 2.4, determine the damped natural frequency.

Solution

From Eq. (2.67),

fd = Vl_D2 n
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2.6

where fa= damped natural frequency.

f= /11000><981 — 6,75 Hy
21‘C 275

fo= ( 1-(0.386) ) (6.75) = 6.23 Hz

Thus,

Steady-State Forced Vibration with Viscous
Damping

Figure 2.2b shows the case of a foundation resting on a soil that can be
approximated to an equivalent spring and dashpot. This foundation is being
subjected to a sinusoidally varying force O = O, sin @t . The differential equation
of motion for this system can be given be

mz +kz+cz =Q,sinwt (2.72)

The transient part of the vibration is damped out quickly; so, considering
the particular solution for Eq. (2.72) for the steady-state motion, let

z=A;sinwt + A, cos wt (2.73)
where A, and A, are two constants.
Substituting Eq. (2.73) into Eq. (2.72),

m(—A,@*sinwt — A,w*coswt) + k(Asinwt + A,coswt)
+c(Awcoswt — A,wsinwt) = Qysinwt (2.74)

Collecting sine and cosine functions in Eq. (2.74) separately,
(—=mA @, + kA, — cA,w)sinwt =Q,sinwt (2.75a)
(=mA,@, + A,k + cA w) coswt =0 (2.75b)

From Eq. (2.75a),

4 (ﬁ—af]—Az (in ) (2.76)
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And from Eq. (2.75b),

4 [% wj +A2(£—w2j =0 2.77)

m

Solution of Egs. (2.76) and (2.77) will give the following relations for the
constants 4, and 4, :

_ 2
4=k me ) Oy (2.78)
(k—ma)z) + i’
and
L (2.79)

2
(k - mwz) +’w?

By substituting Egs. (2.78) and (2.79) into Eq. (2.73) and simplifying, one
can obtain

|z = Zeos(wt + a)| (2.80)
where
y — ma? 1- (& /@]
a=tan”'| - =L | =tan k=mo | _ tan™’ ¥ (2.81)
4, co 2D(wlw,)
and

Z=\JAr+ 4 = (Q‘;/k) (2.82)
\/[1—(502/0),3” +4D2(a)2/w§)

where w,=,/k/m is the undamped natural frequency and D is the damping ratio.

Equation (2.82) can be plotted in a nondimensional form as Z/(Q, / k)
against @/ @, . This is shown if Figure 2.9. In this figure, note that the maximum
values of Z/(Q, / k)do not occur at@ = @,, as occurs in the case of forced

vibration of a spring-mass system (Section 2.4). Mathematically, this can be
shown as follows: From Eq. (2.82),
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Iy
(Q,/k) 2 // \\\
\

/ .
1 /4@
0.6 \\
PE——
0 0 0.5 1.0 1.5 2.0
©

Figure 2.9  Plot of Z/(Qy/k) against w/w,

VA 1
- (2.83)
(00 /k) \/[1—(602/(05)]2 +4D* (0 /o)
For maximum value of Z/(Q, / k),
[ Z/(0,/k)]

From Egs. (2.83) and (2.84),

2
w’l a)}’l a)n
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or

= 0,1 -2D* (2.85)
fu=fi1-2D? (2.86)

where f,, is the frequency at maximum amplitude (the resonant frequency
for vibration with damping) and f, is the natural frequency = (1/27)\/k/m .

Hence, the amplitude of vibration at resonance can be obtained by substituting
Eq. (2.85) into Eq. (2.82):

Hence,

=) i
res 5
k \/[1—(1—21)2)} +4D*(1-2D?) o)
9 1
k 2p\1-D?

Maximum Dynamic Force Transmitted to the Subgrade

For vibrating foundations, it is sometimes necessary to determine the dynamic
force transmitted to the foundation. This can be given by summing the spring
force and the damping force caused by relative motion between mass and
dashpot; that is,

Fiynam =k z+cz (2.88a)
From Eq. (2.80),
z =Zcos(wt + )
therefore,
z=—Zsin (a)t + a)

and
F

dynam = kZcos(wt + &) — cwZsin(w+ @) (2.88b)

If one lets

kZ=Acos¢ and cwZ=Asin @,
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Then Eq. (2.88) can be written as

Fyynam = Acos (0 + ¢+ ) (2.89)
where
A= \/(A cos q))z +(Asin ¢)2 = Z\/k2 + (c(o)2 (2.90)

Hence, the magnitude of maximum dynamic force will be equal to
Z\[kz +(ca))2 .

Example 2.6

A machine and its foundation weigh 140 kN. The spring constant and the
damping ratio of the soil supporting the soil may be taken as 12 x 10* kN/m and
0.2, respectively. Forced vibration of the foundation is caused by a force that can
be expressed as

0O (kN) = Qp sin wt

Oy =46 kN, w= 157 rad/s

Determine
(a) the undamped natural frequency of the foundation,
(b) amplitude of motion, and
(c) maximum dynamic force transmitted to the subgrade.

Solution

1 1 [12x10*
(a)ﬁl:_\/zz— X—0:14.59
2n \'m  2\140/9.81

(b) From Eq. (2.82),

Ok
\/(l—a)z/a)f,)2+4D2 (a)z/a)f,)
o, =2nf, =2n(14.59) = 91.67 rad/s
46/(12 x10%)

Z:

Z:

\/[1 —(157/91.67)2]2 +4(02)* x (157/91.67)°

-4
= 3833xX10 000187 m = 0.187 mm

3.73740.469
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(c) From Eq. (2.90), the dynamic force transmitted to the subgrade
A=ZK* + (cw)?
From Eq. (2.47b),
¢=2Dkm = 2(0.2)\/(12 x10*) (%} = 523.46 kN-s/m

Thus,
Fagnam = 0.000187\/(12 x10*)? +(523.46 x157)* =27.20 kN

Rotating-Mass-Type Excitation

In many cases of foundation equipment, vertical vibration of foundation is
produced by counter-rotating masses as shown in Figure 2.10a. Since horizontal
forces on the foundation at any instant cancel, the net vibrating force on the

foundation can be determined to be equal to 2m.e @* sin wt (where m, = mass of
each counter-rotating element, e = eccentricity, and @ = angular frequency of the
masses). In such cases, the equation of motion with viscous damping [Eq. (2.72)]
can be modified to the form

mzZ +kz+cz = Qysinwt (2.91)
0, =2mew’ =Uw* (2.92)
U=2m,e (2.93)

and m is the mass of the foundation, including 2m,..

Equations (2.91)-(2.93) can be similarly solved by the procedure presented
in Section 2.6.

The solution for displacement may be given as

|z = Zeos(wt + )| (2.94)

where

(UIm)(0lw,)

7 =
\/(1— o’ @ )2 +4D? (a)z/a),f)

(2.95)

1—(w2/a),f)

2D(w/w,)

1

o =tan” (2.96)
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m, = rotating mass 2.
e gn 2m e sinwt
e = eccentricity

AN
5

=

06 1o

//

0 0.5 1.0 1.

.0
o
w}'l
(b)

Figure 210  (a) Rotating mass-type excitation; (b) plot of Z/(U/m) against a)/ w,
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In Section 2.6a, a nondimensional plot for the amplitude of vibration was
given in Figure 2.9 [i.e., Z(Qy/k) versus @/®,]. This was for a vibration
produced by a sinusoidal forcing function (Q, = const). For a rotating-mass type
of excitation, a similar type of non dimensional plot for the amplitude of vibration
can also be prepared. This is shown in Figure 2.10b, which is a plot of Z/(U/m)
versus @/, . Also proceeding in the same manner [as in Eq. (2.86) for the case

where O = const], the angular resonant frequency for rotating-mass-type
excitation can be obtained as

w=—"— (2.97)
1-2D?
or
f,, = damped resonant frequency = /. (2.98)

J1-2D?

The amplitude at damped resonant frequency can be given [similar to Eq. (2.87)]
as

U/m

2Dy/1 - D?

Determination of Damping Ratio

Zies = (2.99)

The damping ratio D can be determined from free and forced vibration tests on a
system. In a free vibration test, the system is displaced from its equilibrium
position, after which the amplitudes of displacement are recorded with time.

Now, from Eq. (2.70)
S=In Z, __2nD
Zn+l \/1 — D2

If D is small, then

5= h{ Zy J = 21D (2.100)

n+1

It can also be shown that
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Z
nd=1n=2 =2nwnD
A

where Z, = the peak amplitude of the nth cycle.

Thus,

1 Z,
=——In—
2ntn 7

n

(2.101)

(2.102)

In a forced vibration test, the following procedure can be used to determine

the damping ratio.

1. Vibrate the system with a constant force type of excitation and obtain a plot

of amplitude (Z2) with frequency (f), as shown in Figure 2.11.

2. Determine Z,. from Figure 2.11.

3. Calculate 0.707Z.s. Obtain the frequencies f; and f; that correspond to

0.707Zes.
4. From Eq. (2.87)

However, if D is small,

—Zpes

--------------------- «—0.707Z,s

Amplitude, Z

Frequency, f

Figure 211 Bandwidth method of determination of damping ratio from forced vibration

test
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_[S )L
Z e —( . ](wj (2.103)

Again, from Eq. (2.83)
Oy/k

Z2=0.707 Z,,s = >
Ji-in T wanriny

(2.104)

Combining Egs. (2.103) and (2.104),

0.707 _ 1
P )T a0 (s

(fiJz -~ z[fij (1-2D%)+(1-8D%) =0

2
( =(1-2D*)+2D 1+ D’

(&J _(i} —4pJ1+D? =4D (2.105)
J S

ARCRCSTS

However,

But

So

2 2
)
S S o
Now, combining Egs. (2.105) and (2.106)

4D:2[—f2 _f‘j
/,

n

or
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2.9

p=1 LMJ (2.107)
A

Knowing the resonant frequency to be approximately equal to f,, the magnitude
of D can be calculated. This is referred to as the bandwidth method.

Vibration-Measuring Instrument

Based on the theories of vibration presented in the preceding sections, it is now
possible to study the principles of a vibration-measuring instrument, as shown in
Figure 2.12. The instrument consists of a spring-mass-dashpot system. It is
mounted on a vibrating base. The relative motion of the mass m with respect to
the vibrating base is monitored.

Let the motion of the base be given as

z = 7"sin wt (2.108)
Neglecting the transients let the absolute motion of the mass be given as
Z"=Z"sin ot (2.109)

So, the equation of motion for the mass can be written as
mz"+k(z"=2)+c(z2"-2)=0

By letting z”—z" = zand Z2”—Z" = Z , the equation of motion can be rewritten as:
mz+kz + c 2= ma Z'sinwt (2.110)

The solution to the Eq. (2.110) can be given as [similar to Egs. (2.80), (2.81),
and (2.82)]
Z//

m

| >

L

Base

Figure 212 Principles of vibration-measuring instrument



Fundamentals of Vibration 41

z = Zcos(wt +ar) (2.111)
where
2 s
Z= ne ZZ (2.112)
\/(k - mw* ) + (ca))2
_ 2
o = tan™ [k—mwj (2.113)
cw
Again, from Eq. (2.112),
Z (wlw,)
Z = d (2.114)

’

\/[1 - (a)/a)n)z}2 +4D* (w/w,)’

If the natural frequency of the instrument @, is small and ®/®, is large,

then for practically all values of D, the magnitude of Z/Z" is about 1. Hence the
instrument works as a velocity pickup.

Also, from Eq. (2.114) one can write that

2Z = ! (2.115)
w°Z

w; \/[1 —(wlw,) T +4D* (wlw,)’

If D=0.69 and ®/®, is varied from zero to 0.4 (Prakash, 1981), then Eq.
(2.115) will result in

z = ! = const
AN
So
Zoew 7'

However, @”Z is the absolute acceleration of the vibrating base. For this
condition, the instrument works as an acceleration pickup. Note that, for this case,
the natural frequency of the instrument and, thus, @, are large, and hence the

ratio w/®, is small.
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System with Two Degrees of Freedom

2.10 Vibration of a Mass-Spring System

A mass-spring system with two degrees of freedom is shown in Figure 2.13a. The

system may be excited into vibration in several ways. Two cases of practical

interest are

(a) sinusoidal force applied on mass m; resulting in forced vibration of the
system, and

(b) the vibration of the system triggered by an impact on mass m,.

The procedure for calculating the natural frequencies of the system shown
in Figure 2.13 is described first, followed by a method for calculating amplitudes
of masses m; and m; for the two cases of excitation mentioned here.

A. Calculation of Natural Frequency

The free body diagrams for the vibration of the masses m; and m, are shown in
Figure 2.13b. The equations of motion may be written as

mz kiz)
kl ' ‘
m m
I’Hl = ml
g I g
4 T ky(z, —z)
ky
myz,
T Tkz(zl -z,)
W,
nmy = -2 nmy = &
g I g
Z.
() ? (b)

Figure 213  Mass-spring system with two degrees of freedom
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mZ +kz +ky(z —25) =0 (2.116)
where ki, ky = spring constants

z1, zp = displacement of masses m; and m,, respectively

Now, let
z, = Asinw,t (2.118a)
z, = Bsinw,t (2.118b)
where , = natural frequency of the system.

Substitution of Egs. (2.118a) and (2.118b) into Egs. (2116) and (2.117) yields
Ak, +k, —ma})—k,B =0 (2.119a)
and

— Ak, + (k, —m,@.)B = 0 (2.119b)

For the nontrivial solution

k +ky, —ma? k| 0
—k, k, —my@.
or
2 2N _ 2
(ky + ky = m@;, )(ky = my®;,) =k
o _[klm2 +kym, + k,m, }a)f N kik, _ 0 (2.120)
mym, mym,
Let
n="2 (2.121a)
m
@y = k (2.121b)
m, +m,
k,
W, = |-2 2.121¢
nlz kl ( )

Substituting Egs. (2.121a), (2.121b), and (2.121c) into Eq. (2.120) and
simplifying one obtains
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o) —(1+ )@y, + oy, op +(1 + (@), Nwy,)=0  (2.122)

Equation (2.122) represents the frequency equation for a two-degree
system.

B. Amplitude of Vibration of Masses m, and m,

Vibration Induced by a Force Acting on Mass my: Figure 2.14 shows the case
where a force O = Q, sin ax is acting on a mass m;. The equations of motion may
be written as

mz +kiz) +ky(z—z;) = Qp sinwt (2.123a)
m222 +k2(22 _Zl) =0 (2123b)
Let
z1 = A, sin wt (2.124a)
zp = A, sin wt (2.124b)
Substitution of Egs. (2.124a) and (2.124b) into Egs. (2.123a) and (2.123b)
yields
ky
0 =0Q,sinwt m I
21
ko
my

|

22

Figure 214  Vibration induced by a force on a mass-spring system with two degrees of
freedom
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A= my @ + ki + k) — ko= 0o
Az(kz —nmy a)z ) —A1k2 =0
From Eq. (2.125b)
Ak,

Combining Egs. (2.125a) and (2.126),

2 Aks
Al (—mla) +k1 +k2)— > _QO
(kz - mza) )
or
o (a)il2 -’ )
A= |———
mlA(a) )
20N 4 2 2 2 2
where A@) =0 —(A+n)w, +@, )+ +m)(@), N@,,)
Similarly, it can be shown that
B Qowﬁz2
Ay =—"5
mlA(a) )

It may be observed from Eq. (2.127) that 4, =0 if

),

=w
nly

(2.1252)
(2.125b)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)

Equations (2.127) and (2.130) illustrate the principle of vibration absorber.
In a practical situation, the system k;, m, represents a main system, and the system
ka, my represent an auxiliary system. The vibration of the main system can, in
principle, be reduced or even totally eliminated by attaching an auxiliary system

to the main mass, designed in such a way that its natural frequency @, is equal

to the operating frequency @ .

Vibration Induced by an Impact on Mass m,: A practical solution to this
case is obtained by assuming that the vibration is being induced by an initial

velocity v, to mass m,. For this case, let
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21=C1sina)nlt+C2sina)”2t (2.131a)
z=Disinw,t+ D sinw, t (2.131b)
The initial conditions of vibration are defined as follows. At time ¢ = 0:

Z] :Zzzo (21323)
2, =0and z, = v, (2.132b)

Substituting Eqgs. (2.131a) and (2.131b) into Egs. (2.116) and (2.117),
applying the initial conditions as defined in Egs. (2.132a) and (2.132b), and
simplifying, one obtains

ny

(1) (0]

2 2 2 2 . :
(‘%12 — @y ) (wnlz -0, ) sinw, t  sin ,,t
n n

Jvo (2.133a)

1= 2 2 2
a)l’llz (a)nl - a)nz )

and

2 2 o 2 20\
1 (a)z - )sma) t (a), —w, |sma,t
Zz — nip m m _ nip n2) n UO (2.133b)

2 2
(a)n1 -, ) , @,

The preceding relationships can be further simplified to determine the
amplitudes Z; and Z, of masses m; and m,, respectively:

2 2 2 2
zZ, = (wlzz w’: ) (w”f ) v, (2.134a)
wnlz (wnl - wnz ) a)nz
and
2 2
Z,= M (2.134b)
(a)nI —a)nz)a)n2
Example 2.7

Refer to Figure 2.13a. Calculate the natural frequencies of the system. Given:
Weight: W, =111.20 N; W, =22.24 N
Spring constant: k; = 17.5 kN/m; &, = 8.75 kN/m

Solution

From Egs. (2.121a), (2.121b), and (2.121c)
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m

W, :
L2224 _

7 m W, 11120
P 17.5%10° x9.81 3586 radJs
Ny +m,  \[(111.2+2224)

[k, \/8.75><103><9.81
w,= |—= =62.12 rad/s
" A m, 22.24

From Eq. (2.122)

4 2 2
wn - (1 + n)(a)nll + a)nlz

! —(1+0.2)(35.86" +62.12* ) +(1+0.2)(35.86>)(62.12*) =0
@ —6173.8@" +5954766.15=0

Y, +(1 + )@}, N@y,)=0

6173.1J_r\/(6173.1)2 —(4)(5954766.15)
ny, - 2
w, =1190.35; ; =4977.45

So
@, =34.60 rad/s; @, =70.55 rad/s

Example 2.8

Refer to Example 2.7. If a sinusoidally varying force Q = 44.5 sin@¢ N is applied
to the mass m; (Figure 2.13a), what would be the amplitudes of vibration given
o =78.54 rad/s?

Solution

From Eq. (2.128)
N@*) = o) —(1+n) (@}, + @y o, +(1+17) (@, N@;, ) =0

nl, nl,

= (78.54)" — (1 + 0.2)[(35.86)" + (62.12)*](78.54)*+ (1 +0.2)(35.86)* (62.12)*
=5922262.92
Again, using Egs. (2.127) and (2.129),

(e, -e) (44.5)] (62.12)" = (78.54)’ |
mA(@?) (%)(5922262.92)

=-0.00153 m=-15.3 mm
So, the magnitude of 4, is 15.3 mm.

1
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5 2
Y Qw,,  (44.5)(62.12) — 0.0026 m = 2.6 mm.

- -
mA(@?) (11;'12](5922262.92)

2.11 Coupled Translation and Rotation of a Mass-
Spring System (Free Vibration)

Figure 2.15 shows a mass-spring system that will undergo translation and
rotation. The equation of motion of the mass m can be given as

mzZ+k(z—10)+ky,(z+1,0)=0 (2.135)
mr*6 -1k (z = 1,0) + Lk, (z +1,0) = 0 (2.136)
where 6 = angle of rotation of the mass m
2
i
dt

r = radius of gyration of the body about the center of gravity
(Note: mr* = J = mass moment of inertia about the center
of gravity)
ki1, k» = spring constants
z = distance of translation of the center of gravity of the body

| L TL% L ——

€

Figure 215 Coupled translation and rotation of a mass-spring system
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Now, let

ki +hk="Fk (2.137)
and

Lk +Lk, =k, (2.138)
So, the equations of motion can be written as

mzZ+k,z+ (lky —1k)0 =0 (2.139)
mr?0 + k0 + (Lk, —lk)z =0 (2.140)
If [k, = Lk, Eq. (2.139) is independent of € and Eq. (2.140) is independent

of z. This means that the two motions (i.e., translation and rotation) can exist
independently of each one another (uncoupled motion); that is,

mi+k,z=0 (2.141)
and
mr’ +k,0 = 0 (2.142)

The natural circular frequency @, of translation can be obtained by

kZ
w,, == (2.143)
m

Similarly, the natural circular frequency of rotation @,y can be given by

k
0,9 = |5 (2.144)
mr

However, if [k is not equal to Lk,, the equations of motion (coupled
motion) can be solved as follows: Let

k
ey (2.145)
m
bl _ g, (2.146)
m
% _ g, (2.147)
m

Combining Egs. (2.139), (2.140), (2.145)-(2.147),
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Z+Ez+E0=0 (2.148)
. (E
9+[—§j9+(E—22jz =0 (2.149)
r r
For solution of these equations, let
z = Zcosw,t (2.150)
and
0=0Ocosw,t (2.151)
Substitution of Egs. (2.150) and (2.151) into Egs. (2.148) and (2.149)
results in
(E,—@>)Z+E,0=0 (2.152)
and
Ey o E), _
(r—z—a)nJ®+(r—2jZ—O (2.153)

For nontrivial solutions of Egs. (2.152) and (2.153),

El_a)ﬁ Ey
E, E |70 (2.154)
> 2%
r r
or
E E\E; —E3
aﬁ—&—%&jd’%[%}() (2.155)

The natural frequencies®, ,®,, of system can be determined from
Eq. (2.155) as

12
1) 2 2
m_ 1 (523+E1j$ (E—S—Elj +4E—§ (2.156)
o, 2|\ r r r

Hence, the general equations of motion can be given as
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z2=27,c08 W,t+7Z,cos @,,! (2.157)

and
0 =0, cosw, 1+ 0, cosw,,! (2.158)

The amplitude ratios can also be obtained from Egs. (2.152) and (2.153)

as

5 - ~(E3[r? =@ )

1 _ 2 - "l

__ - . (2.159)
0, Ey —cosw’ E,/r

and
(B[ —a* )
E2 112
=_ = (2.160)

0, E, —cos a)i2 E, /r2

Problems

2.1 Define the following terms:

Spring constant

Coefficient of subgrade reaction
Undamped natural circular frequency
Undamped natural frequency

Period

Resonance

Critical damping coefficient
Damping ratio

Damped natural frequency

FER MO AL o

2.2 A machine foundation can be idealized to a mass-spring system, as
shown in Figure 2.4.
Given

Weight of machine + foundation =400 kN
Spring constant = 100,000 kN/m

Determine the natural frequency of undamped free vibration of this
foundation and the natural period.

2.3 Refer to Problem 2.2, What would be the static deflection z, of this
foundation?

24 Refer to Example 2.3. For this foundation let time # = 0, z = z, = 0.
z=1,=0.
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a. Determine the natural period 7 of the foundation.

b. Plot the dynamic force on the subgrade of the foundation due to
the forced part of the response for time # =0 to ¢ = 27.

c. Plot the dynamic force on the subgrade of the foundation due to
the free part of the response for =0 to 27.

d. Plot the total dynamic force on the subgrade [that is, the
algebraic sum of (b) and (c)]. Hint: Refer to Eq. (2.33)

k .
Force due to forced part = k % sinwt
1- 0 0}

Force due to free part Zk(QO—/kJ[—ﬁsin a)nt]

l—a)z/a),f @y,

2.5 A foundation of mass m is supported by two springs attached in series.
(See Figure P2.5). Determine the natural frequency of the undamped free
vibration.

m
ky L
ky

Figure P2.5

2.6 A foundation of mass m is supported by two springs attached in parallel
(Figure P2.6). Determine the natural frequency of the undamped free
vibration.

2.7 For the system shown in Figure P2.7, calculate the natural frequency and

period given &k =100 N/mm, &k, = 200 N/mm, k; = 150 N/mm, k4 = 100
N/mm, ks = 150 N/mm, and m = 100 kg.
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m
ky ky
Figure P2.6
Q=0Q,sinwt
>
ky ky
EmnVAVAVAVAY o VAVAVAVA Vo

_ ANANN\,—4mM | m =mass

ka ks
I VAVAVAVA e VAVAVAVA e
Figure P2.7

2.8 Refer to Problem 2.7. If a sinusoidally varying force O = 50 sin wt (N) is
applied to the mass as shown, what would be the amplitude of vibration
given @ =47 rad/s?

2.9 A body weighs 135 N. A spring and a dashpot are attached to the body in
the manner shown in Figure 2.2b. The spring constant is 2600 N/m. The
dashpot has a resistance of 0.7 N at a velocity of 60 mm/s. Determine the
following for free vibration:

a. Damped natural frequency of the system
b. Damping ratio
c. Ratio of successive amplitudes of the body (Z,/Z,, + 1)
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2.10

2.11

2.12

2.13

d. Amplitude of the body 5 cycles after it is disturbed, assuming that
attime =0, z=25 mm.
A machine foundation can be identified as a mass-spring system. This is
subjected to a forced vibration. The vibrating force is expressed as
0=Q, sinwt
0y=6.7kN @ = 3100 rad/min
Given
Weight of machine + foundation =290 kN
Spring constant = 875 MN/m
Determine the maximum and minimum force transmitted to the subgrade.
Repeat Problem 2.10 if
Qo =200 kN, @ = 6000 rad/min
Weight of machine + foundation =400 kN
Spring constant = 120,000 kN/m
A mass-spring system with two degrees of freedom is shown in Figure
P2.12. Determine the natural frequencies @, and @,, as a function of &,

kz, k3, mi, and ms.

Spring
constant = k;

Mass = m T

z
Spring
constant = kp

Mass = m; T
|

22
Spring
constant = k3

Figure P2.12

A spring-mass system consists of a spring k; and a mass m,, as shown in
Figure P2.13. An auxiliary spring k, and mass m, are attached as shown.
What should be the value to &, so that the auxiliary spring-mass system
acts as a vibration absorber for the main system (k;, m)? Given Q = 100
Nand @ =31 rad/s.



Fundamentals of Vibration 55

k= 1000 N/mm

Main
system
0 =0,sinwt
Auxiliary
system
my =60 kg
Figure P2.13

2.14 A foundation weighs 800 kN. The foundation and the soil can be
approximated as a mass-spring-dashpot system as shown in Figure 2.2b.
Given
Spring constant = 200,000 kN/m
Dashpot coefficient = 2340 kN-s/m
Determine the following:
a. Critical damping coefficient c..
b. Damping ratio
c. Logarithmic decrement
d. Damped natural frequency
2.15  The foundation given in Problem 2.12 is subjected to a vertical force
0=y sin wt in which
0y=25kN @ =100 rad/s
Determine
a. the amplitude of the vertical vibration of the foundation, and
b. the maximum dynamic force transmitted to the subgrade.
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Waves in Elastic Medium

3.1

3.2

Introduction

If a stress is suddenly applied to a body, the part of the body closest to the source
of disturbance will be affected first. The deformation of the body due to the load
will gradually spread throughout the body via stress waves. The nature of
propagation of stress waves in an elastic medium is the subject of discussion in
this chapter. Stress wave propagation is of extreme importance in geotechnical
engineering, since it allows determination of soil properties such as modulus of
elasticity, shear wave velocity, shear modulus; interpretation of test results of
geophysical investigation, numerical formulation of ground response analysis
and also helps in the development of the design parameters for earthquake-
resistant structures. The problem of stress wave propagation can be divided into
three major categories:

a) Elastic stress waves in a bar
b) Stress waves in an infinite elastic medium
¢) Stress waves in an elastic half-space

However, before the relationships for the stress waves can be developed, it is
essential to have some knowledge of the fundamental definitions of stress, strain,
and other related parameters that are generally encountered in an elastic medium.
These definitions are given in Sections 3.2 and 3.3.

Stress and Strain

Nations for Stress

Figure 3.1 shows an element in an elastic medium whose sides measure dx, dy
and dz. The normal stresses acting on the plane normal to the x, y, and z axes are

56



Waves in Elastic Medium 57

Gv
_/dy — T
T,
zy
T
Xz
Yoy
T yz ’///
/ny T‘ e -i dz
7 |
A | 5,
i T v o !
: S
Y o, vz
T
p.v4
X
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T <—————- -
zX
} dx |
y GZ

Figure 3.1  Notations for normal and shear stresses

0,,0,and o, , respectively. The shear stresses are 7,7, ,7,.,7,,,7. and 7.

xy 2 Tyx2 Tyz? Vzy? Vxz
The nations for the shear stresses are as follows.
If 7; is a shear stress, it means that it is acting on a plane normal to the i
axis, and its direction is parallel to the j axis. For equilibrium purposes, by taking
moments, it may be seen that

Ty = Tyy (3.1)
T, =T, (3.2)
Ty =Ty (3.3)

Strain

Due to a given stress condition, let the displacements in the x, y, and z directions
(Figure 3.1) be, respectively, u,v and w. Then the equations for strains and
rotations of elastic and isotropic materials in terms of displacements are as
follows:

Ju
e =

= (3.4)
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v
=" 3.5
gy ay ( )
ow
= 3.6
£, > (3.6)
’ al) au
Sl 3.7
, ow Jdv
Sl 3.8
Yy ay+az (3-8)
AL (3.9)
Jz oOx
(T)x :l a—w—a—v (3.10)
2\ dy oz
_ 1(0u ow
=—| ——— 3.11
@y 2(5)2 axj 3-11)
B, =12V o (3.12)
2{ox oy

where
&y, €, and & =normal strains in the direction of x, y and z, respectively

}/;y = sheering strain between the planes xz and yz
}/;Z = shearing strain between the planes yx and zx

7., = shearing strain between the planes zy and xy
., E)y and @, = the components of rotation about the x, y, and z axes.

These derivations are given in most of the textbooks on the theory of
elasticity (e.g., Timoshenko and Goodier, 1970). The interested reader may
consult these books and are not covered here in detail.

3.3 Hooke’s Law

For an elastic, isotropic material, the normal strains and normal stresses can be
related by the following equations:

€, =%[0'x ~ (o, +0.)] (3.13)
£, =l[ay—u(ax+az)] (3.14)

E
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£, I%[O'Z—,U(Gx+0'y)} (3.15)

where £, g, and &, are the respective normal strains in the directions of x, y, and
z, E is Young’s modulus, and i is Poisson’s ratio.

The shear stresses and the shear strains can be related by the following
equations:

T, = nyy (3.16)
7, =Gy, (3.17)
7. =Gy, (3.18)
where the Shear modulus (G) is
= £ (3.19)
2(1+p)

and y,,,7,,,and y. are the shear strains.

Equations (3.13) — (3.15) can be solved to express normal stresses in terms
of normal strains as

o, =l +2Ge, (3.20)
0, =A£+2Ge, (3.21)
o, = A +2G¢, (3.22)
where
P R (3.23)
(1+ (1 -2u)
E=E.+E, +E, (3.24)

A is known as the Lame’s constant and can easily estimated by a relatively easy
measurement of £ and u of any material and thus can be used for describing the
velocity of waves through the material.

From Eqgs (3.19) and (3.23), it is easy to see that

A

U
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Elastic Stress Waves in a Bar

3.4

Longitudinal Elastic Waves in a Bar

Figure 3.2 shows a rod, the cross-sectional area of which is equal to 4. Let the
Young’s modulus and the unit weight of the material that constitutes the rod be
equal to £ and ¥ respectively. Now, let the stress along section a — a of the rod
increase by 0. The stress increase along the section b — b can then be given

by 0+ (d0/dx)Ax . Based on Newton’s second law,
Zforce = (mass) (acceleration)

Thus, summing the forces in the x direction,

2
—0'A+(a+a—o-ijA:Ma—u (3.26)
ox g o

where AAxy= weight of the rod of length Ax, g is the acceleration due to

gravity, u is displacement in the x direction, and ¢ is time.

Equation (3.26) is based on the assumptions that (1) the stress is uniform
over the entire cross-sectional area and (2) the cross section remains plane during
the motion. Simplification of Egs. (3.26) gives

Jdo 0’u
—=p| — 3.27
ox p{ or? j ( )

where p =y/g is the density of the material of the bar. However,

o = (strain) (Young’s modulus) = (g—qu (3.28)
X

Substitution of Eq. (3.28) into (3.27) yields

o p)lox?

or? © ox?

or

(3.29)
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Figure 3.2 Longitudinal elastic waves in a bar

Block 2

Block 1

Figure 3.3 Motion of longitudinal elastic wave in a bar

where

- |E (3.30)
o)
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The term v, is the velocity of the longitudinal stress wave propagation.

This fact can be demonstrated as follows. The solution to Eq. (3.29) can be
written in the form

u=F(v,t+x)+G(v,t—x) (3.31)

where F(v,/+x) and G(v,—x) represent some functions of (v,/+x) and

(v.t—x), respectively. At a given time #, let the function F(v+x) be
represented by block 1 in Figure 3.3, and

u=F(v.t+x)
At time ¢ + At, the function will be represented by block 2 in Figure 3.3. Thus,
U a =FL 0, (1 + Af) + (x - Ax)] (3.32)
If the block moves unchanged in shaped from position 1 to position 2,

Ur = Ur+ At
or
F(v,t+x)=F[v,(t+ A) + (x — AY)]
or
v, At = Ax (3.33)

Thus the velocity of the longitudinal stress wave propagation is equal to
Ax/At = v,. In a similar manner, it can be shown that the function G(v, ¢ — x)
represents a wave traveling in the positive direction of x.

If the bar described above is confined, so that no lateral expansion is
possible, then the above equation can be modified as

azu ) azu
— =0 — 3.34
or? < o’ ( )
where
v, = M (3.35)
Yo,
E(1-u)

M = constrained modulus = ; L= Poisson’s ratio

(1-2u) 1+ 1)
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Velocity of Particles in the Stressed Zone

It is important for readers to appreciate the difference between the velocity of the
longitudinal wave propagation (v,) and the velocity of the particles in the
stressed zone. In order to distinguish them, consider a compressive stress pulse of
intensity o, and duration ¢” (Figure 3.4a) be applied to the end of a rod (shown in
Figure 3.4b). When this stress pulse is applied initially, a small zone of the rod
will undergo compression. With time this compression will be transmitted to
successive zones. During a time interval A¢ the stress will travel through a
distance

Ax= v, At

At any time ¢ > ¢’ a segment of the rod of length x will constitute the
compressed zone. Note that

x=v1t

c

The elastic shortening of the rod then is

u= (%j ()= (%] (0.0)

Note that u is the displacement of the end of the rod. Now, the velocity of the end
of the rod and, thus, the particle velocity is

Also, it is important to note the following:

1. Particle velocity u is a function of the intensity of stress o;. Higher the
amplitude of the intensity of stress, higher is the particle velocity for the
same medium.

2. However, the longitudinal wave propagation velocity is a function of
material property only. It is independent of the amplitude of stress applied.

3. The wave propagation velocity and the particle velocity are in the same
direction when a compressive stress is applied. However when a tensile
stress is applied, the wave propagation and the particle velocity are in
opposite directions.

The above concepts are used in non-destructive testing apparatus such as pile
integrity testing (PIT).
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Figure 3.4 Velocity of wave propagation and velocity of particles

The vibration measuring instruments pick the particle vibration velocity and not
the wave propagation velocity. Usually, in geophysical methods, described later
in Chapter 4, the peaks in particle vibration velocities are detected and the wave
propagation velocities are interpreted.
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Reflections of Elastic Stress Waves at the
End of a Bar

Bars must terminate at some point. One needs to consider the case of what
happens when one of these disturbances, F(v, ¢ + x) or G(v,t—x) [Eq. (3.31)],

meets the end of the bar.

Figure 3.5a shows a compression wave moving along a bar in the positive x
direction. Additionally, a tension wave of the same length is moving along the
negative direction of x. When the two waves meets each other (at section a—a),
the compression and tension cancel each other, resulting in zero stress; however,

Compression

— a og=0 .
o | u=0 u =y
@ —y § —
L‘tzb't() i a
a
Tension
a
T g =
U’—H i E_’ u =2u
o —f r é .
— m
l--Ld
. . 0 |a —_—
i =i i =0 L
T
© —y | é) :
- o : Z.lei()
:a
o - :a
(d) é Free end Y
D a

|
|
|
|a
|

Figure 3.5 Reflection of stress waves at a free end of a bar
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the particle velocity is double (Figure 3.5b). This is because the particle velocity
for a compression wave is in direction of the motion, and in the tension wave, the
particle velocity is opposed to the direction of motion. After the two waves pass
each other, the stress and the particle velocity again return to zero at section a—a
(Figure 3.5¢). The section a—a corresponds to having the stress condition that a
free end of a bar would have. Figure 3.5d shows the portion of the rod located to
the left of section a—a, and the section can be considered as a free end. By
observation it can be seen that, at the free end of a bar, a compression wave
is reflected back as a tension wave having the same magnitude and shape. In a
similar manner, a tension wave is reflected back as a compression wave at the
free end of a bar.

Compression Compression
- > 4 —
c o
@ — g
. o=0 .
u =ugy a u =0 u =up
o
-~ | o—
|
! 20
i a u =0
a
-~ o o —
©  —§ g x
. — U =u
i =i} , uf,’ ;8 0
a
o o
) é} Fixed end N
a

Figure 3.6 Reflection of stress waves at a fixed end of a bar
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Figure 3.6a shows a bar in which two identical compression waves are
traveling in opposite directions. When the two waves cross each other at section
a—a, the magnitude of the stress will be doubled. However, the particle velocity
u will be equal to zero (Figure 3.6b). After the two waves pass each other, the
stress and the particle velocity return to zero at section a—a (Figure 3.6¢). Section
a—a remains stationary and behaves as a fixed end of a rod. By observation it can
be seen (Figure 3.6d) that a compression wave is reflected back as a compression
wave of the same magnitude and shape, but the stress is doubled at the fixed end.
In a similar manner, a tension wave is reflected back as a tension wave at the
fixed end of a bar.

Torsional Waves in a Bar

Figure 3.7 shows a rod to which a torque 7 is applied at a distance x, and the end
at x will be rotated through an angle 6. The torque at the section located at a
distance x + Ax can be given by T + (d7/0x)Ax and the corresponding rotation by
0+ (d@0dx)Ax. Applying Newton’s second law of motion,

2
—T+(T+a—Tij =pJAxM (3.36)
ox 2

where J is the polar moment of inertia of the cross section of the bar.

00
0 +—Ax
0x

Figure 3.7 Torsional waves in a bar
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3.8

However, torque T can be expressed by the relation

T =629 (3.37)
ox

Substitution of Eq. (3.37) into Eq. (3.36) results in

9’6 G 9’0
or

9’0 ,0°0

a? =V ax—z (339)
where

v, =F (3.40)
Yo,

Note that Egs. (3.39) and (3.29) are of similar form.

is the velocity of torsional waves.

Longitudinal Vibration of Short Bars

The solution to the wave equations for short bars vibrating in a natural mode can
be written in the general form as

u(x,t) = U(x)(A4 sin@,t + A, cos o, 1) (3.41)

where 4, and 4, are constants, @, is the natural circular frequency of vibration,

and U(x) is the amplitude of displacement along the length of the rod and is
independent of time.

For longitudinal vibration of uniform bars, if Eq. (3.41) is substituted into
Eq. (3.29), it yields

9%u(x,t) P 9%u(x,t) _0

ox*  E o
or
’U(x) p
o~ +E(w§)-U(x)=o (3.42)

The solution to Eq. (3.42) may be expressed in the form
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U(x) = B, sin [ﬂj +B, cos( w"xj (3.43)
1)) [

c c

where By and B, are constants. These constants may be determined by the end
condition to which a rod may be subjected.

A. End Condition: Free-Free

For the free-free condition, the stress and thus the strain at the ends are zero. So
atx =0, dU(x)/dx=0; and at x = L, dU(x)/dx =0, where L is the length of
the bar. Differentiating Eq. (3.43) with respect to x.

B B
W) _ 5o, cos (a)nx] ~ 2% i (a)nxj (3.44)
dx v, v, v, v,
Substitution of the first boundary condition into Eq. (3.44) results in
B .
0=21% . e B =0 (3.45)
v

c

Again, from the second boundary condition and Eq. (3.44),

0= —(—Bzw” jsin[a)”Lj
UC UC

Since B, is not equal to zero,

g (3.46)
vC‘
or
nmv
L 3.47
n = (3.47)
wheren=1, 2, 3,..... Thus,
L
v, = (3.48)
n1m

The equation for the amplitude of displacement for this case can be given by
combining Egs. (3.43), (3.45), and (3.48), or

U(x) = B, cos (?j (3.49)
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Figure 3.8 Longitudinal vibration of a short bar: free-free end condition

The variation of the nature of U(x) for the first two harmonics (i.e., » = 1 and 2)
is shown in Figure 3.8. The equation for u(x, ¢) for all modes of vibration can
also be given by combining Eqgs. (3.49) and (3.41).

B. End Condition: Fixed-Fixed

For a fixed—fixed end condition, at x = 0, U(x) = 0 (i.e., displacement is zero);
andatx=L, Ux)=0
Substituting the first boundary condition into Eq. (3.43) results in
0=5, (3.50)

Again, combining the second boundary condition and Eq. (3.43),
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L
0= B, sin (wLJ
vC

Since B # 0,
w,L
=nm (3.51)
UC
wheren=1,2,3,...;0r
nmo
= < 3.52
= (3.52)
or
L
v, = (3.53)
nm

The displacement amplitude equation can now be given be combining Egs.
(3.43), (3.50), and (3.52) ad

U(x) = B, sin (?) (3.54)

Figure 3.9 shows the variation of U(x) for the first two harmonics (n =1 and 2)

C. End Condition: Fixed—Free
The boundary conditions for the fixed — free case can be given as follows:
At x =0 (fixed end), Ux)=0
dU(x) _
dx
From the first boundary condition and Eq. (3.43),

Atx =L (free end), 0

Ux)=0=B, (3.55)

Again, from the second boundary condition and Eq. (3.43)

auw _,_ Bo, cos[a)”Lj (3.56)
dx D, D,

c c

or
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o,L

1
=—2n-Drn
2( )

c

wheren=1,2,3,...;s0

1 v,
w, = 5(2” - 1)TC (Tj

(3.57)

The displacement amplitude equation can now be written by combining Egs.

(3.43), (3.55), and (3.57) as

1 —
U(x) = B, sin {w}

Figure 3.10 shows the variation of U(x) for the first two harmonics

X
| L >
U (x)
n=1
By
¢ R
1
U(x)
n=2
Ly}
4
Bl lL
v 2 L
* X
By

Figure 3.9 Longitudinal vibration of a short bar: fixed — fixed end condition

(3.58)
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Figure 3.10 Longitudinal vibration of a short bar—fixed—free end condition

Torsional Vibration of Short Bars

The torsional vibration of short bars can be treated in a manner similar to the
longitudinal vibration given in Section 3.8 by writing the equation for natural
modes of vibration as

O(x,1) = O(x)(4, sinw,t + 4, cos @, ?) (3.59)

where © = amplitude of angular distortion and 4, and 4, are constants.
Solution of Egs. (3.39) and (3.59) results in

nwo
w, = £ 3.60
= (3.60)
for the free—free end and fixed—fixed end conditions and
l2n-Dro
= Z(n—)‘ (3.61)

" L

for the fixed—free end condition, where L is the length of the bar and n =1, 2,
3....
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Stress Waves in an Infinite Elastic Medium

3.10 Equation of Motion in an Elastic Medium

Figure 3.11 shows the stresses acting on an element of elastic medium with sides
measuring dx, dy and dz. For obtaining the differential equations of motion, one
needs to sum the forces in the x, y, and z directions. Along the x direction,

Kax 4 a;x dxj - o'x} (dy)(dz) + K 7.+ ag—”dz) - z‘zx} (dx)(dy)

X

a7, 3 0u
T Tt % dy | =17, |(dx)(dz) = p(dx)(dy)(dz) F%)

where p is the density of the medium and u is the displacement component along
the x direction. Alternatively,

ot 2
00,  Ofw 0%y _ 07 (3.62)

+
ox  dy oz o’

0
o.+8z4;
© 0z
dy/_ ot b2y —T__ + Oa dz
—/ Tyt gdﬂ/ =" "5,
0
ot T, + T gy
T, + —Zdy Ox dz
ay ///Y Gy
> T o |
s <————T’//txy rx i G, + agx dx
o o, VT, Oy ’
U T+ —Edy Ty +——dx
A oo - w7 g Ox
G, +—=dy
> X
-7
<= -7 T,
TZX Y
| " -
y G,

Figure 3.11 Derivation of the equation of motion in an elastic medium
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Similarly, summing forces on the element in the y and z directions

d d d 2
o, N Ty N 7., :pa v (3.63)
ay ox oz ot

and

. (3.64)

where vand w are the components of displacement in the y and z directions,
respectively.

Equations for Stress Waves

A. Compression Waves

Equations (3.62)—(3.64) give the equations of motion in terms of stresses. Now,
considering Eq. (3.62) and noting that 7, = 7, and 7. = z.,,
paz: _9o, a7, L
ot ox dy 0z
Substitution of Egs. (3.16), (3.18), and (3.20) into the preceding equation
yields

Pu_ 9, J J
— =— (A8 +2Ge,) +—(GY,,)+—(GY,
P Tt 8x)+ay( Vo) + - (G7)

Again, substitution of Egs. (3.7) and (3.9) into the last expression will yield

2
pa—u=i(/15 +2Ge )+ G— 9 (av+a—u]+Gi(a—u+a—wJ

o2 ay\ dx dy oz\ dz ox

or
) _ 2 2 2 2 2 2
LU _ 08 [P v Pw P Fu) g
at ox ox*> dxdy oxdy ox? 9’ :

But

’u 9*v 9w oF
+ + =—
x> 0xdy oxdz Ox

(3.66)
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So
&:(;HG)a_gu;vzu (3.67)
Por PR '
where
2 2 2
V2 = o ,9 .9 (3.68)

ox’ 9y 9z’

Similarly, by proper substitution in Eqs. (3.63) and (3.64), the following
relations can be obtained:

820 0 2
— =A+G) — +GV-v 3.69
oy ¥ ( ) o (3.69)
and
2 —
pa—?} —1+6) & 16V (3.70)
ot oz

Now, differentiating Egs. (3.67), (3.69), and (3.70) with respect to x, y, and
z, respectively, and adding

2 2 2= 2=
pa_(a_u+au awj_(/1 G)[a ag+ag]

o*ox dy o ox?  oy?  o9z°
rav(2u, 20 o
ox dy dz
or
82_
=1+ G) (V) +G(V?E) =(1+2G)V’e (3.71)
Therefore,
% A+2G he  sen_
— = Vie=v:V-e 3.72
W P . (3.72)
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where

_[A+2G
v, = p

(3.73)

Equation (3.73) is in the same form as the wave equation given in Eq. (3.29).
Also note that € is the volumetric strain and v, is the velocity of the dilatational

waves. This is also referred to as the primary wave, P-wave, or compression
wave. Also another fact that needs to be pointed out here is that the expression

for v, was given as v, =/E/p . Comparing the expressions for v. and v, , one can

see that the velocity of compression waves is faster than v, .

B. Distortional Waves or Shear Waves

Differentiating Eq. (3.69) with respect to z and Eq. (3.70) with respect to y,

d’e
(9y)(02)

0% (ov
—|—=|=(1+G
atz(azj ( )

and

9% ((ow 9’
NN -+
paﬂ(ayj ( )

Substracting Eq. (3.74) from (3.75) yields

2 (w_aw) _ pafw v
o*\dy oz dy oz

However, dw/dy —dv/dz = 2@, [Eq. (3.10)]; thus,

2_
I0 Gy,
ot

or

(dy)(02)

72—
90 _G v = v
ot Yy

+GV? % (3.74)
+G V? g—;” (3.75)

(3.76)
o, (3.77)

where v, =/G/p .
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Equation (3.77) represents the equation for distortional waves and the
velocity of propagation isv,.This is also referred to as the shear wave, or

S-wave. Comparison of the shear wave velocity given above with that in a rod
[Eq. (3.40)] shows that they are the same. Using the process of similar

manipulation, one can also obtain two more equations similar to Eq. (3.77):

and

0’® _

> 2y = vaza)y
t

9’w _

2 2Z = USZVZa)Z
t

3.12 General Comments

(3.78)

(3.79)

Based on the derivations for the velocities of comparison waves and shear waves
as derived in the preceding section, the following general observations can be
made.

1.

There are two types of stress waves that can propagate through an infinite

elastic medium; however, they travel at different velocities.
2. From Eq. (3.73),

However

and

P

/ﬂ+2G
v =
)%

UE

(I+0) (1= )

E

G:
2(1+ )

Substitution of the preceding two relationships into the expression ofv,

yields

-]

E(1—u)

P+ ) (1=2u)

(3.80)
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Figure 3.12 Variation of v, / v, with 1 [Eq. (3.82)]

Similarly,

v, = F: /L (3.81)
p \N2l+wp

Combining Egs. (3.80) and (3.81),

v, \(-2p) '

Figure 3.12 shows a plot of v,/ v, versus x4 based on Eq. (3.82). It can be

seen from the plot that for all values of 1, v,/ v is greater than 1.
3. Table 3.1 gives some typical values of v, and v, encountered through various

types of soils and rocks. Techniques for field determination of the velocities
of compression waves and shear waves traveling through various soil media
are described in Chapter 4.

4. The more rigid the materials, the higher the shear and compressional wave
velocities.
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5. If uis 0.5, the velocity of compressional wave becomes unbounded.

Wave propagation through saturated soils involves the soil skeleton and
water in the void spaces. A comprehensive theoretical study of this problem is
given by Biot (1956). This study shows that there are two compressive waves
and one shear wave through the saturated medium. Some investigators have
referred to the two compressive waves as the fluid wave (transmitted through the
fluid) and the frame wave (transmitted through the soil structure), although there
is coupled motion of the fluid and the frame waves. As far as the shear wave is
concerned, the pore water has no rigidity to shear. Hence, the shear wave in the
soil is dependent only on the properties of the soil skeleton.

Table 3.1 Typical values of v, and v,

Soil type Compressive wave Shear wave velocity,
velocity, v, (m/s) v, (mls)

Fine sand 300 90 -150
Dense sand 460 230
Gravel 762 180 —215
Moist clay 1220 - 1370 150
Granite 3960 — 5490 2130-3350
Sandstone 1370 — 3960 610—-2130

1200 x x x x x

1000 — _
§ 800 Dry (Dufty and Mindlin) -
.g
2600 -
[
z
3
:
£ 400 -
2
o
g
]
O

200 x x x x x

20 30 50 100 200 300 500

Confining pressure (kPa)

Figure 3.13 Comparison of experimental and theoretical results for compressive frame
wave velocities in dry and saturated Ottawa sand (after Hardin and Richart,
1963)
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Figure 3.13 shows the theoretical variation of the compressive frame wave
velocities in dry and saturated sands, based on Biot’s theory, using the values of
the constants representative for a quartz sand (Hardin and Richart, 1963). Along
with that, for comparison purposes, are shown the experimental longitudinal
wave velocities [ v, from Eq. (3.30)] for dry and saturated Ottawa sands. For a
given confining pressure, the difference of wave velocities between dry and
saturated specimens is negligible and may be accounted for by the difference in
the unit weight of the soil.

The velocity of compression waves (v,,) through water can be expressed as

“w (3.83)

where B, is the bulk modulus of water and p, is the density of water. Usually the
value of v,,1is of the order of 1463 m/s.

Figure 3.14 shows the variation of the experimental shear wave velocity for
dry, drained, and saturated Ottawa sand. It may be noted that for a given
confining pressure, the range of variation of v, is very small.

500 T T T T T
- 400 -
g Void ratio, e= 0.55 to 0.54 _-
2 300 - .
Q
2
o
>
% 200 -
2
s |\ Drained
7 Saturated

100 | | | | |

20 30 50 100 200 300 500

Confining pressure (kPa)

Figure 3.14 Variation of shear wave velocity with confining pressure for Ottawa sand
(after Hardin and Richart, 1963)

The velocity equations lead to the following generalizations: (i) for the
same material, shear waves will always travel slower than compressional waves
(i1) fhe more rigid the material, the higher the shear and compressional wave
velocities and (iii) shear waves can not propagate through liquids as the shear
modulus of liquids is zero. As a rough approximation, compressional or primary
wave velocity is about 60% more than shear wave velocity in soils.
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Stress Waves in Elastic Half-Space

3.13

Rayleigh Waves

Equations derived in Section 3.11 are for stress waves in the body of an infinite,
elastic, and isotropic medium. Another type of wave, called a Rayleigh wave,
also exists near the boundary of an elastic half-space. This type of wave was first
investigated by Lord Rayleigh (1885). In order to study this, consider a plane
wave through an elastic medium with a plane boundary as shown in Figure 3.15.
Note that the plane x — y is the boundary of the elastic half-space and z is positive
downward. Let u and w represent the displacements in the directions x and z,
respectively, and be independent of y. Therefore,

u=99,% (3.84)
ox 0oz
and
w20 _9v (3.85)
Jz ox

where ¢and are two potential functions. The dilation € can be defined as

Figure 3.15 Plane wave through an elastic medium with a plane boundary
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Ju J0v oJw
_+_ R

E=€.+E,+E, =
7 ox dy Oz

2 2 2 2 2 2
—[aqj oy J (0)+(a¢—a'/’] 00,99 v (336

.
x>  0xoz 0z O0xdz | o’ 8 a2

Similarly, the rotation in the x — z plane can be given by

2 2
ou Jdw al// oy V2 (3.87)

2, =L -2 H Y

Y0z ox 9x? a2

Substituting Eqs. (3.84) and (3.86) into Eq. (3.67) yields

Y (a azj “A+6) (V¢)+GV (ax azj

or

2 2
pa(a ¢J pi[aa_VJ (,1+2G) (V2¢)+G—(V2V/) (3.88)

ox\ or? 0z
In a similar manner, substituting Egs. (3.85) and (3.86) into Egs. (3.70), we get

2 2
3(3_4”]_ i[aat J (/’L+2G) (V2¢) G (Vzw) (3.89)

Equations (3.88) and (3.89) will be satisfied if
(1) p@°0/07) = (A+2G)V’p

or

0’9 (A+2G
%:( E ]Vngzvivzq) (3.90)

and (2) p(@*w/dt*) = GV or

2
a_'é’z(ﬁ Vi = 2V2y (3.91)
ot P ’
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Now, consider a sinusoidal wave traveling in the positive x direction. Let
the solution of ¢ and ybe expressed as

o= F(z) exp[i( wt — fx)] (3.92)
and

Y= G(2) expli( 0t - fx)] (3.93)

where F(z) and G(z) are functions of depth

fom (3.94)
wavelength
i=A-1 (3.95)

Substituting Eq. (3.92) into Eq. (3.90), we get

2
(387] {F(2)expli( wt — fx)]} = Uzszz F@)expli( @ =f9)]}

or
~0’F(2) = V)[F"(2) - [*F(2)] (3.96)

Similarly, substituting Eq. (3.93) into Eq. (3.91) results in

~0°G(2) =v}[G(2) - [G(2)] (3.97)
where
2
Fre- 2@ (3.98)
oz
2
G(2) =2 ng) (3.99)
oz

Equations (3.96) and (3.97) can be rearranged to the form

F”(2)— ¢’ F(z)=0 (3.100)
and
G”(z)-5°G(z) =0 (3.101)
where
2
= -2 (3.102)
v
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S=1r-= (3.103)

Solutions to Egs. (3.100) and (3.101) can be given as

F(z) = Ae ¥ + A,e” (3.104)
and
G(2) = Bie™ + Bye*™ (3.105)

where A4,, A>, B, and B, are constants.

From Egs. (3.104) and (3.105), it can be seen that 4, and B, must equal
zero; otherwise F(z) and G(z) will approach infinity with depth, which is not the
type of wave that is considered here. With 4, and B, equal zero,

F(z)y=4,e" (3.106)
G(z)=Be ™ (3.107)

Combining Egs. (3.92) and (3.106) and Egs. (3.93) and (3.107),

¢ = (Ae )" (3.108)
or
y = (Be )] (3.109)

The boundary conditions for the two preceding equations are at z = 0,
0.=0, z,=0, and 7, = 0. From Eq. (3.22),

Ce-0)= A€ +2Ge= A +2G @—Wj =0 (3.110)

4
Combining Egs. (3.85), (3.86), and (3.108)—(3.110), one obtains

A[(A+2G) — A f*]1-2iBGfs =0 (3.111)
or
4 2iGfs
B, (A+2G)q* - Af?

(3.112)

Similarly,
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w 9
L,Y(Z-O)=G74X=G(a—;v+a—’;j -0 (3.113)

Again, combining Egs. (3.84), (3.85), (3.108), (3.109), and (3.113),

2idifg + (s*+ f*)B =0
or

2, 2
A __ ST (3.114)
B, 2ifq

Equating the right-hand sides of Eqs. (3.112) and (3.114),

2iGfs _ ()
(A+2G)g* - Af? 2ifq

4Gf’sq = (s* + A+ 2G)g - 7]

or

16G* 14’ q* = (s* + £ [(A+2G)g* — AT (3.115)
Substituting for ¢ and s and then dividing both sides of Eq. (3.115) by G*f*, we
get

? @* A+2G) @* ’ * ?
16| 1- 1- =|2- 2— 3.116
[ %ﬂl &ﬁj{ (<?j%ﬁ]( &ﬁj e

From Eq. (3.94)

Wavelength = 2n (3.117)
A
However,
velocity of wave v,
Wavelength = = (3.118)
(w/2m) (w/2m)

where v, is the Rayleigh wave velocity. Thus, from Egs. (3.117) and (3.118),
2/ f =2nv,/®, or
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=@ (3.119)
vr
So,
2 2 2
(4] (4] v 2:,2
U oy (3.120)
2,2 2,2, 2 2
v, [T v (@) v,
Similarly,
2 2 2
@ @ v )
=Yy (3.121)
vt vl@?) o]
where
2
ot = (3.122)
Up
However v} = (41+2G)/pand v} = G/p Thus
2
o= G (3.123)
v, A+2G

Table 3.2 Values of V' [Eq. (3.126)]

u V=y,/v,
0.25 0919
0.29 0.926
0.33 0.933
04 0.943
0.5 0.955

The term o/ can also be expressed in terms of Poisson’s ratio. From the
relations given in Eq. (3.25),

2uG

A= 3.124
T (3.124)
Substitution of this relation in Eq. (3.123) yields

o = = =
2UGI1=20)+2G  2uG+2G—-4uG  (2-24)
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3.14

Again, substituting Egs. (3.120), (3.121), and (3.123) into Eq. (3.116),

16(1 - VA -VH=Q2-VH2 -V
or

Ve gyt —(160° 242 -16(1-a*)=0 (3.126)

Equation (3.126) is a cubic equation in ¥2. For a given value of Poisson’s
ratio, the proper value of 7> can be found and, hence, so can the value of v, in

terms of v, or v, . An example of this is shown in Example 3.1. Table 3.2 gives

some values of v, /v, (= V) for various values of Poisson’s ratio.

Displacement of Rayleigh Waves

From Egs. (3.84) and (3.85),

u:%_,_a_l// (3.84)
ox 0oz
and
W=8_¢_a_l// (3.85)
Jz ox

Substituting the relations developed for ¢ and y [Egs. (3.108), (3.109)] in
these equations, one obtains

u=—(if A1e” + Bise ) [ @] (3.127)
w=—(A1ge " — Biife™) [¢" @] (3.128)

However, from Eq. (3.114), B, = —2i4, fq/(s* + 7). Substituting this relation in
Eqgs. (3.127) and (3.128) gives

u=Afil e +%e‘” [ (3.129)
ST+ f
and

—qz 2f2 -5z i(ot—fx)
w=A4gq| e +——=e" |le ] (3.130)
ST+ f
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From the preceding two equations, it is obvious that the rate of attenuation
of the displacement along the x direction with depth z will depend on the factor
U, where

U= 428 ot | 2ANNSI) | oo 3,131
s +f S /f +1

Similarly, the rate of attenuation of the displacement along the z direction with
depth will depend on factor W, where

2
Wty 2l a2 B (3132

s?+ f? 2241
However,
2
i=r-Z (3.102)
[
P
or
2 2 2
‘1_2:1__“2’ . :1_“_r2:1_a2V2 (3.133)
S /v, v,
Also,
2
s=r-Z (3.103)
US
2 2 2
S e B & (3.134)
S Uy

If the Poisson’s ratio is known, one can determine the value of J from
Eq. (3.126). Substituting the previously determined values of V in Egs. (3.133)
and (3.134), ¢g/f and s/f can be determined; hence, U and W are determinable as
functions of z and f. From Example 3.1, it can be seen that for = 0.25, V' =
0.9194. Thus,

2 — —
—1-d1P=1 —[ﬂJ P=1- (1 O‘Sj(o.9194)2 ~0.7182

q
f

2-2u 2-05

or
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3.15

4~ 08475
f
S2
Y =1-V?=1-(0.9194)*=0.1547
or
2 203933
f

Substituting these values of g/f'and s/f into Eqs. (3.131) and (3.132),

U umo25) = —exp(=0.8475 f2) +0.5773exp(-0.3933 fz)  (3.135)
W -025) = — exp(—0.8475 f2) +1.7321exp(-0.3933 z)  (3.136)

Based on Egs. (3.135) and (3.136), the following observations can be made:

1. The magnitude of U decreases rapidly with increasing value of fz. At fz =
1.21, U becomes equal to zero; so, at z =1.21/ f, there is no motion parallel

to the surface. It has been shown in Eq. (3.94) that /= 21t/(wavelength).
Thus, at z =1.21/ f =1.21(wavelength)/21t = 0.1926 (wavelength), the value

of U is zero. At greater depths, U becomes finite; however it is of the
opposite sign, so the vibration takes place in opposite phase.

2. The magnitude of W first increases with fz, reaches a maximum value at z =
0.076(wavelength) (i.e., fz = 0.4775), and then decreases with depth.

Figure 3.16 shows a nondimensional plot of the variation of amplitude of
vertical and horizontal components of Rayleigh waves with depth for # = 0.25.
Equations (3.135) and (3.136) show that the path of a particle in the medium is
an ellipse with its major axis normal to the surface.

Attenuation of the Amplitude of Elastic Waves
with Distance

If an impulse of short duration is created at the surface of an elastic half-space,
the body waves travel into the medium with hemispherical wave fronts, as shown
in Figure 3.17. The Rayleigh waves will propagate radially outward along a
cylindrical wave front. At some distance from the point of disturbance, the
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displacement of the ground will be of the nature shown in Figure 3.18. Since P-
waves are the fastest, they will arrive first, followed by S-waves and then the
Rayleigh waves. As may be seen from Figure 3.18, the ground displacement due
to the Rayleigh wave arrival is much greater than that for P- and S-waves. The
amplitude of disturbance gradually decreases with distance.

0
—
/
/<Horizontal
component
0.4
M=0.25
0.8
<
an
5 Vertical
"o component
3
2
1.2
1.6
2.0
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0

U(at depth z) VV(aldepth z)

U(atz:O) I/V(atzzo)

Figure 3.16 Variation of the amplitude of vibration of the horizontal and vertical
components of Rayleigh waves with depth (= 0.25)

Referring to Figure 3.18a and b, it can be seen that the particle motion due
to Rayleigh waves starting at O can be combined to give the lines of the surface

particle motion as shown in Figure 3.18c. The part of the motion is a retrograde
ellipse.
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Source of disturbance Rayleigh
\ A wave

Figure 3.17 Propagation of body waves and Rayleigh waves

When body waves spread out along a hemispherical wave front, the energy
is distributed over an area that increases with the square of the radius:

1

E'w— (3.137)
r

where E” is the energy per unit area and r is the radius. However, the amplitude
is proportional to the square root of the energy per unit area:

. 1
Amplitude o< VE o<, |—
\/ -

or

Amplitude o - (3.138)

7

Along the surface of the half-space only, the amplitude of the body waves is
proportional to 1/#*
Similarly, the amplitude of the Rayleigh waves, which spread out in a

cylindrical wave front, is proportional to 1/ Jr . Thus the attention of the

amplitude of the Rayleigh waves is slower than that for the body waves.

The loss of the amplitude of waves due to spreading out is called
geometrical damping. In addition to the above damping, there is another type of
loss — that from absorption in real earth material. This is called material
damping. Thus, accounting for both types of damping, the vertical amplitude of
Rayleigh waves can be given by the relation

W, = W \/:: exp [-B (1, — )] (3.139)
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P-wave
S-wave  R-wave
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Direction of wave propagation
—_—
w

Figure 3.18 Wave systems from surface point source in ideal medium (after Richart,
Hall, and Woods, 1970)

where w, and w, are vertical amplitudes at distance r, and |, and /3 is the

absorption coefficient.
Equation (3.139) is given by Bornitz (1931). (See also Hall and Richart,
1963.) The magnitude of #depends on the type of soil.

Example 3.1

Given g = 0.25, determined the value of the Rayleigh wave velocity in terms of
(Y

s

Solution

From Eq. (3.126),
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V-8V — (1607 —24)1* - 16(1 — &) =0

For 1=0.25,
2o 1-2u _1-05 1
2-21 2-05 3
ve-srt—(L-24) *-16(1-1)=0
3024V + 561> -32=0
V=BV —12V*+8)=0

Therefore,
2 2
Vi=4, 2+—=, 2- =
V3 V3
IfV*=4,
S2

F :1*V2:1*4:*3

and s/fis imaginary. This is also the case for V'* =2 + 2/ V3.

Keeping Egs. (3.129), (3.131), and (3.130), (3.132) in mind, one can see that
when ¢/f and s/f are imaginary, it does not yield the type of wave that is being
discussed here. Thus,

a2 y=Y _910

NE) v,
or

0,=0.9194 v,
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Properties of Dynamically Loaded Soils

4.1

Introduction

It is a well known fact that earthquake damage is strongly influenced by the
dynamic properties of local soil deposits. In addition, many problems in civil
engineering practice require the knowledge of the properties of soils subjected to
dynamic loading. These problems include the dynamic bearing capacity of
foundations, response of machine foundations subjected to cyclic loading, soil-
structure interaction during the propagation of stress waves generated due to an
earthquake, and earthquake resistance of dams and embankments.

A variety of laboratory tests as well as field techniques are available, each
having its own limitations as well as advantages. Some of these tests are
specifically developed for measuring properties of dynamically loaded soils
whereas some are modified versions of tests used in the domain of traditional soil
mechanics. Some of these methods are suitable for small strain range whereas
some are suitable for large strain range. The range of strain of interest usually
dictates the type of equipment/method to be used which in turn depends on the
problem to be analyzed at hand. Some of these equipments are very specialized,
expensive and require special training to use and interpret the results. It is worth
noting that soil behavior over a wide range of strains is nonlinear and on
unloading follows a different stress-strain path forming a hysteresis loop.

This chapter is devoted primarily to describing various laboratory and field
test procedures available to measure as well as estimate the soil properties using
empirical correlations subjected to dynamic loading. This chapter is divided into
three major parts:

a) Laboratory tests and results

b) Field tests and measurements

c¢) Empirical correlations for the shear modulus and damping ratio obtained
from field and laboratory tests. These are the two most important parameters
needed for most design work.

96
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Laboratory Tests and Results

4.2 Shear Strength of Soils under Rapid Loading
Condition

Saturated Clay

In most common soil test programs, the undrained shear strength of saturated
cohesive soils is determined by conducting unconsolidated-undrained triaxial
tests. The soil specimen for this type of test is initially subjected to a confining
pressure 03 in a triaxial test chamber, as shown in Figure 4.1a. After that an axial
stress Aois applied to the specimen (Figure 4.1b). The axial stress Ao is
gradually increased from zero to higher values at a constant rate of compressive
strain. The strain rate & is maintained at about 0.5% or less. The general nature
of Ao versus axial strain & diagram thus obtained is shown in Figure 4.1c. The
total major and minor principal stresses at failure can now be given as:
Major principal stress (total) = 0y ;) = 05 + A0,

Minor principal stress (total) = o5

The total stress Mohr’s circle at failure is shown in Figure 4.1d. It can be
shown (see Das, 1990) that for a given saturated clayey soil, the magnitude of
Ao, 1s practically independent of the confining pressure 03, as shown in
Figure 4.1e. The total stress Mohr’s envelope for this case is parallel to the
normal stress axis and is referred to as the ¢ = 0 condition (where ¢ = angle of

shearing resistance of the soil). The undrained shear strength ¢, is expressed as

¢, =A% _ 1) =9 @.1)
2 2

The undrained shear strength obtained by conducting tests at such low-
axial strain rates is representative of the static loading condition, or ¢, = ¢satic)-
Experimental results have shown that the magnitude of AGn.x = Oipy — G
gradually increases with the increase of axial strain rate &£. This conclusion can
be seen from the laboratory test results on Buckshot clay (Figure 4.2). From
Figure 4.2, it can be observed that ¢, = A0, /2= (O'l(f)—0'3)/2 obtained

max
between strain rates of 50% to 42% are not too different and can be
approximated to be a single value (Carroll, 1963). This value can be referred to
as the dynamic undrained shear strength, or

Cy = Cu(dynamic)
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(®) lAG o

(c) AGmax
g
o
I
©
<
Axial strain, €
2 (d) 2 (e)
5 £
@ N
g s
2 < | Total stress Mohr's
« envelope (¢ = 0 concept)
AN
o; O Normal O3 03 Oy Oi» Normal
«~—AGCmax—> stress |<—A0'max—>| stress
AGmax_>|

Figure 4.1 Unconsolidated undrained triaxial tests

Carroll suggested that for most practical cases, one can assume that

Cu(dynamic) ~15 (42)

Sy (static)
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200 : :

Moisture content = 33.5 + 0.2%
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0 4 8 12
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Figure 4.2 Unconsolidated-undrained triaxial test results on Buckshot clay (after
Carroll, 1963)

Sand

Several vacuum triaxial test results on different dry sands (that is, standard
Ottawa sand, Fort Peck sand, and Camp Cooke sand) were reported by Whitman
and Healy (1963). These tests were conducted with various effective confining
pressures (0;) and axial strain rates. The compressive strengthAo,,,,

determined from these tests can be given as

where 0, = effective minor principle stress
Oy sy = effective major principal stress at failure
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An example of the effect of axial strain rate on dry Ottawa sand is shown in
Figure 4.3. It can be seen that for a given 03 the magnitude of Ao,,,, decreases

ax
initially with the increase of the strain rate to a minimum value and increases
thereafter. From fundamentals of soil mechanics it is known that

(B -5
6 =sin-t| 2 =9 )
Oi(f) T3
where @ = drained soil friction angle

Based on Figure 4.3 and Eq. (4.4) it is obvious that the initial increase of
the strain rate results in a decrease of the soil friction angle. The minimum
dynamic friction angle may be given as (Vesic, 1973)

¢dynamic = ¢_ 2° (45)

(obtained from static tests — that is, small strain rate of loading)

T I I
All data corrected to void ratio of 0.52

[\
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(=)
T
|
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Range of scatter
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I
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=~
~
k)
|

Compressive strength &;,,- 6; (kPa)

0.01 0.1 1 10 100 1000
Rate of strain, & (%/s)

Figure 4.3 Strain-rate effect for dry Ottawa sand (after Whitman and Healy, 1963)
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Strength and Deformation Characteristics of
Soils under Transient Load

In many circumstances it may be necessary to know the strength and deformation
characteristics of soils under transient loading. A typical example of transient
loading is that occurring due to a blast. Figure 4.4 shows the nature of an
idealized load versus time variation for such a case. In this figure, O, is the peak
load, #; is the time of loading, and ¢#5 is the time of decay.

Casagrande and Shannon (1949) conducted some early investigations to
study the stress-deformation and strength characteristics of Manchester sand and
Cambridge clay soils. Undrained tests were conducted in three specially devised
apparatus—one falling-beam apparatus and two pendulum-loading apparatuses.
In these specially devised pieces of equipments, the loading pattern on soil
specimens was similar to that shown if Figure 4.4. Figure 4.5a shows the
variation of stress and strain with time for an unconfined Cambridge clay
specimen with ¢ = 0.02 s. Similarly, Figure 4.5b compares the nature of
variation of strain versus stress for static and transient (¢, = 0.02 s) loading
conditions on unconfined Cambridge clay specimens. The unconfined
compressive strength determined in this manner with varying times of loading is
shown in Figure 4.6. Based on Figures 4.5b and 4.6, the following conclusions
may be drawn.

1. qu(transient) ~151t02
qu(static)

where g, = unconfined compression strength. This is consistent with the
findings of Carroll (1963) discussed in Section 4.2.

Load

>Time

Figure 4.4 Transient load
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Figure 4.5 Unconfined compressive strength of Cambridge clay for varying time of
loading (after Casagrande and Shannon, 1949)

2. The modulus of deformation £ as defined in Figure 4.7 is about two times as
great for transient loading as compared to that for static loading.

The nature of the stress-versus-strain plot for confined compression tests
on Manchester sand conducted by Casagrande and Shannon (1949) is as shown
in Figure 4.8. From this study it was concluded that

[6.1(f) - 5-3 ]transient ~11 and

[6'1(_1‘) - 5-3 ]static
2. The modulus of deformation as defined by Figure 4.7 is approximately the
same for transient and static loading conditions.
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Figure 4.6 Unconfined compressive strength of Cambridge clay for varying time of
loading (after Casagrande and Shannon, 1949)
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Figure 4.7 Definition of modulus of deformation, £
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4.4

Deviator stress, 6, — G

l i
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g
<
=
w
5
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Figure 4.8 Confined-compression test on sand — stress-versus-strain behavior under
static and transient loading

Travel-Time Test for Determination of
Longitudinal and Shear Wave Velocities

n
(v, and p,)
Using electronic equipment, the time #. requirement for travel of elastic waves

through a soil specimen of length L can be measured in the laboratory. For
longitudinal waves

v, = (4.6)

or

E=pvl = ps 4.7)
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Pulse
Time (Trigger) generator (Pulse out)
source
(1000 V DC),
(Trigger) Specimen
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supply
Oscilloscope @
(Received pulse)
(a)

Vertical load

== <—Pulse in

Barium titanate # <——Aluminum piston

sending transducer\

- <——Shelby tubing, 76.2 mm diameter
Ultrasonic waves

Barium titanate
receiving crystal

Aluminum piston

Vi
é; Received pulse
— <«—

to oscilloscope

(b)

Figure 4.9 Travel-time method: (a) schematic diagram of the laboratory setup for
measuring v’ ; (b) details of the soil specimen and container for the laboratory

setup (after Whitman and Lawrence, 1963)

If the soil specimen is confined laterally, then the travel time will give the
value of v, as shown in Eq. (3.35). Thus v, = L/t , and
L2

’2
tc

M= p (4.8)

where #] = time of travel of longitudinal waves in a laterally confined specimen.
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4.5

Similarly, if the travel time ¢, for torsional waves through a soil of length L
is determined, the velocity v, can be given as v, = L/t., and
2
G = pz)sz = pt—z (4-9)

Whitman and Lawrence (1963) have provided limited test results for v, in
20-30 Ottawa sand. The schematic diagram of the apparatus for measuring v,

is shown in Figure 4.9a. The soil specimen was confined in 76.2 mm diameter
Shelby tube (Figure 4.9b). Vertical load was applied by an aluminum piston. In
this system, a pulse was sent from one piezo-electric crystal and received by a
second one at the opposite end. The received signal was displayed on an
oscilloscope, which allowed measurement of ¢/ . It was found that the

velocity v/ increases with the increase of axial pressure.

Resonant Column Test

The resonant column test essentially consists of a soil column that is excited to
vibrate in one of its natural modes. Once the frequency at resonance is known,
the wave velocity can easily be determined. The soil column in the resonant
column device can be excited longitudinally or torsionally, yielding velocities of
v, or v, respectively. The resonant column technique was first applied to testing

of soils in Japan by Ishimato and lida (1937) and lida (1938, 1940). Since then it
has been extensively used in many countries, with several modifications using
different end conditions to constrain the specimen. One of the earlier types of
resonant column device in the United States was used by Wilson and Dietrich
(1960) for testing clay specimens.

Hardin and Richart (1963) reported the use of two types of resonant
column devices—one for longitudinal vibration and the other for torsional
vibration. The specimen were free at each end (free — free end condition). A
schematic diagram of the laboratory experimental setup is shown in Figure 4.10.
The power supply and amplifier No. 1 were used to amplify the sinusoidal output
signal of the oscillator, which had a frequency range of 5 Hz to 600,000 Hz. The
amplified signals were fed into the driver, producing the desired vibrations.
Figure 4.11a shows the schematic diagram of the driver for torsional oscillation.
Similarly, the schematic diagram of the driver for longitudinal vibration is shown
in Figure 4.11b. These devices will give results for low-amplitude vibration
conditions. With free-free end conditions, for longitudinal vibrations at
resonance

L
v, = (3.53)
ni
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Figure 410 Schematic diagram of experimental setup for resonant column test of Hardin
and Richart — free—free end condition

For n =1 (that is, normal mode of vibration),

ol 2nf L
vc:—; :—ni:” =2f,L

UC:\/E: f’;L
P

E=412pI? (4.10)

or

or

Similarly, for torsional vibration, at resonance (with n =1)

V= 2f,L
or
V= \/E =2f,L
P
or
G=4fpl* (4.11)

Once the magnitudes of £ and G are known, the value of the Poisson’s ratio can
be obtained as

E
=1 4.12
1= (4.12)
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(a) (b)
Figure 411 Drawings for steady-system vibration drivers in the resonant column devices

with free-free end conditions: (a) for torsional vibration: (b) for longitudinal
vibration (after Hardin and Richart, 1963)

Hall and Richart (1963) also used two other types of resonant column devices
(one for longitudinal vibration and the other for torsional vibration). The end
conditions for these two types of devices were fixed-free—fixed at the bottom and
free at the top of the specimen. The general layouts of the laboratory setup for
this equipment were almost the same as shown in Figure 4.10, except for the fact
that the driver and the pickup were located at the top of the specimen. This is
shown in Figure 4.12. Since the driver and the pickup were located close
together, a correction circuit was introduced to correct the inductive coupling
between the driver and the pickup. The driver and pickup were attached to a
common frame. The differences in construction and arrangement of the driver
and the pickup produce either longitudinal or torsional vibration of the specimen.

A. Derivation of Expressions for v.and E for Use in the Fixed-Free
—Type Resonant Column Test

An equation for the circular natural frequency for the longitudinal vibration of
short rods with fixed-free end conditions was derived in Eq. (3.57) as

2n-Dr v,
K

However, in a fixed—free—type resonant column test, the driving mechanism and
also the motion-monitoring device have to be attached to the top of the specimen
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Figure 412 Driving and measuring components for a fixed-free resonant column device

(after Hall and Richart, 1963)
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(Figure 4.13), in effect changing the boundary conditions assumed in deriving
Eq. (3.57). So a modified equation for the circular natural frequency needs to be
derived. This can be done as follows.

Let the mass of the attachments placed on the specimen be equal to m. For
the vibration of the soil column in a natural mode,

u(x, t) = U(x)(4: sinw,t + A> cos w,t) (3.41)
and
U(x) = B, sin (%] + B, cos (%j (3.43)
UC UC

Atx =0, U(x)=0. So B, in Eq. (3.43) is zero. Thus

U(x) = Bysin (%] (4.13)

At x = L, the inertia force of mass m is acting on the soil column, and this can be
expressed as

2
F=-m a—z’ (4.14)
ot
where /' = inertia force. Also, the strain
du_ F (4.15)
ox AE
where A = cross-sectional area of specimen

E = modulus of elasticity.

Combining Egs. (3.41), (4.13), and (4.15) we get

% = g_zz(aa—i]j (4 sin @,t + A, cos w,t)
= %{B] Sin(%ﬂ (4, sin w,t + A, cos w,t)
C

B
:( 1@, ][Cos(a)nxj:l (4, sin @,t + A, cos w,t) (4.16)
v
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/— Mass =m
Soil
column
mass = msx
L

Figure 4.13 Derivation of Eq. (4.20)
Again, combining Egs. (3.41), (4.13), and (4.14),

o’u w, x 02
F=—m— =—m| B,sin| 2 —— | (4 sin w,t + A, cos w. t

(4

,x

=ma)fBl sin [ J (Asin w,t + A, cos w,t) 4.17)

c

Now, from Egs. (4.16) and (4.17),

AE
— cos [a)nxj =ma, sin(w”xj (4.18)
UC vC UC
Atx=1L
L
AE = mo, v, tan(w” J (4.19)
UC

However v, =\/E/p;or E = vc2 p . Substitution of this in Eq. (4.19) gives
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w,L
AVl p =mw, v, tan[ - J

UC
A L
m (Y v

(4 c

m v

AL L L
p_ o, tan(wn j

or

——=tano (4.20)
w

where ¥y = pg =unit weight of soil
W = mg = weight of the attachments on top of the specimen

and

o= (4.21a)

The values of « corresponding to some values of ALy/W [Eq. (4.20)] are
given in Table 4.1.

In any resonant column test, the ratio of ALy/W will be known. With a
known value of ALy/W, the value of « can be determined, and the natural
frequency of vibration can be obtained from the test. Thus

o @l _21f,L
UC UC

Table 4.1 Values of o and Corresponding ALy/W [Eq. (4.20)]

(ALy)Iw o (radians)
0.1 0.32
0.3 0.53
0.5 0.66
0.7 0.75
1 0.86
2 1.08
4 1.27
10 1.43

or
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v, = 2,k (4.21b)
o

The modulus of elasticity of the soil can then be obtained as

2 272
Ezpl}fzp(%} :39.48[f"L Jp (4.22)

6‘(2

B. Derivation of Expressions for v; and G for Use in the Fixed-Free
—Type Resonant Column Test

In the resonant column tests where soil specimens are subjected to torsional
vibration with fixed — free end conditions, the mass of the driving and motion-
monitoring devices (Figure 4.14) can also be taken into account. For this
condition, an equation similar to Eq. (4.20) can be derived that is of the form

J v U,

m S

J L L
Is O tan(w” J=0{tana (4.23)

where J; = mass polar moment of inertia of the soil specimen and J,, = mass
polar moment of inertia of the attachments with mass .

D

/ Mass =m
Polar moment of
inertia = J,,
Soil column
Polar moment of L
inertia = Jg

Figure 4.14 Derivation of Eq. (4.23)
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Thus
L 2nf,L
p, = @l 20l (4.24)
'« a
252
L
and G = pv? =39.48 (fa—z] P (4.25)

C. Typical Laboratory Test Results from Resonant Column Tests

Most of the laboratory test results obtained from resonant column tests are for
low amplitudes of vibration. By low amplitudes of vibration is meant strain
amplitudes of the order of 10™* or less.

Typical values of v, and v, with low amplitudes of vibration for No. 20-30

Ottawa sand compacted at a void ratio of about 0.55 are shown in Figures 3.13
and 3.14. These were conducted using the free — free and fixed — free types of
resonant column device developed by Hardin and Richart (1963) and Hall and
Richart (1963). Based on the results given in Figures 3.13 and 3.14, the
following general conclusions can be drawn:

1. The values of v, and v, in soils increase with the increase of the effective
average confining pressure 0, .
2. The values of v, and v, for saturated soils are slightly lower than those for

dry soils. This can be accounted for by the increase of the unit weight of soil
due to the presence of water in the void spaces.

Hardin and Richart (1963) also reported the results of several resonant
column tests conducted in dry Ottawa sand. The shear wave velocities
determined from these tests are shown in Figure 4.15. The peak-to-peak shear
strain amplitude for these tests was 10~ rad. From Figure 4.15, it may be seen
that the values of v, are independent of the gradation, grain-size distribution, and

also the relative density of compaction. However, v, is dependent on the void
ratio and the effective confining pressure.

D. Shear Modulus for Large Strain Amplitudes

For solid cylindrical specimens torsionally excited by resonant column devices,
the shear strain varies from zero at the center to a maximum at the periphery, and
it is difficult to evaluate a representative strain. For that reason, hollow
cylindrical soil specimens in a resonant column device (Drnevich, Hall, and
Richart, 1966, 1967) may be used to determine the shear modulus and damping
at large strain amplitudes. Figure 4.16 shows a schematic diagram of this type of
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SOIL
No. 20-No. 30
No. 80—No. 140
78.8% of No. 20-No. 30 and 25.2% of No. 80-No. 140
No. 20-No. 140—well graded

s » O @

360 Effective confining —

pressure (o)

300

240

Shear wave velocity. v (m/s)

180

120 | | | |
0.35 0.45 0.55 0.65 0.75

Void ratio, e

Figure 4.15 Variation of shear wave velocity with effective confining pressure o, for
round-grained dry Ottawa sand (after Hardin and Richart, 1963)

apparatus, in which the average shearing strain in the soil specimen is not greatly
different from the maximum to the minimum. The variation of the shear modulus
of dense C—190 Ottawa sand with the shear strain amplitude »’ is shown in
Figure 4.17. Note that the value of G decreases with ’, but it decreases more
rapidly for ° > 10 This is true for all soils. The reason for this can be
explained by the used of Figure 4.18, which is shear-stress-versus-strain diagram
for a soil. The stress-strain relationships of soils are curvilinear. The shear
modulus that is experimentally determined is the secant modulus obtained by
joining the extreme points on the hysteresis loop. Note that when the amplitude
of strain is small (that is, ¥ “ =y{ ; Figure 4.18), the value of G is larger compared

to that for the larger strain level (that is, 7 “ =y7).
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Figure 416 Schematic diagram of hollow-specimen resonant column device (after
Drnevich, 1972).
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Shear stress

>

/ // J // p Shear strain, ¥’
7

Figure 4.18 Nature of variation of shear stress versus shear strain

E. Effect on Prestraining on the Shear Modulus of Soils

The effect of shear modulus of soils due to prestraining was reported by
Drnevich, Hall, and Richart (1967). These tests were conducted using C — 190
Ottawa sand specimens. The specimens were first vibrated at a large amplitude
for a certain number of cycles under a constant effective confining pressure
(0y) . After that the shear modulii were determined by torsionally vibrating the

specimens at small amplitudes (shearing strain < 107). Figure 4.19 shows the
results of six series of this type of test for dense sand (void ratio = 0.46). In
general, the value of G increases with increase of prestrain cycles.

F. Determination of Internal Damping

In Section 3.15, a distinction was made between infernal damping and material
damping. The internal damping of a soil specimen can be determined by resonant
column tests.

In Chapter 2, the derivation of the expression for the logarithmic decrement
was given as

X, 2D
§=ln—t =T (2.70)
Xn+l 1-D
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where 0= logarithmic decrement
D = damping ratio.

The preceding equation is for the case of free vibration of a mass-spring-
dashpot system. The damping ratio is given by the expression

p="-= (1.47b)
C

where m, = mass of the soil specimen (in this case).

For soils, the value of D is small and Eq. (2.70) can be approximated as

o=In X _ 2nD (4.26)
n+l
Now, combining Egs. (1.47b) and (4.26)
5= (4.27)

T
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The logarithmic decrement of a soil specimen (and hence the damping ratio
D) can easily be measured by using a fixed — free—type resonant column device.

The soil specimen is first set into steady-state forced vibration. The driving
power is then shut off and the decay of the amplitude of vibration is plotted
against the corresponding number of cycles. This plots as a straight line on a
semilogarithmic graph paper, as shown in Figure 4.20. The logarithmic
decrement can then be evaluated as

é‘mcorrected = (%) ( 1’1%) (428)

n

However, in a fixed—free type of resonant column device, the driving and
the motion—monitoring equipment is placed on the top of the specimen. Hence,
for determination of the true logarithmic decrement of the soil specimen, a
correction to Eq. (4.28) is necessary. This has been discussed by Hall and Richart
(1963). Consider the case of longitudinal vibration of a soil column, as shown in
Figure 4.21, in which m = mass of the attachments on the top of the soil
specimen and m, = mass of the soil specimen. With the addition of mass m,
Eq. (4.27) can be modified as

Ttc

dlncorrected e N
Jk(mg +m)

From Egs. (4.27) and (4.29),

(4.29)

_1im%o
uncorrected X
n

)

Amplitude of Vibration, X
&

Xy

| l

T Number of cycles (log scale)

Figure 4.20 Plot of the amplitude of vibration against the corresponding number of cycles
for determination of logarithmic decrement
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Mass =m

Mass = my

i

Figure 4.21 Fixed — free soil column

o :\/’"s+’" =\/1+ﬂ (4.30)
o, my m

uncorrected

In order to use Eq. (4.30), it will be required to convert the mass m into
an equivalent concentrated mass. The equivalent concentrated mass can be
shown to be equal to 0.405m;. Thus, replacing m; in Equation (4.30) by 0.405m;,

o= dmcorrected 1+ L (43 1)
0.405m,

A similar correction may be used for specimens subjected to torsional vibration,
which will be of the form

J,

5: NCOorrecte 1 + >
Onsorse 0.405.,

Hardin (1965) suggested a relation for o of dry sand in low amplitude
torsional vibration as
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6=9n(y")" (5,) (4.32)

Equation (4.32) is valid for = 10°to 10* and G, =24 kPa to 144 kPa.

Cyclic Simple Shear Test

A cyclic simple shear test is a convenient method for determining the shear
modulus and damping ratio of soils. It is also a convenient device for studying
the liquefaction parameters of saturated cohesionless soils (Chapter 10). In cyclic
simple shear tests a soil specimen, usually 20 — 30 mm high with a side length
(or diameter) of 60—-80 mm, is subjected to a vertical effective stress 0, and a

cyclic shear stress 7, as shown in Figure 4.22. The horizontal load necessary to
deform the specimen is measured by a load cell, and the shear deformation of the
specimen is measured by a linear variable differential transformer.

The shear modulus of a soil in the cyclic simple shear test can be
determined as

_ amplitude of cyclic shear stress, 7

. ; — (4.33)
amplitude of cyclic shear strain, ¥

The damping ratio at a given shear strain amplitude can be obtained from the
hysteretic stress-strain properties. Referring to Figure 4.23 (also see Figure 4.18),
the damping ratio can be given as

1 f the h is
D=— area o . the hysteresis loop (4.34)
2m area of triangle OAB and OA’B’

Figure 4.24 shows a plot of shear modulus G with cyclic shear strain ¥’ for
two values of &, (Silver and Seed, 1971) obtained from cyclic simple shear tests

Oy lo‘u %

Figure 4.22 Cyclic simple shear test
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Shear stress, T

Shear strain, y’

Figure 4.23 Determination of damping ratio from hysteresis loop [Eq. (4.34)]

on a medium dense sand (relative density, Rp = 60%). From the results of this
study, the following can be stated:

1. For a given value of ¥’ and 7,,, the shear modulus increases with the number
of cycles of shear stress application. Most of the increase in G takes place in
the first ten cycles, after which the rate of increase is relatively small.

2. For a given value of 0, and number of cycles of stress application, the
magnitude of G decreases with the amplitude of shear strain y’. (Note:
Similar results are shown in Figure 4.17.)

3. For a given value of ¥’ and number of cycles, the magnitude of G increases
with the increases of 7.

The nature of the shear-stress-versus-shear-strain behavior of a dense sand
under cyclic loading is shown in Figure 4.25. Using the hysteresis loops of this
type and Eq. (4.34), the damping ratios obtained from a cyclic simple shear test
for a medium dense sand are shown in Figure 4.26. Note the following:

1. For a given value of &, and amplitude of shear strain ’, the damping ratio

decreases with the number of cycles. Since, in most seismic events, the
number of significant cycles is likely to be less than 20 (Chapter 7), the



Properties of Dynamically Loaded Soils 123

values determined at 5 cycles are likely to provide reasonable values for all
practical purposes.
2. For a given number of cycles and ¢,,, the magnitude of D decreases with the

decrease of .

7.5 T T
g _ RD =60%
5 G, =200 kPa
X
£
= 50 —
©
2 Cycle 300
= ycle
3 10
g a5t 1 -
8 Gy=25 kPa{
2
0 | |
0.001 0.01 0.1 1.0

Cyclic shear strain, ¥ (%)

Figure 4.24 Shear modulus—shear strain relationship for medium dense sand (after Silver
and Seed, 1971)
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54 51
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1 1 Rp=80%

ST ST §,=25kPa
Cycle 10
—+— ry'(%) -+ 7'(%)
-0.05 f 0.05 0.05

54+

Figure 4.25 Stress-strain behaviour of dense sand under cyclic shear (after Silver and
Seed, 1971)



124 Chapter 4

Hysteretic damping (%)

40

30

20

I Rp=60%
G,=25kPa

7'=0.63%|

0.088%

0.041%

10

100 1000

Number of cycles

Figure 4.26 Effect of number of stress cycles on hysteretic damping for medium dense

Shear stress, T

sand (after Silver and Seed, 1971)

Shear strain, 7’

Figure 4.27 Bilinear idealization of shear-stress-versus-shear-strain plots
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Other parameters remaining the same (that is, Rp, number of cycles, and
amplitude of shear strain), a vertical stress increase will decrease the damping
ratio. In many seismic analysis studies, it is convenient to represent the nonlinear
shear-stress-versus-shear-strain relationship in the form of a bilinear model (also
see Figure 7.10), as shown in Figure 4.27 (Thiers and Seed, 1968). In this figure
G, is shear modulus up to a limiting strain of ;. and G is the modulus for strain

beyond 77 .

Advantages of the Cyclic Simple Shear Test

There are several advantages in conducting cyclic simple shear tests. They are
more representative of the field conditions, since the specimens can be
consolidated in K, state. Solid soil specimens used in resonant column tests can

provide good results up to a shear strain amplitude of about 10~ %. Similarly,
the hollow samples used in resonant column studies provide results within a
strain amplitude range of 107 % to about 1%. However, cyclic simple shear tests

can be conducted for a wider range of strain amplitude (that is, 1072 % to about

5%. This range is the general range of strain encountered in the ground motion
during seismic activities.

The pore water pressure developed during the vibration of saturated soil
specimens by a resonant column device is not usually measured. However, in
cyclic simple shear tests, the pore water pressure can be measured at the
boundary (see Section 10.10 and Figure 10.20).

Cyclic Torsional Simple Shear Test

Another technique used to study the behavior of soils subjected to cyclic loading
involves a torsional simple shear device. The torsional simple shear device
accommodates a “doughnutlike” speciemen, as shown in Figure 4.28 (Ishibashi
and Sherif, 1974). The specimen has inside and outside radii of ; = 50.8 mm and
r; = 25.4 mm. The inside and outside heights of the specimen are #; = 25.4 mm
and /1, = 12.7 mm. The soil is initially subjected to a vertical effective stress 7,

an outside and inside horizontal effective stress of o0, , and a cyclic shear stress

of 7(Figure 4.29). When a shear stress 7is applied, line AB moves to the position
of A’B’ (Figure 4.29). So, the shearing strain is

’,l rlé 1 ’ 66

For uniform shear strain throughout the sample,
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(a) Doughnutlike specimen
e
o]

VAN

\
\\
.
.
)
P
P

5]
.

(b) Section at 4-4

Figure 4.28 Soil specimen for torsional simple shear test

Yi=7s
or
no _nb
hl h2
So
L (4.35)
)

stress on the specimen.
Major effective principal stress:

— — — — \2
_ + -
q:£L¢i+J¢+(zL:i) (4.362)
2 2

The following can be calculated after application of the horizontal shear

(4.36b)
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Figure 4.29 Applied stresses on a torsional simple shear test specimen

Minor principal effective stress:

— — — — \2
_ + -
5= utP \/,%(%) w360

With proper design [Eq. (4.35)], a cyclic torsional shear device can apply
near uniform shear strain on the specimen. It can apply shear strains up to about
1%. It also eliminates any sidewall frictional stresses that are encountered in
cyclic simple shear tests.

The shear modulus of a specimen tested can be determined as
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amplitude of shear stress, 7

amplitude of shear stress, 7’

The damping ratio corresponding to a given shear strain amplitude can be
determined by using Figure 4.18 and Eq. (4.34).

Liquefaction studies on saturated granular soils can also be conducted by
this device along with pore water pressure measurement.

Cyclic Triaxial Test

Cyclic triaxial tests can be performed to determine the modulus of elasticity £
and the damping ratio D of soils. In these tests, in most cases, the soil specimen
is subjected to a confining pressure oy = 0;. After that, an axial cyclic stress Aoy
is applied to the specimen, as shown in Figure 4.30. The tests conducted for the
evaluation of the modulus of elasticity and damping ratio are strain-controlled
tests. A servo-system is used to apply cycles of controlled deformation.

Figure 4.31 shows the nature of a hysteresis loop obtained from a dynamic
triaxial test. From this,

Ao,
£

Aad

Oaxial

03=0)

—— «—

——>| Soil specimen |[«—— 03=0(=0p,jal

|

Figure 4.30 Cyclic triaxial test
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Once the magnitude of £ is determined, the value of shear modulus can be
calculated by assuming a representative value of Poisson’s ration, or

G-_E
2(1+ )

Again referring to Figure 4.31, the damping ratio can be calculated as

D= 1 area of the hysteresis loop
21 area of triangle OAB and OA’B’

Stress-controlled dynamic triaxial tests are used for liquefaction studies on
saturated granular soils (see Chapter 10).

A more elaborate type of dynamic test device has also been used by several
investigators to study the cyclic stress-strain history and shear characteristics of
soils. Matsui, O-Hara, and Ito (1980) used a dynamic triaxial system that could
generate sinusoidally varying axial and radial stresses.

AGd

B Axial stra?n, £

Figure 4.31 Determination of damping ratio from cyclic triaxial test
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A. Cyclic Strength of Clay

During earthquakes, the soil underlying building foundations and in structures
such as earth embankments, is subjected to a series of vibratory stress applications.
These vibratory stresses may induce large deformation in soil and thus failure. In
order to evaluate the strength of clay under earthquake loading conditions, Seed
and Chan (1966) conducted a number of dynamic triaxial tests. Figure 4.32
shows the nature of some of the stress conditions imposed on the soil specimens
during those tests. The results of this study are very instructive and are described
in some detail in this section.

Figure 4.33 shows the results of a laboratory test on a specimen of
Vicksburg silty clay subjected to sustained and pulsating stresses. The specimen
with a degree of saturation of 93% was initially subjected to a confining pressure
of 03 = 100 kPa and then to a conventional axial loading in undrained conditions
up to 66% of its static strength. This implies that the sustained stress o — o3 was

Ao = amplitude of
pulsating stress
O] = sustained 2
axial stress =
= Ao
>
. < Ao
O3 —> SOII <— O3
specimen o,
T Time
o (@ (b)
1]
g T 2
= [}
@ =
£ Ao E T
< l Z Ao
7 {
Time Time
(© (d

Figure 4.32 Stress conditions on a soil specimen [Note: (b) One-directional loading with
symmetrical stress pulses; (c) and (d) one-directional loading with
nonsymmetrical stress pulses]
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Figure 4.33 Stress-versus-strain relationship for Vicksburg silty clay under sustained and
axial pulsating stress (after Seed and Chan, 1966)

equal to 0.66 [oiy — 03], which corresponds to a factor of safety of 1.5. At this
time the axial deformation of the specimen was about 5%. After that, 100
transient stress pulses were applied to the specimen. (Note: Loading type is
similar to that shown in Figure 4.32b). These stress pulses induced an additional
axial stress of about 11%, although the static strength was never exceeded.

Figure 4.34 shows the nature of soil deformation on three soil specimens of
San Francisco Bay mud subjected to pulsating stress levels to 100%, 80%, and
60% of normal strength (that is, static strength). For these tests, no sustained
stress was applied. (Nofe: Loading type is similar to that shown in Figure 4.32d.)
It is worth noting that, for each level of pulsating stress, the specimen ultimately
failed.

Figure 4.35 is a plot of the pulsating stress level (as a percent of normal
strength) versus sustained stress level (as a percent of normal strength) causing
failure of San Francisco Bay mud at various numbers of transient stress pulses.
As the number of stress pulses are increasing at the same pulsating stress level,
the sustained stress level inducing failure is decreasing. The interested readers
should refer to the original paper by Seed and Chan (1966). Similar plots could
be developed for various soils to help in the design procedure of various
structures.
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Figure 4.34 Deformation of San Francisco Bay mud specimens subjected to pulsating
stress (after Seed and Chan, 1966)
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Figure 4.35 Combinations of sustained and pulsating stress intensities causing failure —

San Francisco Bay mud (after Seed and Chan, 1966)



4.9

Properties of Dynamically Loaded Soils 133

Summary of Cyclic Tests

In the preceding sections, various types of laboratory test methods were
presented, from which the fundamental soil properties such as the shear modulus,
modulus of elasticity, and damping ratio are determined. These parameters are
used in the design and evaluation of the behavior of earthen, earth-supported, and
earth-retaining structures. As was discussed in the preceding sections, the
magnitudes of G and D are functions of the shear strain amplitude y’. Hence,
while selecting the values of G and D for a certain design work, it is essential to
know the following:

a.  Type of test from which the parameters can be obtained

b.  Magnitude of the shear strain amplitude at which these parameters needs to

be measured

For example, strong ground motion and nuclear explosion can develop large
strain amplitudes whereas some sensitive equipment such as electron
microscopes may be very sensitive to small strain amplitudes.

Figure 4.36 provides is a useful reference table for geotechnical engineers,
as it gives the amplitude of shear strain levels, type of applicable dynamic tests,
and the area of applicability of these test results. Despite the fact that laboratory
testing is not ideal, it will continue to be important because soil conditions can be
better controlled in the laboratory. Parametric studies necessary for
understanding the soil behaviour of soils under dynamic loading conditions must
be performed in the laboratory conditions. Table 4.2 provides a comparison of
the relative qualities (what property can be measured and what is the degree of

) Dynamic tests in
Dynamic ___) triaxial and shear
field tests apparatus

l4— Resonance tests—p

| <_Vibration _»i

table test
| Static plate
|< load tests _»|
—— Earthquakes —
> | ]
107 10° 10° 10* 10° 10 10"

Shear deformation, ¥ (%)
Figure 4.36 Range and applicability of dynamic laboratory tests
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quality of the measured property) of various laboratory techniques for measuring
dynamic soil properties. Similarly, Table 4.3 gives a summary of the different
engineering parameters that can be measured in different dynamic or cyclic

laboratory tests.
Table 4.2 Relative Quality of Laboratory Techniques for Measuring Dynamic Soil
Properties®
Relative Quality of Test Results
Effect of
Shear Young's  Material number  Attenuation
modulus modulus  damping of cycles
Resonant column Good Good Good Good -
with application - - - - Fair
Ultrasonic pulse Fair Fair - - Poor
Cyclic triaxial - Good Good Good -
Cyclic simple shear Good - Good Good -
Cyclic torsional shear Good - Good Good -
a After Silver (1981)

Table 4.3 Parameters Measured in Dynamic or Cyclic Laboratory Tests®

Cyclic simple
Resonant column Cyclic triaxial shear Torsional shear
Resonant Horizontal
Load frequency Axial force force Torque
Deformation
Axial Vertical Vertical Vertical Vertical
displacement displacement displacement displacement
Shear Acceleration Not measured  Horizontal Rotation
displacement
Lateral Not usually Not usually Often Not usually
measured measured controlled measured

Volumetric ~ None for undrained tests
Volume of fluid moving into or out of the sample for drained tests

Pore water Not usually Measured at Measured at Measured at
pressure  measured boundary boundary boundary

*After Silver (1981)
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Field Test Measurements

4.10

Reflection and Refraction of Elastic Body
Waves —Fundamental Concepts

When an elastic stress wave impinges on the boundary of two layers, the wave is
reflected and refracted. As has already been discussed in Chapter 3, there are two
types of body waves — that is, compression waves (or P—waves) and shear
waves (or S—waves). In the case of P-waves, the direction of the movements of
the particles coincides with the direction of propagation. This is shown by the
arrows in Figure 4.37a. The shear waves can be separated into two components:

a. SV-waves, in which the motion of the particles is in the plane of
propagation as shown by the arrows in Figure 4.37b

b.  SH-waves, in which the motion of the particles is perpendicular to the plane
of propagation, as shown by a dark dot in Figure 4.37c

If a P-wave impinges on the boundary between two layers, as shown in
Figure 4.38a, there will be two reflected waves and two refracted waves. The
reflected waves consist of (1) a P-wave shown as P; in layer 1 and (2) an SV-
wave shown as SV in layer 1.

Ray of SV-wave '

(b)

Ray of SH-wave

()
Figure 4.37 P-wave, SV-wave, and SH-wave
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Figure 4.38 Reflection and refraction for (a) an incident P-ray; (b) an incident SH-ray;

and (c) an incident SV-ray

The refracted waves will consist of (1) a P-wave, shown as P, in layer 2,
and (2) an SV-wave, shown as SV, in layer 2. Referring to the angles in Figure

4.38a, it can be shown that

o= 0
and

sing; _sina, sinfl, sinog  sinf

vPl vPl US 1 vl’z Usz

where

(4.37)

(4.38)
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v, and v, = the velocities of the P-wave front in layers 1 and 2, respectively

v, and v, = the velocities of the S-wave front in layers 1 and 2, respectively

If an SH-wave impinges the boundary between two layers, as shown in
Figure 4.38b, there will be one reflected SH-wave (shown as SH;) and one
refracted SH-wave (shown as SH>). For this case

b= (4.39)

and

sinf3, _sin f3;
v v

S| 5y

(4.40)

Lastly, if an SV-wave impinges the boundary between two layers, as shown
in Figure 4.38c, there will be two reflected waves and two refracted waves. The
reflected waves are (1) a P-wave, shown as P; in layer 1 and (2) an SV-wave,
shown as SV in layer 1. The refracted waves are (a) a P-wave, shown as P; in
layer 2, and (b) an SV-wave, shown as SV, in layer 2. For this case, £, = f:

sinff, sino, sinf, sinf;  sinag

US 1 vPl US 1 US 2 ‘l)p2

(4.41)

The mathematical derivations of these facts will not be shown here. For
further details the reader is referred to Kolsky (1963, pp. 24-38).

Seismic Refraction Survey (Horizontal
Layering)

Seismic refraction surveys are sometimes used to determine the wave
propagation velocities through various soil layers in the field and to obtain
thicknesses of each layer. Consider the case where there are two layers of soil, as
shown in Figure 4.39a. Let the velocities of P-waves in layers 1 and 2 be v,

and v, , respectively, and let v, <v, . 4 is a source of impulsive energy. If

seismic waves are generated at 4, the energy from the point will travel in
hemispherical wave fronts. Consider the case of P-waves, since they are the
fastest. If a detecting device is placed at point B, which is located at a small
distance x from 4, the P-wave that travels through the upper medium will reach it
first before any other wave. The travel time for this first arrival may be given as
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Figure 4.39 Seismic refraction survey — horizontal layering
X
t=— (4.42)
UPl

where 4B =x.

Again, consider the first arrival time of a P-wave at a point G, which is
located at a greater distance from 4. In order to understand this, one considers a
spherical P-wave front that originates at A4 striking the interface of the two layers.
At some point C, the refracted P-wave front in the lower medium will be such
that the tangent to the sphere will be perpendicular to the interface. In that case,
the refracted P-ray (shown as P, in Figure 4.39a) will be parallel to the boundary
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and will travel with a velocity v, . Note that because v, <v, , this wave front

will travel faster than those described previously. From Eq. (4.38)

sing; _ sina;

1)171 UPz
Since o3=90°, sin o3= 1, and
s -1 UPI
o =sin | — [=¢, (4.43)
va

where ¢ = critical angle of incidence.

The wave front just described traveling with a velocity v, will create

vibrating stresses at the interface, and this will generate wave fronts that will
spread out into the upper medium. These P-waves will spread with a velocity
of v, . The spherical wave front traveling downward from D in layer 2 will have

a radius equal to DE after a time At. At the same time A¢, the spherical wave
front traveling upward from point D will have a radius equal to DF. The resultant
wave front in the upper layer will follow a line EF. It can be seen from the
diagram that

v, At DF
A =~ =sini, (4.44)
v, At DE

So ray DFG will make an angle i. with the vertical. It can be mathematically
shown that for x greater than a critical value x., the P-wave that travels the path
ACDG will be the first to arrive at point G. Let the time of travel for the P-wave
along the path ACDG be equal to ¢. Thus, ¢ = t4c + tcp + tpg, OF

z 1 x—2ztani, z 1
T= — || — [+ + — || —
cos i, )| v, v, cosi, J{ v,

x  2zsini, 2z
= —- +
v, U, cosi. U, COSi

where x= AG .But v,, = U, /sini [from Eq. (4.44)]; thus
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x  2zsin’i, 2z x 2z [1 —sin® i, ]
(= —— + == |
v, U, CO0Si. V,Co8i, UV, U, COSi,
X 2z :
= —+4+— cos i, (4.45)
UPz UPl

Since sin i, = v, / v,

(4.46)

Substituting Eq. (4.46) into Eq. (4.45), one obtains

224102 —02
X TN (4.47)

Upz (Up] ) (Upz )

If detecting instruments are placed at various distances from the source of
disturbance to obtain first arrival times and the results are plotted in graphical
form, the graph will be like that shown in Figure 4.39b. The line Oa represents
the data that follow Eq.(4.42). The slope of this line will give 1/ v, . The line ab

represents the data that follow Eq. (4.47). The slope of this line is 1/ v, - Thus
the velocities of v, and v, can now be obtained.

If line ab is projected back to x = 0, one obtains

_ 2 v, -
" ),
or
W@, _ 1w, was)
2\/01272 _ 1)12)1 2cosi,
where t; is the intercept time. Hence, the thickness of layer 1 can be

easily obtained.

The critical distance x. (Figure 4.39b) beyond which the wave refracted at
the interface arrives at the detector before the direct wave can be obtained by
equating the right-hand sides of Equations (4.42) and (4.47):
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, 2 2
xc xc 2Z Up2 B vpl

= +
vpl UPz UPl va
or
2 2
vV, — U V. D v, +0v
V2 P
X.= 2z 422 LB P _py | B2 A (4.49)
vPl va UPz - vPl vpz - UPl

The depth of the first layer can be calculated from Eq. (4.49) as

v, -V
7=l | _h (4.50)
2\ v, +v,

A. Refraction Survey in a Three-Layered Soil Medium

Figure 4.40 considers the case of a refraction survey through a three-layered soil
medium. Let U, Uy and v, be the P-wave velocities in layers 1, 2 and 3,

respectively, as shown in Figure 4.40a ( U, <V, <V, ). If 4 in Figure 4.40a is a

source of disturbance, the P-wave traveling through layer 1 will arrive first at B,
which is located a small distance away from A. The travel time for this can be
given by Eq. (4.42) as ¢ =x/ v, . At a greater distance x, the first arrival will

correspond to the wave taking the path ACDE. The travel time for this case be
given by Eq. (4.47) as

= — + -
vpz (vpl) (vpz)
where z; = thickness of top layer.

At a still larger distance, the first arrival will correspond to the path
AGHIJK. Note that the refracted ray H-/ will travel with a velocity ofv,, . The

angle i, is the critical angel for layer 3.

l)p2
io=sin""| 7, 4.51)

For this path (4AGHIJK) the total travel time can be derived as
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Figure 440 Refraction survey in a three-layer soil

2 2 2 2
i_i_ 221 UPs - vPl " 222 \V vl’s - va (4.52)

vp3 (UP3)(UI71) (Ups)(vpz)

where z, = thickness of layer 2.

So, if detecting instruments are placed at various distances from the source
of disturbance to obtain first arrival times, they can be plotted in a #-versus-x
graph. This graph will appear as shown in Figure 4.40b. The line Oa corresponds
to Eq. (4.42), ab corresponds to Eq. (4.47), and bc corresponds to Eq. (4.52). The
slopes of Oa, ab, and bc will be 1/ v, 1/ v, and 1/ v, » Tespectively. The

thickness of the first layer z; can be determined from the intercept time #; in a
similar manner, as shown in Eq. (4.48), or

),y

“ / 2 2
2 vﬁz - vpl
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The thickness of the second layer can be obtained from Eq. (4.52).
Referring to Figure 4.40b, the expression for the intercept time #, can be
evaluated by substituting x = 0 into Eq. (4.52):

[, 2 2 [,.2 2
_ 221 UPs _UP1 + 222 UPs _UP2

t= tiz =
(0,)(Vy,) (0 )(Vy,)
or
2 2
— l _ 221 vp3 B Upl (Up3)(vp2) 4 53
22—2 lip v v > > (4.53)
P3P UP3 - va

B. Refraction Survey for Multilayer Soil

In general, if there are n layers, the first arrival time at various distances from the
source of disturbance will plot as shown in Figure 4.41. There will be n segments
in the #-versus-x plot. The slope of the nth segment will give the value 1/ v, (n=

1, 2,...). More details on advanced test methods (detecting inclination of the
bedrock is briefly described later) and interpretation could be found in several
geophysics books.

The value of P-wave velocity in a natural deposit of soil will depend on
several factors, such as confining pressure, moisture content, and void ratio.
Some typical values of v, are given in Table 3.1. It is worth noting that P-wave

velocity through saturated soils will be approximately 1500 m/sec. However, as
P-wave velocity value could reach the order of few kilometres per second in case
of rocks.

5}
E
Layer I, U, "+ E
=)
<
Layer 1,v,, Z
=~
L]
. Segment n
1
¢ Segment 1 Slope =
P
1
Layer n, vy, Slope =—
v
P
Distance, x

Figure 4.41 Refraction survey for multilayer soil
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Example 4.1

Following are the results of a refraction survey (horizontal layering of soil).

Determine the P-wave velocities of the soil layers and their thicknesses.

Distance (m)

Time of first arrival (ms)

2.5
5.0
7.5
15.0
25.0
35.0
45.0
55.0
60.0

5.5
11.1
16.1
24.0
30.8
38.2
46.1
51.3
52.8

Solution

The time-distance plot is given in Figure 4.42. From the plot,

5
v, = ————— =472 mis
' 10.6x10
10
v, = ————— = 1389 m/s
*7.2x10
10
Up =T 3 =3333 m/s
o 3x10
70 T T T T T
60 -
RIS 72 -
§ li2:35.61’1’1$ -—--1-0———-‘
g
5200~ 1340 ]
| -~is *
110.6
0 5 | l l l |
0 10 20 30 40 50 60

Distance, x (m)

Figure 4.42
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th =133 %107 s; £, =35.6 x 10~ s. From Eq. (4.48)
_ 6)(@,)(v,) — (13.3x107°)(472)(1389)

N 2,/(1389)” — (472)°

=3.39m
From Eq. (4.53)

Z]

ZHh = ! t 221 1)1273 _U;I (vp3)(vpz)
27 T2 T
2 L (Ups)(vpl) 1)12)3 - 1)1272
2)(3.39)4/(3333)* — (472)°
e o (933943333 - (472)
2 (3333)(472)
(3333)(1389)
J(3333)2 - (1389)
= % (0.02138) (1528) =16.33 m

Refraction Survey in Soils with Inclined
Layering

Figure 4.43a shows two soils layers. The interface of soil layers 1 and 2 is
inclined at an angle S with respect to the horizontal. Let the P-wave velocities in
layers 1 and 2be v, andv, ,respectively (v, <v, ).

If a disturbance is created at 4 and a detector is placed at B, which is small
distance away from A4, the detector will first receive the P-wave traveling through
layer 1. The time for its arrival may be given by

ty= X
vpl
However, at a larger distance the first arrival will be for the P-wave following
the path ACDE — which consists of three parts. The time taken can be written
as

ty=tyctitcp+ tpe (4.54)

Referring to Figure 4.43a,

’
z

ZAC: — (455)
'l)p1 COS 1,
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_CD  Ady— A4 — Ay Ay — Ay 4,

Iecp= —
Upz vpz
_ xcosf—ztani, —z’tani, — xsin Stani, (4.56)
va
z’ N xsin B
tog = D4y + A E _ cos i, cosi, (4.57)
Upl vpl

Substitution of Eqgs. (4.55), (4.46), and (4.57) into Eq. (4.54) and simplification

yields
| x |

t, Versus x
& b =
~ ’ O
Qo a E
E T -
= b B
<
2 b Ly .2
= =
= <
4] _ =
ol I =
lid
{4 versus x
o LT Distance ~ o
x increasing for #; X increasing for 7,

(b)
Figure 4.43 Refraction survey in soils with inclined layering
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22’ cosi
fg= 228 L X Gin i+ ) (4.58)

UP] vpl

Now, if the source of disturbance is £ and the detector is placed at A, the first
arrival time along the refracted ray path may be given by

2 ” .
t,= 22 2%P% 4 Y Gin(i, - B) (4.59)
UP] vpl

In the actual survey, one can have a source of disturbance such as 4 and
observe the first arrival time at several points to the right of 4 and have a source
of disturbance such as £ and observe the first arrival time at several points to the
left of E. These results can be plotted in a graphical form, as shown in Figure
4.43b (time-versus-x plot). From Figure 4.43b note that the slopes of Oa and Oa”
are both 1/ v, - The slope of the branch ab will be [sin(i. + )]/ v > @s can be

seen from Eq. (4.58). Similarly, the slope of the branch of &’d” will be
[sin (i, — A/ v, [see Eq. (4.59)]. Let

_ sin(i, + B) (4.60)
vpl
and
m, = w (4.61)
UPI
From Eq. (4.60),
ie =sin"(mqyv,) - (4.62)
Again, from Eq. (4.61)
ie=sin"(m,v, )+ f (4.63)
Solving the two preceding equations,
i, =%[sin”! (v, m,)+sin”' (v, m,)] (4.64)

and

f=4sin" (v, mg)—sin” (v, m,)] (4.65)
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Once i, is determined, the value of v, can be obtained as

v ——n (4.66)
P2 sini,

Again referring to Figure 4.43b, if the ab and a’b” branches are projected
back, they will intercept the time axes at ¢;; and #;,, respectively. From Egs. (4.58)
and (4.59), it can be seen that

2z’cos i,
lia= ——
vpl
or

Z, _ (tid) Upl

= 4.67
2 cosi, (4.67)

and
_ 2z"cosl,
mu
vPl
or

Z,, _ (tiu) vpl

= 4.68
2cosi, (4.65)

Since i, and v, are known and #;; and ¢, can be determined from a graph, one

can obtain the values of z”and z”.

Example 4.2

Referring to Figure 4.43a, the results of a refraction survey are as follows. The
distance between 4 and £ is 60 m.

Point of disturbance A Point of disturbance E

Distance Time of first Distance Time of first
from A (m) arrival (ms) from E (m) arrival (ms)

5 12.1 5 11.5

10 25.2 10 22.8

15 353 15 345

20 48.0 20 448

30 60.2 30 69.1

40 68.5 40 78.1

50 76.8 50 82.8

60 85.1 60 87.7
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Determine
a. v, and Uy,
b. Z andz”, and
c. B
Solution
The time-distance records have been plotted in Figure 4.44.
a. From branch oa,
10
v, =———— =400 m/s
b 25x%x10
From branch O’a’
10
v, = ————— =454 m/s
' 22x10
The average value of v, is 427 m/s.
From the slope of branch ab,
90 T T T T T b
bl
80 -
5 : __________ a’ : 88
10 - - = 1
Tte-l 10 Ty
ty Tl -
60 T
Tiy]
— 4
é » .- -
é a0 : ' .
ta 525 22,
20— 10 10 N
0 60 5}0 4}0 3}0 2}0 1}0 0
0 10 20 30 40 50 60

Figure 4.44

Distance, x (m)
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_8.8x107
10
Again, from the slope of branch a’?’,

_5x107
10
From Eq. (4.64),

my =0.88%x10°

=0.5%107

mu

i.= %[sin_' (1)1[,l my)+ sin”! (1)pl m,,)]
sin”! (v, mg) =sin"' [(427)(0.88 x 10)] =22.07°
sin”'( v, m,) = sin"'[(427)(0.5 x 10°] = 12.33°
Hence
i.=1(22.07°+12.33°) = 17.2°
Using Eq. (4.66),
v 427

v, = 2 =— = 1444 m/s
P> sini,  sin (17.2)

b. From Eq. (4.67)

Z, _ (tid)(vp])
2cosi,

tw =35.9x 107 s (from Figure 4.44). So

g - (35.9x107)(427) _
2 cos(17.2)

8.03 m

Again, from Eq. (4.68),

Z// — (tiu )(Upl)
2 cosi,

From Figure 4.44, t;,, = 59.8 X 107 s.

o _ (598 107)(427)
2cos (17.2)
c. From Eq. (4.65),

=13.37m

f =1 [sin! (v, m)—sin' (v, m)]= % (22.07°—12.33°) =4.87°
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Reflection Survey in Soil (Horizontal
Layering)

Reflection surveys can also be conducted to obtain information about the soil
layers. Figure 4.45a shows a two-layered soil system. 4 is the point of
disturbance. If a recorder is placed at C at a distance x away from A4, the travel
time for the reflected P-wave can be given as

2
;= AB+BC_ 2 | +(£) (4.69)
vpl UPl 2
where t = total travel time for the ray path 4ABC.

From Eq. (4.69), the thickness of layer 1 can be obtained as

z=%4/(vp]t)2 —-x° (4.70)

If the travel times ¢ for the reflected P-waves at various distances x are
obtained, they can be plotted in a graphical form, as shown in Figure 4.45b. Note
that the time-distance curve obtained form Eq. (4.69) will be a hyperbola. The
line Oa shown in Figure 4.45b is the time-distance plot for the direct P-waves
traveling through layer 1 (compare line Oa in Figure 4.45b to the line Oa in
Figure 4.39b). The slope of this line will give 1/ v, -

If the time-distance curve obtained from the reflection data is extended
back, it will intersect the time axis at #. From Eq. (4.69) it can be seen that at x =
0,

2z
th= —
UP]
or
thL
z :% 4.71)

With v, and 7 known, the thickness of the top layer z can be calculated.

Another convenient way to interpret the reflection survey record is to plot a
graph of # versus x°. From Eq. (4.69),

2
A= i{f +(§) ]:vi2 @7+ (4.72)

2
UM P
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B Layer 2

P

[Eq. (4.69)]

Time, ¢

Distance, x

(b)

Iy

o 2
(c)
Figure 4.45 Reflection survey in soil — horizontal layering
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This relation indicates that the plot of # versus x* will be a straight line, as
shown in Figure 4.45c. The slope of this line give 1/ 1)12,] and the intercept on the

7 axis will be equal to tg . Substituting ¢ = £, and x = 0 into Eq. (4.72),

47*
2
fo =5~
vPl
or
2.2
v
2 _"0"p
z° = 4.73
2 (4.73)
With tg and v;l known, the thickness of the top layer can now be
calculated.
Example 4.3

The results of a reflection survey on a relatively flat area (shale underlain by
granite) are given here. Determine the velocity of P-waves in the shale.

Distance from point Time for first
of disturbance (m) reflection (s)

30 1.000

90 1.002

150 1.003

210 1.007

270 1.011

330 1.017

390 1.023

Solution

Using the time-distance records, the following table can be prepared.

b x2 t t2
(m) (m?) (s) (s?)
30 900 1.000 1.000
90 8,100 1.002 1.004
150 22,500 1.003 1.006
210 44,100 1.007 1.014
270 72,900 1.011 1.022
330 108,900 1.017 1.034

390 152,100 1.023 1.046
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1.07 T T T T

1.05

(An% =10.023

(Ax)? = 79,200

1.01

0.99 | | | |
0 34,000 74,000 111,000 148,000 185,000
x% (m?)

Figure 4.46

A plot of £ versus x” is shown in Figure 4.46. From the plot,
2
v, = (Ax)z =, /79200 =1816.6 m/s
1 (Ar) 0.024

4.14 Reflection Survey in Soil (Inclined Layering)

Figure 4.47 considers the case of a reflection survey where the reflecting
boundary is inclined at an angle £ with respect to the horizontal. 4 is the point for
the source of disturbance. The reflected P-ray reaching point C will take the path
ABC. Referring to Figure 4.47,

AB+BC=A'B+BC=A4'C

But
(WO = (A o) + (40 (4.74)
A’y = AA’ cos f=27 cos B (4.75)
A,C=ArA + AC =27 sin B+ xc (4.76)

Substituting Egs. (4.75) and (4.76) into Eq. (4.74),
AC= (22 cos B +(22'sin f+x,.)

= \/42’2 +xz +4z'x.sin B
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f XE |

Figure 4.47 Reflection survey in soil — inclined layering

Thus, the travel time for the reflected P-wave along the path ABC will be

A'C
tc=
UPI
So
_ 1 ’2 2 ’ .
tc= ——+J4z"" + x5 +4z'x.sin (4.77)

P

In a similar manner, the time of arrival for the reflected P-waves received
at point £ can be given as

1 .
tg= —\/42’2 +x}25 +4z'xg sin B (4.78)
v
b

Combining Egs. (4.77) and (4.78),

2,2 2
Uy (T —10)  xp +x¢

(4.79)

Now, let ¢ = (tz + t¢)/2 and
At= tg—1c
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Substitution of the preceding relations in Eq. (4.79) gives

2 —_—
VTA)  xpxg

sin = 4.80
p 22" (x5 — x¢) 4z’ (4.80)
If xc is equal to zero, Eq. (4.80) will transform to
VET(AD)
sinfji= 2~ _"E (4.81)

2z°xp 47

If xc = 0 and f= 0 (that is, the reflecting layer is horizontal) then, from
Eq. (4.81),

(4.82)

If xc =0 and At > xé / 21)12,17, the reflecting layer is sloping down in the

direction of positive x, as shown in Figure 4.47. If xc = 0 and At <xé /21)12,]7 , the

reflecting layer is sloping down in the direction of negative x (that is, opposite to
that shown in Figure 4.47).

In actual practice, that point of disturbance A (Figure 4.48) is generally
placed midway between the two detectors, so xz = —x¢ = x. So, from Eq. (4.80)

X i X |

c A E

Figure 4.48
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2 p—
v, t (At
sin B = Q (4.83)
4z'x
Referring to Figure 4.48, AA" =27 = (A'C + A’E)/2. So
2z7 1| A AE | 1 —
z :—[ “s Jz—(tc+tE)=t (4.84)
Upl 2 UPl UPl 2
Combining Egs. (4.83) and (4.84),
v, (At
sin 8 = n (49 (4.85)
2x

Example 4.4

Refer to Figure 4.48. Given: x = 85.5 m, - =0.026 s, and 7z = 0.038 s. Determine
B and z. The value of v, ie., the velocity of the primary wave through the top

layer has been previously determined to be 410 m/s.

Solution

1 J;E ) 0.026;0.038 C0032s

At=t;—t-=0.038 - 0.026 =0.012 s
From Eq. (4.85)

A sin’ v, (Ar) it [ 10)(0012) | (o,
2x (2)(85.5) )

From Eq. (4.84)
2z’

UP]

=7

or

v
- (0.0322)(410) es6m

z
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4.15 Subsoil Exploration by Steady-State Vibration

In steady-state vibration, a circular plate placed on the ground surface is vibrated
vertically by a sinusoidal loading (Figure 4.49a). This vibration will send out
Rayleigh waves (Section 3.13) and the vertical motion of the ground surface will
predominantly be due to these waves. This can be picked up by motion
transducers. The velocity of the Rayleigh waves can be given as

v,=fL (4.86)
where f= frequency of vibration of the plane and L = wavelength.

If the wavelength L can be measured, the velocity of Rayleigh waves can easily
be calculated. The wavelength is generally determined by the number of waves

Dynamic —L—
load Frequency = f
. . \/ 7
()
L=

Number of Rayleigh waves, n

Rayleigh wave length: L| > L,
Frequency of vibration of plate: f| <f;

Distance, x

(b)
Figure 4.49 Subsoil exploration by steady-state vibration
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occurring at a given distance x. For a given frequency f; the wavelength can be
given as

L=2 (4.87)
m
where n; = number of waves at a distance x for frequency f;

(as shown in Figure 4.49b).
It was shown in Chapter 3 that the Rayleigh wave velocity is approximately
equal to the shear wave velocity. So

v, = v, (4.88)
1000 ===—=— L M T T T
| |
I
I
800:— -
| ~ L=0.68m
S I e
€ 600- g
> | Ve
2 | o
s ! 7
g 400 - -~
= | //
| /// o
200:_ /// B ’_L:2.28m
L =77
| - - -
0 L// - r 10; | |
0 120 240 360 480
Velocity,V, (m/s)
(a) Frequency
Velocity,v,. (m/s) True
0 120 240 360 480  profile
0 T T T — —_—L_] %z
03 _03m oo d ][5 Macadam
90
0.6 |2
® % Sand-gravel
_09F %%
= 1.15m 0 o
R P o T T T T T TP
2 %
1.5 _
1.8 - Clay
2.1+ -
2.4 1 | 1 4
(b) Depth

Figure4.50 v, as a function of frequency and depth determined by the steady-state
vibration technique (after Heukelom and Foster 1960)
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4.16

It was also discussed in Chapter 3 that, for all practical purposes, the
Rayleigh wave travels through the soil within a depth of one wavelength. Hence
for a given frequency f, if the wavelength L is known, the value of v, determined

by the preceding technique will represent the soil conditions at an average depth
of L/2. Thus for a large value of f, the value of v, is representative of soil

conditions at a smaller depth; and, for a small value of f, the value of v, obtained

is representative of the soil conditions at a larger depth. Figure 4.50 shows the
results of wave propagation on a stratified pavement system obtained using this
technique.

Soil Exploration by “Shooting Up the Hole,”
“Shooting Down the Hole,” and “Cross-Hole
Shooting”

Shooting Up the Hole

In the technique of shooting up the hole, a hole is drilled into the ground and a
detector is placed at the ground surface. Charges are exploded at various depths
in the hole and the direct travel time of body waves (P or S) along the boundary
of the hole is measured. Thus the values of v, and v, of various soil layers can

be easily obtained. There is a definite advantage in this technique, since it
determines the shear wave velocities of various soil layers. The refraction and
reflection techniques give only the P-wave velocity. However, below the
groundwater table the compression waves will travel through water. The first
arrival for points below the water table will usually be for this type, and the wave
velocity will generally be higher than the compression wave velocity in soils. On
the other hand, shear waves cannot travel through water, and the shear wave
velocity measure above or below the water table will be the same.

Shooting Down the Hole

Shear wave velocity determination of various soil layers by shooting down the
hole has been described by Schwarz and Musser (1972), Beeston and McEvilly
(1977), and Larkin and Taylor (1979). Figure 4.51 shows a schematic diagram
for the down-hole method of seismic waves testing as presented by Larkin and
Taylor, which relies on measuring the time interval for SH-waves to travel
between the ground surface and the subsurface points. A bidirectional impulsive
source for the propagation of SH-waves is placed on the surface adjacent to a
borehole. A horizontal sensitive transducer is located at a depth in the borehole.
The depth of the transducer in varied throughout the length of the borehole. The
shear wave velocity can then be obtained as



Properties of Dynamically Loaded Soils 161

Bidirectional
surface source
of SH-wave

Time to first shear
wave arrival, ¢

dz

Soil layer 1
S dt

Transducer ~

Soil layer 2

Depth, z
Figure 4.51 The down-hole method of seismic wave testing

Az
v, =— 4.89
Sy (4.89)
where z = depth below the ground surface

t = time of travel of the shear wave from the surface impulsive
source to the transducer.

During the process of field investigation, Larkin and Taylor (1979)
determined that the shear strains at depths of 3 m and 50 m were about 1 x 107
and 0.3 x 107, respectively. In order to compare the field and laboratory values
of v,, some undisturbed samples from various depths were collected. The shear
wave velocity of various specimens at a shear strain level of 1 x 10° was
determined. A comparison of the laboratory and field test results showed that, for
similar soils, the value of v,y is considerably lower than that obtained in the

field. For the range of soil tested,

Usiab) = 0-25 Vg(gieray + 83

where
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Vg(1aby and Vg(ge1q) are in meters per second.

Larkin and Taylor also defined a quantity called the sample disturbance
factor Sp:

2
5, = Uscield) | _ Ghiela (4.90)
Us(1ab) Glap

The average value of Sp in Larkin and Taylor’s investigation varied from about 1
for v;geiq)= 140 m/s to about 4 for U geq)= 400 m/s. This shows that small

disturbances in the sampling could introduce large errors in the evaluation of
representative shear moduli of soils.

Cross-Hole Shooting

The seismic cross-hole survey is considered by many engineers to be the most
reliable method of determining the dynamic shear modulus of soil. The technique
of cross-hole shooting relies on the measurement of SV-wave velocity. In this
procedure of seismic surveying, two vertical boreholes at a given distance apart
are advanced into the ground (Figure 4.52). Shear waves are generated by a
vertical impact at the bottom of one borehole. The arrival of the body wave is
recorded by a vertically sensitive transducer placed at the bottom of another
borehole at the same depth. Thus

(4.91)

where ¢t = travel time for the shear wave
L = length between the two boreholes.

The smallest possible borehole diameter should be used as small uncased
boreholes are more stable than larger diameter holes. Even if casing is required, a
small diameter borehole will cause less soil disturbance. Usually aluminium or
PVC casing is used instead of steel casing. Void spaces around the casing must
be filled with weak cement slurry grout. Spacing between the boreholes can be 2
to 3 meters. The borehole spacing at the surface cannot be used as L and for
deeper boreholes (say more than 10 m in depth), inclinometers must be used to
calculate L accurately as small error in L can lead to large differences in
estimated shear wave velocity. Figure 4.53 shows the plot of the shear wave
velocity against depth for a test site obtained from the cross-hole shooting
technique of seismic surveying.



Properties of Dynamically Loaded Soils 163

Oscilloscope @ Trigger

° '\
Input L Impulse
Vertical .

velocity

transducer
IRy

Vertical |_— Impulse rod
/— velocity v
g transducer

% ) ";a"?lz SR

(e T%in RS
AET Path of body wave  sR

Figure 4.52 Schematic diagram of cross-hole seismic survey technique

g % 107 (m/s)
3

1 2 4 Soil profile
0 | |
Silty sand
_ (SM)
09+ w=3-9%
T 18F T
g
& Sandy silt
A (ML)
2.7+ n w=6-14%
3.6 7
Silty sand
w=5-7%
4.5 L !

w = moisture content
Figure 4.53 Shear wave velocity versus depth from cross-hole seismic survey (redrawn
after Stokoe and Woods. 1972)
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4.17

Cyclic Plate Load Test

The cyclic field plate load test is similar to the plate bearing test conducted in the
field for evaluation of the allowable bearing capacity of soil for foundation
design purposes. The plates used for tests in the field are usually made of steel
and are 25 mm thick and 150 mm to 762 mm in diameter.

To conduct a test, a hole is excavated to the desired depth. The plate is
placed at the center of the hole, and load is applied to the plate in steps—about
one-fourth to one-fifth of estimated ultimate load—by a jack. Each step load is
kept constant until the settlement becomes negligible. The final settlement is
recorded by dial gauges. Then the load is removed and the plate is allowed to
rebound. At the end of the rebounding period, the settlement of the plate is
recorded. Following that, the load on the plate is increases to reach a magnitude
of the next proposed stage of loading. The process of settlement recording is then
repeated.

Figure 4.54 shows the nature of the plot of ¢ versus settlement (s) obtained
from a cyclic plate load test. Note that

_ load on the plate, O
area of the plate, 4

Based on field test results, the magnitude of the spring constant & [See Chapter 2,
Eq. (2.3)] and the shear modulus G of the soil can be calculated in the following
manner. It is worth noting that in order to accurately reflect the nonlinear
response of the soil, it would be necessary to establish the similar strains between
the small scale footing and prototype footing. A number of cycles of loading of
the plate may be needed to replicate the elastic condition in the soil under
footing.

Spring Constant k

1. Referring to Figure 4.54, calculate the elastic settlement [s.1), Se),...] for
each loading stage.

2. Plot a graph of ¢ versus s., as shown in Figure 4.55.

3. Calculate the spring constant of the plate as

qA
kplate =
e

(4.92)

4. The spring constant for vertical loading for a proposed foundation can then
be extrapolated as follows (Terzaghi, 1955).
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Cohesive soil:

foundation width
kfoundation = kplate . (493)
plate width
Cohesionless soil:
. . . 2
Kroundation = Fotae foundation width +'plate width (4.94)
2 X plate width
Shear Modulus, G
It can be shown theoretically (Barkan, 1962) that
q E 1
C.=—=113——-5— (4.95)
S, 1- ,uz J4
where C. =subgrade modulus
E  =modulus of elasticity
M =Poisson’s ratio
A = area of the plate
However,
oo E
2(1+ )
So
C = 226G6(1+p) 1
’ 1- ﬂz J4
or
1- A
G U= CNA (4.96)
2.26

The magnitude of C, can be obtained from the plot of ¢ versus s, (Figure 4.55).
With the known value of 4 and a representative value of x4, the shear modulus
can be calculated from Eq. (4.96). In nonhomogenous soils, it may be
desirable to conduct the test at different depths or one may use different plate
sizes to reflect the change in soil stiffness with depth. Again, it should be noted
that this test suffers from the same limitations as reported in traditional
geotechnical engineering practice for the design of foundations.
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Load per unit area, g

[
|Vm

_

s

JUOWRNOS

Figure 4.54 Nature of load-settlement diagram for a cyclic plate load test

b “eare jun 1od peo

Elastic rebound, s,

Se(1) Se2) Se() Se()

Figure 4.55
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Example 4.5

The plot of ¢ versus s (settlement) obtained from a cyclic plate load test is shown
in Figure 4.56. The area of the plate used for the test was 0.3 m”. Calculate

a.  kplae, and

b. shear modulus G (assume x = 0.35).

Solution

a. From Figure 4.56, the following can be determined.

Load per unit area, q (kPa) Elastic settlement, se (mm).
75 0.53
150 1.10
225 1.50
300 2.10
0 100 200 300 g (kPa)
0 T T T
5 —
e
g
E
E 101
2
15 -
20

Figure 4.56
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300
[ ]
£ 200
<
)
[ ]
100 -
| | | |
0.5 1 1.5 2.0 Se (mm)
Figure 4.57

Figure 4.57 shows a plot of ¢ versus s,. From the average plot,

=939 46 MN/m
s, 00021

e

From Eq. (4.92)

A
Kplate = 9~ - (142.86)(0.3) = 42.86 MN/m.

Se

b. From Eq. (4.96)

() CN4 _(1-0.35)(142.86 )(:/0.3)
226 2.26

=22.5 MPa

This method can be extremely useful in sandy soils, provided it is being preceded
by a boring program. But this test may not give good results if a weak stratum
lies below the significant depth of test plate, but within the significant depth of
the foundation. The procedure is costly, particularly if the ground water level is
near the foundation and ground water lowering becomes necessary.
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Correlations for Shear Modulus and Damping Ratio

4.18

Test Procedures for Measurement of Moduli
and Damping Characteristics

For design of machine foundations subjected to vibration, calculation of ground
response during an earthquake, analysis of the stability of slopes during an
earthquake, and other dynamic analysis of soil, it is required that the shear
modulus and the damping ratio of the soil be known. The shear modulus G and
the damping ratio D of soils are dependent on several factors, such as type of
soil, confining pressure, level of dynamic strain, degree of saturation, frequency,
and number of cycles of dynamic load application, magnitude of dynamic stress,
and dynamic prestrain (Hardin and Black, 1968).

From the preceding discussions in this chapter, it is obvious that a wide
variety of procedures, including laboratory and field tests, can be used to obtain
the shear moduli and damping characteristics of soils. A summary of those test
conditions, range of applicability, and the parameters obtained are given in Table
4.4. Based on these studies several correlations for estimation of G and D have
evolved during the last 25 to 30 years. Some of these correlations are
summarized in the following sections.

Table 4.4 Test Procedures for Measuring Moduli and Damping Characteristics
(after Seed and Idriss, 1970)

General Approximate Properties
procedure Test condition strain range determined
Determination of ~ Triaxial compression 10~ to 5% Modulus; damping
hysteretic stress-  Simple shear 107 to 5% Modulus; damping
strain relationships Torsional shear 107 to 5% Modulus; damping
Forced vibration ~ Longitudinal vibrations 107 to 107°% Modulus; damping
Torsional vibrations 10 to 107°% Modulus; damping
Shear vibrations—Ilab 107 to 107°% Modulus; damping
Shear vibration—field 10*t010° %  Modulus

Free vibration tests Longitudinal vibrations 107 to 1% Modulus; damping
Torsional vibrations 107 to 1% Modulus; damping
Shear vibration—Ilab 107 to 1% Modulus; damping
Shear vibration—field 107 t0 1% Modulus

Field wave velocity Comparison waves ~5x107% Modulus

measurements Shear waves ~5x107% Modulus
Rayleigh waves ~5x107% Modulus

Field seismic Measurement of motions Modulus; damping

response at different levels in deposit
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In general, the shear-stress-versus-strain relationship for soils will be of the
nature as shown in Figure 4.58. The following can be seen from this figure:

1. The shear modulus G decreases with the increased level of shear strain.

2. At avery low strain level, the magnitude of the shear modulus is maximum
(that is, G = Gpa).

3. The shear stress-versus-shear-strain relationship shown in Figure 4.58 can be
approximated as (Hardin and Drnevich, 1972)

’

T= 4
/G + 777

max

(4.97)

where 7= shear stress and p” = shear strain.

Tn]ax‘Y:’
'__________// _______________ /2 N
/ /
// /
/ /
// /
; :
T= -
/ / L
Gln'd)( dex
/
/|G

Shear stress, T

Shear strain, y”

Figure 4.58 Nature of variation of shear modulus with strain
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Shear Modulus and Damping Ratio in Sand

Hardin and Richart (1963) reported the results of several resonant column tests
conducted in dry Ottawa sand. The shear wave velocities v, determined from

some of these tests are shown in Figure 4.15. The peak-to-peak shear strain
amplitude for these tests was 10~ rad. From Figure 4.15 it may be seen that the
values of v, are independent of the gradation, grain-size distribution, and also the

relative density of compaction. However, v, is dependent on the void ratio e and
the effective confining o,and can be expressed by the following empirical
relations:

v, =(19.7-9.06 )Gy * for G, =95.8 kPa (4.98)
and
v, =(11.36-535¢)5y"° for o, <95.8 kPa (4.99)

In Equations (4.98) and (4.99), the units of v,and o, are meters per second and

newtons per square meter, respectively.

Several experimental results for shear wave velocity in extremely angular
crushed quartz sands were also reported by Hardin and Richart (1963). Based on
these results, the value of v, for angular sands can be expressed by the empirical

relation

v, =(18.43-6.2¢) 5, *
T T (4.100)
(m/s) (N/m?)
Based on the shear wave velocity relations presented here, the shear

modulus of sands for low amplitudes of vibration can be given by the following
relations (Hardin and Black, 1968):

6908 (2.17—¢)* _
_ O_(l)/z

(CA I+ (round-grained) (4.101)
e
and
\2
Gmax=3230(12 '+97 O 52 (angular-grained) (4.102)
e
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where Gna and o, are in kPa.

For a soil specimen subjected to a stress condition such that o, # 0, # 0;
(where 0,,0, and 05 are the major, intermediate, and minor effective principal
stresses, respectively), note that the average effective confining pressure is

0y =1(0, + 0, + ;) = effective octahedral stress

This value of &;, can be used in Eqgs. (4.98) — (4.102).
For field conditions at any given depth,

0, = effective vertical stress = 7,

0, = 0;=K,0,

where K, = at-rest earth pressure coefficient = 1 —sin ¢
(where ¢= drained friction angle).

So

0y = 1[0, +20,(1-sing)]

w|Q|

Y (3 - 2sin ¢) (4.103)

Several investigators (e.g, Weissman and Hart, 1961; Richart, Hall, and
Lysmer (1962); Drnevich, Hall, and Richart, 1966; Silver and Seed, 1969;
Hardin and Drnevich, 1972; Seed and Idriss, 1970; Shibata and Soelarno, 1975;
and Iwasaki, Tatsuoka, and Takagi, 1976), have reported the results of shear
modulus and damping ratio measurements using various types of test techniques.
From these test results it appears that the shear modulus at a given strain level
can be expressed as (Seed and Idriss, 1970)

G=218.82 K, (5,)"” (4.104)

where G and 0, are in kPa.
For low strain amplitudes (3’ < 107*%), the preceding equation will be

Groax = 218.82 K110 (G)" (4.105)
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The magnitudes of Kymay vary from about 30 for loose sands to about 75
for dense sands. Seed and Idriss (1970) recommended the following values of

K2(max)-

Relative density,

Ro (%) Ka(max)

30 34

40 40

45 43

60 52

75 61

90 70

Hence,

G = Ky F’ (4.106)
Gmax K2(max)

Figure 4.59 shows the variation of F”with shear strain y’(%) obtained from
several studies. These values fall in a rather narrow band and, for all practical
purposes, the average plot can be used for design and estimation purposes. Thus
Egs. (4.101), (4.102), (4.104), (4.105), and (4.106) can be combined to estimate
the shear modulus at any required shear strain level.

Studies by Hardin and Drnevich (1972) and Seed and Idriss (1970) show
that the damping ratios for sands are affected by factors such as (a) grain-size
characteristics, (b) degree of saturation, (¢) void ratio, (d) earth pressure
coefficient at rest (Kp), () angle of internal friction (¢), (f) number of stress
cycles (N), (g) level of strain, and (h) effective confining pressure. The last two
factors, however, have the major effect on the magnitude of the damping ratio.
Figure 4.60 shows a compilation of past studies (Seed et al. 1986) to determine
D. For most practical cases the average plot of the variation of D versus ¥’ can
be used for most calculation purposes.

Based on tests on dry sands using a torsional simple shear device, Sherif,
Ishibashi, Gaddah (1977) proposed the following relationship for damping ratio.

50—0.087 G
D= T"‘) (73.3F - 533)(y)" (1.01 - 0.046 logN)  (4.107)

where D = damping ratio (%)
o, = effective confining pressure (kPa)
¥’ = shear strain (%)
F = sphericity factor of the soil grains
N =number of cycles of strain application
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The sphericity factor is defined as

1
F=— (4.108)
v’C,
1.0
0.8 e
\(< Average
0.6 ~
Range of F' N
0.4 N
0.2 0
0
1074 107 102 101 I

Shear strain, ¥ (%)
Figure 4.59 Variation of F with shear strain for sands (after Seed et al., 1986)

28

24 2

20 ’ 7

16 / ’

12

Damping ratio, D (%)

- - Average

104 1073 102 107! 1
Shear strain,y” (%)

Figure 4.60 Damping ratios for sands (after Seed et al.,1986)
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where
2

Cp= %0 (4.109)
(Dyo)(Dgp)

Dy, D3, Dgy = diameters, respectively, through which
10%, 30%, and 60% of the soil will pass

s

where S”and S are, respectively, the surface area of a sphere of the same volume
as the soil particle and the actual surface area of the soil.

Example 4.6

The ground water table in a normally consolidated sand layer is located at a
depth of 3 m below the ground surface. The unit weight of sand above the
groundwater table is 15.5 kN/m’. Below the groundwater table, the saturated unit
weight of sand is 18.5 kN/m’. Assuming that the void ratio and effective angle of
friction of sand below the groundwater table are 0.6 and 36°, respectively,
determine the damping ratio and the shear modulus of this sand at a depth of
7.5 m below the ground surface if the strain is expected to be about 0.12%.

Solution

From Eq. (4.103)
G, = % (3 -2 sin @)

&,=3(15.5) +4.5(18.5-9.81) = 85.61 kPa

G, = @ [3 — (2)(sin 36)] = 52.06 kPa

When ¢is equal to 36°, Rp is about 40 to 50%. Assuming Rp = 45%, Kamax) = 43.
So, from Eq. (4.105)

Gmax = 21882 K2(max)( 6-0 )0'5
or
Gax = (218.82)(43)( 52.06)"

=67,890 kPa = 67.9 MPa
Referring to Figure 4.59, for ¥’ = 0.12%, the value of F” is about 0.28. So



176 Chapter 4

4.20

4.21

G= FGmax = (028)( 679) =19 MPa

Referring to the average curve in Figure 4.60, for " =0.12%
D=17%

Correlation of G,,.x of Sand with Standard
Penetration Resistance

The standard penetration test is used in soil-exploration programs in the United
States and other countries. In granular soils the standard penetration numbers
(N in blows/0.3 m) are widely used for the design of foundation. The standard
penetration number can be correlated (Seed et al., 1986) in the following form to
predict the maximum shear modulus:

G =35X161.5N3(5,)"

T T (4.110)
(kPa) (kPa)
where o0, = effective confining pressure (kPa)

Ngo = N-value measured in SPT test delivering 60% of the
theoretical free-fall energy to the drill rod

Equation (4.110) is very useful in predicting the variation of the maximum shear
modulus with depth for a granular soil deposit.

Shear Modulus and Damping Ratio for
Gravels

Seed et al. (1986) provided the experimental results of several well-graded
gravels. An example of such a study on well-graded Oroville material is shown
in Figure 4.61. Based on several studies of this type, Seeds et al. concluded that
Egs. (4.105) and (4.106) can also be used to predict the variation of shear
modulus with shear strain. However, the magnitude of Kymay) for gravels ranges
between 80 to 180 (as compared to a range of 30 to 75 for sand). Thus,

G =G F' =218.82F Ky 0 (G)"
T T (4.111)
(kPa) (kPa)

The variation of F” with the level of shear strain is shown in Figure 4.62.
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The equivalent damping ratio of gravelly soils determined in the laboratory
from the hysteresis loops at the fifth cycle of each strain amplitude is shown in
Figure 4.63. It can be seen that, for a given value of y’, the equivalent damping
ratio increases with the increase of the relative density Rp of the gravel. Seed et
al. (1986) also observed that

a. there is not significant effect of gradation on the equivalent damping ratios of
gravelly soil, and

b. the damping ratio is not significantly affected by the number of cycles at
very small strain amplitudes. However it decreases to approximately three-
fourths of its original value after 60 cycles at any axial strain amplitude of
+0.2%.

Seed et al. showed that the range and the average plot of the damping ratio
D with strain amplitude ” for gravelly soils is approximately the same as that for
sands (Figure 4.60).

140

120

80

K

40

0 | | |
104 1073 102 107! 1

Cyclic shear strain, ¥’ (%)

Figure 4.61 Shear moduli of well-graded Oroville material (after Seed et al., 1986)
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Figure 4.62 Variation of F’ with shear strain for gravelly soils (after Seed et al., 1986)
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Figure 4.63 Effect of relative density on damping ratio of gravelly soils (after Seeds et
al., 1986)

Shear Modulus and Damping Ratio for Clays

For low amplitudes of strain, the shear modulus G = G« for clays of moderate
sensitivity can be expressed in a modified form of Eq. (4.102) (Hardin and
Drnevich, 1972):

c 32300297~ e)?

max
1

—1/
(OCR)* G2

T T (4.112)
(kPa) (kPa)
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where OCR = overconsolidation ratio and K = a constant = f{plasticity index, PI).
Following are the recommended values of K for use in the preceding
equation.

Plasticity index,

Pl (%) K

0 0
20 0.18
40 0.30
60 0.41
80 0.48

>100 0.5

For field conditions
0y = 3(5'0 +2K,0,) (4.113)

where o, = effective vertical stress
K,y = at-rest earth pressure coefficient

For normally consolidated clays (Booker and Ireland, 1965)
Ky=0.4+0.007 (PI) (for 0 <PI<40%) (4.114)
and
Ko=0.68 +0.001 (PI—40) (for 40% < PI < 80%) (4.115)

In order to estimate the shear modulus at larger shear strain levels, Hardin and
Drnevich (1972) suggested the following procedure. Referring to Figure 4.58,

G-
14
and
Gmax = Pmax

where ¥, = reference strain.
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Substituting the preceding relationship into Eq. (4.97), one obtains

G (4.116)

B 1+y'ly,

For real soils, the stress-strain relationship deviates somewhat from Eq. (4.116),
and it can be modified as

G,
= — 4.117)
1+y,
where y;, = hyperbolic strain
- (7_}[1 + ae—b(r’/m] (4.118)
where, for saturated cohesive soils,
a=1+0251logN (4.119)
b=13 (4.120)

N =number of cycles of loading

Figure 4.64 gives the variation of y/ / (0.1450, kPa)'/ * with the plasticity
index for saturated cohesive soils. Once the magnitudes of ¥}, and G, are

calculated from Egs. (4.118) and (4.112), they can be substituted in Eq. (4.117)

to obtain G (at a strain level ).
Hardin and Drnevich (1972) presented the relationship between the
damping ratio and the shear modulus as

D=Dmax[1— G j (4.121)
G

max
where D, is the maximum damping ratio, which occurs when G = 0.

For saturated cohesive soils,

D, (%)=31-(03+0.003/)G, 2 +1.5/"2 —~1.5(log N)| (4.122)
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Figure 4.64 Reference strain for geostatic stress condition (after Hardin and Drnevich,
1972)
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where f = frequency (in Hz)
o, = effective confining pressure (in kPa)
N =number of cycles of loading

For real soils, Eq. (4.121) can be rewritten as

D _ % (4.123)
Dmax 1+ 7h
where y;/ = the hyperbolic strain, or
)= Zi iy ae ] (4.124)
1+y;
ay=1+02/" (4.125)
and
by = 0.2f(e"%) +0.0235, +0.3 log N (4.126)

In the preceding two equations,
f=frequency (in Hz)
o, = effective confining pressure (in kPa)
N = number of cycles of loading

Hence, in order to calculate the damping ratio D at a strain level ¥, the following
procedure may be used:

1. Calculate Dy, using Eq. (4.122).
2. Calculate y; using Egs. (4.124), (4.125), and (4.126).
3. Calculate D using Eq. (4.123).

Damping ratio of clays is also a function of plasticity characteristics. Damping
ratio of highly plastic clays are lower than those of low plastic clays at the same
strain amplitude. More details on this particular aspect can be found in Vucetic
and Dobry (1991). Damping beahvior of soils is also influenced by effective
confining pressure. Influence of various parameters such as confining pressure,
void ratio, geologic age, cementation etc. can be found in Dobry and Vucetic
(1987).
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Correlation of Seed and Idriss

Seed and Idriss (1970) collected the experimental results for shear modulus and
damping ratio from various sources for saturated cohesive soils. Based on these
results the variation of G/c, (where ¢, = undrained cohesion) with shear strain is
shown in Figure 4.65. Also, Figure 4.66 shows the upper limit, average, and
lower limit for the damping ratio at various strain levels.

3000
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Figure 4.65 1In situ shear modulus for saturated clays (after Seed and Idriss, 1970)
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Figure 4.66 Damping ratio for saturated clays (after Seed and Idriss, 1970)
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Example 4.7

A soil profile is shown in Figure 4.67a. Calculate and plot the variation of shear
modulus with depth (for low amplitude of vibration).

co L Drysand T T
. N Go=2.65 "
Layer [, 3.0 m e=0.7
$=30° ' G.WT.
Sand =
Gy=2.65
e=0.6
$=33°

NOT TO

Layer II, 1.5 m SCALE

Normally consolidated clay
Gy=2.78

Layer III, 1.5 m e=50%

Liquid limit = 48

Plastic limit = 23

Rock
(a)
Figure 4.67a

Solution

At any depth z
0y =3(0,+0,+03) 0,=03=K,0,
where K, is the coefficient of earth pressure at rest and 0 is the vertical

effective pressure. For sands,
Ko=1-sin ¢=1-sin30°=0.5
In layer II,
Koy=1-sin ¢=1—sin 33° =0.455
For normally consolidated clays,
Ky=04+0.007(PI) for0<PI<40%
=0.4+0.007(48 —23)=0.575
Calculation of Effective Unit Weights
z=0-3.0m:

Gy, _(2.65)(9.81) ;
_, _Gh_ ~ 1529 kN/
Tay = Ve T v 0 "

z=3.0-45m:

(G, +e)y, G, -1

Yett = Yoeat — Ko = 1— - %= (—j I
+e 1+e
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_ (2.65-1)(9.8])

=10.12 kN/m’
1+0.6
z=45-60m:
Yo = (G, -Dy, 278-1)(9.81) _ 7 87 KN/t
I+e 1+1.22
The following table can now be prepared.
Depthz 6'1 52 :63 =K051 6-0 e G = Gmax
(m) (kPa) (kPa) (kPa) (MPa)
0 0 0 0 0.7 0
1.5 1529x 1.5 11.47 15.29 0.7 34.34°
=22.94
3.0 1529x3 22.94 30.58 0.7 48.56"
(in layer I) =45.87
3.0 45.87 20.87 29.20 0.6 57.51°
(in layer II)
4.5 4587+10.12x 1.5  27.78 38.87 0.6 66.35"
(in layer II) =61.05
4.5 61.05 35.10 43.75 1.22 29.47°
(in layer III)
6.0 61.05+7.87x1.5 41.89 52.21 1.22 32.20°
=72.86
“Eq. (4.101)
°Eq. (4.112)

The variation of G = G With depth is plotted in Figure (4.67b).

G (MPa)
0 28 56
0

84
T T

1.5

4.5

6.0

(b)
Figure 4.67b
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4.23

Shear Modulus and Damping Ratio for Lightly
Cemented Sand

Lightly cemented sand deposits are encountered in many parts of the world. The
cementing material in the sand deposits is primarily calcium carbonate. More
recently, the results of several research projects relating to the properties of
lightly cemented sands have been published. From these studies it appears that
the behavior of lightly cemented sands can be duplicated in the laboratory by
mixing sand and Portland cement in required properties. The maximum sheer
modulus can be expressed as (Saxena, Avramidis, and Reddy, 1988)

Gmax(CS) = Gmax(S) + AGmax(@ (4 127)
where Gmax(csy = maximum shear modulus of lightly cemented sand
Gmaxsy = maximum shear modulus of sand alone
AGuaxcy = increase of maximum shear modulus due to

cementation effect

According to Saxena, Avramidis, and Reddy, the magnitudes of Gpaxs) and
AGmax(c) can be obtained from the following empirical relationships.

428.2 0426 , = 0.574
Grax(s) :m(])a) (0p) >

T T T (4.128)
(kPa) (kPa)  (kPa)

where P, = atmospheric pressure in the same units as Gpax(s).-

5 0.515e~0.13CC+0.285
AGmax C 172 ~0
© _ (CC)O'SS (P ]
P, (e—0.5168) a
(for CC <2%) (4.129)

— \0.698¢-0.04CC-0.2
AGmax(c) _ 773 (coy2| %
P e P

a a

(for 2% < CC < 8%) (4.130)

where CC = cement content (in percent) and e = void ratio.
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When using Egs. (4.129) and (4.130), the units of Gaxs), Ps, and o, need to be
consistent.

The damping ratio at low strain amplitudes (7” < 10°%) can be expressed
as (Saxena, Avramidis, and Reddy, 1988)

DCS:DS+ADC (4131)
where Dc¢s = damping ratio of cemented sand (%)

Ds = damping ratio of sand alone (%)
AD¢ = increase in the damping ratio due to cementation effect

_ \—0.38
Dg = 0.94[%) (4.132)

a

— \—0.36
AD, =0.49(CC)"" (%j (4.133)

a

where CC = cement content (in percent). The units of P, and &, need
to be consistent.

Example 4.8

If a lightly cemented sand specimen is subjected to an effective confining
pressure of 98 kPa, estimate the value of Gpax(cs), given e = 0.7 and CC = 3%.

Solution

From Eq. (4.128),

428.2 0.426 /= 10.574
Gmax Y l)a ’ O '
© T 0ar072 ) (@)
Given e= 0.7, P, =100 kPa, and &, =98 kPa,
428.2

Gmax — (100)0.426 (98)0.574
O 034(0.7)0.7)

= 65,805 kPa = 0.066 GPa
From Eq. (4.136),
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— 0.698¢—0.04CC—0.2
ACmax(c) _ 773 (02 %
£, e 5,
or
AGuwicy 773 - 1( 98 [0.698(0.7) — 0.04(3) — 0.2]
—maxt®) - gyl 2
100 0.7 ®) 100
=(1104.3)(3.737)(0.994)
=416,067 kPa=0.416 GPa
So
Gmax(CS) = Gmax(S) + AC;max(C)
=0.066 + 0.416 = 0.482 GPa =482 MPa
Problems

4.1 A uniformly graded dry sand specimen was tested in a resonant column
device. The shear wave velocity v, determined by torsional vibration of
the specimen was 231.65 m/s. The longitudinal wave velocity
determined by using a similar specimen was 387.40 m/s. Determine each
of the following.
a. Poisson’s ratio
b. Modulus of elasticity (£) and shear modulus (G) if the void ratio and
the specific gravity of soil solids of the specimen were 0.5 and 2.65,
respectively.

4.2 A clayey soil specimen was tested in a resonant column device (torsional

vibration; free—free end condition) for determination of shear modulus.
Given: length of specimen = 90 mm, diameter of specimen = 35.6 mm,
mass of specimen = 170 g, frequency at normal mode of vibration
(n=1) =790 Hz. Determine the shear modulus of the specimen in kPa.
4.3 The Poisson’s ratio for the clay specimen described in Problem 4.2 is
0.52. If a similar specimen is vibrated longitudinally in a resonant
column device (free—free end condition), what would be its frequency at

normal mode of vibration (n = 1)?

4.4 The results of a refraction survey in terms of time of first arrival (in
milliseconds) and distance in meters is given below in tabular form.
Assuming that the soil layers are perfectly horizontal, determine the P-
wave velocities of the underlying soil layers and the thickness of the top

layer.
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Distance Time of first
(m) arrival (ms)
7.5 49.08

15.0 81.96
23.0 122.8
30.5 148.2
45.5 174.2
61.0 202.8
76.0 228.6
91.5 256.7

4.5 Repeat Problem 4.4 for the following
Comment regarding the material encountered in the second layer.

Distance Time of first Distance Time of first
(m) arrival (ms) (m) arrival (ms)
10 19.23 100 125.82
20 38.40 150 138.72
30 57.71 200 152.61
40 76.90 250 166.81
60 115.40 300 178.31
80 120.71

4.6 Repeat Problem 4.4 with the following results. Also determine the
thickness of the second layer of soil encountered.

Distance Time of first Distance Time of first
(m) arrival (ms) (m) arrival (ms)
10 41.66 60 119.21
15 62.51 70 128.11
20 83.37 80 136.22
30 91.82 90 141.00
40 101.22 100 143.81
50 110.16 120 152.00
4.7 The results of a reflection survey are given here. Determine the velocity

of P-waves in the top layer and its thickness.

Distance from Time for first arrival
shot point (m) of reflected wave (ms)
10 32.5
20 39.05
30 48.02
40 58.3
60 80.78

100 128.55
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4.8 Refer to Figure 4.43 for the results of the following refraction survey:
Distance from Time of Distance from Time of
point of first point of first
disturbance, arrival disturbance, arrival
A (m) (ms) E (m) (ms)
0 0 0 0
6.0 20 6.0 20
12.0 40 12.0 40.1
18.0 60 18.0 59.8
24.5 78.2 24.5 79.7
36.5 92.8 36.5 121.0
61.0 122.2 61.0 167.2
85.5 149.8 85.5 175.1
Point £ 110.0 177.9 Point 4 110.0 180.2
Determine:
a. the P-wave velocities in the two layers,
b.z and z”, and
c. the angle f.

4.9 For a reflection survey refer to Figure 4.48, in which A4 is the shot point.
Distance AC = AE = 180 m. The times for arrival of the first reflected
wave at points C and £ are 45.0 ms and 64.1 ms, respectively. If the
P-wave velocity in layer 1 is 280 m/s, determined fand z

4.10  The results of a subsoil exploration by steady-state vibration technique
are given here (Section 4.15)

Distance from Number of Frequency of
the plate waves vibration of
vibrated x (m) per second the plate (Hz)
10 41.00 900
10 18.00 400
10 9.00 200
10 4.55 100
10 2.65 90
10 2.30 75
10 1.77 60
10 1.47 50
Make necessary calculations and plot the variation of the wave velocity
with depth.
4.11  An angular-grained sand has maximum and minimum void ratios of 1.1

and 0.55, respectively. Using Eq. (4.102), determine and plot the
variation of maximum shear modulus G versus relative density
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4.13

4.14

4.15
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(Rp = 0 — 100%) for mean confining pressures of 50, 100, 150, 200 and
300 kPa.

A 20-m-thick sand layer in the field is underlain by rock. The
groundwater table is located at a depth of 5 m measured from the ground
surface. Determine the maximum shear modulus of this sand at a depth
of 10 m below the ground surface. Given: void ratio = 0.6, specific
gravity of soil solids = 2.68, angle of friction of sand = 36°. Assume the
sand to be round-grained.

For a deposit of sand, at a certain depth in the field the effective vertical
pressure is 120 kPa. The void ratio and the relative density are 0.72 and
30° respectively. Determine the shear modulus and damping ratio for a
shear strain levels of 5 x 107%.

A remolded clay specimen was consolidated by a hydrostatic pressure of
205 kPa. The specimen was then allowed to swell under a hydrostatic
pressure of 105 kPa. The void ratio at the end of swelling was 0.8. If this
clay is subjected to a torsional vibration in a resonant column test, what
would be its maximum shear modulus (G, )? These liquid and plastic
limits of the clay are 58 and 28, respectively.

Refer to Figure P4.15. Given:

H1 =2m Gs(l) =2.68

Hz =8m Gs(z) =2.65
H;=3m ¢ =35°
e1=0.6 ¢ =30°

e, =0.7 PI of clay =32

Estimate and plot the variation of the maximum shear modulus (Gi)
with depth for the soil profile

i Drysand. gt b
C T Gy =2.68"
H, Ye(] =0.6
¢1=35° JG.W.T.
Sand =
€y = 0.7
Gy2)=2.65
02=130°

Normally consolidated clay
GS(3) =273

H3 Moisture content = 50%

Plasticity index = PI = 32

Rock
Figure P4.15
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4.16

4.17

4.18

4.19

4.20

References

Repeat Problem 4.15 given
H1 = H2 = H3 =6m Gs(l) = Gs(z) =2.66
e =0.88 ¢ =28°
e;=0.68 @ =32°

PI of clay =20
A layer of clay deposit extends to a depth of 15.0 m below the ground
surface. The groundwater table coincides with the ground surface.
Given, for the clay: void ratio = 1.0, specific gravity of soil solids =2.78,
plasticity index = 25%, over consolidation ratio = 2. Determine the shear
modulus and damping ratio of this clay at a depth of 7.5 m for the fifth
cycle at a strain level 0.1%, assuming that the frequency (f) is about 1
Hz. (Note: Use Figure 4.64) Given:

KO(ovcrconsolA) = KO(norm consol) ( V OCR)

The unit weight of a sand deposit is 16.98 kN/m® at a relative density of
60%. Assume that, for this sand

é=30+0.15R),

where ¢ is the drained friction angle and Ry is the relative density (in
percent). At a depth of 6.09 m below the ground surface, estimate its
shear modulus and damping ratio at a shear strain level of 0.01%. Use
the equation proposed by Seed and Idriss (1970).

The results of a standard unconsolidated drained triaxial test on a
undisturbed saturated clay specimen are as follows:

Confining pressure = 70 kPa

Total axial stress at failure = 166.6 kPa

Using the method proposed by Seed the Idriss (1970), determine and
plot the variation of shear modulus and damping ratio with shear strain
(strain range 10°% to 1%).

For example 4.8, determine the damping ratio of the cemented sand.

Barkan, D. D. (1962), Dynamics of Bases and Foundations, McGraw-Hill Book
Company, New York.

Beston, H. E., and McEvilly, T. V. (1977). “Shear Wave Velocities from Down
Hole Measurements,” Journal of the International Association for
Earthquake Engineering, Vol. 5, No. 2, pp. 181-190.

Booker, E. W., and Ireland, H. O. (1965). “Earth Pressure at Rest Related to
Stress History,” Canadian Geotechnical Journal, Vol. 2, No. 1, pp. 1-15.



Properties of Dynamically Loaded Soils 193

Carroll, W. F. (1963), “Dynamic Bearing Capacity of Soils. Vertical
Displacements of Spread Footing on Clay: Static and Impulsive Loadings,”
Technical Report No. 3-599, Report 5, U.S. Army Corps of Engineers,
Waterways Experiment Station, Vicksburg, Mississippi.

Casagrande, A., and Shannon, W. L. (1949). “Strength of Soils under Dynamic
Loads,” Transactions, ASCE, Vol. 114, pp. 755-772. With permission from
ASCE.

Das, B. M. (1990). Principles of Geotechnical Engineering, 2™ ed., PWS-KENT,
Boston.

Dobry, R., and Vucetic, M. (1987). “Dynamic Properties and Seismic Response
of Soft Clay Deposits,”, Proceedings, International Symposium on
Geotechnical Engineering of Soft Clays, Mexico City, Vol. 2, pp. 51 — 87.

Drmevich, V. P. (1972). “Undrained Cyclic Shear of Saturated Sand,” Journal of
the Soil Mechanics and Foundations Division, ASCE, Vol. 98, No. SMS8,
pp. 807-825. With permission from ASCE.

Drnevich, V. P, Hall, J. R., Jr., and Richart F. E., Jr. (1966). “Large Amplitude
Vibration Effects on the Shear Modulus of Sand,” University of Michigan
Report to Waterways Experiment Station, Corps of Engineers, U.S. Army
Contact DA-22-079-Eng-340, October 1966.

Drnevich, V. P., Hall, J.R., Jr., and Richar
Amplitude of Vibration on the Shear Modulus of Sand,” Proceedings of the
International Symposium on Wave Propagation and Dynamic Properties of
Earth Materials, Ed. G. E. Triandafilidis, University of New Mexico Press,
pp. 189-199.

Hall, J. R., Jr., and Richard, F. E., Jr. (1963). “Discussion of Elastic Wave
Energy in Granular Soils,” Journal of the Soil Mechanics and Foundations
Division, ASCE, Vol. 89, No. SM6, pp. 27-56. With permission from ASCE.

Hardin, B. O. (1965). “The Nature of Damping of Sands,” Journal of the Soil
Mechanics and Foundations Division, ASCE, Vol. 91, No. SM1, pp. 63-97.

Hardin, B. O., and Black, W. L. (1968). “Vibration Modulus of Normally
Consolidated Clays,” Journal of the Soil Mechanics and Foundations
Division, ASCE, Vol. 94, No. SM2, pp. 353-369.

Hardin, B. O., and Drnevich, V. P.(1972). “Shear Modulus and Damping in
Soils: Design Equations and Curves,” Journal of Soil Mechanics and
Foundations Division, ASCE, Vol. 98, No. SM7, pp. 667-692. With permission
from ASCE.

Hardin, B. O., and Richard, F. E., Jr. (1963). “Elastic Wave Velocity in
Granular Soils,” Journal of the Soil Mechanics and Foundations Division,
ASCE, Vol. 89, No. SM1, pp. 33-65. With permission from ASCE.

Heukelom, W., and Foster, C. R. (1960). “Dynamic Testing of Pavements,”
Journal of the Soil Mechanics and Foundation Division, ASCE, Vol. 86,

No. SM1, Part 1, pp. 1-28. With permission from ASCE.

lida, K. (1938). “The Velocity of Elastic Waves in Sand,” Bulletin of the
Earthquake Research Institute, Tokyo Imperial University, Vol. 16, pp. 131-
144,



194 Chapter 4

Iida, K. (1940). “On the Elastic Properties of Soil Particularly in Relation to Its
Water Contents,” Bulletin of the Earthquake Research Institute, Tokyo
Imperial University, Vol. 18, pp. 675-690.

Ishibashi, 1., and Sherif, M. A. (1974). “Soil Liquefaction by Torsional Simple
Shear Device,” Journal of the Geotechnical Engineering Division, ASCE,
Vol. 100, No. GT8, pp. 871-888.

Ishimato, M,. and lida, K. (1937). “Determination of Elastic Constants of Soils
by Means of Vibration Methods,” Bulletin of the Earthquake Research
Institute, Tokyo Imperial University, Vol. 15, p. 67.

Iwasaki, T., Tatsuoka, F., and Takagi, Y. (1976). “Dynamic Shear Deformation
Properties of Sand for Wide Strain Range,” Report of the Civil Engineering
Institute, No. 1085, Ministry of Construction, Tokyo, Japan.

Kolsky, H. (1963). Stress Waves in Solids, Dover Publications, Inc., New York.

Larkin, T. J., and Taylor, P. W. (1979). “Comparison of Down Hole and
Laboratory Shear Wave Velocities,” Canadian Geotechnical Journal, Vol.
16, No. 1, pp. 152-162.

Matsui, T., O-Hara, H., and Ito, T. (1980). ”Cyclic Stress-Strain History and
Shear Characteristics of Clay,” Journal of the Geotechnical Engineering
Division, ASCE, Vol. 106, No. GT10, pp. 1101-1120.

Richart, F. E., Jr.,, Hall, J. R. Jr., and Lysmer, J. (1962). “Study of the
Propagation and Dissipation of ‘Elastic’ Wave Energy in Granular Soils,”
University of Florida Report to Waterways Experiment Station, Corps of
Engineers, U.S. Army Contract DA-22-070-Eng-314.

Saxena, S.K., Avramidis, A.S., and Reddy, K. R. (1988). “Dynamic Moduli and
Damping Ratios for Cemented Sands at Low Strains,” Canadian
Geotechnical Journal, Vol. 25, No.2, pp. 353-368.

Schwarz, S.D., Musser, J. (1972). “ Various Techniques for Making In Situ
Shear Wave Velocity Measurements: A Description and Evaluation,”
Proceedings, Microzonation Conference, Seattle, Washington, Vol.2, p. 593.

Seed, H. B., and Chan, C.K (1966). “Clay Strength under Earthquake Loading
Conditions,” Journal of the Soil Mechanics and Foundations Division,
ASCE, Vol. 92, No. SM2, pp. 53-78. With permission from ASCE.

Seed, H.B., and Idriss, .M. (1970). “Soil Moduli and Damping Factors for
Dynamic Response Analysis,” Report No. EERC 75-29, Earthquake
Engineering Research Center, University of California, Berkeley, California.

Seed, H. B., Wong, R. T., Idriss, I. M., and Tokimatsu, K. (1986). “Moduli and
Damping Factors for Dynamic Analyses of Cohesive Soils,” Journal of
Geotechnical Engineering, ASCE, Vol. 112, No. GT11, pp. 1016-1032.
With permission from ASCE.

Sherif, M. A., Ishibashi, 1., and Gaddah, A. H. (1972). “Damping Ratio for Dry
Sands,” Journal of the Geotechnical Engineering Divison, ASCE, Vol. 103,
No. GT7, pp. 743-756.

Shibata, T., and Soelarno, D. S. (1975). “Stress-Strain Characteristic of Sands
under Cyclic Loading,” Proceedings of the Japanese Society of Civil
Engineers, No. 239.



Properties of Dynamically Loaded Soils 195

Silver, M. L. (1981), “Load Deformation and Strength Behavior of Soils Under
Loading,” State-of-the-Art-Paper, Proceedings of the International
Conference on Recent Advances in Geotechnical Earthquake Engineering
and Soil Dynamics, Vol. 3, pp. 873-896.

Silver, M. L., and Seed, H. B.(1969). “The Behavior of Sands under Seismic
Loading Conditions,” Report No. EERC 69-16, Earthquake Engineering
Research Center, University of California, Berkeley, California.

Silver, M. L., and Seed, H. B (1971). “Deformation Characteristics of Sands
under Cyclic Loading,” Journal of the Soil Mechanics and Foundation
Division, ASCE, Vol. 94, No. SMS, pp. 1081-1098. With permission from
ASCE.

Stokoe, K. H., and Woods, R. D. (1972), “In Situ Shear Wave Velocity by Cross-
Hole Method,” Journal of Soil Mechanics and Foundations Division, ASCE,
Vol. 98, No. SMS5, pp. 443—460. With permission from ASCE.

Terzaghi, K. (1955). “Evaluation of Coefficient of Subgrade Reaction,”
Geotechnique, No. 5, pp. 297-326.

Thiers, G, R., and Seed, H. B. (1968). “Cyclic Stress-Strain Characteristics of
Clay,” Journal of the Soil Mechanics and Foundations Division, ASCE, Vol.
94, No. SM6, pp. 555-569.

Vesic, A. S. (1973). “Analysis of Ultimate Loads of Shallow Foundations,”
Journal of the Soil Mechanics and Foundations Division, ASCE, Vol. 99,
No. SM1, pp. 45-73.

Vucetic, M., and Dobry, R. (1991). “Effect of Soil Plasticity on Cyclic
Response”, Journal of Geotechnical Engineering, ASCE, Vol. 117, No. 1,
pp- 89-107.

Weissman, G. F., and Hart, R. R. (1961). “The Damping Capacity of Some
Granular Soils,” ASTM Special Technical Publication No. 305, Symposium
of Soil dynamics, pp. 45-54.

Whitman, R. V., and Healy, K. A. (1963). “Shear Strength of Sands During Rapid
Loadings,” Transactions, ASCE, Vol. 128, Part 1, pp. 1553—-1594. With
permission from ASCE.

Whitman, R. V., and Lawrence, F. V. (1963). “Discussion on Elastic Wave
Velocities in Granular Soils,” Journal of the Soil Mechanics and

Foundations Division, ASCE, Vol. 89, No. SM5, pp. 112-118. With permission

from ASCE.

Wilson, S. D. and Dietrich, R. J. (1960). “Effect of Consolidation Pressure on
Elastic and Strength Properties of Clay,” Proceedings of the Research
Conference on Shear Strength of Cohesive Soils, ASCE, pp. 419-435.



Foundation Vibration

5.1

5.2

Introduction

In Chapter 2 (Figure 2.1), it was briefly mentioned that foundations supporting
vibrating equipment do experience rigid body displacements. The cyclic
displacement of a foundation can have six possible modes. They are
1. translation in the vertical direction,
translation in the longitudinal direction,
translation in the lateral direction,
rotation about the vertical axis (that is, yawing),
rotation about the longitudinal axis (that is, rocking), and
rotation about the lateral axis (that is, pitching).

AN e

In this chapter, the fundamentals of the vibration of foundations, in various
modes, supported on an elastic medium will be developed. The elastic medium
that supports the foundation will be considered to be homogeneous and isotropic.
In general, the behaviour of soils departs considerably from that of an elastic
material; only at low strain levels may it be considered as a reasonable
approximation to an elastic material. Hence, the theories developed here should
be considered as applicable only to the cases where foundations undergo low
amplitudes of vibration.

Vertical Vibration of Circular Foundations
Resting on Elastic Half-Space—Historical
Development

In 1904, Lamb studied the problem of vibration of a single vibrating force acting
at a point on the surface of an elastic half-space. This study included cases in
which the oscillating force R acts in the vertical direction and in the horizontal

196



Foundation Vibration 197

direction, as shown in Figure 5.1a and b. This is generally referred to as the
dynamic Boussinesq problem.

In 1936, Reissner analyzed the problem of vibration of a uniformly loaded
flexible circular area resting on an elastic half-space. The solution was obtained
by integration of Lamb’s solution for a point load. Based on Reissner’s work, the
vertical displacement at the center of the flexible loaded area (Figure 5.2a) can
be given by

Qoei(l)t )
z==——(f1 +i 5.1
G, (A +i2) (5.1)
where Qo = amplitude of the exciting force acting on the foundation

z =periodic displacement at the center of the loaded area
o = circular frequency of the applied load
ro =radius of the loaded area

G = shear modulus
p = density
U= Poisson's ratio

G = shear modulus
p = density
= Poisson's ratio

(b)
Figure 5.1  Vibrating force on the surface of an elastic half-space
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Total load = Q = Qye'™
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(b) :
Figure 5.2

(a) Vibration of a uniformly loaded circular flexible area;
circular foundation subjected to forced vibration

G

Q = exciting force, which has an amplitude of Q,
f1, /2= Reissner’s displacement functions

(b) flexible

= shear modulus of the soil

The displacement functions f; and f; are related to the Poisson’s ratio of the
medium and the frequency of the exciting force.

Now, consider a flexible circular foundation of weight W (mass = m = W/g)
resting on an elastic half-space and subjected to an exciting force of magnitude

of O, olertae) , as shown in Figure 5.2b. (Note: «is the phase difference between
the exciting force and the displacement of the foundation.)

Using the displacement relation given in Eq. (5.1) and solving the equation
of equilibrium of force, Reissner obtained the following relationships:

A= &Z
Gr,

(5.2)
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where A, = the amplitude of the vibration
Z = dimensionless amplitude
= K+h 5.3
R, R (5.3)
(1-bag £,) +(bag f;)
b = dimensionless mass ratio
m w 1 /24
SN N "
Py g (7/8)’”0 140

p = density of the elastic material
¥y = unit weight of the elastic material

(for this problem, it is soil)
ap = dimensionless frequency

/P wry
= @ry,|—=—" 5.5
7o G o (5.5)

v, = velocity of shear waves in the elastic material on which
the foundation is resting

The classical work of Reissner was further extended by Quinlan (1953) and
Sung (1953). As mentioned before, Reissner’s work related only to the case of
flexible circular foundations where the soil reaction is uniform over the entire
area (Figure 5.3a). Both Quinlan and Sung considered the cases of rigid circular
foundations, the contact pressure of which is shown in Figure 5.3b, flexible
foundations (Figure 5.3a), and the types of foundations for which the contact
pressure distribution is parabolic, as shown in Figure 5.3c. The distribution of
contact pressure ¢ for all three cases may be expressed as follows.

For flexible circular foundations (Figure 5.3a):
QO ei(a)z +)

g=——F— (forr<rg) (5.6)
(L7

For rigid circular foundations (Figure 5.3b):

Q() ei(a)t +a)

q: —
2mr, \/roz -7

For foundations with parabolic contact pressure distribution (Figure 5.3¢):
2(r02 _ rz) o) Ao+ a)

q= 2 (for r < ry) (5.8)
T

(for r < ry) (5.7
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<« 1) —>

(a) Uniform pressure distribution

r

(b) Pressure distribution under
rigid foundation

(c) Parabolic pressure distribution
Figure 5.3  Contact pressure distribution under a circular foundation of radius ry

where g = contact pressure at a distance » measured from the center of
the foundation

Quinlan derived the equations only for the rigid circular foundation;
however, Sung presented the solutions for all the three class described. For all
cases, the amplitude of motion can be expressed in a similar form to Egs. (5.2),
(5.3), (5.4), and (5.5). However, the displacement functions f; and f; will change,
depending on the contact pressure distribution.
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Foundations, on some occasions, may be subjected to a frequency-
dependent excitation, in contrast to the constant-force type of excitation just
discussed. Figure 5.4 shows a foundation excited by two rotating masses. The
amplitude of the exciting force can be given as

0 = 2m, e* = mew* (5.9)

where m; = total of the rotating masses
o = circular frequency of the rotating masses

For this condition, the amplitude of vibration 4, may be given by the
relation

2 2 2
_ mew fim+f
A= 1G 212 i — (5.10)
o \(1-bag fi) +(bag 1)
From Eq. (5.5)
or
2
,  ayG
= (5.11)
Phy

Figure 54  Foundation vibration by a frequency-dependent exciting force
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Substituting Eq. (5.11) into (5.10), one obtains

= mleaé fiz +f‘22 _ mle ’ (5 12)
3 2 \2 5 27 3 :
P (l—baofl) +(ba0 fz) Py
where Z’ = dimensionless amplitude
2+ 2
= a; 2f1 > /2 — (5.13)
(1-bag f;) +(bag f,)

Figures 5.5 and 5.6 show the plots of the variation of the dimensionless
amplitude with @, (Richart, 1962) for rigid circular foundations (for u =
Poisson’s ratio = 0.25 and b =5, 10, 20, and 40).

0.7

/\ u =025
0.6

0.5

0.4

0.3

Dimensionless amplitude, Z

b=5
0.2 " 0
40
0.1
0
0 0.5 1.0 1.5
ao

Figure 8.5  Plot of Z versus a, for rigid circular foundation (after Richart, 1962)
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0.04 —

0 | |
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4
Figure 5.6  Variation of Z" with q, for rigid circular foundation (redrawn after Richart,
1962)

Effect of Contact Pressure Distribution and Poisson’s Ratio

The effect of the contact pressure distribution on the nature of variation of the
nondimensional amplitude Z” with a, is shown in Figure 5.7 (for b= 5 and y =
0.25). As can be seen, for a given value of a,, the magnitude of the amplitude is
highest for the case of parabolic pressure distribution and lowest for rigid bases.
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For a given type of pressure distribution and mass ratio (b), the magnitude
of Z' also greatly depends on the assumption of the Poisson’s ratio 4 This is
shown in Figure 5.8.

0.6 T T

0.5 =0.25
H Parabolic

pressure
distribution

o
~
T

Flexible

<
)

Dimensionless amplitude, Z’
S
w
T

0.1

| |
0 0.5 1.0 L5
ag

Figure 5.7  Effect of contact pressure distribution variation of Z’ with a, (redrawn after
Richart and Whitman, 1967)
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N b=35
s 03 —
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2
a
=
S 02
8
=
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5 0.1
£
a
0 | |
0 0.5 1.0 1.5

ao

Figure 5.8  Effect of Poisson’s ratio on the variation of Z’with a, (redrawn after
Richart and Whitman, 1967)
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b p=0
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Nondimensional frequency, ag

Figure 5.9  Variation of the displacement functions with a, and

Variation of Displacement Functions f; and f,

As mentioned before, the displacement functions are related to the dimensionless
frequency a, and Poisson’s ratio 4. In Sung’s original study, it was assumed that
the contact pressure distribution remains the same throughout the range of
frequency considered; however, for dynamic loading conditions, the rigid-base
pressure distribution does not produce uniform displacement under the
foundation. For that reason, Bycroft (1956) determined the weighted average of
the displacements under a foundation. The variation of the displacement
functions determined by the study is shown in Figure 5.9.

Analog Solutions for Vertical Vibration of
Foundations

Hsieh’s Analog

Hsieh (1962) attempted to modify the original solution of Reissner in order to
develop an equation similar to that for damped vibrations of single-degree free
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system [Eq. (2.72)]. Hsieh’s analog can be explained with reference to Figure
5.10. Consider a rigid circular weightless disc on the surface of an elastic half-
space. The disc is subjected to a vertical vibration by a force

P= Pe™” (5.14)

The vertical displacement of the disk can be given by Eq. (5.1) as

P iwt
= +
Gr (i +if2)
Now,
dz  Pwe'™
— = ifi — 5.15
7 Gr (ih =) (5.15)
or
dz _Rw ;
hoz f2___(fl + f7)e”
Since P =Pe'” , the preceding relatlonshlp can be written as
dz Pw
hoz fz———(f +/7)
or
P=1(Gry) zfl 7 ||F T (%j 2_f22 &
VRap N AN VRp ‘dt
k. C.
So
P=kz+c,:z (5.16)

Now consider a rigid circular foundation having a mass m and radius
placed on the surface of the elastic half-space (Figure 5.10b). The foundation
undergoes vibration by a periodic force

0= Qe (5.17)

For dynamic equilibrium
mz=Q-P (5.18)

Combining Equations (5.16), (5.17) and (5.18)

mz+c.z+k,z= Qe (5.19)




Foundation Vibration 207

P:])Oeiwt

Q= Qpe'

mz

(b)

Figure 510 Hsieh’s analog

The preceding relationship is an equivalent mass-spring-dashpot model
similar to Eq. (2.72). However, the spring constant £, and the dashpot coefficient
¢, are frequency dependent.

Lysmer’s Analog

A simplified model was also proposed by Lysmer and Richart (1966), in which
the expressions for k. and ¢, were frequency independent. Lysmer and Richart
(1966) redefined the displacement functions in the form

S Lt g, (5.20)

A

F=
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The functions F and F, are practically independent of Poisson’s ratio, as
shown in Figure 5.11.

The term mass ratio [Eq. (5.4)] was also modified as

_(lma), (Lo m
ne (=5 ) san

where B, = modified mass ratio.

In this analysis, it was proposed that satisfactory results can be obtained
within the range of practical interest by expressing the rigid circular foundation
vibration in the form

1.0
Fy
08 [~ —
u
0.5
0.6 [~ 0.25
0
o\l
8
o
04 —
0
0.5
—F 0.25
02 —
0 | |
0 0.5 1.0 1.5

a0

Figure 5.11  Plot of F| and -F, against a, for rigid circular foundation subjected to
vertical vibration (after Lysmer and Richart, 1966)



5.4

Foundation Vibration 209

mz+c.z+k,z= Qe (5.22)
where
k_ = static spring constant for rigid circular foundation

_4Gr, (5.23)

- u

347,
=1 0 JGp (5.24)

—H

In Egs. (5.23) and (5.24) the relationships for 4, and c, are frequency
independent. Equations (5.22), (5.23), and (5.24) are referred to as Lysmer’s
analog.

Calculation Procedure for Foundation
Response—Vertical Vibration

Once the equation of motion of a rigid circular foundation is expressed in the
form given in Equation (5.22), it is easy to obtain the resonant frequency and

amplitude of vibration based on the mathematical expressions presented in
Chapter 2. The general procedure is outlined next.

A. Resonant Frequency
1. Calculation of natural frequency. From Egs. (2.6) and (2.18),

4Gr0
n ‘f 5.25
= 211: 21t 1—u ( )

2. Calculation of damping ratio D,. From Eq. (2.47a),

=2 Jkm=2 (4GFOJ( )

3 2
_ 8\/( 4Gr, )[szro ) _ 18_7'0 \/@ (5.26)

l—u )\ 1-u u
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From Eq. (2.47b)

347
JG
1-u P 0425

C
c. 8 /B
= [GB :
NGB

1

D.= (5.27)

3. Calculation of the resonance frequency (that is, frequency at
maximum displacement). From Eq. (2.86), for constant force-type

excitation,
2
-2 0.425
\/ Bz

It has also been shown by Lysmer that, for B, > 0.3, the following approximate
relationship can be established:

(1Y [c)(1) [B.-036
R

For rotating mass-type excitation [Eq. (2.98)]

il (M](l)
PR Nl VAN (5.30)

fm:Jl‘zDzz |, [042 ’
J5.

Lysmer’s corresponding approximate relationship for f,, is as follows:

1 G|l1 0.9
N6 o) 20

B. Amplitude of Vibration at Resonance

(5.28)

B ~ 7 L 4G, i
S = S/l —=2D; —{zn ( ] }

l—u)m

The amplitude of vibration A, at resonance for constant force-type excitation can
be determined from Eq. (2.87) as
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1
Az(resonance) = [&] - T 5 (532)
k. )\ 2D.\1- D?
4
where k., = Gty
1—p

and
D. - 0.425
V BZ

Substitution of the relationships for &, and D, in Eq. (5.32) yields

1- B
Az(resonance) = QO( ﬂ) = (533)
4Gry  0.85B, -0.18

The amplitude of vibration for rotating mass-type vertical excitation can be

given as [see Eq. (2.99)]

U 1
Az(resonance) = —2
m 2p_\J1- D3

where U = mye (m, = total rotating mass causing excitation), or

B
Az(resonance) = e = (534)
m 0.85./B.—0.18

C. Amplitude of Vibration at Frequencies Other Than Resonance
For constant force-type excitation, Eq. (2.82) can be used for estimation of the

amplitude of vibration, or

o)
k (5.35)

Z

A4, =
J1-@/a)] +4D2 @/ a?)

The relationships for &, and D, are given by Eqgs. (5.23) and (5.27) and
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w, = \/E (5.36)
m

Figure 5.12 shows the plot of A4, /(Q,/k,) versus (®/®,) . So, with known
values of D, and (w/@, ), one can determine the value of 4_/(Q,/k,) and, from
that, 4. can be obtained.

In a similar manner, for rotating mass-type excitation, Eq. (2.95) can be
used to determine the amplitude of vibration, or

.- (me/m) (@/w,)’ 537

[1-@/a))] +4D2 @)

I
4 =
L
[
o |
L A

Figure 512 Plot of A4./(Q,/k.),0/(M  [ky) , A, [/(Qy/k,), and &/(T,/k,) against (w/@,)

for constant force-type vibrator (Note: D = D, for vertical vibration, D = Dy
for rocking, D = D, for sliding; D = D,, for torsional vibration.)
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Figure 5.13 Plot of A,/(Ulm), 6(mieZ /L), AJ(myelm), a/ [mle(%xj /JZZ]against (@]o,)

for rotating mass-type excitation (Note: D = D, for vertical vibration, D =
Dy for rocking, D = D, for sliding; D = D,, for torsional vibration.)

Figure 5.13 shows a plot of A./(me/m) versus a)/ w, , from which the
magnitude of 4, can also be determined.

The procedure just described relates to a rigid circular foundation having a
radius of r. If a foundation is rectangular in shape with length L and width B, it
is conventional to obtain an equivalent radius, which can then be used in the
preceding relationships. This can be done by equating the area of the given
foundation to the area of an equivalent circle. Thus

7o’ = BL
or
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ro= .| BE (5.38)
T

where ro = radius of the equivalent circle.

The procedure for transforming areas of any shape to an equivalent circle
of the same area gives good results in the evaluation of foundation response.
Dobry and Gazetas (1986) demonstrated that any shape can be transformed to an
equivalent circle and demonstrated the validity of this method through
comparison with experimental results.

It is obviously impossible to eliminate vibration near a foundation.
However, an attempt can be made to reduce the vibration problem as much as

2.5

e
W

e
w
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=

0.05

0.03

Amplitude of vibration, 4, (mm)

0.01
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0.003
0.0025

100 300 500 1000 3000 5000 10000
Frequency (cycles/min)

Figure 5.14  Allowable vertical vibration amplitudes (after Richart, 1962)
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possible. Richart (1962) compiled guidelines for allowable vertical vibration
amplitude for a particular frequency of vibration, and this is given in Figure 5.14.
The data presented in Figure 5.14 refer to the maximum allowable amplitudes of
vibration. These can be converted to maximum allowable accelerations by

Maximum acceleration = (maximum displacement) *

For example, in Figure 5.14, the limiting amplitude of displacement at an
operating frequency of 2000 cpm is about 0.127 mm. So the maximum operating
acceleration for a frequency of 2000 cpm is

(0.127 mm) {(2")2(2)0%)}2 = 5570 mm/s>

In the design of machine foundations, the following general rules may be
kept in mind to avoid possible resonance conditions:

1. The resonant frequency of foundation-soil system should be less
than half the operating frequency for high-speed machines (that is
operating frequency = 1000 cpm). For this case, during starting or
stopping the machine will briefly vibrate at resonant frequency.

2. For low-speed machineries (speed less than about 350-400 cpm), the
resonant frequency of the foundation-soil system should be at least
two times the operating frequency.

3. In all types of foundations, the increase of weight will decrease the
resonant frequency.

4. An increase of ry, will increase the resonant frequency of the
foundation.

5. An increase of shear modulus of soil (for example, by grouting) will
increase the resonant frequency of the foundation.

Example 5.1

A foundation is subjected to a constant force-type vertical vibration. Given the
total weight of the machinery and foundation block, W = 680 kN; unit weight of
soil, ¥=18.5 kKN/m’; 1 = 0.4; G = 20700 kPa; the amplitude of the vibrating
force, Oy = 7 kN; the operating frequency, /= 180 cpm; and that the foundation
is 6 m long and 2 m wide:

a. Determine the resonant frequency. Check if

](resonance > 2

operating

b. Determine the amplitude of vibration at resonance.

Solution
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a. This is a rectangular foundation, so the equivalent radius [Eq. (5.38)] is

The mass ratio [Eq. (5.21)]

(5 - (5)7%)

:(1—0.4j{ 680 }
4 18.5x1.954°

=0.739
From Eq. (5.29), the resonant frequency is

f:(Lj G (1) [B.-036

" \2n p I\ B,
_(L) [ 20700 [ 1 ) [0.739-0.36
~L2n )[V18.5/9.81 |\ 1.954 0.739

=6.11 Hz = 366.6 cpm

Hence
.fresonance - 366.6 =204>2
Joperating 180
b. From Eq. (5.33)
y D)) B,

z(resonance) 4Gl’0 0.85\/B, —0.18

=0.00003 m = 0.03 mm

Example 5.2

Figure 5.15a shows a single-cylinder reciprocating engine. The data for the
engine are as follows: operating speed = 1500 cpm; connecting rod (7;) = 0.3 m;
crank (r;) = 75 mm; total reciprocating weight = 54 N; total engine weight =
14 kN. Figure 5.15b shows the dimensions of the concrete foundation for the
engine. The properties of the soil are as follows: y = 18.5 kN/m’;
G = 18,000 kPa; and = 0.5. Calculate:
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a. primary and secondary unbalanced forces at operating frequency (refer to
Appendix A),
b. the resonance frequency, and

c. the vertical vibration amplitude at resonance.

77 =300 mm

(a)

1.5m

|<— 1.5 m—>|

Figure 5.15

(b)

2.5m
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Solution

a. The equations for obtaining the maximum primary and secondary
unbalanced forces for a single cylinder reciprocating engine are given in
Appendix A. From Egs. (A.9) and (A.10)

. 2
Primary unbalanced force = m @

54 ( 75 )(MXISOOJZ
~ (1000) (9.81) {1000 )\ 60

=10.19 kN
2 2
mrecrl o
Secondary unbalanced force =
p)
n 0075 0.5
7y 0.3 '

So

s

Secondary force = (primary force) ( J =(10.19) (0.25)

b)
=2.55 kN

"o :\/3772 /%zlﬂ%m
-]

Total weight is W = weight of foundation + engine. Assume the unit weight
of concrete is 23.58 kN/m’. So

b. From Eq. (5.38),

The mass ratio is

W =(1.5%2.5x 1.5)(23.58) + 14 = 146.64 kN

5 _(1—0.5) 14664 |
0 4 (18.5)(1.093)° |

The resonant frequency [Eq. (5.31)] is

oA Gl
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B (i) { - 8’0?2.)5(9.81) } (1.0193) \ 0.75;) : 0.45

=24.28 cps = 1457 cpm

c. From Eq. (5.34),

me B

4

m 085,/B.—0.18

Az(resonance) =

At 1500 cpm, the total unbalanced force = primary force + secondary force
=10.19 +2.55=12.74 kN.

14572 1457\’
. o | e | = (12.74) [ 5
Qo 457 epm) = Do (1500 op )(1500) ( )(1500)
=12.02 kN
Qo (1457 cpm) = mlea)z =12.02kN
Therefore,
12.02 2m(1457) 12.02
me =——5—; @ = =152.58 rad/s; me=—"—""75
- 60 (152.58)
Hence

12.02/(152.58)° } [ 0.759 )

AZ resonance =
(rsonane) { 146.64/9.81 || 0.85,/0.759-0.18

=0.0000405 m = 0.0405 mm

Rocking Vibration of Foundations

Theoretical solutions for foundations subjected to rocking vibration have been
presented by Amold, Bycroft, and Wartburton (1955) and Bycroft (1956). For
rigid circular foundations (Figure 5.16), the contact pressure can be described by
the equation

3My rcoso

q: —_—
2nr03 \/roz —r?

where q = pressure at any point defined by point @ on the plan

iwt
e
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Section I’ \\M//
l NV

Q

Plan "

y
Figure 516  Rocking vibration of rigid circular foundation

M, = the exciting moment about the y axis = M yem”

Hall (1967) developed a mass-spring-dashpot model for rigid circular
foundations in the same manner as Lysmer and Richart (1966) developed for
vertical vibration. According to Hall, the equation of motion for a rocking
vibration can be given as

I +cyO+kg6 =M (5.39)

where 6@ =rotation of the vertical axis of the foundation at any time ¢
Iy =mass moment of inertia about the y axis (through its base)
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2 2
i (% + %) (5.40)
g

where W, = weight of the foundation
g = acceleration due to gravity
h = height of the foundation

8Gr;
kg = staticspringconstant = i) (5.41)
31-4)

0.87'

¢y = dashpot coefficient =r0—\/5 (5.42)
(=) (1 +By)
— 1,
where B, = inertia ratio _3d=p —05 (5.43)
Py

The calculation procedure for foundation response using Eq. (5.39) is as
follows.

A. Resonant Frequency

1. Calculate the natural frequency:

ke
e 5.44
5= (5.44)
2. Calculate the damping ratio Dg:
ch = 2 kg]o
.1
D=0 - 015 (5.45)

ch ﬂ[Be (1+Ba)
3. Calculate the resonant frequency:

fu=1u\1=2D; (for constant force excitation)
S

In= J1-2D?

(for rotating mass-type excitation)
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B. Amplitude of Vibration at Resonance

M 1
Oresonance = : Y (for constant force excitation) (5.46)
6 2D,\1- D}
myez’ 1

91‘6501‘13.1’106 =
Iy 2p,\1- D}

(for rotating mass-type excitation; see Figure 5.17)

oo /
\ |F0rce7—Q mew’e"

\

z \ ! '/
\ : /
\/
\|/F

Figure 517 Rotating mass-type excitation

(5.47)

oundation

where m; = total rotating mass causing excitation
e = eccentricity of each mass

C. Amplitude of Vibration at Frequencies Other than Resonance

For constant force-type excitation [Eq. (2.82)]:

6= M, /ke (5.48)
\/[1 - (a)z/a),f”2 + 4D§ (a)z/a),f)

A plotof 6/(M,,/kg) versus @/w, is given in Figure 5.12.

For rotating mass-type excitation [Eq. (2.95)]:
2
ml ez / 1 0 ( / a) )

1= (o?/02)] <4032 a2)

0=

(5.49)




Foundation Vibration 223

Section
p
u .
_ |
|
|
B ———————|—————— —
|
Y |
|
L
Plan

Figure 5.18 Equivalent radius of rectangular rigid foundation—rocking motion

Figure 5.13 shows a plot of &/(m,ez'/I) versus @/®, .

In the case of rectangular foundation, the preceding relationships can be
used by determining the equivalent radius as

3
L (5.50)
3n

The definitions of B and L are shown in Figure 5.18.

Example 5.3

A horizontal piston-type compressor is shown in Figure 5.19. The operating
frequency is 600 cpm. The amplitude of the horizontal unbalanced force of the
compressor is 30 kN, and it creates a rocking motion of the foundation about
point O (see Figure 5.19b). The mass moment of inertia of the compressor
assembly about the axis #’Ob” is 16 x 10° kg-m” (see Figure 5.19¢). Determine

a. the resonant frequency, and

b. the amplitude of rocking vibration at resonance.
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Solution

Moment of inertia of the foundation block and the compressor assembly about

m

ofe %

G = 18,000 kPa
p = 1800 kg/m?

b’Ob’:
(a)
3m Concrete foundation
RN Bk E§mXx6mx3m
| 6m
- Vo
\ I /
. \ T
A \
Section f—6m \ | /
| Vo
| 6m
b
|
|
© «— L=6m !
| B=8m
!
o]
|
!
|
|
Plan i
|
'

Figure 5.19

L 1=0.35
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Wioundati :
]0 — foundation block [Ej 4 h2 +16 % 105 kg_m2
3g 2

Assume the unit weight of concrete is 23.58 kN/m”.

W oundation block= (8 X 6 X 3)(23.58) = 3395.52 kN
=3395.52 x 10°N

P 3395.52 x 10°
‘ (3)(9.81)

=36.768 x 10° kg-m’

(32 +3%)+16x 10°

Calculation of equivalent radius of the foundation: From Eq. (5.50), the

3 3
ro=,4/—BL :,4/8X6 —367m
31 3w

Determination of resonant frequency:

equivalent radius is

a.

ke = 8Gr;__ (8)(18.000)(3.67) = 3650279 kN-m/rad
9_3(1—!1 B ( (1-0.35) - o

kg _ 1 [3650279x10° N-m/rad
fo = - : =5.01 Hz
2\ 1, 36.768 %10
=300 cpm
3(1-u) 1, 3(1-0.35)36.768 x10°
Bg=( “) °5=< ) — =0.748
8 pr; (8)(1800)(3.67)
bo—_ 015 _ 0.15 009
’ 1/3 (1+By) 0.748(1+0.748)
300 300 ~ 303 cpm

Jn = Ji- 2D6 \/1 2D2 \/1 2(0.099)°

b. Calculation of amplitude of vibration at resonance:
= unbalanced force x 4

=30x4=120kN-m

M y(operating frequency)

M, y(at resonance) lzo[f—mJ

foperation

=120 (ﬁ)z =30.6 kN
600 DKM
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(mlecz)2 )z'=M

y
—(275) (303) 31.73 rad/
resonance = = N ra S
60
. M, 306x10°N-m ,
mez' = —5 = 3 =0.0304 x 10
® (31.73)
From Eq. (5.47)
mez’ 1

eresonance

Iy 2D,\1- D

0.0304 x 10°

1
B [36-768 x10° J (2)(0.099) /1 — (0.099)*

=4.2%107 rad

5.6 Sliding Vibration of Foundations
Arnold, Bycroft, and Wartburton (1955) have provided theoretical solutions for
sliding vibration of rigid circular foundation (Figure 5.20) acted on by a force

0=0, ¢® . Hall (1967) developed the mass-spring-dashpot analog for this type
of vibration. According to this analog, the equation of motion of the foundation
can be given in the form

mx+c.x+k.x=0Q,e 5.51
X X 0

where m= mass of the foundation

Q= Qpe'™

< —— >

Foundation mass = m

u <« 1) ———>

z

Figure 5.20  Sliding vibration of rigid circular foundation
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k, = static spring constant for sliding
3 32(1- u) Gr, (5.52)
- 7-8u

¢, = dashpot coefficient for sliding

1841 u)
B 7-8u

5.53
2 /3G (5.53)

Based on Egs. (5.51), (5.52), and (5.53), the natural frequency of the
foundation for sliding can be calculated as

2(1-
fn:L /k_sz M (5.54)
2r\'m 2m (7—8,u)m

The critical damping and damping ratio in sliding can be evaluated as

¢ = critical damping in sliding

_ . [32(1- u) Grym
2 Jkom=2 —osa) (5.55)

D, = damping ratio in sliding

_ G 0.288 (5.56)
CCX V BX .
where the dimensionless mass ratio
= S m (5.57)
32(1-u) pry

For rectangular foundation, the preceding relationships can be used by
obtaining the equivalent radius o, or

BL
ro= ,|—

I

where B and L are the length and width of the foundation, respectively.
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Calculation Procedure for Foundation Response Using Eq. (5.51)
Resonant Frequency

1. Calculate the natural frequency f, using Eq. (5.54)

2. Calculate the damping ratio D, using Eq. (5.56). [Note: B, can be
obtained from Eq. (5.57)].

3. For constant force excitation (that is, O, = constant), calculate

Jm :fn\ll_sz

4. For rotating mass type excitation, calculate

S

I Y

Amplitude of Vibration at Resonance

1. For constant force excitation, amplitude of vibration at resonance is

P 0,

1
(resonance) — ;. [ o5
x(resonance kx 2Dxm

where A esonance) = amplitude of vibration at resonance.

(5.58)

2. For rotating mass-type excitation,

me 1
A, S — (5.59)
(resonance) 5
"M 2D 1-D;
where m; = total rotating mass causing excitation
e = eccentricity of each rotating mass
Amplitude of Vibration at Frequency Other than Resonance
1. For constant force-type excitation,
k
A, = ok (5.60)

2
\/[1 - (a)z/a)ﬁ)} + 4Df (a)z/a)ﬁ)
Figure 5.12 can also be used to determine 4,/(Qo/k;) for given values of ®/®,
and D,.
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2. For rotating mass-type excitation,

Y (me/m)(@w,)
J[l—(a)z/a)ﬁ)} +4Df(a)2/w,f)

=

(5.61)

Figure 5.13 provides a plot of A,/(m e/m) versus @/, for various values of D,.

Torsional Vibration of Foundations

Figure 5.21a shows a circular foundation of radius 7, subjected to a torque
T=T,0'®" about an axis z-z. Reissner (1937) solved the vibration problem of this

type considering a linear distribution of shear stress g (shear stress zero at
center and maximum at the periphery of the foundation), as shown in Figure
5.21b. This represents the case of a flexible foundation. In 1944 Reissner and
Sagoli solved the same problem for the case of a rigid foundation considering a
linear variation of displacement from the center to the periphery of the
foundation. For this case, the shear stress can be given by (Figure 5.21c)

o= T for0<r<r, (5.62)

4 3 [2_ 2
gty =7

Similar to the cases of vertical, rocking, and sliding modes of vibration, the
equation for the torsional vibration of a rigid circular foundation can be written
as

J 0 +cyd + ko = Tye™ (5.63)

where J.. = mass moment of inertia of the foundation about the axis z-z
¢y = dashpot coefficient for torsional vibration

. . . o 1
ko, = static spring constant for torsional vibration = ?6 Gro3 (5.64)

o = rotation of the foundation at any time due to the application of
a torque T=T,0"®"

The damping ratio D, for this mode of vibration has been determined as
(Richart, Hall, and Wood, 1970)
0.5

 1+2B,

(5.65)

o
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1
Section of X
foundation X

Plan of foundation

T (a)
7:0
Flexible foundation
ro r >
(d)
I
7,0 '
i
|
' Rigid foundation
I
|
I
i
|
ro r
()

Figure 5.21  Torsional vibration of rigid circular foundation
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where
B, = the dimensionless mass ratio for torsion at vibration

= J—S (5.66)
Pro

Calculation Procedure for Foundation Response Using Eq. (5.63)
Resonant Frequency

1. Calculate the natural frequency of the foundation as
Jo=— | (5.67)

2. Calculate B,using Eq. (5.66) and then D, using Eq. (5.65).
3. For constant force excitation (that is, 7y = constant)

fu=foJ1-2D}

For rotating mass-type excitation

S

J1-2D2

Amplitude of Vibration at Resonance: For constant force excitation, the
amplitude of vibration at resonance is

Jn=

T 1
resonance = k—o — (5.68)
a 2D,\1- Dy,

For rotating mass-type excitation

mef
M2 1

aresonance = (569)
Jz 2D, \1-D2

where m; = total rotating mass causing the excitation
e = eccentricity of each rotating mass

For the definition of x in Eq, (5.69), see, Figure 5.22.
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To :mle(ﬂz(% x)

Figure 5.22

Amplitude of Vibration at Frequency Other than Resonance: For constant
force excitation, calculate a)/ w, and then refer to Figure 5.12 to obtain ¢/(7y/k,).

For rotating mass-type excitation, calculate @’ @, and then refer to Figure 5.13 to
obtain o/[me(x/2)/J..].

For a rectangular foundation with dimensions B x L, the equivalent radius
may be given by

BL(B*> +I?)
ro=4{—— (5.70)
6m
The torsional vibration of foundations is uncoupled motion and hence can
be treated independently of any vertical motion. Also, Poisson’s ratio does not
influence the torsional vibration of foundations.

Example 5.4

A radar antenna foundation is shown in Figure 5.23. For torsional vibration of
the foundation, given

Ty =250 kN-m (due to inertia)
To = 83 kN-m (due to wind)

mass moment of inertia of the tower about the axis z-z = 13 x 10° kg'm’, and the
unit weight of concrete used in the foundation = 24 kN/m”. Calculate
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a. the resonant frequency for torsional mode of vibration; and
b. angular deflection at resonance.

Section
L <
G = 135000 kPa
Y = 17.6 kN/m3
1=025 z
‘/:":> T = Tyeit
S VERY
<—=—>
< o el 4:.4 PIEFE
‘4 .}:A‘ ?' * E: A -I4 ‘ :q’b .
" e—15.2m'= 21— |
z
Figure 5.23
Solution
a.

Jzz = Jzz(tower) + Jzz(foundation)

—13x 105 + 1| 2| 22210001 1
2 9.81

~ o 1 5 24 %1000 5
—13x10°+ 2[n(7.6) (2.5)(—9.81 ﬂ (7.6)

=13 x 10°+32.05 x 10° = 45.05 x 10° kg'm’

From Eq. (5.66)

233
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6
g e _ 45.05%10 099

P (17.6x10°/9.81)(7.6)°
Again from Eq. (5.65),
0.5 0.5

Dy= = =0.168
1+2B, 1+(2)(0.99)

Also, k, [Eq (5.64)] is
ko= GO—(16)><135><106><(76) =3.16x10"" N-m

. 3.16x10!"
"o J " 2n\(45.05 % 10°
= 1333 Hz

Thus, the damped natural frequency

fu=fu J1-2D2 =(13.33)4/1—(2)(0.168)
= 12.92 Hz

b. Angular deflection at resonant frequency:

If the torque due to wind (7)) is to be treated as a static torque, then

or

So

R 83x10°
oGy 0 ™| 3 16107

=0.0263 x 107 rad

Using Eq. (5.68), for the torque due to inertia

TO
Ohesonance —
ko 2D, \J1 - D?
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B { 250 % 10° } 1
3.16x10" ]| (2)(0.168) /1 - (0.168)°
=0.24 x 107 rad

At resonance, the total angular deflection is
0= Olpertia + Ofasic = (0.24 + 0.0263) X 107 = 0.2663 X 10~ rad

Comparison of Footing Vibration Tests with
Theory

Richart and Whitman (1967) conducted a comprehensive study to evaluate the
applicability of the preceding theoretical findings to actual field problems.
Ninety-four large-scale field test results for large footings 1.52 m to 4.88 m in
diameter subjected to vertical vibration were reported by Fry (1963). Of these 94
test results, 55 were conducted at the U.S. Army Waterways Experiment Station,
Vicksburg, Mississippi. The remaining 39 were conducted at Eglin Field,
Florida. The classification of the soils for the Vicksburg site and Eglin site were
CL and SP, respectively (unified soil classification system). For these tests, the
vertical dynamic force on footings was generated by rotating mass vibrators.

Figure 5.24 shows a comparison of the theoretical amplitudes of vibration
A, as determined from elastic half-space theory with the experimental results
obtained for two bases at the Vicksburg site. The nondimensional mass ratios
b [Eq. (5.4)] of these two bases were 5.2 and 3.8. For the base with b = 5.2, the
experimental results fall between the theoretical curves, with 4 = 0.5 and
M1 = 0.25. However, for the base with b = 3.8, the experimental curve is nearly
identical to the theoretical curve with g= 0.5. Figure 5.25 shows a comparison of
the theory and experimental values reported by Fry in a nondimensional plot of
A.m/me at resonance versus b. Similarly, a comparison of these test results with
theory in a nondimensional plot of a, [Eq. (5.5)] at resonance versus b is shown
in Figure 5.26.

From these two plots it may be seen that the results of the Vicksburg site
follow the general trends indicated by the theoretical curve obtained from the
elastic half-space theory for a rigid base. A considerable scatter, however, exists
for the tests conducted at Eglin Field. This may be due to the clean fine sand
found at that site, for which the shear modulus will change with depth. The
fundamental assumption of the theoretical derivation of a homogeneous, elastic,
isotropic body is very much different than the actual field conditions.

Figure 5.27 shows a summary of all vertical vibration tests, which is plot of



236 Chapter 5

with theory

16

0.15 T T T
b=—"+[Eq.5.4)]
Pro b=5u=05
0.1 b
e WES Base 2-7
g (b=52)
N
A
b=9.8; u=025
b=338;
0.05 T p=05C" e -
~o’ WES Base 4-5
(b=3.8)
0 1 1 1
0 10 20 30
Frequency (Hz)
Figure .24  Vertical vibration of foundation—comparison of test results
(after Richart and Whitman, 1967)
3
2 -
o
Y]
3E
1 -
°
zo‘ ®  Vicksburg site
O  Eglin site
— Theory; rigid base
---- Theory; parabolic
0 ! ! !
0 4 8 12
Mass ratio, b = 3
pProy
Figure 5.25 Motion at resonance for vertical excitation — comparison between theory

and experiment (after Richart and Whitman, 1967)
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A A w’

z(computed) -z

versus
Az(measured) g

(that is, nondimensional acceleration, g, equals acceleration due to gravity).
When the nondimensional acceleration reaches 1, the footing probably leaves the
ground on the upswing and acts as a hammer. In any case, in actual design
problems, a machine foundation is not subjected to an acceleration greater than
0.3g. However, for dynamic problems of this nature, the general agreement
between theory and experiment is fairly good.

Several large-scale field test were conducted by the U.S. Army Waterways
Experiment Station (Fry, 1963) in which footings were subjected to torsional
vibration. Mechanical vibrators were set to produce pure torque on a horizontal
plane. Figure 5.28 shows a plot of the dimensionless amplitude o../[me(x/2)]
versus B, (o = amplitude of torsional motion and m; = sum of the rotating
masses; for definition of x, see the insert in Figure 5.28) for some of these tests
that correspond to the lowest settings of the eccentric masses on the vibrator. The
theoretical curve based on the elastic half-space theory is also plotted in this
figure for comparison purposes. It can be seen that, for low amplitudes of
vibration, the agreement between theory and field test results is good.

®  Vicksburg site
O Eglin site
§ —— Theory; rigid base
---- Theory; parabolic
1.6 - .
Q|
o
S}
[
QO
0.8 -
0 | | |
0 4 8 12 16
m
Mass ratio, b = pr%

Figure 5.26  Plot of a, at resonance versus b—comparison of theory with field test
results (after Richart and Whitman, 1967)
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The limiting torsional motion in most practical cases is about

2.5 107 mm (0.1 mil). So the half-space theory generally serves well for most
practical design considerations. Comparisons between the elastic half-space
theory and experimental results for footing vibration tests in rocking and sliding

modes were also presented by Richart and Whitman (1967). The agreement
seemed fairly good.

e Vicksburg site
o Eglin dite
2
o o
al 2 ° o
E| 3 o |°® ° o .O 0©
3| £ '} o
gl & . ° % ) e O PO
I ®0 ° e 0O Co0e o o
00 ® © g
(LX) ° cC e @ °
o) [ J
° o O e e o
o 00 o ° °o o
o o e, O oo |o
o g °
o o b °
0.5
o
0.1 A o> 1.0 2.0

Z

g
Figure 5.27 Summary of vertical vibration tests (after Richart and Whitman, 1967)

10 \ \ \
2 1
To = mew™(5x) From Vicksbure sit
rom Vicksburg s1ex. °
S ° _
©)
—
=
\N — |
3 B
g 2r K From Eglin site
([ ]
1 _
0.6 \ \ \ \ \
0.2 0.5 1 2 5 10 20
BD{ = ‘]:ZS
p”:]‘

Figure 5.28 Comparison of amplitudes for torsional vibration (redrawn after Richart
and Whitman, 1967)
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Comments on the Mass-Spring-Dashpot
Analog Used for Solving Foundation
Vibration Problems

The equations for the mass-spring-dashpot analog for various modes of vibration
of rigid circular foundations developed in the preceding sections may be
summarized as follows:

For vertical vibration,

mz+c.z+k,z= Qe (5.22)
For rocking vibration,
100 +cy0+ky0 =M (5.39)
0 4 (2 y
For sliding vibration,
mi+c x+k x = Qpe” (5.51)
For torsional vibration
J_ G+c,0+k, o=T, 0" (5.63)
zz o o 0

The mathematical approach for solution of the preceding equations is
similar for determination of the natural frequency, resonant frequency, critical
damping, damping ratio, and the amplitudes of vibration at various frequencies.
The agreement of these solutions with field conditions will depend on proper
choice of the parameters (that is, m, Iy, J.., ¢., Ca, Cr, Co» ke, ko, Ky, and k). In this
section, we will make a critical evaluation of these parameters.

Choice of Mass and Mass Moments of Inertia

The mass terms m used in Egs. (5.22) and (5.51) are actually the sum of
1. mass of structure foundation block my and
2. mass of all the machineries mounted on the block m,,.

During the vibration of foundations, there is a mass of soil under the foundation
that vibrates along with the foundation. Thus, it would be reasonable to consider
the term m in Egs. (5.22) and (5.51) to be the sum of

m = my+ m, + m; (5.71)
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where m, = effective mass of soil vibrating with foundation.

In a similar manner, the mass moment of inertia terms /; and J.. included in
Eqgs (5.39) and (5.63) include the contributions of the mass of the foundation and
that of the machine mounted on the block. It appears reasonable also to add the
contribution of the effective mass of the vibrating soil (m;), that is, the effective
soil mass moment of inertia. Thus

IO = IO(foundation) + IO(machine) + IO(effective soil mass) (5 72)
and

Jzz = Jzz(foundation) + Jzz(machine) + Jzz(effective soil mass) (573)

TheoreticaHYa calculated values of my, IO(effective soil mass)s and Jzz(effective soil mass)
are given by Hsieh (1962). They are as follows:

1. Values of m; for vertical vibration:

Poisson’s ratio, 4 m
0.00 0.5p1;
025 0.5p1;
0.50 2.0pr;

2. Values of m, for horizontal vibration:

Poisson’s ratio, i m
0.0 02013
025 0.2p15
0.50 0.1p75

3. Values of Iyefrective soil mass) for rocking vibration: Poisson’s ratio

—0N. . 5
M= 09 IO (effective soil mass) — 0-4/)7"0

4. Values of J_-(efrective soil mass) fOT torsional vibration:

Poisson’s ratio, i my
0.00 0.3p15
025 0.3p15

0.50 0.3pr15
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In most cases, for design purposes the contribution of the effective soil
mass is neglected. This will, in general, lead to answers that are within 30%
accuracy.

Choice of Spring Constants

In Equations (5.23), (5.41), (5.52), and (5.64), the spring constants defined were
for the cases of rigid circular foundations. In examples where rigid rectangular
foundations were encountered, the equivalent radii », were first determined.
These values of 7y were then used to determine the value of the spring constants.
However, more exact solutions for spring constants for rectangular foundations
derived from the theory of elasticity can be used. These are given in Table 5.1
along with those for circular foundations. Dobry and Gazetas (1986) have
developed more realistic values of spring constants and demonstrated their use
through a design exercise.

Table 5.1 Values of Spring Constants for Rigid Foundations (after Whitman and
Richart, 1967)

Motion Spring constant Reference
Circular foundations

4G
Vertical k,= 1_”0 Timoshenko and Goodier (1951)
—H
. . 32(1- u)Grg
Horizontal (sliding) = ——7""— Bycroft (1956)
7-8u
8Gry
Rocking ko= —210 Borowicka (1943)
3(1-p)
. 16 5 . .
Torsion ko= 3 Gr; Reissner and Sagoci (1944)
Rectangular foundation
. G
Vertical = 1—FZ VBL Barkan (1962)
—H
Horizontal” (sliding) &, =2(1 + 1) GF.~ BL Barkan (1962)
Rocking” ko= ILFHBL2 Gorbunov-Possadov and
- U
Serebrajanyi(1961)

* B = width of foundation; L = length of foundation.
® For definition of B and L, refer to Figure 5.18. Refer to Figure 5.29 for values of F,, F,, and F.
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Figure .29 Plot of F., F,, and Fyagainst L/B (after Whitman and Richart, 1967)

Another fact that needs to be kept in mind is that the foundation blocks are
never placed at the surface. If the bottom of the foundation block is placed at a
depth z measured from the ground surface, the spring constants will be higher
than that calculated by theory. This fact is demonstrated in Figure 5.30 for the
case of vertical motion of rigid foundations. This could possibly due to the
frictional resistance of the sides of the foundations. The behavior of embedded
foundations subjected to various types of vibration is presented in Sections 5.12
through 5.15.

Choice of Poisson’s Ratio

Whitman and Richart (1967) recommended the following values of Poisson’s
ratio for different types of soils:
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k;

Spring constant,

>

Depth of foundation from the ground surface

Figure 5.30  Nature of variation of &, with the depth of the foundation

Sand (dry, moist, partially saturated) 1= 0.35 to 0.4
Clay (saturated) 4= 0.5

A good value for most partially saturated soils is about 0.4

Choice of Damping Ratio

In soils there are two types of damping, geometric damping (also known as
radiation damping) and internal damping (also known as material damping or
hysteretic damping). The radiation damping (defined as loss of energy over one
wave length) depends on parameters such as Poisson’s ratio, mass of the
foundation, equivalent radius, and the density of the soil. The relations for the
damping ratio given in Egs. (5.27), (5.45), (5.56), and (5.65) are for radiation
damping only.

The internal damping D; varies over a wide range, depending on the type of
soil and the strains generated in the soil. Generally the values of D; are the range
of 0.01 to 0.1. Thus an average value of D; would be a good estimate to be used
in foundation design (Whitman and Richart, 1967). The damping ratio can then
be approximated as

D = Dyggiation +0-05)| (5.74)

For vertical and sliding motions, the contribution of internal damping can be
somewhat neglected. However, for torsional and rocking modes of vibration, the
contribution of the internal damping may be too large to be ignored.
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5.10

Coupled Rocking and Sliding Vibration of
Rigid Circular Foundations

In several cases of machine foundations, the rocking and sliding vibrations are
coupled. This is because the center of gravity of the footing and vibrations are
not coincident with the center of sliding resistance, as can be seen from Figure
5.31a. This is a case of vibration of a foundation with two degrees of freedom.
The derivation given next for the coupled motion for rocking and sliding is based
on the analysis of Richart and Whitman (1967). From Figure 5.31, it can be seen
that the nature of foundation motion shown in Figure 5.31a is equal to sum of the
sliding motion shown in Figure 5.31b and the rocking motion shown in Figure
5.31c. Note that

Xp=x,— N6 (5.75)
For the sliding motion,
mi, =P (5.76)
where P =horizontal resistance to sliding
e (5.77)
dt

Substitution of Eq. (5.75) into (5.77) yields
d ’ ’
P:_CXE (xg_h H)_kx(xg_h H)
=—cX el 6 —kx,+kh'6 (5.78)

Now, combining Egs. (5.76) and (5.78)

mig +c, kg +h Xy —C WO —kh'O=0 (5.79)

For rocking motion about the center of gravity,

1,6 =M+ M,— P (5.80)

where I, = mass moment of inertia about the horizontal axis passing
through the center of gravity (at right angles to the cross
section shown)
M, = the soil resistance to rotational motion
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(b)

Coupled rocking and sliding vibration

Figure 5.31

But

(5.81)

Cgé - kge

Substitution of Egs. (5.78) and (5.81) into Eq. (5.80) gives

M,
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1,0 =M —(cyb+kyO)—h'(—c, %, +c, h'O—k x, +k h'0)
or
I,0+(co+c )0+ (kg +h W20 h'(c, %, +hkoxg)=M =M (5.82)
For a foundation resting on an elastic half-space, the spring and dashpot
coefficients are frequency dependent. They need to be calculated first for a given
frequency before Eqs. (5.79) and (5.82) can be solved. However, if they are
assumed to be frequency independent, as in the case of analog solutions, Egs.

(5.79) and (5.82) can be easily solved. For that case, for determination of the
damped natural frequency, one can make M in Eq. (5.82) equal zero. So

I,0+(cote )0+ (kg +h, W2)0—h'(c, iy +hxg)=0  (5.83)
For solving Egs. (5.79) and (5.83), let
xg = Aent (5.:84)
and
0 = Ay (5.85)

where @, = damped natural frequency.

Substituting Eqgs. (5.84) and (5.85) into Egs. (5.79) and (5.83) and
rearranging, one obtains (Prakash and Puri, 1981, 1988)

2 2 2 2 2
{a)::z _a)r%l (a)nﬁ T Oy _ 4D6Dx a)nea)nx]+ a)nﬁ'a)nle

o g d (5.86)
D.w, o Dy@, p@
+4[—x ;x n (0)30 —a),%,) A i 1 g‘g n (a),%x - w,i)} =0
where D, = damping ratio for sliding vibration [Eq. (5.56)]
Dy = damping ratio for rocking vibration [Eq. (5.45)]
5ol
Iy

[Note: The term /, was defined in Eq. (5.40).]
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Y [32(1 - ) Gr,
"N (7-8u)m

T (5.88)
[fromEq.(5.54)]

and

8Gry
3(1-p) 1,
T (5.89)
[from Egs.(5.41)and (5.44)]

Wyg =

Equation (5.86) can then be solved to obtain two values of @, .

The damped amplitudes of rocking and sliding vibrations can be obtained

as
w02 +e0 ]
A, = ( Igy] A (wz) (5.90)
and
7
W ( ]Zy J {(a)ﬁx - o) AJ; i}il;anxw) } o
where

2
2 2 2 2
2\ _ 4 2 a)n6+wnx_4D9wam9wnx Who Dy
A(a) )— {a) @ ( 5 5 + 5

1/2

X 4[%(% - o) 2o _wz)n (5.92)
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5.11

Vibration of Foundations for Impact Machines

There are several machines whose foundations are subjected to transient loads of
short duration, often referred to as impact loading. Hammers are typical
examples of this type of machine. Figure 5.32 shows a schematic diagram of a
hammer foundation system. It consists of the following:

1. Foundation block

2. Anvil and a frame

3. Elastic padding between the anvil and the foundation block

4. Hammer, referred to as a tup

The hammer foundation system can be analyzed by assuming a simplified
model as shown in Figure 5.33. The spring constant k; can be taken from
Eq. (5.23) as

Tup

/ Frame

Anvil

/ Elastic padding

., " R < . RO
B 4 .
< . :
. < R ol
. L e
. . e .
<« .. . N Foundation
.
. ORI o, " ,0‘"- . < . *
AN e block
AR SRRSO N PR oc
< cLLa .

Figure .32  Schematic diagram of a hammer foundation
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Tup
Anvil mass = my I
)
ky (due to pad)
Foundation

mass = m; I

Z1

k1 (due to soil)

Figure 5.33  Simplified model for analysis of hammer foundation

ko= k.= frz (5.93)
The spring constant due to the elastic pad is
k= %A (5.94)
where E = modulus of elasticity of the pad material

t = thickness of the pad
A = area of the anvil base in contact with the pad

When the tup drops on the anvil, due to the impact the following are the
initial conditions:

z7=0 and 2z, =0 (5.952)
2=0 and Z,= 1, (5.95b)
The equation of motion for the free vibrations may be given as [see Figure
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2.13b and Egs. (2.116) and (2.117)]

mlél +k121 +k2(21 *22)20 (596)

mzéz + k2(22 — Z]) =0 (597)

where m; = mass of the foundation + frame (if attached to the
foundation block)

m, =mass of the anvil + frame (if attached to the anvil)

The solutions for the natural circular frequencies of the system have been
given in Eq. (2.122) as

o, —(1+ )@y, +ay, Yo; +(1 +n) @y, Nwy,)=0 (5.98)
where
_ kl
@y = P (5.99)
kZ
Oy, = P (5.100)
2
n="2 (5.101)
m,

The amplitudes of vibration due to impact can also be given by Egs. (2.134a) and

(2.134Db) as
B (wr%lz - 0)3, ) (50312 - w;fz)
Z, = o (w3 _a)ri)a)nz v, (5.102)
(a),flz - a),%] ) 2
Zy=7—7—"— (5.103)

2 _ 2
(a)nl -, )a)

The preceding two equations can be solved to determine the amplitudes of
vibration if v, is known. This value can be estimated in the following manner.

Using the theory of conservation of momentum, the momentum of the tup and
the anvil after impact is

mhva + m21)0

where my, = mass of the tup
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%

, = velocity of the tup after impact

Thus
thb = mhva +m21)0 (5104)

where v, = velocity of the tup before impact.

A second equation may be obtained from Newton’s second law as

a (5.105)

where n is the coefficient of restitution. Combining Eqs. (5.104) and (5.105),

1+n

Yo = 1+(m2/mh)

" (5.106)

For a single-acting drop hammer, the magnitude of the coefficient of
restitution may vary from 0.2 to about 0.5. Also,

v, (m/s) = Epy2gH (5.107)
where H =height of fall of the tup (m)

g = acceleration due to gravity (9.81 m/s?)
E; = efficiency of drop (= 0.65 to about 1)

Vibration of Embedded Foundations

5.12

In the theories for the vibration of foundations in various modes, as developed in
Sections 5.2 through 5.9, it was assumed that the foundation rests on the ground
surface. In reality, however, all foundations are constructed below the ground
surface. For an embedded foundation, soil resistance is mobilized at its base and
also along its sides. A limited number of theories have so far been developed for
the dynamic response of embedded block foundations. The findings from these
studies are summarized in the following four sections.

Vertical Vibration of Rigid Cylindrical
Foundations

The dynamic response of vertically vibrating rigid cylindrical foundations
(Figure 5.34) has been studied by Novak and Beredugo (1972). The foundation
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shown in Figure 5.34 has a radius of 7. The shear modulus and the density of the
side layer of soil are G; and p;, respectively. Similarly, the shear modulus and the
density of the soil beneath the foundation are, respectively, G and p. If the
foundation is subjected to a vertical exciting force, the equation of motion may
be written in the form

mz(t) = Q1) = R.(t) = N. (1) (5.108)

The dynamic reaction R.(f) is considered to be independent of the depth of
embedment. Using the elastic half-space solution, the dynamic reaction can be
expressed as

Rt) = Gro(Cy + iCy)z(d) (5.109)
where
c=——I (5.110)
N+
and
C2 - ’2 fz ’2
N+ 1
fi’, f5 = functions of nondimensional frequency a, [Eq. (5.5)], (5.111)
Poisson’s ratio, and stress distribution at the base
0(1) = Qpe'™
TS AN
3 Mass = m S
Side layer
G
Dy s
/ Py
N0

.....................................

G
p

N

Figure 5.34 Embedded rigid cylindrical foundation — vertical vibration
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The dynamic soil reaction on the sides can be obtained as
D
NAt) = jo 7 s(z, t)dz (5.112)

where s is the dynamic reaction per unit depth of embedment.

If s is considered to be independent of depth (Baranov, 1967), then s = s(f),

or
() = G(S) +iSy) z(t) (5.113)
where
J, J +X Y,
S, = 21ay 1<a0) ;)(ao) 12(%) 0(ay) (5.114a)
Jo(ay) + X5 (ay)
and
4
S$=— > (5.114b)
Jo(ay) + X5 (ay)
Jo(ap), Ji(ap) = Bessel functions of the first kind of order
0 and 1, respectively
Yo(ao), Y1(ap) = Bessel functions of the second kind of order
0 and 1, respectively
So

N = jOD’ G(S) + iS>)z(f)dz = G,D(S; + iS>)z(f) (5.115)

Now, combining Egs. (5.108), (5.109), and (5.115)

. G. D,
mz (£) + Gro[Cy + iCy + —=—= (81 +i8,)]z(9)
G 1
=Q0(t) = Qpe® = Qy(cos wt +isinwt) (5.116)
The steady-state response is

z(f) =z (5.117)

In the preceding two equations, O, and z are, respectively, the real force
amplitudes and real response. The relationships for the spring constant and the
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damping coefficient can thus be derived as

kz:Gro(C +i—sj (5.118)
G 7,
G G. D

cz=i(C2+—s—fS2j (5.119)
w G 1

Note that &, and c,, as expressed by the two preceding relationships, are
frequency dependent. However, without losing much accuracy, one can assume

that
C = ?1 = constant
S, =5 1 = constant
C>, =ayC> (where C2 is a constant)
S, =ayS2 (where Sz is a constant)

When the preceding assumptions are substituted into Egs. (5.118) and (5.119),
one obtains the frequency-independent £, and c; as follows:

k. =Gry| Ci +%—fSl] (5.120)

)

c. =it JpG | Ca +§2r—f /Gé—?j (5.121)
0

Hence, the damping ratio can be given as

(5.122)

where b = mass ratio = % [Eq. (5.4)]
The values of Ci, C», S1,and S> (Novak and Beredugo, 1972) are given in Table
5.2.
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Table 5.2 Values of C| s C, s 3'1, and S»

Poisson’s ratio, i [ [ §f §'2’
0.0 3.9 3.5 2.7 6.7
0.25 5.2 5.0 2.7 6.7
0.5 7.5 6.8 2.7 6.7

* Validity range: 0 <y < 1.5
® Validity range: 0 < ag < 2

Once the spring constant, dashpot coefficient, and the damping ratio are
determined, the foundation response (natural frequency, amplitude of vibration at
resonance and at frequencies other than the resonance) can be calculated using
the formulae given below.

Undamped natural frequency:

k

W, =.—

m

_ L |k
" 2n\'m

Amplitude of vibration at resonance:

_ 9 1

A, = =— ——F—= (for constant force excitation)
k. 2D_1- D?
me 1 . o
A, = > (for rotating mass excitation)
m 2D _\J1- D

Amplitude of vibration at frequency other than resonance:

O/ k.
\/[1—(502/0)3” +4D22(a)2/a)3)

A, = (for constant force excitation)

(mle/m) (a)/a)n )2

A, = > (for rotating mass excitation)
\/[1 — (a)z/a)g)} + 4DZ2 (a)z/a),%)

The natural frequency of the foundation-soil system increases and its amplitude
of vibration decreases, if depth of embedment is taken into account.
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5.13

Sliding Vibration of Rigid Cylindrical
Foundations

Figure 5.35 shows an embedded rigid cylindrical foundation subjected to sliding
vibration. The response of this type of system was analyzed by Beredugo and
Novak (1972). The frequency-independent spring constant and dashpot
coefficient suggested by them are as follows:

_ D, _
k. = Gro (c C(;; —folj (5.123)

o

= 12 pG[sz +50 2 s |G ] (5.124)
VO Gp

The variation of Cxi, Cx2, Sx1, and Sy, as evaluated by Beredugo and Novak
are as follows:

Poisson’s ratio u Parameter
0 Ca =4.3; Ci2 =270
0.5 Cq =5.1; C =315
0 Sa1=3.6; Sx2 =820
0.25 Sy =4.0; Sx2=9.10
04 Sx] :41; Sx2 = 106

The undamped frequency of vibration for this case can be given as

k
W, = |—
m
and
1 |k,
fn_21t m
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Figure .35 Embedded rigid cylindrical foundation — horizontal vibration

Once w,and D, are calculated, the amplitudes of vibration can be
estimated using Eqgs. (5.58), (5.59), (5.60), and (5.61).

Rocking Vibration of Rigid Cylindrical
Foundations
Beredugo and Novak (1972) analyzed the problem of rocking vibration of rigid

cylindrical foundations, as shown in Figure 5.36. Based on their analysis, the
frequency-independent spring constant and dashpot coefficient can be given as

_ ¢ D,(- D}_
kg = Gry | Cor +——L| So1 +—L S (5.125)
G }’0 31"0
and
_ ¢ D[~ D}_
co =10 \[pG| Coa +=2 2L\ 5 +—12sz (5.126)
G }"O 3]/‘0

For this problem, the undamped natural frequency is
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Figure 5.36 Embedded rigid cylindrical foundation — rocking vibration

k
0,= [
0

For the definition of /y, see Eq. (5.40). The damping ratio is

Co

The amplitudes of vibration can be calculated using Egs. (5.46), (5.47),

(5.48), and (5.49).
The variation of S.i, and S.» was given in the preceding section. For

u=0,
Co1 =2.5 Cgr =043

and, for any value of 1,
So1=2.5 Sg» =138
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Torsional Vibration of Rigid Cylindrical

Foundations

Figure 5.37 shows a rigid cylindrical foundation subjected to a torsional
vibration. Novak and Sachs (1973) evaluated the frequency-independent spring

constant and dashpot coefficient, and they are as follows:

— G Dy —
k(l = Gr03 (Ca] +ES—J(S()(1)

o

_ _ D ’G
Co =r04 PG [COQ +Sa2r—f (;—Zs]
0

The values of the parameters Cul , Eaz, S, and Soo are

and

Co1 = 4.3
— for 0<a;,<2.0
CO{Z = 07
T(t) = Tye!®™
SRORRCOE PO E N(D

Ps

L AT
Side layer
Gy
1
1
1
1
1
1
1
1
1

R R LN TNY ¥ () R L S TR LTI
Elastic half- .
astic hali-space | o

G
p

z

Figure 5.37 Embedded rigid cylindrical foundation — torsional vibration

(5.127a)

(5.127b)
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Sol =124

— for 0<a;<0.2
Sa2=2.0

S =102

— for 0.2<a;,<2.0
Saz = 54

Once the magnitudes of k, and ¢, are calculated, the undamped natural circular
frequency can be obtained as

k
a)n — o
JZZ
where J.. = mass moment of inertia of the foundation about the z axis

[see Eq.(5.63)]

The damping ratio is

_ _ D G
1 [sz + o rf\/Gsps)
Da:[ J 0 P
2

3 5 (5.128)
_ G _
¢ \/Cal +— =L Sal
G 1
. J
where B, =massratio = 425 [see Eq. (5.66)]
Py

The amplitudes of vibration can be calculated using Egs. (5.68) and (5.69)
and Figures 5.12 and 5.13.

Effect of Layering

In general soils are layered in nature and shear modulus increases with depth.
Several researchers attempted to develop approximate, analytical as well as
numerical solutions to calculate the vibration response of foundations on the
surface of an incompressible soil layer for which shear modulus increases
linearly with depth. The effect of layer thickness and depth of embedment have
also been reported in the literature. It is generally concluded that omission of
layering in theoretical solutions lead to underestimation of vibration amplitudes.
Parametric studies are also reported by considering soil as a two layer system, the
bottom layer being an elastic half space. The presence of rigid layer below the
elastic layer, produces a stiffening effect and increases the natural frequency.
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Vibration Screening

5.16

5.17

In Section 5.4, the allowable vertical vibration amplitudes for machine
foundation were considered. It is sometimes possible that, for some rugged
vibratory equipment, the intensity of vibration may not be objectionable for the
equipment itself. However, the vibration may not be within a tolerable limit for
sensitive equipment nearby. Under these circumstances it is desirable to control
the vibration energy reaching the sensitive zone. This is referred to as vibration
screening. It needs to be kept in mind that most of the vibratory energy affecting
structures nearby is carried by Rayleigh (surface) waves traveling from the
source of vibration. Effective screening of vibration may be achieved by proper
interception, scattering, and diffraction of surface waves using barriers such as
trenches, sheet pile walls, and piles.

Active and Passive Isolation: Definition

While studying the problem of vibration screening, it is convenient to group the
screening problems into two major categories.

Active Isolation: Active isolation involves screening at the source of
vibration, as shown in Figure 5.38, in which a circular trench of radius R and
depth H surrounds the foundation that is the source of disturbance.

Passive Isolation: The passive isolation process involves providing a
barrier at a point remote from the source of disturbance but near a site where
vibration has to be reduced. An example of this is shown in Figure 5.39, in which
an open trench of length L and depth H is used near a sensitive instrument
foundation to protect if from damage.

Active Isolation by Use of Open Trenches

Woods (1968) reported the results of a field investigation for active isolation
using open trenches. The field tests were conducted at a site with a deep stratum
of silty sand. The experimental study consisted of applying vertical vibrations by
a small vibrator [80.1 N maximum force] resting on a circular pad. Trenches
were constructed around the circular pad to screen the surface displacement due
to the surface waves. Vertical velocity transducers were used for measurement of
surface displacement around the trench over a 7.62 m diameter area. Other
conditions remaining the same, measurements for the surface displacement due
to the vibration of the circular pad were also taken without the trenches
surrounding the pad. Some results of this investigation are shown in Figure 5.40
in the form of amplitude-reduction-factor contour diagrams. The amplitude-
reduction factor (ARF) is defined as
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Amplitude of Vibrating force

surface displacement

/— Foundation

G R G >x.__ Circular open
- - - -7.  trench

¥

Figure 5,38 Schematic diagram of vibration isolation using a circular trench
surrounding the source of vibration for active isolation

Equipment to
Amplitude Amplitude " beprotected
Spurce of of surface of surface
disturbance vibration vibration T
[
S l R

Open trench

Figure 5.39  Passive isolation by using an open trench

ARF = vertical amplitude of vibration with trench

- - . ; (5.129)
vertical amplitude of vibration without trench
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ARF ARF ARF ARF ARF
>1.25 1.25-0.5 0.5-0.25 0.25-0.125 <0.125

Amplitude-reduction factor contour diagrams (after Woods, 1968)
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5.18

Also note that in Figure 5.40, 6 is the angular length of the trench (in
degrees) and A, is the length of Rayleigh waves. The value of A, for a given
frequency of vibration at a given site can be determined in a manner similar to
that described in Section 4.15.

The tests of Woods (1968) were conducted for R/4, = 0.222 to 0.910 and
H/A, = 0.222 to 1.82. For satisfactory isolation, Woods defined the ARF to be
less than or equal to 0.25. The conclusions of this study can be summarized as
follows:

1. For 8 = 360° a minimum value of H/A, = 0.6 is required to achieve
AREFs less than or equal to 0.25.

2. For 360° > 6> 90°, the screened zone may be defined as an area
outside the trench bounded on the sides by radial lines from the
center of the source through points 45° from the ends of the trench.
To obtain ARFs less than or equal to 0.25 in the screened zone, a
minimum value of H/4, = 0.6 is required.

3. For 8< 90° effective screen of vibration by trenches cannot be
obtained.

Passive Isolation by Use of Open Trenches

Woods (1968) also investigated the case of passive isolation in the field using
open trenches. The plan view of the filed site layout used for screening at a
distance is shown in Figure 5.41. The layout consisted of two vibrator exciter
footings (used one at a time for the tests), a trench barrier, and 75 pickup
benches. For these tests, it was assumed that the zone screened by the trench will
be symmetrical about the 0° line. The variables used to study the passive
isolation tests were:

e Distance form the source of vibration to the center of the open
trench, R

e Length of the trench, L

e  Width of the trench, ¥, and

e Depth of the trench, H.

In this investigation, the value of R/A, was varied from 2.22 to 9.10. For
satisfactory isolation, it was defined that ARF’s [Eq. (5.129)] should be less than
or equal to 0.25 in a semicircular zone of radius L/2 behind the trench.
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Figure 5.42 shows the ARF contour diagram for one of these tests. The
conclusions of this study may be summarized as follows:

1. For a satisfactory passive isolation (for R = 24, to about 74,), the
minimum trench depth A should be about 1.2, to 1.54,. This means
that, in general, H/A. should be about 1.33.

2. The trench width W has practically no influence on the effectiveness
of screening.

3. To maintain the same degree of isolation, the least area of the trench
in the vertical direction (that is LH = Ar) should be as follows:

Ar=252% atR=24,
and
Ar=6.04% atR=71,

N o / 16°
0O o o Center
G
G

Vibrator exciter footings

Figure 5.41  Plan view of the field site layout for passive isolation by use of open trench
(after Woods, 1968)
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Figure 5.42 Amplitude-reduction-factor contour diagram for passive isolation (after
Woods, 1968)

5.19 Passive Isolation by Use of Piles

There are several situations where Rayleigh waves that emanate from
manufactured sources may be in the range of 40 to 50 m. For these types of
problems, a trench depth of 1.33 times 60 to 75 m is needed for effective passive
isolation. Open trenches or bentonite-slurry-filled trenches deep enough to be
effective are not practical. At the same time, solidification of bentonite-slurry
will also pose a problem. For this reason, possible use of rows of piles as an
energy barrier was studied by Woods, Barnett, and Sagesser (1974) and Liao and
Sangrey (1978). Woods, Barnett, and Sagesser.
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Figure 543  Void cylindrical obstacles for passive isolation

used the principle of holography and observed vibrations in a model half-space
in order to develop the criteria for void cylindrical obstacles for passive isolation
(Figure 5.43). The model half-space was prepared in a fine sand medium in a
box. In Figure 5.43, the diameter of the cylindrical obstacle is D, and the net
space for the energy to penetrate between two consecutive void obstacles is equal
to S,. The numerical evaluation of the barrier effectiveness was made by
obtaining the average ARFs from several lines beyond the barrier in a section
+15° on both sides of an axis through the source of disturbance and perpendicular
to the barrier. For all tests, H/A, and L/, were kept at 1.4 and 2.5, respectively.
These values of H/A,, and L/A, are similar to those suggested in Section 5.18 for
open trenches. A nondimensional plot of the isolation effectiveness developed
from these tests is given in Figure 5.44. The isolation effectiveness is defined as

Effectiveness = 1 — ARF (5.130)

Based on these test results, Woods, Barnett, and Sagesser (1974) suggested that a
row of void cylindrical holes may act as an isolation barrier if

D, (5.131)

1
6

>

and

—

S
< — 5.132
5 (5.132)

N
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Liao and Sangrey (1978) used an acoustic model employing sound waves
in a fluid medium to evaluate the possibility of the use of rows of piles as passive
isolation barriers. Model piles for the tests were made from aluminum, steel,
Styrofoam, and polystyrene plastic. Based on their study, Liao and Sangrey
determined that Eqs. (5.131) and (5.132) suggested by Woods, Barnett, and
Sagesser are generally valid. They also determined that S, = 0.44, may be the
upper limit for a barrier to have some effectiveness. However, the degree of
effectiveness of the barrier will depend on whether the piles are soft or hard
compared to the soil in which they are embedded. The degree of softness or
hardness may be determined by the term impedance ratio (IR), defined as

B PprY(p)

IR (5.133)

B PsUp(s)

where pp and pg = the densities of the pile material and soil,

respectively
U,(py and v,) = the velocities of Rayleigh waves in the pile material

and soil, respectively

The piles are considered soff if IR is less than 1 and hard if IR is greater than 1.
Soft piles are more efficient as isolation barriers compared to hard piles.

1.0

[
[
<
N
8
Q
&
>
Q
=]
8
5
=
3l 0.125
0.2
0.07 0.1
0
0 0.05 0.10 0.15 0.20 0.25 0.30
S
Ay

Figure 5.44 Isolation effectiveness as a function of hole diameter and spacing (redrawn
after Woods, Barnett, and Sagesser, 1974)
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Figure 545 Estimated values of Rayleigh wave impedance for various soils and pile

materials (after Liao and Sangrey, 1978)

Figure 5.45 gives a general range of the Rayleigh wave impedance (= pv, ) for
various soils and pile materials. For a more detailed discussion, the reader is

referred to the original paper of Liao and Sangrey.

Problems

5.1

A concrete foundation is 2.5 m in diameter. The foundation is supporting
a machine. The total weight of the machine and the foundation is 270
kN. The machine imparts a vertical vibrating force O = Q, sin ¢. Given
0o = 27 kN (not frequency dependent). The operating frequency is 150
cpm. For the soil supporting the foundation, unit weight = 19.5 kN/m’,
shear modulus = 45000 kPa. , and Poisson’ ratio = 0.3. Determine:
resonant frequency,

the amplitude of vertical vibration at resonant frequency, and
the amplitude of vertical vibration at the operating frequency.
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5.2

5.3

54

5.5

5.6

5.7

Redo Problem 5.1 assuming the foundation is 2.5 m X 2 m in plan.
Assume the total weight of the foundation and the machine is the same
as in Problem 5.1.

A concrete foundation (unit weight = 23.5 kN/m’) supporting a machine
is 3.5 m X 2.5 m in plan and is subjected to a sinusoidal vibrating force
(vertical) having an amplitude of 10 kN (not frequency dependent). The
operating frequency is 2000 cpm. The weight of the machine and
foundation is 400 kN. The soil properties are unit weight = 18 kN/m’,
shear modulus = 38,000 kPa, and Poisson’ ratio = 0.25. Determine

a. the resonant frequency of the foundation, and
b. the amplitude of vertical vibration at operating frequency.

Consider the case of a single-cylinder reciprocating engine (Figure
5.15a). For the engine, operating speed = 1000 cpm, crank (r;) = 90 mm,
connecting rod (»,) = 350 mm, weight of the engine = 20 kN, and
reciprocating weight = 65 N. The engine is supported by a concrete
foundation block of 3 m X 2 m X 1.5 m (L X B X H). The unit weight of
concrete is 23.58 kN/m’. The properties of the soil supporting the
foundation are unit weight = 19 kN/m’, G = 24,000 kPa, and u = 0.25.
Calculate

a. the resonant frequency, and
b. the amplitude of vertical vibration at resonance.

Refer to Problem 5.4. What will be the amplitude of vibration at
operating frequency?

Solve Example 5.2, parts (b) and (c) by assuming that the Poisson’s ratio
is 4 = 0.25. Also determine the amplitude of vertical vibration at
operating frequency.

The concrete foundation (unit weight = 23.5 kN/m®) of a machine has
the following dimensions (refer to Figure 5.18): L =3 m, B =4 m, height
of the foundation = 1.5 m. The foundation is subjected to a sinusoidal
horizontal force from the machine having an amplitude of 10 kN at a
height of 2 m measured from the base of the foundation. The soil
supporting the foundation is sandy clay. Given G = 30,000 kPa,
1=0.2, and p= 1700 kg/m’. Determine

a. the resonant frequency for the rocking mode of vibration of the
foundation, and
b. the amplitude of rocking vibration at resonance.

(Note: The amplitude of horizontal force is not frequency dependent.
Neglect the moment of inertia of the machine.)
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5.9

5.10

5.11

5.12

5.13
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Solve Problem 5.7 assuming that the horizontal force is frequency
dependent. The amplitude of the force at an operating speed of 800 cpm
is 20 kN.

Refer to Problem 5.7. Determine

a. the resonant frequency for the sliding mode of vibration, and
b. amplitude for the sliding mode of vibration at resonance.

Assume the weight of the machinery on the foundation to be 100 kN.

Repeat Problem 5.9 assuming that the horizontal force is frequency
dependent. The amplitude of the horizontal force at an operating
frequency of 800 cpm is 40 kN. The weight of the machinery of the
foundation is 100 kN.

A concrete foundation (unit weight = 23.5 kN/m’) supporting a machine
has the following dimensions: length = 5 m, width = 4 m, height = 2 m.

The machine impart a torque 7 on the foundation such that T= T,e"” .

Given Ty = 3000 Nm. The mass moment of inertia of the machine about
the vertical axis passing through the center of gravity of the foundation is
75 x 10° kg-m>. The soil has the following properties:
4 =0.25, unit weight = 18 kN/m’, and G = 28,000 kPa. Determine

a. the resonant frequency for the torsional mode of vibration, and
b. angular deflection at resonance.

Consider the case of a drop hammer foundation. For this system the
frame is attached to the anvil. Given are the following: weight of the
anvil and frame = 580 kN; weight of foundation = 900 kN; spring
constant for the elastic pad between the anvil and foundation
= 2.2 x 10° kN/m; spring constant for the soil supporting the foundation
=320 x 10° N/m; weight of tup = 35 kN; velocity of tup before impact
= 3 m/s; coefficient or restitution, n = 0.4.Determine the amplitude of
vibration of the anvil and the foundation.

Refer to Figure 5.34 for the vertical foundation of a rigid cylindrical
concrete foundation. Given the following:

Foundation Radius = 1.3 m; Height = 1.5 m
Depth of embedment, Dy =1 m;
unit weight of concrete = 24 kN/m’

Vibrating machine ~ Weight = 100 kN; amplitude of vibrating force
=10 kN (not frequency dependent); operating
speed = 600 cpm
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5.14

5.15

5.16

Soil Gy=22 MPa; G =150 kPa; = 0.25 unit weight, % = 18.5 kN/m’
(for side layer); unit weight, ¥=19.5 kN/m’ (below the base)

Determine:

a. damped natural frequency,
b. amplitude of vertical vibration at resonance, and
c. amplitude of vibration at operating speed.

Solve Problem 5.13 with the following changes:

Concrete foundation
Length =2 m
Width=1.5m
Height =1.5m
Depth of embedment, D;= 1.2 m
Unit weight of concrete = 24 kN/m’
Vibrating machine
Weight =90 kN
frequency-dependent amplitude of vibrating force = 9 kN
at an operating speed of 500 cpm

Refer to Figure 5.35 for the sliding vibration of a rigid cylindrical
foundation. Given the following:

Concrete foundation Radius = 3m; height =4 m; depth of embedment,
Dy = 2.5 m; unit weight of concrete = 23 kN/m’

Vibrating machine  Weight = 100 kN; frequency-dependent
unbalanced force at an operating frequency of 600 cpm =40 kN

Soil  G=110 MPa; G = 900 kPa, x= 0; unit weight, = 17.8 kN/m’
(for side layer) unit weight, 7 = 18.8 kN/m” (below the base)

Determine

a. the natural frequency,
b. the amplitude of horizontal vibration at resonance, and
c. the amplitude of horizontal vibration at operating speed.

A horizontal piston-type compressor is shown in Figure P5.16. The
operating is 800 cpm. The amplitude of the horizontal unbalanced force
of the compressor is 25 kN. It creates a rocking motion of the foundation
about O. The mass moment of inertia of the compressor assembly about
the b’Ob’ axis is 20 x 10° kg. m”. Determine:

a. the natural frequency, and

b. the amplitude of rocking vibration at resonance.

Use the theory developed in Section 5.14.
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Dynamic Bearing Capacity of Shallow Foundations

6.1

Introduction

The static bearing capacity of shallow foundations has been extensively studied
and reported in literature. However, foundations can be subjected to single pulse
dynamic loads which may be in vertical or horizontal directions. The dynamic
loads due to nuclear blasts are mainly vertical. Horizontal dynamic loads on
foundations are due mostly to earthquakes. These types of loading may induce
large permanent deformation in foundations. Isolated column footings, strip
footings, mat footings, and even pile foundations all may fail during seismic
events. Such failures are generally attributed to liquefaction (a condition where
the mean effective stress in a saturated soil reduces to zero, as explained in
Chapter 10). However, a number of failures have occurred where field conditions
indicate there was only partial saturation or a dense soil and therefore
liquefaction alone is a very unlikely explanation. Rather, the reason for the
seismic settlements of these foundations seems to be that the bearing capacity
was reduced (Richards, Elms and Budhu,1993).

Though large amount of information on the dynamic bearing capacity of
foundations is available in literature, it is mostly based on theoretical procedures
and not supported by field data. Hence most of such published studies are yet to
enter the design offices. Most of the important works on this topic are
summarized in this chapter.

However, one must keep in mind that, during the analysis of the time-
dependent motion of a foundation subjected to dynamic loading or estimating the
bearing capacity under dynamic conditions several factors need to be considered.
Most important of these factors are

a) nature of variation of the magnitude of the loading pulse,

b) duration of the pulse, and
c) strain-rate response of the soil during deformation

276
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Ultimate Dynamic Bearing Capacity

6.2 Bearing Capacity in Sand

The static ultimate bearing capacity of shallow foundations subjected to vertical
loading (Figure 6.1) can be given by the equation

1
g, =cN.S.d.+gN,S d, +§}/BN},S},d}, (6.1)
where q., = ultimate load per unit area of the foundation
y = effective unit weight of soil
q =MW

Dy = depth of foundation
B =width of foundation
¢ = cohesion of soil
N, N,, N, = bearing capacity factors which are only functions of the
soil friction angle ¢
S, Sy, S, = shape factors
d., dg, d,= depth factors

In sands, with ¢ = 0, Eq. (6.1) becomes

1
9, = aN,5,d, + VBN, S,d, (6.2)

Ultimate
load

Failure
surface

Failure
surface

Figure 6.1  Static ultimate bearing capacity of continuous shallow foundations
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The values of N, (Reissner, 1924) and N, (Caquot and Kerisel, 1953; Vesic,

1973) can be represented by the following equations:

N, = " Ptan? (45 + gj

N, =2(N, +tang

(6.3)

(6.4)

where ¢ is the angle of friction of soil. The values of N, and N, for various soil
friction angles are given in Table 6.1.

Table 6.1 Values® of Bearing Capacity Factors, N, and N,

¢ (deg) Ne N, | ¢(deg) N N,
0 1.00 0.00 26 11.85 12.54
27 13.20 14.47
1 1.09 0.07 28 14.72 16.72
2 1.20 0.15 29 16.44 19.34
3 1.31 0.24 30 18.40 22.40
4 1.43 0.34
5 1.57 045 31 20.63 25.99
32 23.18 30.22
6 1.72 0.57 33 26.09 35.19
7 1.88 0.71 34 29.44 41.06
8 2.06 0.86 35 33.30 48.03
9 2.25 1.03
10 247 1.22 36 37.75 56.31
37 42.92 66.19
11 2.71 1.44 38 48.93 78.03
12 2.97 1.69 39 55.96 92.25
13 3.26 1.97 40 64.20 109.41
14 3.59 2.29
15 3.94 2.65 41 73.90 130.22
42 85.38 155.55
16 4.34 3.06 43 99.02 186.54
17 4.77 3.53 44 115.31 224.64
18 5.26 4.07 45 134.88 271.76
19 5.80 4.68
20 6.40 5.39 46 158.51 330.35
47 187.21 403.67
21 7.07 6.20 48 222.31 496.01
22 7.82 7.13 49 265.51 613.16
23 8.66 8.20 50 319.07 762.89
24 9.60 9.44
25 10.66 10.88

* After Vesic (1973)
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The shape and depth factors have been proposed by DeBeer (1970) and Brinch
Hanson (1970):

Shape Factors
S, = 1+(£jtan¢ (6.5)
L
B
S, =1-0.4| — 6.6
y (Lj (6.6)
Depth Factors
Df : 2 D/"
For —<1, d,=1+2tan ¢(1 —sin ¢)° | — (6.7)
B B
dy=1 (6.8)
by _ _sino? tan”| 2L
For 2 >1, d;=1+2tan ¢ (1 —sin ¢)” tan 2 (6.9)
dy=1 (6.10)

In Egs. (6.5)-(6.10), B and L are the width and length of rectangular
foundations, respectively. For circular foundations, B is the diameter, and B = L.

The preceding equations for static ultimate bearing capacity evaluation are
valid for dense sands where the failure surface in the soil extends to the ground
surface as shown in Figure 6.1. This is what is referred to as the case of general
shear failure. For shallow foundations (i.e., D, / B < 1), if the relative density of

granular soils Rp is less than about 70%, local or punching shear failure may
occur. Hence, for static ultimate bearing capacity calculation, if 0 < Rp < 0.67,
the values of ¢ in Egs. (6.3)-(6.10) should be replaced by the modified friction
angle

¢ = tan""[(0.67 + R,, —0.75R}, ) tan ¢] (6.11)

The facts just described relate to the static bearing capacity of shallow
foundations. However, when load is applied rapidly to a foundation to cause
failure, the ultimate bearing capacity changes somewhat. This fact has been
shown experimentally by Vesic, Banks, and Woodward (1965), who conducted
several laboratory model tests with a 101.6 mm diameter rigid rough model
footing placed on the surface of a dense river sand (i.e., D, = 0), both dry and
saturated. The rate of loading to cause failure was varied in a range of
2.54 x 10~ mm/s to over 254 mm/s. Hence, the rate was in the range of static
(2.54 x 107 mm /s) to impact (254 mm/s) loading conditions. All but the four



280 Chapter 6

most rapid tests in submerged sand [loading velocity, (14.63-20.07 mm/s)]

showed peak failure loads as obtained in the case of general shear failure of soil.
The four most rapid tests in submerged sand gave the load-displacement

plots as obtained in the case of punching shear failure, where the failure planes

do not extend to the ground surface.
For surface footings (Dy = 0) in sand, g = 0 and d,= 1. So

1
q, = Y YBN,S,
or

q
—=N,S
(UR772: B

(6.12)

(6.13)

The variation of ¢, /(1/2)yB with load velocity for the tests of Vesic,
Banks, and Woodward (1965) is shown in Figure 6.2. It may be seen that, for
any given series of tests, the value of ¢, /(1/2)yB gradually decreases with the

loading velocity to a minimum value and then continues to increase.

500 t
\A\
400
— A
Submerged
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200 \ /0/,% he
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0.001 0.01 0.1 1 10 254

Loading velocity (mm/s)

Figure 6.2 Plot of bearing capacity factor versus loading velocity (after Vesic, Banks,

and Woodward, 1965)
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This, in effect, corresponds to a decrease in the angle of friction of soil by

about 2° when the loading velocity reached a value of about 50.8 x 10~ mmy/s.
Such effects of strain rate in reducing the angle of friction of sand has also been
observed by Whitman and Healy (1962), as described in Chapter 4.

Based on the experimental results available, the following general

conclusions regarding the ultimate dynamic bearing capacity of shallow
foundations in sand can be drawn:

1.

For a foundation resting on sand and subjected to an acceleration level of
amax < 13g, it is possible for general shear type of failure to occur in soil
(Heller, 1964).

For a foundation on sand subjected to an acceleration level of an. > 13g, the
nature of soil failure is by punching (Heller, 1964).

The difference in the nature of failure in soil is due to the inertial restrain of
the soil involved in failure during the dynamic loading. The restrain has
almost a similar effect as the overburden pressure as observed during the
dynamic loading which causes the punching shear type failure in soil.

The minimum value of the ultimate dynamic bearing capacity of shallow
foundations on dense sands obtained between static to impact loading range
can be estimated by using a friction angle ¢, such that (Vesic, 1973)

Py =02 (6.14)

The value of ¢, can be substituted in place of ¢in Egs. (6.2)-(6.10).

However, if the soil strength parameters with proper strain rate are known
from laboratory testing, they should be used instead of the approximate
equation [Eq. (6.14)].

The increase of the ultimate bearing capacity at high loading rates as seen in
Figure 6.2 is due to the fact that the soil particles in the failure zone do not
always follow the path of least resistance. This results in an higher shear
strength of soil, which leads to a higher bearing capacity.

In the case of foundations resting on loose submerged sands, transient
liquefaction effects (Chapter 10) may exist (Vesic, 1973). This may results in
unreliable prediction of ultimate bearing capacity.

The rapid increase of the ultimate bearing capacity in dense saturated sand at
fast loading rates is due to the development of negative pore water pressure
in the soil.

Example 6.1

A square foundation with dimensions B X B has to be constructed on a dense
sand. Its depth is Dy = 1 m. The unit weight and the static angle of friction of the
soil can be assigned representative values of 18 kN/m® and 39°, respectively. The
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foundation may occasionally be subjected to a maximum dynamic load of
1800 kN increasing at a moderate rate. Determine the size of the foundation
using a safety factor of 3.

Solution

Given that ¢ = 39° in the absence of any other experimental data, for minimum
ultimate dynamic bearing capacity

Py =9—2 =39-2=37"
From Eq. (6.2)
9, =9N,S,d, +57/BNySydy
q=7; =(18)(1)=18 kPa

For g, =37°, N, =42.92 and N, = 66.19.
S, = 1+(%)tan¢ =1 +tan 37°=1.754

S, = 1—0.4[£j =1-04=0.6
L

oy
d,=1+2tan ¢ (1 —sin ¢) ?

=1+2tan 37 (1 —sin 37’ (Ej _ 140239
L B
d,=1
Thus
0.239) 1
g, = (18)(42.92) (1.754) | 1+ to (18) (B) (66.19) (0.6) (1)
— 1355+ 222 4 35748 @)
Given
= 18003 o o

B2
Combining Eq. (a) and (b),

5400 3239

7~ 1355+ +357.4B (©)
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Following is a table to determine the value of B by trial and error. Clearly,
B=1.6m.

B 5400/B2 1355 + 323.9/B + 357.4B
(m) (kPa) (kPa)

2.0 1350 2331.75

1.5 2400 2107.00

1.6 2109 2133.00

Bearing Capacity in Clay

For foundations resting on saturated clays (¢ = 0 and ¢ = ¢,; i.e., undrained
condition), Eq. (6.1) transforms to the form

9, =¢,N.S.d.+qN,S d, (6.15)

(Note: N, =0 for ¢=0 in Table 6.1)

N.=5.14 (6.16)
and
N,=1 (6.17)
The values for S. and S, (DeBeer, 1970) and d. and d, (Brinch Hansen,
1970) are as follows:
N
Se=1+ (Ej —Z
L)\ N,
For ¢=0,

S.=1+ (Ej (Lj =1+ 0.1946(£j (6.18)
L)\514 L

S,=1+tan ¢

S, =1 (6.19)
D, D,

d.=1+04 — | for — <1 (6.20)
B B

_ (D) o Pr
d.=1+04tan 3 for 2 >1 (6.21)



284 Chapter 6
d,=1 (6.22)

Substituting Egs. (6.16)-(6.22) into Eq.(6.15),

B D, D,
g, =5.14¢,|1+0.1946| = ||| 1+04| —F f|+g  for —L<1| (623)

and

B -1 Df Df
q, =5.14c, 1+0.1946z 1+ 0.4tan 3 +q for?>1 (6.24)

The ultimate bearing capacity of foundations resting on saturated clay soils
can be estimated by using Egs. (6.23) and (6.24), provided the strain-rate
effect due to dynamic loading is taken into consideration in determination of the
undrained cohesion. Unlike the case in sand, the undrained cohesion of saturated
clays increases with the increase of the strain rate. This fact was discussed in
Chapter 4 in relation to the unconsolidated-undrained triaxial tests on Buckshot
clay. Based on those results, Carroll (1963) suggested that ¢, 4, / Cy(stary MAY be

u(stat

approximated to be about 1.5.

Load
o 3011 T
Y
AS
[ S
)

Figure 6.3 Definition of strain rate under a foundation
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For a given foundation, the strain rate £ can be approximated as (Figure

6.3)
E= (LJ (M) (6.25)
At B

where B is the width of the foundation.

Behavior of Foundations Under Transient
Loads

Triandafilidis (1965) has presented a solution for dynamic response of
continuous footing supported by saturated cohesive soil (¢ = 0 condition) and
subjected to a transient load. The rigid plastic analysis for the bearing capacity in
cohesive soils presented by Triandafilidis (1965) has been extended for
determination of the bearing capacity of continuous foundations resting on a c¢-¢
soil and subjected to a transient horizontal load by Prakash and Chummar (1967).
Both these two works considered a rotational mode of failure. However, it is
possible that a foundation may fail by vertically punching into the soil mass due
to the application of a vertical transient load. Wallace (1961) has presented a
procedure for the estimation of the vertical displacement of a strip foundation
with the assumption that the soil behaves as a rigid plastic material. In this
analysis, the failure surface in the soil mass is assumed to be of similar type as
suggested by Terzaghi (1943) for the evaluation of static bearing capacity of strip
foundations. Interested readers may refer to these articles.

Experimental Observation of Load-Settlement
Relationship for Vertical Transient Loading

A limited number of laboratory tests for observation of load-settlement
relationships of foundations under transient loading are available. (Cunny and
Sloan, 1961; Shenkman and McKee, 1961; Jackson and Hadala, 1964; Carroll,
1963). The experimental evaluations of these tests are presented in this section.
Load-settlement observations of square model footings resting on sand and
clay and subjected to transient loads have been presented by Cunny and Sloan
(1961). The model footings were of varying sizes from 114.3-228.6 mm squares
and were placed on the surface of the compacted soil layers. The transient loads
to which the footings were subjected were of the nature shown in Figure 6.4. The
nature of the settlement of footings with time during the application of the
dynamic load is also shown in the same figure. In general, during rise time (¢,) of
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Dynamic load

Footing settlement

Qd(max)i

Time, ¢

<l Law ke e —>

> Time, ¢

Smax

Figure 6.4 Nature of dynamic load applied to laboratory model footings

the dynamic load, the settlement of a footings increases rapidly. Once the peak
load [Qumax)] 1s reached, the rate of settlement with time decreases. However, the
total settlement of a footing continues to increase during the dwell time of the
load (¢4,) and reaches a maximum value (Sy.x) at the end of the dwell time.
During the decay period of the load (¢,.), the footing rebounds to some degree.

The results of the model footings tests on sand obtained by Cunny and Sloan are
given in Table 6.2. Also, the results of model tests for square surface footings on
clay as reported by Cunny and Sloan are shown in Table 6.3. Based on these
results, a few general observations may be made:

L.

The settlement of foundations under transient loading is generally uniform.
This can be seen by observing the settlement at three corners of the model
footings — both in sand and clay.

Footings under dynamic loading may fail by punching type of failure in soil,
although general shear failure may be observed for the same footings tested
under static conditions.

In Table 6.2, the 228 mm footing failed at a load of 11.52 kN under static
loading conditions. The total settlement after the failure load application was
66.55 mm. However, under dynamic loading conditions, when Q,1/Q, was
equal to 1.25 (Test 4), the settlement of the footing was about 10.16 mm.
Similarly, in Table 6.3, the static failure load Q, of the 114.3 mm footing
was 10.94 kN with a settlement of 50.8 mm. The same footings under
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dynamic loading with Qyiy/O, = 1.17 (Test 2) showed a total settlement of
about 17.78 mm.

Table 6.2 Load-Settlement Relationship of Square Footings on Sand Due to
Transient Loading®

Size of Q_d(1) Smax(mm)c
Test footin g Qu Qd(max) Qd( 1) Q t taw  tde
No. (mm) (kN> (kN) (kN) % (ms) (ms) (ms) Potd Pot2 Pot3

1 152x152 343 356 356 104 18 122 110 7.11 127 2.79
2 203x203 809 1397 1246 154 8 420 255 — — —

3 203x203 809 10.12 9.67 120 90 280 290 21.08 23.62 24.13
4 228x228 11.52 15.57 1446 125 11 0 350 10.16 10.67 10.16

 Complied from Cunny and Sloan (1961): Compacted dry unit weight of sand = 16.26 kN/m’;
relative density of compaction of sand = 96%; triaxial angle of friction of sand = 32°.

® Ultimate failure load tested under static conditions.

¢ Settlement of footings measured at three corners of each footing by linear potentiometer.

Table 6.3 Load-Settlement Relationship of Square Footings on Clay Due to
Transient Loading®

Size of &dﬁ) Sax(mm)©
Test footing Qu Qumay Quy Qu & tow tee
No. (mm) (kN)e  (kN)  (kN) % (ms) (ms) (ms) Pot1 Pot2 Pot.3
1 114x114 1094 1268 10.12 93 9 170 350 12.70 12.70 12.19
2 114x114 1094 13.79 1254 117 9 0 380 16.76 18.29 17.78
3 114x114 1094 1539 13.21 121 10 0 365 43.18 42.67 43.18
4 127x127 13.52 1592 13.12 97 9 0 360 14.73 13.97 13.97

 Complied from Cunny and Sloan (1961): Compacted moist unit weight =14.79-1547 kN/m?;
moisture content = 22.5 + 1.7%; ¢ = 115 kPa; ¢ = 4° (undrained test).

® Ultimate failure load tested under static loading conditions.

¢ Settlement of footings measured at three corners of each footing by linear potentiometer.

These facts show that, for a limiting settlement condition, a foundation can
support higher load under dynamic loading conditions than those observed from
static tests.

Dynamic Load versus Settlement Prediction in Clayey Soils

Jackson and Hadala (1964) reported several laboratory model tests on 114.3-
203.2 mm square footings resting on highly saturated, compacted, plastic
Buckshot clay. The tests were similar in nature to those described previously in
this section. Based on these results, Jackson and Hadala have shown that there is

a unique nondimensional relation between O, .y / B’c,andS, /B (¢, is

undrained shear strength). This is shown in Figure 6.5. Note that the tests on
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which Figure 6.5 are based have ¢;, = 0. However, for dynamic loads with
t4, > 0, the results would not be too different.

The preceding finding is of great practical importance in estimation of the
dynamic load-settlement relationships of foundations. Jackson and Hadala have
recommended the following procedure for that purpose.

1. Determine the static load Q versus settlement S relationship for a foundation
from plate bearing tests in the field.
2. Determine the unconfined compression strength of the soil ¢, in the
laboratory.
9. = 2c¢

u

3. Plot a graph of Q/ B’c, versus S, /B . (See Figure 6.6, curve a.)

Qd(max)
Bzcu
0 4 8 12 16
0 —]
0.2 A &
® Cart 9 \\\
e Cart 10 ‘Nm
A Cartll
Snax 0.4 =
B -~ I[‘ lde I
T o
Qd (max)
0.6 l
A\
t,=2to 16 ms
tge = 240 to 425 ms
0.8

Figure 6.5 Nondimensional relationship of Og(may) / B%c, and Simax) /B for model
footing tests in Buckshot clay (after Jackson and Hadala, 1964)
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Q Qd(max)
Bzcu ’ Bzcu
S
B
X 0.5x
Curve Curve b
a . .
. . D load
Static loading }Samlc oa m;r
Q Vs Sstat d(zmax) VS —max_
Bzc’u B B cu B
y \ 0.5y

Figure 6.6 Prediction of dynamic load-settlement relationship for foundations on clay

4. For any given value of S, /B, multiply Q/ B’c, by the strain rate factor
(=1.5) and plot it in the same graph. The resulting graph of S, /B versus
1.5Q/ B’c, will be the predicted relationship between Oy (max) / B’c, and

Sax /B - (See Figure 6.6, curve b.)

Example 6.2

The estimated static plate load bearing test results of a foundation resting on stiff
clay and 1.5 m in diameter are given below.

Q Settlement Q Settlement
(kN) (mm) (kN) (mm)

0 0 27.0 41.9

4.5 6.4 36.0 73.7

9.0 12.2 40.5 94.0
18.0 27.9 45.0 172.7

The unconfined compression strength of this clay was 160 kPa.
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a. Plot a graph of estimated S« /B versus Qd(max)/QBzcu assuming a strain-rate
factor of 1.5.

b. Determine the magnitude of the maximum dynamic load Qumax that
produces a maximum settlement Sy,,x 0of 0.15 m.

Solution

. 1 .
Given B=1.5 m= 1500 mm. and ¢, = ) (160) = 80 kPa, the following table can

be prepared.
Q Sstat SIB
(kN) (mm) (%) Q/B%c,  1.5Q/B%cy
(1) (2) 3) 4) (5
0 0 0 0 0
4.5 6.4 0.4267 0.025 0.037
9.0 12.2 0.8133 0.050 0.075
18.0 27.9 1.8600 0.100 0.150
27.0 41.9 2.7930 0.150 0.225
36.0 73.7 4.9130 0.200 0.300
40.5 94.0 6.2670 0.225 0.337
45.0 172.7 11.5130 0.250 0.375
Qd(max)
Bzcu
0 0 0.1 0.2 0.3 0.4
2 \\
®
4 \\
S 0,
3 (%) 6 °
8
10
\0
12

Figure 6.7
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Assuming S/B (Col.3) to be equal to Spe/B and 1.5 Q/B’c, to be equal to
Qd(max)/Bzcu, a graph can be plotted (Figure 6.7).

S 1
For Smax = 0.15 m, ﬂ:uxloo =10%
B 1.5

From Figure 6.7, the value of Qd(max)/B2cu corresponding to Sy./B = 10% is
about 0.348. Hence

Qumary = (0.348)(1.5%)(80) = 62.64 kN

Seismic Bearing Capacity and Settlement in
Granular Soil

In some instances, as stated before, shallow foundations may fail during seismic
events. Published studies relating to the bearing capacity of shallow foundations
in such instances are rare. In 1993, however, Richards et al. developed a seismic
bearing capacity theory that shall be detailed in this section. The theory is not
supported by field data.

Figure 6.8 shows a failure surface in soil assumed for the subsequent
analysis, under static conditions. Similarly, Figure 6.9 shows the assumed failure
under earthquake conditions. Note that, in the two figures,

a,, o, = inclination angles for active pressure conditions

and

Op, Op = inclination angles for passive pressure conditions

|
|
|
I
|
|
I
|
|
|

Figure 6.8 Assumed failure surface in soil for static bearing capacity analysis (Note:
ay =45 +¢'/2 and ap =45 -¢/2)
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| |
| |
| |
| |
| |

|
|

|
I

|
|

|
|

|
!

Figure 6.9 Assumed failure surface in soil for seismic bearing capacity analysis

According to this theory, the ultimate bearing capacities for continuous
foundations in granular soil are

and

where

Note that

and

where

1 . o
9, = 9N, +EyBN}, (Static conditions) (6.26)

1 ..
Gur = 9N +5}/BNy ¢ (Earthquake conditions) (6.27)

N, N, NN, = bearing capacity factors
9=7D;

N,and N, = (")

Nyand N, = f(¢’,tan6)

tan@ = ks

v

k, = horizontal coefficient of acceleration due to an earthquake
k, = vertical coefficient of acceleration due to an earthquake
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Using the failure surface shown in Figure 6.8, Richards, Elms and
Budhu (1993) provided the values of bearing capacity factors N, and N, . They

are given in Table 6.4.

Table 6.4  Bearing capacity factors

¢(deg) Nq N,
0 1.0 0
10 2.4 1.4
20 5.9 6.4
30 16.5 23.8
40 59.0 112.0

The variations of N, and N, with ¢are shown in Figure 6.10. Figure
6.11 shows the variations of N, /N,and N, /N, with tan@ and the soil

angle ¢’ based on this analysis.

Under static conditions, bearing capacity failure can lead to a
substantial sudden downward movement of the foundation. However, bearing
capacity related settlement in an earthquake is important and it takes place when

the ratio tan@=k,/(1—k,)reaches the critical value(k,/1-k,) . If k, =0,
then (k,/1—k,) becomes equal to k;.

Figure 6.12 shows the variation of k, (for k, =0) with the factor of
safety (FS) applied to the ultimate static bearing capacity [Eq. 6.26], with ¢’,
and with D, /B (for ¢” =30" and 40°).

The settlement of a strip foundation due to an earthquake using a sliding
block approach can be estimated (Richards, EIms and Budhu, 1993) as

S =0.174 V| ks 6.28
Eq (rn) =0.17 A_g 7 tanaAE ( . )
where V' = peak velocity for the design earthquake (m/sec)

A = acceleration coefficient for the design earthquake
g = acceleration due to gravity (9.81 m/sec?)

The values of &, and &, can be obtained from Figure 6.12 and Table 6.5,

respectively. This approach can be used to design a footing based on limiting
seismic settlements.
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120 7

100 /

80 !

Ngand Ny

Soil friction angle, ¢ (deg)

Figure 6.10 Variation of N, and N, based on failure surface assumed in Figure 6.8

Table 6.5  Variation of ¢, with k, and soil friction angle ¢’
(Compiled from Richards, Elms and Budhu, 1993)

tana

k; ¢/ — 200 ¢/ — 250 ¢/ — 300 ¢/ — 350 ¢, — 400

0.05 1.10 1.24 1.39 1.57 1.75
0.10 0.97 1.13 1.26 1.44 1.63
0.15 0.82 1.00 1.15 1.32 1.48
0.20 0.71 0.87 1.02 1.18 1.35
0.25 0.56 0.74 0.92 1.06 1.23
0.30 0.61 0.77 0.94 1.10
0.35 0.47 0.66 0.84 0.98
0.40 0.32 0.55 0.73 0.88
0.45 0.42 0.63 0.79
0.50 0.27 0.50 0.68
0.55 0.44 0.60

0.60 0.32 0.50
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Figure 6.11 Variation of N,z /N, and N,z /N, with tan@
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Example 6.3

A strip foundation is to be constructed on a sandy soil with B=12m,D, =0.9
m,y =17.6 kN/m’, and ¢" = 30°.

a. Determine the gross ultimate bearing capacityq,,. Assume that
k,=0andk, =0.176 .

b. If the design earthquake parameters are ' = 0.4 m/sec and 4 = 0.32,
determine the seismic settlement of the foundation. Use FiS = 3 to obtain the
static allowable bearing capacity.

Solution:

a. From Figure 6.10, for ¢" =30",N, =16.51and N, = 23.76. Also,

tan@ = ky = M =0.176
1-k, 1-0
For tan8 = 0.176, Figure 6.11
N N
£ -04 and —£ ~0.63
N, N,
Thus,
N, = (0.4)(23.76)=9.5
Ng =(0.63)(16.51)=10.4
and

1
Gur = 4N 5 +§7/BN}/E

=(17.6xo.9)(1o.4)+Gj(m)(l.z)(gs)

=265.06 kPa

b. For the foundation,

D,
_f:£:0_75
B 1.2
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From Figure 6.12, forg’ =30°, FS = 3, ande/B =0.75, the value of
k, = 0.26 . Also, from Table 6.5, for k, =0.26, the value of taner,, = 0.92.

From Eq. (6.28), we have

2 [ T
k
Sgq (m) =0. 1742—4?"} tana

with V'=0.4 m/sec,

it follows that

~ 0.267" (0.4)*
Sy = 0'174[@} (0.92)W

=0.0187 m =18.7 mm

Problems

6.1 A 0.9 m square shallow foundation is supported by dense sand. The
relative density of compaction, unit weight, and angle of friction (static)
of this sand are 75%, 19.2 kN/m’, and 38%, respectively. Given the
depth of the foundation to be 0.9 m, estimate the minimum ultimate
bearing capacity of this foundation that might be obtained if the vertical
loading velocity on this foundation were varied from static to impact
range.

6.2 Redo Problem 6.1 with the depth of the foundation as 1.40 m.

6.3 Redo Problem 6.1 with the following:

Foundation width = 1.6 m
Foundation depth = 0.75 m
Angle of friction of sand = 35°
Unit weight of compacted soil = 17.4 kN/m’
Relative density of the compaction of sand = 80%

6.4 A rectangular foundation has a length L of 2.5 m. It is supported by a
medium dense sand with a unit weight of 17 kN/m’. The sand has an
angle of friction of 36°. The foundation may be subjected to a dynamic
load of 735 kN increasing at a moderated rate. Using a factor of safety
equal to 2, determine the width of the foundation. Use Dy = 0.8 m.

6.5 A foundation 2.25 m square is supported by saturated clay. The unit
weight of this clay is 18.6 kN/m’. The depth of the foundation is 1.2 m.
Determine the ultimate bearing capacity of this foundation assuming that
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the load will be applied very rapidly. Given the following for the clay

[laboratory unconsolidated-undrained triaxial (static) test results]:

Undrained cohesion, ¢, =90 kPa

Strain-rate factor = 1.4
6.6 Redo Problem 6.5 with the following changes:
Foundation width =1.5m
Foundation length =2.6 m
Foundation depth =1.75 m
6.7 A clay deposit has an undrained cohesion (static test) of 90 kPa. A static
field plate load test was conducted with a plate having a diameter of

0.5 m. When the load per unit area ¢ was 200 kPa, the settlement was

20 mm.

a. Assume that, for a given value of ¢, settlement is proportional to the
width of the foundation. Estimate the settlement of a prototype
circular foundation in the same clay with a diameter of 3 m (static
loading).

b. The strain-rate factor of the clay is 1.4. If a vertical transient load
pulse were applied to the foundation as given in part (a), what would
be the maximum transient load (in kN) that will produce the same
maximum settlement (Sy,,) as calculated in part (a)?
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Earthquake and Ground Vibration

7.1

7.2

Introduction

The study of earthquakes is important for scientific, social and economic reasons.
Earthquakes attest to the fact that dynamic forces are operating within the earth.
Stress builds up through time, storing strain energy and earthquakes represent the
release of this stored strain energy.

The ground vibrations due to earthquake have resulted in several major
structural damages in the past. In the North American continent, earthquakes are
believed to originate from the rupture of faults. The ground vibration resulting
from an earthquake is due to the upward transmission of the stress waves from
rock to the softer soil layers(s). In recent times, several major studies have been
performed to study the nature of occurrence of earthquakes and the associated
amount of energy released. Also, modern techniques have been developed to
analyze and estimate the physical properties of soils under earthquakes conditions
and to predict the ground motion. These developments are the subjects of
discussion in this chapter.

Definition of Some Earthquake-Related Terms

Focus (or hypocenter): The focus of an earthquake is a point below the ground
surface where the rupture of a fault first occurs (point £ in Figure 7.1a).
Focal Depth: The vertical distance from the ground surface to the focus (EF in
Figure 7.1a). The maximum focal depth of all earthquakes recorded so far does
not exceed 700 km, because they are confined to the rigid lithosphere, which can
undergo brittle fracture.

Focal depths are normally related the type of plate boundary from which
earthquakes are originating. Based on focal depth, earthquakes may be divided
into the following three categories:

300
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Figure 7.1  Definition of focus and epicenter: (a) section; (b) plan

1. Deep-focus earthquakes: These have focal depths of 300 — 700 km. They
constitute about 3% of all earthquakes recorded around the world and are
mostly located in the Circum-Pacific belt.

2. Intermediate-focus earthquakes: These have focal depths of 70 — 300 km.

3. Shallow-focus earthquakes: The focal depth for these is less than 70 km.
About 75% of all the earthquakes around the world belong to this category.
The California earthquakes have focal depths of about 10 — 15 km.

Epicenter: The point vertically above the focus located on the ground
surface (point £ in Figure 7.1).

Epicentric Distance: The horizontal distance between the epicenter and the
given site (line £4 in Figure 7.1).

Hypocentric Distance: The distance between a given site and the focus (line
FA in Figure 7.1a).

Effective Distance to Causative Fault: The distance from a fault to a given
site for calculation of ground motion (Figure 7.2).
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This distance is commonly presumed to be the epicentric distance. This type of
assumption, under circumstances, may lead to gross errors. It can be explained
with reference to Figure 7.2, which shows the plans of two cases of fault
rupture. In Figure 7.2a, the length of the fault rupture L is small as compared
to the epicentric distance EA. In this case, the effective distance could be taken
to be equal to the epicentric distance. However, a better estimate of the
effective distance is B4 (B is the midpoint of the ruptured fault). Figure 7.2b
shows the case where the length of the fault rupture is large. In such
circumstances, the length AC is the effective distance, which is the perpendicular
distance from the site to the line of fault rupture in the plan.

Intensity: An arbitrary scale developed to measure the destructiveness of an
earthquake at the surface. It is qualitative and is based on the damage caused by
the earthquake. The same earthquake may have different intensities at two
different locations depending on: soil conditions, ground water location and type
of construction at that particular location. It is worth noting that there are several
intensity scales available in the literature and the Modified Mercalli Scale
(reported in Roman numerals) is presently in use in the United States for that
purpose, divided into 12 degrees of intensity. An abridged version of the
Modified Mercalli Scale is given in Table 7.1.

(b)

Figure 7.2  Effective distance from a site to the causative faults (Note: L is the length of
the fault rupture.)
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Table 7.1 Abridged Modified Mercalli Intensity Scale®

Intensity Description
I Detected only by sensitive instruments
II Felt by a few persons at rest, especially on upper floors; delicate
suspended objects may swing
I Felt noticeably indoors, but not always recognized as a quake;
standing autos rock slightly, vibration like passing trucks
v Felt indoors by many, outdoors by a few; at night some awaken;
dishes, windows, doors disturbed; motor cars rock noticeably
v Felt by most people; some breakage of dishes, windows and
laster; disturbance of tall objects
VI Felt by all; many are frightened and run outdoors; falling plaster
and chimneys; damage small
Vil Everybody runs outdoors; damage to building varies, depending
on quality of construction; noticed by drivers of autos
VIII Panel walls thrown out of frames; fall of walls, monuments,
chimneys; sand and mud ejected; drivers of autos disturbed
IX Buildings shifted off foundations, cracked, thrown out of plumb;
ground cracked; underground pipes broken
X Most masonry and frame structures destroyed; ground cracked;
rails bent; landslides
X1 New structures remain standing; bridges destroyed; fissures in
ground; pipes broken; landslides; rails bent
XII Damage total; waves seen on ground surface; lines of sight and

level distorted; objects thrown up into air.

* After Wiegel, R. W. (1970).

Earthquake Magnitude

Magnitude: Is a measure of the size of an earthquake, based on the amplitude of
elastic waves it generates, at known distances from the epicentre, using
seismographs. The magnitude scale presently in use was first developed by C. F.
Richter. The historical developments of the magnitude scale have been
summarized by Richter himself (1958).

Richter’s earthquake magnitude is defined by the equation

logio E=11.4+ 1.5M (7.1)

where E is the energy released (in ergs) and M is magnitude. Bath (1966) slightly
modified the constant given in Eq. (7.1) and presented it in the form

logio E = 12.24 + 1.44M (7.2)
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From Eq. (7.2), it can be seen that the increase of M by one unit will
generally correspond to about a 30-fold increase of the energy released () due to
the earthquake. A comparison of the magnitude M of an earthquake with the
maximum intensity of the Modified Mercalli Scale is given in Table 7.2. Table 7.3
gives a list of some of the past major earthquakes around the world with their
magnitudes.

The Richter scale is based on P — wave amplitudes. Similarly there are
other magnitude scales in use that use surface wave amplitudes. Of late,
seismologists are using moment magnitude, My, as body and surface wave
magnitudes saturate for large earthquakes.

My, =[(log,y M,)/1.5-10.73]

where M, is the seismic moment. Seismic moment is a function of the area of
fault rupture, average displacement across the fault during earthquake and shear
modulus of the rock.

As mentioned previously, the main cause of earthquakes is the rupture of
faults. In general the length of fault rupture, the greater the magnitude of an
earthquake. Several relations for the magnitude of the earthquake and the length
of fault rupture have been presented by various investigators (Tocher, 1958;
Bonilla, 1967; Housner, 1969). Tocher (1958), based on observations of some
earthquakes in the area of California and Nevada, suggested the relationship

logL=1.02M-5.77 (7.3)

where L is the length of fault rupture (kilometers).

Based on Eq. (7.3), it can be seen that for an earthquake of magnitude 6, the
length of fault rupture is about 2.3 km. However, when the magnitude is
increased to 8, the length of fault rupture associated is about 250 km.

Table 7.2 Comparison of Richter Scale Magnitude
with the Modified Mercalli Scale

Richter scale Maximum intensity,
Magnitude, M Modified Mercalli Scale

1 _

2 L1l

3 I

4 v

5 VI, VII

6 VIII

7 IX, X

8 XI
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Table 7.3 Some Past Major Earthquakes

Name Epicenter Location Date Magnitude
Alaska 61.1°N, 147.5°W  March 27, 1964 8.4
Chile (South America) 38°S,73.5W May 22, 1960 8.4
Colombia (South America) 1°N, 82°W January 31, 1906 8.6
Peru (South America) 9.2°8§,78.8° W May 31, 1970 7.8
San Francisco, California 38°N, 123° W April 18, 1906 8.3
Kern County, California 35°N, 119°'W July 21, 1952 7.7
Dixie Valley, Nevada 39.8°N, 118.1° W December 16, 1954 6.8
Hebgen Lake, Montana 44.8°N, 111.1°W August 17, 1959 7.1

Characteristics of Rock Motion During an
Earthquake

The ground motion near the surface of a soil deposit is mostly attributed to the
upward propagation of shear waves from the underlying rock or “rocklike” layers.
The term rocklike implies that the shear wave velocity in the material is similar to
that associated with soft rocks. The typical range of shear wave velocities in hard
rocks such as granite is about 3050 — 3660 m/s. Shear wave velocities associated
with soft rocks can be in the low range of 762 — 915 m/s. However, the rocklike
material may not exhibit the characteristics associated with hard base rocks (Seed,
Idriss, and Kiefer, 1969). Hence, for arriving at a solution of the nature of ground
motion at or near the ground surface, one needs to know some aspects of the
earthquake-induced motion in the rock or rocklike materials. The most important
of these are

e duration of the earthquake,
e predominant period of acceleration, and
e maximum amplitude of motion.

Each of these factors has been well summarized by Seed, Idriss, and Kiefer.

Duration of an Earthquake

Duration of an earthquake is related to the magnitude, but not in a perfectly strict
sense. In general, it can be assumed that the duration of an earthquake will be
some what similar to that of the fault rupture. The rate of propagation of fault
rupture has been estimated by Housner (1965) to be about 3.2 km/s. Based on
this, Housner has estimated the following variation of the duration of fault rupture
with the magnitude of an earthquake.
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Magnitude of earthquake Duration of fault break
(Richter scale) (s)
5 5
6 15
7 25-30

It may be noted that the approximate duration of fault rupture can be estimated
from Eq. (7.3). Once the length of rupture L for a given magnitude of earthquake
is estimated, the duration can be given by L/(velocity of rupture).

Predominant Period of Rock Acceleration

Gutenberg and Richter (1956) have given an estimate of the predominant periods
of accelerations developed in rock for California earthquakes. Similar results for
earthquakes of magnitude M > 7 have been reported by Figueroa (1960). Using
these results, Seed, Idriss, and Kiefer (1969) developed a chart for the average
predominant periods of accelerations for various earthquakes magnitudes.
This is shown in Figure 7.3. Note that in this figure the predominant periods are
plotted against the distance from the causative fault (Figure 7.2).

1.2

7.5

1.0

0.8

0.6

Predominant period (s)

0.4

———

0.2

0 80 160 260 320
Distance from causative fault (km)

Figure 7.3  Predominant period for maximum rock acceleration (after Seed, Idriss, and
Kiefer, 1969)
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Maximum Amplitude of Acceleration

The maximum amplitude of acceleration in rock in the epicentric region for
shallow earthquakes [focal depth about 16 km] can be approximated as
(Gutenberg and Richter, 1956)

log ap=—2.1+0.81 M—0.027 M* (7.4)

where aj is the maximum amplitude of acceleration.

At any other point away from the epicenter, the magnitude of the maximum
amplitude of acceleration decreases. Relations for the attenuation factor of
maximum acceleration have been given by Gutenberg and Richter (1956),
Banioff (1962), Esteva and Rosenblueth (1963), Kanai (1966) and Blume (1965).
Based on these studies, Seed, Idriss, and Kiefer (1969) have given the average
values of maximum acceleration for various magnitudes of earthquakes and
distances from the causative faults. These are given in Figure 7.4.

0.4

NN

Maximum acceleration (g)

7

6.5
0.1

\
\
\\\
0
0 40 80 120 160

Distance from causative fault (km)

Figure 7.4  Variation of maximum acceleration with earthquake magnitude and distance
from causative fault (after Seed, Idriss, and Kiefer, 1969)
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7.5

Vibration of Horizontal Soil Layers with
Linearly Elastic Properties

As stated before, the vibration of the soil layers due to an earthquake is due to the
upward propagation of shear waves from the underlying rock or rocklike layer.
The response of a horizontal soil layer with linearly elastic properties, developed
by Idriss and Seed (1968), is presented in this section.

Homogeneous Soil Layer

Figure 7.5 shows a horizontal soil layer of thickness A underlain by a rock or
rocklike material. Let the underlying rock layer be subjected to a seismic motion
ug that is a function of time ¢. Considering a soil column of unit cross-sectional
area, the equation of motion can be written as

Surface

Column of uniform
/ cross-sectional
area

Base

ug(?)

Figure 7.5  Cross section and boundary conditions of a semi-infinite soil layer subjected
to a horizontal seismic motion at its base



Earthquake and ground vibration 309

o u u 9 Ju ’u
—+ ——— | Gly)=—|=- £ 7.5
where u = relative displacement at depth y and time ¢

G(y) = shear modulus at depth y
c(y) = viscous damping coefficient at depth y
p(y) = density of soil at depth y
The shear modulus can be given by the equation (see the discussion in Chapter 4)
G() = 4" (7.6)

where 4 and B are constant depending on the nature of the soil.

Substituting Eq. (7.6) into Eq. (7.5), we obtain

2 9’
o“u Ju i|:A Ba_u:|=_p Ug (7.7)

P2 %% | e o

For the case of B # 0 (but < 0.5), using the method of separation of variables, the
solution to Eq. (7.7) can be given in the form

u(y,0)= 3, Y, X, ) (7.8)
n=1
where
1 b b/6 1/6
r(v) = (Eﬂn) r(t-5) (%) Jb[ﬂn (%] } (7.9)
and
X,+2D,w,X, +w, X, =—R,jii, (7.10)

J, is the Bessel function of first kind of order — b, /3, represents the roots of
JyB)=0,n=1,2, 3..., and the circular natural frequency of nth mode of
vibration is

, =

'B"— vA/p (7.11)

BHI/G

The damping ratio in the nth mode is
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1
D, =2 (7.12)

and I' is the gamma function,

-1

1+b
R, =[(§ﬂn) T(1-56)J,,(8,) (7.13)

The terms b and @ are related as follows:

BO—0+2h=0 (7.14)
and
BO-20+2=0 (7.15)

For detailed derivations, see Idriss and Seed (1967).

For obtaining the relative displacement at a depth y, the general procedure is
as follows:

1. Determine the system shape Y,(y) during the nth mode of vibration
[Eq. (7.9)].

2. Determine X,(#) from Eq. (7.10). This can be done by direct numerical step-
by-step procedure (Berg and Housner, 1961; Wilson and Clough, 1962) or
the iterative procedure as proposed by Newmark (1962).

3. Determine u(y, f) from Eq. (7.8).

4. The relative velocity [ u (y,f)], relative acceleration [ i (y, £)], and strain du/dy
can be obtained by differentiation of Eq. (7.8).

5. The values of total acceleration, velocity, and displacement can be obtained as

Total acceleration = # + iig

Total velocity = u + u,

Total displacement = u + u,
The values of #, and u, can be obtained by integration of the acceleration record

&g
Lii, (1))

Special Cases

Cohesionless Soils: In the case of cohesionless soils, the shear modulus
[Eq. (7.6)] can be approximated as
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Assuming the latter to be representative (i.e., B = 1/3), Egs. (7.14) and (7.15)
can be solved, yielding

b=04and 8 =12
Hence, Egs. (7.9)—(7.11) take the following form:

1/3 5/6
Kz<y)=(§ﬂn)°‘4r(0-6)(%) Jo.{ﬂn(ﬁ) ] (7.16)

1.4 -1
X, +2D,0,X, +w; X, =i, [(ﬂ?j (0.6)Jy6 (ﬂn)} (7.17)

and

o = B.NAlp

=T (7.18)
(Note: B, =1.7510, 3, = 4.8785, = 8.0166, 3, = 11.1570....)

Cohesive Soils: In cohesive soils, the shear modulus may be considered to
be approximately constant with depth; so, in Eq. (7.6), B=0 and

G(y)=4 (7.19)

With this assumption, Eqgs. (7.9)—(7.11) are simplified as

Y,(y) = cosB(zn 1) (ﬁﬂ (7.20)
X, +2D,0,X, + 02X, = (~-1)" {ﬁ}ug (7.21)

and
o, = [%} % (722)

Computer programs for determination of acceleration, velocity, and
displacement of soil profiles for these two special cases can be found in Idriss and
Seed (1967, Appendix C).



312 Chapter 7

An example of a solution for cohesionless (granular) soil is given in Figure
7.6. Figure 7.7 shows the variation of shear modulus, maximum shear strain, and
maximum shear stress with depth for the same soil layer shown in Figure 7.6.
For this example,
H =30m
Total unit weight of soil = y = 19.65 kN/m’
Effective unit weight of soil = ¥’ = 9.43 kN/m’
Shear modulus of soil =4.79 x 10° y'” kPa
D =0.2 (for all modes, n =1, 2,.. o)

T 50

\\/\/\/\/\-/ ’
! 50
T 75

Velocity (cm/s)  Displacement (cm)

N N,
\/\/J vvj\/M

75
T 04 —~
L9
Surface A M\ A [\ g
motion =
NN TANANSSY-VIV N PR
Y4y, )\/ \\/ v V 5
8
0.4 <

0 5 10

Time (s)

. %] Base
*..*:] motion

30m f

Acceleration (g)

<
~

(=]
(9)]
—_
(=]

Time (s)

Figure 7.6  Surface response of layer with modulus proportional to cube root of depth
(after Idriss and Seed, 1968)
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Shear modulus x 10-3 Maximum shear Maximum shear
(kPa) strain (%) stress (kPa)
0 25 6 04 0 100
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100
— E A
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E = 0 7 N\ ,\/\ /\ v/\l\/\
‘3 IV Y
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8=
w g |
100 0 s 0

Time (s)
Figure 7.7  Stress and strain developed within the layer of soil shown in Figure 7.6
(after Idriss and Seed, 1968)

For a discussion on the damping coefficient of soil under earthquake conditions,
see Chapter 4.

Layered Soils

If a soil profile consists of several layers of varying properties that are linearly
elastic, a lumped mass type of approach can be taken (Idriss and Seed, 1968).
These lumped masses (1, mo,...,my) are shown in Figure 7.8. Note

— (7.23)

g

where m, is a lumped mass placed at the top of soil layer 1, y,is the unit weight
of soil in layer 1, 4, is the half thickness of soil layer 1, and

- h +vh
my =TT s s N (7.24)
g

These masses are connected by springs which resist lateral deformation.
The spring constant can be given by

k= 2— i=1,2,...,N (7.25)
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Layer 2 ky

(]
(]

Layeri-1

Layer i

Layer N

Figure 7.8 Lumped mass idealization of horizontal soil layers

where £; is the spring constant of the spring connecting the masses m; and m; - 1,
and G; is the shear modulus of layer .

The equation of motion of the system can be given by the expression
[M ]} +[Cliu} +[K{uj = {R(D); (7.26)

where [M] is a matrix for mass, [C] is a matrix for viscous damping, [K] is the
stiffness matrix, and {u}, {u}, and {ii} are relative displacement, relative
velocity, and relative acceleration vectors, respectively. The matrices [M], [C],
and [K] are of the order N (the number of layers considered). The matrix [M] is a
diagonal matrix such that
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dlag[M] = (mla myp, ms, ..., mN) (727)

The matrix [K] is tridiagonal and symmetric and

K =k

K,: i7|+ki fori:j
K,:—kl forl:J—l
Kj; ==k fori=j+1

All other Kj; are equal to zero.
The load vector {R(?)} is

{R(t)} = — col (my, ms,....my)ii, (7.28)

A computer program for solution of Eq. (7.26) is given in Idriss and Seed
(1967, Appendix C). The general outline of the solution is as follows:

1. The number of layers of soil (V) and the mass and stiffness matrices are first
obtained.

2. The mode shapes and frequencies are obtained from the characteristic value
problem as

[K1{¢"} = 0, [M1{g"} (7.29)

where ¢ is the mode shape at the ith level during the nth mode of vibration
and w, is the circular frequency at the nth mode of vibration.

3. Eq. (7.26) is then reduced to a set of uncoupled normal equations. The normal
equations are solved for the response of each mode at each instant of time.
The relative displacements at level i can then be expressed as

N
u () =Y, ¢'X,(t) (7.30)

n=1

where X,(¢) is the normal coordinate for the nth mode and u,(¢) is the relative
displacements at the ith level at time .

4. The relative velocity [u;(¢)] and the relative acceleration [i;(¢)] can be
obtained by differentiation of Eq. (7.30), or

N
(0= ¢'X, () (7.31)

n=1

N
i, (1) = Y, ¢ X, (1) (7.32)

n=1
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5. The total acceleration, velocity, and displacement at level i and time ¢ can be
given as follows:

Total acceleration = i;(f) + iy,
Total velocity = u;(f) + uy
Total displacement = u; (¢) + ug

6. The shear strain between level i and i + 1 can be expressed as
Shear strain [u; (t) —u;,1(¢)]/2h; (7.33)

7. The shear stress between level i and i + 1 can now be obtained as

7;(¢) = (Shear strain)G (7.34)

Degree of Accuracy and Stability of the Analysis

The degree of accuracy of the lumped mass solution depends on the number of
layers of soils used in an analysis. (Note: The value of the shear modulus for each
layer is assumed to be constant.) In order to select a reasonable number of layers
N with a tolerable degree of accuracy, Idriss and Seed (1968) prepared the graph
shown in Figure 7.9, where ERS means the percentage of error in the lumped
mass representation.

50

ERS =1%

10
5%

\

1 [ | | [

0.01 0.1 1.0
Period, T (s)

Figure 7.9  Plot of N versus, T; for equal values of ERS (after Idriss and Seed, 1968)
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The use of this figure can be explained as follows:
Let the height, shear modulus, and unit weight of the ith layer of soil be H,,
G;, and y; respectively. The fundamental frequency of this layer can be obtained

from Eq. (7.22) as

Oy = {(2”;1)“} G,

21, [\ pi

= T i for n=1
2H; )\ p;

Hence, the fundamental period can be given by

2n 4H,;
Ty =——= (735)

D GiEglY

where g is acceleration due to gravity.

Using the value of this, 7} and a given value of ERS, the value of N; can be
obtained from Figure 7.9; this is number of layers into which the ith layer has to
be divided for the analysis of the ground vibration. Since this needs to be done for
each layer of soil,

N=YN, (7.36)

For the stability of the lumped mass solution, Idriss and Seed (1978) have
suggested the following condition.

For the step-by-step solution (Berg and Housner, 1961; Wilson and Clough,
1962):

Tay = 2At (7.37)

For Newmark's iterative solution (1962)

Ty = SAt (7.38)

where At is the time interval used for integrating the normal equations and Ty is
the lowest period included in the analysis. Note that this corresponds to the
highest mode of vibration.

General Remarks for Ground Vibration Analysis

First of all, it should be kept in mind that soil deposits, in general, tend to amplify
the underlying rock motion to some degree.
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Secondly, for appropriate analysis of ground motion due to an earthquake, it
is necessary that an earthquake acceleration — time record be available at the level
of the bedrock or bedrock-like material for a given site. The design accelerogram
can be obtained by selecting an actual motion, which has been recorded in the
past, of a somewhat similar magnitude and fault distance as the design conditions.
This accelerogram is then modified by taking into account the differences
between the recorded and design conditions. This modification can be better
explained by the following example.

Let the design earthquake be of magnitude 7 and the site be located at a
distance of 80 km. Hence, its predominant period at bedrock or bedrocklike
material is 0.4 s (Figure 7.3) and the maximum acceleration is of the order of
0.04g (Figure 7.4). The estimated duration of this earthquake is about 30 sec
(equal to the duration of the fault break; Section 7.4). Also, let the recorded
earthquake have a predominant period of 0.45 s, maximum acceleration of 0.05g,
and a duration of 40 s. The recorded earthquake may now be modified by
reducing the ordinates (i.e., magnitudes of acceleration) by 0.04/0.05 = 4/5 and

by compressing the time scale by 0.40/0.45 =8/9. This results in a maximum

acceleration of 0.04g with a predominant period of 0.4 s and a duration of 35.5 s.
The first 30 s of this accelerogram can now be taken for the analysis of ground
motion.

Appropriate parts of an accelerogram could be repeated to obtain the
desired period of predicted significant motion.

Example 7.1

In a soil deposit, a clay layer has a thickness of 16 m. The unit weight and the
shear modulus of the clay soil deposit are 17.8 kN/m® and 24,000 kPa,
respectively. Determine the number of layers into which this should be divided so
that the ERS in the lumped mass solution does not exceed 5%.

Solution

Given that H;= 16 m and G; = 24,000 kPa,

T 4H, (4)(16)

- =0.566's
JGig/vi |J(24,000x9.81)/17.8

From Figure 7.9, with Ty = 0.556 s and ERS = 5%, the value of V; is equal to 3.
Thus, this clay layer should be subdivided into at least 3 layers with thickness of
5.33 m each.
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Other Studies for Vibration of Soil Layers Due
to Earthquakes

In the preceding section, for the evaluation of the ground vibration, it was
assumed that

1. the soil layer(s) possess linearly elastic properties, and
2. the soil layer(s) are horizontal.

Under strong ground-shaking conditions, the stress-strain relationships
may be of the nature shown in Figure 7.10a, and not linearly elastic. This type of
stress-strain relationship can be approximated to a bilinear system as shown in
Figure 7.10b and the analysis of ground vibration can then be carried out.

The lumped mass type of solution using bilinear stress-strain
relationships of horizontally layered soils (Figure 7.11) have been presented by
Parmelee et al. (1964) and Idriss and Seed (1967, 1968), whose works may be
examined for further details.

Studies of the vibration of soils with sloping boundaries have also been
made by Idriss, Dezfulian, and Seed (1969) and Dezfulian and Seed (1970). This
involves a finite element method of analysis. For a computer program of such an
analysis, refer to Idriss, Dezfulian, and Seed.

Shear stress
.
<

¥
Q
2

Shear stress

Gy

Shear strain

(a) (b)

Figure 7.10 Shear stress-strain characteristics of soil: (a) stress-strain curve; (b) bilinear
idealization
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Figure 711 Lumped parameter solution of a semi-infinite layer: bilinear solution (after
Idriss and Seed, 1968)

Equivalent Number of Significant Uniform
Stress Cycles for Earthquakes

In the study of soil liquefaction of granular soils (Chapter 10), it becomes
necessary to determine the equivalent number of significant uniform stress cycles
for an earthquake that has irregular stress-time history. This is explained with the
aid to Figure 7.12. Figure 7.12a shows the irregular pattern of shear stress on a
soil deposit with time for an earthquake. The maximum shear stress induced is
Tax - This irregular stress-time history may be equivalent to uniformly intense



Earthquake and ground vibration 321

Shear stress
Shear stress

V Time T Time

(a)

Figure 7.12 Equivalent uniform stress cycles: (a) irregular stress-time history;
(b) equivalent uniform stress — time history

N number of cyclic shear stresses of maximum magnitude equal to A7, (Figure
7.12b). The term equivalent means that the effect of the stress history shown in
Figure 7.12a on a given soil deposit should be the same as the uniform stress
cycles as shown in Figure 7.12b. From the point of view of soil liquefaction, this
fact has been studied by Lee and Chan (1972), Seed et al. (1975), Seed (1976,
1979), and Valera and Donovan (1977).

The basic procedure involved in developing the equivalent stress cycles is
fairly simple and has been described by Seed et al. (1975). This is done by using
the results of the soil liquefaction study by simple shear tests obtained by DeAlba,
Chan, and Seed (1975). Figure 7.13 shows a plot of 7/7,,, against the equivalent

number of uniform cyclic stresses N at a maximum stress magnitude of 0.65 7, .

This means, for example, that one cycle of shear stress of maximum magnitude of
7 is equivalent to three cycles of shear stress of maximum magnitude

0.657,,,  Similarly, one cycle of shear stress with maximum magnitude of
0.75 7,,,,, 1s equivalent to 1.4 cycles of shear stress with a maximum magnitude of
0.657,,  Figure 7.13 can be used to evaluate the values of N for various
earthquakes for a maximum magnitude of uniform cyclic shear stress level
equaling 0.65 7. (Note: = 0.65.) This can be most effectively explained by a
numerical example. While doing this, one must recognize that, within the top 6 —7
m of a given soil deposit, the cyclic shear stress — time history of an earthquake is
similar in form to the acceleration — time history at the ground surface.
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Figure 7.14  San Jose earthquake record, 1955 (after Seed et al., 1975)

The acceleration — time history for the San Jose earthquake (1955) is shown in
Figure 7.14. Note that the maximum acceleration in this case is 0.106 g. Hence,
T,..x 1S proportional to  0.106 g. In order to determine &, one needs to prepare

Table 7.4. This can be done in the following manner.

1. Looking at Figure 7.14, determine the number of stress cycles at various
stress levels such as 7, 0957, . 097, ... above the horizontal axis

(col. 2) and below the horizontal axis (col. 5).
2. Determine the conversion factors from Figure 7.13 (cols. 3 and 6).
3. Determine the equivalent number of uniform cycles at a maximum stress
level of 0.65 7, (cols. 4 and 7).
col. 2 x col. 3 =col. 4
and
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col. 5 x col. 6=col. 7

4. Determine the total number of equivalent stress cycles at 0.65 7, above and
below the horizontal axis.

1 . .
5. N= 5 (equivalent no. of cycles above the horizontal

+ equivalent no. of cycles below the horizontal)

Table 7.4 Example of Determination of Equivalent Uniform Cyclic Stress Series
from Figure 7.14°

Above horizontal axis Below horizontal axis
Equivalent Equivalent
No. of no. of No. of no. of
Stress level stress Conversion cyclesat stress Conversion cycles at
(®7,,) cylces factor 0657, cycles factor 0.657,,,
(1) (2) 3) 4) (5) (6) (7)
1.00 1 3.00 3.00
0.95
0.90 - - -
0.85 - - - 1 2.05 2.05
0.80 - - - 1 1.70 1.70
0.75 — — —
0.70 — — —
0.65 - - -
0.60 1 0.70 0.70
0.55 1 0.40 0.40 1 0.40 0.40
0.50
0.45
0.40 1 0.04 0.04 1 0.04 0.04
0.35 2 0.02 0.04 1 0.02 0.02
Total 4.2 Total 4.2

Average number of cycles of 0.65 7, =4.2

Seed et al. (1975)

Equivalent numbers of uniform stress cycles (at a maximum level of
0.657,,. ) for several earthquakes with magnitudes of 5.3—7.7 analyzed in the

preceding manner are shown in Figure 7.15. These are for the strongest
component of the ground motion recorded. The mean and the mean *1 standard
deviation (i.e., 16, 50, and 84 percentile) are also shown. This helps the designer
to choose the proper value of the equivalent uniform stress cycles depending on
the degree of conservation required.
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Figure 7.15 Equivalent numbers of uniform stress cycles based on strong component of
ground motion (after Seed et al. 1975)

Using a similar procedure, Lee and Chan (1972) have given the variation of N
with the earthquake magnitude for maximum uniform cyclic stress levels of
0.657,,.,0.757,,,  and 0.857,_, A cumulative damage approach has also been

max 2

described by Valera and Donovan (1977) for determination of N. This approach is
based on Miner’s law and involves the natural period of the soil deposit and the
duration of earthquake shaking.

X
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Lateral Earth Pressure on Retaining Walls

8.1

Introduction

Excessive dynamic lateral earth pressure on retaining structures resulting from
earthquakes has caused several major damages in the past. The increase of lateral
earth pressure during earthquakes induces sliding and/or tilting to the retaining
structures. The majority of case histories of failures reported in the literature until
now concern waterfront structures such as quay walls and bridge abutments.
Some of the examples of failures and lateral movements of quay walls due to
earthquakes are given in Table 8.1. Seed and Whitman (1970) have suggested
that some of these failures may have been due to several reasons, such as

1. increase of lateral earth pressure behind the wall,
2. reduction of water pressure at the front of the wall, and
3. liquefaction of the backfill material (see Chapter 10)

Nazarian and Hadjan (1979) have given a comprehensive review of the
dynamic lateral earth pressure studies advanced so far. Based on this study, the
theories can be divided into three broad categories, such as

1. fully plastic (static or pseudostatic) solution,
2. solutions based on elastic wave theory, and
3. solutions based on elastoplastic and nonlinear theory.

Because of the complex soil-structure interaction (mode of wall
movement) during earthquakes, the lateral earth pressure theory based on the
fully plastic solution (also known as pseudostatic method) which is widely used
by most of the design engineers, is detailed in this chapter. In most of the codes
of practice, for the soils that do not lose shear strength during shaking, an
increase (about 33%) in bearing capacity and passive earth pressure is generally
recommended.

327
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8.2 Mononobe-Okabe Active Earth Pressure
Theory

In 1776, Coulomb derived an equation for active earth pressure on a retaining
wall due to a dry cohesionless backfill (Figure 8.1), which is of the form

L
P, =—yHK, (8.1)
2
Table 8.1 Failures and Movements of Quay Walls®
Distance from Approximate
Earthquake Date e Harbor Epicenter Damage Movement
Kitaizu 25 November 1930 7.1 Shimizu 48 km Failure of 7.93 m
gravity walls
Shizuoka 11 July 1935 Shimizu Retaining 4.88 m
wall collapse®
Tonankai 7 December 1944 8.2 Shimizu 175 km Sliding of retaining
wall®
Nagoya 128 km Outward movement  3.05—

of bulkhead with 3.96 m
relieving platform”

Yokkaichi 144 km Outward movement 3.66 m
of pile- supported
deck”
Nankai 21 December 1946 8.1 Nagoya 200-304 km Outward movement  3.96 m
of bulkhead with
relieving platform”
Osaka 200-304 km Failure of retaining ~ 4.27 m
wall above
relieving platform”
Yokkaichi 200-304 km Outward movement  3.66 m
of pile-supported
deck”
Uno Outward movement  0.61 m
of gravity wall”
Tokachioki 4 March 1952 7.8 Kushiro 144 km Outward movement 549 m
of gravity wall®
Chile 22 May 1960 8.4 Puerto 112 km Complete over- >4.57 m
Montt turning of gravity
walls®
Outward movement  0.60—
of anchored 0.9 m
bulkheads®
Niigata 16 June 1964 7.5 Niigata 51.2 km Tilting of gravity 3.05m
wall’
Outward movement  0.30-
of anchored 2.1 m
bulkheads’

* After Seed and Whitman (1970)

® Reported by Amano, Azuma, and Ishii (1956)

¢ Reported by Duke and Leeds (1963)

¢ Reported by Hayashi, Kubo, and Nakase (1966)
“Magnitude
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Unit weight of soil = y
Friction angle = ¢

Figure 8.1  Coulomb’s active earth pressure (Note: BC is the failure plane; W = weight
of the wedge ABC; S and N = shear and normal forces on the plane BC;
F =resultant of S and N)

where P, = active force per unit length of the wall

¥ = unit weight of soil

H =height of the retaining wall

K, = active earth pressure coefficient
2 —

_ cos’ (9= F) — (2
cos” Bcos(S+ F)| 1+ sin (9 + 9) sin (9 = l).

cos(0 + B) cos(B —i)

where ¢ = soil friction angle
0 = angle of friction between the wall and the soil
B = slope of the back of the wall with respect to the vertical
i = slope of the backfill with respect to the horizontal

The values of K, for f= 0° and various values of ¢ and o are given in
Table 8.2.

In the actual design of retaining walls, the value of the wall friction ¢ is
assumed to be between ¢/2 and %¢. The active earth pressure coefficients for

various values of @, i, and f with 6= % ¢ are given in Table 8.3. This is a very

useful table for design considerations.
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Table 8.2 Values of K, [Eq. (8.2)] for = 0° and i = 0°

J(deg)
¢ (deg) 0 5 10 15 20 25
28 0.3610 0.3448 0.3330 0.3251 0.3203 0.3186
30 0.3333 0.3189 0.3085 0.3014 0.2973 0.2956
32 0.3073 0.2945 0.2853 0.2791 0.2755 0.2745
34 0.2827 0.2714 0.2633 0.2579 0.2549 0.2542
36 0.2596 0.2497 0.2426 0.2379 0.2354 0.2350
38 0.2379 0.2292 0.2230 0.2190 0.2169 0.2167
40 0.2174 0.2098 0.2045 0.2011 0.1994 0.1995
42 0.1982 0.1916 0.1870 0.1841 0.1828 0.1831

Coulombs’ active earth pressure equation can be modified to take into

account the vertical and horizontal coefficients of acceleration induced by an
earthquake. This is generally referred to as the Mononobe-Okabe analysis
(Mononobe, 1929; Okabe, 1926). The Mononobe-Okabe solution is based on the
following assumptions:

1.

3.

The failure in soil takes place along a plane such as BC shown in Figure 8.2.
The movement of the wall is sufficient to produce minimum active pressure.
The shear strength of the dry cohesionless soil can be given by the equation

s = o’tang (8.3)
where o’ is the effective stress and s is shear strength.
At failure, full shear strength along the failure plane (plane BC, Figure 8.2) is

mobilized.
The soil behind the retaining wall behaves as a rigid body.

Figure 8.2 shows the forces considered in the Mononobe-Okabe solution.

Line 4B is the back face of the retaining wall and 4BC is the soil wedge which
will fail. The forces on the failure wedge per unit length of the wall are

/oo

weight of wedge W,

active force Pz,

resultant of shear and normal forces along the failure plane F, and

k, W and k, W, the inertia forces in the horizontal and vertical directions,

respectively, where,

_ horiz. component of earthquake accel.

kh -
g
P = vert. component of earthquake accel.
) =
g

and g is acceleration due to gravity.
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Table 8.3 Values of K, [Eq. (8.2)] (Note: 6= % @in all cases)

B(deg)
i ¢
(deg)  (deg) 0 5 10 15 20 25
0 28 03213 03588  0.4007 04481  0.5026 0.5662

30 0.2973 0.3349 0.3769 0.4245 0.4794  0.5435
32 0.2750 0.3125 0.3545 0.4023 0.4574  0.5220
34 0.2543 0.2916 0.3335 0.3813 0.4367 0.5017
36 0.2349 0.2719 0.3137 0.3615 0.4170  0.4825
38 0.2168 0.2535 0.2950 0.3428 0.3984  0.4642
40 0.1999 0.2361 0.2774 0.3250 0.3806  0.4468
42 0.1840 0.2197 0.2607 0.3081 0.3638  0.4303

5 28 0.3431 0.3845 0.4311 0.4843 0.5461 0.6191
30 0.3165 0.3578 0.4043 0.4575 0.5194  0.5926
32 0.2919 0.3329 0.3793 0.4324 0.4943  0.5443
34 0.2691 0.3097 0.3558 0.4088 0.4707 0.5443
36 0.2479 0.2881 0.3338 0.3866 0.4484  0.5222
38 0.2282 0.2679 0.3132 0.3656 0.4273  0.5012
40 0.2098 0.2489 0.2937 0.3458 0.4074 0.4814
42 0.1927 0.2311 0.2753 0.3271 0.3885  0.4626

10 28 0.3702 0.4164 0.4686 0.5287 0.5992  0.6834
30 0.3400 0.3857 0.4376 0.4974 0.5676  0.6516
32 0.3123 0.3575 0.4089 0.4683 0.5382  0.6220
34 0.2868 0.3314 0.3822 0.4412 0.5107  0.5942
36 0.2633 0.3072 0.3574 0.4158 0.4849  0.5682
38 0.2415 0.2846 0.3342 0.3921 0.4607  0.5438
40 0.2214 0.2637 0.3125 0.3697 0.4379  0.5208
42 0.2027 0.2441 0.2921 0.3487 04164  0.4990

15 28 0.4065 0.4585 0.5179 0.5869 0.6685 0.7671
30 0.3707 0.4219 0.4804 0.5484 0.6291  0.7266
32 0.3384 0.3887 0.4462 0.5134 0.5930  0.6895
34 0.3091 0.3584 0.4150 0.4811 0.5599  0.6654
36 0.2823 0.3306 0.3862 0.4514 0.5295  0.6239
38 0.2578 0.3050 0.3596 0.4238 0.5006  0.5949
40 0.2353 0.2813 0.3349 0.3981 0.4740  0.5672
42 0.2146 0.2595 0.3119 0.3740 0.4491 0.5416

20 28 0.4602 0.5205 0.5900 0.6715 0.7690  0.8810
30 0.4142 0.4728 0.5403 0.6196 0.7144  0.8303
32 0.3742 0.4311 0.4968 0.5741 0.6667  0.7800
34 0.3388 0.3941 0.4581 0.5336 0.6241  0.7352
36 0.3071 0.3609 0.4233 0.4970 0.5857  0.6948
38 0.2787 0.3308 0.4233 0.4970 0.5857  0.6948
40 0.2529 0.3035 0.3627 0.4331 0.5185 0.6243
42 0.2294 0.2784 0.3360 0.4050 0.4889  0.5931
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Unit weight of soil = y
Friction angle = ¢

F

Force polygon for
trial failure wedge

Figure 8.2  Derivation of Mononobe—Okabe equation

The active force determined by the wedge analysis described here may be
expressed as

1
Pp =57 H (1= k)K 4 (8.4)

where K4 is the active earth pressure coefficient with earthquake effect:
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2
cos“(¢p— 68— )
K g

. . — (85
cos Ocos? Pcos(d+ [+ 9){1+\/ sin(¢ + 9)sin(¢p— 6 —1)

cos(d+ f+6)cos(i— )
o k
6 = tan l(l—hkvj (8.6)

Equation (8.4) is generally referred to as the Mononobe-Okabe active earth

pressure equation. For the active force condition (P,g), the angle « that the soil
wedge ABC located behind the retaining wall (Figure 8.2) makes with the

horizontal (for k,=0°, f=0°i=0° ¢=30° and 6= 0° and 20°) is shown in
Figure 8.3.

Table 8.4 gives the values of Kz [Eq. (8.5)] for various values of @, ¢, i,
and &, with k,=0and § =0°.

60 T T
401 R -
e
Q \
2 "
S \
0=130°
20F  k,=B=i=0 N\
——8=0°
----- §=20° \
\\\
0 | |
0 0.2 0.4 0.6
kn
Figure 8.3

Inclination of the failure plane with the horizontal (after Davies, Richards,
and Chen, 1986)
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Table 8.4 Values of K, [Eq. (8.5)] with k, =0 and f=0°

¢ (deg)
5 i

kn (deg) (deg) 28 30 35 40 45

0.1 0 0 0.427 0.397 0.328 0.268 0.217
0.2 0.508 0.473 0.396 0.382 0.270
0.3 0.611 0.569 0.478 0.400 0.334
0.4 0.753 0.697 0.581 0.488 0.409
0.5 1.005 0.890 0.716 0.596 0.500
0.1 0 5 0.457 0.423 0.347 0.282 0.227
0.2 0.554 0.514 0.424 0.349 0.285
0.3 0.554 0.514 0.424 0.349 0.285
0.4 0.942 0.825 0.653 0.535 0.442
0.5 - - 0.855 0.673 0.551
0.1 0 10 0.497 0.457 0.371 0.299 0.238
0.2 0.623 0.570 0.461 0.375 0.303
0.3 0.856 0.748 0.585 0.472 0.383
0.4 - - 0.780 0.604 0.486
0.5 - - - 0.809 0.624
0.1 ¢/2 0 0.396 0.368 0.306 0.253 0.207
0.2 0.485 0.452 0.380 0.319 0.267
0.3 0.604 0.563 0.474 0.402 0.340
0.4 0.778 0.718 0.599 0.508 0.433
0.5 1.115 0.972 0.774 0.648 0.552
0.1 ¢/2 5 0.428 0.396 0.326 0.268 0.218
0.2 0.537 0.497 0.412 0.342 0.283
0.3 0.699 0.640 0.526 0.438 0.367
0.4 1.025 0.881 0.690 0.568 0.475
0.5 - - 0.962 0.752 0.620
0.1 ¢/2 10 0.472 0.433 0.352 0.285 0.230
0.2 0.616 0.562 0.454 0.371 0.303
0.3 0.908 0.780 0.602 0.487 0.400
0.4 - - 0.857 0.656 0.531
0.5 - - - 0.944 0.722
0.1 (2/3) 1) 0 0.393 0.366 0.306 0.256 0.212
0.2 0.486 0.454 0.384 0.326 0.276
0.3 0.612 0.572 0.486 0.416 0.357
0.4 0.801 0.740 0.622 0.533 0.462
0.5 1.177 1.023 0.819 0.693 0.600
0.1 (2/3) ¢ 5 0.427 0.395 0.327 0.271 0.224
0.2 0.541 0.501 0.418 0.350 0.294
0.3 0.714 0.655 0.541 0.455 0.386
0.4 1.073 0.921 0.722 0.600 0.509
0.5 - - 1.034 0.812 0.679
0.1 (2/3) 1) 10 0472 0.434 0.354 0.290 0.237
0.2 0.625 0.570 0.463 0.381 0.317
0.3 0.942 0.807 0.624 0.509 0.423
0.4 - - 0.909 0.699 0.573
0.5 - - - 1.037 0.800
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Some Comments on the Active Force
Equation

Considering the active force relation given by Eqgs. (8.4)-(8.6), the term
sin(¢— 6—1i) in Eq. (8.5) has some important implications.

First, if ¢ — € — i < 0 (i.e., negative), no real solution of K, is possible.
Physically it implies that an equilibrium condition will not exist. Hence, for
stability, the limiting slope of the backfill may be given by

i<g-0 (8.7)

For no earthquake condition, 8= 0; for stability, Eq. (8.7) gives the familiar
relation

i<¢ (8.8)
Secondly, for horizontal backfill, i = 0; for stability,

0<¢ (8.9)

Since 6 = tan_l[kh /(1—k,)], for stability, combining Egs. (8.6) and (8.9)
results in

k, <(1-k,)tang (8.10)
Hence, the critical value of the horizontal acceleration can be defined as

where k. = critical value of horizontal acceleration (Figure 8.4).

Procedure for Obtaining Pae Using Standard
Charts of K,

Since the values of K, are available in most standard handbooks and textbooks,
Arango (1969) developed a simple procedure for obtaining the values of K,z
from the standard charts of K. This procedure has been described by Seed and
Whitman (1970). Referring to Eq. (8.1),
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0.5
0.4
kv=0/1102
0.4
0.3
]
0.2
0.1
0
0 10 20 30 40
Soil friction angle, ¢ (deg)
Figure 8.4  Critical values of horizontal acceleration (Eq. 8.11)
1 1 _
P, = E}/HZKA = EszAc (cos*B)”! (8.12)
where
A. = K ,cos’ 3
(8.13)

_ cos’ (¢~ B)
2

sin (6 + @)sin (¢ —i) .
COS(5+ﬂ){1+{cos(5+ﬁ)Cos(ﬁ_i)} }
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In a similar manner, from Eq. (8.4)
1
Py = EVH (1=k,)K 4

= %yHZ (1-k,)(cos@cos* ) (4,,)

where
A, = KAECOSHCOSZIB
_ cos’(p— - 6)
2
sin(g+)sin(9—i-0) |
COS(5+ﬁ+0)[1+{COS(5+,H+0)Cos(ﬂ_i)}
Now let
i"=i+6
and
B =p+6

Substitution of Egs. (8.16) and (8.17) into Eq. (8.15) yields

cos’(¢— B

m

cos(0+ ) cos(f’—i")

2
cos(§+ﬁ'){l+{ sin (¢ + ) sin (¢ — i) }”2]

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

The preceding equation is similar to Eq. (8.13) except for the fact that i"and £’

are used in place of i and A Thus, it can be said that

A, = A, B) =K, ("B )cos’ B

The active earth pressure P,z can now be expressed as

| cos® B’ .
P.=—yH"(1-k,)| ——— |K,({", B’
AE 27 ( U)[cosﬂcoszﬁj 408

= P,(i",B")(1 -k, )(P)

(8.19)
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where

2 nr
* cos” B
p—[—

cos@cos’

|

(8.20)

In order to calculate P4z by using Eq. (8.19), one needs to follow these

steps:

1. Calculate i’ [Eq. (8.16)].
2. Calculate B’ [Eq. (8.17)].

1.0
\ ﬁ: .
0.9
0.8
10°
%
p
0.7
20°
0.6
0.5
0 10 20 30

6 (deg)
Figure 8.5  Variation of p and 6
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3. With known values of ¢, J, i’,and f’, calculate K, (from Tables 8.2,
Table 8.3, or other available charts).
4. Calculate P, as equal to %7H ’K 4 (K, from Step 3)

Calculate (1-£,).

6. Calculate p [Eq. (8.20)].
7. Calculate

P =P, B)1-k,) (D)

For convenience, some typical values of 1*9 are plotted in Figure 8.5.

Example 8.1

Refer to Figure 8.2. If 8=10°,i=0°, ¢=36°, 6=18°, H=4.5m, y=17.6 kN/m’,
k,= 0.2, and k; = 0.3, determine the active force per unit length of the wall.

Solution

0 = &y 0.3
= tan 1— kv =tan! 1-02 )= 20.56°

i’ =i+6=0+20.56°=20.56°
B’ =B+ =0+20.56° = 20.56°

2 y
KA(l»/’ﬂ/) — COS (¢_ﬂ) — ;
2 , sin (9 + @) sin(¢—i”)
cos” f3 COS(5+ﬂ)[1+{cos(5+ﬁ’) cos(ﬁ’—i’)} ]
_ cos?(15.44)
insaysin1s.44))"> |
(cos? 20.56) (cos38.56)[1+{(sm )(sinlS3. )} }
(cos 38.56) (cos0)
=0.583

Py B - észKA @'\ 3"

% (17.6)(4.5)* (0.583) = 103.89 kN/m
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8.5

« [ cos’B | cos>20.56
cosf cos® B ) (c0s20.56) (cos0)

=0.9363
Hence, from Eq. (8.19),

Py =P, f)(1—k,) (p) =(103.89)(1 —0.2)(0.9363) = 77.81 kN/m.

Effect of Various Parameters on the Value of
the Active Earth Pressure Coefficient

Parameters such as the angle of wall friction, angle of friction of soil, and slope
of the backfill influence the magnitude of the active earth pressure coefficient
K, to varying degrees. The effect of each of these factors is considered briefly.

A. Effect of Wall Friction Angle 6

Figure 8.6 shows the variation of the active earth pressure coefficient K,z with 4,
for ¢ =30° with = 0°, ¢/2, and % ¢ (k,=0, f=0° and i = 0°), It can be seen

from the plot that, for 0 < 0 < % @, the effect of wall friction on the active earth

pressure coefficient is rather small.

0.8 T T T
(]) :300 ”
B=0° s
i =0° .
ky =

02 | | |
0 0.1 0.2 0.3 0.4

Figure 8.6  Influence of wall friction, &, on Kz
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B. Effect of Soil Friction Angle ¢

Figure 8.7 shows the plot of K,z cosd (that is, the horizontal component of the
active earth pressure coefficient) for a vertical retaining wall with horizontal

backfill (8= 0° and i = 0°). In this plot, it has been assumed that §= 1 ¢. From
the plot, it may be seen that, for k,= 0, k, =0 and 0= % @, Kk (= 30% 1s about

35% higher than K,z (4= 4. Hence, a small error in the assumption of the soil
friction angle could lead to a large error in the estimation of P 4.

1.0 T

K pcos 6

ki,

Figure 8.7  Effect of soil friction angle, @, on K,z coso
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C. Effect of Slope of the Backfill i

Figure 8.8 shows the variation of the value of K,z cosd with i for a wall with
B=0,0= ¢, ¢=30°and k,= 0. Note that the value of K,z cosd sharply
increases with the increase of the slope of the backfill.

1.0

K4gCos 6

02 | | | |
ke,

Figure 8.8  Effect of backfill inclination i, on Kz cosd

8.6 Graphical Construction for Determination of
Active Force, Pae

Culmann (1875) developed a graphical method for determination of the active
force P4 [Eq. (8.1)] developed behind a retaining wall. A modified form of
Culmann’s graphical construction for determination of the active force P4z per
unit length of a retaining wall has been proposed by Kapila (1962). In order to
understand this, consider the force polygon for the wedge ABC shown in Figure
8.2. For convenience, this has been replotted in Figure 8.9a. The force polygon
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90 -B-5-6

W~k W)

w A= k) + i

(a) (b)

Figure 8.9 (Continued)

can be reduced to a force triangle with forces Pz, F, and W/(1—k,)* +k}

(Figure 8.9b). Note that in Figure 8.9a, b, ¢ is the angle that the failure wedge
makes with the horizontal.

The idea behind this graphical construction is to determine the maximum
value of P,z by considering several trial wedges. With references to Figure 8.9c,
following are steps for the graphical construction:

Draw line BE, which makes an angle ¢— 6 with horizontal.
Draw a line BD, which makes an angle 90° — f— 60— € with the line BE.
Draw BC,, BC,, BC;,. .., which are the trial failure surface.

Determine k; and k, and then \/(1-k,)?* +k;

Determine the weights W, W,, Wj,...of trial failure wedges ABC,, ABC,,
ABG,;,..., respectively (per unit length at right angle to the cross section
shown).

A

Note
W= (area of ABC) X ¥ X 1
W, = (area of ABCy)) X ¥ X 1

6. Determine W, W, ,Wy..., as

W =\=k,) +k; W,
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10.
11.
12.
13.

Wy =Wy ==k, +kj W,

Adopt a load scale.
Using the load scale adopted in step 7, draw BF, = W), BF, = W, , BF; =
Wy, ...on the line BE.

Draw F1Gy, F,Gs, F5Gs,..., parallel to line BD. Note that BFG; is the force
triangle for the trial wedge ABC; smaller to that shown in Figure 8.9b.
Similarly, BF,G,, BF;G;,..., are the force triangles for the trial wedges
ABGC,, ABG;,..., respectively.

Join the points Gy, G, Gs,..., by a smooth curve.

Draw a line HJ parallel to line BE. Let G be point of tangency.

Draw line GF parallel to BD.

Determine active force P,z as GF X (load scale).

(©)

Figure 8.9  Modified Culmann construction
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Laboratory Model Test Results for Active
Earth Pressure Coefficient, Kae

In the early stages of the development of the Mononobe-Okabe solution [Eq.
(8.4)], several small-scale laboratory model test results relating to the
determination of the magnitude of lateral force on a rigid wall with dry granular
backfill, and thus Kz, have been reported in the literature (e.g., Mononobe and
Matsuo, 1929; Jacobsen, 1939). More recently, Sherif, Ishibashi, and Lee (1982),
Sherif and Fang (1984) and Ishibashi and Fang (1987) have published results of
lateral earth pressure measurement behind a heavily instrumented rigid retaining
wall. For all the preceding tests, the height of the retaining wall was 1 m. The
retaining wall was resting on a shaking table with a granular backfill. A

sinusoidal input motion with a 3 % Hz frequency and maximum acceleration up

to 0.5 g was applied to the shaking table during the experiments. The results of
these tests are very instructive and will be summarized here.

The nature of distribution of active earth pressure and thus the magnitude
of the active force on a retaining wall is very much dependent on the nature of
yielding of the wall itself. Figure 8.10 shows the three possible modes of wall
yielding for the development of an active state:

a. Rotation about the bottom (Figure 8.10a)
b. Translation (Figure 8.10b)
c. Rotation about the top (Figure 8.10c)

¥ -

r
1
I
1
I
I
1
I
1
I
I

i

(a) Rotation about bottom (b) Translation

R L
gl
/,

(c) Rotation about top

Figure 8.10 Modes of wall rotation for active pressure
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Model test results relating to each of the three modes of wall yielding are
described next.

A. Rotating About the Bottom

Ishibashi and Fang (1987) measured the dynamic active earth pressure
distribution behind the model rigid retaining wall of 1 m height (f = 0°)
described in the first paragraph of this section. For these tests, dry sand was used
as a backfill material. The surface of the backfill was kept horizontal (that is,
i = 0; Figure 8.2). The properties of the sand backfill were:

Dry unit weight of compaction of the backfill: 15.94 —16.11 kN/m’

Relative density of the backfill: 49.5 — 57.6%
Angle of friction of the soil: 38.5 —40.1°

For these tests, the model retaining wall was rotated about its bottom.

The magnitude of k, was varied from 0 to about 0.6, and k,, was equal to 0. From

Eq. (8.4) with k,=0,

PAE
2
37H

K, = (8.21)

Figure 8.11 shows the variation of the experimental values of K,z coso
obtained from the tests of Ishibashi and Fang (1987). Also plotted in Figure 8.11
is the theoretical variation of K,z coso obtained from Eq. (8.5) with k,= 0,
B=0°, and i = 0°. In plotting this theoretical variation, it has been assumed that ¢

= 39.2° and 0= @2. The comparison between the Mononobe-Okabe theoretical
curve and the experimental curve shows that

P AE (measured) ~ 1.23 to 1.43P, AE (theory)

B. Translation of the Wall

Dynamic active earth pressure measurement behind a vertical rigid model
retaining wall undergoing translation was reported by Sherif, Ishibashi, and Lee
(1982). The details of the test conditions are as follows:

Retaining wall:
Height=1m
-0
Average properties of backfill (sand):
Unit weight = 16.28 kN/m’
Angle of friction, ¢=40.9°
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Angle of wall friction, 6 =23.9°
Slope of the backfill, i =0°

For these tests the magnitude of K,z cos 0 was varied from 0 to 0.5 and &, was

0. Figure 8.12 shows the experimental variation of K, cos o obtained from these
model tests. Also shown in this figure is the variation of K,z cos o obtained from
the Mononobe-Okabe theory [Eq. (8.5)]. Based on this plot it appears that the
experimental values P,z are about 30% higher than those obtained from Egs.
(8.4) and (8.5).

1.0 T T T T

Kypcos &

0.2 Model test results

( Ishibashi, and Fang,1987)

____ Mononobe — Okabe theory
(9=39.2° 6=20)

0 | | | |
0 0.1 0.2 0.3 0.4 0.5

kh

Figure 8.11  Wall rotation about the bottom for active pressure—comparison of theory
with model test results
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Kypcos &

---- Mononobe—Okabe theory

0.1 Model test results
(Sherif, Ishibashi and Lee,1982)
0 | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6

kp

Figure 8.12  Translation of wall for active pressure — comparison of theory with model
test results

Sherif, Ishibashi, and Lee (1982) also developed an empirical relationship

for the magnitude of wall translation for development of the active state, which
can be given as

A=H(7-0. 13¢))10_4 (8.22)
where

A = lateral translation of the wall
H = height of the wall

In Eq. (8.22), the value of ¢ is in degrees.
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C. Rotation of the Wall about the Top

Sherif and Fang (1984) reported the dynamic earth pressure distribution behind a
1 m high rigid vertical retaining wall (#= 0°) undergoing rotation about is top. A
sand with an average unit weight of 15.99 kN/m’ was used as a backfill. The
surface of the backfill was horizontal (that is, i = 0°). The nature of variation of
the maximum active horizontal earth pressure distribution (p4z cos o, where
p = active earth pressure at a given depth) obtained from these tests is shown in
Figure 8.13. Also plotted in this figure are the theoretical variations of p,z cos ¢
obtained from the Mononobe-Okabe solution (with #=0°, i =0, and £, = 0) for
various values of k;,. From the comparison of the theoretical and experimental
plots, the following general conclusions can be drawn.

1. The nature of variation of dynamic earth pressure for wall rotation about the

top is very much different than that predicted by the Mononobe-Okabe
theory.

2. For a given value of &,

P zcos 0 = J (p4pcos O)dy (8.23)

where y = depth measured from the top of the wall.

P cos O (kPa)

8 10
T

— Model test results
in dense sand

(Sherif and Fang, 1984)
200 n

800

1000

Figure 8.13 Rotation of wall about the top for active pressure—comparison of theory
with model test results (i = 0°, §=0°, k,=0)
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8.8

3. For a given value of k,, the horizontal component of the lateral force,

P4r coso, calculated from the experimental curves by using Eq. (8.23), is
about 15% to 20% higher than the predicted by the Mononobe-Okabe
theory.

Point of Application of the Resultant Active
For ce, PAE

A. Rotation about the Bottom of the Wall

The original Mononobe-Okabe solution for the active force on retaining
structures implied that the resultant force will act at a distance of %H measured
from the bottom of the wall (H = height of the wall) similar to that in the static
case (k; = k,= 0). However, all the laboratory tests that have been conducted so
far indicate that the resultant pressure P,r acts at a distance H , which is
somewhat greater than %H measured from the bottom of the wall. This is shown
in Figure 8.14.

Prakash and Basavanna (1969) have made a theoretical evaluation for
determination of H . Based on the force-equilibrium analysis, their study shows
that H increases from %H for k;, = 0 to about %H for k, = 0.3 (for ¢ = 30°,
0="15°% k,=0,i=f=0). For similar conditions, the moment-equilibrium
analysis gave a value of H = %H and k, = 0, which increases to a value of

H=H/19atk,=03.

For practical design considerations, Seed and Whitman (1969) have
proposed the following procedure for determination of the line of action of Pg.

1. Calculate P4 [Eq. (8.1)].

2. Calculate Py [Eq. (8.4)]

3. Calculate AP, = P,; — P,. The term AP is the incremental force due
to earthquake condition.

4. Assume that P, acts at a distance of %H from the bottom of the wall
(Figure 8.15).

5. Assume that AP,z acts at a distance of 0.6H from the bottom of the wall
(Figure 8.15); then

(PA>@H]+<APAE>(0.6H>

PAE

H=
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*_ Intensity of pressure—
carthquake condition

Pug

Py

Intensity of pressure—
static condition

Figure 8.15

B. Translation of the Wall

Sherif, Ishibashi, and Lee (1982) suggested that, for wall translation, the
following procedure can be used to estimate the location of the line of action of
the active force, Pyg.

1. Calculate P4 [Eq. (8.1)].
2. Calculate P4z [Eq. (8.2)].
3. Calculate AP, = Py — Py
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4. Referring to Figure 8.16, calculate

(P,)(0.42H) + (AP,;) (0.48H)
PAE

H =

C. Rotation about the Top of the Wall

For rotation of the wall about its top (Figure 8.17), H is about 0.55 H (Sherif and
Fang, 1984).

H

T

0.48H
t 0.42H

-

A u
PR ES AED EN

Figure 8.16

Figure 8.17
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Example 8.2

Referring to Example 8.1, determine the location of the line of action for Pg.
Assume rotation of the wall about its bottom.

Solution

The value of P,z in Example 8.1 has been determined to be 77.81 kN/m.
|
Py=ZyH K,
2
For ¢=36°, 6=18° K, =0.236 [Eq. (8.2)]. Thus,

P, = % (17.6)(4.5)%(0.236) = 42.06 kN/m

. . 4.5 .
This acts at a distance equal to 3 = 1.5 m from the bottom of the wall. Again,

AP, ;=77.81 -42.06 =35.75 kKN/m
The line of action of AP,z intersects the wall at a distance of 0.6H = 2.7 m
measured from the bottom, so

i (1.5) (42.06) +(2.7) (35.75) _ 205 m
77.81

Design of Gravity Retaining Walls Based on
Limited Displacement

Richards and Elms (1979) have proposed a procedure for design of gravity
retaining walls based on limited displacement. In this study, they have take into
consideration the wall inertia effect and concluded that there is some lateral
movement of the wall even for mild earthquakes. In order to develop this
procedure, consider a gravity retaining wall as shown in Figure 8.18, along with
the forces acting on it during an earthquake. For stability, summing the forces in
the vertical direction,

N=W,—-k,W,, —P,;sin(d + ) (8.24)
where N is the vertical component of the reaction at the base of the wall and W,

is the weight of the wall.
Similarly, summing the forces in the horizontal direction,
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Figure 8.18  Derivation of Eq. (8.28)

S = kW, +P,;zcos(d+ ) (8.25)

where S is the horizontal component of the reaction at the base of the wall.
At sliding,

S = Ntan ¢, (8.26)
where ¢, is the soil-wall friction angle at the base of the wall.
Substituting Egs. (8.24) and (8.25) into Eq. (8.26), one obtains
kW, + Pyzcos(0 + ) =[W,(1-k,)+ P sin(d + B)]tan ¢,
or

W, [(1—-k)tan @, —k,] = Pz [cos(0 + B)—sin(J + B)tan g, ]
_— PAE[cos(5+ﬁ)—sin(5+,B)tan¢b:|
v (1-k,)tan ¢, —k,

(8.27)
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From Eq. (8.4), P,y = yH *(1-k,)K 4 . Substitution of this equation into
Eq. (8.27) yields

%7H2KAE [cos(5+ B)—sin(J + f) tan ¢b:|
W = (tan @, — tan 6) (8.25)

where tan€ =k, /(1-k,).
It may be noted that, in Eq. (8.28), W,, is equal to infinity if

tan ¢, = tan@ (8.29)

This implies that infinite mass of the wall is required to prevent motion.
The critical value of k;, = kjr can thus be given by relation

k
tan@ = — = tan ¢,
— M
or
kyery = (1 =k, Jtang, (8.30)
Equation (8.27) can also be written in the form
1
W, :[5 yH? (l—kv)KAE}C,E (8.31)
where

_ cos (6 + B)—sin (6 + ) tan ¢,
E (l - kv) (tan ¢, — tan ¢)

(8.32)

Figure 8.19 shows the variation of Cj with k;, for various values of k,
(0= @, =35° 0= %@ i = #=0). Also, Figure 8.20 shows the variation of Cjz
with k;, for various values of wall friction angle, 6 (¢ = @ = 35°% i = =0,
k,=0).

Note that Eq. (8.31) is for the limiting equilibrium condition for sliding

with earthquake effects takes into consideration. For the static condition (i.e.,
k, =k, =0), Eq. (8.31) becomes

W= %7H2KAC, (8.33)
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Cig

ky
Figure 8.19  Effect of k, on the value of C; (after Richards and Elms, 1979)

where W = W, (for static condition) and

C - cos (6 + B) —sin (6 + ) tan ¢,

8.34
/ o (8.34)
Thus, comparing Egs. (8.31) and (8.33), we can write that
/4
2 =FF =F, (8.35)

w
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Cig

0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 8.20  Effect of wall friction on Cjf (after Richards and Elms, 1979)

where
_ K, p(1-Fk,)
K,

Fy = soil thrust factor

c o
F, = —£ = wall inertia factor
1

and Fy is a factor of safety applied to the weight of the wall to take into account
the effect of soil pressure and wall inertia. Figure 8.21 shows a plot of Fr, F}, and

Fy for various values of k, (9= ¢, =35°, 6= 5 ¢, k,=0, f=i=0).
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14 T T T T T

9 = ¢,=35°=28
ky=B=i=0

12 -

Figure 8.21  Variation of F'y, F, and Fy (after Richards and Elms, 1979)

Richards and Elms (1979) have explained the importance of inertia factors given
in Eq. (8.35). Referring to Figure 8.21, suppose that one neglects the wall inertia
factor (which is not considered in the design procedure outlined in Sections 8.2
and 8.3; i.e., F; = 1). In such a case,

For a value of Fy = 1.5, the critical horizontal acceleration is equal to 0.18.
However, if the wall inertia factor is considered, the critical horizontal
acceleration corresponding to Fj = 1.5 is equal to 0.105. In other words, if a
gravity retaining wall is designed such that W,, = 1.5W, the wall will start to
move laterally at a value of &, = 0.105. Based on the procedure described in
Section 8.2, if W,, = 1.5 W, it is assumed that the wall will not move laterally
until a value of &k, = 0.18 is reached.

These considerations show that, for no lateral movement, the weight of the
wall has to be increased by a considerable amount over the static condition,
which may prove to be very expensive. Thus, for actual design with reasonable
cost, one has to assume some lateral displacement of the wall will take place
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during an earthquake; the procedure for determination of the wall weight (W) is
then as follows:

1.
2.

Determine an acceptable displacement d of the wall.
Determine a design value of k;, from the equation

50842
k; = ( 'A A”j (8.36)

where 4, and A, are effective acceleration coefficient and displacement d
is in mm. The values of 4, and A, for a given region in the United States
are given by the Applied Technology Council (1978).

Equation (8.36) has been suggested by Richards and Elms (1979) and is
based on study of Newmark (1965) and Franklin and Chang (1977).

Using the above value of kj, and assuming &, = 0, determine the value of
K.

Determine the weight of the wall W, from Eq. (8.31).

Apply a factor of safety to ¥,, obtained in Step 4.

A slight modification of this design procedure was proposed by Nadim and

Whitman 1983). This modification is intended primarily to account for the
amplification of the ground motion in the backfill.

Example 8.3

Determine the weight of a retaining wall 4 m high (given f=0,i=0, y=17.29
KN/, o= 9=34°, 0= %(;), A4, =0.2,4,=0.2, factor of safety = 1.5)

a. for static condition,
b. for zero displacement condition under earthquake loading, and
c. for a displacement of 50.8 mm under earthquake loading.

Solution
a. From Eq. (8.33),

1
W= EyhﬂK ne

From Table 8.2, K, = 0.256 (for ¢=34°, 6=17°i=0, f=0).
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_cos(d+f)-sin(d+p)tang, _ cosl7—sinl7(tan34)
B tan ¢, tan 34

Cl
=1.125

Thus
W= % (17.29)(4)*(0.256)(1.125) = 39.84 kN/m

With a factor of safety of 1.5,
the weight of the wall is equal to (1.5)(39.84) = 59.76 kN/m.

b. From Eq. (8.31),
1
W, = [E yH*(1-k,) KAE} C

Assume k, = 0.
_cos (0 + fB)—sin (6 + f) tan ¢,

= (l—kv)(tan @, — tan ¢)
tan@ = ky =£=0.2; 6=1131°
1-k, 1
17 —sin17(tan 34
C, = cos sin 17(tan 34) iy
tan 34— 0.2

Again, from Eq. (8.5),
cos” (34 -11.31)

2
cos(11.31) cos(17 + 11.31)]| 14 [ 34 +17)sin (4~ 11.31)
cos (17 +11.31)

=0.393
W, = % (17.29)(4)°(1 — 0)(0.393)(1.6) = 86.98 kN/m
With a factor of safety of 1.5, the weight of wall = (86.98)(1.5) = 130.47 kN/m.

Ky g =

c. From Eq. (8.36),

1/4 2 1/4
50842 | (5.08)(0.2)" |

a

kh :Aal:

k .
0075 g 075

1-k, 1-0

tan@ =
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or
0 =4.29°
cos17 —sin17(tan 34)  0.7591
tan34-0.075  0.5995
Using Eq. (8.5)

Cp = =127

cos> (34 - 4.29)

cos(4.29)[cos(17 + 4.29)] {1 + \/

=0.3
Thus, with a factor of safety of 1.5,

W, =(1.5) G) (17.29)(4)%(0.3)(1.27) = 79.05 kN/m

Kyp =

sin (34 + 17) sin (34 — 4.29) ’

cos (17 +4.29)

Hydrodynamic Effects of Pore Water

The lateral earth pressure theory developed in the preceding sections of this
chapter has been for retaining walls with dry soil backfills. However, for quay
walls (Figure 8.22), the hydrodynamic effect of the water also have to be taken
into consideration. This is usually done according to the Westergaard theory
(1933) which was derived to obtain the dynamic water pressure on the face of a
concrete dam. Based on this theory, the water pressure due to an earthquake at a
depth y (Figure 8.22) may be expressed as

P =k W (8.37)

where p; is the intensity of pressure on the seaward side, 7, is the unit weight of
water, and /4 is the total depth of water. Hence, the total dynamic water force on
the seaward side per unit length of the wall [P,,)] can be obtained by integration
as

7 7
By = [ pidy = |, gkhywh‘/zy‘/zdy = Sk’ (8.38)

The location of the resultant water pressure is

[ ()= ﬁ(g kb 2]]: () () ay

=

B
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Figure 8.22 Hydrodynamic effects on a quay wall
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or

-1
y= (%khywhzj (% k7, h3) =0.6h (8.39)

Matsuo and O’Hara (1960) have suggested that the increase of the pore
water pressure on the landward side is approximately 70% of that on the seaward
side. Thus,

Py = 0.7(%khywh” 2 y”z) =0.6125k,y, h""*y"? (8.40)

where p, is the dynamic pore water pressure on the landward side at a depth y.
The total dynamic pore water force increase [Px,)] per unit length of the wall is

7
Py, = 0.7(Ekhywh2)= 0.4083k, 7, h* (8.41)

During an earthquake, the force on the wall per unit length on the seaward
side will be reduced by P, and that on the landward side will be increased
by Py). Thus, the total increase of the force per unit length of the wall is equal to
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P, =R, + Py = 1.7(%/%%/72) =0.9917k,y,h* (8.42)

Example 8.4

Refer to Figure 8.22. For the quay wall, # = 10 m. Determine the total dynamic
force increase due to water for &, = 0.2.

Solution
From Eq. (8.42)

P, =0.9917k,y,h*
=0.9917(0.2)(9.81)(10)* = 194.6 kKN/m

Mononobe —Okabe Active Earth Pressure
Theory for c - ¢ Backfill

The Mononobe-Okabe equation for estimating P,, for cohessionless backfill
also can be extended to ¢ - ¢ soil (Prakash and Saran, 1966; Saran and Prakash,
1968). Figure 8.23 shows a retaining wall of height H with a horizontal ¢ - ¢ soil
as backfill. The depth of tensile crack that may develop ina c - ¢ soil is given as

= (8.43)

AT

where K, = tan’ (45 - g] (8.44)

Referring to Figure 8.23, the forces acting on the soil wedge (per unit
length of the wall) are as follows:

The weight of the wedge ABCDE, W
Resultant of the shear and normal forces on the failure surface CD, F’
Active force, P,

IS =

Horizontal inertia force, &,V

e. Cohesive force along CD, C = C(C_D)

f.  Adhesive force along BC, C’ = c(BC )
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Figure 8.23  Trial failure wedge behind a retaining wall with ¢ - ¢ backfill

It is important to realize that the following two assumptions have been made:

1. The vertical inertia force (kW ) has been taken to be zero.

2. The unit adhesion along the soil-wall interface (BC) has been taken to be
equal to the cohesion (¢ ) of the soil.

Considering these forces, we can show that

Pip = Y(H—ZO)ZNZ,/ —C(H—ZO)N;c (8.45)
where
N/ = cos 7] s§cﬁ+ cos ¢’ seci (8.46)
sin(77"+6)
n+0.5)(tan B+ tani) + n” tan cos(i+ @)+ k,sin(i+
. [(r+0:3)(tan ptani) o an plLeos(i+9)+ hysinGi+0)]
sin (77’ + )
in which
n=p+i+¢ (8.48)
n=—20 (8.49)
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The values of N,.and N, can be determined by optimising each coefficient

separately. Thus, Eq. (8.45) gives the upper bound of P, .
For the static condition, k;, = 0. Thus,

Py = 7(H—Zo)2Nay—C(H—Zo)Nac (8.50)
The relationships for N,.and N, can be determined by substituting &, =0 into
Eq. (8.46) and (8.47). Hence,

N, =N = cosn s.ecﬂ’+ cos gseci (8.51)
sin(77"+9)
N’ n+0.5)(tan B+ tani) + n® tan cos(i+
o N _[rosympran e wplentivo]
A sin (77 + &)

The variations of N,., N,, and Awith ¢ and & are shown in Figures 8.24
through 8.27.

4.5
4.0
3.5
3.0 4
2.5

2.0

Earth pressure coefficient, Nac

1.5 4

1.0

05 T T T T T T T T 05
0 5 10 15 20 25 30 35 40 45

¢ (deg)

Figure 8.24  Variation of N, = N, with ¢and [ (Based on Prakash and Saran, 1966,
and Saran and Prakash, 1968)
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Figure 8.25 Variation of N, with ¢ and S (n =0.2) (Based on Prakash and Saran,
1966, and Saran and Prakash, 1968)
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Figure 8.26  Variation of N, with gand S (n = 0) (Based on Prakash and Saran, 1966,
and Saran and Prakash, 1968)
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Figure 8.27  Variation of A with k,,¢ and [ (Based on Prakash and Saran, 1966, and
Saran and Prakash, 1968)
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8.12

Dynamic Passive Force on Retaining Wall

Figure 8.23 shows a retaining wall having a granular soil as the backfill material.
If the wall is pushed toward the soil mass, at a certain stage failure in the soil will
occur along a plane BC. At failure the force, Ppg, per unit length of the retaining
wall is the dynamic passive force. The force per unit length of the wall that needs
to be considered for equilibrium of the soil wedge is shown in Figure 8.28. The
notations W, @, o, % ky, and k, have the same meaning as described in Figure 8.2
(Section 8.2). Using the basic assumptions for the soil given in Section 8.2, the
passive force (Ppr) may also be derived as (Kapila, 1962)

1
Pop =S 7H* (1=, )K g (8.53)

cos? (p+B-06)

sin(¢ +J)sin(¢ +i—0) V2
cos(i — ff)cos(6 — B +6)

cosfcos® Beos(S — B +6) 1{

(8.54)

and 6 = tan"'[k, /(1 k,)]

Soil unit weight =y
Soil friction angle = ¢

Ppg

Figure 8.28  Passive force, Ppr, on a retaining wall



Lateral Earth Pressure on Retaining Walls 369

Note that Eq. (8.53) has been derived for dry cohesionless backfill.
Kapila has also developed a graphical procedure for determination of Ppg.

Figure 8.29 shows the variation of Kp; for various values of soil friction
angle ¢ and £, (with k,=i= = 6= 0). From the figure it can be seen that, with

other parameters remaining the same, the magnitude of Kpg increases with the
increase of soil friction angle ¢.

Figure 8.30 shows the influence of the backfill slope angle of Kpg. Other
factors remaining constant, the magnitude of Kpzincreases with increase of i.

A more advanced analysis based on kinematical method of limit analysis
on seismic passive earth pressure coefficients can be found in Soubra (2000).

4.5

w

\
BN
KpE \

WiVav

30°
2
25°
1
ky=0
i=0°
p=0°
5=0°
0
0 0.1 0.2 0.3 0.4 0.5

kp

Figure 8.29 Variation of Kpg with soil friction angle and k; (after Davies, Richards, and
Chen, 1986)
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Kpg

Figure 8.30

Problems

8.1

kn

15°
10°
L . -
OO
¢ =35°
ky=58=B=0
| | | |
0.1 0.2 03 0.4 0.5

Influence of backfill slope on Ky (after Davies, Richards, and Chen, 1986)

A retaining wall is 5.5 m high with a vertical back (# = 0°). It has a
horizontal cohesionless soil (dry) as backfill. Given:

Unit weight of soil = 15 kN/m’
Angle of friction ¢=30°

k,=0.35 k,=0 o=15°

Determine the active force P4 per unit length of the retaining wall.
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Refer to Problem 8.1. Determine the location of the point of intersection
of the resultant force P,z with the back face of the retaining wall.
Assume the wall (a) rotates about the bottom, and (b) translates.

Refer to Figure 8.2. Given:

H=3m ¢ = 40° ki =03
B=10° s=13° k,=0.1
i=10° y = 15.72 kN/m’

Determine the active forcer per unit length P,z and the location of the

resultant. Assume that the wall is rotating about its bottom.
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Compressibility of Soils Under Dynamic Loads

9.1

9.2

Introduction

Permanent settlements under vibratory machine foundation can generally be
placed under two categories:

1. Elastic and consolidation settlement due to the static weight
2. Settlement due to vibratory compaction of the foundation soil

Permanent settlement in soils can also be induced due to the vibration
caused by an earthquake. The elastic and consolidation settlement due to static
loads is not discussed here since the conventional methods of calculation can be
found in most standard soil mechanics texts. In this chapter, the present available
methods of evaluation of permanent settlement due to dynamic loading
conditions are presented.

Compaction of Granular Soils: Effect of
Vertical Stress and Vertical Acceleration

The fact that granular soils can be compacted by vibration is well known. Dry
granular soils are likely to exhibit more compaction due to vibration as compared
to moist soils. This is because of the surface tension effect in moist soils, which
offers a resistance for the soil particles to roll and slide and arrange themselves
into a denser state.

Laboratory studies have been made in the past to evaluate the effect of
cycling controlled vertical stress at low frequencies, i.e., at low acceleration
levels on confined granular soils (D’ Appolonia, 1970). Such laboratory tests can
be performed by taking a granular soil specimen in a mold, as shown in Figure
9.1a. A confining vertical air pressure o, is first applied to the specimen, after

which a vertical dynamic stress of amplitude o, is applied repeatedly.

374
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Rigid b Rigid base
g1 base 2= Asinot ¢

(a) (b)

Figure 9.1  Compaction of granular soil by (a) controlled vertical stress; (b) controlled
vertical acceleration

The permanent compressions of the specimen are recorded after the elapse
of several cycles of dynamic stress application. Also, several investigations on
confined dry granular soils have been conducted (e.g., see D’Appolonia and
D’Appolonia, 1967; Ortigosa and Whitman, 1968) in which a controlled vertical
acceleration is imposed on the specimen, which produces small dynamic stress
changes. For these tests, the specimen is placed in a mold fixed to a vibrating
table (Figure 9.1b). Then a vertical confining air pressure o, is applied to the
specimen. After that, the specimen is subjected to a vertical vibration for a period
of time.

Note that, for a vertical vibration,
z = 4 sinwt

where A, is the amplitude of the vertical vibration. The magnitude of the peak
acceleration is equal to Alza)2 = A, (2nf )>. Thus, the peak acceleration is
controlled by the amplitude of displacement and the frequency of vibration. For
constant peak acceleration of vibration, the drive mechanism has to be adjusted
for A, and f. The vertical compression of the specimen can be determined at the
end of a test.

Thus the first type of test described above is run with repeated stresses with
negligible acceleration; the second type is for repeated acceleration with small
dynamic stress on soils.

Figure 9.2 shows the results of a number of tests conducted on a dune sand
for controlled vertical stress condition. For all tests, the sand specimens were
compacted to an initial relative density of about 60%.
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0.5
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T (%)
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20 Vo N\ Od _ Relative density = 60%+ 7
o 0. = 140 kPa
Y Frequency = 1.8 to 6 Hz
25 l l l l l l l

100 102 104 106 108
Number of loading cycles

Figure 9.2  Compression of a dune sand under controlled vertical stress condition (after
D’ Appolonia, 1970)

The frequencies of load application were in a range of 1.8-6 Hz. Along the
ordinate are plotted the vertical strain, which is equal to AH/H (where H is the
initial height of the specimen and AH is the vertical compression of the specimen
after a given number of load cycles). It may be seen that, for a given value of

o,/o.,
AH
——oc logN
H

where N is the number of load cycle applications. Also note that, for a given
number of load cycles, the vertical strain increases with increasing values of

o,/o,.

Figure 9.3 shows the nature of the results obtained from controlled vertical
acceleration tests on dry sand by Ortigosa and Whitman (1968). Note that, even
at zero confining pressure, no vertical strain is induced up to a peak acceleration
of about 1g (1x acceleration due to gravity). Similar test results of D’ Appolonia
(1970) are shown in Figure 9.4, for which o, = 0. The terminal dry unit weight

shown in Figure 9.4 is the unit weight of sand at the end of the test.

Krizek and Fernandez (1971) also conducted several laboratory tests with
controlled vertical acceleration to study the densification of damp clayey sand.
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Figure 9.4  Correlation between terminal unit weight and peak vertical acceleration for

a dune sand (redrawn after D’ Appolonia, 1970)
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Tests were conducted with air-dry and damp specimens of Ottawa sand,
grundite, and three mixtures of Ottawa Sand and grundite: 90%-10%, 80%-20%,
70%-30%. Table 9.1 gives the details of the specimens used for the tests.

Table 9.1 Details of the Specimens Used in the Tests by Krizek and Fernandez

(1971)
Optimum moisture
Moisture content Modified Proctor content,
Air dry Damp dry unit weight ~ modified Proctor test
Soil Percent of mix (%) (%) (kN/m3) (%)
Ottawa - 0.6 44405 16.92 11.0
sand
Grundite - 2.42 Not tested 16.00 18.5
Mix-10  90% Ottawa sand  0.26 5+£0.5 17.99 8.0
+ 10% grundite
Mix-20  80% Ottawa sand 0.51 45105 18.96 9.0
+20% grundite
Mix-30  70% Ottawa sand ~ 0.72 5103 19.49 9.5
+ 30% grundite

For conducting the tests, approximately 0.017 m® of soil samples — air dry
and moist — were placed in a loose condition in a cylindrical mold 457 mm high
and 305 mm in diameter. They were subjected to vertical vibrations for a period
of time under various vertical pressures (o,). The range of time for vibratory
compaction for the specimens was varied. Maximum vertical accelerations up to
a value of about 6 g were used.

Figure 9.5 shows the time rate of vibratory compaction of air-dry and moist
sand-grundite mixtures. It needs to be pointed out that very few tests were
conducted for a,,, / g <1 (amx = peak acceleration). However, from this study

the following general conclusions may be drawn:

1. Significant vibratory densification does not occur with peak acceleration
levels of less than 1 g.

2. The terminal vibratory dry unit weight of air-dry soils slightly decreases for
d,0x /€ > 2. This is true only for zero confining pressure (o, = 0).

3. An increase of the clay percentage in soils has a tendency to reduce
7d (termin—vibrat) / yd (modif max Proctor) °

4. Increase of moisture content has a significant influence in reducing

Va (termin—vibrat) / Va (modif max Proctor) *
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Time rate of vibratory compaction for air dry and moist sand-grundite

mixtures (redrawn after Krizek and Fernandez, 1971)
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9.3

Settlement of Strip Foundation on Granular
Soil under the Effect of Controlled Cyclic
Vertical Stress

In Section 9.2, some laboratory experimental observations of settlement of
laterally confined sand specimens were presented. In these cases, the loads have
been applied over the full surface area. However, in the field, the load covers
only a small area and settlement in these cases include those caused by the
induced shear strains. In the case of foundations, the shear strain increase with
the increase of 0, /g, (Where o, is the amplitude of dynamic load and g, is the

ultimate bearing capacity). In this section, some developments on settlement of
strip footings under the effect of controlled cycling vertical stress applied at low
frequencies (i.e., negligible acceleration) are discussed.

Raymond and Komos (1978) conducted laboratory model tests with strip
footings with widths of 75 mm and 228 mm resting on 20-30 Ottawa sand in a
large box. The cyclic loads on model strip footings were applied by a Bellofram
loading piston activated by an air pressure system. The loadings approximated a
rectangular wave from as shown in Figure 9.6a with a frequency of 1 Hz. The
settlement of the footings were measured by a dial gauge together with a DVDT
activating a strip chart recorder. For conducting the tests, the ultimate static
bearing capacities (g,) were first experimentally determined. The footings were

then subjected to various magnitudes of cyclic load (o, /g, = 13.5%-90%, where
0,=0,/A4,and 4 is the area of the model footing). The load settlement

relationships obtained from the tests for the 228 mm footing are shown in Figure
9.6b. In this figure, Sy is the permanent settlement of the footing and N is the
number of cycles of load application. Such plots may be given by an empirical
relation as

Sx =a+bS, 9.1)
log N

where a and b are two constants.

The experimental values of a and b for these two footings may be
approximated by the following equations.

For 75 mm wide footing:

a=-0.0811+0.0115F (9.2)

b=0.12420+0.00127F 9.3)
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Figure 9.6  Plastic deformation due to repeated loading in plane strain case (redrawn

after Raymond and Komos, 1978)
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For 228 mm wide footing:

a=-0.1053+0.0421F 9.4)

b =0.0812+0.0031F 9.5)
where F =0, /q, and Sy is measured in millimeters. Equations (9.1)-(9.5) are
valid up to a load cycle of N= 10

Figure 9.7 shows the experimental results of the variation of ¢, with log N
for various values of Sy. For a given value of Sy, the plot of o, versus log N is
approximately linear up to a value of o, = (1/4)g, . For o, <(1/4)q, , the slope
of o,versus log N becomes smaller and the response tends toward elastic
conditions.

From Egs. (9.2)-(9.5), it may be seen that, for a given soil, the parameters a

and b are functions of the width of the footing B. Thus, Egs. (9.2) and (9.4) have
been combined by Raymond and Komos to the form

a =—0.15125+0.0000693B" " (F + 6.09) (9.6)

where B is the width of the footings. Similarly, Egs. (9.3) and (9.5) can be
combined as

b =0.153579 +0.0000363B"**! (F — 23.1) 9.7)

Equations (9.6) and (9.7) are valid for only two different sizes of footing
and for one soil. The general form of the equations for all sizes of footings and
all soils can be written as

a=a+a,B""F+aB"" 9.8)
and
b =b, +b,B**'F — b,B**' (9.9)

where ay, a,, as, by, by, bs are parameters for a given soil. However,

FoO
9.
and
1 .
q, = E;/BNy (for surface foundation) (9.10)

where N, is the static bearing capacity factor (Chapter 6) and y is the unit

weight of soil.
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Figure 9.7  Variation of o, with log N for various values of permanent settlement
(redrawn after Raymond and Komos, 1978)
Thus,

Fo_ 4
(1/2)yBN,

Substitution of Eq. (9.11) into Egs. (9.8) and (9.9) yields

a=a +a40'dB°'18 +a3B1'18

and
b =b +b,0,B"" —b,B""
where
_ a,
“T W,
— b2
t2rN,

and B is in millimeters.

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)
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9.4
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Number of load cycles, N

Figure 9.8  Plot of settlement versus number of load cycles for a constant value of a4
(redrawn after Raymond and Komos, 1978)

If the values of ay, as, as, b1, b3, by, which are the plastic properties of given
soil at a given density of compaction, can be determined by laboratory testing,
the settlement of a given strip footing can be determined by combining Egs.
(9.1), (9.12), and (9.13). It needs to be pointed out that, for given values of o,

and N, the value of Sy decreases with the increase of the width of the footing.
This fact is demonstrated in Figure 9.8 for five different footings.

Analysis of this type may be used in the estimation of the settlement of
railroad ties subjected to dynamic loads due to the movement of trains.

Settlement of Machine Foundation on
Granular Soils Subjected to Vertical Vibration

For machine foundation subjected to vertical vibrations, many investigators
believe that the peak acceleration is the main controlling parameter for the
settlement of the foundation. Depending on the relative density of granular soils,
the solid particles come to an equilibrium condition under a given peak
acceleration level. This threshold acceleration level must be exceeded before
additional densification can take place.
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The general nature of the settlement-time relationship for a foundation is
shown in Figure 9.9. Note that in Figure 9.9, A4, is the amplitude of the
foundation vibration and W is the weight of the foundation. The foundation
settlement gradually increases with time and reaches a maximum value, beyond
which it remains constant.

Brumund and Leonards (1972) have studied the settlement of circular
foundations resting on sand subjected to vertical excitation by means of
laboratory model tests. According to them, the energy per cycle of vibration
imparted to the soil by the foundation can be used as the parameter for
determination of settlement of foundations.

The model tests of Brumund and Leonards were conducted in a 0.057 m’
container. They used 20-30 Ottawa sand, compacted to a relative density of 70%.
The model foundation used for the tests was 101.6 mm in diameter. The static
ultimate bearing capacity was first experimentally determined before beginning
the dynamic tests. The duration of vibration of the model foundation was chosen
to be 20 min for all tests. Figure 9.10 shows the plot of the experimental results
of settlement S against the peak acceleration for a constant frequency of
vibration. For a given foundation weight W, the settlement increases linearly with
the peak acceleration level. However, for a given frequency of vibration and
peak acceleration level, the settlement increases with the increase of W.

1 Foundation
weight = W

=

= Ultimate
= residual
2 settlement

Time

Figure 9.9  Settlement-time relationship for a machine foundation subjected to vertical
vibration
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Figure 9.10  Plot of settlement versus peak acceleration for model foundation at a
frequency of 20 Hz (after Brumund and Leonards, 1972)

Figure 9.11 shows a plot of settlement S against the energy transmitted per cycle
to the soil by the foundation.

The data include the following:

1. A frequency range of 14-59.3 Hz (both above and below the resonant
frequency)

2. A range in static pressure of 0.27-0.55 X static ultimate bearing capacity g,.
The static pressure ¢ can be defined as

w

A

g = (9.16)
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Figure 9.11  Plot of settlement versus transmitted energy per cycle (after Brumund and
Leonards. 1972)

where A4 is the area of the foundation.

3. A range in maximum downward dynamic force of 0.3W — W. The maximum
downward dynamic force may theoretically be obtained from Eq. (2.90) as

where A,

k

FZlynam(max) = Az V k2 + (Ca))z

= amplitude of foundation vibration
4Gr,

= spring constant = 1 (see Chapter 5)
34 ),
= I~ 7y \J/Gp (see chapter 5)

G = shear modulus of soil

o = radius of foundation

M = Poisson’s ratio of soil

p = density of soil

o =2nf (f=frequency of vibration)
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The equation for determination of energy transmitted to the soil per cycle
(E7,) may be obtained as follows:

Ey, = [ Fdz = F, 4, (9.17)

where F is the total contact force on the soil and F,, is the average contact force
on the soil per cycle; however,

1
F:m :E(Fmax +Fmin) (918)
Fmax =W+ F::lynam(max) (9 19)
and
Fmax =W - denam(max) (920)

Substituting Egs. (9.19) and (9.20) into Eq. (9.18),

Fo =W 9.21)
Thus, from Egs. (9.17) and (9.21),

E, =WA. (9.22)

Figure 9.11 shows that the transmitted energy per cycle of oscillation £,
varies linearly with the settlement. A plot of the experimental results of
settlement against peak acceleration for different ranges of Ez. is plotted in
Figure 9.12. This clearly demonstrates that, if the value of the transmitted energy
is constant, the residual settlement remains constant irrespective of the level of
peak acceleration.

The preceding concept is very important for the analysis of settlement of
foundation of machineries subjected to vertical vibration. However, at this time,
techniques of extrapolation of settlement of prototype foundations from
laboratory model tests are not available. In any case, if the foundation soil is
granular and loose, it is always advisable to take precautions to avoid possible
problem in settlement. A specification of at least 70% relative density of
compaction is often cited.

On similar lines, the settlement of structures such as tall buildings, due to
vibratory load, is often a result of structure rocking back and forth. This type of
settlement is caused by dynamic structural loads that momentarily increase the
foundation pressure acting on the soil. Lightly loaded structures are least
vulnerable to this type of settlement.
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Figure 9.12  Settlement versus peak acceleration for three levels of transmitted energy
(after Brumund and Leonards, 1972)

Settlement of Sand Due to Cyclic Shear Strain

The experimental laboratory observations described in Section 9.2 have shown
that when a sand layer is subjected to controlled vertical acceleration,
considerable settlement does not occur up to a peak acceleration level of
a... = g . However in several instances, the cyclic shear strains induced in the
soil layers due to ground-shaking of seismic events have caused considerable
damage (Figure 9.13). The controlling parameters for settlement in granular soils
due to cyclic shear strain have been studied in detail by Silver and Seed (1971). It
was stated that relative density, maximum shear strain induced in the soil, and
number of shear strain cycles are the main factors that control the amount of
volumetric compression occurring in dry sands. These three factors are related to
N-value, peak ground acceleration and magnitude of the earthquake respectively.
Some of the results of this study are presented in this section.

The laboratory work of Silver and Seed was conducted on sand by using
simple shear equipment developed by the Norwegian Geotechnical Institute. The
frequency of the shear stress application to the sand specimens was 1 Hz. Dry
sand specimens were tested at various relative densities of compaction being
subjected to varying normal stresses o, and amplitudes of shear strain ;.



390 Chapter 9
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Rock ®
a max = peak acceleration

Figure 9.13  Settlement of sand due to cyclic shear strain

An example of the nature of variation of the vertical strain €, = AH/H (H

= initial height of the specimen, AH = settlement) with number of cycles of shear
strain application for a medium dense sand is shown in Figure 9.14. For these
tests, the initial relative density (Rp) of compaction was 60%. Based on Figure
9.14, the following observations can be made.

a. For a given normal stress o, and amplitude of shear strain ., , the

vertical strain increases with the number of strain cycles. However, a
large portion of the vertical strain occurs in the first few cycles. For
example, in Figure 9.14, the vertical strain occurring in the first 10
cycles is approximately equal to or more than that occurring in the next
40-50 cycles.

b. For a given value of the vertical stress and number of cycles N, the
vertical strain increases with the increase of the shear strain amplitude.

However, one has to keep in mind that a small amount of compaction (i.e.,
increase in the relative density) could markedly reduce the settlement of a given
soil. Silver and Seed (1971) also observed that at higher amplitudes of cyclic
shear strain (7. > 0.05%, for a given value of N), the vertical strain is not

significantly affected by the magnitude of the vertical stress. This may not be
true where the shear strain is less than 0.05%.
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Figure 9.14  Variation of vertical strain with number of cycles (after Silver and Seed,

1971)

The basic understanding of the laboratory test results for the settlement due
to cyclic shear strain application may now be used for calculation of settlement

of sand layers due to seismic effect. This is presented in the following section.

Calculation of Settlement of Dry Sand Layers
Subjected to Seismic Effect

Seed and Silver (1972) have suggested a procedure to calculate the settlement of
a sand layer subjected to seismic effect. This procedure is outlined in a step-by-

step manner.

1. Since the primary source of ground motion in a soil deposit during an
earthquake is due to the upward propagation of motion from the underlying
rock formation, adopt a representative history of horizontal acceleration for

the base.

Divide the soil layer into n layers. They need not be of equal thickness.
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3. Calculate the average value of the vertical effective stress &, for each layer
(Note: In dry sand, total stress in equal to effective stress.)

4. Determine the representative relative densities for each layer.

5. Using the damping ratio and the shear moduli characteristics given in
Section 4.19, calculate the history of shear strains at the middle of all »
layers.

6. Convert the irregular strain histories obtained for each layer (Step 5) into
average shear strains and equivalent number of uniform cycles (see Chapter
7).

7. Conduct laboratory tests with a simple shear equipment on representative
soil specimens from each layer to obtain the vertical strains for the
equivalent number of strain cycles calculated in Step 6. This has to be done
for the average effective vertical stress levels &, calculated in Step 3 and the

corresponding average shear strain levels calculated in Step 6.
8. Calculate the total settlement as

AH =€, H +¢& ,H,++&,,,H (9.23)

z(n)* " n

where £, €, are average vertical strains determined in Step 7 for layers 1,
2, ...and H,, H,,...are layer thicknesses.
The applicability of this procedure is explained in Example 9.1.

Example 9.1

A 20-m-thick sand layer is shown in Figure 9.15a. The unit weight of soil is 16.1
KN/m’. Using a design earthquake record, the average shear strain in the soil
layer has been evaluated and plotted in Figure 9.15a. (Note: It was assumed that
v, =0.65y, ). In this evaluation, the procedure outlined in Section 4.19 was

followed with G, = 218.82K2(max)5'l/ *kPa and damping = 20%. The number

of equivalent cycles of shear strain application was estimated to be 10. Cyclic
simple shear tests on representative specimens of this sand were conducted with
their corresponding vertical stresses as in the field. The results of these tests are
shown in Figure 9.15b. Estimate the probable settlement of the sand layer.

Solution

Form Figure 9.15b, it can be seen that, even though tests were conducted with
different values of 0, the results of €, versus y/, are almost linear in a log-log
plot. This shows that the magnitude of the effective overburden pressure has
practically no influence on the vertical strain. Thus, for this calculation, the
average line of the experimental results is used. For calculation of settlement, the
following table can be prepared.
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Figure 9.15 (a) Plot of average shear strain induced due to earthquake (sand unit weight

= 16.1 kN/m’; relative density = 50%); (b) laboratory simple shear test
results (number of cycles = 10)
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9.7

Shear strain at the
middle of layer,

Depth (m)  H (m) Vee (%) & (%) He. x 107 (m)
0-25 2.5 0.025 0.043 0.1075
25-50 2.5 0.065 0.13 0.325
50-175 2.5 0.100 0.22 0.55
7.5-10.0 2.5 0.125 0.28 0.700
10.0-12.5 2.5 0.140 0.31 0.775
12.5-15.0 2.5 0.135 0.30 0.750
15.0-17.5 2.5 0.125 0.28 0.700
17.5-20.0 25 0.105 0.23 0.575
AH =XHe
=4.4825%x 102 m
= 44.8 mm

Settlement of a Dry Sand Layer Due to
Multidirectional Shaking

Pyke, Seed, and Chan (1975) have made studies to calculate the settlement of a
dry sand layer subjected to multidirectional shaking; i.e., shaking with
accelerations in the x, y, and z directions as shown in Figure 9.16. The
conclusions of this study show that the settlements caused by combined
horizontal motions are approximately equal to the sum of the settlement caused
by the components acting separately. The effect of the vertical acceleration is
again to increase the settlement.

Figure 9.17 shows the effect of the vertical acceleration on settlement on
Monterey No. 0 sand with an initial relative density of 60%. As an example, let
us consider the problem of settlement given in Example 9.1. If the same sand
layer is subjected to similar base accelerations in the x and y directions, and if the
average vertical acceleration in the layer is about 0.2g, the total settlement can be
estimated as follows:

Settlement due to the component in the x direction = 44.8 mm
Settlement due to the component in the y direction = 44.8 mm
Total settlement due to horizontal motions = §9.6 mm

For a.max) = 0.2 g, from Figure 9.17 the ratio of settlement is about 1.3. Thus, the
total settlement due to all three components is equal to 1.3(89.6) = 116.48 mm. It
needs to be pointed out that vertical acceleration acting alone without horizontal
motion has practically no effect on settlement up to about 1g. However, when it
acts in combination with the horizontal motion, it produces a marked increase of
total settlement.
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Figure 9.17  Effect of vertical motion superimposed on horizontal motion (after Seed
and Chan, 1975)
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Problems

9.1 The results of a set of laboratory simple shear tests on a dry sand are given
below (vertical stress ¢, = 20 kPa; number of cycles = 12; frequency = 1

Hz; initial relative density of specimens = 65%).

Peak shear ~ Vertical Peak shear Vertical

strain y_, strain strain y_, strain
(%) (%) (%) (%)
0.02 0.035 0.10 0.095
0.04 0.060 0.15 0.200
0.06 0.075 0.20 0.280
0.08 0.090

Plot the results on log-log graph paper. Approximate the results in the form
of an equation

’r _ n
yxz - mgz

9.2 A dry sand deposit is 12 m thick and its relative density is 65%. This layer of
sand may be subjected to an earthquake. The number of equivalent cycles of
shear stress application due to an earthquake is estimated to be 12. Following
is the variation of the average expected shear strain with depth.

Depth Average shear strain Depth Average shear strain
(m) (%) (m) (%)
0 0 7.5 0.186
1.5 0.080 9.0 0.170
3.0 0.135 10.5 0.160
4.5 0.155 12.0 0.140
6.0 0.175

Estimate the probable settlement of the sand layer using the laboratory test

results given in Problem 9.1.

9.3 Repeat Problem 9.2 for the following (depth of sand layer = 10 m):

Depth Average shear strain
(m) (%)
0 0
2.5 0.100
5.0 0.140
7.5 0.135
10.0 0.117
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Liquefaction of Soil

10.1

Introduction

During earthquakes, major destruction of various types of structures occurs due
to the creation of fissures, abnormal and/or unequal movement, and loss of
strength or stiffness of the ground. The loss of strength or stiffness of the ground
results in the settlement of buildings, failure of earth dams, landslides and other
hazards. The process by which loss of strength occurs in soil is called soil
liguefaction. The phenomenon of soil liquefaction is primarily associated with
medium — to fine-grained saturated cohesionless soils. Examples of soil
liquefaction-related damage are the June 16, 1964, earthquake at Niigata, Japan,
the 1964 Alaskan earthquake, and also the 2001 Republic Day earthquake at
Bhuj, India. Most of the destruction at port and harbour facilities during
earthquakes is attributable to liquefaction. Classical examples are Kobe Port,
Japan (1995 earthquake) and at Kandla Port, India (2001 earthquake).

One of the first attempts to explain the liquefaction phenomenon in sandy
soils was made by Casagrande (1936) and is based on the concept of critical void
ratio. Dense sand, when subjected to shear, tends to dilate; loose sand, under
similar conditions, tends to decrease in volume. The void ratio at which sand
does not change in volume when subjected to shear is referred to as the critical
void ratio. Casagrande explained that deposits of sand that have a void ratio
larger than the critical void ratio tend to decrease in volume when subjected to
vibration by a seismic effect. If drainage is unable to occur, the pore water pressure
increases. Based on the effective stress principles, at any depth of a soil deposit

o'=0-u (10.1)
where o’ = effective stress

o = total stress
u = pore water pressure

398
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If the magnitude of o remains practically constant, and the pore water pressure
gradually increases, a time may come when o will be equal to u. At that time,
o’ will be equal to zero. Under this condition, the sand does not possess any
shear strength, and it transforms into a liquefied state. However, one must keep
in mind the following facts, which show that the critical void ratio concept may
not be sufficient for a quantitative evaluation of soil liquefaction potential of
sand deposits:

1. Critical void ratio is not a constant value, but changes with confining
pressure.

2. Volume changes due to dynamic loading conditions are different than the
one-directional static load conditions realized in the laboratory by direct
shear and triaxial shear tests.

For that reason, since the mid-1960s intensive investigations have been
carried out around the world to determine the soil parameters that control
liquefaction. In this chapter, the findings of some of these studies are discussed.

Fundamental Concept of Liquefaction

Figure 10.1 shows the gradual densification of sand by repeated back-and-forth
straining in a simple shear test. For this case drainage from the soil occurs
freely. Each cycle of straining reduces the void ratio of the soil by a certain
amount, although at a decreasing rate. It is important to note that there exists a
threshold shear strain, below which no soil densification can take place,
irrespective of the number of cycles. Decrease in volume of the sand, as shown
in Figure 10.1, can take place only if drainage occurs freely. However, under
earthquake conditions, due to rapid cyclic straining this will not be the condition.
Thus, during straining gravity loadings is transferred from soil solids to the pore
water. The result will be an increase of pore water pressure with a reduction in
the capacity of the soil to resist loading.

This is schematically shown in Figure 10.2. In this figure, let 4 be the point
on the compression curve that represents the void ratio (e, ) and effective state of
stress (o ) at a certain depth in a saturated sand deposit. Due to a certain

number of earthquake related cyclic straining, let AB = Ae be the equivalent
change of void ratio of the soil at that depth if full drainage is allowed. However,
if drainage is prevented, the void ratio will remain as ¢, and the effective stress
will be reduced to the level of o , with an increase of pore water pressure of

magnitude Au. So the state of the soil can be represented by point C. If the
number of cyclic straining is large enough, the magnitude of Au may become

equal to o , and the soil will liquefy.
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Laboratory Studies to Simulate Field
Conditions for Soil Liquefaction

If one considers a soil element in the field, as shown in Figure 10.3a, when
earthquake effects are not present, the vertical effective stress on the element is
equal to o’, which is equal to o, , and the horizontal effective stress on the

element equals Ko, , where K, is the at-rest earth pressure coefficient. Due to
ground-shaking during an earthquake, a cyclic shear stress 7, will be imposed

on the soil element. This is shown in Figure 10.3b. Hence, any laboratory test to
study the liquefaction problem must be designed in a manner so as to simulate
the condition of a constant normal stress and a cyclic shear stress on a plane of
the soil specimen. Various types of laboratory test procedure have been adopted
in the past, such as the dynamic triaxial test (Seed and Lee, 1966; Lee and Seed,
1967), cyclic simple shear test (Peacock and Seed, 1968; Finn, Bransby, and
Pickering, 1970; Seed and Peacock, 1971), cyclic torsional shear test (Yoshimi
and Oh-oka, 1973; Ishibashi and Sherif, 1974), and shaking table test (Prakash
and Mathur, 1965). However, the most commonly used laboratory test
procedures are the dynamic triaxial tests and the simple shear tests. These are
discussed in detail in the following sections.

(b)

Figure 10.3  Application of cyclic shear stress on a soil element due to an earthquake
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Dynamic Triaxial Test

10.4 General Concepts and Test Procedures

Consider a saturated soil specimen in a triaxial test, as shown in Figure 10.4a,
which is consolidated under an all-around pressure of o3. The corresponding
Mohr’s circle is shown in Figure 10.4b. If the stresses on the specimen are
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changed such that the axial stress is equal to o3 +(1/2)0,; and the radial stress is
o5 —(1/2)0, (Figurel0.4c), and drainage into or out of the specimen is not

allowed, then the corresponding total stress Mohr’s circle is of the nature shown
in Figure 10.4d. Note that the stresses on the plane X — X are

1
Total normal stress = 03, shear stress = + 5 oy

and the stresses on the plane Y — Y are

1
Total normal stress = o3, shear stress = — 5 oy

Similarly, if the specimen is subjected to a stress condition as shown in
Figure 10.4e, the corresponding total stress Mohr’s circle will be as shown in
Figure 10.4f. The stresses on the plane X — X are

1
Total normal stress = 03, shear stress = — 5 oy

The stresses on the plane Y — Y are

1
Total normal stress = 03, shear stress = +5 oy

It can be seen that, if cyclic normal stresses of magnitude (1/2) o, are

applied simultaneously in the horizontal and vertical directions, one can achieve
a stress condition along planes X — X and Y — Y that will be similar to the cyclic
shear stress application shown in Figure 10.3b.

However, for saturated sands, actual laboratory tests can be conducted by
applying an all-around consolidation pressure of 03 and then applying a cyclic
load having an amplitude of ¢, in the axial direction only without allowing
drainage as shown in Figure 10.5a. The axial strain and the excess pore water
pressure can be measured along with the number of cycles of load (o)
application.

The question may now arise as to how the loading system shown in Figure
10.5a would produce stress conditions shown in Figure 10.4c and e. This can be
explained as follows. The stress condition shown in Figure 10.5b is the sum of
the stress conditions shown in Figure 10.5¢ and d. The effect of the stress
condition shown in Figure 10.5d is to reduce the excess pore water pressure of the
specimen by an amount equal to (1/2) o, without causing any change in the
axial strain. Thus, the effect of the stress conditions shown in Figure 10.5b
(which is the same as Figure 10.4c) can be achieved by only subtracting a pore
water pressure u = (1/2) o, from that observed from the loading condition

shown in Figure 10.5c. Similarly, the loading condition shown in Figure 10.5¢ is
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the loading condition in Figure 10.5f plus the loading condition in Figure 10.5g.
The effect of the stress condition shown in Figure 10.5g is only to increase the
pore water pressure by an amount (1/2) o,;. Thus the effect of the stress
conditions shown in Figure 10.5¢ (which is the same as in Figure 10.4e) can be
achieved by only adding (1/2) o, to the pore water pressure observed from the
loading condition in Figure 10.5f.
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Figure 10.5
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10.5 Typical Results from Cyclic Triaxial Test

Several cyclic undrained triaxial tests on saturated soil specimens have been
conducted by Seed and Lee (1966) on Sacramento River sand retained between
No. 50 and No. 100 U.S sieves. The results of a typical test in loose sand (void
ratio, e = 0.87) is shown in Figure 10.6. For this test, the initial all around pressure and
initial pore water pressure were 200 kPa and 100 kPa respectively. Thus the all around
consolidation pressure o3 is equal to 100 kPa. The cyclic deviator stress oy was
applied with a frequency of 2 Hz. Figure 10.7 is a plot of the axial strain, change
in pore water pressure u, and the change in pore water pressure corrected to mean
extreme principal stress conditions (i.e., subtracting or adding (1/2) g, from or to

—_
)
S

90 |-
o HAFH R Time
90 |-
180(-

Load, o; (N)

Compression

0
Ul

Extension

Axial deformation (mm)
(=]

8]
S S
S O
T

M«Jﬁf

o

> Time

Pore pressure (kPa)
S
S

4»' IS |<7

Test No. 114

Relative density = 38%

Initial void ratio = 0.87

Initial pore water pressure = 100 kPa
Initial confining pressure = 200 kPa
0, =40 kPa

Figure 10.6  Typical pulsating load test on loose saturated Sacramento River sand
(redrawn after Seed and Lee, 1966)
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the observed pore water pressure) against the number of cycles of load
application. Figure 10.7c shows that the change in pore water pressure becomes
equal to o; during the ninth cycle, indicating that the effective confining pressure
is equal to zero. During the tenth cycle, the axial strain exceeded 20% and the

soil liquefied.
Compression
30 T T T T T
2 - @ At 6, =+38 kPa .
'g Ato;=0
= Test No. 114
B -10 - Relative density = 38% 7]
< 03 = 100 kPa
20F 3 At o,=-38 kPa .
0,=+38 kPa
230 | | | | |
Extension | 2 4 10 20 40 100
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(b)

Initial effective Aty =0

—— Atoy=+38kPa

Change in pore water
pressure, u (kPa)
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— Atoy=+38kPa _
— Atoy=-38kPa

Change in pore water
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Figure 10.7  Typical pulsating load test on loose Sacramento River sand: (a) plot of axial
strain versus number of cycle of load application; (b) observed change in
pore water pressure versus number of cycles of load application; (c) change
in pore water pressure (corrected to mean principal stress condition) versus
number of cycles of load application (after Seed and Lee, 1966)
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The relationship between the magnitude of o, against the number of cycles
of pulsating stress applications for the liquefaction of the same loose sand
[e = 0.87, 03 = 100 kPa is shown in Figure 10.8. Note that the number of cycles
of pulsating stress application increases with the decrease of the value of o

The nature of variation of the axial strain and the corrected pore water
pressure for a pulsating load test in a dense Sacramento River sand is shown in
Figure 10.9. After about 13 cycles, the change in pore water pressure becomes
equal to o3; however, the axial strain amplitude did not exceed 10% after even 30
cycles of load application. This is a condition with a peak cyclic pore pressure
ratio 100%, with limited strain potential due to the remaining resistance of the
soil to deformation, or due to the fact that the soil dilates. Dilation of the soil
reduces the pore water pressure and helps stabilization of soil under load. This
may be referred to as cyclic mobility (Seed, 1979). More discussion on this
subject is given in Section 10.11.

A summary of axial strain, number of cycles for liquefaction, and the
relative density for Sacramento River sand are given in Figure 10.10
[for oz = 100 kPa]. However, a different relationship may be obtained if the
confining pressure ¢; is changed.

It has been mentioned earlier that the critical void ratio of sand cannot be
used as a unique criterion for a quantitative evaluation of the liquefaction
potential. This can now be seen from Figure 10.11, which shows the critical void
ratio line for Sacramento River sand. Based on the initial concept of critical void
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)
o0
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=
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I

0 I I I I I
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Number of cycles to cause failure

Figure 10.8 Relationship between pulsating deviator stress and number of cycles
required to cause failure in Sacramento River sand (redrawn after Seed and
Lee, 1966)
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ratio, one would assume that a soil specimen represented by a point to the left of
the critical void ratio line would not be susceptible to liquefaction; likewise, a
specimen that plots to the right of the critical void ratio line would be vulnerable
to liquefaction. In order to test this concept, the cyclic load test results on two
specimens are shown as 4 and B in Figure 10.11. Under a similar pulsating stress
o0, =*120 kPa, specimen 4 liquefied in 57 cycles, whereas specimen B did not

fail even in 10,000 cycles. This is contrary to the aforementioned assumptions.
Thus, the liquefaction potential depends on five important factors:
1. Relative density Rp
Confining pressure 03
Peak pulsating stress o,

Number of cycles of pulsating stress application
Overconsolidation ratio

nbk we

The importance of the first four factors is discussed in the following
section. The overconsolidation ratio is discussed in Section 10.9. Soil grain size
characteristics, particle shape, aging and cementation, depositional environment,
drainage conditions, construction induced loads are also known to have some
effects on the liquefaction potential.

084 T T T T
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S 0.76 - .
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3 e 4
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g o;==+ 120 kPa in 10,000 cycles
fg o,;=+120 kPa
>
0.68 - .
0.64 | . ! .
0 300 600 900 1200 1500

Consolidation pressure and critical confining pressure, o3 (kPa)

Figure 10.11 Critical confining pressure-void ratio relationship for Sacramento River
sand (redrawn after Seed and Lee, 1966)
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10.6

Influence of Various Parameters on Soil
Liquefaction Potential

Influence of the Initial Relative Density

The effect of the initial relative density of a soil on liquefaction is shown in
Figure 10.12. All tests shown in Figure 10.12 are for o3 = 100 kPa.

The initial liquefaction corresponds to the condition when the pore water
pressure becomes equal to the confining pressure ¢;. In most cases, 20% double
amplitude strain is considered as failure. It may be seen that, for a given value of
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@) Initial void ratio = 0.87
Relative density = 38%
70 13 20% strain o3 =100 kPa ]
ERl Aitial .
liquefaction
0
5) b
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& \
£ 140 © 20% strai .
3 \ Initial o Stram
g2, "\ / liquefaction
'x \
8 A
£ 105+ =
70+ IR - .
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0 | | | |
1 10 100 1000 10,000 100,000

Number of cycles

Figure 10.12 Influence of Initial relative density on liquefaction for Sacramento River
sand (redrawn after Lee and Seed, 1967)
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oy, the initial liquefaction and the failure occur simultaneously for loose sand
(Figure 10.12a). However, as the relative density increases, the difference
between the number of cycle to cause 20% double amplitude strain and to cause
initial liquefaction increases.

Influence of Confining Pressure

The influence of the confining pressure o; on initial liquefaction and 20% double
amplitude strain condition is shown in Figure 10.13. For a given initial relative
density and peak pulsating stress, the number of cycles to cause initial
liquefaction or 20% strain increases with the increase of the confining pressure.
This is true for all relative densities of compaction. Conditions that can create
greater confining pressure are deeper ground water table, soil located at a deeper
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Figure 10.13 (Continued)
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Figure 10.13 Influence of confining pressure on liquefaction of Sacramento River sand:
(a) initial liquefaction; (b) 20% strain (redrawn after Lee and Seed, 1967)

depth and addition of surcharge on the ground surface.

Influence of the Peak Pulsating Stress

Figure 10.14 shows the variation of the peak pulsating stress o; with the
confining pressure for initial liquefaction in 100 cycles (Figure 10.14a) and for
20% axial strain in 100 cycles (Figure 10.14b). Note that for a given initial void
ratio (i.e., relative density Rp) and number of cycles of load application, the
variation of oy for initial liquefaction with o3 is practically linear. A similar
relation also exists for loose sand with a 20% axial strain condition. It is worth
noting that the peak pulsating stress is a function of peak ground acceleration
expected at the site.
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It is also observed that for sand having the same initial void ratio and same
effective confining pressure, the higher the pulsating stress, the lower the number
of cycles of deviatoric stress required to cause liquefaction.
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Figure 10.14 Influence of pulsating stress on the liquefaction of Sacramento River sand
(a) Initial liquefaction in 100 cycles; (b) 20% strain in 100 cycles (redrawn
after Lee and Sand, 1967)
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10.7

Development of Standard Curves for Initial
Liquefaction

By compilation of the results of liquefaction tests conducted by several
investigators on various types of sand, average standard curves for initial
liquefaction for a given number of load cycle application can be developed.
These curves can then be used for evaluation of liquefaction potential in the field.
Some of these plots developed by Seed and Idriss (1971) are given in Figure
10.15.

Figure 10.15 is a plot of (1/2)(c,/0;) versus Ds; to cause initial
liquefaction in 10 cycles of stress application. The plot is for an initial relative
density of compaction of 50%. Note that Dsy in Figure 10.15 is the mean grain
size, i.e., the size through which 50% of the soil will pass. It should be kept in
mined that (I/2)o, is the magnitude of the maximum cyclic shear stress
imposed on a soil specimen (see planes X — X and Y — Y of Figure 10.4 d, f).
Another plot for initial liquefaction in 30 cycles of stress application is also given
in Figure 10.15. These curves are used in Section 10.15 for evaluation of
liquefaction potential.
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~<__ Numb¢r of cycles = 30
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g 0.15
g
7
0.10
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Mean grain size, D5y (mm)

Figure 10.15 Stress ratio causing liquefaction of sands in 10 and 30 cycles (after Seed
and Idriss, 1971)
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Cyclic Simple Shear Test

10.8

General Concepts

Cycle simple shear tests can be used to study liquefaction of saturated sands by
using the simple shear apparatus (also see Chapter 4). In this type of test, the soil
specimen is consolidated by a vertical stress o, . At this time, lateral stress is
equal to Koo, (K, = coefficient of earth pressure at rest). The initial stress
conditions of a specimen in a simple shear device are shown in Figure 10.16a;
the corresponding Mohr’s circle is shown in Figure 10.16b. After that, a cyclic
horizontal shear stress of peak magnitude 7, is applied (undrained condition) to
the specimen as shown in Figure 10.16c. The pore water pressure and the strain
are observed with the number of cycles of horizontal shear stress application.

Using the stress conditions on the soil specimen at a certain time during the
cyclic shear test, a Mohr’s circle is plotted in Figure 10.16d. Note that the
maximum shear stress on the specimen in simple shear is not 7, but

2
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Figure 10.16 Maximum shear stress for cyclic simple shear test
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10.9 Typical Test Results

Typical results of some soil liquefaction tests on Monterey sand using simple
shear apparatus are shown in Figure 10.17. Note that these are for the initial
liquefaction condition. From the figure the following facts may be observed:

1. For a given value of 0, and relative density Rp, a decrease of 7, requires an
increase of the number of cycles to cause liquefaction.
2. For a given value of Rp and number of cycles of stress application, a
decrease of o, requires a decrease of the peak value of 7, for causing

liquefaction.

3. For a given value of o, and number of cycles of stress application, 7, for
causing liquefaction increases with the increase of the relative density.

Another important factor — the variation of the peak value of 7, for causing
initial liquefaction with the initial relative density of compaction (for a given
value of 0, and number of stress cycle application) — is shown in Figure 10.18.

For a relative density up to about 80%, the peak value of 7, for initial
liquefaction increases linearly with Rp. At higher relative densities (which may
not be practical to achieve in the field, particularly if fines are present), the

relationship is nonlinear.

80 C T T
N
AN - Relative
—_ N > density
-EE/ 601 ~ =90% |
S N
« N
2 AN
£ 400 h ==~ 90%
2 80%
B
=]
S 20 —_0,=780kPa
]
c-‘ == —_
_ _ _0,=490 kPa 50%
O | | |
1 10 100 1000 10,000

Number of cycle

Figure 10.17 Initial liquefaction in cyclic simple shear test on Monterey sand (redrawn

after Peacock and Seed, 1968)
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Figure 10.18 Effect of relative density on cyclic shear stress causing initial liquefaction
of Monterey sand (redrawn after Peacock and Seed, 1968)

Influence of Test Condition

In simple shear test equipment, there is always some nonuniformity of
stress conditions. This causes specimens to develop liquefaction under lower
applied horizontal cyclic stresses as compared to that in the field. This happens
even though care is taken to improve the preparation of the specimens and rough
platens are used at the top and bottom of the specimens to be tested. For that
reason, for a given value ofo,, Rp, and number of cyclic shear stress

application, the peak value of 7, in the field is about 15% - 50% higher than that
obtained from the cyclic simple shear test. This fact has been demonstrated by
Seed and Peacock (1971) for a uniform medium sand (Rp = 50%) in which the
field values are about 20% higher than the laboratory values.

Influence of Overconsolidation Ratio on the Peak Value of 3
Causing Liquefaction

For the cyclic simple shear test, the value of 7, is highly dependent on the value
of the initial lateral earth pressure coefficient at rest (Ky). The value of Ky, is in
turn, dependent on the over consolidation ratio (OCR). The variation of 7, /o,
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Figure 10.19 Influence of overconsolidation ratio on stresses causing liquefaction in
simple shear tests (redrawn after Seed and Peacock, 1971)

for initial liquefaction with the overconsolidation ratio as determined by the
cyclic simple shear test is shown in Figure 10.19. For a given relative density and
number of cycles causing initial liquefaction, the value of 7, /0, decreases with
the decrease of K,. It needs to be mentioned at this point that all the cyclic
triaxial studies for liquefaction are conducted for the initial value of K, = 1.

Rate of Excess Pore Water Pressure Increase

Seed and Booker (1977) and DeAlba, Chan, and Seed (1975) measured the rate
of excess pore water pressure increase in saturated sands during liquefaction
using cyclic simple shear tests. The range of the variation of pore water pressure
generation u, during cyclic loading is shown in Figure 10.20. The average value
of the variation of u, can be expressed in a nondimensional form as (Seed,

Martin, and Lysmer, 1975)
1/2
g [2j (NP
—= =| — |arcsin | —
o, e N;

(10.3)
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where u, = excess pore water pressure generated
0, = initial consolidation pressure
N =number of cycles of shear stress application
N; = number of cycles of shear stress needed for initial
liquefaction
« = constant (= 0.7)

Hence, the rate of change of u, with NV can be given as

Ju 2
g _| 2% ! (10.4)
oN O TN . 20-1| T T

sin ST 08| 7y

1

where

=

u
£ (10.5)
O-U

The preceding relationship is very useful in the study of the stabilization of
potentially liquefiable sand deposits.
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Figure 10.20 Rate of pore water pressure build up cyclic simple shear test (after Seed and
Booker, 1977)
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10.11

Large-Scale Simple Shear Tests

In the study of soil liquefaction of granular soils, certain aspects of the test
procedures have remained a matter for concern. Some of those concerns are as
follows:

a. Stress concentration in small-scale simple shear tests leads to some
inaccuracy in the results (Castro, 1969).

b. Stress concentration at the base and cap of cyclic triaxial test
specimens and the possibility of necking leads to nonuniformity of
strain and redistribution of water content (Castro, 1975).

c. Attempts to study liquefaction by using shaking table tests (e.g.,
Emery, Finn, and Lee, 1972; Finn, Emery, and Gupta, 1970; O-Hara,
1972; Ortigosa, 1972; Tanimoto, 19671; Whitman, 1970; Yoshimi,
1967) have also raised some equations, since the results, in some cases,
have been influenced by the confining effects of the sides of the box.

For that reason, DeAlba, Seed, and Chan (1976) conducted large-scale
simple shear tests with one-directional cyclic stress application. The specimens
of sand used for testing had dimensions of 2300 mm X 1100 mm X 100 mm
(depth). Each specimen was constructed over a shaking table. A rubber
membrane was placed over the sand to prevent drainage. An inertia mass was
also placed on top of the sand. Movement of the shaking table produced cyclic
stress conditions in the sand. The cyclic shear stress was determines as

a="a (10.6)
g

where w total pressure exerted at the base by the specimen and
the inertia mass
a,, =peak acceleration of the uniform cyclic motion

g =acceleration due to gravity

From the measured displacement of the inertia mass during shaking, the
average single-amplitude cyclic shear strain could be obtained as

(10.7)

A
/:i_
4 2h

where y’ = average single amplitude cyclic shear strain
h = specimen height
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Figure 10.21 Corrected 7,/0, versus N, for initial liquefaction from large-scale simple
shear tests (after DeAlba, Seed, and Chan, 1976)

Figure 10.21 shows the variation of 7, /0, against the number of cycles of initial

liquefaction (V= N;) for various values of the relative density of sand (Rp). Note
that this has been corrected for the compliance effects of the specimens and the
pore water pressure-measuring system and the effects of membrane penetration.
The nature of these plots is similar to those shown in Figure 10.17.

Figure 10.22 shows a comparison of the variation of 7, /o, versus N; (for

Rp=50%) obtained from the reported results of Ortigosa (1972), O-Hara (1972),
Finn, Emery, and Gupta (1971), and the large-scale simple shear test results of
DeAlba, Chan, and Seed (1976). The differences between the results are
primarily due to (1) the effect of membrane penetration and compliance effects,
(2) the length-to-height ratio of the specimens and hence the boundary
conditions, and (3) the nature of sample preparation. It is thus evident from
Figure 10.22 that care should be taken to provide proper boundary conditions if
meaningful data are to be obtained from shaking table tests.

Figure 10.23 shows the comparison of 7;, /0, versus number of cycles for

initial liquefaction of saturated sand at Rp = 50% obtained from various studies
using small-scale and large-scale simple shear devices. The sample preparation
techniques in all the studies were similar. Based on Figure 10.23, it can be
concluded that the results are in good agreement and the errors due to stress
concentration in small-scale simple shear tests are not very large.

The variation of single-amplitude cyclic shear strain [Eq. (10.7)] with N for
dense sands obtained from large-scale simple shear tests is shown in Figure
10.24. Note that the magnitude of ’ increased gradually with N after initial
liquefaction up to a maximum limiting value and remained constant thereafter.
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Figure 10.22 Comparison of shaking table test results — Rp = 50% (after DeAlba, Seed,
and Chan, 1976)

Figure 10.25 shows the relationships between cyclic stress ratio and
number of stress cycles producing average shear strains of 5%, 10%, 15%, and
20% calculated from displacements measured from the large-scale simple shear
tests. The results of Figure 10.25 have been replotted as values of cyclic stress
ratio causing initial liquefaction, or different levels of shear (for N = 10),
versus relative densities in Figure 10.26a. The results show that each curve is
asymptotic to a certain value of Rp. Hence a curve of limiting shear strain versus
Rp can be obtained as shown in Figure 10.26b.
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Figure 10.23 Comparison of shaking table and simple shear liquefaction test results — R,
= 50% (after DeAlba, Seed, and Chan, 1976)
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Figure 10.25 Relationship between 7, /o, and number of cycles causing different levels

of strain (after DeAlba, Seed, and Chan, 1976)

Based on Figure 10.26, the following conclusions can be drawn.

1.

For initial Rp < 45%, the application of cyclic stress ratio high enough
to cause initial liquefaction also causes unlimited shear strain. This
corresponds to a condition of liquefaction.

For initial Rp > 45%, the application of cyclic stress ratio high enough
to cause initial liquefaction will result in a limited amount of shear
strain. This is the case of soil with limited strain potential or the

condition of cyclic mobility.
The limiting strain potential decreases with the increase of the initial

relative density of soil.

Before moving on to establish procedures for determination of liquefaction in the
field, the results from the laboratory tests can be summarizes as following:

1.

Liquefaction is a phenomenon in which the strength and stiffness of a
soil is reduced by earthquake shaking or other rapid loading.
Liquefaction and related phenomena have been responsible for
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tremendous amounts of damage in historical earthquakes around the
world.

2. Flow liquefaction is a phenomenon in which the static equilibrium is
destroyed by static or dynamic loads in a soil deposit with low residual
strength. Residual strength is the strength of a liquefied soil.

3. Cyclic mobility is a liquefaction phenomenon, triggered by cyclic
loading, occuring in soil deposits with static shear stresses lower than
the soil strength. Deformations due to cyclic mobility develop
incrementally because of static and dynamic stresses that exist during
an earthquake.

4. To understand liquefaction, it is important to recognize the conditions
that exist in a soil deposit before an earthquake.
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gn ! with limited shear—|
'S ! strain potential
220 F ,
3 |
ﬁ |
< |
2 I
g 10 | !
3 |
|
0 | | : | |
0 20 40 60 80 100
Relative density (%)
£y’ =25% 15%10% 5%
0.4 T T T
@) |
|
03 I -
& Lo: :
.2 |
g 021 ! -
@ |
o | \_ Initial
N liquefaction
0.1 ' .
|
: 10 stress cycles
0 ! L1 ! !
0 20 40 60 80 100

Relative density (%)

Figure 10.26 Limiting shear strains — 10 cycles of stress (after DeAlba, Seed, and Chan,
1976)
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Development of a Procedure for Determination of Field
Liquefaction

10.12

Correlation of Liquefaction Results from
Simple Shear and Triaxial Tests

The conditions for determination of field liquefaction problems are related to the
ratio of 7;,/0,, ; this is also true for the case of cyclic simple shear stress tests.

However, in the case of triaxial tests, the results are related to the ratio of
(1/2)(o,/0y) . 1t appears that a correlation between 7, /0, and (1/2)(c,/0;)
needs to be developed (for a given number of cyclic stress application to cause
liquefaction). Seed and Peacock (1971) considered the following alternative
criteria for correlation for the onset of soil liquefaction.

1.

The maximum ratio of the shear stress developed during cyclic loading to
the normal stress during consolidation on any plane of the specimen can be
a controlling factor. For triaxial specimens, this is equal to (1/2)(c,/0%),

and for simple shear specimens it is about 7, /(K(0,,) . Thus,

1
h :ﬁ
Koo, 03
or
1o
{i} - k|21 (10.8)
Ov simple shear O3

Another possible condition for the onset of liquefaction can be the
maximum ratio of change in shear stress during cyclic loading to the
normal stress during consolidation on any plane. For simple shear
specimens this is about 7,/(K,0,), and for triaxial specimens it is
(1/2)(0, /o) . This leads to the same equation as Eq. (10.8)

The third possible alternative can be given by the ratio of the maximum
shear stress induced in a specimen during cyclic loading to the mean
principal stress on the specimen during consolidation. For simple shear
specimens:

1
Maximum shear stress during cyclic loading = \/ 7+ [5 o, (1 -K, )2 } (10.2)
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Mean principal stress during consolidation (Figure 10.16a)
1 1
= g(o-v + KOO-U + KOO-U) = go-v(l + 2K'O) (10.9)

For triaxial specimens, maximum shear stress during cyclic loading
=1/2 0, and mean principal stress during consolidation = as; so

1
\/rﬁ +|:2O'U(I—KO)2:| lo-d

_2

%av (1+2K,)

_2
%(l+2K0) i
1 2
— O 2 2
2] s
Oy simple shear 03 3 2
or
1 1 2
Ny —(1-K,)
[i}: 20 Lok, -4 (10.10)
o, o, 9 1 )
(20" 03)

4. The fourth possible alternative may be the ratio of maximum change in shear
stress on any plane during cyclic loading to the mean principal stress during
consolidation. Thus, for simple shear specimens, it is equal to
37;, /[0, (1+2K,)], and for triaxial specimens it is (1/2)(c,/03) ; so

1

i -~ Li+2k,)| 2 (10.11)
. 3 o,
simple shear

o-l)
Thus, in general, it can be written as

1

(i] —o| 2 (10.12)
Oy simple shear 03 triax
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where o’ = K, for Cases 1 and 2,

1

2

h ) Z(1—1{0)
o = 5(1+2K0) —ﬁ for Case 3
[394/)
and
a’:% (1+2Ky) for Case 4

The values of o” for the four cases considered here are given in Table 10.1.

From Table 10.1 it may be seen that for normally consolidated sands, the
value of ¢ is generally in the range 45% - 50%, with an average of about 47%.

Finn, Emery, and Gupta (1971) have shown that, for initial liquefaction of
normally consolidated sands, ¢’ is equal to (1/2)(1+ K,)). The value of K, can
be given by the relation (Jaky, 1944)

Ky=1-sin ¢ (10.13)
Table 10.1  Values of o’ [Eq. (10.12)]°

Ko Case 1 Case 2 Case 3 Case 4
0.4 0.4 0.4 - 0.60
0.5 0.5 0.5 0.25 0.67
0.6 0.6 0.6 0.54 0.73
0.7 0.7 0.7 0.80
0.8 0.8 0.8 0.83 0.87
0.9 0.9 0.9 0.93
1.0 1.0 1.0 1.00 1.00

* After Seed and Peacock (1971).

Castro (1975) has proposed that the initial liquefaction may be controlled
by the criteria of the ratio of the octahedral shear stress during cycle loading fo
the effective octahedral normal stress during consolidation. The effective
octahedral normal stress during consolidation oy is given by relation

4 1 7’ 4 7
ol = g(a1 +05 +05 ) (10.14)
where o, 05, 03 are, respectively, the major, intermediate, and

minor effective principal stresses.
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The octahedral shear stress 7, during cyclic loading is
1
Toct :g[(o'l - 03)’ H0, - 0,)’ o, - 7y)° 17 (10.15)

where o, , 0,, 05 are, respectively, the major, intermediate, and

minor principal stresses during cyclic loading. For cyclic triaxial
tests,

1
[L] = gﬁ{z—J (10.16)
Ooct triax 3 03 triax

For cyclic simple shear tests,

Ooct simple shear 1+ 2K0 Ou simple shear

Thus,
[ Toct ] — ( Toct ]
Ooct simple shear Ooct Jiriax
or
1o
1+ 2K0 ) simple shear 3 03 triax
or

1
-0,
[Toctj =gﬁ(l+2K0j 2 d}
O-(,)Ct simple shear 3 \/g 03 triax

2 1

“(1+2K)| -0y,
3 2
= (10.18)
\/g 03 triax
Comparing Egs. (10.12) and (10.18),
2 (1+2K,)
o =3 (10.19)

NG
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10.13

Correlation of the Liquefaction Results from
Triaxial Tests to Field Conditions

Section 10.9 explained that the field value of (7, /o)) for initial liquefaction is
about 15% — 50% higher than that obtained from simple shear tests. Thus,

(ij - ﬂ(i] (10.20)
Oy field Oy simple shear

The approximate variation of £ with relative density of sand is given in
Figure 10.27. Combining Eqgs (10.12) and (10.20), one obtains

1 1
5 04 5 04
(Q] = ﬁ[i] =o' Bl 2 =c |2 (10.21)
field simple shear o

v v 3 Jtriax 3

where C =ap

Using an average value of &’ = 0.47 and the values of f given in Figure
10.27, the variation of C, with relative density can be obtained. This is shown in
Figure 10.28.
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Figure 10.27 Variation of correction factor S with relative density [Eq. (10.20)]
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Figure 10.28 Variation of C, with relative density [Eq. (10.21)]

Eq. (10.21) presents the correlations for initial liquefaction between the
stress ratios in the field, cyclic simple shear tests, and cyclic triaxial tests for a
given sand at the same relative density. However, when laboratory tests are
conducted at relative density, say, Rp), whereas the fields conditions show the
sand deposit to be a relative density of Rp), one has to convert the laboratory
test results to correspond to a relative density of Rp). It has been shown in
Figure 10.18 that 7, for initial liquefaction in the laboratory in a given number of
cycles is approximately proportional to the relative density (for Rp < 80%).

Thus,

z.hI:RD(z)] - Th[RD(l)] {RD(Z)} (10.22)

RD(l)

where 7 Ry is the cyclic peak shear stress required to cause initial liquefaction

in the laboratory for a given value of ¢, and number of cycles, by simple shear
test; and 7y Roo)] is the cyclic peak stress required to cause initial liquefaction in

the field for the same value of o, and number of cycles, by simple shear test.
Combining Egs. (10.21) and (10.22)

1
Th j 2
b =C .
(O-U ﬁeld[RD(z)] 0-3 triaxl:RD“)] RD(I)

(10.23)
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10.14 Zone of Initial Liquefaction in the Field

There are five general steps for determining the zone in the field where soil
liquefaction due to an earthquake can be initiated:

L.

Establish a design earthquake.

Determine the time history of shear stresses induced by the earthquake
at various depths of sand layer.

Convert the shear stress—time histories into N number of equivalent
stress cycles (see Section 7.8). These can be plotted against depth, as
shown in Figure 10.29.

Using the laboratory test results, determine the magnitude of the cyclic
stresses required to cause initial liquefaction in the field in N cycles
(determined from Step 3) at various depths. Note that the cyclic shear
stress levels change with depth due to change of o, . These can be

plotted with depth as shown in Figure 10.29.

The zone in which the cyclic shear stress levels required to cause initial
liquefaction (Step 4) are equal to or less than the equivalent cyclic
shear stresses induced by an earthquake is the zone of possible
liquefaction. This is shown in Figure 10.29.

Equivalent peak shear stress

>

R R R A o
’C’ri‘ti’calﬁdépm for *~ " ‘Depthrof water
liquefaction, d table; dw GWIw

Zone of
initial
liquefaction

Peak cyclic shear
stress needed to cause
liquefaction in N cycles
(laboratory)

Equivalent cyclic
shear stress !
developed due !
to earthquake .
(number of cycles = N) |

1

Depth below the ground surface

Figure 10.29 Zone of initial liquefaction in the field
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10.15 Relation between Maximum Ground
Acceleration and the Relative Density of Sand
for Soil Liquefaction

This section discusses a simplified procedure developed by Seed and Idriss
(1971) to determine the relation between the maximum ground acceleration due
to an earthquake and the relative density of a sand deposit in the field for the
initial liquefaction condition. Figure 10.30a shows a layer of sand deposit in
which we consider a column of soil of height /# and unit area of cross section.
Assuming the soil column to behave as a rigid body, the maximum shear stress at
a depth /4 due to a maximum ground surface acceleration of a,,,,x can be given by

h
Ty = (L]amax (10.24)
g
where Tnax = the maximum shear stress

¥ = the unit weight of soil
g = acceleration due to gravity.

However, the soil column is not a rigid body. For the deformable nature of
the soil, the maximum shear stress at a depth %, determined by Eq. (10.24), needs
to be modified as

T ax(modifty = Cp [(%h) A nax } (10.25)

where Cj is a stress reduction factor. The range of Cp, for different soil profiles is
shown in Figure 10.30b, along with the average value up to a depth of
12.0 m.

It has been shown that the maximum shear stress determined from the
shear stress—time history during an earthquake can be converted into an
equivalent number of significant stress cycles. According to Seed and Idriss, one
can take

h
Tap = 0.65T manunodity = 0-63C K%)am} (10.26)

The corresponding number of significant cycles N for 7, is given in Table
10.2.
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(b)
Figure 10.30 (a) Maximum shear stress at a depth for a rigid soil column; (b) range of the
shear stress reduction factor Cp, for the deformable nature of soil (after Seed
and Idriss, 1971)
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Table 10.2  Significant Number of Stress Cycles N
Corresponding to 7,,,,

Earthquake magnitude N
7 10

7.5 20
8 30

Note that although the values of N given in the table are somewhat
different from those given in Figure 7.15, it does not make a considerable
difference in the calculations. One can now combine Eq. (10.23), which gives the
correlation of laboratory results of cyclic triaxial test to the field conditions, and
Eq. (10.26) to determine the relationships between an,, and Rp. This can be
better shown with the aid of a numerical example.

In general, the critical depth of liquefaction (see Figure 10.29) occurs at a
depth of about 6.0 m) when the depth of water table d,, is 0 — 3.0 m; similarly,
the critical depth is about 9.0 m when the depth of water table is about 4.5 m.

Liquefaction occurs in sands having a mean size D5 of 0.075 — 0.2 mm.
Consider a case where

D50 =0.075 mm

d, =4.5m
7 = unit weight of soil above the ground water table (GWT)
= 18.5 kN/m’

Ysat = unit weight of soil below GWT = 19.6 kN/m’
7’ = effective unit weight of soil below GWT
=(19.6 —9.81) = 9.79 kN/m’
significant number of stress cycles = 10

(earthquake magnitude = 7)

The critical depth of liquefaction d is about 9 m. At that depth the total
normal stress is equal to

45(y) +4.5YVq =4.5(18.5)+4.5(19.6) = 171.45 kPa

7, =0.65C, H%hjamax}

The value of Cp for d =9 m is 0.925 (Fig. 10.30). Thus,

From Eq. (10.26)
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: 925)(171.4 :
i (0.65)(0.9 52( 71.45) aypgy 103 oz Aax (1027)

Again, from Eq. (10.23)

1/2)0, Rp()
Th(field)[R,,,] = FvCr (T o
3 triax[R, ,, ] D(l)

D(1)

At a depth 9 m below the ground surface, the initial effective stress o, is
equal to 4.5(y) +4.5(y") = 4.5(18.5) + 4.5(9.79) = 127.31 kPa.

. 1/2
From Figure 10.15, for Dy = 0.075 mm, [ﬂj ~ 0.215.
93 uriaxial R,,, = 50%
Hence
127.31[ C, (0.215) | R
Th(field)[Ryy] = = =0.547 C,R pp (10.28)

For liquefaction, 7, of Eq. (10.27) should be equal to 7j(geia)[r

1)(2)] :

Hence,
103.08a
—ma = 0547CrRD )
g
or
a
—% = 0.0053C,Rp2) (10.29)
g

It is now possible to prepare Table 10.3 to determine the variation of a,,./g
with Rp(). Note that Rp,) is the relative density in the field.

Figure 10.31 shows a plot of au./g versus the relative density as
determined from Table 10.3. For this given soil (i.e., given Ds, d,,, and number
of significant stress cycles N), if the relative density in the field and a../g are
such that they plot as point A4 in Figure 10.31 (i.e., above the curve showing the
relationship of Eq. (10.29)], then liquefaction would occur. On the other hand, if
the relative density and a,./g plot as point B [i.e., below the curve showing the
relationship of Eq. (10.29)], then liquefaction would not occur.

Diagrams of the type shown in Figure 10.31 could be prepared for various
combinations of Dsg, d,,, and N. Since, in the field, for liquefaction the range of
D518 0.075 — 0.2 mm and the range of N is about 10-20, one can take the critical
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combinations (i.e., Dso = 0.075 mm, N = 20; Dso = 0.2 mm, N = 10) and plot
graphs as shown in Figure 10.32. These graphs provide a useful guide in the
evaluation of liquefaction potential in the field.

These graphs are also useful, particularly when implementing a possible
ground improvement technique in the field to reduce the liquefaction
susceptibility. Using this graph, one can find how much increase in relative
density or in other words, how much compaction is required to be achieved in the
field (using principles of basic soil mechanics), once the in-situ conditions of the

soil and the possible maximum ground acceleration the site likely to experience
are known.

Table 10.3  Relation Between ap,,/g versus Rp)

Eq. (10.29)
Rop) Ratio2
a,
(%) C: —max.
g
20 0.54 0.0572
30 0.54 0.0859
40 0.54 0.1144
50 0.56 0.1484
60 0.61 0.1940
70 0.66 0.2449
80 0.71 0.3010
* From Figure 10.28.
0.3 »
N=10
d,=4.5m
D50 =0.075m
0.2 -
| Ao
gl so
S

0.1 /
//
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Relative density, Rp (%)

Bo

Figure 10.31 Plot of ayn.x/g versus relative density from Table 10.3
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Figure 10.32 Evaluation of liquefaction potential for sand below the ground surface
(redrawn after Seed and Idriss, 1971)

Liquefaction Analysis from Standard
Penetration Resistance

Another way of evaluating the soil liquefaction potential is to prepare correlation
charts with the standard penetration resistance. After the occurrence of the
Niigata earthquake of 1964, Kishida (1966), Kuizumi (1966), and Ohasaki
(1966) studied the area in Niigata where liquefaction had and had not occurred.
They developed criteria, based primarily on standard penetration resistance of
sand deposits, to differentiate between liquefiable and nonliquefiable conditions.
Subsequently, a more detailed collection of field data for liquefaction potential
was made by Seed and Peacock (1971). These results and some others were
presented by Seed, Mori, and Chan (1971) in a graphical form, which is a plot of
7, /0, versus N’. This is shown in Figure 10.33. In this figure note that N”’is

the corrected standard penetration resistance for an effective overburden pressure
of 100 kPa. Figure 10.33 shows the lower bounds of the correlation curve
causing liquefaction in the field. However, correlation charts such as this cannot
be used with confidence in the field, primarily because they do not take into
consideration the magnitude of the earthquake and the duration of shaking.
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Figure 10.33 Correlation between 7, / o, and N’ (after Seed, 1979)

In order to develop a better correlation chart, Seed (1979) considered the
results of the large-scale simple shear test conducted by DeAlba, Chan, and Seed
(1976), which were discussed in Section 10.11. These results were corrected to
take into account the significant factors that effect the field condition, and they
are shown in Table 10.4. It is important to realize that the (7,,/0, ). Values
listed in Table 10.4 are those required for a peak cyclic pore pressure ratio of
100% and cyclic shear strain of £5%. Also, the correlation between R, and N’

shown in columns 1 and 2 are via the relationship established by Bieganousky
and Marcuson (1977).

Excellent agreement is observed when the values of N’and the
corresponding (7,/0,)saq Values (columns 2 and 6) shown in Table 10.4 are

superimposed on the lower-bound correlation curve shown in Figure 10.33.
Hence the lower-bound curve of Figure 10.33 is for an earthquake magnitude
M =17.5. Proceeding in a similar manner and utilizing the results shown in Table
10.4, lower-bound curves for M = 6, 7.5, and 8.25 can be obtained as shown in
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Figure 10.34. Also shown in this figure is the variation of the limited strain
potential in percent (for effective overburden pressure of 100 kPa). Figure 10.34
can be used for determination of the liquefaction potential in the field. In doing
S0, it is important to remember that

N’ =CyNp (10.30)

Table 10.4  Data from Large-scale Simple Shear Tests on Freshly Deposited Sand®

M=5-6 M=7-175 M=8-8.25
5 cycles 15 cycles 25 cycles
Relative N’ Th Th Th Th h T
density, Ro (blows/30 cm) OpJest \Ovhigd  \Ov et (Y Oy )it O Jied

(1) (2) @) 4) (5) (6) (7) (8)
54 13.5 0.22 0.25 0.17 0.19 0.155 0.175
68 23 0.30 0.34 0.24 0.27 0.210 0.235
82 33 0.44 0.49 0.32 0.37 0.280 0.315
90 39 0.59 0.66 0.41 0.46 0.360 0.405

Note: N’ = standard penetration resistance corrected to an effective overburden
pressure of 100 kPa; M = magnitude of earthquake.

* After Seed (1979).

where

Nr = field standard penetration test values
Cy = correction factor to convert to an effective overburden pressure

(0y,) of 100 kPa

The correction factor can be expressed as (Liao and Whitman, 1986)
1

Cy =978, |— (10.31)
O-U

A slight variation of Figure 10.34 is given by Seed, Idriss, and Arango
(1983) and Seed and Idriss (1982). It can be seen from this figure that, if N’ is
more than 30, liquefaction is unlikely to occur, in general.

where o}, is in kPa.
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Figure 10.34 Variation of (7}, /0,))geq With N’ and M (after Seed, 1979)

Discussion regarding soil liquefaction has so far been limited to the case of
clean sands; however liquefaction can, and has been, observed in silty sands,
mine tailings and silts. It is generally reported that mine tailings behave similar to
clean sands under seismic loading. Information regarding the liquefaction of silty
sand is somewhat limited and there is no consensus among the researchers as of
date. In general, it is observed that liquefaction resistance of silty sands, up to
certain silt content, is more than that of clean sands. It may be due to the fact
that, voids in clean sands are occupied by silt particles and thus these may inhibit
a quick volume change behavior. Seed et al. (1984) presented limited
correlations between (7;,/0,)geq» N’ and percent fines (F) for an earthquake

magnitude M = 7.5, which can be summarized as follows:
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Lower bound of (7, /5, )ie1a

Percent of fines, for which liquefaction is
F N’ likely (M =1.5)
<5 5 0.055
10 0.115
15 0.170
20 0.220
25 0.295
30 0.500
10 5 0.098
10 0.160
15 0.225
20 0.295
25 0.500
35 5 0.130
10 0.185
15 0.260
20 0.400
Example 10.1

Geotechnical investigations carried out in a deposit of sand provided the field
standard penetration numbers N as given in the table below. During the
geotechnical investigations, it is also observed that groundwater table is
encountered at a depth of 3.0 m measured from the ground surface. Given for the
sand:

Dry unit weight = 17.6 kN/m’
Saturated unit weight = 19.6 kN/m’

Determine, for an earthquake magnitude of 7.5, if liquefaction will occur at the
site. Assume that the maximum peak ground acceleration at the site is

amax = 0.15 g.

Depth (m) Npr (blows/30cm)
1.5 6

3.0 8

4.5 10

6.0 14

7.5 16

9.0 20

10.5 20
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Solution

Step 1. The following table can now be prepared for calculating the shear
resistance available in the sand deposit at different depths.

Vertical
effective
Depth stress Cy N’? ( Ty jb T,
v Jtield

(m) (kPa) [Eq.(10.31)] (blows/30 cm) (kPa)
1.5 26.4 1.90 11 0.128 3.38
3.0 52.8 1.35 11 0.128 6.76
4.5 674 1.19 12 0.140 9.45
6.0 82.1 1.08 15 0.168 13.80
7.5 96.8 0.99 16 0.184 17.82
9.0 111.5 0.93 19 0.210 23.42
10.5 126.2 0.87 17 0.195 24.61

* N’ = CyNr (rounded off).
® From Figure 10.34.

Step 2. The following table can now be prepared for calculation of the
shear stresses induced in the sand deposit at different depths
[ 7,, using Equation (10.26)].

Total
vertical
Depth (m)  stress (kPa) max. Cp® Tavb (kPa)
g
3.0 52.8 0.15 0.98 5.04
4.5 82.2 0.15 0.97 11.97
6.0 111.6 0.15 0.96 15.99
7.5 141.0 0.15 0.95 20.02
9.0 170.4 0.15 0.94 23.94
10.5 199.8 0.15 0.90 2691

“Figure 10.30 (b)
b 2, =0.65 Cp [(Y1/2)max]

Step 3. Check to see if 7, 27, at any depth in the sand deposit. In that case,

av —
liquefaction would occur. From the preceding two tables, it can be seen
that between depths of 3.0 m and 10.0 m, 7,,is greater thanz,, So

liquefaction occurs between this depths.
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10.17 Other Correlations for Field Liquefaction
Analysis

Correlation with Cone Penetration Resistance

In many cases during field exploration, the variation of the cone penetration
resistance is measured with depth. Similar to the standard penetration number Np,
the field cone penetration resistance needs to be corrected to a standard effective
overburden pressure. Thus, for clean sand (Ishihara, 1985)

9= Cyn 4, (10.32)

where g. = field cone penetration resistance (kg/cm®)
Cy = correction factor
g, = corrected cone penetration number (kg/em?)

If the value of ¢/ for o, = 100 kPa is needed, then Eq. (10.31) may be used. It
has been noted from several field tests that

q;(a;:IOOkPa) =AN’ (10.33)

where A =4 to 5 for clean sands.

Assuming the value of 4 to be about 4,

qg(a; =100kPa) =~ 4N’
Thus,
_ qé(O’; =100kPa)
=

N’ (10.34)

Once the estimated values for N’are known, Figure 10.34 can be used to
check the possibility for liquefaction in the field.

Use of Threshold Strain

It was discussed in Section 10.2 that for densification of sand under drained
condition, a threshold shear strain level must be exceeded. Similarly, under
undrained conditions, a threshold cyclic shear strain level needs to be exceeded
to cause build up of excess pore water pressure and thus possible liquefaction. So
if it can be shown that a cyclic shear strain in soil as a result of an earthquake
does not exceed a certain threshold level, liquefaction cannot occur. This would
provide a conservative evaluation due to the fact that liquefaction may not
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always occur even if the strains do exceed the threshold level (Committee on
Earthquake Engineering, Commission of Engineering and Technical Systems,
1985).

The peak shear strain caused by an earthquake ground motion can be
estimated from Eq. (10.25) as

, - Tmax(Gmodif) _ CD[(Wég)“max] (10.35)

where ¥y’ = peak shear strain
G = shear modulus

or
’_ CD phamax — CDhamax — CDhamax > (1036)
G (G/p) (Gmax /Gmax ) (G/Gmax ) vs
where v, = shear wave velocity in soil

Ginax = maximum shear modulus (see Chapter 4)

The magnitude of G/G,,x can be assumed to be about 0.8. Substituting into
Eq. (10.36) and combining with an average value of Cp,

By measuring v, with depth #, the variation of y’ can be calculated. The
typical value of the threshold strain is about 0.01% (Dobry et al., 1981). If the
magnitude of the calculated ¥’ does not exceed this threshold limit, then there is
safety against liquefaction.

Correlation with Overlying Liquefaction-Resistant Stratum

The earthquake of magnitude 7.7 that occurred of May 26, 1983, in the northern
part of Japan has provided enough data to study the effect of an overlying
liquefaction-resistant stratum on the liquefaction potential of sand with standard
penetration resistance Np < 10. Figure 10.35 defines the terms H, and H,
which are, respectively, the liquefaction resistant stratum and the liquefiable
stratum. Based on field observations, Ishihara (1985) developed a correlation
chart between H,, H,, and maximum acceleration a,,.. This correlation chart is
shown in Figure 10.36.
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Figure 10.36 Ishihara’s proposed boundary curves for site identification of liquefaction-

induced damage
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10.18 Remedial Action to Mitigate Liquefaction

In order to ensure the functionality and safety of engineering projects that are
likely to be subjected to damage due to possible liquefaction of the subsoil,
several actions can be taken:

1.

98]

Removal or replacement of undesirable soil. If liquefaction of a soil layer
under a structure is a possibility, then it may be excavated and recompacted
with or without additives. Otherwise the potentially liquefiable soil may be
replaced with nonliquefiable soil.

Densification of the in situ material. This can be achieved by using several
techniques such as vibroflotation, dynamic compaction, and compaction
piles.

In situ soil improvement by grouting and chemical stabilization.

Use of relief wells such as gravel or rock drains for the control of undesirable
pore water pressure. Figure 10.37 is a schematic diagram of gravel or rock
drains. The purpose of the installation of gravel or rock drains is to dissipate
the excess pore water pressure almost as fast as it is generated in the same
deposit due to cyclic loading. The design principles of gravel and rock drains
have been developed by Seed and Booker (1977) and are described here.
Assuming that Darcy’s law is valid, the continuity of flow equation in the
sand layer may be written as

O (K Ou) O [k ou) Ofk ouj)_de (1038)
ox\y, ox) adyv\ly, dy) dz\y, oz ot

where k, = coefficient of permeability of the sand in the horizontal

direction

coefficient of permeability of the sand in the vertical
direction

u = excess pore water pressure

7,, = unit weight of water

kv

&£ = volumetric strain (compression positive)

During a time interval dt, the pore water pressure in a soil element changes

by du. However, if a cyclic shear stress is applied on a soil element, there is an
increase of pore water pressure. In a time dt, there are dN number of cyclic shear
stresses; the corresponding increase of pore water pressure is (aug / oON)dN

(where u, is the excess pore water pressure generated by cyclic shear stress — see
also Section 10.10). Thus, the net change in pore water pressure in time dr is
equal to [du —(Ju, / ON)dN], and
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Figure 10.37 Gravel drains: (a) plan; (b) section at S— S
o€ = my, [0u —(du, /ON)dN]

or

de du Ouy N
%8 oy, | 2T 2 1039
or ’"”s{at N Btj (10-39)
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Figure 10.38 (Continued)

where my, = coefficient of volume compressibility.

Combining Egs. (10.38) and (10.39),

d
Oy oul 0y ou) Ok oul_ [du_Cs IN (10.40)
ox\y,ox) oy\y,dv) oz\y, oz 3\ 0t ON ot

If y, is a constant and radial symmetry exists, then Eq. (10.40) can be

written in cylindrical coordinates as

ky [82u+18_u]+ ky 9% _du 9y ON

gu, 2 s 10.41
o 9%y ror Yty 9z> dt ON ot ( )
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Figure 10.38 (Continued)

For the condition of purely radial flow, Eq. (10.41) takes the form

2 0
ki 87”4_18_” _Ju_0Cug ON (10.42)
Yy, \0%r 1 or ot ON ot

In order to solve Eq. (10.42), it is necessary to evaluate the terms 4;, My, 5 oN/ot,

and du,/ON. The value of &, can be easily determined from field pumping tests.
The coefficient of volume compressibility can be determined from cyclic triaxial
tests (Lee and Albaisa, 1974). The term dN/df can be expressed as

A

10.43
ot ( )

where N, = significant number of uniform stress cycles due to an earthquake
t; = duration of an earthquake.
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Figure 10.38 (Continued)

The rate of excess pore water pressure build up, du/ON, in a saturated
undrained cyclic simple shear test is given by Eq. (10.4) (Section 10.10). For
radial flow conditions, the relation given by Eq. (10.42) has been solved by Seed
and Booker (1977). It has been shown that the ratio u/c, is a function of the

following parameters:

R, _ radius of rock or gravel drains (10.44)
R,  effective radius of the rock or gravel drains '
N{/N,, and
Ty=tn| ta (10.45)
Yw My, Ry
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Figure 10.38 Relation between greatest pore water pressure ratio and drain system
parameters: (a) N/N; = 1; (b) NJ/N; =2; (¢) NJ/N; = 3; (d) Ny/N; = 4 (after
Seed and Booker, 1977)

Using these parameters, the solution to Eq. (10.42) is given in a nondimensional

form in Figure 10.38 for design of rock or gravel drains. In Figure 10.38, the
term 7, is defined as

greatest limiting value of u, chosen for design

(10.46)

Ig

Oy

In obtaining the solutions given in Figure 10.38, it was assumed that the
coefficient of permeability of the material used in the gravel or rock drains is
infinity. However, in practical cases, it would be sufficient to have a value of

kh (rock or gravel) ~200

k(sand)
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Example 10.2

For a sand deposit, it is given that
my, =2.8x 107 m’/kN
ky =0.02 mm/s =2 x 107 m/s

For a design earthquake, the equivalent number of uniform stress cycles (for
uniform stress = 7, ) was determined to be 30. The duration of the earthquake is

about 65 s.

From laboratory tests, it was determined that 12 cycles of cyclic stress
application (the peak magnitude of the cyclic stress is equal to 7,,) would be

enough to cause initial liquefaction in the sand.

Assuming that the radius of the gravel drains to be used is 0.25 m, and
re = 0.6, determine the spacing of gravel drains.
Solution

From Eq. (10.45),

k() 2x107° 65 757
ad — - = /9.
Vw\my R7 ) 981 |2.8x107°(0.25)

NS‘
N =3012=25, re=0.6

1

Referring to Figure 10.38b, for 7,,,= 75.72, NJ/N; =2, r,= 0.6,

d
— =0.17
Re
From Figure 10.38c¢, for 7,;=75.72, NJ/N, =3, r,= 0.6,
R,
— =02
RC

Thus, for N/N;=2.5, RJ/R, = % (0.17 +0.2) = 0.185. Hence,

R, 025
R. = =—"—=135m
0185 0.185
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Problems

10.1
10.2

10.3
104

10.5
10.6

10.7

10.8

Explain the terms initial liquefaction and cyclic mobility.
For a sand deposit the following is given:

Mean grain size (Dsp) = 0.2 mm
Depth of water table =3 m

Unit weight of soil above G.W.T =17 kN/m’

Unit weight of soil below G.W.T =19.5 kN/m’

Expected earthquake magnitude= 7.5

Make all calculations and prepare a graph showing the variation of
amix/g and the relative density in the field for liquefaction to occur.

Repeat Problem 10.2 for a mean grain size of 75 um.
Repeat Problem 10.2 for the following conditions:

Mean grain size (Dsg) = 75 um
Depth of water table =4.6 m
Unit weight of soil above G.W.T = 15 kN/m’
Unit weight of soil below G.W.T = 18 kN/m’
Expected earthquake magnitude =8

Repeat Problem 10.4 for a mean grain size of 0.2 mm.

Consider the soil and the groundwater table conditions given in Problem
10.2. Assume that the relative density in the field is 60%. The maximum
expected intensity of ground shaking (a..x/g) is 0.2 and the magnitude of
earthquake is 7.5.

a. Calculate and plot the variation of the shear stress 7, induced

in the sand deposit with depth 0 — 21 m. Use Eq. (10.26).

b. Calculate the variation of the shear stress required to cause
liquefaction with depth. Plot the shear stress determined in the
same graph as used in (a). Use Eq. (10.23).

c. From the plotted graph, determine the depth at which
liquefaction is initiated.

Repeat Problem 10.6(a) - (c) for the data given in Problem 10.4. Assume
the relative density of the sand to be 60% and the maximum expected
intensity of ground shaking to be 0.15g.

The standard penetration test results of a sand deposit at a certain site are
given below in tabular form. The groundwater table in located at a depth
of 2 m below the ground surface. The dry and saturated unit weights of
sand are 17 kN/m’ and 19.0 kN/m’, respectively. For an expected
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earthquake magnitude M = 6 and maximum acceleration a,.x = 0.1 g,
will liquefaction occur?

Depth (m) Nr (blows/30 cm)
1.5 8
3.0 7
4.5 12
6.0 15
7.5 17
9.0 17

10.9 In a sand deposit, the groundwater table is located at a depth of 2 m
measured from the ground surface. Following are the shear wave
velocities in the sand deposit.

Depth Shear wave velocity,
(m) vy (m/s)

24 450

4-6 600

6-10 675

For a maximum ground acceleration a,,,x = 0.16 g, determine whether
liquefaction is likely to occur.

10.10. Solve the gravel drain problem given Example 10.2 for r, = 0.7.
10.11. Repeat Example 10.2 of the gravel drain with the following data:

m, =3.5x10" m*/kN
3

ki =1.4x107 m/s
Equivalent number of uniform stress cycles due to earthquakes = 20
Duration of earthquake =50 s
Number of uniform stress cycles for liquefaction = 12
Radius of gravel drains = 0.3 m
re=10.7
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Machine Foundations on Piles

11.1

Introduction

It was mentioned in Section 5.4 that for low-speed machineries subjected to
vertical vibration, the natural frequency of the foundation-soil system should be
at least twice the operating frequency. In the design of these types of
foundations, if changes in size and mass of the foundation (more popularly
known as funing of a foundation) do not lead to a satisfactory design, a pile
foundation may be considered. It is also possible that the subsoil conditions are
such that the vibration of a shallow machine foundation may lead to undesirable
settlement. In many circumstances the load-bearing capacity of the soil may be
low compared to the static and dynamic load imposed by the machine and the
shallow foundation. In that case the design will then dictate consideration of the
use of piles. It should be kept in mind that the use of piles will, in general,
increase the natural frequency of the soil—pile system and may also increase the
amplitude of vibration at resonance.

The soil-structure interaction of the deep foundations is not well
understood and though rigorous theoretical solutions exist, they are mostly
confined to researchers than designers. The practice in design offices is usually
based on ignoring the stiffness of the soil and only the stiffness of the pile is
taken into account.

In this chapter, the fundamental concepts of pile foundations of vibrating
machines will be considered. It should also be kept in mind that the piles
supporting machine foundation are for cases of low amplitudes of vibration
(because allowable motion is small and dynamic loads are small compared to
static loads) in contrast to those encountered under earthquake-type loading
(large strain conditions). For that reason, when encountered with the selection of
proper parameters for soil such as the shear modulus G, the value (s) that
correspond to low amplitudes of strain should be used. Elastic theory thus is the
basis of design methods described in this chapter.

459
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Piles Subjected to Vertical Vibration

11.2

In general, piles can be grouped into two broad categories:

1. End-bearing piles. These piles penetrate through soft soil layers up to a hard
stratum or rock. The hard stratum or rock can be considered as rigid.

2. Friction piles or floating plies. The tips of these piles do not rest on hard
stratum. The piles resist the applied load by means of frictional resistance
developed at the soil-pile interface.

End-Bearing Piles

Figure 11.1 shows a pile driven up to a rock layer. The length of the pile is equal
to L, and the load on the pile coming from the foundations is /. This problem
can be approximately treated as a vertical rod fixed at the base (that is, at the rock
layer) and free on top. For determining the natural frequency of the piles, three
possible cases may arise.

Case 1. If W is very small (= 0), the natural frequency of vibration can be given
by following Eq. (3.57) as

E
=G LB (11.1)
2n AL\ pp
where f» =natural frequency of vibration

w, = natural circular frequency

Ep =modulus of elasticity of the pile material
pp = density of the pile material

Case 2. If W is of the same order of magnitude as the weight of the pile, the
natural frequency of vibration can be given by Eq. (4.20). (Note similar end
conditions between Figure 4.13 and Figure 11.1.) Thus,

AL L L
ﬁz[&}an{% } (11.2)
w Ve(p) Ve(p)
or
L L
Lﬁ{&}m{w" } (11.3)
o Ue(p) Ue(p)

where A = area of the cross section of the pile
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Weak soil

Rock
Figure 11.1  End-bearing pile

¥p = unit weight of the pile material
w, = natural circular frequency
v, py= longitudinal wave propagation velocity in the pile

O'():j

Figure 11.2 shows a plot of ®,L/v,p) against Lyp /0, that can be used to
determine @, and f,. Note that

a)’l
I = (11.4)

Case 3. If W is larger and the weight of the pile is negligible in comparison, then
from Equation (11.2)

ALyp { w,L T
w vc(P)
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However,
o = [Er_ [Erg
c(P) B
Pp Vp

where g = acceleration due to gravity.
So,

AFE
o, = | —L= f
Lw

or

1 [Epg
/, =—JL (11.5)
2n\ oyl

where oy = axial stress = W/A.

1.8

1.5

0.6

0.3

0
0.01 0.1 1 10 100
Ly

Figure 11.2  Plot of Eq. (11.3)
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Richart (1962) prepared a graph for f, with various values of pile length L
and oy, and this is shown in Figure 11.3. In preparing Figure 11.3, the following
material properties have been used.

Material Er(kPa) 7p (kN/m3)
Steel 200 x 10° 75.5
Concrete 21 x 10° 23.6
Wood 8.25x 10° 6.3
10,000 T T T T I T

8000

6000

4000

3000

2000

1500

1000
800

600

Natural frequency, f,, (cycles/min)

400

300

200

100 | — T T
6 10 15 20 30 40 50 60
Pile length, L (m)

Figure 11.3 Resonant frequency for vertical vibration of a point bearing pile (after
Richart, 1962)
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Example 11.1

A machine foundation is supported by four prestressed concrete plies driven to
bedrock. The length of each pile is 24 m, and they are 0.3 m X 0.3 m in cross
section. The weight of the machine and the foundation is 1360 kN. Given: unit
weight of concrete = 24 kN/m® and the modulus of elasticity of the concrete used
for the piles = 24.5 x 10° kPa. Determine the natural frequency of the pile-
foundation system.

Solution

There are four piles. The weight carried by each pile is

W= 1360kN =340kN

The weight of each pile is
ALy, = 03x0.3 x24x(24)=51.84kN
%r_—l

T
T Length
Area of

cross section

24.5%10°
Vyp) = Ep _ g =3164.6 m/s
o (24/9.81)

From Eq. (11.2),

ALyp _ { w,L } tan[ w,L }
w Ue(p) Ve(p)

So
51.84 [(a)n)(24)} [(a)n)(24)}
= tan| ——

340 | (3164.6) (3164.6)

or

0.1525= [(@, )(0.00758)] tan [( @, )(0.00758)]

From Figure 11.2, for £/2 = 0.1525

Oy

DL 036

UC(P)

o, = {0:30)6164.6) 6)2341 649 _ 47 5 radss

£,=17.56 Hz
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Friction Piles

Figure 11.4a shows a pile having a length of embedment equal to L and a radius
of R. The pile is subjected to a dynamic load

0 = Q,e™ (11.6)

It is possible to idealize the pile to a mass-spring-dashpot system, as shown in
Figure 11.4b. The mass m shown in Figure 11.4b can be assumed to be the mass
of the cap and machinery. The mathematical formulation for obtaining the
stiffness (k,) and the damping (c,) parameters has been given by Novak (1977).
In developing the theory, the following assumptions were made:

The pile is vertical, elastic, and circular in cross section.

The pile is floating.

The pile is perfectly connected to the soil.

The soil above the pile tip behaves as infinitesimal, thin, independent
linearly elastic layers.

halb S

The last assumption leads to the assumption of plane strain condition. Referring
to Figure 11.5, the dynamic stiffness and damping of the pile can then be
described in terms of complex stiffness (Novak and El-Sharnouby, 1983) as

0 = Qpe'™ I
m m
Soil
Shear modulus = G ks, ﬁ cs
z Poisson's ratio = 1 —
Density = p
L

/ v
Pile of radius R

(a)

Figure 11.4  Friction pile-vertical vibration
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Shear modulus = G
Poisson's ratio = u
z Density = p

| — Pileradius =R

Area of cross section =4
Modulus of elasticity] _
of pile material P

Figure 11.5 Dynamic stiffness and damping constant for a single pile—vertical mode of
vibration

K = K|+ iK, (11.7)
The applied force O and displacement z are related to K in the following manner:

where i=4-1
K, =real part of K=Re K
K, = imaginary part of K =Im K

Hence, the spring constant is

k=K =ReK (11.9)
and the equivalent viscous damping is

o, =2 M2 (11.10)

Combining Equation (11.7), (11.9), and (11.10),

K =k, +iwc, (11.11)
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So, the force-displacement relation can be expressed as

0= (kz + ia)cz)z
or
O=kz+c,:z (11.12)
where z=dz/dt.

The relationships for £, and ¢, have been given by Novak and El-
Sharnouby (1983) as

EpA
kz=( L )le (11.13)
R
and
EpA
c, = . (11.14)
=)
where Ep =modulus of elasticity of the pile material

A = area of pile cross section
G = shear modulus of soil
p = density of soil
f-1,f-» = nondimensional parameters

The variations of £}, and f, for end-bearing piles are shown in Figures 11.6 and
11.7. Similarly, the f;; and f., variations for floating piles are shown in Figures
11.8 and 11.9.

Pile foundations are generally constructed in groups. The stiffness and
damping constants of a pile group are not simple summations of the stiffness and
damping constant of individual piles. Novak (1977) suggested that when piles
are closely spaced, the displacement of one pile is increased due to the
displacement of all other piles and conversely, the stiffness and damping of the
group are reduced. Hence, the stiffness of the pile group can be obtained as

Xk,

k,=— (11.15)

z(g) n
Se

r=1

and
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0.10
E_P:250
G
0.08
. s0 |
0.06
fa 1000 | —
0.04 /
&/
0.02
] 10,000 |
0
0 20 40 60 80 100
L
R

Figure 11.6  Variation of f;; with L/R and Ep/G for end-bearing piles (after Novak and
Ei-Sharnouby, 1983)

n
e
_ 1
C.e) = (11.16)
S,
r=1
where k(g = spring constant for the pile group

C-(g) = dashpot constant for the pile group
n =number of piles in the group
o, = the interaction factor describing the contribution of the rth
pile to the displacement of the reference pile (that is,
(24} :1)

Since no analytical solutions for the dynamic interaction of piles are
available at the present time, an estimate of ¢ can be obtained from the static
solution of Poulos (1968). This is shown in Figure 11.10.
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0.10
0.08
& =250
G
0.06 —
1 \
500
0.04 ——
T~ 1000
\ 2500
0.02
10,000
0
0 20 40 60 80 100

L
R

Figure 11.7  Variation of £, with L/R and Ep/G for end-bearing piles (after Novak and
EI-Sharnouby, 1983)

0.08
0.06 =
=P _ 250
G
500
f1 o 0.04
/ |
0.02 7 2500 |
/
o] ]
0
0 20 40 60 80 100
L
R

Figure 11.8  Variation of f;; with L/R and Ep/G for floating piles (after Novak and EI-
Sharnouby, 1983)
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0.15
0.10 / \
/ & =250
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Jf2
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/ \\
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/ 2500
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" L—T 10000
0
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Figure 11.9  Variation of f;, with L/R and Ep/G for floating piles (after Novak and EI-
Sharnouby, 1983)




Machine Foundations on Piles 471

For group piles, a cap is constructed over the piles (Figure 11.11). In the
estimation of stiffness and damping constants, the contribution of the pile cap
should be taken into account. The relationships describing the stiffness and
geometric damping of embedment foundations are given in Chapter 5 as

- G Df _
k (ean) = Gro{C1 +—S—Sl} (5.120)
(cap) G r,

and

s pG[C2+S2 /éps} (5.121)
o

Since the soil located below the pile cap may be of poor quality and it
may shrink away with time, it would be on the safe side to ignore the effect of

the cap base — that is, C; =0 and C, = 0. So

|

Machine

Pile cap

«—— Diameter = 2r)———>| Ds

Figure 11.11 Group pile with pile cap
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K(cap) = Gs DS (11.17)
and
CZ(Cap) = DfV0S2 ﬂGSpS (1118)

Thus, for the group pile and cap,

ko) == +G,D,5, (11.19)

and

—_1 I
Cry = T D52 Gps (11.20)

where k(1) and c.p are the stiffness and damping constants for the pile group and
cap, respectively.
The variations for S; and S, are given in Table 5.2. Once the values of

kxr and c.p are determined, the response of the system can be calculated using
the principles described in Chapter 2, as briefly outlined here.

a. Damping ratio:

C
D =—20D (11.21)
2 kz(T)m

where m = mass of the pile cap and the machine supported by it.
b. Undamped natural frequency:

k
w, = |2 (11.22)
m
1 [k
£, =—, =0 (11.23)
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Length= L=1,
—————— Length= L=1L,
Ly> Ly

Amplitude, 4,

Angular frequency, @
Figure 11.12 Nature of variation of 4, with @ for floating and point-bearing piles

c. Damped natural frequency:

I = JuJ1— ZDZ2 (for constant force excitation) (11.24)

= L (for rotating mass — type excitation) (11.25)
J1-2D?

d.  Amplitude of vibration at resonance:

O 1 o
A= (for constant force excitation) (11.26)
k.r) 2D_\1-D?
me 1 . o
A, = ———————= (for rotating mass — type excitation) (11.27)

m 2D _\1-D?
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e. Amplitude of vibration at frequency other than resonance:
9
k.(r) .
A = (for constant force excitation) (11.28)
PEAS w?
1-=5 | +4D} =
a)n n
2
mef @
(o) | y
A, = (for rotating mass — type excitation) (11.29)

i 2\? 2
J[le vant @
a)}’l a)n

The nature of variation of A, with @ for floating piles and point-bearing
piles is shown in Figure 11.12. From this figure, it can be seen that the relaxation
of the pile tips reduces both the resonant frequency and amplitude of vibration.

Example 11.2

A group of four piles is supporting a machine foundation, as shown in Figure
11.13. Determine k. and c.p. Given: Ep = 21 X 10° kPa, G = G, = 28,000 kPa,
¥ =¥, = 19 kN/m’. Assume Poisson’s ratio of soil, zz=0.5.

Solution

Equivalent radius of pile cross section:

12
R= (M) =0.17m.

T

Length of piles =L =12 m:
L_12 _ 70.6
R 0.17

Given Ep=21 x 10° kPa; G, = G = 28,000 kPa.

So

il i

G 28000
Referring to Figures 11.8 and 11.9, for Ep/G = 750 and L/R = 70.6, the
magnitudes of £;; and f,, are

fa =0.034 and S =0.06
Hence, from Egs. (11.13) and (11.14)

E 6
20%10° _ oo
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Section

Concrete pile cap

’f Unit weight G,

= 3 :
5m =24 kN/m 7, (unit weight)

y (unit weight)

L=12m
(}_3 C te pil
O 1| oncrete pile
m 3™ 03mx03m
1.5m
I
03m~>{0.3 [«— 1.5m—0.3 [«
Y m m
Plan of pile cap
Figure 11.13
EpA 21x10%)(0.3%0.3
k, :(_P )le :{( ) )}(0.034)
R 0.17
=378 x10° N/m.
E A
¢, = = sz
JG/p
However,

G _ /28000><9.81 — 12024 m/s
P 19

So

475
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(21x10°)(0.3x0.3)
c. = (0.06)
120.24

=94.311 x 10* N-s/m.

In order to determine the stiffness and damping constants for group piles, Egs.

n
(11.15) and (11.16) can be used. However 2 o, needs to be considered first.

r=1

This can be done by using Figure 11.10 and preparing the following table.

Reference pile — A2 B c D
Interacting pile

1.00 0.54 0.48 0.54
0.54 1.00 0.54 0.48
0.48 0.54 1.00 0.54
0.54 0.48 0.54 1.00

2.56 2.56 2.56 2.56

O wa

* Note: Reference pile A.

For interaction between piles 4 and 4, S = 0 and S/2R = 0. So ¢ = 1. For
interaction between piles 4 and B, S =1.5 m, 2R = (2)(0.17) = 0.34 m., and S/2R
=1.5/0.34 = 4.412. So o, = 0.54. Similarly, for interaction between piles 4 and
D, o, = 0.54. Between piles 4 and C,

2 2
1.5)" +(1.5
S = (157 +01.5) =6.23
2R 0.34
or
2—R:0.16 o, =0.48
S

The average value of Z o, =2.56. Hence, using Eq. (11.15),

r=1

4)(378x10°
k= M =590.63x10° N/m
=(g) 2.56
4)(943.11x10°
SN OICAL )=147.36><104N-s/m
=(g) 2.56

Again, for the contributions of the pile cap, k.ap) [Eq. (11.17)] and c.cap) [Eq.
(11.18)] need to be determined. Given:
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Dy =1.5m; G =28,000 kPa
S, =2.7(Table5.2); S, =6.7 (Table 5.2)

2.1%2.1
r = /% ~1.185 m.

= GSDf§1 = (28000x10%) x (1.5) % (2.7)
=113.4% 10° N/m

From Eq. (11.17),

Kz (cap)

Similarly, from Eq. (11.18),

Cz(cap) = Dfr()§2 \) GSpS

=(1.5)x (1.185) x (6.7)\/(
=277.33 x 10* N-s/m

28000%10%)(19%10°%)
9.81

So
_ 6 6
ko(r) = Kg) +Ko(eap) = 59063 X 10°+ 113.4 % 10
=704.03 x 10° N/m = 704.03 x 10° KN/m
Co(r) = Cog) T Cofeap) = 14736 X 101 +277.33 x 10°
= 424.69 x 10* N-s/m
Example 11.3

Refer to Example 11.2. If the weight of the machine being supported is 70 kN,
determine the damping ratio.

Solution

Weight of the pile cap:

(2.1)(2.1)(1.8)(24) = 190.512 kKN = 190512 N
Total weight of pile cap and machine:
190.512 + 70 =260.512 kN =260512 N

From Eq. (11.21),

4
boo G _ 424.69 x 10 0491

F 2 k.rym 2\/(704.03><106)[260512]
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Sliding, Rocking, and Torsional Vibration

11.4 Sliding and Rocking Vibration

Novak (1974) and Novak and El-Sharnouby (1983) derived the stiffness and
damping constants for a single pile in a similar manner as described for the case
of vertical vibration in Section 11.3. Following are the relationships for the
spring and dashpot coefficients for single piles

Sliding Vibration of Single Pile

Table 11.1  Stiffness and Damping Parameters for
Sliding Vibration (L/R > 25)

Poisson’s
ratio of
soil, (ER/G) fa f
0.25 10,000 0.0042 0.0107
2,500 0.0119 0.0297
1,000 0.0236 0.0579
500 0.0395 0.0953
250 0.0659 0.1556
0.40 10,000 0.0047 0.0119
2,500 0.0132 0.0329
1,000 0.0261 0.0641
500 0.0436 0.1054
250 0.0726 0.1717

Note: G = shear modulus of soil.

Epl,

ke = =255 fa (11.30)
EP]P

c, =—5"— 11.31

X RZ’US fx2 ( )

where

Ep =modulus of elasticity of the pile material
Ip = moment of inertia of the pile cross section
v, = shear wave velocity in soil

R =radius of the pile
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The variations of f; and f,, are given in Table 11.1, which is based on the
analysis on Novak (1974) and Novak and El-Sharnouby (1983).

When piles are installed in groups and subjected to sliding vibration, the
spring constant and the damping coefficient of the group can be given as

kife) =1 (11.32)

and
P
Cle) = (11.33)
2 aL(r)
r=1
where 04, = interaction factor (Poulos, 1971)

kyg = spring constant for the pile group
Cxg = damping coefficient for the pile group
n = number of piles in the group.

The variation of ¢4, is given in Figure 11.14.

As in the case of vertical vibration, the effect of the pile cap (Figure 11.15)
needs to be taken into account in the determination of total stiffness and damping
constant. In Egs. (5.123) and (5.124), the relationships for 4, and ¢, for embedded
foundations have been described as

G D, _
k, = GrO[Cxl +—S—le} (5.123)
G ny
. _ D, [
. =12 \(pG| Coy + 5, L |ZsPs (5.124)
n\ Gp

x(cap) — Gst Sxi (1 1.34)
and
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0.7
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i e 2 F--
- 7B’
‘o
03—
Flexible ~~~. _
pile IR
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Departure angle, 3 (deg)

Figure 11.14 Variation of ¢, (after Poulos, 1971)

Cx(eap) = DTy S12+/G, s (11.35)

Hence, for the group pile and cap,

k ——+G,D,S, (11.36)

and
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Pile cap

Drle  Diameter = 2rg ———>
G
P
L

Figure 11.15 Effect of pile cap on stiffness and damping constants-sliding vibration

26
Cyr) = —L 4D 8,G,p, (11.37)
aL(r)

r=1

The damping ratio D, for the system can then be determined as

D, =D (11.38)
2 kx(T)m

where m = mass of the pile cap and the machine supported. The damped natural
frequency f,, is given as

k
I = L{ ﬂ}[\/l - ZDf ] (for constant force excitation) (11.39)

27 m
and
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f :L\[kx(T)/m
b i-2p?

The amplitudes of vibration can be calculated using Egs. (5.58), (5.59), (5.60),
and (5.61). While using these equations, &, needs to be replaced by k).

(11.40)

Rocking Vibration for Single Pile

kg = Eplp for (11.41)
R
Epl
o= " Jor (11.42)

The terms Ep, Ip, v,and R have been defined in relation to Eqs. (11.30) and
(11.31). The numerical values of fy and f,, obtained by Novak (1974) and
Novak and El-Sharnouby (1987) are given in Table 11.2.

Table 11.2  The Stiffness and Damping Parameters for
Rocking Vibration (L/R > 25)

Poisson’s
ratio of
soil, 1 (Er/G) for fo
0.25 10,000 0.2135 0.1577
2,500 0.2998 0.2152
1,000 0.3741 0.2598
500 0.4411 0.2953
250 0.5186 0.3299
0.4 10,000 0.2207 0.1634
2,500 0.3097 0.2224
1,000 0.3860 0.2677
500 0.4547 0.3034
250 0.5336 0.3377

Note: G = shear modulus of soil.

For coupling between horizontal translation and rocking, the cross stiffness
and damping constants are as follows:

ka -

_Eplp

7&91

(11.43)
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(11.44)

The numerical values for f,,,and f,, are given in Table 11.3, which is
based on the works of Novak (1974) and Novak and El-Sharnouby (1983).

Table 11.3  Values of f,, and f,,,

Poisson’s
ratio of
soil, u (Er/G) fion fioz
0.25 10,000 -0.0217 —-0.0333
2,500 —-0.0429 —0.0646
1,000 —0.0668 —0.0985
500 —0.0929 —0.1337
250 -0.1281 -0.1786
0.4 10,000 -0.0232 —0.0358
2,500 —0.0459 —0.0692
1,000 -0.0714 —-0.1052
500 —-0.0991 —0.1425
250 -0.1365 —0.1896

Note: G = shear modulus of soil.

For group piles the stiffness kg, and damping ¢y, constants can be

written as

ke(g): i[kg +k2x3 +ka¢% _2chx6:| (1145)
1

The terms x, and Z, are defined in Figure 11.16. Similarly,

n

Coe) = Z[Ca +exl el - 2chxg] (11.46)
1

The stiffness kg,p) and damping cy(,,, for the pile cap can be obtained from
the following equations (Prakash and Puri, 1988):

8 (z.)

_ 2 r3 2 c c <

o



484 Chapter 11

Section . o(1)
Ze Pile cap
Y + oCG
Dy . _
- Z Diameter = 2ry— s
Y
G
p
L
Plan of pile cap —x, —>

\
<=

Figure 11.16 Definition of parameters in Egs. (11.45) and (11.46)

and
4 S 2 (z.Y Z\|=
o = OGP\ Sor +| | 75| 0| 25| [Seap (1148)
% %o
where ro = equivalent radius of the pile cap
Dy
§ =— (11.49)
"o

Thus, the total stiffness &y and damping ¢,y constants are
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kocry = ko(g) + Koeap) (11.50)

and

Cory = Co(g) t Co(cap) (11.51)

Once the magnitudes of kyryand cypyare determined, the response of the

system can be calculated in the same manner as outlined in Chapter 2 and

Section 5.5.
For convenience, this is outlined here as well.

a. Damping ratio:

C
D, =—20 (11.52)

B 2\/ kH(T)[ g

where /, = mass moment of inertia for the pile cap and the machinery about
the centroid of the block. Referring to Figure 11.17a,

I, =mass moment of inertia about the y axis

- %(Lz +h2) (11.53a)

and, similarly, referring to Figure 11.17b,

I, = mass moment of inertia about the y axis

- %(3,,02 " h2) (11.53b)

b. Undamped natural frequency:

w, = |20 (11.54)
Iy
1 ko)
=— |[—= 11.55
I 2\ I, ( )
¢. Damped natural frequency:
I =1 172D§ (for constant force excitation) (11.56)

o

I J1-2D2

(for rotating mass-type excitation) (11.57)
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Figure 11.17 Mass moment of inertia /,

The amplitude of vibration can be determined by using Egs. (5.46), (5.47),
(5.48), and (5.49).

Example 11.4

Refer to Example 11.2. Determine k1) and ¢, for the sliding mode of vibration.
Assume Poisson’s ratio of soil, = 0.25.

Solution

Stiffness and damping constants for single pile: From Egs. (11.30) and (11.31),

_Eplp

kx R3 fxl
and
_EPIP
x RZUS x2

Given Ep=21x10°kPa; R=0.17m.
Ip= %R“ = 3(0.17)4 =6.56 % 10™ m*
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) :F _ [28000x9.81 12024 s
Yo 19

6

Ep _21x10° _ 750
G 28,000

From Table 11.1, for = 0.25 and E»/G = 750, f,; = 0.027 and f,, = 0.068. So

L Epl, o (21x10°x10° )(6.54x10)

ky fu= (0.027)
R 0.17)°
=75.48 x 10° N/m
Eul, (21x10°x10%)(6.54x10%)
¢ =—3fao= : (0.068)
Ry, (0.17)°(120.24)

=268.76 x 10° N-s/m

Stiffness and damping constants for group pile: From Eqgs. (11.32) and (11.33),

2k
_ 1
kigy=———
aL(r)
r=1
and
n
pyS
c _ 1
x(g) T
aL(r)

r=1

To find o4, with 4 as the reference pile, the following table can be prepared
using Figure 11.14. Assume piles to be flexible.

Reference pile — A

InteractTg pile Pldeg) % (370
A 0 0.00 1.00
B 0 441 0.32
C 45 6.24 0.27
D 90 441 0.18

1.74
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Similarly, for the other reference piles, zaL(r) will be 1.74. So, the average

value of Z a ) =174 Thus,

r=1

(4)(75.48x10°)

ke(g) = =173.52x 10° N/m
: 1.74
(4)(268.76 x 10°) .
Crie) = = 617.84x 10° N-s/m
1.74

Stiffness and damping for pile cap: From Egs. (11.34) and (11.35),

k

x(cap

)=GD;Su
and
Creap) = DTy Sx27 Gy

From Chapter 5 with ¢=0.25, §x1 =4.0 and §x2 =9.10. So
Foeap) = (28000 x 10° ) x (1.5) x (4.0)

=168 x 10° N/m

28000%10%)x (19%10%)
9.81

Ceapy = (1.5) X (1.185) X (9.1)\/(

=3.77 x 10° N-s/m

Total stiffness and damping:

koiry =kaier + Koeap = 173.52 X 10° + 168 x 10°
=341.52 x 10° N/m

Cory = Cotg) + Coreap) = 617.84 % 10° +3.77 x 10°
=4.39 x 10° N-s/m

Example 11.5

In Example 11.4, if the weight of the machine being supported is 90 kN,
determine the damping ratio.

Solution
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Weight of the pile cap: 190.512 kN
Total weight of the pile cap and machine:

190.512 +90 =280.512 kN =280512 N

From Eq. (11.38),

c 6
W) 4.39x10 0732

2k 2,(341.52x10°)[280512/(9.81)]

X

Example 11.6

Refer to Example 11.2. Determine kqp and cqp for the rocking mode of
vibration. Assume Poisson’s ratio of soil to be 0.25.

Solution

Stiffness and damping constants for single pile: From Eqgs. (11.41) and (11.42),

E,l
ko = ;Pfel
and
Eplp
c =
0 v Joa

N

ZP
G 28,000
From Table 11.2, for = 0.25 and E»/G = 750, the values of f5, and f4, are 0.39
and 0.275, respectively.

6 3 4
o = (21x10° x10%) x(6.56 10 )(0'39)
0.17

=31.60 x 10° N-m/rad

(21x10°x10%) x(6.56x107*)

120.24
=31.51 x 10°> N-m-s/rad

(0.275)

09:

Cross-stiffness and cross-damping constants: From Eqgs. (11.43) and (11.44),

E.I
k — PP
9 Rz

x61

X
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_Eplp
Ry

s

foZ

Cyxo

From Table 11.3, f, = —0.076 and f;g = —0.115. Thus,

6 3 4
b, = (21x10° %10 )><£6.56><10 )(_0.076)
(0.17)

=-36.23 x 10° N/rad

~(21x10°x10%)(6.56 x 107*)

0 = (0.17)(120.24)
=-77.50 x 10> N-s/rad

(-0.115)

Stiffness and damping constants for pile group: From Egs. (11.45) and (11.46),

n

ko) = O Lo +kox? +k,2% ~2Z kg |
1

cx0

and

n

Cog) = 2 [cg + czxr2 + chf - 2chx9:|
1

From this problem,

n =4

ke =31.60 x 10° N-m/rad

k. =378 x 10° N/m (from Problem 11.2)
x, =(1.5/2) =0.75m

k., =75.58 x 10° N/m (from Problem 11.4)
ko =—36.23 x 10° N/m

Z. =09m

So

kag =4[31.6x 10°+ (378 x 10°)(0.75)
+(75.48 x 10%)(0.9)* — (2)(0.9)(-36.23 x 10°)]
= 1.48 x 10’ N-m/rad.
Similarly, with
n =4
co =31.51 x 10° N-m-s/rad
¢. =943.11 x 10’ N-s/m  (from Problem 11.2)
x. =0.75m
¢, =268.76 x 10° N-s/m  (from Problem 11.4)
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cro =—77.50 x 10° N-s/rad
Z, =09 m
the result is

cag =4[(31.51 x 10%) +(943.11 x 10°)(0.75)
+(268.76 x 10*)(0.9)* — (2)(0.9)( =77.5 x 10*)]
=3.17 x 10° N-m-s/rad

Stiffness and damping of pile cap: From Eq. (11.47),

2 2
D.S, Z Z )=
Ko(eap) = Gory +So1 +Gs”o2Df {%Jr(_cJ _5{ C J]le

where

So

Kaeapy = (28000 x 10°)(1.185)*(1.5)(2.5)
+(28000x10%)(1.185)*(1.5) x

5 o055 o

= 182.73 x 10° N-m/rad
Again, from Eq. (11.48)

AT A
=585 (50| 2o (] o2 ).
or

Corean = (1266)(1.185)*/(28000 10°) (19x10°) /0 81

{1 8+ [(1 '2366)2 + (1?1‘:5 )2 -( .266)(%)}(9.1)}

= 1.84 x 10° N-m-s/rad
Total stiffness and damping:

kory = koigy * Ko(eapy = 148 X 107+ 182.73 x 10°

=1.66 x 10° N-m/rad
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11.5

=5.01 x 10° N-m-s/rad

Torsional Vibration of Embedded Piles

Torsional vibration of an embedded pile was analyzed by Novak and Howell
(1977) and Novak and El-Sharnouby (1983). According to these analyses, the
pile (Figure 11.18) is assumed to be vertical, circular in cross section
(radius = R), elastic, end-bearing, and perfectly connected to the soil. The soil is
considered to be a linear, viscoelastic medium with frequency-independent
material damping of the hysteretic type. Referring to Figure 11.18, the pile is
undergoing a complex harmonic rotation around the vertical axis, which can be
described as

a(z,t) = o(z)e™ (11.58)

where o(z) = complex amplitude of pile rotation at a depth z

-

The motion of the pile is resisted by a torsional soil reaction. The elastic soil
reaction setting on a pile element dz can then be given as

T=Toe'™

Soil
G = shear modulus
/ p = density

/
|

Figure 11.18 Torsional vibration of embedded pile




Machine Foundations on Piles 493

GR*(S,,, +1S,,,)[0(z.1)]dz (11.59)
where S,1(a,) = stiffness parameter
JoJ + 1Y
= 21| 2 — aqy 5 —21 11.60
( 0 le 4 le ( )

S, (ay) = damping parameter

4
== 11.61
iy (1L.61)
ao = dimensionless frequency = @wR g

R =pile radius
G = shear modulus of soil
p = density of soil

Jo(ap), Ji(ap) = Bessel functions of the first kind and of order
0 and 1, respectively

Yo(ap), Y1(ap) = Bessel functions of the second kind and of order
0 and 1, respectively

The parameters S, and S, also depend on the material damping of the
soil. It was mentioned in Chapter 5 that the material damping is more important
for torsional mode of vibration than any other. This damping can be included by
addition of an out-of-phase complement to the soil shear modulus, or

G' =G, +iG, = G,(1+itan§) (11.62)

G
where tan § = —=
1

Gy, G, = real and imaginary parts, respectively, of the complex
shear modulus
0 = loss angle

Thus, the term G in Eq. (11.59) can be replaced by G'. Also G* enters Egs.
(11.60) and (11.61) through the dimensionless frequency ay. Using this method
of analysis, Novak and Howell (1977) showed that the stiffness and damping
constants of fixed-tip single piles can be given as

GpJ
L fon (11.63)

k=
“ R

and
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GpJ

Cy = \/if(%2 (11.64)
G/p
where G, =shear modulus of the pile material

J =polar moment of inertia of the pile cross section
fu1, foo =nondimensional parameters

The variations of fz; and f,, for timber piles (p/pp = 2)are shown in Figures

11.19 and 11.20. Figures 11.21 and 11.22 show similar variations for concrete
piles (p/pp = 0.7).1t is important to note the following:

1. For a given type of pile, the nondimensional parameter £, is relatively more
frequency dependent than f;.

2. Novak and Howell (1977) showed that the displacement of slender piles
rapidly diminishes with increasing depth and varies to a lesser degree with
frequency. So the effect of the tip condition is less important for slender piles
in which the tip is fixed by the soil.

3. The pronounced effect of material damping may be seen in Figures 11.20
and 11.22. The value of tan & = 0.1 is of typical order in soil. At low
frequencies the material damping significantly increases the torsional
damping of the pile. (Compare f,, values for tan 0 = 0.1 to those for

tan 0= 0 for a given value of a).

Group Piles Subjected to Torsional Vibration

If a group pile is subjected to torsional vibration as shown in Figure 11.23, the
torsional stiffness [k,,] and damping [c,,]constants can be expressed as

n

Kag)= Z I:ka +hk, (xrz + yrz)} (11.65)
1

and
n

o= 2| ca e +7)] (11.66)
1

The expressions for &, and ¢, are given in Equations (11.63) and (11.64), and £,
and c, are the stiffness and damping constants for sliding vibration [Egs. (11.30)
and (11.31)]. Note that the contribution of the sliding component for a pile in the

group increases with the square of the distance (R, = \/xrz + yrz)from the

reference point. So the torsion of piles in a group is more important for a small
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0.48 | ,

0.4 ’ _
Lono |90
R Ep

L, 20; S _008

0.3 | R Ep B

Jea L, 30; G 0.06
R Ep

02 | |

L, 40; S 004

0.1 5260;

0 0.5 1.0 1.5

P
ag = C()R\/g

Figure 11.19 Variation of f,; for timber pile-p/p, =2; p,=density of pile material
(after Novak and Howell, 1977)

number of large-diameter piles than a larger number of small-diameter piles.
The contribution of the pile cap to the stiffness and damping constants can

be obtained from Egs. (5.127a) and (5.127b). Assuming éal and 50,2 in those
equations to be equal to zero

k

o(cap) — Dstr02§a1 (1 1.67)
and

Cateapy = D70 502G Py (11.68)
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Thus, the total stiffness [k, r,] and damping [c,,;)] constants are as follows.

Koty = Kag) + Kaeap)

= zn: [ka +k, (xr2 +y? )} + DstrOZEIII
i

012 [T 7 | |
IR tano=0
e —220; ---- tand=0.1
= 1‘ \ R L
| \ N -7
R EG =0.1 G
010 [ 14y NP T Loz =01
L =2>20; R P
VLR
SRR
L ':‘\l : Ep
008 11 Lssg
LR
A
W ER
(B \
SEEANEN
| — 2> N
Jor 006 1 40;
-G
n : Ep '
_£260;
0.04 R
|G
Ep,
0.02 -
0 | |
0 0.5

1Y
ag = a)R\/g

Figure 11.20 Variation of f,, for timber pile- p/pp =2 ; pp

(after Novak and Howell, 1977)

(11.69)

=density of pile material
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0.08 -
>40

0.06
=50

0.04
=70 0.02 N

I I
0.5 1.0 1.5

P
=wRr |2
agp . G

Figure 11.21 Variation of /4 for concrete pile- p/pp = 0.7 ; p,=density of pile material

(after Novak and Howell, 1977)

Ca(r) = Ca(g) T Calcap)

:i [ca +c, (X,? +yr2):|+Dfr03§a2 G,y
1

(11.70)

Following are the relationships for calculation of response of the system.
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0.12 |
|
1 tan 6=0
:l _____ tan 6=0.1
Iy
'
0.10 - 11 -
L,
'R
"
/Eizo.l
008 - 11117 -
| £330,
1 R T
¥ S _o08 P
|‘\ EP AN ’,—”/ L G
P g =>30; [ =0.1]
X e R
|I|R \\\ —’,f””
t i:t)_o@ G
:‘\ EP ————— .
'L
1= >5
0.04 - 'R
e
I
| EP
£270;
R
0.02 HG _y
Ep X
0
0
oR |2
G

Figure 11.22 Variation of f,, for concrete pile- p/pp = 0.7 ; p,=density of pile material
(after Novak and Howell, 1977)

a. Damping ratio:

Cc
=D (11.71)

D, =
2\/ ka(T)J zz

where J,, = mass moment of inertia of the pile cap and machinery about a
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vertical axis passing through the centroid. Referring to Figure 11.24a,

J.. = mass moment of inertia about the z axis

m
= 2(1* + B?) (11.72)
12
T = Tye'™
Section d
<_—/
Pile cap
D-f . Gy
’  |«—— Diameter = 2rj ———>| Dy
G
p
L
Plan of pile cap L_ Y
.
|
o O | O
- !
L - |4. - X
oo olo
|

Figure 11.23 Group pile subjected to torsional vibration
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I L |
/7_ | /_\
: 2}”0 _
B E Mass = m
I
/ |: Mass =m
| CG | i
I .
: /r _______ -0 x C/“_G_ ______
o S
1// I ’ |
A l
e x S
// | 4 1
/ : / /”_—_:~;‘\\\
y q;
z
z
(@) (b)
Figure 11.24 Mass moment of inertia J,
Referring to Figure 11.24b,
2
. . . rO
J.. = mass moment of inertia about the z axis = 5

b. Undamped natural frequency:

(1)
wn - jzz
f — L kll(T)
"o\ J

¢. Damped natural frequency:

fon = fo\1-2D;, (for constant force excitation)
o

J1-2D2

(for rotating mass — type excitation)

(11.73)

(11.74)

(11.75)

(11.76)

(11.77)
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d. Amplitude of vibration at resonance: Equations (5.68) and (5.69) can be
used to calculate the amplitude of vibration. [Replace &, in Eq. (5.68) by

ka(T)']

Problems

11.1 A machine foundation is supported by six piles, as shown in Figure
P11.1. Given:

Type: concrete
Size: 405 mm X 405 mm in cross section
Length: 30 m
Unit weight of concrete = 23 kN/m’
Modulus of elasticity =21 x 10° kPa
Machine and foundation
Weight =2030 kN

Determine the natural frequency of the pile-foundation system for
vertical vibration. Use the procedure outlined in Section 11.2.

Weak soil
30 m
Bedrock
[ | [ | [ |
[ | [ | [ |
Figure P11.1

11.2 A wooden pile is shown in Figure P11.2. The pile has a diameter of 230

mm. Given: Ep = 8.5 x 10° kPa. Determine its stiffness and damping
constants for
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vertical vibration,
b. sliding, and

c. rocking vibration.

Soil

G =20.7 x 10> kPa

Unit weight = 17.8 kN/m?
u=10.25

Figure P11.2

11.3  Refer to Problem 11.2. Assume that the Poisson’s ratio for wooden piles
is 0.35. Determine the approximate stiffness and damping constants for
the pile for torsional vibration.

114  Solve Problem 11.2 assuming that the piles are made of concrete with
Ep=21x10°kPa.

11.5  Refer to Problem 11.4. Assume that the Poisson’s ratio for concrete piles
is 0.33. Determine the approximate stiffness and damping constants for
the pile for torsional vibration.

11.6 — 11.13 For Problems 11.6-11.13, refer to the accompanying figure. Given:

Pile
L =25m
Size =380 mm X 380 mm in cross section
Ep =21x10°kPa
Poisson’s ratio, . = 0.35
Pile cap
B =34m
x’=05m
Dy =2m
h =3m

The pile cap is made of concrete. Unit weight of concrete is 23 kN/m’.

Soil
G = G,;=24,500 kPa
Unit weight, ¥ = % = 18.5 kN/m’
Poisson’s ratio, ¢ =0.25



11.6

11.7

11.8

11.9

11.10

11.11
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Determine k., and c,, for the pile group for the vertical mode of

vibration.

Determine the total stiffness and damping constants k,yand c, p for

the vertical mode of vibration.

Determine k., and c,, for the pile group for the horizontal mode of

vibration.

Determine the total stiffness and damping constants k. and ¢, for

the horizontal mode of vibration.

Determine ky,)and ¢y, for the pile group for the rocking mode of

vibration.

Determine the total stiffness and damping constants k) and cy(r) for

the rocking mode of vibration.

Machine

Pile cap

LI B |
e ]
fleow]
I ——

Figure P11.6-P11.11
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Seismic Stability of Earth Embankments

12.1

12.2

Introduction

Sudden ground displacement during earthquakes induces large inertia forces in
embankments. As a result, the slope of an embankment is subjected to several
cycles of alternating inertia force. There are several recorded cases in the past
that show severe damage or collapse of earth embankment slopes due to
earthquakes-induced vibration (e.g., Ambraseys, 1960; Seed, Makdisi, and
DeAlba, 1978). These damages include flow slides of saturated cohesionless soil
slopes and slopes of cohesive soil with thin lenses of saturated sand inside them.
Such flow slides are due to liquefaction of saturated sand deposits. Fundamental
concepts of liquefaction were presented in Chapter 10. Other types of damages
include collapse or deformation of dry or dense slopes in sand and also in
cohesive soils. In the following sections, the analysis for the stability of earth
embankments for these types of slopes under earthquake loading conditions will
be treated. It will be assumed that these soils experience very little reduction in
strength due to cyclic loading. This is what is generally known as inertial
stability analysis.

In general, deformations suffered by an earth embankment during a strong
earthquake may take several forms, such as those shown in Figure 12.1a, b, and
c. Figure 12.1a shows a type of deformation pattern that may be concentrated in
a narrow zone with a definite slip surface. However, substantial deformation may
occur without the development of a slip surface, as shown in Figure 12.1b. In
cohesionless slopes, the slip surface is usually a plane, as shown in Figure 12.1¢c
(Seed and Goodman, 1964).

Free Vibration of Earth Embankments

For a proper evaluation of the seismic stability of earth embankments, it is
necessary to have some knowledge of the vibration of embankments due to

505



506 Chapter 12

earthquakes, with some simplifying assumptions. This can be done by the use of
one-dimensional shear slice theory (Mononobe, Takata, and Matumura, 1963;
Seed and Martin, 1966). Figure 12.2 shows an earth embankment in the form of
a triangular wedge. The height of the wedge is H. Now, the following
assumptions will be made:

Figure 12.1  Deformation of earth embankments

x] X
} X 1= Az }
| i
dz —>/
H
Fy <——

Rigid foundation material

z

Figure 12.2  Free vibration of an earth embankment
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The earth embankment is infinitely long.

. The foundation material is rigid.

3. The width-to-height ratio of the embankment is large. This means that the
deformation of the embankment is due only to shear.

4. The shear stress on any horizontal plane is uniform.

N —

Regarding the first assumption made, it can be shown that when the length-
to-height ratio of an embankment is four or greater, then effect of end restraints
on the natural frequencies of vibration is negligible. So, for all practical purposes
most of the embankments can be assumed to be infinitely long.

Consider an elementary strip of thickness dz, as shown in Figure 12.2. The
forces acting on this elementary strip (per unit length at right angles to the
section shown) are

a. Shear force:

F=6%yx,
dz
b. Shear force:
F,=F +%dz
0z

c. Inertia force:

1= (mass) (acceleration)

2 2
= (Z.Xl dz 8_124 = pAza—;tdz
g ot ot

where G = shear modulus of the embankment material
u = displacement in the x direction
g = unit weight of embankment material
A = a constant of proportionality
p =7/g = density of the embankment material

Note that
Fz — F] =71
So
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or
u G 10u
gu_Z|ou, 1o 12.1
or’ p(822+zaz] (12

In the preceding equation, the viscous damping force has been neglected,
and the boundary conditions for solving it are as follows:
du/dz = 0 atz= 0 for all values of 7.

a.
u =0 at z = H for all values of ¢.

b.
The solution to Eq. (12.1) is

u(z,t) = 2 [An sinw,t + B, cosa)nt] Jo (,Bn %) (12.2)

n=1

where
A,, B, = constants
Jo= Bessel function of first kind and order 0

[, = the zero value of the frequency equation J,, (wﬂH . \/g] -

(So 1 =2.404, p,=5.22, ,=18.65,...)
, =undamped natural circular frequency of embankment in the

nth mode of vibration = & E
H\p

Thus,

w_ﬁ\ﬁ_mm\ﬁ

'""H\p H

p p
G

(12.3)

5.52
W, =—— |—
H\p
8.65 |G
Wy =—— |—
H\p

Here it is worth noting that implicitly the shear modulus is assumed to be
constant throughout the height of the dam, which is not true. However, for an

accurate estimation of @, this is a good assumption.
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Forced Vibration of an Earth Embankment

Figure 12.3 shows a triangular earth embankment being subjected to a horizontal
ground motion, u.(f). The equation of motion for the analysis of the vibration of
an embankment for such a case can be given as (Seed and Martin, 1966)

2 2 P
a_g’_ﬁ 3_12‘+la_” I (12.4)
or° pl ot zot ot
The solution to Eq. (12.4) can be given as
2220 B, (21 H)]
u(z,t) = i, sin[w, (1 —t")]dt’ (12.5)
ngl a)nﬂn‘]l (ﬂn) J‘O & ( )

where J; = Bessel function of the first order.

Like all materials, soil possesses the property of damping out vibrations.
The viscous damping factor of soil in the embankment has not been included in
Egs. (12.4) and (12.5). If viscous damping (see Chapter 2) is included, then Eq.
(12.5) will be modified to the form

Rigid foundation material ug (f)

z

Figure 12.3  Forced vibration of an earth embankment
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n=°°2J ﬁn Z/H ¢t o o . i ,
:igfﬁ%ﬁﬂﬂﬂk%e”“ sinfa,(t ~))de’ (12.6)

u(z,t)

where D, = damping factor in the nth mode

®; = O, 1— Drf = damped natural angular frequency in the nth mode

The relative velocity, u(z,¢), and acceleration, u(z,¢), at any depth z and

time ¢ can be obtained by proper differentiation of Eq. (12.6). The absolute
acceleration can be given by

iy (z,0) = 1i(z,0) +ii, (7) (12.7)
where ii,(z,t) = absolute acceleration. For the case of zero damping (D, = 0), it

can be shown from Eq. (12.4) that the modal contribution to the absolute
acceleration can be given by

i, (z,t) = 0} u,(z,1) (12.8)

For small values of damping (that is, D, = 0), @, = @,. Thus, from Eq. (12.6),

wter)= 520 i 0

j’ .. -Dw,(t-1)

i
08 (12.9a)
x sin[ @, (t ) |dt’
The preceding equation can be rewritten as
iy (z,0) = Y iy, (z,1) (12.9b)
n=1
where
iy (2.0) = @1, (2)V, (1) (12.10)
ﬂ \/7 (12.11)
2J, Z/H
7,(2) = Jﬁ )] (12.12)
ﬁn‘ll (ﬂn)

V(1) = ju e Pl sinl @, (¢~ ') ]ar’ (12.13)
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For a given ground acceleration record [ i, ()] and embankment, Eq. (12.9) can

be programmed in a computer and the variation of the absolute acceleration with
depth can be obtained. An example for such a case is shown in Figure 12.4.
Figure 12.4b shows the variation of acceleration of a 30 m high embankment

with time that has been subjected to a ground acceleration, as shown in Figure
12.4a.

Velocity and Acceleration Spectra

The term V,(¢) given by Eq. (12.13) is a function of the ground acceleration (ii, ),

damping (D,), natural frequency (,)and the time (f). For a given earthquake
record, the maximum value of V,(f) that will correspond to a given value of
w, can easily be determined. This is referred to as the spectral velocity, Sy,

where
S Vn = {

The spectral velocities, Sy,, corresponding to various values of @,can be

calculated and plotted in a graphical form (for a given value of D,). This is called
a velocity spectrum. Note that S}, has the units of velocity. Similar plots can be
made for a number of values of the damping ratio. Figure 12.5 shows the nature
of the plot of Sy, with the natural period. Note that

[lige P sinf w, (e - t')]dt'} (12.14)

max

T === (12.15)
a)l’l

where T, = natural period.

For a given mode of vibration of an embankment, the maximum value of
the acceleration can be given as

Liyy (2)]max = @1, (2)Sy, (12.16)

Again, keeping in mind that acceleration is equal to natural frequency times the
velocity, Eq. (12.16) can be rewritten as

Liyy (2)]max = M, (2)S 0 (12.17)

where S.n= spectral acceleration = w,S),
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Figure 12.4  (a) Accelerogram of EI Centro, California, earthquake, May 18, 1940 — N-
S component; (b) Acceleration distribution at 0.1-s intervals for 30-m-high
dam subjected to EI Centro earthquake (after Seed and Martin, 1966)
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The expression for 7,(z)is given by Eq. (12.12). Since the values of S,
(forn =1, 2, 3,...) are known, 77,(z) can easily be calculated. The variation of

1n,(z) forn=1, 2, 3 is shown in Figure 12.6. Thus, the spectral acceleration for
a given value of D, and w, (or 7,) can be calculated. A plot of S, versus 7}, is

referred to as the acceleration spectrum. Figure 12.7 shows an example of an
acceleration response spectra.

Approximate Method for Evaluation of
Maximum Crest Acceleration and Natural
Period of Embankments

Based on the theory presented in Section 12.3, Makdisi and Seed (1979) have
presented a simplified method for estimating the maximum crest acceleration
[%,(max) at z = 0] and the natural period of embankment (Figure 12.8). According

to this theory, the maximum crest acceleration can be given approximately by the
square root of the sum of the square of maximum acceleration at the crest for the
first three modes, or

3
gy (A 2= 0) = | D [ii O], (12.18)

n=1
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Figure 12.6  Variation 7, (z) with z/H [Eq. (12.12)] (after Seed and Martin, 1966)
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’:"a(max)

u g

Figure 12.8  Approximate method for evaluation of maximum crest acceleration

From Eq. (12.17)

2

max

[ii1(0)]
But 77,(0)= 1.6 (Figure 12.6). So

i (0)] =168,

=1m(0)S,

Similarly, for the second and third modes,

[ii,(0)]_ =1.06S,,
[ii,3(0)] = 0.86S,;

Now, combining Egs. (12.18) through (12.21),

[i, )] = \/(1.6Sa1)2 +(1.065,,)" +(0.86S,;)°

(12.19)

(12.20)
(12.21)

(12.22)

The step-by-step procedure for obtaining the maximum crest acceleration is

given next.

1. Plot graphs of the variations of G/Gy,x versus shear strain (y”) and D versus

shear strain (y”) for the soil present in the embankment as shown in Figure

12.9 (Note: G = shear modulus, G, = maximum shear modulus,
D = damping ratio.) This can be done by using the principles outlined in

Chapter 4.
2. Obtain an acceleration spectra for the design earthquake.
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98]

The

Assume a value of the shear modulus G and calculate G/G .

For the assumed value of G/Gp,y (Step 3), determine the shear strain y’
(Figure 12.9).

Corresponding to the shear strain obtained in Step 4, obtain the damping
ratio D (Figure 12.9).

Calculate w,(n = 1, 2, and 3) using Eq. (12.3). The value of the shear

modulus to be used is from Step 3.
Using the damping ratio obtained in Step 5 and @,, ®,, and @, obtained in

Step 6, obtain spectral accelerations S,;, Sp, and S,. (This is from the
acceleration spectra obtained in Step 2.)

Calculate the maximum crest acceleration using Eq. (12.22).

Calculate the average equivalent shear strain in the embankment as follows.
The shear strain, y’(z,¢), can be given by (Figure 12.8)

V(zt) = i 2J1|:,Bn (Z/H):I

|4 12.23
n=1 Hwn‘]l(ﬂn) n(t) ( )

terms in the right-hand side of Eq. (12.23) have all been defined in Sections

12.2 and 12.3. In Section 12.2, we have defined w, as

D (%)

Shear strain, y”

Figure 12.9  Nature of variation of G/G,x and D with shear strain
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w2 [C
H\p

2
2 _ b <G (12.24)

THY p

or

@,

Substituting Eq. (12.24) into Eq. (12.23), we obtain

, p_ - 2J1(ﬂn(Z/H))
) =HZ| Y — " Ypy(t 12.25
}/( ) G_nzl ﬂnz‘]l(ﬂn) ( ) ( )
=ﬁﬁ§i%@%nm} (12.26)

n=1
where

, 2J,[B,(z/ H)]
(z) = —n = A 12.27
W& = ) (1227

The variations of @, with depth (z) for n =1, 2, and 3 are given in Figure 12.10.

The maximum shear strain at any depth z of embankment can be approximated
by considering the contribution of the first mode only. Thus,

mun=H§WM&l (12.28)

The average value of the maximum shear strain can be given as

(Vi) = HE(S),, S (12.29)
G

(¢1')au can be obtained from Figure 12.10 as 0.3. So

(Ye). ., =03H %Sal (12.30)

The average equivalent maximum cyclic shear strain can be about 65% of
(7)., - Thus
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A (0.3)(0.65)H§Sa1 =0.195sHL s,

(12.31)
10. Compare (}/;U )eq to the shear strain obtained in Step 4. If they are the same,

then the maximum crest acceleration obtained in Step 8 is correct. The
natural period of the embankment can be calculated at 27/, .

11. If (7/’ ) from Step 9 is different than the strain obtained in Step 4, then
av Jeq

obtain new values for G and D corresponding to the strain level (}/;U)

eq
obtained in Step 9. Repeat Steps 6 through 10. A few iterations of this type
will give the correct values of [ii, (0)]max, G, D, and the natural period.

¢, (2)
-0.2

0.2 0.4 0.5
an

02—+

0.4

S8
<
N

0.6 i

0.8

1.0

Figure 12.10 Variation of ¢(z) with z/H (after Makdisi and Seed, 1979)
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Example 12.1

An earth embankment is 30 m high. For the embankment soil, given:
Unit weight, ¥ = 19.65 kN/m’
Maximum shear modulus = 160,000 kPa

Figure 12.11 shows the nature of variation of G/Gp.x and D with shear strain.
Figure 12.12 shows a normalized acceleration spectra (maximum ground
acceleration is 0.25 g). Determine the maximum crest acceleration.

1.0 25

0.8 G 20

G

max

0.6 15

G >< D (%)
Gimax 0.4 10

0.2 5

0 0
10-3 102 101 100
Shear strain (%)

Figure 12.11

4

Damping 5

Aﬁ
-5%
\/\ - 10%
. —15%

0 0.5 1.0 1.5 2.0 2.5 3.0
Natural period (s)

Spectral acceleration
Maximum acceleration
N

%\

Figure 12.12 Normalized acceleration response spectra — Taft Record, N — S component
(after Makdisi and Seed, 1979)
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Solution

Iteration 1
Let G/Gunax be equal to 0.4. From Figure 12.11, for G/Gy.x = 0.4, the magnitude

of shear strain is 0.07% and D = 14%. If G/Gax = 0.4,
G =(0.4)(160,000) = 64,000 kPa
From Eq. (12.3),

o = 2.404\/% _ 2404 [ 64000

H 30 \(19.65/9.81)
So
2
Period T) = —“_0435s
2 2 4,
W, = 232 _ 33 64,000 =32.89 rad/s
19 65/9. 81
Period T, = — —0 191 s
4,
W, = 865 865 64,000 =51.54 rad/s
19 65/9. 81
Period T3 = — =0.122s
2

From Figure 12.12, for these values of T}, 75, and 75 and D = 14%, the spectral
accelerations are as follows:

Su =(1.35)(0.252)=0.3375 g
S, =(1.41)(0.25 g) = 0.3525 ¢
S;s =(1.18)(0.25 ) = 0.295 g

From Eq. (12.22)

[i,(0)] = \/(1.6Sa1)2 +(1.06S,,)" +(0.865,5 )’
= J(1.6x0.3375 g)* +(1.06 X 0.3525 g)* +(0.86 X 0.295 g)?
=0.704 g
Using Eq. (12.31),

(%) = 0-195HZ S,
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19.65/9.81

= (0.195)(30)( 62000

)(0.3375 X 9.81)=0.061%

The above value of (7;v)eq is approximately the same as the assumed value. So

[ii, (0)]max = 0.70 g.

Fundamental Concepts of Stability Analysis

Until the mid-1960s, most of the earth embankment slopes were analyzed by the
so-called pseudostatic method. According to this method, a trial failure surface
ABC, as shown in Figure 12.13 is chosen. ABC is an arc of a circle with its center
at 0. Considering the unit length of the embankment at a right angle to the cross
section shown, the forces acting on trail failure surface are as follows:

a. Weight of the wedge, W.

b. Inertia force on the wedge, k,J¥, which accounts for the effect of an
earthquake on the trial wedge. The factor &, is the average coefficient of
horizontal acceleration.

c. Resisting force per unit area, s, which is the shear strength of the soil acting
along the trial failure surface, 4ABC.

The factor of safety with respect to strength, F, is calculated as

o _fesisting moment about O _ s(ABC)R
*  overturning moment about O WL, + k, WL,

Figure 12.13 Stability analysis for slope
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This procedure is repeated with several trial failure surfaces to determine the
minimum values of Fj. It is assumed that if the minimum value of Fj is equal to
or greater than 1, the slope is stable.

The magnitude of 4, used for the design of many dams in the past ranged
from 0.05 to 0.15 in the United States. In Japan, this value has been less than 0.2.
Following are some examples of this type of assumption in the design of earth
dams (Seed, 1981).

Horizontal Minimum
Seismic factor of

Dam Country coefficient, kn safety, Fs
Aviemore New Zealand 0.1 1.5
Bersemisnoi Canada 0.1 1.25
Digma Chile 0.1 1.15
Globocica Yugoslavia 0.01 1.0
Karamauri Turkey 0.1 1.2
Kisenyama Japan 0.12 1.15
Mica Canada 0.1 1.25
Misakubo Japan 0.12 —
Netzahualcoyote =~ Mexico 0.15 1.35
Oroville United States 0.1 1.2
Paloma Chile 0.12t0 0.2 1.25t0 1.2
Ramganga India 0.12 1.2
Tercan Turkey 0.15 1.2
Yeso Chile 0.12 1.5

A second method that has gained acceptance more recently is the determination
of the displacement of slopes due to earthquakes. This method is primarily based
on the original concept proposed by Newmark (1965) and can be explained in
the following manner.

Consider a slope as shown in Figure 12.14. When this slope is subjected to
an earthquake, the stability of the slope will depend on the shear strength of the
soil and the average coefficient of horizontal acceleration. The factor of safety of
the soil mass located above the most critical surface ABC will become equal to 1
when k;, becomes equal to k,. This value of k, = k, may be defined as the
coefficient of yield acceleration. Now refer to Figure 12.15a, which shows a plot
of the horizontal acceleration with time to which the soil wedge ABCD is being
subjected (Figure 12.14). At time ¢ = #,, the horizontal acceleration is kg
(g = acceleration due to gravity). Between time ¢ = ¢, to t = ,, the velocity of the
sliding wedge will increase. This velocity can be determined by integration of the
shaded area. The velocity will gradually decrease and become equal to zero at
t = t; (Figure 12.15b). The displacement of the soil wedge can now be
determined by integration of the area under the velocity versus time plot between
t=t and t = t; (Figure 12.15c).
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Figure 12.14 Soil slope

Time
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Figure 12.15 Integration method to determine down-slope displacement
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It is important to note that the peak shear strength of the soil along the critical
surface ABCD has now been mobilized. Hence, when the horizontal acceleration
reaches kg (which is less than k,g) at time ¢ = #, the velocity of the sliding
wedge will again increase, since the post-peak strength will be mobilized. As
before, we can determine the velocity and the displacement of the sliding wedge
by using the integration method. Hence, with time, the displacement of the
wedge gradually increases. In most cases of embankment stability consideration,
it can be shown (Seed, 1981) that where the crest acceleration does not exceed
0.75 g, deformation of such embankments will usually be acceptably small if the
embankment has F; =1.15 as determined by the pseudostatic analysis.

Average Value of k;,

In reference to Figure 12.13, it has been mentioned in this section that an average
value of &, is usually assumed for the pseudostatic method of analysis of slopes.
It is now essential to have a general theoretical background as to what this
average value of £k, is. The following theoretical derivation has been
recommended by Seed and Martin (1966).

Figure 12.16 shows a hypothetical earth embankment, which is triangular
in cross section. Let us consider the inertia force on an arbitrary soil wedge Oac.
The displacement of the embankment at a depth z can be given as [Eqgs. (12.6)
and (12.13)]

RS GRS
u(z,t) = nz;l YIATE V() (12.32)

Figure 12.16 Analysis for average value of k;,
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So, the distribution of shear strain can be obtained as

ou (1) = niw 2J, B, (z/ H)] v ()

5% 2 o (B . (12.33)

Hence, the distribution shear stress, 7(z,?) is

. du e 2GJ,[ B, (z/H)]
= Ga—z(z, t) = n; HoJ (3 v, (t) (12.34)

7(z,t)
The shear force, F{(z, f), acting on the base of the wedge Oac is
F(z,t) =1(z,t)B (12.35)
However,
F(z, t) = (mass of the wedge Oac) ii,(1),,
- (5002 (0, (12.36)

where ii, (1), = average lateral acceleration

p =density of the soil in the wedge

So
i (0 = 2F (z.1) _27(z,0)B _27(z,1) (12.37)
pBz pBz pz
Combining Egs. (12.34) and (12.37),
. "<Y 4G, [ B, (z/ H)]
i, () = v, (t (12.38)
? ngl prnZJ] (ﬂn) ( )
So
"= 4GJ /H
k, =i, (1), = 1EAGED) V(1) (12.39)
g a n=1 ngwnZJl (ﬁn)
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Figure 12.17 Values of average seismic coefficient for 30-m-high embankment subjected
to El Centro earthquakes (shear wave velocity, v, = 300 m/s, 20% critical

damping) (after Seed and Martin, 1966)

The value of %, is a function of time. Since the average acceleration varies with
the depth z, the magnitude of k&, also varies with time. Figure 12.17 shows the
results of a calculation for k;, for a model embankment at four different levels.

Yield Strength

In the analysis of stability for earth embankments, it is important to make proper
selection of the yield strength of soil to determine the shear strength parameters.
The yield strength is defined as the maximum stress level below which the
material exhibits a near-elastic behavior when subjected to cyclic stresses of
numbers and frequencies similar to those induced by earthquake shaking.

Figure 12.18 shows the concept of cyclic yield strength of a clayey soil
(Makdisi and Seed, 1978). The material in this case has an yield strength of
about 90% of its static undrained strength. In Figure 12.18, it can be seen that
under 100 cycles of stress, which amounts 80% of static undrained strength, the
material behaves in a near-elastic manner. However when 10 cycles of stress,
which amounts to 95% of static undrained strength, is applied, substantially large
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Stress

Undrained strength = g,

SR e 0.95¢q,
/' N 10" cycle
ffffffff 0.8¢,
100 cycles

Strain -

Figure 12.18 Concept of cyclic yield strength

permanent deformation is observed (Figure 12.18). Hence the yield strength is
about 90% of its static undrained strength.

Stability Analysis

The remainder of this chapter is divided into two parts. The first part is devoted
to the pseudostatic methods of stability analysis and the second part, to the
determination of the deformation of slopes.

Pseudostatic Analysis

12.7

Clay Slopes (¢ = 0 Condition)—
Koppula’s Analysis

A clay (¢= 0 condition) slope of height H is shown in Figure 12.19a. In order to
determine the minimum factor of safety of the slope with respect to strength, we
consider a trial failure surface ABC, which is an arc of a circle with its center
located at O. Let the saturated unit weight and the undrained cohesion of the clay
soil be equal to yand c,, respectively. The undrained cohesion ¢, may increase
with depth z measured from the top of the slope and can be expressed as
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fe——nH —+

Figure 12.19 Koppula’s analysis for clay slopes (¢ = 0 condition)
¢, =cytayz (12.40)

where ao = a constant.

Per unit length of the slope, for consideration of the stability of the soil
mass located above the trial failure surface, the following forces need to be
considered:

a. Weight of the soil mass, W

b. Undrained cohesion, c,, per unit area along the trial failure surface ABC

c. Inertia force on the soil mass, kW (where k, = average horizontal
acceleration of the mass)

The overturning moment, M), about O can be given as

—— —
MW ME

Koppula (1984) has expressed My and M in the following forms:

yH®
12
+3cot A cot @— 6n cot f— 60> —6n cot a+6ncot )  (12.42)

My = (1 —2cot* B—3cot arcot S+ 3cot Scot A
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k,yH’
Mg = hi/Z (cot B+ cot® 1+ 3 cot rcot’ A

—3cot xcot fcot A— 6n cot axcot A) (12.43)

The restoring moment My about O is

+a
My =R]| e,Rd6 (12.44)

where R = radius of the circular arc
¢, = ¢y +ag[Rcos(A+8)—Rcos(a— )+ H] (12.45)

Combining Egs. (12.44) and (12.45)

agH? coH*a
My, = 0 o(l—cotacosA)+cotd [+ 0 (12.46)
R 4sin20{sin2/1[ ( ) ] 2sin® arsin® A
The factor of safety F; against sliding can be given as
M
=R (12.47)
My + M

The minimum value of F; has to be determined by considering several trial
failure surfaces. Koppula (1984) has expressed a minimum factor of safety in the
form

F,==UN, +—LN, (12.48)

where N, and N, = stability numbers. Stability numbers are functions of 4;, the
slope angle £, and also the depth factor, D (for the definition of depth factor, see
Figure 12.19). Figure 12.20 shows the variation of N, and &, varying from 0 to
0.4 and S varying from 0° to 90°. In a similar manner, the variation of N, with &;,
and D for < 50° is shown in Figure 12.21. For > 55°, the variation of N, with
ky, is given in Figure 12.22. In order to use Eq. (12.48) and Figures 12.20, 12.21,
and 12.22, the following points needs to be kept in mind.

1. If the undrained shear strength of the soil increases linearly from zero at the

top, then

¢, =ayz (12.49)
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For this case, the critical slip surface associated with minimum F; passes
through the toe of the slope and lies within the slope. So

n=0 12.50
D0 (12.50)

F =20, (12.51)
4
2. Ifthe magnitude of ¢, is constant with depth, then

%:0} (12.52)

¢ =C
For this case

1§=f%NQ (12.53)

The stability number N, is a function of £, D, and &, if < 53°. However if 2>
53°, then N, is a function of fand k;, only (that is, » = 0 and D = 0).
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12.8

Example 12.2

Refer to the slope shown in Figure 12.19. Given:

H=15m y =18 kN/m’

B =60° ¢, =48 + 3z (kPa)
Determine the factor of safety Fj for k;, = 0.3.
Solution

From Eq. (12.48)

k= LN 1 +-L 2
/4 yH
From Figure 12.20, for #= 60° and k;, = 0.3, the magnitude of N; = 2.38. Again,

from Figure 12.22, for = 60° and k;, = 0.3, the magnitude of N, is about 3.28.
So

F, = (%) (2.38) + (3.28) =0.397 + 0.583 = 0.98

48
(18)(15)

Slopes with ¢ — ¢ Soil — Majumdar’s Analysis

Taylor (1937) proposed the friction circle method of analyzing the stability of
slopes with ¢ — ¢ soils. In this analysis, the effect of earthquakes was not taken
into consideration. The details of this slope stability analysis can be found in
most soil mechanics textbooks (for example, Das, 2007). However, it can be
summarized as follows.

Figure 12.23 shows a slope made of a soil having a shear strength that can
be given as

7, =c+o’tang (12.54)

where 7 = shear strength
¢ = cohesion
/

o’ = effective normal stress
¢ =drained friction angle

For ¢ greater than about 3°, the critical circle for stability analysis always passes
through the toe, as shown in Figure 12.23.
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Figure 12.23 Slopes with ¢ — @ soil

For stability analysis, one can define three different factors of safety for the soil
at any point along the critical surface:

1. Factor of safety with respect to friction:

t
F, = an ¢
tan @,

where ¢, = developed friction angle (< ¢).

2. Factor of safety with respect to cohesion:

F,=—
Cq

where ¢, = developed cohesion (< ¢).

3. Factor of safety with respect to strength:

- c+o0'tang (12.55)
¢y +0'tang,
It is obvious from the preceding definitions that if
c _tand
c; tang,
then
F,=F,=F, (12.56)

It is important to note that the relationship for the factor of safety developed in
Section 12.7 is the factor of safety with respect to strength.
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Using the preceding concepts for factor of safety, Taylor’s analysis

(1937) for the stability of slopes by the friction circles method can be given in a
graphical form, the nature of which is shown in Figure 12.24. Note that in Figure
12.24 the term m is defined as
Ca
yH

Majumdar (1971) expanded Taylor’s analysis of slope by taking into
consideration the horizontal earthquake forces as shown in Figure 12.25. By
simple mathematical manipulations, Majumdar showed that if the actual
effective friction angle ¢ of the soil can be modified to ¢, it can then be used in
Taylor’s analysis to determine the factor of safety with respect to strength (£%)
for the critical surface of a slope.

m =

ba = Pa1)

Slope angle, B (deg)
Figure 12.24 Nature of variation of m with Sand ¢,

Figure 12.25 Analysis of slopes with ¢ — ¢ soil

The relationship between ¢ and ¢, can be expressed as
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¢,, = tan"' (M tan ¢) (12.57)

The term M in Eq. (12.57) is a function of the slope angle (f) and the horizontal
coefficient of acceleration (k). Figure 12.26 shows the variation of M with k;, for
B=15°,30°,45° 60°, and 75°.
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Figure 12.27 Modified Taylor’s chart

Figure 12.27 shows the modified plot of Taylor’s chart (that is, m versus

D) for use of stability analysis. It is important to note that ¢, for a given soil is
always less than or equal to @,,.

In order to determine the factor of safety for a given slope, the following
step-by-step procedure can be applied.

1.
2.
3.

Determine the soil parameters ¢ and c and the unit weight ¥

Determine the parameters for the slope, that is, fand H.

For given values of ¢, B and k;, determine the factor M from Figure
12.26.

Assume several values for the developed friction angle ¢; (such as @),
Gu)» Gaa)--)- Note that ¢, < ¢,

For each assumed value of ¢@,, determine the factor of safety with respect
to friction, or

tan
Fy) = n
tan @ (1)




538 Chapter 12

Fe

’
’
’
’
5 o
’
/N45
’
’

Figure 12.28 Calculation of Fj

tan
Fo) = O
tan ¢ i(3)

With each assumed value of @, and the slope angle £, go to Figure 12.27
and determine the stability number m.
From the values of m calculated in Step 6, calculate ¢, and the factor of
safety with respect to cohesion (F,) as

C
Cay=m yH, Foay=—
€a(1)
C
Cap)=m Y H, Fooy=—
€a(2)

Plot a graph of Fy versus F, as determined from Steps 5 and 7 (Figure
12.28) and determine F, = F. = F

Example 12.3

A homogenous slope is shown in Figure 12.29a. Using the procedure described
in this section, determine the factor of safety with respect to strength. Use k;, =

0.3.

Solution

Given H= 12 m, f=30°, y= 16 kN/m’, ¢ = 20 kPa, and ¢ = 34°. Now, referring
to Figure 12.26b, for &, = 0.3, M = 0.54. So

#,= tan ~'(M tan @) = tan '[(0.54)(tan 34)] = 20°

The following table can be prepared.
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Assumed
Developed
Friction
angle, gu
tang m c c
(deg) tan gu Fy= m (Figure Fe= —=——
tang, 12.27) ¢, myH
5 0.0875 4.16 0.110 0.95
10 0.1760 2.07 0.075 1.39
15 0.2680 1.36 0.046 2.26
20 0.3640 1.00 0.025 4.17

A plot of Fy versus F, is shown in Figure 12.29b,
from which F,=F.=F;=1.73.

5
4 ’
3
Fy \
2 —
X’LFS =1.73
1 - d
0 7
0 1 2 3 4 5
F.
(b)

Figure 12.29
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12.9

Slopes with ¢ — ¢ Soil — Prater’s Analysis

It was mentioned in Section 12.6 that, due to earthquakes, slopes may undergo
permanent deformation. Prater (1979) has analyzed slopes with ¢ — ¢ soils to
determine the yield horizontal acceleration, which is defined as the threshold
horizontal acceleration, k, = k, acting upon a sliding mass, above which
permanent deformation occurs. It corresponds to a factor of safety with respect to
strength (F;) of unity. In this analysis the failure surface was assumed to be an
arc of a logarithmic spiral defined by the equation (Figure 12.30)

r = rye? e (12.58)

where ¢ = soil friction angle. Prater’s analysis for determination of the yield
acceleration is summarized next.

Figure 12.31 shows a homogenous slope. The unit weight, cohesion, and
angle of friction of the soil are, respectively, ¥ ¢, and ¢. ABC is a trial failure
surface that is the arc of a logarithmic spiral. Referring to Figure 12.31,

m = el (12.59)
d=" [sinl et 2meosp | (12.60)
H .
. | sm p
Jj=t+sm
[\/l+m2 —2mcosp] (12.61)
q=m—-p—j (12.62)

Figure 12.30 Log spiral
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0] S
K N, j‘l Note: OA=dH = ry
! T OC=mdH

Figure 12.31 Prater’s analysis for determination of yield acceleration

Considering a unit length of the embankment at right angles to the cross
section shown, the overturning moment about O can be given as

MD:MW+ME:(1$kU)Mg+ME (12.63)
where

M, = moment due to gravity force

= (M, — M, — M) (12.64)
M, =moment of the soil weight in the area OABC about O
yd i’ N s
= ———— [(m’ sinj —sin ¢) — 3 tan ¢(m” cosj + cos q)] (12.65)
3(9 tan’ ¢ + 1)
M>= moment of the soil weight in the area OAF about O
yd’H?
= [sin’ g(cot* ¢ — cot’ /)] (12.66)

M; = moment of the soil weight in the area CDF about O
3
_yH

v [cot* B— cot® j — 3md cos j(cot B— cot j)] (12.67)
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k, = average vertical acceleration
M = moment due to horizontal inertia force

:Mekh: (M4—M5 —M6)kh (1268)
3773
M, = _yd i [(m® cos j + cos ¢) + 3 tan @(m’ sin j — sin )]
3(9 tan” ¢ + 1)
(12.69)
3773
Ms = 71 1Gd g(cot g + cot )] (12.70)
7H3 . .
Mg = < (3d sin g + 1)(cot - cot ) (12.71)

k, = average horizontal acceleration

Hence, combining Eqgs. (12.63) through (12.71), an expression for the
overturning moment, M, can be obtained.

The restoring moment, My, can now be expressed as

moment of the cohesive moment of the frictional

force developed along force developed along
k- the trial failure the trial failure
surrace ABC, M, surface ABC, M ,

However, based on the property of logarithmic spiral, the line of action of the
resultant frictional force at any given point along the trial failure surface will pass
through the origin O. Hence
My =0
cd*H? (m2 - 1)

M =——" (12.72)
2tan ¢

So, for equilibrium of the soil mass located above the trial failure surface
My-M,=0
M,(Fk,)+Mk,-M, =0
M, FM k,+Mk,—M, =0

or

k= ——% (12.73)

where
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b=-Lt (12.74)

Prater (1979) has suggested that a realistic value of » would be 0.3. The
yield acceleration k;, for the most critical surface can be determined by trial and
error. Table 12.1 shows the magnitudes of the yield acceleration determined in
this manner with b = 0.

Slopes with ¢ — ¢ Soil — Conventional Method
of Slices

In the analysis for the stability of slopes provided in Section 12.7, 12.8, and 12.9,
it is assumed that the soil is homogeneous. However, in a given slope, layered
soil can be encountered. The method of slices is a general method that can easily
account for the change of % ¢, and ¢ in the soil layers.

In order to explain this method, let us consider a slope as shown in Figure
12.32. Let ABC be a trial failure surface. Note that ABC is an arc of a circle with

its center at O.

|«<—Rsin oz,,—>|0

| 2N

Figure 12.32 Conventional method of slices
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Table 12.1 Yield acceleration, k;, =k,
clyH

B (deg) tan ¢ 0.05 0.10 0.15 0.20
15 0.1 0.00 0.08 0.15 0.20
0.2 0.10 0.20 0.27 0.33

03 0.20 0.31 0.39 0.44

04 0.30 041 0.50 0.55

0.5 0.40 0.51 0.60 0.66

0.6 0.49 0.61 0.70 0.76

0.7 0.58 0.70 0.80 0.87

0.8 0.66 0.79 0.89 0.97

09 0.74 0.87 0.98 1.07

30 0.1 — 0.00 0.13 0.20
0.2 0.00 0.11 0.25 0.35

03 0.05 0.22 0.37 0.46

04 0.14 0.32 0.46 0.56

0.5 0.24 041 0.55 0.66

0.6 0.32 0.50 0.63 0.75

0.7 0.40 0.57 0.72 0.83

0.8 0.47 0.65 0.79 0.91

09 0.53 0.71 0.86 0.98

45 0.1 — — 0.07 0.22
0.2 — 0.00 0.18 0.33

0.3 — 0.11 0.28 0.42

04 0.00 0.20 0.37 0.51

0.5 0.06 0.29 0.46 0.59

0.6 0.14 0.36 0.53 0.67

0.7 0.21 043 0.59 0.74

0.8 0.27 0.49 0.66 0.80

09 0.33 0.54 0.71 0.84

60 0.1 — — 0.00 0.16
0.2 — — 0.08 0.26

03 — 0.00 0.18 0.34

04 — 0.05 0.26 0.42

0.5 — 0.13 0.33 0.49

0.6 0.00 0.20 0.39 0.55

0.7 0.01 0.26 0.45 0.60

0.8 0.07 0.32 0.50 0.65

09 0.13 0.36 0.54 0.69

75 0.1 — — — 0.04
0.2 — — 0.00 0.14

03 — — 0.02 0.22

04 — — 0.10 0.29

0.5 — 0.00 0.17 0.35

0.6 — 0.01 0.23 0.40

0.7 — 0.07 0.28 0.44

0.8 — 0.12 0.32 0.38

0.9 — 0.16 0.35 0.51

Note: b= 0.
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The soil above the trial failure surface is divided into several slices. The
length of each slice need not be the same. For the nth slice, consider a unit
thickness at right angles to the cross section shown. The weight and the inertia
forces are, respectively, W, and k,W,. The forces P, and P,., are the normal
forces acting on the sides of the slice. Similarly, the shearing forces acting on the
sides of the slice are T, and 7,,.,. The forces P,, P,+1, T, and T, are difficult to
determine. However we can make an approximate assumption that the resultant
of P, and T, are equal in magnitude to the resultants of P, and T,+; and also
their lines of action coincide. The normal reaction at the base of the slice is N, =
W, cosa,,. It is assumed that the inertia force &, 7V, has no effect on the magnitude
of N,. So the resisting tangential force 7, can be given as

1
T. = F(cBn seca, + N, tan @)

N

1
= F(CB,, seca, + W, cosc, tan @) (12.75)

N

Now, taking the moment about O for all the slices,

| =

p P
2 (WnR sina,, + khWnLn) = z (cBn seca, + W, cos, tan (Z)) (12.76)
n=1

n=1

~

N

or

p
Z (cBn seca, + W, cos, tan ¢)

n=1

F =

N

:p (12.77)
> [W,sina, +k,, (L, /R)]

n=1

Note that the value of ¢, may be either positive or negative. The value of
o, is positive when the slope of the arc is in the same quadrant as the ground
slope. To find the minimum factor of safety—that is, the factor of safety with
reference to the critical circle—several trials have to be made, each time
changing the center of the trial circle.

For convenience, a slope in homogeneous soil is shown in Figure 12.32.
However, the method of slices can be extended to slopes of layered soil, as shown
in Figure 12.33. The general procedure of stability analysis is the same; however,
some minor points need to be kept in mind. While using Equation (12.77), the
values of ¢ and ¢ will not be the same for all slices. For example, for slice 2, one
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%, 91, €1 2 3]

Y 92, 2 47N

7 93, €3

Ya» 04, C4 5

Figure 12.33 Method of slices for slopes 1n layered soil

has to use ¢ = ¢ and ¢ = ¢,; similarly, for slice 3, ¢ = ¢ and ¢ = ¢; will need to
be used.

Deformation of Slopes

12.11

Simplified Procedure for Estimation of
Earthquake-Induced Deformation

The concept relating to the deformation of embankment slopes due to
earthquake-induced vibration was briefly described in Section 12.6. Following is
a simplified step-by-step procedure developed by Makdisi and Seed (1978) for
estimation of the deformation. When this procedure is applied, it is assumed that
the shear strength of the soil does not change during shaking. Hence this method
cannot be used in cases where there is pore pressure buildup.

L.

Determine the height of the embankment (H) and the shear strength
parameters of the soil (c and @).
Determine the maximum crest acceleration [, (0)],,.« and the first natural

period (7; = 21t/ w) by using the method described in Section 12.5.

With reference to Figure 12.34, choose the critical section likely to deform
and determine the magnitude of k.8 /[iia (0)],,. from Figure 12.34.

max
Note that kjmax) 1S the coefficient of the maximum average horizontal
acceleration for a given value of z/H. The concept of the coefficient of
average acceleration was explained in Section 12.6. Now determine the
magnitude of kjmaxg.

Determine the yield acceleration—that is, the acceleration k,g (see Section
12.9) for which the sliding mass has F; = 1.

Determine [k,/kjmax)] and the magnitude of the earthquake (/). With these
values go to Figure 12.35 to obtain [U /kh(max) gT;](in seconds). With the

known values of kymang (Step 3) and 7' (Step 2), the magnitude U can be
determined. Note that U is the deformation in the horizontal direction.
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0
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0.6 \
W
/ 7\ Average
0.8 / .
/ /
1.0 /
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kh(max)g
[iéq (0)]max
Figure 12.34 Variation of maximum acceleration ratio with depth of sliding mass (after

Makdisi and Seed, 1978)
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Figure 12.35 Variation of [U /kh(max)ng] with %, /kh(max) after Makdisi and Seed, 1978)
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Example 12.4

Refer to the soil embankment in Example 12.1 (Figure 12.36).

a. Calculate the yield acceleration k,g by using the concept described in Section
12.9. Use Table 12.1 with b=0.

b. For the critical failure surface passing through the toe of the embankment,
calculate the slope deformation using the procedure described in Section
12.11. Use the magnitude of earthquake M = 7.0. Also use the results of
Example 12.1 for maximum crest acceleration.

Grmax = 160,00 kPa
y = 19.65 kN/m3
$=16.7°
c=59 kPa

30m

Critical AN

il 7

surface

Figure 12.36

Solution

a. Referring to Table 12.1, for f= 45°, tan ¢ = tan 16.7 = 0.3, and ¢/yH =
59/[(19.65)(30)] = 0.1, the magnitude of &, is 0.11.

So, the yield acceleration is 0.11 g.

b. Referring to Figure 12.34, for z/H = 1, the average value of
[Knmaxyg]/[ 1, (0)]max is about 0.34. From Example 12.1, [ii, (0)]max = 0.70 g.

So
kh(max)g — 034
Lii, (0)max |
.34)(0.
kh(max) = w =0.238

g
Thus,
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k
z _ 0.1 =0.462
kh(

0238

max)

Also, from Example 12.1, 7} = 0.435 sec. For earthquake magnitude M = 7.0,
referring to Figure 12.35,

So

Problems

12.1

12.2

12.3

124

U

—— =0.036
kh(max)ng

U= (0.036)(0.238)(9.81)(0.435) = 0.0366 m = 36.6 mm

An earth embankment is 25 m high. For the embankment soil,

Unit weight = 18 kN/m’
At a certain shear strain level
G =50,000 kPaand D =15%

Using the acceleration spectra given in Figure 12.12 (maximum ground
acceleration is 0.23 g), estimate the maximum crest acceleration of the
embankment.

An earth embankment is 18 m high. For the embankment soil,

Unit weight = 18.5 kN/m’
Maximum shear modulus = 165,000 kPa

Using the variation of G/Gp,, and D with shear strain as given in Figure
12.11 and the acceleration spectra given in Figure 12.12 (maximum
ground acceleration = 0.2 g), determine the maximum crest acceleration.

A clay (¢=0°) is built over a layer of rock. For the slope,

Height =20 m
Slope angle, # = 30°
Saturated unit weight of soil = 17.8 kN/m’
Undrained shear strength, ¢, = 5z kPa
(z=depth measured from the top of the slope)
Determine the factor of safety £ if k;, = 0.4. Use the procedure outlined
in Section 12.7.
Redo Problem 12.3 assuming ¢, = 40 + 5z kPa and other parameters
remain the same.
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12.5

12.6

12.7

12.8

12.9

12.10

Refer to Problem 12.3. Other parameters remaining the same, let the
slope angle £ be changed from 30° to 75°. Calculate and plot the
variation of the factor of safety (F,) with £. Use the procedure outlined
in Section 12.7.

For a homogenous soil,

Slope angle, # = 30°
Height, 7 =15m
Soil cohesion = 60 kPa
Soil friction angle, ¢ = 25°
Unit weight of soil = 19.5 kN/m’
k, =0.25

Determine the factor of safety with respect to strength. Use the
procedure described in Section 12.8.
Repeat Problem 12.6 with the following:

Slope angle, # = 45°
Height, 7 =25 m
Soil cohesion = 60 kPa
Soil friction angle, ¢ = 20°
Unit weight of soil = 19 kN/m’
kh =0.3

For the slope described in Problem 12.6, what would be the yield
acceleration (that is, k, g )? Use the procedure described in Section 12.9.
Use b=0.

The properties of the soil of a given slope 15.3 m high are as follows:

Unit weight, g = 18.5 kN/m’
Cohesion, ¢ =42.5 kPa
Angle of friction, ¢ = 20°

The yield acceleration for the slope was estimated to be 0.36. This was
done using the procedure described in Section 12.9 with b = 0. Estimate
the slope angle £.

A homogeneous slope is shown in Figure P12.10. For the trial failure
surface shown, determine the factor of safety with respect to strength.
Use the method of slices. (Note: The slope angle is = 30°.)
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14

y =16 kN/m?3
6= 20°
c=20kPa
k= 0.2

Figure P12.10

12.11 A 25 m high embankment (c-¢ soil) is constructed over a hard stratum,
The critical failure circle passes through the toe of the slope and the
average yield acceleration of the slope is 0.15 g. The maximum crest
acceleration due to an earthquake of magnitude M = 7.5 has been
estimated to be 0.6 g. The first natural period is 0.8 s. Estimate the slope
deformation. Use the procedure described in Section 12.11.

12.12 Refer to Example 12.4. Other quantities remaining the same, if the soil
friction angle ¢ is changed to 21.8°, estimate the slope deformation.
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Appendix A

PRIMARY AND SECONDARY FORCES OF SINGLE-
CYLINDER ENGINES

Machineries involving a crank mechanism produce a reciprocating force. This
mechanism is shown in Figure A.la, in which

OA = crank length = r,
AB = length of the connecting rod = r,

Let the crank rotate at a constant angular velocity @ . At time ¢ = 0, the
vertical distance between O and B (Figure A.1b) is equal to 7 +r, . At time ¢, the

vertical distance between O and B is equal tor, +7, —z, or

z=(r+n)—(r,cosa+r cosar) (A.1)
But,

1, sin o =1 sin wt (A.2)
Now,

r

2
; r .
cosx=+1-sin*a :\/1—(—1} sin’ ot

2
1= A §in or (A.3)
2

6
Substituting Eq. (A.3) into Eq. (A.1),

z=(r,+nr,)—(r,cosa+rcosar)

=r,(1-cosa)+r (1-cosar)

2
=7, =145 L] sin® or +1; (1—cosar)
2\ r

553
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Piston

A
(a)
(b)

Figure A.1

1,

Sh
=| 2 |sin® wr + 1 (I—cos ) (A.4)

5
However,
. 1

sin” @t =E(1—0082a)l‘) (A.5)

Substituting Eq. (A.5) into Eq. (A.4), one obtains

1 5
“h

4

r

zZz=

(1-cos2mt)+r (1—cosmt)
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| B | B
- -
=\n+ 4 —| 1 coswt + 4 |cos2ar (A.6)
) b
The acceleration of the piston can be given by
t =na’ l:cos wt + (’”_1} oS Zwt}
=n (A.7)
b)
If the mass of the piston is m, the force can be obtained as
2
- (A.8)

F =m=mr@’ cosmt + m[ ]a)2 cos 2wt
n
The first term of Eq. (A.8) is the primary force, and the maximum primary

force
Fax(prim) = M1 o’ (A.9)
Similarly, the second term of Eq. (A.8) is generally referred to as the

secondary force, and
(A.10)

F =m
(sec) (,,2



Index

Acceleration pickup, 41
Acceleration spectra, 511-513
Active earth pressure coefficient:
Coulomb, 328-330, 331
effect of slope of backfill, 342
effect of soil friction angle, 341
effect of wall friction angle, 340
Mononobe-Okabe solution, 330,
332-334, 363-367
rotation about bottom, 346
rotation about top, 349-350
translation, 346-348
Active isolation:
definition of, 261
by use of open trench, 261-263
Amplitude attenuation, elastic waves, 90-93
Amplitude, foundation vibration:
rocking, 222-223
sliding, 228-229
torsional, 231-232
vertical, 210-212
Amplitude of acceleration, rock, 307
Amplitude of vibration:
allowable vertical, foundation, 214-215
impact machine, 250
at resonance with damping, 33, 37
Amplitude reduction factor, 261, 262
Analog solution, foundation:
Hsieh's analog, 205-207
Lysmer's analog, 207-209
rocking vibration, 220
sliding vibration, 226
torsional vibration, 229
Anvil, 2481
At-rest earth pressure coefficient, 172
Attenuation of elastic waves, 90-93

Backfill slope, effect on earth pressure, 342
Bandwidth method, 38
Bearing capacity:

clay, 283-285

factors, 278

general shear failure, 279

punching shear failure, 279

sand, 277-281, 291-295

strain rate for, 284, 285

variation with loading velocity, 280-281
Bedrock-like material, 305
Bilinear idealization, 124, 125
Boussinesq problem, dynamic, 197

Calculation of foundation response:
rocking vibration, 221-223
sliding vibration, 228-229
torsional vibration, 231-232
vertical vibration, 209-214
Characteristics of rock motion, 305-307
Coefficient of:
restitution, 251
subgrade reaction, 10, 11
Compaction, granular soil, 374-379
Cone penetration resistance, liquefaction,
444
Contact pressure:
flexible foundation, 199, 200
parabolic pressure distribution, 199, 200
rigid foundation, 199, 200
Correlation for:
at-rest earth pressure coefficient, 172
damping ratio in clay, 178-183
damping ratio in gravel, 176-177
damping ratio in lightly cemented sand,
187
damping ratio in sand, 173, 174-175
liquefaction, 430-431
maximum ground acceleration, 433-438
shear modulus in clay, 178-180
shear modulus in gravel, 176
shear modulus in lightly cemented sand,
186
shear modulus in sand, 171-173
shear wave velocity, sand, 171



Coupled rocking and sliding, foundation,
244-247

Crest acceleration, embankment, 513-518

Critical angle of incidence, 139

Critical damping, 23

Critical horizontal acceleration, earth
pressure, 335

Critical void ratio, 398-399

Cross-hole shooting, 162

Cyclic mobility, liquefaction, 407

Cyclic plate load tests: 164-166
shear modulus determination, 165
spring constant determination, 164-165

Cyclic shear strain, settlement of sand,
389-391

Cyclic simple shear tests: 121-125
advantages of, 125
shear modulus-shear strain relationship,
114
typical results for liquefaction, 416-418

Cyclic strength, clay, 130-132

Cyclic torsional simple shear test, 125-128

Cyclic triaxial test, 128-132

Damped natural frequency, definition of, 28
Damping, definition of, 23
Damping ratio:
in clay, 180, 182
definition of, 24
determination of, 37-40
effect of stress cycles, 122, 123, 124
in gravel, 177
in lightly cemented sand, 187
in sand, 173, 174-175
Damping ratio, foundation vibration:
rocking, 221
sliding, 227
torsional, 229
vertical, 210
Dashpot coefficient, 23
Dashpot coefficient, foundation vibration:
rocking, 221
sliding, 227
torsional, 229
vertical, 209
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Deep-focus earthquake, 301
Deformation of slope, 546-547
Degree of freedom, 9
Depth factor, 277, 279
Dimensionless frequency, 199
Dimensionless mass ratio:
sliding vibration, 227
torsional vibration, 231
vertical vibration, 208
Displacement function, 198, 205
Displacement of Rayleigh waves, 88-90
Distortional wave, 77-78
Double amplitude, definition of, 14
Duration, earthquake, 305-306
Dynamic Boussinesq problem, 197
Dynamic force, subgrade, 33-34
Dynamic laboratory test:
parameters measured, 134
range of applicability, 133
relative quantities, 134
Dynamic triaxial test, liquefaction:
procedure for, 402-404
typical results for, 405-409

Earth pressure theory:
Mononobe-Okabe solution, 330,
332-334, 363-367

Earthquake:
duration of, 305-306
equivalent number of cycles, 320-324
length of fault rupture during, 304
magnitude of, 303-305
modified Mercalli scale for, 304

Earthquake-induced slope deformation,
546-547

Effective distance to. causative fault,
301-302

Effective octahedral stress, 172

Effective principal stress:
for torsional shear test, 126-127

Effectiveness, isolation, 267

Elastic half-space solution, 196-205

Elastic wave:
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attenuation of, 90-93
reflection of, 135-137
refraction of, 135-137
Embedded foundation:
amplitude of vibration, vertical, 255
damping ratio, 254, 256, 258, 260
dashpot coefficient, 254, 256, 257, 259
rocking vibration, 257-258
sliding vibration, 256-257
spring constant, 254, 256, 257, 259
torsional vibration, 259-260
vertical vibration, 251-255
Energy transmission, machine foundation,
388
End-bearing pile:
definition of, 460
natural frequency derivation for,
460-463
Epicenter, 301
Epicenter distance, 301
Equation for stress waves:
compression wave, 75-77
Rayleigh wave, 82-88
shear wave, 77-78
Equation of motion, elastic medium, 74-75
Equivalent radius, foundation vibration:
rocking, 223
sliding, 227
torsional, 232
vertical, 213-214

Fixed-free resonant column test, 108
Flexible circular area, vibration of, 197-199
Focal depth, 300
Focus, earthquake, 300
Footing vibration, comparison with theory,
235-238
Forced vibration:
definition of, 8-9
of earth embankment, 509-511
spring-mass system, 16-22
steady state with viscous damping,
30-34

Foundation subgrade:
maximum force on, 21-22, 33-34
minimum force on, 21-22
Free vibration:
definition of, 8
of earth embankment, 505-508
spring-mass system, 10-15
with viscous damping, 23-29
Freedom, degree of, 9
Free-free resonant column test, 106-108
Frequency of oscillation, definition of, 14
Friction pile:
dashpot coefficient for, 467
definition of, 460
spring constant for, 467
vertical vibration of, 465-474

General shear failure, 279
Geometric damping, 92
Granular soil, compressibility of, 374-379
Graphical construction, active force,
342-344
Gravel:
damping ratio of, 177, 178
drain, 447-452
shear modulus of, 176, 177, 178
Gravity retaining wall:
inertia factor, 357
limited displacement of, 353-359
thrust factor, 357
Group pile, vertical vibration:
amplitude of vibration, 473, 474
damped natural frequency, 473
damping ratio for, 472
dashpot coefficient for, 472
spring constant for, 472

Halls' analog, 220

High-speed machine, 215

Homogeneous soil layer vibration, 308-313
Hooke's law, 58-59



Horizontal layering:
reflection survey, 151-153
refraction survey, 137-143
Hsieh's analog, 205-207
Hydrodynamic effect, pore water, 361-363
Hyperbolic strain, 180
Hypocentric distance, 301

Impact machine vibration, 248-251
Inclined layering:
reflection survey, 154-157
refraction survey, 145-148
Inertia factor, gravity wall, 357
Inertia ratio, rocking vibration, 221
Initial liquefaction:
influence of confining pressure, 411
influence of overconsolidation ratio,
417-418
influence of peak pulsating stress,
412-413, 416
influence of relative density, 410
influence of test condition, 417
standard curves for, 414
Intermediate focus earthquake, 301
Internal damping, 117-120
Isolation:
active, 261-264
by use of pile, 266-269
effectiveness, 267
passive, 261, 264-266

Length of fault rupture, 304
Lightly cemented sand:
damping ratio for, 187
shear modulus for, 186
Limited displacement, gravity wall, 353-359
Liquefaction:
analysis, standard penetration resistance,
438-442
correlation, cone penetration resistance, 444
cyclic mobility, 407
development of standard curves for, 414
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dynamic triaxial test for, 402-404
fundamentals of, 399-400
influence of .parameters on, 410-413
remedial action for mitigation of,
447-452
resistant stratum, 445-446
threshold strain for, 444-445
typical results for, 405-409
zone of, 432
Logarithmic decrement:
definition of, 28
in torsional vibration of sand, 119
Longitudinal elastic wave:
in a bar, 60-62
travel time method for, 104-106
Longitudinal stress wave velocity, 60-62
Longitudinal vibration, short bar:
fixed-fixed end condition, 70-71
fixed-free end condition, 71-73
free-free end condition, 69-70
Low-speed machine, 215
Lumped parameter, definition of, 8
Lysmer's analog, 207-209

Machine foundation, settlement, 384-389

Magnitude, earthquake, 303-305

Mass ratio, 199

Material damping, 92

Maximum amplitude, rock motion, 307

Maximum crest acceleration,
embankment, 513-518

Modified Mercalli scale, 304

Mononobe-Okabe earth pressure theory,
330, 332-334, 363-367

Multidirectional shaking, settlement,
394-395

Multilayer soil, refraction survey, 143

Natural frequency, end-bearing pile,
460-462

Nature of dynamic load, 1-4

Number of stress cycles, equivalent, 320-324
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Overdamping, 24-25

Parameters measured, dynamic test, 134
Passive isolation:
definition of, 261
by use of piles, 266-269
by use of trenches, 264-266
Passive pressure, 368-370
Pickup:
acceleration, 41
velocity, 41
Plate load test:
procedure for, 164-166
shear modulus determination, 165
spring constant determination, 164-165
sub grade modulus determination, 165
Point of application, active force:
wall rotation about bottom, 350
wall rotation about top, 352
wall translation, 352
Poisson's ratio, choice of, 242-243
Pore water pressure:
hydrodynamic effect on, 361, 362
rate of increase of, 418-419
Pseudostatic analysis, slope:
¢ — ¢ soil, 532-538, 540-542
conventional method of slices, 543-546
in saturated clay, 543-546
yield acceleration, 544
Punching shear failure, 279

Range of applicability, dynamic test, 133
Rapid load, shear strength, 97-100
Rayleigh wave: 82-88
displacement of, 88-90
Reference strain, geostatic stress, 179
Reflection of elastic waves, end of bar,
65-67
Reflection survey:
horizontal layering, 151-153
inclined layering, 154-157

Refraction survey:
horizontal layering, 137-143
multilayer soil, 143
three-layered soil medium, 141-143
with inclined layering, 145-148
Relative quality, laboratory measurement,
124
Resonance condition, 19
Resonant column test: 106-121
determination of internal damping,
117-121
fixed-free test, 108
free-free test, 106
for large strain amplitude, 114-117
typical results from, 114
Rigid foundation:
dimensionless amplitude, 201, 202
Rock acceleration:
maximum amplitude of, 307
predominant period, 306
Rock motion, characteristics of, 305-307
Rocking vibration, foundation:
amplitude of vibration, 222-223
contact pressure distribution in, 219
damping ratio, 221
dashpot coefficient, 221
Hall's analog for, 220
inertia ratio, 221
static spring constant for, 221
Rocking vibration, pile: 482-486
damping ratio, 485
dashpot coefficient, group, 483
dashpot coefficient, single, 483
spring constant, group, 483
spring constant, single, 482
Rotating mass type excitation, 35-37

Seismic survey:
reflection, horizontal layering, 151-153
reflection, inclined layering, 154-157
refraction, horizontal layering, 137-143
refraction, inclined layering, 145-148



Settlement:
of machine foundation, 380-384
prediction for foundation, 293
SH-wave, 135
Shape factor, bearing capacity, 277, 279
Shallow-focus earthquake, 301
Shear modulus:
correlation with standard penetration
resistance, 176
effect of prestraining on, 117
for gravel, 176-178
for large strain amplitude, 114-117
for lightly cemented sand, 186-187
from plate load test, 165
variation with shear strain, 116
Shear strength, rapid loading:
sand, 99-100
saturation clay, 97-99
Shear wave:
correlation for velocity, 171
equation for, 77-78
travel time method for, 106
velocity, 68, 78
Shearing strain, 54
Short bar:
longitudinal vibration of, 68-73
torsional vibration of, 73
Simple shear test, 121-125
Single amplitude, definition of, 14
Single degree of freedom system, 9
Sliding vibration, foundation:
amplitude of vibration, 228-229
damping ratio, 227
dashpot coefficient, 227
mass ratio, 227
static spring constant, 227
Sliding vibration, pile: 478-482
dashpot coefficient, group, 479, 481
dashpot coefficient, single, 478
spring constant, group, 479, 481
spring constant, single, 478
Soil friction angle, effect on earth pressure,
341

672 Index

Spring constant:
definition of, 10
from plate load test, 164-165
Spring-mass system:
forced vibration, 16-22
free vibration, 10-15
Stability analysis, embankment:
coefficient of acceleration, average
values, 524-526
fundamental concepts, 521-527
Standard penetration resistance:
correlation for shear modulus, 176
Static spring constant, foundation:
rocking, 221, 241
sliding, 227, 241
torsional, 229, 241
vertical, 209, 241
Steady state vibration:
subsoil exploration, 158-160
viscous damping, 30-34
Strain, 57-58
Strain rate:
on bearing capacity, 284
for clay, 97, 99
for sand, 100
Stress, 56-57
Stress-strain relationship, bilinear
idealization, 124, 125
Stress cycle, equivalent number, 320-324
Stressed zone:
velocity of particles in, 63-64
Subgrade:
modulus, 165
reaction, coefficient of, 10
Subsoil exploration:
cross-hole shooting, 162
shooting down the hole, 160
shooting up the hole, 160
steady state vibration, 158-160
SV-wave, 135
Terminal dry unit weight, 378-379
Three-layered medium, refraction survey,
141-143
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Threshold strain, liquefaction, 444-445
Thrust factor, gravity wall, 357
Torsional vibration, foundation:
calculation for foundation response,
231-232
damping ratio, 229
dimensionless mass ratio, 231
shear stress distribution, 229
spring constant, 214
Torsional vibration, pile: 492-501
dashpot coefficient, group, 494, 497
dashpot coefficient, single, 494
spring constant, group, 494, 496
spring constant, single, 493
Torsional wave in a bar, 67-68
Torsional wave velocity, 68
Torsional simple shear test: 125-128
effective principal stress, 126-127
Travel time method, 104-106
Triaxial test, cyclic: 128-132
cyclic strength of clay, 130-132
Two degrees of freedom:
coupled translation and rotation, 48-51
mass-spring system, 42-46
Types of dynamic load, 1-4
Typical results, resonant column test, 114

Ultimate bearing capacity:
depth factor for, 277, 279
in sand, 277
shape factor for, 277, 279
Ultimate residual settlement, 385, 386, 387,
389
Undamped natural frequency:
definition of, 11
of embankment, 508
Underdamping, 24, 26

Uniformly loaded flexible area, vibration of,

197-199
Unit weight, terminal, 378-379
Velocity of particle, stressed zone, 63-64
Velocity pickup, 41

Velocity spectra, 511-513
Vertical vibration, foundation:
amplitude at resonance, 201, 202
calculation of foundation response, 209-
214
damping ratio, 210
dashpot coefficient, 209
displacement functions, 205, 207-208
effect of contact pressure distribution,
203
effect of Poisson's ratio, 204
elastic half-space solution, 196-205
flexible circular foundation, 197-198
Hsieh's analog, 205-207
Lysmer's analog, 207-209
resonant frequency, 210
static spring constant, 209
uniformly loaded flexible area, 197
Vibration:
forced, 8
free, 8
measuring instrument, 40-41
Vibration of embedded foundation:
amplitude of vibration, 255
damping ratio, 254, 256, 258, 260
dashpot coefficient, 254, 256, 257, 259
spring constant, 254, 256, 257, 259
Vibration of soil, earthquake:
homogeneous layer, 308-313
layered, 313-318

Wall friction angle, effect of earth pressure,
340
Wave velocity:
compression, 77
compression in water, 81
longitudinal, 62
Rayleigh, 82
shear, 77-78
torsional, 68

Yield strength, stability analysis, 526-527
Zone of:

initial liquefaction, 432
isolation, passive, 264-266
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