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Preface 

 
 

As a research advisor to graduate students working on automotive projects, I 
have frequently felt the need for a textbook that summarizes common 
vehicle control systems and the dynamic models used in the development of 
these control systems. While a few different textbooks on ground vehicle 
dynamics are already available in the market, they do not satisfy all the 
needs of a control systems engineer. A controls engineer needs models that 
are both simple enough to use for control system design but at the same time 
rich enough to capture all the essential features of the dynamics. This book 
attempts to present such models and actual automotive control systems from 
literature developed using these models. 

The control system applications covered in the book include cruise 
control, adaptive cruise control, anti-lock brake systems, automated lane 
keeping, automated highway systems, yaw stability control, engine control, 
passive, active and semi-active suspensions, tire-road friction coefficient 
estimation, rollover prevention, and hybrid electric vehicles. A special effort 
has been made to explain the several different tire models commonly used in 
literature and to interpret them physically. 

In the second edition, the topics of roll dynamics, rollover prevention and 
hybrid electric vehicles have been added as Chapters 15 and 16 of the book. 
Chapter 8 on electronic stability control has been significantly enhanced. 

As the worldwide use of automobiles increases rapidly, it has become 
ever more important to develop vehicles that optimize the use of highway 
and fuel resources, provide safe and comfortable transportation and at the 
same time have minimal impact on the environment. To meet these diverse 
and often conflicting requirements, automobiles are increasingly relying on 
electromechanical systems that employ sensors, actuators and feedback 
control. It is hoped that this textbook will serve as a useful resource to 
researchers who work on the development of such control systems, both in 
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the automotive industry and at universities. The book can also serve as a 
textbook for a graduate level course on Vehicle Dynamics and Control. 

An up-to-date errata for typographic and other errors found in the book 
after it has been published will be maintained at the following web-site: 

http://www.menet.umn.edu/~rajamani/vdc.html 
I will be grateful for reports of such errors from readers. 
 

Rajesh Rajamani 
Minneapolis, Minnesota 

May 2005 and June 2011 
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Chapter 1 

INTRODUCTION 

 
 

The use of automobiles is increasing worldwide. In 1970, 30 million vehicles 
were produced and 246 million vehicles were registered worldwide (Powers 
and Nicastri, 2000). By 2011, approximately 72 million vehicles are 
expected to be produced annually and more than 800 million vehicles could 
be registered. 

The increasing worldwide use of automobiles has motivated the need to 
develop vehicles that optimize the use of highway and fuel resources, pro-
vide safe and comfortable transportation and at the same time have minimal 
impact on the environment. It is a great challenge to develop vehicles that 
can satisfy these diverse and often conflicting requirements. To meet this 
challenge, automobiles are increasingly relying on electromechanical sub-
systems that employ sensors, actuators and feedback control. Advances in 
solid state electronics, sensors, computer technology and control systems 
during the last two decades have also played an enabling role in promoting 
this trend. 

This chapter provides an overview of some of the major electromechanical 
feedback control systems under development in the automotive industry and 
in research laboratories. The following sections in the chapter describe 
developments related to each of the following five topics: 

a) driver assistance systems 
b) active stability control systems 
c) ride quality improvement 
d) traffic congestion solutions and  
e) fuel economy and vehicle emissions 

R. Rajamani, Vehicle Dynamics and Control, Mechanical Engineering Series,
DOI 10.1007/978-1-4614-1433-9_1,

1
© Rajesh Rajamani 2012



2 Chapter 1 
 
1.1 DRIVER ASSISTANCE SYSTEMS 

On average, one person dies every minute somewhere in the world due to a 
car crash (Powers and Nicastri, 2000). In addition to the emotional toll of car 
crashes, their actual costs in damages equaled 3% of the world GDP and 
totaled nearly one trillion dollars in 2000. Data from the National Highway 
Safety Transportation Safety Association (NHTSA) show that approximately 
6 million accidents (with 35,000 fatalities) occur annually on US highways 
(NHTSA, 2010). Data also indicates that, while a variety of factors contribute 
to accidents, human error accounts for over 90% of all accidents (United 
States DOT Report, 1992). 

A variety of driver assistance systems are being developed by automotive 
manufacturers to automate mundane driving operations, reduce driver burden 
and thus reduce highway accidents. Examples of such driver assistance 
systems under development include  

a) collision avoidance systems which automatically detect slower 
moving preceding vehicles and provide warning and brake assist to 
the driver  

b) adaptive cruise control (ACC) systems which are enhanced cruise 
control systems and enable preceding vehicles to be followed 
automatically at a safe distance 

c) lane departure warning systems 
d) lane keeping systems which automate steering on straight roads 
e) vision enhancement/ night vision systems 
f) driver condition monitoring systems which detect and provide 

warning for driver drowsiness, as well as for obstacles and pedestrians 
g) safety event recorders and automatic collision and severity 

notification systems 

These technologies will help reduce driver burden and make drivers less 
likely to be involved in accidents. This can also help reduce the resultant 
traffic congestion that accidents tend to cause. 

Collision avoidance and adaptive cruise control systems are discussed in 
great depth in Chapters 5 and 6 of this book. Lane keeping systems are 
discussed in great detail in Chapter 3. 

1.2 ACTIVE STABILITY CONTROL SYSTEMS 

Vehicle stability control systems that prevent vehicles from spinning, drift-
ing out and rolling over have been developed and recently commercialized 
by several automotive manufacturers. Stability control systems that prevent 



1. Introduction 3 
 
vehicles from skidding and spinning out are often referred to as yaw stability 
control systems and are the topic of detailed description in Chapter 8 of this 
book. Stability control systems that prevent roll over are referred to as active 
rollover prevention systems and are discussed in depth in Chapter 15 of the 
book. An integrated stability control system can incorporate both yaw 
stability and roll over stability control. 

 

 
Figure 1-1. The functioning of a yaw stability control system 

Figure 1-1 schematically shows the function of a yaw stability control 
system. In this figure, the lower curve shows the trajectory that the vehicle 
would follow in response to a steering input from the driver if the road were 
dry and had a high tire-road friction coefficient. In this case the high friction 
coefficient is able to provide the lateral force required by the vehicle to 
negotiate the curved road. If the coefficient of friction were small or if the 
vehicle speed were too high, then the vehicle would be unable to follow the 
nominal motion required by the driver – it would instead travel on a 
trajectory of larger radius (smaller curvature), as shown in the upper curve of 
Figure 1-1. The function of the yaw control system is to restore the yaw 
velocity of the vehicle as much as possible to the nominal motion expected 
by the driver. If the friction coefficient is very small, it might not be possible 
to entirely achieve the nominal yaw rate motion that would be achieved by 
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the driver on a high friction coefficient road surface. In this case, the yaw 
control system would partially succeed by making the vehicle’s yaw rate 
closer to the expected nominal yaw rate, as shown by the middle curve in 
Figure 1-1. 

Examples of yaw stability control systems that have been commercialized 
on production vehicles include the BMW DSC3 (Leffler, et. al., 1998) and 
the Mercedes ESP, which were introduced in 1995, the Cadillac Stabilitrak 
system (Jost, 1996) introduced in 1996 and the Chevrolet C5 Corvette 
Active Handling system in 1997 (Hoffman, et. al., 1998). 

While most of the commercialized systems are differential-braking 
based systems, there is considerable ongoing research on two other types of 
yaw stability control systems: steer-by-wire and active torque distribution 
control. All three types of yaw stability control systems are discussed in 
detail in Chapter 8 of this book. 

A yaw stability control system contributes to rollover stability just by 
helping keep the vehicle on its intended path and thus preventing the need 
for erratic driver steering actions. There is also considerable work being 
done directly on the development of active rollover prevention systems, 
especially for sport utility vehicles (SUVs) and trucks. Some systems such as 
Freightliner’s Roll Stability Advisor and Volvo’s Roll Stability Control 
systems utilize sensors on the vehicle to detect if a rollover is imminent and 
a corrective action is required. If corrective action is required, differential 
braking is used both to slow the vehicle down and to induce an understeer 
that contributes to reduction in the roll angle rate of the vehicle. Other types 
of rollover prevention technologies include Active Stabilizer Bar systems 
developed by Delphi and BMW (Strassberger and Guldner, 2004). In this 
case the forces from a stabilizer bar in the suspension are adjusted to help 
reduce roll while cornering. 

1.3 RIDE QUALITY 

The notion of using active actuators in the suspension of a vehicle to provide 
significantly improved ride quality, better handling and improved traction 
has been pursued in various forms for a long time by research engineers 
(Hrovat, 1997, Strassberger and Guldner, 2004). Fully active suspension 
systems have been implemented on Formula One racing cars, for example, 
the suspension system developed by Lotus Engineering (Wright and 
Williams, 1984). For the more regular passenger car market, semi-active 
suspensions are now available on some production vehicles in the market. 
Delphi’s semi-active MagneRide system first debuted in 2002 on the 
Cadillac Seville STS and is now available as an option on all Corvette 
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models. The MagneRide system utilizes a magnetorheological fluid based 
shock absorber whose damping and stiffness properties can be varied rapidly 
in real-time. A semi-active feedback control system varies the shock absorber 
properties to provide enhanced ride quality and reduce the handling/ride 
quality trade-off. 

Most semi-active and active suspension systems in the market have been 
designed to provide improved handling by reducing roll during cornering. 
Active stabilizer bar systems have been developed, for example, by BMW 
and Delphi and are designed to reduce roll during cornering without any 
deterioration in the ride quality experienced during normal travel (Strassberger 
and Guldner, 2004). 

The RoadMaster system is a different type of active suspension 
system designed to specifically balance heavy static loads 
(www.activesuspension.com). It is available as an after-market option for 
trucks, vans and SUVs. It consists of two variable rated coil springs that fit 
onto the rear leaf springs and balance static forces, thus enabling vehicles to 
carry maximum loads without bottoming through.  

The design of passive, active and semi-active suspensions is discussed in 
great depth in Chapters 6, 7 and 8 of this book. 

1.4 TECHNOLOGIES FOR ADDRESSING TRAFFIC 
CONGESTION 

Traffic congestion is growing in urban areas of every size and is expected to 
double in the next ten years. Over 5 billion hours are spent annually waiting 
on freeways (Texas Transportation Institute, 2010). Building adequate 
highways and streets to stop congestion from growing further is prohibitively 
expensive. A review of 68 urban areas conducted in 1999 by the Texas 
Transportation Institute concluded that 1800 new lane miles of freeway and 
2500 new lane miles of streets would have to be added to keep congestion 
from growing between 1998 and 1999! This level of construction appears 
unlikely to happen for the foreseeable future. Data shows that the traffic 
volume capacity added every year by construction lags the annual increase in 
traffic volume demanded, thus making traffic congestion increasingly worse. 
The promotion of public transit systems has been difficult and ineffective. 
Constructing a public transit system of sufficient density so as to provide 
point to point access for all people remains very difficult in the USA. Personal 
transportation vehicles will therefore continue to be the transportation mode 
of choice even when traffic jams seem to compromise the apparent freedom 
of motion of automobiles. 
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While the traffic congestion issue is not being directly addressed by 
automotive manufacturers, there is significant vehicle-related research being 
conducted in various universities with the objective of alleviating highway 
congestion. Examples include the development of automated highway 
systems, the development of “traffic friendly” adaptive cruise control systems 
and the development of tilt controlled narrow commuter vehicles. These are 
discussed in the following sub-sections. 

1.4.1 Automated highway systems 

A significant amount of research has been conducted at California PATH on 
the development of automated highway systems. In an automated highway 
system (AHS), vehicles are fully automated and travel together in tightly 
packed platoons (Hedrick, Tomizuka and Varaiya, 1994, Varaiya, 1993, 
Rajamani, Tan, et. al., 2000). A traffic capacity that is up to three times the 
capacity on today’s manually driven highways can be obtained. Vehicles 
have to be specially instrumented before they can travel on an AHS. How-
ever, once instrumented, such vehicles can travel both on regular roads as 
well as on an AHS. A driver with an instrumented vehicle can take a local 
road from home, reach an automated highway that bypasses congested 
downtown highway traffic, travel on the automated highway, travel on a 
subsequent regular highway and reach the final destination, all without 
leaving his/her vehicle. Thus an AHS provides point to point personal 
transportation suitable for the low density population in the United States. 

The design of vehicle control systems for AHS is an interesting and 
challenging problem. Longitudinal control of vehicles for travel in platoons 
on an AHS is discussed in great detail in Chapter 7 of this book. Lateral 
control of vehicles for automated steering control on an AHS is discussed in 
Chapter 3. 

1.4.2 “Traffic-friendly” adaptive cruise control 

As discussed in section 1.1, adaptive cruise control (ACC) systems have 
been developed by automotive manufacturers and are an extension of the 
standard cruise control system. ACC systems use radar to automatically 
detect preceding vehicles traveling in the same lane on the highway. In the 
case of a slower moving preceding vehicle, an ACC system automatically 
switches from speed control to spacing control and follows the preceding 
vehicle at a safe distance using automated throttle control. Figure 1-2 shows 
a schematic of an adaptive cruise control system. 
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Figure 1-2. Adaptive cruise control 

ACC systems are already available on production vehicles and can 
operate on today’s highways. They have been developed by automotive 
manufacturers as a driver assistance tool that improves driver convenience 
and also contributes to safety. However, as the penetration of ACC vehicles 
as a percentage of total vehicles on the road increases, ACC vehicles can 
also significantly influence the traffic flow on a highway. 

The influence of adaptive cruise control systems on highway traffic is 
being studied by several research groups with the objective of designing 
ACC systems to promote smoother and higher traffic flow (Liang and Peng, 

a) the influence of inter-vehicle spacing policies and control 
algorithms on traffic flow stability 

b) the development of ACC algorithms to maximize traffic flow 
capacity while ensuring safe operation 

c) the advantages of using roadside infrastructure and communication 
systems to help improve ACC operation. 

The design of ACC systems is the focus of detailed discussion in Chapter 
6 of this book. 

1.4.3 Narrow tilt-controlled commuter vehicles 

A different type of research activity being pursued is the development of 
special types of vehicles to promote higher highway traffic flow rates.  
A research project at the University of Minnesota focuses on the development  
 

1999, Swaroop, 1999, Swaroop 1998, Wang and Rajamani, 2001). Important
issues being addressed in the research include  
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of a prototype commuter vehicle that is significantly narrower than a regular 
passenger sedan and requires the use of only a half-width lane on the 
highway (Gohl, et. al., 2004, Rajamani, et. al., 2003, Kidane, et. al., 2010). 
Adoption of such narrow vehicles for commuter travel could lead to 
significantly improved highway utilization.  

A major challenge is to ensure that the vehicle is as easy to drive and as 
safe as a regular passenger sedan, in spite of being narrow. This leads to 
some key requirements: 

The vehicle should be relatively tall in spite of being narrow. This leads 
to better visibility for the driver. Otherwise, in a short narrow vehicle where 
the vehicle height is less than the track width, the driver would ride at the 
height of the wheels of the many sport utility vehicles around him/her.  

Since tall vehicles tend to tilt and overturn, the development of tech-
nology to assist the driver in balancing the vehicle and improving its ease of 
use is important. 

An additional critical requirement for small vehicles is that they need 
significant innovations in design so as to provide improved crash-
worthiness, in addition to providing weather proof interiors. 

A prototype commuter vehicle has been developed at the University of 
Minnesota with an automatic tilt control system which ensures that the 
vehicle has tilt stability in spite of its narrow track. The control system on 
the vehicle is designed to automatically estimate the radius of the path in 
which the driver intends the vehicle to travel and then tilt the vehicle 
appropriately to ensure stable tilt dynamics. Stability is maintained both 
while traveling straight as well as while negotiating a curve or while changing 
lanes. Technology is also being developed for a skid prevention system based 
on measurements of wheel slip and slip angle from new sensors embedded in 
the tires of the narrow vehicle.  

The control design task for tilt control on a narrow vehicle is challenging 
because no single type of system can be satisfactorily used over the entire 
range of operating speeds. While steer-by-wire systems can be used at high 
speeds and direct tilt actuators can be used at medium speeds, a tilt brake 
system has to be used at very low speeds. Details on the tilt control system 
for the commuter vehicle developed at the University of Minnesota can be 
found in Kidane, et. al., 2010, Rajamani, et. al., 2003 and Gohl, et. al., 2004. 

 
Intelligent Transportation Systems (ITS) 

The term Intelligent Transportation Systems (ITS) is often encountered in 
literature on vehicle control systems. This term is used to describe a 
collection of concepts, devices, and services that combine control, sensing  
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and communication technologies to improve the safety, mobility, efficiency, 
and environmental impact of vehicle/highway systems. The importance of 
ITS lies in its potential to produce a paradigm shift (a new way of thinking) 
in transportation technology away from individual vehicles and reliance on 
building more roadways toward development of vehicles, roadways and 
other infrastructure which are able to cooperate effectively and efficiently in 
an intelligent manner. 

1.5 EMISSIONS AND FUEL ECONOMY 

US, European and Japanese Emission Standards continue to require significant 
reductions in automotive emissions, as shown in Figure 1-3 (Powers and 
Nicastri, 2000). The 2005 level for hydrocarbon (HC) emissions were less 
than 2% of the 1970 allowance. By 2005, carbon monoxide (CO) levels were 
only 10% of the 1970 level, while the permitted level for oxides of nitrogen 
(NOx) were down to 7% of the 1970 level (Powers and Nicastri, 2000). 
Trucks have also experienced ever-tightening emissions requirements, with 
emphasis placed on emissions of particulate matter (soot). Fuel economy 
goes hand in hand with emission reductions, and the pressure to steadily 
improve fuel economy also continues.  

To meet the ever-tightening emissions standards, auto manufacturers and 
researchers are developing a number of advanced electromechanical feed-
back control systems. Closed-loop control of fuel injection, exhaust gas 
recirculation (EGR), internal EGR, camless electronically controlled engine 
valves, homogenous charge compression ignition (HCCI) and development 
of advanced emissions sensors are being pursued to address gasoline engine 
emissions (Ashhab, et. al., 2000, Das and Mathur, 1993, Stefanopoulou 
and Kolmanovsky, 1999). Variable geometry turbocharged diesel engines, 
electronically controlled turbo power assist systems and closed-loop control 
of exhaust gas recirculation play a key role in technologies being developed 
to address diesel engine emissions (Guzzella and Amstutz, 1998, Kolmanovsky, 
et. al., 1999, Stefanopoulou, et. al., 2000). Dynamic modeling and use of 
advanced control algorithms play a key role in the development of these 
emission control systems. 

Emissions standards in California also require a certain percentage of 
vehicles sold by each automotive manufacturer to be zero emission vehicles 
(ZEVs) and ultra low emission vehicles (ULEVs) (http://www.arb.ca.gov/ 
homepage.htm). This has pushed the development of hybrid electric vehicles 
(HEVs), plug-in hybrid vehicles and electric vehicles.  
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Figure 1-3. European, Japanese and US emission requirements1 

1.5.1 Hybrid electric vehicles 

A hybrid electric vehicle (HEV) includes both a conventional internal 
combustion engine (ICE) and an electric motor in an effort to combine the 
advantages of both systems. It aims to obtain significantly extended range 
compared to an electric vehicle, while mitigating the effect of emissions and 
improving fuel economy compared to a conventional ICE powertrain. 

The powertrain in a HEV can be a parallel, a series, or a power-split 
hybrid powertrain. In a typical parallel hybrid, the gas engine and the 
electric motor both connect to the transmission independently. As a result, in 
a parallel hybrid, both the electric motor and the gas engine can provide 
propulsion power. By contrast, in a series hybrid, the gasoline engine turns 
a generator, and the generator can either charge the batteries or power an 
electric motor that drives the transmission. Thus, the gasoline engine never 
directly powers the vehicle.  

HEVs have a combination of diverse components with an array of energy 
and power levels, as well as dissimiar dynamic properties. This results in a 
difficult hybrid system control problem (Bowles, et. al., 2000, Saeks, et. al., 
2002, Paganelli, et. al., 2001, Schouten, et. al., 2002). 

 
 

1 Reprinted from Control Engineering Practice, Vol. 8, Powers and Nicastri, “Automotive 
Vehicle Control Challenges in the 21st Century,” pp. 605-618, Copyright (2000), with 
permission from Elsevier. 
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Several hybrid cars have been available in the United States since the late 
1990s, including the Honda Civic Hybrid, the Honda Insight and the Toyota 
Prius. Plug-in hybrid electric vehicles such as the Chevrolet Volt and purely 
electric vehicles such as the Nissan Leaf are being introduced in the market 
in 2011. Chapter 16 in the second edition of this book provides an in-depth 
overview of control system design for energy management in hybrid electric 
vehicles. 

1.5.2 Fuel cell vehicles 

There has been significant research conducted around the globe for the 
development of fuel cell vehicles. A fuel cell vehicle (FCV) has a fuel cell 
stack fueled by hydrogen which serves as the major source of electric power 
for the vehicle. Electric power is produced by a electrochemical reaction 
between hydrogen and oxygen, with water vapor being the only emission 
from the reaction.  

The simplest configuration in a FCV involves supplying hydrogen 
directly from a hydrogen tank in which hydrogen is stored as a compressed 
gas or a cryogenic liquid. To avoid the difficulties of hydrogen storage and 
the corresponding required infrastructure, a fuel processor using methanol or 
gasoline as a fuel can be incorporated to produce a hydrogen-rich gas stream 
on board. To compensate for the slow start-up and transient responses of the 
fuel processor, and to take advantage of regenerative power at braking, a 
battery may be used at additional cost, weight and complexity. Several 
prototype fuel cell powered cars and buses are available in North America, 
Japan and Europe with and without fuel processors.  

An FCV with fuel processor on board still requires several major tech-
nical advances for practical vehicle applications. Component and subsystem 
level technologies for FCV development have been demonstrated. The next 
important step for vehicle realization is integrating these into a constrained 
vehicle environment and developing coordinated control systems for the 
overall powertrain system (Pukrushpan, et. al., 2004). 
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Chapter 2 

LATERAL VEHICLE DYNAMICS 
 

 
 

The first section in this chapter provides a review of several types of lateral 
control systems that are currently under development by automotive manu-
facturers and researchers. The subsequent sections in the chapter study 
kinematic and dynamic models for lateral vehicle motion. Control system 
design for lateral vehicle applications is studied later in Chapter 3. 

2.1 LATERAL SYSTEMS UNDER COMMERCIAL 
DEVELOPMENT 

Lane departures are the number one cause of fatal accidents in the United 
States, and account for more than 39% of crash-related fatalities. Reports by 
the National Highway Transportation Safety Administration (NHTSA) state 
that as many as 1,575,000 accidents annually are caused by distracted 
drivers - a large percentage of which can be attributed to unintended lane 
departures. Lane departures are also identified by NHTSA as a major cause 
of rollover incidents involving sport utility vehicles (SUVs) and light trucks 
(http://www.nhtsa.gov). 

Three types of lateral systems have been developed in the automotive 
industry that address lane departure accidents: lane departure warning systems 
(LDWS), lane keeping systems (LKS) and yaw stability control systems. 
A significant amount of research is also being conducted by university 
researchers on these types of systems. 
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2.1.1 Lane departure warning 

A lane departure warning (LDW) system is a system that monitors the 
vehicle’s position with respect to the lane and provides warning if the 
vehicle is about to leave the lane. An example of a commercial LDW system 
under development is the AutoVue LDW system by Iteris, Inc. shown in 
Figure 2-1.  

 
 

 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 

Figure 2-1. LDW system based on lane markings1 

The AutoVue device is a small, integrated unit consisting of a camera, 
onboard computer and software that attaches to the windshield, dashboard or 
overhead. The system is programmed to recognize the difference between 
the road and lane markings. The unit’s camera tracks visible lane markings 
and feeds the information into the unit’s computer, which combines this data 
with the vehicle’s speed. Using image recognition software and proprietary 
algorithms, the computer can predict when a vehicle begins to drift towards 
an unintended lane change. When this occurs, the unit automatically emits 
the commonly known rumble strip sound, alerting the driver to make a 
correction.  

AutoVue is publicized as working effectively both during day and night, 
and in most weather conditions where the lane markings are visible. By 

                                               
1 Figure courtesy of Iteris, Inc. 
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simply using the turn signal, a driver indicates to the system that a planned 
lane departure is intended and the alarm does not sound.  

Lane departure warning systems made by Iteris are now in use on 
trucks manufactured by Mercedes and Freightliner. Iteris’ chief competitor, 
AssistWare, has also had success in the heavy truck market: their SafeTrac 
system is now available as a factory option on Kenworth trucks and via 
direct sales to commercial fleets (http://www.assistware.com).  

2.1.2 Lane keeping systems 

A lane-keeping system automatically controls the steering to keep the 
vehicle in its lane and also follow the lane as it curves around. Over the last 
ten years, several research groups at universities have developed and demon-
strated lane keeping systems. Researchers at California PATH demonstrated 
a lane keeping system based on the use of cylindrical magnets embedded at 
regular intervals in the center of the highway lane. The magnetic field from 
the embedded permanent magnets was used for lateral position measurement 
of the vehicle (Guldner, et. al., 1996). Research groups at Berkeley (Taylor, 
et. al., 1999) and at Carnegie Mellon (Thorpe, et. al., 1998) have developed 
lateral position measurement systems using vision cameras and demon-
strated lateral control systems using vision based measurement. Researchers 
at the University of Minnesota have developed lane departure warning and 
lane keeping systems based on the use of differential GPS for lateral position 
measurements (Donath, et. al., 1997). 

Systems are also under development by several automotive manufacturers, 
including Nissan. A lane-keeping system called LKS, which has recently 
been introduced in Japan on Nissan’s Cima model, offers automatic steering 
in parallel with the driver (http://ivsource.net). Seeking to strike a balance 
between system complexity and driver responsibility, the system is targeted 
at ‘monotonous driving’ situations. The system operates only on ‘straight-
ish’ roads (a minimum radius will eventually be specified) and above a 
minimum defined speed. Nissan’s premise is that drivers feel tired after long 
hours of continuous expressway driving as a result of having to constantly 
steer their vehicles slightly to keep them in their lane. The LKS attempts to 
reduce such fatigue by improving stability on the straight highway road. But 
the driver must remain engaged in actively steering the vehicle – if he/she 
does not, the LKS gradually reduces its degree of assistance. The practical 
result is that you can’t “tune out” and expect the car to drive for you. 
Nissan’s argument is that this approach achieves the difficult balance between 
providing driver assistance while maintaining driver responsibility. The low 
level of steering force added by the control isn’t enough to interfere with the 
driver’s maneuvers. 
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The system uses a single CCD camera to recognize the lane demarkation, 
a steering actuator to steer the front wheels, and an electronic control unit. 
The camera estimates the road geometry and the host vehicle’s position in 
the lane. Based on this information, along with vehicle velocity and steering 
wheel angle, the control unit calculates the steering torque needed to keep 
within the lane.  

Nissan is also developing a LDW system called its Lane Departure 
Avoidance (LDA) system (http://ivsource.net). The LDA system aims to 
reduce road departure crashes by delaying a driver’s deviation from the lane 
in addition to providing warning through audio signals and steering wheel 
vibrations. Nissan’s LDA creates a lateral “buffer” for the driver, and kicks 
into action to automatically steer if the vehicle starts to depart the lane. But, 
unlike a true co-pilot, the system won’t continue to handle the steering job – 
with haptic feedback in the steering wheel, the driver is alerted to the system 
activation and is expected to re-assert safe control by himself or herself. The 
automatic steering assist is steadily reduced over a period of several seconds. 
So, a road departure crash is still possible, but is expected be less likely 
unless the driver is seriously incapacitated.  

LDA is accomplished using the same basic components of LKS: a 
camera, a steering actuator, an electronic control unit, and a buzzer or other 
warning devicer.  

2.1.3 Yaw stability control systems 

Vehicle stability control systems that prevent vehicles from spinning and 
drifting out have been developed and recently commercialized by several 
automotive manufacturers. Such stability control systems are also often 
referred to as yaw control systems or electronic stability control systems. 

Figure 2-2 schematically shows the function of a yaw control system. 
In this figure, the lower curve shows the trajectory that the vehicle would 
follow in response to a steering input from the driver if the road were dry 
and had a high tire-road friction coefficient. In this case the high friction 
coefficient is able to provide the lateral force required by the vehicle to 
negotiate the curved road. If the coefficient of friction were small or if the 
vehicle speed were too high, then the vehicle would be unable to follow 
the nominal motion required by the driver – it would instead travel on a 
trajectory of larger radius (smaller curvature), as shown in the upper curve of 
Figure 2-2. The function of the yaw control system is to restore the yaw 
velocity of the vehicle as much as possible to the nominal motion expected 
by the driver. If the friction coefficient is very small, it might not be possible 
to entirely achieve the nominal yaw rate motion that would be achieved by  
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the driver on a high friction coefficient road surface. In this case, the yaw 
control system would partially succeed by making the vehicle’s yaw rate 
closer to the expected nominal yaw rate, as shown by the middle curve in 
Figure 2-2. 

 

 
Figure 2-2. The functioning of a yaw control system 

Many companies have investigated and developed yaw control systems 
during the last ten years through simulations and on prototype experimental 
vehicles. Some of these yaw control systems have also been commercialized 
on production vehicles. Examples include the BMW DSC3 (Leffler, et. al., 
1998) and the Mercedes ESP, which were introduced in 1995, the Cadillac 
Stabilitrak system (Jost, 1996) introduced in 1996 and the Chevrolet C5 
Corvette Active Handling system in 1997 (Hoffman, et.al., 1998). 

Three types of stability control systems have been proposed and developed 
for yaw control: 

Differential Braking systems which utilize the ABS brake system on the 
vehicle to apply differential braking between the right and left wheels to 
control yaw moment. 

Steer-by-Wire systems which modify the driver’s steering angle input 
and add a correction steering angle to the wheels 
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Active Torque Distribution systems which utilize active differentials 
and all wheel drive technology to independently control the drive torque 
distributed to each wheel and thus provide active control of both traction and 
yaw moment. 

By large, the differential braking systems have received the most attention 
from researchers and have been implemented on several production vehicles. 
Steer-by-wire systems have received attention from academic researchers 
(Ackermann, 1994, Ackermann, 1997). Active torque distribution systems 
have received attention in the recent past and are likely to become available 
on production cars in the future.  

Differential braking systems are the major focus of coverage in this book. 
They are discussed in section 8.2. Steer-by-wire systems are discussed in 
section 8.3 and active torque distribution systems are discussed in section 8.4. 

2.2 KINEMATIC MODEL OF LATERAL VEHICLE 
MOTION 

Under certain assumptions described below, a kinematic model for the 
lateral motion of a vehicle can be developed. Such a model provides a 
mathematical description of the vehicle motion without considering the 
forces that affect the motion. The equations of motion are based purely on 
geometric relationships governing the system.  

Consider a bicycle model of the vehicle as shown in Figure 2-3 (Wang 
and Qi, 2001). In the bicycle model, the two left and right front wheels are 
represented by one single wheel at point A. Similarly the rear wheels are 
represented by one central rear wheel at point B. The steering angles for the 
front and rear wheels are represented by  and  respectively. The 
model is derived assuming both front and rear wheels can be steered. For 
front-wheel-only steering, the rear steering angle  can be set to zero. The 
center of gravity (c.g.) of the vehicle is at point C. The distances of points 
A and B from the c.g. of the vehicle are  and  respectively. The 

wheelbase of the vehicle is . 
The vehicle is assumed to have planar motion. Three coordinates are 

required to describe the motion of the vehicle: ,  and .  are 
inertial coordinates of the location of the c.g. of the vehicle while  
describes the orientation of the vehicle. The velocity at the c.g. of the vehicle 
is denoted by  and makes an angle  with the longitudinal axis of the 
vehicle. The angle  is called the slip angle of the vehicle. 
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Figure 2-3. Kinematics of lateral vehicle motion 

Assumptions 

The major assumption used in the development of the kinematic model is 
that the velocity vectors at points A and B are in the direction of the 
orientation of the front and rear wheels respectively. In other words, the 
velocity vector at the front wheel makes an angle  with the longitudinal 
axis of the vehicle. Likewise, the velocity vector at the rear wheel makes an 
angle  with the longitudinal axis of the vehicle. This is equivalent to 
assuming that the “slip angles” at both wheels are zero. This is a reasonable 
assumption for low speed motion of the vehicle (for example, for speeds less 
than 5 m/s). At low speeds, the lateral force generated by the tires is small. 
In order to drive on any circular road of radius , the total lateral force 
from both tires is  

  

which varies quadratically with the speed  and is small at low speeds. 
When the lateral forces are small, as explained later in section 2.4, it is 
indeed very reasonable to assume that the velocity vector at each wheel is in 
the direction of the wheel. 
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The point O is the instantaneous rolling center for the vehicle. The point 
O is defined by the intersection of lines AO and BO which are drawn 
perpendicular to the orientation of the two rolling wheels. 

The radius of the vehicle’s path  is defined by the length of the line 
OC which connects the center of gravity C to the instantaneous rolling center 
O. The velocity at the c.g. is perpendicular to the line OC. The direction of 
the velocity at the c.g. with respect to the longitudinal axis of the vehicle is 
called the slip angle of the vehicle . 

The angle  is called the heading angle of the vehicle. The course angle 
for the vehicle is . 

Apply the sine rule to triangle OCA. 

 (2.1) 

Apply the sine rule to triangle OCB. 

 (2.2) 

From Eq. (2.1) 

 (2.3) 

From Eq. (2.2) 

 (2.4) 

Multiply both sides of Eq. (2.3) by . We get 

 (2.5) 
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Multiply both sides of Eq. (2.4) by . We get 

 (2.6) 

Adding Eqs. (2.5) and (2.6) 

 (2.7) 

If we assume that the radius of the vehicle path changes slowly due to 
low vehicle speed, then the rate of change of orientation of the vehicle 
(i.e. ) must be equal to the angular velocity of the vehicle. Since the 

angular velocity of the vehicle is , it follows that 

 (2.8) 

Using Eq. (2.8), Eq. (2.7) can be re-written as 

 (2.9) 

The overall equations of motion are therefore given by 

 (2.10) 

 (2.11) 

 (2.12) 

In this model there are three inputs: ,  and . The velocity is 
an external variable and can be assumed to be a time varying function or can 
be obtained from a longitudinal vehicle model. 
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The slip angle  can be obtained by multiplying Eq. (2.5) by and 
subtracting it from Eq. (2.6) multiplied by : 

 (2.13) 

Remark 

Here it is appropriate to include a note on the “bicycle” model assumption. 
Both the left and right front wheels were represented by one front wheel in 
the bicycle model. It should be noted that the left and right steering angles in 
general will be approximately equal, but not exactly so. This is because the 
radius of the path each of these wheels travels is different. Consider a front 
wheel steered vehicle as shown in Figure 2-4.  

 
Figure 2-4. Ackerman turning geometry 

Let  be the track width of the vehicle and  and  be the outer and 
inner steering angles respectively. Let the wheelbase  be small 
compared to the radius . If the slip angle  is small, then Eq. (2.12) can 
be approximated by 
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or 

 (2.14) 

Since the radius at the inner and outer wheels are different, we have 

 (2.15) 

 (2.16) 

The average front wheel steering angle is approximately given by 

 (2.17) 

The difference between  and  is 

 (2.18) 

Thus the difference in the steering angles of the two front wheels is 
proportional to the square of the average steering angle. Such a differential 
steer can be obtained from a trapezoidal tie rod arrangement, as shown in 
Figure 2-5. As can be seen from the figure, for both left and right turns, the 
inner wheel always turns a larger steering angle. 
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Figure 2-5. Differential steer from a trapezoidal tie-rod arrangement 

Table 2.1 Summary of kinematic model equations 

SUMMARY OF KINEMATIC MODEL EQUATIONS 

Symbol Nomenclature Equation 

 Global axis coordinate  

 Global axis coordinate  

 Yaw angle; orientation 
angle of vehicle with 
respect to global  axis 

 

 

 

 
 

Vehicle slip angle  

X X cosVX
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2.3 BICYCLE MODEL OF LATERAL VEHICLE 

DYNAMICS 

At higher vehicle speeds, the assumption that the velocity at each wheel is in 
the direction of the wheel can no longer be made. In this case, instead of a 
kinematic model, a dynamic model for lateral vehicle motion must be 
developed.  

A “bicycle” model of the vehicle with two degrees of freedom is con-
sidered, as shown in Figure 2-6. The two degrees of freedom are represented 
by the vehicle lateral position  and the vehicle yaw angle . The vehicle 
lateral position is measured along the lateral axis of the vehicle to the point 
O which is the center of rotation of the vehicle. The vehicle yaw angle is 
measured with respect to the global  axis. The longitudinal velocity of 
the vehicle at the c.g. is denoted by . 

 
Figure 2-6. Lateral vehicle dynamics 

The influence of road bank angle will be considered later. Ignoring road 
bank angle for now and applying Newton’s second law for motion along the 

axis (Guldner, et. al., 1996), 

 (2.19) 
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where   is the inertial acceleration of the vehicle at the 

c.g. in the direction of the  axis and  and  are the lateral tire forces 

of the front and rear wheels respectively. Two terms contribute to : the 
acceleration which is due to motion along the y axis and the centripetal 
acceleration . Hence 

 (2.20) 

Substituting from Eq. (2.20) into Eq. (2.19), the equation for the lateral 
translational motion of the vehicle is obtained as 

 (2.21) 

Moment balance about the  axis yields the equation for the yaw 
dynamics as 

 (2.22) 

where  and  are the distances of the front tire and the rear tire 
respectively from the c.g. of the vehicle. 

The next step is to model the lateral tire forces  and  that act on 
the vehicle. Experimental results show that the lateral tire force of a tire is 
proportional to the “slip-angle” for small slip-angles. The slip angle of a tire 
is defined as the angle between the orientation of the tire and the orientation 
of the velocity vector of the wheel (see Figure 2-7). In Figure 2-7, the slip 
angle of the front wheel is 

 (2.23) 

where  is the angle that the velocity vector makes with the longitudinal 
axis of the vehicle and  is the front wheel steering angle. The rear slip 
angle is similarly given by 

  (2.24) 

A physical explanation of why the lateral tire force is proportional to slip 
angle can be found in Chapter 13 (in section 13.4). 
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Vf

 
Figure 2-7. Tire slip-angle 

The lateral tire force for the front wheels of the vehicle can therefore be 
written as 

 (2.25) 

where the proportionality constant is called the cornering stiffness of 

each front tire,  is the front wheel steering angle and  is the front tire 
velocity angle. The factor 2 accounts for the fact that there are two front 
wheels. 

Similarly the lateral tire for the rear wheels can be written as 

 (2.26) 

where is the cornering stiffness of each rear tire and is the rear tire 
velocity angle. 

The following relations can be used to calculate  and : 

 (2.27) 

 (2.28) 
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Using small angle approximations and using the notation ,  

 (2.29) 

 (2.30) 

Substituting from Eqs. (2.23), (2.24), (2.29) and (2.30) into Eqs. (2.21) 
and (2.22), the state space model can be written as 

 

(2.31) 

Consideration of road bank angle 

If the influence of road bank angles is included, then Eq. (2.21) can be 
rewritten as 

 (2.32) 

where  and  is the road bank angle with sign convention 
as shown in Figure 2-8. 

The yaw dynamics of the vehicle are not affected by road bank angle. 
Hence Eq. (2.22) remains the same even in the presence of a bank angle. 
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Figure 2-8. Sign convention for bank angle 

 

Comment on lateral tire forces at larger slip angles 

The assumption that the lateral tire force is proportional to slip angle will not 
hold at large slip angles. In such cases, the lateral tire force will depend on 
slip angle, the normal tire load , the tire-road friction coefficient  and 
also the magnitude of longitudinal tire force that is being simultaneously 
generated. For a more complete lateral tire model that includes the influence 
of all these variables, see chapter 13 of this book. At large slip angles, the 
tire model will no longer be linear. 

2.4 MOTION OF A PARTICLE RELATIVE TO A 
ROTATING FRAME 

This section describes the relation between acceleration in body fixed 
coordinates and acceleration in inertial coordinates for a general rotating 
rigid body. This formulation can be used to obtain inertial acceleration 
values of a vehicle with yaw rate, roll and pitch rotational motion. In this 
section, the formulation is used to obtain inertial acceleration along the 
lateral axis of a vehicle which has rotational yaw motion. 

zF
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Consider a rotating body, as shown in Figure 2-9, described in two 
coordinate systems: a coordinate system fixed in inertial space (XYZ) and 
a coordinate system fixed to the body (xyz). At the time instant under 
consideration, assume that both coordinate systems have the same orientation. 
Let the angular speed of the body be .  

 
Figure 2-9. Inertial and body-fixed coordinate systems 

Consider a particle P with inertial coordinates  and body-

fixed coordinates  located on the body. Let  be the vector from 
the origin of the inertial coordinate system to the point P. The acceleration of 
this particle in inertial coordinates can be related to its acceleration in body-
fixed coordinates as follows (Merriam and Kraige, 1987): 

 (2.33) 

All the vectors on the right-hand side of the above equation are expressed 
in body-fixed coordinates. 

Apply Eq. (2.33) to the case of the lateral vehicle system shown in Figure 
2-10. 

Let  be unit vectors in the direction of the  axes. We have 

 (2.34) 
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 (2.35) 

From Eq. (2.33) 

 

or 

 

or 

 (2.36) 

Hence . 
Hence the inertial acceleration along the  axis is 

 (2.37) 

 

Figure 2-10. The lateral system in terms of rotating coordinates 
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2.5 DYNAMIC MODEL IN TERMS OF ERROR  

WITH RESPECT TO ROAD 

When the objective is to develop a steering control system for automatic lane 
keeping, it is useful to utilize a dynamic model in which the state variables 
are in terms of position and orientation error with respect to the road. 

Hence the lateral model developed in section 2.3 will be re-defined in 
terms of the following error variables: 

, the distance of the c.g. of the vehicle from the center line of the lane 
, the orientation error of the vehicle with respect to the road. 

Consider a vehicle traveling with constant longitudinal velocity on a 
road of constant radius . Again, assume that the radius  is large so that 
the same small angle assumptions as in the previous section can be made. 
Define the rate of change of the desired orientation of the vehicle as 

 (2.38) 

The desired acceleration of the vehicle can then be written as 

 (2.39) 

Define  and  as follows (Guldner, et. al., 1996): 

 (2.40) 

and 

 (2.41) 

Define  

 (2.42) 
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Eq. (2.42) is consistent with Eq. (2.40) if the velocity  is constant. If 
the velocity were not constant, one would integrate Eq. (2.40) and obtain 

 

This would yield a model that is nonlinear and time varying and would 
not be useful for control system design. Hence the approach taken is to 
assume the longitudinal velocity is constant and obtain a LTI model. If the 
velocity varies, the LTI model is replaced with an LPV model in which 
longitudinal velocity is a time varying parameter (see section 3.4 in the next 
chapter). 

Substituting from Eqs. (2.41) and (2.42) into (2.21) and (2.22), we find 

 (2.43) 

and 

(2.44) 

The state space model in tracking error variables is therefore given by 
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 (2.45) 

The tracking objective of the steering control problem can therefore be 
expressed as a problem of stabilizing the dynamics given by Eq. (2.45). Note 
that the lateral dynamics model shown above is a function of the longitudinal 
vehicle speed which has been assumed to be constant. 

If the influence of road bank angle is included, then Eq. (2.45) gets 
rewritten as 

 

 (2.46) 
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Table 2.2 Summary of dynamic model equations in terms of error with respect to road 

SUMMARY OF DYNAMIC MODEL EQUATIONS 

Symbol Nomenclature Equation 

 State space vector  

  

  Matrices , ,  and  are defined 
in equation (2.46) 

 Lateral position error 
with respect to road 

 

 Yaw angle error with 
respect to road 

 

 Front wheel steering 
angle 

 

 Desired yaw rate 
determined from 
road radius  

 

 Bank angle with sign 
convention as 
defined by Fig. 2.8 

 

2.6 DYNAMIC MODEL IN TERMS OF YAW RATE 
AND SLIP ANGLE 

In Figure 2-11, vehicle sideslip angle  is defined as the angle between the 
longitudinal axis of the vehicle and the orientation of vehicle velocity vector, 
and  is the yaw rate of the vehicle body. The lateral dynamics of the 
vehicle is controlled by the front wheel steering angle . 
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Figure 2-11. Single track model for vehicle lateral dynamics 

The body side slip angle can be related to  and  as follows. Under 
small angle assumptions 

 (2.47) 

Using the body side slip angle  and the yaw rate of vehicle body 
 as state variables, the vehicle lateral dynamics can then be described 

by the following differential equations (Ackerman, 1997): 

 (2.48) 

 (2.49) 

where  is vehicle mass,  is vehicle longitudinal velocity, ,  are 

front and rear tire forces, respectively,  is the force due to road bank 

angle,  is yaw moment of inertia, and ,  are distances from CG 
(center of gravity) to front and rear tires, respectively. 

For small tire slip angles, the lateral tire forces can be approximated as a 
linear function of tire slip angle. The front and rear tire forces and tire slip 
angles are defined as follows: 
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,  (2.50) 

,  (2.51) 

where  and  are the cornering stiffness of the front and rear tires 
respectively. Substituting (2.50) and (2.51) into (2.48) and (2.49) yields the 
following description for the vehicle lateral dynamics: 

 (2.52) 

 (2.53) 

2.7 FROM BODY FIXED TO GLOBAL 
COORDINATES 

The dynamic model described in sections 2.5 is based on body fixed 
coordinates. It is suitable for control system design, since a lane keeping 
controller must utilize body fixed measurements of position error with 
respect to road. To obtain a global picture of the trajectory traversed by the 
vehicle, however, the time history of the body-fixed coordinates must be 
converted into trajectories in inertial space. 

As shown in Figure 2-12, the lateral distance between the c.g. of the 
vehicle and the road centerline is . The position of the vehicle in global 
coordinates is therefore given by 

 (2.54) 

 (2.55) 
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Figure 2-12. From body fixed to global coordinates 

where  are the global coordinates of the point on the road 
centerline which lies on a line along the lateral axis of the vehicle. 

Using ,  and replacing 

 by  in equations (2.54) and (2.55), the global coordinates 
of the vehicle are obtained as 

 (2.56) 

 (2.57) 
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2.8 ROAD MODEL 

The curvature of a road is the inverse of the road radius i.e. . Continuity 

of curvature is an important criterion that a road should satisfy in order to 
ensure that the lateral control system can track it. Clothoid spirals are curves 
that are used to transition smoothly from one curvature value to another (for 
example, in going from a straight road to a circular road). 

A clothoid is defined to be a spiral whose curvature is a linear function of 
its arc length and is mathematically defined in terms of Fresnel integrals 
(Kiencke and Nielsen, 2000). The parametric equation of a clothoid is 

 (2.58) 

where the scaling factor  is positive, the parameter  is non-negative, and 
the Fresnel integrals are represented as 

 (2.59) 

 (2.60) 

The clothoid in Eq. (2.58) (in its standard form) is in the first quadrant 

and starts at  and converges to  as . Figure 2-13 shows 

a clothoid spiral using . 
The integrals of the Fresnel integrals are 

 (2.61) 

 (2.62) 

The following geometric formulae for clothoids shown in Table 2.3 are 
often useful for designing clothoids to transition from a straight line to a 
circle or from one circle to a circle of different radius (Sasipalli, et. al., 1997). 
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Figure 2-13. Clothoid spiral using a scaling value a= 6000 

Table 2.3 Geometric Formulae of Clothoids 

Geometric Formulae of Clothoids 

 Geometric Element Parametric Expression 

1 angle of tangent 

2 curvature 

3 arc length  

4 center of circle of 
curvature 

 

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

500

1000

1500

2000

2500

3000

3500

4000

4500

2
2

t

t
a

dtads  

1)(),( tS
t
atC

t
a

II



2. Lateral Vehicle Dynamics 43
 

Calculation of the cartesian coordinates from Eqs. (2.59) and (2.60) has 
to be done numerically i.e. the above integrals cannot be evaluated 
analytically. Figure 2-14 shows a clothoid spiral used to transition from a 
straight line segment to a circular arc. 

 
Figure 2-14. Clothoid spiral joining a straight line and a circle. 

2.9 CHAPTER SUMMARY 

This chapter discussed a variety of models that describe lateral vehicle 
motion. These models can be used to design steering control systems for 
lateral lane keeping. These models can also be extended for use in yaw 
stability control, rollover control and other vehicle control applications. 

The major lateral models discussed in the chapter were 

1. Kinematic vehicle model 
2. Dynamic vehicle model in terms of inertial lateral position and yaw 

angle 
3. Dynamic vehicle model in terms of road-error variables 
4. Dynamic vehicle model in terms of yaw rate and vehicle slip angle 
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The kinematic model provides equations of motion purely in terms of 
geometric relationships governing the system. It is a useful model for very 
low speed applications, for example vehicle control for automated parking. 

The dynamic models discussed in this chapter are useful for lane keeping 
applications and can also be extended for use in yaw stability control and 
rollover prevention applications. The extension and use of these models for 
yaw stability control is discussed in Chapter 8.  

The transformation of coordinates from body-fixed to global axes was 
also presented. In addition road models were discussed and the use of 
clothoid spirals to transition smoothly from one road curvature to another 
was described. 

NOMENCLATURE 

   lateral tire force 

  lateral tire force on front tires 

   lateral tire force on rear tires 

   longitudinal velocity at c.g. of vehicle 

   total velocity at c.g. of vehicle 
   lateral velocity at c.g. of vehicle 

   lateral velocity at c.g. of vehicle (same as ) 

   total mass of vehicle 

   yaw moment of inertia of vehicle 

   longitudinal distance from c.g. to front tires 

   longitudinal distance from c.g. to rear tires 

   total wheel base ( ) 

   yaw angle of vehicle in global axes 

   yaw rate of vehicle 

   yaw rate of vehicle (same as ) 

,   global axes 
   steering wheel angle 
   front wheel steering angle 
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   rear wheel steering angle 

   steering angle of outer wheels 

   steering angle of inner wheels 

   track width 

   slip angle at front tires 

   slip angle at rear tires 

   cornering stiffness of tire 

   normal force on tire 

   tire-road friction coefficient 

  desired yaw rate from road 

   slip angle at vehicle c.g. (center of gravity) 

   velocity angle (angle of velocity vector with longitudinal axis) 

   road bank angle 

   turn radius of vehicle or radius of road 
   lateral position error with respect to road 

   yaw angle error with respect to road 

  Fresnel integral 

  Fresnel integral 
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Chapter 3 

STEERING CONTROL FOR AUTOMATED LANE 
KEEPING 
 

 
 

Kinematic and dynamic models for lateral vehicle dynamics were discussed 
in the previous chapter. This chapter discusses lateral control systems used 
to control a vehicle to stay in the center of its lane. 

The chapter is organized as follows. Control design by state feedback is 
discussed first in section 3.1. Steady state errors and the steady state steering 
angle required to negotiate a curved road are analyzed in sections 3.2 and 
3.3. The subsequent sections of the chapter concentrate on control design by 
output feedback (sections 3.5, 3.6, 3.7, 3.8, 3.9 and 3.10).  

3.1 STATE FEEDBACK 

As seen in the previous chapter, under the small slip angle and bicycle model 
assumptions, the state space model for the lateral dynamics of the vehicle is 
given by  

desBBAxx 21  (3.1) 

with Teeeex 2211 , where 1e is the lateral position error of the 
c.g., 2e  is the yaw angle difference between the vehicle and the road,  is 
the front wheel steering angle input, des  is the desired yaw rate determined 
by road curvature and vehicle speed and the matrices A , 1B  and 2B  have 
been presented earlier in Chapter 2 (section 2.5, equation (2.45)). 

The following values of vehicle parameters will be used for all the 
simulations in this chapter. 

47R. Rajamani, Vehicle Dynamics and Control, Mechanical Engineering Series,
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m  = 1573, zI  = 2873, f  = 1.1, r  = 1.58, fC  = 80000, rC  = 
80000; 

These values are representative of parameters for a passenger sedan. 
The open-loop matrix A  has two eigenvalues at the origin and is unstable. 

The system has to be stabilized by feedback.  
Calculations show that the pair ),( 1BA  is controllable. Hence, using the 

state feedback law 

44332211 ekekekekKx  (3.2) 

the eigenvalues of the closed-loop matrix )( BKA  can be placed at any 
desired locations. The closed-loop system using this state feedback 
controller is 

desBxKBAx 21 )(  (3.3) 

The following Matlab command can be used to place the eigenvalues of 
the closed-loop system. 

 

K = place(A,B1,P)  

This command yields a feedback matrix K  such that the eigenvalues of 
the matrix KBA 1  are at the desired locations specified in the vector P . 

Eigenvalues placed at Tjj  1073535  lead to the 
following simulation results shown in Figures 3-1, 3-2 and 3-3.  

In these simulations a longitudinal speed of 30 m/s is used. The road is 
initially straight and then becomes circular with a radius of 1000 meters 
starting at a time of 1 second. The corresponding desired yaw rate can be 

calculated from deg/s 1.72rad/s 03.0 
R

Vx
des . The desired yaw 

rate is shown in Figure 3-1 and is a step input from 0 to 1.72 deg/sec at 1 
second. The time histories of the lateral error 1e  and yaw angle error 2e  are 
shown in Figure 3-2 and Figure 3-3 respectively.  

Due to the presence of the desB 2  term in equation (3.3), the tracking 
errors need not all converge to zero, even though the matrix )( 1KBA is 
stable. The steady state values of 1e  and 2e  are non-zero because the input 
due to road curvature des  is non-zero. A physical interpretation of these 
steady state errors is provided in sections 3.2 and 3.3. 
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Figure 3-1. Desired yaw rate for simulations 

 
Figure 3-2. Lateral position error using state feedback 
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Figure 3-3. Yaw angle error using state feedback 

3.2 STEADY STATE ERROR FROM DYNAMIC 
EQUATIONS 

As before, the state space model for the closed-loop lateral system under 
state feedback is given by  

desBxKBAx 21 )(           

Due to the presence of the desB2  term, the tracking errors will not all 
converge to zero when the vehicle is traveling on a curve, even though the 
matrix )( 1KBA  is asymptotically stable.  

In this section, we will investigate whether the use of a feedforward term 
in addition to state feedback can ensure zero steady state errors on a curve. 
Assume that the steering controller is obtained by state feedback plus a 
feedforward term that attempts to compensate for the road curvature: 

ffKx  (3.4) 
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Then, the closed-loop system is given by 

desff BBxKBAx 211 )(  (3.5) 

Taking Laplace transforms, assuming zero initial conditions, we find 

desff LBLBKBAsIsX 21
1

1 )()(  (3.6) 

where ffL  and desL  are Laplace transforms of ff  and des  
respectively. 

If the vehicle travels at constant speed xV  on a road with constant radius 
of curvature R , then  

des  = constant = 
R
Vx  (3.7) 

and its Laplace transform is 
Rs
Vx . Similarly, if the feedforward term is 

constant, then its Laplace transform is 
s
ff . 

Using the Final Value Theorem, the steady state tracking error is given by 

)(lim)(lim
0

ssXtxx
st

ss  = 1
1 )( KBA

R
VBB x

ss 21  (3.8) 

Evaluation of equation (3.8) using the Symbolic Toolbox in Matlab 
yields the steady state errors 

ssx

0
0
0
1k
ff
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From equation (3.9), we see that the lateral position error 1e  can be 
made zero by appropriate choice of ff . However, ff  cannot influence the 
steady state yaw error, as seen from equation (3.9). The yaw angle error has 
a steady state term that cannot be corrected, no matter how the feedforward 
steering angle is chosen. The steady state yaw-angle error is 

R
mV

CR

mVCC
RC

e

x

rfr

fr

xfrrrfr
rfr

ss

2

22
_2

2

22
)(2

1

        
 (3.10) 

The steady state lateral position error can be made zero if the 
feedforward steering angle is chosen as 

3

2

222
k

CCCRL
mV

r

f

r

f

f

rx
ff 3k

RR
L r  (3.11) 

which upon closer inspection is seen to be 

R
mV

CR
kaK

R
L x

r

fr
yVff

2

3 2
 (3.12) 

where VK  
rfr

f

rff

r
C

m
C

m
22

 is called the understeer 

gradient and 
R

Va x
y

2

. If we denote 
L

mm f
r  as the portion of the 

vehicle mass carried on the rear axle and 
L

mm r
f  as the portion of the 

vehicle mass carried on the front axle, then 
r

r

f

f
V C

m
C
m

K
22

. 

Hence 

ssyVff ekaK
R
L

_23  (3.13) 
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The steady state steering angle for zero lateral position error is given by 

ssffss Kx  or 

ssffss ek 23  or  

yVss aK
R
L

 (3.14) 

Table 3-1. Summary of state feedback controller with feedforward 

SUMMARY OF STATE FEEDBACK CONTROLLER  
WITH FEEDFORWARD 

Symbol Nomenclature Equation 

sse _2  Steady-state 
yaw angle 
error        

r
r

x

rfr

fr
ss

R

R
mV

CR
e

        

2

_2 2  

ss  Steady-state 
steering angle    yVss aK

R
L

 

ff  Feedforward 
component of 
steering angle  

ssyVff ekaK
R
L

_23  

f  Slip angle at 
front tires 
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m x

f

f
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r  Slip angle at 
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m x
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VK  Understeer 
gradient 
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In conclusion, the lateral position error 1e  can be made zero at steady state 
by appropriate choice of the feedforward input ff . However, the steady state 

yaw angle will be equal to 
R

mV
CR

e x

rfr

fr
ss

2

_2 2
 and 

cannot be changed by the feedforward steering input.  

3.3 UNDERSTANDING STEADY STATE 
CORNERING 

3.3.1 Steering angle for steady state cornering 

This section uses geometric analysis to provide an answer to the question 
“What is the steady state steering angle required to negotiate a curve of 
radius R ?” (Gillespie, 1992, Wong, 2001). As expected, the geometric 
analysis provides the same answer as the feedforward system analysis of the 
previous section. However, a better physical understanding of the lateral tire 
force requirements is obtained from the geometric analysis. 

As discussed in the previous chapter, the slip angle at each wheel is the 
angle between the orientation of the wheel and the orientation of its velocity 
vector. Let the slip angle at the front wheel be denoted by f  and that at the 

rear wheel be denoted by r , as shown in Figure 3-4. The instantaneous 
turn center O of the vehicle is the point at which the two lines perpendicular 
to the velocities of the two wheels meet. 

Let rfL  be the wheelbase i.e. the distance between the centers 
of the front and rear wheels. Then, from the above figure, the angle 
subtended at the center of rotation is rf . Under the assumption 
that the road radius is much larger than the wheelbase of the vehicle 
( LR ) (so that chord length is approximately equal to arc length), we 
have 

R
L

rf  (3.15) 

Hence the steady state steering angle is given by 

rfR
L

 (3.16) 
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Figure 3-4. Steering angle for high speed cornering 

The steady state slip angles f  and r  are related to the road radius as 
follows. Steady state force and moment equilibrium equations for the vehicle 
yield 

R
VmFF x

yryf

2

 (3.17) 

0ryrfyf FF  (3.18) 

From the moment equilibrium (3.18) we have 

yr
f

r
yf FF  (3.19) 

Using the relationship between front and rear tire forces of equation 
(3.19) in the force equilibrium equation (3.17), we have 
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R
Vm

R
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L
mF x

r
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22

 (3.20) 

where 
L

mm f
r  is the portion of the vehicle mass carried on the rear 

axle. In words, the lateral force developed at the rear axle is rm  times the 
lateral acceleration. The same procedure can be used to find the front tire 
force : 

R
Vm

R
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L
mF x

f
xr

yf

22

 (3.21) 

where 
L

mm r
f  is the portion of the vehicle mass carried on the front 

axle. 

Assume that the slip angles are small so that the lateral tire force at each 
wheel is proportional to its slip angle. Denoting the cornering stiffness of 
each front tire by fC  and that of each rear tire by rC , and assuming that 
there are two front and two rear tires, the slip angles are  

R
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m
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F x
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f

f
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22
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 (3.22) 

The steady state steering angle is therefore given by 

R
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C
m
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or  

yV aK
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 (3.23) 
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where the parameter VK  is called the understeer gradient and 
R

Va x
y

2

. 

Equation (3.23) is the formula that relates vehicle velocity and road 
curvature to the steering angle required for negotiating the circular road. 
This is the same as equation (3.14) obtained previously. 

Depending on the relative values of the front and rear cornering stiffness 
and mass distribution values, three possibilities exist for the value of VK : 

1. Neutral steer 

In this case the understeer gradient VK  is zero due to equal slip angles at 
the rear and front tires. 

rfV
r

r

f

f K
C
m

C
m

0  

In the case of neutral steer, on a constant radius turn, no change in the 
steering angle is required as speed is varied. The steering angle depends 
only on the curve radius and the wheelbase. 

2.  Understeer 

In this case the understeer gradient 0VK  due to a larger slip angle at 
the front tires compared to the rear tires. 

rfV
r

r

f

f K
C
m

C
m

0  

In the case of understeer, on a constant radius turn, the steering angle will 
have to increase with speed in proportion to VK  times the lateral 
acceleration.  

3.  Oversteer 

In this case the understeer gradient 0VK  due to a smaller slip angle at 
the front tires compared to the rear tires. 

rfV
r

r

f

f K
C
m

C
m

0  
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In the case of oversteer, on a constant radius turn, the steer angle will 
have to decrease as the speed is increased. 

The steering angle as a function of vehicle longitudinal speed is shown in 
Figure 3-5 for the three cases of neutral steer, understeer and oversteer. Note 
that in the case of oversteer, the steering angle decreases with speed and 
could eventually reach zero at a speed called critical speed. 

 

xV

understeer

neutral steer

oversteer

critical speed
 

Figure 3-5. Steering angle variation with speed 

3.3.2 Can the yaw-angle error be zero ? 

If the parameters of the vehicle and the vehicle speed were such that 

R
mV

CR
x

r

fr
2

2
 (3.24) 

then the steady state yaw error of equation (3.10) would also be zero. This 
happens at one particular speed xV at which equation (3.24) is satisfied and 
this speed is independent of the radius of the path.  

The physical interpretation of equation (3.24) is as follows. The right 
hand side of the equation, as we have seen during the geometric analysis, is 
the slip angle at the rear tire. The left hand side of the equation is the angle 

 subtended by the rear portion of the vehicle at the center of the circular 
path, as shown in Figure 3-6 below.  
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Figure 3-6. Steady state yaw angle error 

Since the vehicle has a finite length, both its lateral position error and its 
yaw-angle error cannot always be made simultaneously zero. If the steady-
state lateral position error is zero, then the steady state yaw-angle error can 
be zero only if the slip angle at the rear is the same as the angle  subtended 
by the vehicle at the center of the circular path. This happens at one 
particular speed xV at which equation (3.24) is satisfied and this speed is 
independent of the radius of the path.  

3.3.3 Is non-zero yaw angle error a concern? 

The above geometric analysis shows that no matter which control law is 
used, the yaw angle error 2e  will have a steady state value. This is because 
the slip angles at the rear and front wheels are completely determined, once 
the radius of the road and the vehicle speed xV are fixed. Hence the slip 
angle of the vehicle  is automatically determined. The slip angle of the 
vehicle is 

21
1 eVe

VV
y

x
xx

 (3.25) 

Since the steady state value of 1e  is zero, it follows that the steady state 
value of the vehicle slip angle is 
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sse _2  (3.26) 

or 

ssdes  

Hence 

desss  (3.27) 

The steady state error in 2e  is not a cause of concern. We don’t 
necessarily need 2e  to converge to zero – all we need is that the heading 
angle  converge to the desired angle des . Since the steady state 

error in 2e  is equal to , from equation (3.27), it is guaranteed that  
will converge to des . 

3.4 CONSIDERATION OF VARYING 
LONGITUDINAL VELOCITY 

In general the longitudinal vehicle speed can vary in which case the system 
matrices )( xVA  and )(1 xVB  are time varying (or parameter varying). A 
constant state feedback matrix K  can be used to obtain stability for varying 
velocity by exploiting the convex nature of the lateral dynamic system. The 
approach is to choose K  such that KVBVA xx )()( 1  is simultaneously 
quadratically stabilized at the two extreme values of xV . The following 
Theorem summarizes the design result that can be used for full state 
feedback control system design. 

Theorem 3.1: 

Let the closed-loop matrix be defined as 

KVBVAVA xxxCL )()()( 1  (3.28) 
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Let 

KVBVAVAA CL )()()( min1minminmin  and 

KVBVAVAA CL )()()( max1maxmaxmax   

be defined as the values of )( xCL VA  at the extremes of the varying 
parameter xV . 

If a constant state feedback matrix K  is chosen such that  

0minmin PAPA T  (3.29) 

and  

0maxmax PAPA T  (3.30) 

for some 0P , then the closed-loop system is stable for velocity varying in 
the range maxmin VVV x . 

Proof:  

First, note that the closed-loop matrix can be rewritten as a convex 
combination of minA  and maxA : 

maxmin1 )1()()()( AaaAKVBVAVA xxxCL  with 1)(0 xVa
 (3.31) 

where )( xVa  is a parameter whose value depends on the operating speed xV . 

Using the Lyapunov function candidate PxxV T , we find that its 
derivative is 

xPxPxxV TT xPAPAx CL
T

CL
T )(  

   xPAPAxaxPAPAax TTTT )()1()( maxmaxminmin  

   0  

Hence the proof. 
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3.5 OUTPUT FEEDBACK 

The lateral position of the vehicle with respect to the road is usually 
measured at a location ahead of the vehicle, as shown in Figure 3-7. Sensor 
systems used for measurement of lateral position include differential GPS 
(Donath, et. al., 1997), vision cameras (Taylor, et. al., 1999, Thorpe, et. al., 
1998) and magnetometers that measure the magnetic field from permanent 
magnets embedded in the roadway (Guldner, et. al., 1996).  
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Figure 3-7. Look ahead lateral position measurement with respect to road 

If we assume that the yaw angle error 2e  is small so that chord lengths 
can be approximated by arc lengths, then the measurement equation that 
relates the output to the states is as follows: 

21 edey s  (3.32) 

where sd  is the longitudinal distance of the point ahead of the vehicle c.g. at 
which the sensor measurement is made. 
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3.6 UNITY FEEDBACK LOOP SYSTEM 

Consider the following block diagram for the output feedback system shown 
in Figure 3-8. Here )(sP  is the plant transfer function between the steering 
angle input for the vehicle and the lateral position measurement output 
described in section 3.5. )(sC represents the transfer function for the 
controller (to be determined later). The road-determined desired yaw rate 

des  affects the system dynamics through a transfer function denoted in 
Figure 3-8 as )(sG . The signal )(tn  is the sensor noise that affects the 
system. 

PC

n

yr = 0 e

des

G(s)

 

Figure 3-8. Unity feedback loop system 

Figure 3-9 and Figure 3-10 shows the zeros and poles of )(sP  for values 
of sd = 2.0 meters and sd = 7.0 meters respectively. )(sP has two poles at 
the origin, a pair of complex conjugate poles and a pair of complex 
conjugate zeros. Note that the zeros in Figure 3-10 are much better damped 
than the zeros in Figure 3-9. As sd is increased, the damping increases for 
the complex conjugate pair of zeros. Figure 3-11 shows the magnitude and 
phase Bode plots for the plant transfer function )(sP  with sd  = 2 meters. 
A longitudinal velocity of 25m/s has been used in the model. 
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Figure 3-9. Zeros and poles of the open loop system for sd  = 2 meters 

  

open loop system for sd  = 7 meters 

 

 

 

 

 

 

 

 

Figure 3-10. Zeros and poles of the open loop system for sd  = 7 meters 
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Figure 3-11. Bode plots for open-loop plant )(sP  

3.7 LOOP ANALYSIS WITH A PROPORTIONAL 
CONTROLLER 

An operating speed of 25 m/s and a sensor measurement location of sd = 2 
meters is assumed in this section for the lateral vehicle system. The open-
loop transfer function )(sP  has two poles at the origin, an additional pair of 
complex conjugate poles and a pair of complex conjugate zeros. If the 
feedback loop were closed with a proportional controller, then KsC )(  
where K  is the gain of the controller. The transfer function )(sPC  is of the 
type 

222

22

2
2

)(
ddd

nnn

sss
ss

sPC  (3.33) 
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The contour s  that s  traverses in the complex plane for purposes of 
plotting the Nyquist plot must not pass through any poles or zeros of the 
open loop transfer function )(sPC . Hence it must not pass through the 
origin. Hence the following contour s  as shown below in Figure 3-12 was 
used for the Nyquist plot. A semi-circle of radius  is used to make a 
detour, so as to avoid going through the origin. By letting 0 , the 
contour s  will enclose the entire open right half plane. 

radius R

radius 0

Im

Re

 

Figure 3-12. The s contour used for the Nyquist plot 

Portions of the s  contour have been marked as sections 1, 2, 3, 4 and 5. 
Section 3 consists of a semi-circle of radius R  with R  so as to cover 
the entire right half plane. The contour PC  must be drawn for all values of 
s  that s  takes from the s  contour. Section 3 of s  gets mapped to the 
origin in the PC  plane. It is important to draw the PC  contour for 
sections 1, 2, 4 and 5 of s  (see Figure 3-13) and determine how many 
times this contour encircles the –1 point. The PC  contour for sections 1 
and 2 is shown in the Nyquist plot in Figure 3-14. 
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Figure 3-13. Sections 1, 2, 4 and 5 of the s  contour used for the Nyquist plot 
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Figure 3-14. Nyquist plot ( PC  contour) obtained using sections 1 and 2 of the s  contour  
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Figure 3-15. Nyquist plot obtained using sections 1, 2, 4 and 5 of the s  contour 

The PC  contour corresponding to the entire s  contour (sections 1, 2, 
4 and 5) is shown in Figure 3-15. The solid line in this figure corresponds to 
sections 1 and 2 of s  while the dashed line corresponds to sections 4 and 5 
of s . 

To determine how many times the above PC  contour encircles the –1 
point, it is necessary to zoom into the region near the –1 point, as is being 
done in Figure 3-16 and Figure 3-17. In Figure 3-16, a proportional gain of 

1K  is used. In this case, the PC  contour encircles the –1 point twice: 
once clockwise and once counterclockwise. The clockwise encirclement can 
be easily seen in the big picture Nyquist plot of Figure 3-15. In the zoomed 
section of Figure 3-16, a counter clockwise encirclement can be seen. In the 
zoomed section of Figure 3-17, where the proportional gain is much smaller 
( 01.0K ), there is no counterclockwise encircelement of the –1 point. 
Thus in the case of the larger proportional gain, the total number of 
encircelements is 011N  while in the case of the smaller proportional 
gain, the total number of encircelements is 1N . 
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Figure 3-16. Zooming into the Nyquist plot: Gain = 1 

 
Figure 3-17. Zooming into the Nyquist plot: Gain = 0.01 
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Figure 3-18. Root Locus with proportional controller 

Thus the closed-loop system will be stable with proportional control if 
adequately large gain is used, but is unstable for small gain.  

Figure 3-18 shows the root locus plot for varying feedback gain with the 
proportional controller. Again it can be seen that for small proportional gain, 
there is a pair of complex conjugate poles that are unstable. As the 
proportional gain is increased, these poles become stable. 

It is important to note that with adequately large proportional gain, 
although the closed loop system gets stabilized, it still has poor phase 
margin. This can be seen from the Nyquist plots as well as the Bode plot 
showing the gain and phase margins in Figure 3-19. In Figure 3-19, with a 
proportional gain of 1, a phase margin of 18 degrees is obtained. It can be 
deduced from the plot that this is close to the best phase margin that can be 
obtained for this system. With a smaller gain of 0.1, the closed-loop system 
is unstable. With a higher proportional gain of 10, the system only has a 
phase margin of 8 degrees. Phase uncertainty can therefore easily change the 
number of encirclements of the –1 point for this system. 
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Figure 3-19. Gain margin and phase margin with a unity gain proportional controller 

3.8 LOOP ANALYSIS WITH A LEAD 
COMPENSATOR 

It is clear that robust gain and phase margin can be obtained if phase is 
added in the low frequency range (gain crossover range) for the system with 
unity feedback. Hence a lead compensator is suggested. The following 
transfer function can be used for the controller (compensator) 

1
1

)(
sT
sT

KsC
d

n  (3.34) 

Values for nT  and dT  can be chosen so as to design the closed-loop 
system to have any desired value of phase margin. Values of nT  = 0.5 and 

dT = 0.1 and 01.0K  are used here as an illustration. In the plots shown in 
the next few pages, the above arbitrary values of nT  and dT  are used just to 
show that this compensator will increase the phase margin of the system.  
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Figure 3-20 shows the Bode plot for )(sPC  using the above lead 
compensator. Figure 3-23 shows the gain and phase margins of this system 
with a compensator gain 1K . Figure 3-24 shows the gain and phase 
margins of this system with a compensator gain 1.0K . It is clear that 
with the lead compensator phase has been added at the low frequencies to 
improve phase margin. 

Figures 3-21 and 3-22 show the Nyquist plot for )(sPC . Figure 3-21 
shows the Nyquist plot corresponding to sections 1 and 2 of s  while Figure 
3-22 shows the Nyquist plot corresponding to sections 1, 2, 4 and 5 of s . It 
is clear that the Nyquist curve does not encircle the –1 point and the closed-
loop system is stable for all values of the compensator gain K .  

Figure 3-25 shows the root locus plot for the system with lead 
compensator. Again, it is clear that the closed-loop system is stable for all 
values of the compensator gain K . 

 

 
Figure 3-20. Bode plot for )(sPC  using a lead compensator ( K = 0.01) 
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Figure 3-21. Nyquist plot corresponding to sections 1 and 2 of s  (with lead compensator) 
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Figure 3-22. Nyquist plot corresponding to sections 1, 2, 4 and 5 of s  (with lead 

compensator) 
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Figure 3-23. Bode plot showing gain and phase margins (with lead compensator, 1K ) 

 
Figure 3-24. Bode plot showing gain and phase margins (with lead compensator, 1.0K ) 
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Figure 3-25. Root locus with lead compensator 

3.9 SIMULATION OF PERFORMANCE WITH LEAD 
COMPENSATOR 

To simulate the closed-loop system incorporating the lead compensator, the 
following state space extension can be used. The steering input is related to 
the sensor measurement by the following transfer function relation: 

)(
1
1

)( sY
sT
sT

Ks
d

n  (3.35) 

Hence, in the time domain, 

KyyKTT nd  (3.36) 

Now 

Cxy  
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and 

dCBCBCAxy 21  

Since 01CB , 02CB , we have 

KCxCAxKTT nd  (3.37) 

To find a state space model for the complete system including the lead 
compensator, define a fifth state 

5x  

Then, combining equation (3.37) and the previous linear time invariant 
model for the lateral system, the following extended state space 
representation can be used to represent the closed-loop dynamics: 

d

ddd

n
Bx

T
KC

T
KCA

T
T

BAx
0

11 2
1

 (3.38) 

3.10 ANALYSIS OF CLOSED-LOOP PERFORMANCE  

3.10.1 Performance variation with vehicle speed 

Bode plots of the transfer function of the open loop system from steering 
angle to yaw rate are shown in Figure 3-26 for various speeds. Speeds of 10, 
20 and 30 m/s are shown, with the solid line representing 10 m/s, the dashed 
line respresenting 20 m/s and the solid line marked by ‘+’s representing 30 
m/s. The plots show that the transfer function has less damping at higher 
speeds.  
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Figure 3-26. Transfer function from steering angle to yaw rate at various speeds 
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Figure 3-27. Closed-loop transfer function des/ at different speeds (magnitude) 
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Using the same lead compensator discussed in section 3.7, Bode plots of 

the closed-loop transfer function 
d

 are shown in Figure 3-27 and Figure 

3-28. It can be seen that the closed-loop system also is better damped at 
lower speeds and has less damping at higher speeds. A value of sd  = 2.0 m 
was used for the sensor location. 
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Figure 3-28. Closed-loop transfer function des/  at different speeds (phase) 

3.10.2 Performance variation with sensor location 

Another important variable that influences closed-loop performance and 
robustness is the sensor location variable sd . As seen in Figure 3-29 and 
Figure 3-30, as the variable sd  is increased, the system is better damped. 
This is also observed in the time response plots shown in Figure 3-31, where 
the higher values of sd  gives a better damped step response. A velocity of 
30 m/s was used in the simulations. 
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Figure 3-29. Closed-loop transfer function des/  at different values of sd  
(magnitude) 
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Figure 3-30. Closed-loop transfer function des/  at different values of sd  (phase) 
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Figure 3-31. Step response of the transfer function des/  at different values of sd  

3.11 COMPENSATOR DESIGN WITH LOOK-AHEAD 
SENSOR MEASUREMENT  

In the previous section, it was seen that larger values of sd  provided better 
damping in the closed-loop transfer functions. Large values of sd  
correspond to “look-ahead” measurement in which the lateral position error 
with respect to road is measured at a distance significantly ahead of the 
vehicle. Look ahead measurement is typical when a vision system is used for 
lateral position measurement. If magnetometers or differential GPS is used 
for position measurement, then look ahead sensing can be obtained by 
combining the on-vehicle lateral position measurement with vehicle yaw 
angle measurement so as to extrapolate the lateral position error to a look-
ahead point. In other words, the look ahead distance sd  is artificially 

increased by measuring both 1e  and 2e  and then calculating 

21 edey s , instead of directly measuring 21 ede s . 
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The open-loop transfer function )()( sysP  is shown below in the 

Bode plot in Figure 3-32 for a longitudinal speed of 25 m/s, using sd = 15 
meters. From the Bode plot, it can be seen that this look-ahead system has 
much better phase characteristics than the original system discussed in 
section 7 which used sd = 2 meters. 

Bode Diagram
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Figure 3-32. Gain & phase margins using proportional feedback with unit gain and a high 

value of sd
 

Adequate phase margin can be obtained for this system simply by 
reducing the gain at intermediate frequencies appropriately so that crossover 
occurs at a lower frequency with adequate phase. A lag compensator would 
be able to adequately perform this task. 

3.12 CHAPTER SUMMARY  

This chapter discussed steering control system design for lateral lane 
keeping applications.  
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First, the use of full information in the form of state feedback was 
presented. The lateral system is controllable and can be stabilized by state 
feedback. On a straight road, with the use of a state feedback controller, all 
position and yaw errors were shown to converge to zero. On a circular road, 
however, these errors do not converge to zero with state feedback. The use 
of a feedforward term in the control system enables the position error to 
converge to zero. However, the yaw angle error will always have a steady 
state value, resulting in a steady state vehicle slip angle. Equations for the 
feedforward term and for the steady state slip angle were presented. 

Next, control system design using output feedback was discussed. The 
output measurement was assumed to be lateral position measurement with 
respect to road center at a look-ahead point. Such a measurement is available 
from vision cameras and can also be obtained from other types of lateral 
position measurement systems. Nyquist plots were used to design a control 
system. It was shown that a proportional controller could stabilize the system 
if adequately large gains could be used. However, it would still suffer from 
poor phase margin. The use of a lead compensator together with proportional 
feedback ensures both adequate phase and gain margins and good 
performance. Another important result presented in the chapter was that by 
increasing the look-ahead distance at which lateral position measurement is 
made, a simple lag compensator would be adequate at providing good 
performance and robustness. 

NOMENCLATURE 

1e     lateral position error with respect to road 

2e     yaw angle error with respect to road 

A , 1B , 2B   matrices used in linear state space model for lateral 

dynamics 
    steering wheel angle 

R     turn radius of vehicle or radius of road 
K     feedback gain matrix for state feedback controller 

ff     feedforward steering angle 

ss     steady state steering angle  

sse _2    steady state yaw angle error 

VK     understeer gradient 
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ssx     steady state tracking errors on a curve 

yF     lateral tire force 

yfF     lateral tire force on front tires 

yrF     lateral tire force on rear tires 

xV     longitudinal velocity at c.g. of vehicle 

y     lateral velocity at c.g. of vehicle 

m     total mass of vehicle 

zI     yaw moment of inertia of vehicle 

f     longitudinal distance from c.g. to front tires 

r     longitudinal distance from c.g. to rear tires 

L     total wheel base ( rf ) 

    yaw angle of vehicle in global axes 

    yaw rate of vehicle 

X , Y    global axes 

f     slip angle at front tires 

r     slip angle at rear tires 

C     cornering stiffness of tire 

zF     normal force on tire 

    tire-road friction coefficient 

des    desired yaw rate from road 

    slip angle at vehicle c.g. (center of gravity) 

V  velocity angle (angle of velocity vector with longitudinal 

axis) 

Vf     velocity angle at front wheels 

Vr     velocity angle at rear wheels 

    road bank angle 

    angle subtended by vehicle at center of circular vehicle path 
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minV    minimum longitudinal velocity 

maxV    maximum longitudinal velocity 

P     matrix used in Lyapunov function candidate 

sd     look-ahead distance for lateral position measurement 

)(sP , )(sC plant and controller in unity feedback loop 

s , PC   contours used for Nyquist plot 
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Chapter 4 

LONGITUDINAL VEHICLE DYNAMICS 
 

 
 

The control of longitudinal vehicle motion has been pursued at many 
different levels by researchers and automotive manufacturers. Common 
systems involving longitudinal control available on today’s passenger cars 
include cruise control, anti-lock brake systems and traction control systems. 
Other advanced longitudinal control systems that have been the topic of 
intense research include radar-based collision avoidance systems, adaptive 
cruise control systems, individual wheel torque control with active 
differentials and longitudinal control systems for the operation of vehicles in 
platoons on automated highway systems. 

This chapter presents dynamic models for the longitudinal motion of the 
vehicle. The two major elements of the longitudinal vehicle model are the 
vehicle dynamics and the powertrain dynamics. The vehicle dynamics are 
influenced by longitudinal tire forces, aerodynamic drag forces, rolling 
resistance forces and gravitational forces. Models for these forces are 
discussed in section 4.1. The longitudinal powertrain system of the vehicle 
consists of the internal combustion engine, the torque converter, the 
transmission and the wheels. Models for these components are discussed in 
section 4.2. 

4.1 LONGITUDINAL VEHICLE DYNAMICS 

Consider a vehicle moving on an inclined road as shown in Figure 4-1. The 
external longitudinal forces acting on the vehicle include aerodynamic drag 
forces, gravitational forces, longitudinal tire forces and rolling resistance 
forces. These forces are described in detail in the sub-sections that follow. 

 

87R. Rajamani, Vehicle Dynamics and Control, Mechanical Engineering Series,
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x

 
Figure 4-1. Longitudinal forces acting on a vehicle moving on an inclined road 

A force balance along the vehicle longitudinal axis yields 

)sin(mgRRFFFxm xrxfaeroxrxf  (4.1) 

where 
xfF   is the longitudinal tire force at the front tires 

xrF   is the longitudinal tire force at the rear tires 

aeroF   is the equivalent longitudinal aerodynamic drag force 

xfR  is the force due to rolling resistance at the front tires 

xrR  is the force due to rolling resistance at the rear tires 

m  is the mass of the vehicle 
g  is the acceleration due to gravity 

 is the angle of inclination of the road on which the vehicle is 
traveling 

The angle  is defined to be positive clockwise when the longitudinal 
direction of motion x  is towards the left (as in Figure 4-1). It is defined to 
be positive counter clockwise when the longitudinal direction of motion x  is 
towards the right. 
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4.1.1 Aerodynamic drag force 

The equivalent aerodynamic drag force on a vehicle can be represented as 

2)(
2
1

windxFdaero VVACF  (4.2) 

where  is the mass density of air, dC  is the aerodynamic drag coefficient, 

FA  is the frontal area of the vehicle, which is the projected area of the 
vehicle in the direction of travel, xVx  is the longitudinal vehicle velocity, 

windV is the wind velocity (positive for a headwind and negative for a 
tailwind). 

Atmospheric conditions affect air density  and hence can significantly 
affect aerodynamic drag. The commonly used standard set of conditions  
to which all aerodynamic test data are referred to are a temperature of  
15 Co and a barometric pressure of 101.32 kPa (Wong, 2001). The 

corresponding mass density of air  may be taken as 1.225 3/ mkg . 
The frontal area FA  is in the range of 79-84 % of the area calculated 

from the vehicle width and height for passenger cars (Wang, 2001). 
According to Wang, 2001, the following relationship between vehicle mass 
and frontal area can be used for passenger cars with mass in the range of 
800-2000 kg: 

76500056.06.1 mAf  (4.3) 

The aerodynamic drag coefficient dC  can be roughly determined from a 
coast-down test (White and Korst, 1972). In a coast down test, the throttle 
angle is kept at zero and the vehicle is allowed to slow under the effects of 
aerodynamic drag and rolling resistance. Since there is neither braking nor 
throttle angle inputs, the longitudinal tire force under these conditions is 
small and can be assumed to be zero. The road is assumed to be level with 

0  and the wind velocity windV  is assumed to be zero. 
Under these conditions, the longitudinal dynamics equation can be  

re-written as 

xdFx
x RCAV

dt
dVm 2

2
1

 (4.4) 
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or 

dt

m
R

m
VCA

dV

xxdF

x

2

2  (4.5) 

Integrating equation (4.5), assuming an initial longitudinal velocity of 
0V , one obtains (White and Korst, 1972) 

2/1
1

2/1
1

2/12

2
tan

2
tan2

x

dF
x

x

dF
o

xdF R
CAV

R
CAV

RCA
mt  

 (4.6) 

Let the total time for the vehicle to coast-down to a stop be Tt . Then, 
non-dimensionalizing using the parameter 

2/1

2 x

dF
o R

CA
V  (4.7) 

yields 

)(tan1tan1 1

T
t

V
V

o

x  (4.8) 

In equation (4.8), xV  and t  can be measured and the initial velocity 0V  is 
known. Equation (4.8) represents a one-parameter family, in , of curves in 

which non-dimensional velocity 
o

x

V
V

 can be plotted against non-dimensional 

time 
T
t

. From such a plot, the value of  for a particular vehicle can be 

obtained. 
Once  has been obtained from equation (4.8), then the following 

algebraic expressions can be used to calculate the rolling resistance and drag 
coefficient (White and Korst, 1972): 
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Fo
d ATV

mC )(tan2 1

 (4.9) 

T
mVR o

x
)(tan 1

 (4.10) 

These algebraic expressions are obtained by substitution of the final and 
initial values of time and velocity in equation (4.6) (White and Korst, 1972). 

4.1.2 Longitudinal tire force 

The longitudinal tire forces xfF  and xrF  are friction forces from the ground 
that act on the tires.  

Experimental results have established that the longitudinal tire force 
generated by each tire depends on  

a) the slip ratio (defined below),  
b) the normal load on the tire and  
c) the friction coefficient of the tire-road interface.  

The vertical force on a tire is called the tire normal load. The normal load 
on a tire 

a) comes from a portion of the weight of the vehicle 
b) is influenced by fore-aft location of the c.g., vehicle longitudinal 

acceleration, aerodynamic drag forces and grade of the road. 
Section 4.1.5 describes calculation of the tire normal loads. 

Slip Ratio 

The difference between the actual longitudinal velocity at the axle of the 
wheel xV  and the equivalent rotational velocity weffr  of the tire is called 
longitudinal slip. In other words, longitudinal slip is equal to xweff Vr . 
Longitudinal slip ratio is defined as 

x

xweff
x V

Vr
 during braking (4.11) 

weff

xweff
x r

Vr
 during acceleration (4.12) 
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An explanation of why longitudinal tire force depends on the slip ratio is 
provided in section 4.1.3. A more complete understanding of the influence of 
all three variables – slip ratio, normal force and tire-road friction coefficient 
– on tire force can be obtained by reading Chapter 13 of this book. 

If the friction coefficient of the tire-road interface is assumed to be 1 and 
the normal force is assumed to be a constant, the typical variation of 
longitudinal tire force as a function of the slip ratio is shown in Figure 4-2.  

As can be seen from the figure, in the case where longitudinal slip ratio is 
small (typically less than 0.1 on dry surface), as it is during normal driving, 
the longitudinal tire force is found to be proportional to the slip ratio. The 
tire force in this small-slip region can then be modeled as 

xffxf CF  (4.13) 

xrrxr CF  (4.14) 

where fC   and rC   are called the longitudinal tire stiffness parameters of 
the front and rear tires respectively. 

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
-4000

-3000

-2000

-1000

0

1000

2000

3000

4000

slip ratio

tir
e 

fo
rc

e 
(N

)

acceleration 

deceleration 
(braking) 

 
Figure 4-2. Longitudinal tire force as a function of slip ratio 



4. Longitudinal Vehicle Dynamics 
 

93

If the longitudinal slip ratio is not small or if the road is slippery, then a 
nonlinear tire model needs to be used to calculate the longitudinal tire force. 
The Pacejka “Magic Formula” model or the Dugoff tire model can be used 
to model tire forces in this case (Pacejka and Bakker, 1993, Pacejka, 1996 
and Dugoff, et. al., 1969). These models are discussed in detail in Chapter 13 
of this book.  

4.1.3 Why does longitudinal tire force depend on slip ? 

A rough explanation of why the longitudinal tire force depends on slip ratio 
can be seen from Figure 4-3. 

The lower portion of Figure 4-3 shows a schematic representation of 
deformation of the tread elements of the tire. The tread elements are 
modeled as a series of independent springs that undergo longitudinal 
deformation and resist with a constant longitudinal stiffness. Such a model 
of the tire is called a “brush” model or an “elastic foundation” model 
(Pacejka, 1991, Dixon, 1991). 

Let the longitudinal velocity of the wheel be xV and its rotational velocity 
be w . Then the net velocity at the treads, as shown in Figure 4-3 is 

xweff Vr . 
The tire on a vehicle deforms due to the normal load on it and makes 

contact with the road over a non-zero footprint area called the contact patch 
(see Figure 13-1 of this book). 

First, consider the case where the wheel is a driving wheel, for example, 
the front wheels in a front-wheel drive vehicle. In this case, since the wheel 
is a driving wheel, xweff Vr . Hence the net velocity of the treads is in a 
direction opposite to that of the longitudinal velocity of the vehicle. Assume 
that the slip xweff Vr  is small. Then there is a region of the contact patch 
where the tread elements do not slide with respect to the ground (called the 
“static region” in Figure 4-3). As the tire rotates and a tread element enters 
the contact patch, its tip which is in contact with the ground must have zero 
velocity. This is because there is no sliding in the static region of the contact 
patch. The top of the tread element moves with a velocity of xw VR . 
Hence the tread element will bend forward as shown in Figure 4-3 and the 
bending will be in the direction of the longitudinal direction of motion of the 
vehicle. The maximum bending deflection of the tread is proportional to the 
slip velocity xweff Vr  and to the time duration for which the tread element 
remains in the contact patch. The time duration in the contact patch is 
inversely proportional to the rotational velocity weffr . Hence the maximum 
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deflection of the tread element is proportional to the ratio of slip to absolute 

velocity i.e. proportional to the slip ratio 
weff

xweff

r
Vr

. 

 

 
Figure 4-3. Longitudinal force in a driving wheel 

Thus the net longitudinal force on the tires from the ground is in the 
forward direction in the case of a driving wheel and is proportional to the 
slip ratio of the wheel. 

In the case where the tire is on a driven wheel, the longitudinal velocity is 
greater than the rotational velocity )( weffx rV . In this case the net 
velocity at the treads is in the forward direction and hence the bristles on the 
tire will bend backwards. Hence the tire force on the driven wheel is in a 



4. Longitudinal Vehicle Dynamics 
 

95

direction opposite to that of the vehicle’s longitudinal velocity. Again, for 
small slip ratio, the tire force will be proportional to slip ratio. 

4.1.4 Rolling resistance 

As the tire rotates, both the tire and the road are subject to deformation in  
the contact patch. The road is of course much stiffer and so its deformation 
can be neglected. But the tire is elastic and new material from the tire 
continuously enter the contact patch as the tire rotates. Due to the normal 
load, this material is deflected vertically as it goes through the contact patch 
and then springs back to its original shape after it leaves the contact patch. 
Due to the internal damping of the tire material, the energy spent in 
deforming the tire material is not completely recovered when the material 
returns to its original shape. This loss of energy can be represented by a 
force on the tires called the rolling resistance that acts to oppose the motion 
of the vehicle.  

The loss of energy in tire deformation also results in a non-symmetric 
distribution of the normal tire load over the contact patch. When the tires are 
static (not rotating), then the distribution of the normal load zF  in the 
contact patch is symmetric with respect to the center of the contact patch. 
However, when the tires are rotating, the normal load distribution is non-
symmetric, as shown in Figure 4-4.  

Imagine the tire being represented by a series of independent springs 
which resist vertical deformation, as shown in Figure 4-4. As each spring 
element enters the contact patch, it undergoes vertical deformation. The 
vertical deformation of the spring reaches its maximum at the center of the 
contact patch and goes back to zero at the end of the contact patch. If these 
springs were purely elastic and had no viscous dissipation, then the normal 
load on the contact patch would be symmetric. But, due to viscous 
dissipation, the force required to compress the springs in the first half of the 
contact patch is not fully recovered in the second half of the contact patch. 
Hence the normal load is not symmetric but is larger in the forward half of 
the contact patch. This asymmetric normal load distribution is shown in 
Figure 4-4. 

Hence, when the tires are rotating, the resultant normal load zF  moves 
forward by a distance x , as shown in Figure 4-5. 
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Figure 4-4. Asymmetric normal load distribution on the contact patch 

Typically, the rolling resistance is modeled as being roughly proportional 
to the normal force on each set of tires i.e.  

)( zrzfxrxf FFfRR  (4.15) 

where f  is the rolling resistance coefficient. To see why this approximation 
is made for the rolling resistance force, consider the action of the normal 
load and rolling resistance forces shown in Figure 4-5.  

The moment )( xFz due to the offset normal load is balanced by the 
moment due to the rolling resistance force statxrR , where statr  is the 
statically loaded radius of the tire. Hence 

stat

z
x r

xFR )(
 (4.16) 

The variable x  is not easily measured and therefore xR  is simply 

modeled as being proportional to zF  with a proportionality constant f . 
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Figure 4-5. Description of rolling resistance 

The value of the rolling resistance coefficient f  varies in the range 0.01 
to 0.04. A value of 0.015 is typical for passenger cars with radial tires 
(Wong, 2001). 

4.1.5 Calculation of normal tire forces 

In addition to the total weight of the vehicle, the normal load on the tires is 
influenced by 

a) fore-aft location of the c.g. 
b) longitudinal acceleration of the vehicle 
c) aerodynamic drag forces on the vehicle 
d) grade (inclination) of the road 

The normal force distribution on the tires can be determined by assuming 
that the net pitch torque on the vehicle is zero. In other words, the pitch 
angle of the vehicle is assumed to have reached a steady state value. Define 
the following variables 

h  the height of the c.g. of the vehicle 

aeroh  the height of the location at which the equivalent aerodynamic 

force acts 

f  the longitudinal distance of the front axle from the c.g. of the vehicle 
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r  the longitudinal distance of the rear axle from the c.g. of the vehicle 

effr  the effective radius of the tires 

 

 
Figure 4-6. Calculation of normal tire loads 

Taking moments about the contact point of the rear tire in Figure 4-6 

0)cos()sin()( raeroaerorfzf mgmghhxmhFF  

Solving for zfF  yields 

rf

raeroaero
zf

mgmghhxmhF
F

)cos()sin(  (4.17) 

Taking moments about the contact point of the front tire 

0)cos()sin()( faeroaerorfzr mgmghhxmhFF  

Solving for zrF  yields 

rf

faeroaero
zr

mgmghhxmhF
F

)cos()sin(
 (4.18) 
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Hence, as the vehicle accelerates, the normal load on the front tires 
decreases whereas the normal load on the rear tires increases. 

4.1.6 Calculation of effective tire radius 

The effective tire radius effr  is the value of the radius which relates the 
rotational angular velocity of the wheel w  to the linear longitudinal 
velocity of the wheel effV  as it moves through the contact patch of the tire 
with the ground. 

 
Figure 4-7. Calculation of effective tire radius 

If the rotational speed of the wheel is w , the linear equivalent of the 
rotational speed of the tire is weffeff rV  (Kiencke and Nielsen, 2000).  

As shown in Figure 4-7, let a2  be the longitudinal length of the contact 
patch and  be the angle made by the radial line joining the center of the 
wheel to the end of the contact patch. Let t  be the duration of time taken by 
an element of the tire to move through half the contact patch. Then (Kiencke 
and Nielsen, 2000) 

t
arV weffeff  (4.19) 
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At the same time, the rotational speed of the wheel is 

tw  (4.20) 

Hence 

areff  (4.21) 

The static tire radius is the difference between the undeformed radius of 
the tire wr  and the static vertical deflection of the tire: 

t

z
wstat k

Frr  (4.22) 

where tk  is the vertical tire stiffness. 

From the geometric relationships seen in Figure 4-7 

)cos(wstat rr  (4.23) 

)sin(wra  (4.24) 

Hence the effective tire radius is given by 

w

w

stat

w

stat

eff r

r
r

r
r

r    
cos

cossin

1

1

 (4.25) 

Note that since weff rr )sin(
, weff rr  and that since 

stateff rr )tan(
, stateff rr . Thus 
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weffstat rrr  (4.26) 

4.2 DRIVELINE DYNAMICS 

In the previous section, we saw that the longitudinal motion equation for 
the vehicle is of the type 

)sin(mgFRRFFxm aeroxrxfxrxf  (4.27) 

where xfF  and xrF  are the longitudinal tire forces. The longitudinal tire 
forces on the driving wheels are the primary forces that help the vehicle 
move forward. These forces depend on the difference between the rotational 
wheel velocity weffr and the vehicle longitudinal velocity x . The wheel 

rotational velocity w  is highly influenced by the driveline dynamics of the 
vehicle. The major components of a driveline are shown in Figure 4-8 
below. The flow of power and the direction of loads on the components is 
shown in Figure 4-9. 

 

 
Figure 4-8. Components of a front-wheel drive vehicle powertrain 
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Figure 4-9. Power flow and loads in vehicle drivetrain 

4.2.1 Torque converter 

The torque converter is a type of fluid coupling that connects the engine to 
the transmission. If the engine is turning slowly, such as when the car is 
idling at a stoplight, the amount of torque passed through the torque 
converter is very small, so keeping the car still requires only a light pressure 
on the brake pedal.  

In addition to allowing the car come to a complete stop without stalling 
the engine, the torque converter gives the car more torque when it 
accelerates out of a stop. Modern torque converters can multiply the torque 
of the engine by two to three times. This effect only happens when the 
engine is turning much faster than the transmission. At higher speeds, the 
transmission catches up to the engine, eventually moving at almost the same 
speed. Ideally, though, the transmission should move at exactly the same 
speed as the engine, because the difference in speed wastes power. To 
counter this effect, many cars have a torque converter with a lockup clutch. 
When the two halves of the torque converter get up to speed, this clutch 
locks them together, eliminating the slippage and improving efficiency.  

The torque converter is typically unlocked as soon as the driver removes 
his/her foot from the accelerator pedal and steps on the brakes. This allows 
the engine to keep running even if the driver brakes to slow the wheels 
down. 

The major components of the torque converter are a pump, a turbine and 
the transmission fluid. The fins that make up the pump of the torque 
converter are attached to the flywheel of the engine. The pump therefore 
turns at the same speed as the engine. The turbine is connected to the 
transmission and causes the transmission to spin at the same speed as the 
turbine, this basically moves the car. The coupling between the turbine and 
the pump is through the transmission fluid. Torque is transmitted from the 
pump to the turbine of the torque converter.  
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Torque converter modeling (both physically based and input-output data 
based) has been studied by various researchers (see, for example, Kotwicki, 
1982, Tugcu, et. al., 1986, Runde, 1986). The static model of Kotwicki 
(1982) is desirable for control because of its simplicity. It has a reasonable 
agreement with experimental data for a fairly wide range of operating 
conditions. This model is a quadratic regression fit of the data from a simple 
experiment, which involves measuring only the input and output speeds and 
torques of the torque converter. For the torque converter in Kotwicki (1982), 
the model expressions are as outlined below. 

Let pT  and tT  be pump and turbine torques and )( ep  and t  be 

pump and turbine speeds. For converter mode (i.e. 9.0/ pt ), the 
pump and turbine torques are given by 

2-332 x106041.410x2210.234325.3 ttppp esT  
 (4.28) 

2-3323 x104323.510x3107.010x7656.5 ttpptT  
 (4.29) 

For fluid coupling mode (i.e. 9.0/ pt ), the pump and turbine 
torques are given by 

2323 2441.25100024.32107644.6 ttpp

tp TT
3-x10xx    

(4.30) 

The above equations assume SI units. 
The input-output schematic of the torque converter model is shown 

below in Figure 4-10. 
 

 
Figure 4-10. Schematic of torque converter model 
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When the torque converter is locked, as in the third or higher gears, the 
pump torque is equal to the turbine torque. The pump torque can be 
calculated in this case by calculating the load on the engine from the wheels 
and the transmission. This calculation is shown in section 5.5.1. 

4.2.2 Transmission dynamics 

Let R  be the gear ratio of the transmission. The value of R  depends on the 
operating gear and includes the final gear reduction in the differential. In 
general, 1R  and increases as the gear shifts upwards. 

The schematic of the transmission model is shown in Figure 4-11. The 
turbine torque tT  is the input torque to the transmission. Let the torque 
transmitted to the wheels be wheelsT . At steady state operation under the 
first, second or higher gears of the transmission, the torque transmitted to the 
wheels is 

twheels T
R

T 1
 (4.31) 

The relation between the transmission and wheel speeds is 

wt R
1

 (4.32) 

 
Figure 4-11. Schematic of transmission model 

The steady state gear ratio R  depends on the operating gear. The 
operating gear is determined by a gear shift schedule that depends on both 
the transmission shaft speed and the throttle opening (with fully open throttle 
angle being counted as 90 degrees). Figure 4-12 shows example up shift 
and down shift schedules for a 5-speed automatic transmission. Note that the 
up-shift for each gear change occurs at higher speeds as the throttle angle 
input from the driver is higher (i.e. the driver is demanding higher torque). 
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Figure 4-12. Example up shift and down shift schedules for an automatic transmission 

Equations describing the dynamics during a gear change are complex and 
can be found in Cho and Hedrick, 1989. An alternative is to replace 
equations (4.31) and (4.32) by the following 1st order equations during a 
gear change: 

twheelwheel T
R

TT 1
 (4.33) 

R
w

tt  (4.34) 

Equations (4.33) is initialized with wheelT  = 0 at the instant that the gear 
change is initiated. R  is the gear ratio at the new gear into which the 

transmission shifts. t  is initialized at w
oldR
1

 where oldR  is the old gear 

ratio. 
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The gear change is assumed to be complete when wheelT  and t  

converge to tT
R
1

 and 
R
w  within a threshold value. Once the gear change is 

complete, equations (4.31) and (4.32) can be used again to represent the 
transmission. 

4.2.3 Engine dynamics 

The engine rotational speed dynamics can be described by the equation 

pafiee TTTTI  (4.35) 

where iT  is the engine combustion torque, fT  are the torque frictional 

losses, aT  is the accessory torque and pT  is the pump torque and represents 
the load on the engine from the torque converter. 

Using the notation  

afie TTTT  (4.36) 

to represent the net engine torque after losses, we have 

peee TTI  (4.37) 

The net engine torque eT  depends on the dynamics in the intake and 
exhaust manifold of the engine and on the accelerator input from the driver. 
Engine models are discussed in Chapter 9 for both SI and diesel engines and 
describe how eT  can be calculated. pT  is pump torque and is obtained from 
equations (4.28) and (4.30) of the torque converter. 

The input-output schematic of the engine inertia model is shown in 
Figure 4-13. 
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Figure 4-13. Schematic of engine inertia model 

4.2.4 Wheel Dynamics 

For the driving wheels (for example, the front wheels in a front-wheel driven 
car), the dynamic equation for the wheel rotational dynamics is 

xfeffwheelwfw FrTI  (4.38) 

where wf , wheelT  and effr  have been defined earlier and xfF  is the 
longitudinal tire force from the front wheels. 

For the non-driven wheels 

xreffwrw FrI  (4.39) 

where xrF  is the longitudinal tire force from the rear wheels. 

 
Figure 4-14. Schematic of wheel dynamics 

The total longitudinal tire force is given by 

xrxfx FFF  (4.40) 

Each of the two tire force terms xfF  and xrF  is a function of the slip 
ratio at the front and rear wheels respectively (see section 4.1.2). For 
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calculation of the slip ratio at the front wheels, wf  should be used, while 

for the calculation of the slip ratio at the rear wheels wr  should be used. 

Table 4-1. Summary of longitudinal vehicle dynamic equations 

Summary of longitudinal vehicle dynamic equations 

Primary Vehicle Dynamic Equation 
)sin(mgRRFFFxm xrxfaeroxrxf  

1 Front 
longitudinal 
tire force 

xffxf CF  where 

x
xr wfeff

xf  during braking 

wfeff

wfeff
xf r

xr
 during acceleration 

2 Rear 
longitudinal 
tire force 

xrrxr CF  where 

x
xr wreff

xr  during braking 

wreff

wreff
xr r

xr
 during acceleration 

3 Rolling 
resistance 

)( zrzfxrxf FFfRR  

where the front normal tire force is 

rf

raeroaero
zf

mgmghhxmhFF )cos()sin(

and the rear normal tire force is 

rf

faeroaero
zr

mgmghhxmhF
F

)cos()sin(

      
 

4 Aerodynamic 
drag force 

2)(
2
1

windFdaero VxACF   
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4.3 CHAPTER SUMMARY 

This chapter presented dynamic equations for the longitudinal motion of the 
vehicle. The two major elements of the longitudinal dynamic model were the 
vehicle dynamics and the driveline dynamics.  

The vehicle dynamic equations were strongly influenced by longitudinal 
tire forces, aerodynamic drag forces, rolling resistance forces and 
gravitational forces. These forces were discussed in detail and mathematical 
models for each of these forces were described.  

The longitudinal driveline system of the vehicle consisted of the internal 
combustion engine, the torque converter, the transmission and the wheels. 
Dynamic models for these components were discussed. 

NOMENCLATURE 

xfF   longitudinal tire force at the front tires 

xrF   longitudinal tire force at the rear tires 

aeroF   equivalent longitudinal aerodynamic drag force 

xfR  force due to rolling resistance at the front tires 

xrR  force due to rolling resistance at the rear tires 

m  mass of the vehicle 
g  acceleration due to gravity 

 angle of inclination of the road on which the vehicle is 
traveling 

w  angular velocity of wheel 

effr  effective radius of rotating tire 

statr  static radius of tire 

wr  radius of undeformed tire 

zF  normal load on tire 

x  longitudinal distance from center of contact patch at which 
equivalent normal load acts 

a  half-length of contact patch 
 subtended half-angle of contact patch 
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xV  longitudinal vehicle velocity 

windV  wind velocity 

effV  effective linear velocity of rotating tire )( weffr  

 mass density of air 

dC  aerodynamic drag coefficient 

FA  frontal area of the vehicle 

 parameter related to aerodynamic drag coefficient calculation 

x  slip ratio 

h  height of c.g. of vehicle 

aeroh  height at which equivalent aerodynamic drag force acts 

f  the longitudinal distance of the front axle from the c.g. of the 

vehicle 

r  the longitudinal distance of the rear axle from the c.g. of the 

vehicle 

e  rotational engine speed 

t  angular speed of turbine on torque converter 

pT  pump torque 

tT  turbine torque 

wheelsT  torque transmitted to the wheels 

w  angular speed of wheel 

 time constant in gear change dynamics 
R  gear ratio 

eI  engine inertia 

eT  net engine torque after losses 

wf , wr  angular speed of front and rear wheels respectively 
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Chapter 5 

INTRODUCTION TO LONGITUDINAL 
CONTROL 
 

 
 

5.1 INTRODUCTION 

The term “longitudinal controller” is typically used in referring to any 
control system that controls the longitudinal motion of the vehicle, for 
example, its longitudinal velocity, acceleration or its longitudinal distance 
from another preceding vehicle in the same lane on the highway. The throttle 
and brakes are the actuators used to implement longitudinal control. 

A very familiar example of longitudinal control is the standard cruise 
control system available on most vehicles today. With a standard cruise 
control system, the driver sets a constant desired speed at which he/she 
would like the vehicle to travel. The cruise control system then automatically 
controls the throttle to maintain the desired speed. It is the driver’s 
responsibility to ensure that the vehicle can indeed safely travel at that speed 
on the highway. If there happens to appear a preceding vehicle on the 
highway that is traveling at a slower speed or is too close to the ego vehicle, 
the driver must take action and if necessary apply brakes. Application of 
the brakes automatically disengages the cruise control system and returns 
control of the throttle to the driver. 

The following examples describe other types of advanced longitudinal 
control systems. 

113R. Rajamani, Vehicle Dynamics and Control, Mechanical Engineering Series,
DOI 10.1007/978-1-4614-1433-9_5, © Rajesh Rajamani 2012
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5.1.1 Adaptive cruise control 

An adaptive cruise control (ACC) system is an extension of the standard 
cruise control system. An ACC equipped vehicle has a radar or other sensor 
that measures the distance to other preceding vehicles (downstream vehicles) 
on the highway. In the absence of preceding vehicles, the ACC vehicle 
travels at a user-set speed, much like a standard cruise controlled vehicle. 
However, if a preceding vehicle is detected on the highway by the vehicle’s 
radar, the ACC system determines whether or not the vehicle can continue to 
travel safely at the desired speed. If the preceding vehicle is too close or 
traveling too slowly, then the ACC system switches from speed control to 
spacing control (see Figure 5-1). In spacing control, the ACC vehicle 
controls the throttle and/ or brakes so as to maintain a desired spacing from 
the preceding vehicle. 

 

 
Figure 5-1. Adaptive cruise control 

An ACC systems is “autonomous” - it only uses on-board sensors such as 
radar to accomplish the task of maintaining the desired spacing. It does not 
depend on wireless communication or on cooperation from other vehicles on 
the highway. ACC systems were first introduced in Japan (Watanabe, et. al., 
1997) and Europe and are now available in the North American market 
(Fancher, et. al., 1997, Reichart, et. al., 1996 and Woll, 1997). The 2003 
Mercedes S-class and E-class passenger sedans come with the option of a 
radar based Distronic adaptive cruise control system. The 2003 Lexus LS340 
comes with an optional laser based adaptive cruise control system. 

The design of ACC systems is discussed in detail in Chapter 6. 
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5.1.2 Collision avoidance 

Instead of an ACC system, some vehicles come equipped with a “collision 
avoidance” (CA) system. A collision avoidance system also operates like a 
standard cruise control system in the absence of preceding vehicles and 
maintains a constant desired speed. If a preceding vehicle appears and the 
CA system determines that the desired speed can no longer be safely 
maintained, then the CA system reduces the throttle and/or applies brakes so 
as to slow the vehicle down. In addition, a warning is provided to the driver 
indicating the presence of other vehicles which necessitate that he or she 
should take over longitudinal control. 

5.1.3 Automated highway systems 

A completely different paradigm of longitudinal control is the control of 
vehicles to travel together in a tightly spaced platoon in automated highway 
systems (AHS). Automated highway systems have been the subject of 
intense research and development by several research groups, most notably 
by the California PATH program at the University of California, Berkeley.  

 

 
Figure 5-2. Platoon of Buicks used in the NAHSC Demonstration 



 Chapter 5 116 

In an AHS, the objective is to dramatically improve the traffic flow capacity 
on a highway by enabling vehicles to travel together in tightly spaced 
platoons. The system requires that only adequately instrumented fully 
automated vehicles be allowed on this special highway. Manually driven 
vehicles cannot be allowed to operate on such a highway. Figure 5-2 below 
shows a photograph of eight fully automated cars traveling together in a 
tightly spaced platoon during a demonstration conducted by California 
PATH in August 1997. More details on this experimental demonstration are 
described in section 7.9. Automated highway systems are the focus of 
detailed discussion in chapter 7. 

5.2 BENEFITS OF LONGITUDINAL AUTOMATION 

The development of the longitudinal vehicle control systems described in the 
previous section has been fueled by a number of motivations, including the 
desire to enhance driver comfort and convenience, the desire to improve 
highway safety and the desire to develop solutions to alleviate the traffic 
congestion on highways.  
 

 
Figure 5-3. Growth in peak period travel time, 1982 to 2000 

(Source: Texas Transportation Institute Report, 2002) 
 

An ACC system provides enhanced driver comfort and convenience by 
allowing extended operation of the cruise control option even in the presence 
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of other traffic. ACC systems and other automated systems in general are 
also expected to contribute towards increased safety on the highways. This is 
because statistics of highway accidents show that over 90% of accidents are 
caused by human error (United States DOT Report, 1992). Only a very small 
percentage of accidents are the result of vehicle equipment failure or even 
due to environmental conditions (like, for example, slippery roads). Since 
automated systems reduce driver burden and provide driver assistance, it is 
expected that the use of well-designed automated systems will certainly lead 
to reduced accidents. 

 

 
Figure 5-4. Growth in annual delay per peak road traveler, 1982 to 2000 

(Source: Texas Transportation Institute Report, 2002) 

The development of automated highway systems has been the direct 
result of the motivation to address traffic congestion on highways. 
Congestion has been increasing steadily in the country’s major metropolitan 
areas to an extent where two-thirds of all highway travel today is congested 
travel. Using both the Travel Time Index (Figure 5-3) and annual delay per 
peak traveler (Figure 5-4), congestion appears to be increasing in cities of all 
sizes (Texas Transportation Institute Report, 2002). It appears unlikely that 
the congestion problem will be solved in the foreseeable future by highway 
expansion. The increase in traffic every year outpaces the increase in 
capacity due to additional highway construction (Texas Transportation 
Institute Report, 2002). Thus highway congestion is only expected to worsen 
every year. The development of AHS is an attempt to use technology to 
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address the traffic congestion issue. An AHS in which vehicles travel in 
closely packed platoons can provide a highway capacity that is three times 
the capacity of a typical highway (Varaiya, 1993). 

Having introduced the types of longitudinal control systems under 
development by various automotive researchers, we next move on to 
studying the technical details of designing longitudinal control systems. 

5.3 CRUISE CONTROL 

In a standard cruise control system, the speed of the vehicle is controlled to a 
desired value using the throttle control input. The longitudinal control 
system architecture for the cruise control vehicle will be designed to be 
hierarchical, with an upper level controller and a lower level controller as 
shown in Figure 5-5.  

 

 
Figure 5-5. Structure of cruise control system 

The upper level controller determines the desired acceleration for the 
vehicle. The lower level controller determines the throttle input required to 
track the desired acceleration. Vehicle dynamic models, engine maps and 
nonlinear control synthesis techniques (Choi and Devlin, 1995a and 1995b, 
Hedrick et al, 1991, Hedrick, et. al., 1993) are used by the lower controller in 
calculating the real-time throttle input required to track the desired 
acceleration. 
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In performance specifications for the design of the upper controller, it is 
necessary to specify that the steady state tracking error of the controller 
should be zero. In other words, the speed of the vehicle should converge to 
the desired speed set by the driver. Other desirable performance 
specifications might include zero overshoot and adequately fast rise time. 

As far as the upper level controller is concerned, the plant model used for 
control design is  

desx
s

x
1

1
 (5.1) 

or 

desxxx  (5.2) 

where x is the longitudinal position of the vehicle measured from an inertial 
reference. This means that the upper controller uses desired acceleration as 
the control input. The actual acceleration of the vehicle is assumed to track 
the desired acceleration with a time constant . 

As far as the lower level controller is concerned, the driveline dynamics 
discussed in chapter 4 and the engine dynamics discussed in chapter 9 
constitute the actual longitudinal vehicle model that must be utilized in 
control design. The lower level controller must ensure that the vehicle 
acceleration tracks the desired acceleration determined by the upper 
controller. 

Due to the finite bandwidth associated with the lower controller, the 
vehicle is expected to track its desired acceleration imperfectly. Thus there is 
a first order lag in the lower level controller performance and hence the use 
of the model equation (5.1) for the upper controller which incorporates a lag 
in tracking desired acceleration. 

This chapter assumes a lag of 5.0  for analysis and simulation. 

5.4 UPPER LEVEL CONTROLLER FOR CRUISE 
CONTROL 

A typical algorithm used for the upper controller is PI control using error in 
speed as the feedback signal: 
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t

refxIrefxpdes dtVVkVVktx
0

)(  (5.3) 

where refV  is the desired vehicle speed set by the user. 

Define the following reference position 

t

refdes dVx
0

 (5.4) 

Here )(txdes  is the position of an imagined reference vehicle that is 
traveling at the reference or desired speed. Then the upper controller can be 
rewritten as 

desIdespdes xxkxxkx  (5.5) 

This is equivalent to inter-vehicle spacing control with desxx  being 
the spacing from a fictitious vehicle traveling at the desired reference speed. 

The unity feedback loop denoting this closed-loop system is shown 
below in Figure 5-6. 

PC
e udesx xy

 

Figure 5-6. Unity feedback loop for upper controller for cruise control 

As discussed previously, the plant model for the upper controller is the 
transfer function between desired acceleration and actual vehicle speed and 
is given by 

1
1)(
ss

sP  (5.6) 
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The PI controller is 

s
kksC i

p)(  (5.7) 

Hence the closed-loop transfer function is 

PC
PC

V
V
ref

x
1 ip

ip

kskss
ksk

23  (5.8) 

A root locus of the feedback system is shown in Figure 5-7 for varying 

pk  with the ratio 
i

p

k
k

 fixed at 4. A value of 5.0  was assumed for the 

system lag. Values of pk  varying from 0 to 0.75 were used. It can be seen 
from Figure 5-7 that the closed system is stable for all non-zero pk . There is 
one closed-loop real pole and a pair of complex conjugate poles. For a value 
of pk  = 0.75, the complex poles have a damping ratio of 0.87. If the value of 

pk  is increased further beyond 0.75, the damping ratio of the complex poles 
decreases and the system becomes less damped. 
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Figure 5-7. Root locus for PI controller
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The Bode magnitude plot of the closed-loop transfer function is shown 
in Figure 5-8 for a value of 75.0pk . As seen in the figure, the resulting 
bandwidth of the closed-loop system is 0.2 Hz. 
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Figure 5-8. Closed-loop transfer function with PI controller 

5.5 LOWER LEVEL CONTROLLER FOR CRUISE 
CONTROL 

In the lower controller, the throttle input is calculated so as to track the 
desired acceleration determined by the upper controller. A simplified model 
of longitudinal vehicle dynamics can be used in the design of the lower level 
controller. This simplified model is typically based on the assumptions that 
the torque converter in the vehicle is locked and that there is zero-slip 
between the tires and the road (Hedrick, et. al., 1991). These are very 
reasonable assumptions during cruise control because 

a) The cruise control system is typically engaged in gears 3 and 
higher where the torque converter is indeed locked. 
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b) The tire slip is small since the longitudinal maneuvers involved in 
cruise control are very gentle. 

Using the above assumptions, the engine torque required to track the 
desired acceleration command is first calculated. This calculation is 
described in section 5.5.1. Once the required engine torque has been 
obtained, engine maps and nonlinear control techniques are used to calculate 
the throttle input that will provide this required torque. 

5.5.1 Engine Torque Calculation for Desired Acceleration 

A model of the driveline dynamics was discussed in section 4.2 of this book 
and should be reviewed by the reader. Consider the case where the torque 
converter is locked )( pt TT , the transmission is in steady state (it is not 
undergoing a gear shift) and the longitudinal tire slip is negligible. In this 
case, the wheel speed w  is proportional to the engine speed e  and related 
through the gear ratio R  as follows 

ew R  (5.9) 

and the transmission shaft speed is equal to the engine speed 

et  (5.10) 

The longitudinal vehicle velocity is approximated by weffrx  where 

effr  is the effective tire radius and hence the longitudinal acceleration is 

eeff Rrx  (5.11) 

The longitudinal vehicle equation is 

aeroxx FRFxm  

where xF  is the total longitudinal tire force from all tires, xR  is the rolling 
resistance force and aeroF  is the aerodynamic drag force. Using equation 
(5.11), this can be rewritten as 

aeroxxeeff FRFmRr  (5.12) 
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Hence 

aeroxeeffx FRmRrF  (5.13) 

Substituting from equation (5.13) into the equation for the wheel 
rotational dynamics (4.38) 

aeroeffxeffeeffwheelxeffwheelww FrRrmRrTFrTI 2)(
 (5.14) 

Hence, the torque at the wheels required to produce the desired 
acceleration is 

xeffaeroeffeeffewwheel RrFrmRrRIT 2  (5.15) 

Substituting from equation (5.15) into the equation for the transmission 
dynamics 

xeffaeroeffeeffewtwheelttt RRrFRrrmRRITRTTI 222  

Since et  and pt TT , we have 

xeffaeroeffeeffewpet RRrFRrrmRRITI 222  

Hence the pump torque load on the engine is 

xeffaeroeffeeffwtp RRrFRrrmRRIIT )( 222  (5.16) 

Substituting from equation (5.16) into the engine rotational dynamics 
equation (4.35) 

pnetee TTI

xeffaeroeffeeffwtnet RRrFRrrmRRIIT )( 222  

Hence 

eeI xeffaeroeffeeffwtnet RRrFRrrmRRIIT )( 222  

or 
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xeffaeroeffnetee RRrFRrTJ  (5.17) 

where 

222
effwtee rmRIRIIJ  (5.18) 

Since aeroF  is a quadratic function of vehicle velocity and can also be 
expressed in terms of a quadratic in e , equation (5.16) represents a single 
first order o.d.e. that describes the vehicle dynamics in the case where the 
torque converter is locked and the slip is assumed to be negligible. 

Substituting for aeroF  as 2
eeffaaero RrcF , the dynamics relating 

engine speed e  to the pseudo-input “net combustion torque” netT  can be 
modeled by the single first-order ode 

e

xeffeeffanet
e J

RrRrRcT )(
 

233

 (5.19) 

where 22 )( RImrIIJ efftee  is the effective inertia reflected on 
the engine side.  

From equation (5.19), it is clear that if the net combustion torque is 
chosen as 

)]([)( 233
xeffeeffades

eff

e
net RrRrRcx

rR
JT
 

 (5.20) 

then the acceleration of the car is equal to the desired acceleration defined by 
the upper level controller i.e. desxx . 

5.5.2 Engine Control 

Once the required combustion torque is obtained from (5.20), the control law 
to calculate the throttle angle to provide this torque can be obtained by using 
engine dynamic models and applying nonlinear control synthesis techniques. 
Engine dynamic models for both SI and diesel engines and nonlinear control 
design to provide a desired engine torque are discussed in Chapter 9 of this 
book. 
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5.6 ANTI-LOCK BRAKE SYSTEMS 

5.6.1 Motivation 

Anti-lock brake systems (ABS) were originally developed to prevent wheels 
from locking up during hard braking. Modern ABS systems not only try to 
prevent wheels from locking but also try to maximize the braking forces 
generated by the tires by preventing the longitudinal slip ratio from 
exceeding an optimum value.  

First, note that locking of the wheels reduces the braking forces 
generated by the tires and results in the vehicle taking a longer time to come 
to a stop. Further, locking of the front wheels prevents the driver from being 
able to steer the vehicle while it is coming to a stop.  

To understand the influence of longitudinal slip ratio on braking forces, 
consider the tire force characteristics shown in Figure 5-9. As seen in Figure 
5-9, the magnitude of the tire longitudinal force typically increases linearly 
with slip ratio for small slip ratios. It reaches a maximum (peak) value 
typically at a slip ratio value between 0.1 and 0.15. At slip ratios beyond this 
value, the magnitude of tire force decreases and levels out to a constant 
value. 
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Figure 5-9. Tire longitudinal force as a function of longitudinal slip ratio 
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If the driver presses hard on the brakes, the wheels will slow down 
considerably faster than the vehicle slows down, resulting in a big slip ratio 
value. However, as described above, slip ratios higher than an optimum 
value actually result in reduced braking forces. The vehicle would take 
longer to come to a stop if the slip ratio exceeded the optimum value. The 
ABS solution then is to prevent excessive brake torque from being applied 
on the wheels, so that the slip ratio doesn’t exceed the optimum value. This 
would also prevent or delay the wheels from locking up and increase 
steerability of the vehicle during braking. 

The following simulation plots demonstrate the negative consequences of 
very hard braking. Figures 5-10 and 5-11 show vehicle speed and slip ratio 
respectively during hard braking. As seen in Figure 5-11, the wheels lock 
during braking and result in a slip value of –1 within 1 second of the 
initiation of braking. As seen in Figure 5-10, while the wheels come to a stop 
in 1 second, the vehicle itself does not come to a stop and only reduces in 
speed from 30 m/s to 13 m/s in 12 seconds. 

 

 
Figure 5-10. Vehicle speed during hard braking (No ABS) 
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Figure 5-11. Slip Ratio during hard braking (No ABS) 
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Figure 5-12. Slip Ratio with reduced braking (ABS) 
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Figure 5-13. Vehicle speed with reduced braking (ABS) 

Figures 5-12 and 5-13 show slip ratio and vehicle speed during reduced 
braking designed to just prevent the wheels from locking up. As seen in 
Figure 5-12, the slip ratio is maintained at 0.09 which is close to the 
optimum value of 0.1. The wheels don’t lock, as seen in Figure 5-13, thus 
allowing the vehicle to be steered. Further, the speed of the vehicle is 
reduced from 30 m/s to 2 m/s in 12 seconds. Thus a significantly greater 
reduction in vehicle speed is obtained by limiting the amount of braking 
torque applied to the wheels. 

5.6.2 ABS Functions 

The basic objective of the ABS is to either hold or release the braking 
pressure on the wheels if there is a danger of the wheels locking. At the same 
time, the ABS needs to re-permit application of the brakes again once the 
danger of locking has been averted. The ABS system could also hold or 
release the braking pressure in order to keep the slip ratio at the wheel from 
exceeding an optimum value.  

Depending on the number of wheels the ABS controls, ABS can be four 
channel four sensor, three channel three sensor or one channel one sensor. 
Each channel controlled by the ABS has a valve. Depending on the position 
of the valve, brake pressure on the wheel is held, released or controlled by 
the driver: 
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When the valve is open, pressure from the master cylinder is passed right 
through to the brake. This allows the brake to be controlled by the driver, 
allowing the amount of brake pressure desired by the driver to be applied to 
the brake. 

When the valve is closed or blocked, that brake is isolated from the 
master cylinder. This holds the brake pressure and prevents it from 
increasing even if the driver pushes the brake pedal harder. 

When the valve is in the release position, the pressure from the brake is 
released. In this position, not only is the brake isolated from any further 
braking actions of the driver, but the amount of braking pressure on the 
wheel is actively reduced. 

A major practical problem in ABS systems is that wheel slip cannot be 
measured with inexpensive sensors on a passenger vehicle. Often the only 
measurements available to the ABS system are measurements of the 
individual wheel speeds at the four wheels. Algorithms that utilize these 
wheel speed measurements to predict if the wheels will lock and to predict if 
the danger of locking has been averted have to be used. 

The process of determining whether or not the wheel is going to lock is 
called prediction. Prediction point slip is defined as the wheel slip at the 
instant the control unit predicts for the first time in a brake cycle that the 
wheel is going to lock. 

The process of determining whether or not the danger of locking has 
been averted is called reselection. Reselection point slip is defined as the 
wheel slip at the instant it is predicted for the first time in a brake cycle that 
the danger of locking is averted. 

5.6.3 Deceleration Threshold Based Algorithms 

One of the most common ABS algorithms is the deceleration threshold based 
algorithm (Bosch Automotive Handbook, 2000). The wheel deceleration 
signal is used to predict if the wheel is about to lock. Here wheel 
deceleration is defined as angular deceleration multiplied by effective tire 
radius. 

A common version of the deceleration threshold algorithm is summarized 
in Figures 5-14, 5-15, 5-16 and 5-17 (Kiencke and Nielsen, 2000 and Bosch 
Automotive Handbook, 2000). 

Let RV  be the wheel deceleration defined as  

weffR rV  (5.21) 
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where effr  is the effective tire radius and w  is the angular wheel speed. 

Let 1a , 2a , 3a  and 4a  be acceleration threshold values, all defined to be 

positive with 12 aa  and 34 aa . 

 
Figure 5-14. Deceleration in the first cycle 

When the driver presses on the brake pedal, if the deceleration is less 
than 1a  (i.e. if 1avR ), then the driver’s braking action is directly passed 
through to the brakes. When the deceleration exceeds 1a  for the first time 
(i.e 1avR ), the driver’s braking action is no longer directly passed 
through to the brakes. Instead the braking pressure is held constant at the 
pressure value achieved when the deceleration first exceeded 1a . If the 
wheel deceleration continues to increase further and exceeds the value 2a  
(i.e. 2avR ), then the braking pressure at the wheel is decreased. This 
will prevent the wheel from decelerating any further and could eventually 
result in the wheel gaining speed or accelerating. If the wheel deceleration 
reduces to the value 2a  (i.e. 2avR ), then the pressure drop is stopped. 
If the wheel deceleration drops below the value 1a  (i.e. 1avR ), then the 
driver’s braking action is once again directly passed through to the brakes. If 
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the wheel actually starts accelerating, and the acceleration exceeds the 
relatively high threshold 4a , then the braking pressure is actually increased 
beyond that dictated by the driver’s actions, so as to prevent the wheel from 
over acceleration. In this case, when the wheel’s acceleration drops to the 
value below 3a  (i.e. )3avR , the driver’s braking action are again passed 

through to the brakes. When the wheel deceleration goes below 1a  
( 1avR ) again the second cycle starts. Running through such cycles, the 
wheels are prevented from locking and the wheel rotational speed is kept in 
an area where wheel slip is close to that of the maximum friction coefficient. 
Note that 4a  is a relatively high deceleration level. (much larger than 3a ). 

During the second braking cycle, the braking pressure is reduced right 
away when the deceleration first exceeds 1a  (i.e. the phase of holding brake 
pressure constant between 1a  and 2a  is no longer done during the second 
braking cycle). In the first cycle, the short pressure holding phase is used for 
the filtering of disturbances. 

Figure 5-14 and Figure 5-15 summarize the deceleration threshold based 
algorithm during wheel deceleration. Figure 5-16 and Figure 5-17 
summarize the algorithm during wheel acceleration. 

 

 
Figure 5-15. Deceleration in the second and subsequent cycles 
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Figure 5-16. Increasing acceleration 

 
Figure 5-17. Decreasing acceleration 
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In a modified version of this algorithm, during the first cycle, if the 
deceleration exceeds 1a  and the wheel speed falls below a slip-switching 
threshold (determined based on the initial speed when braking first started), 
then the braking pressure is reduced. Thus the deceleration threshold 2a  is 
not used in this modified algorithm. From the second braking cycle onwards, 
pressure is reduced right away when the deceleration first exceeds 1a  
(Bosch Automotive Handbook, 2000). 

5.6.4 Other Logic Based ABS Control Systems 

A number of factors influence the working of the ABS system. These 
include 

The value of the tire-road friction coefficient, since it influences the 
range within which the wheel slip ratio should be maintained. 

The rate of application of the brake torque (brake dynamics). During 
the first cycle, this depends on how the driver of the vehicle presses the 
brake pedal. In the subsequent cycles, it depends on the pressure build 
characteristics of the modulator. 

Initial longitudinal velocity of the vehicle is also important, since it 
determines how quickly the vehicle can come to a stop. 

The brake effort distribution from front to rear is also important 
The performance of the ABS system for variations in the above 

parameters is an important consideration in ABS system design. Many logic 
based ABS control systems have been developed and reported in literature to 
address performance in the presence of the above variations. 

The work by Guntur and Ouwerkerk, 1972 contains a good discussion of 
logic based ABS system design. It compares different logic controllers by 
evaluating their performance in simulations based on a mathematical vehicle 
model. In the simulations the authors vary three important parameters: rate 
of application of the brake, tire-road friction coefficients (i.e. different road 
conditions) and initial velocity of the vehicle. Different logic controllers are 
compared on the basis that, for variations in these parameters, the control 
unit should 

1. Not fail to indicate locking of the wheel 
2. Not make false predictions about locking of the wheel 
3. Maintain the wheel slip within the desired range 

Four different algorithms are evaluated in terms of their prediction of 
wheel lock. Based on their simulations results, the authors conclude that a 
compound condition consisting of two algorithms pA  and pB  results in the 

best performance (Guntur and Ouwerkerk, 1972). Method pA  sets a 
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maximum threshold deceleration on the wheel speed, while method pB  sets 
another maximum threshold on the ratio of the deceleration of the wheel 
speed to the angular wheel speed. In the proposed compound condition, 
provision is made for an adaptive feature that changes the threshold values 
for initial velocities exceeding 35 m/s. For initial velocities lower than 35 
m/s, a static threshold algorithm is found to be adequate. In considering the 
suitability of methods for the prediction point, the authors allow locking of 
the rear wheels as long as it does not cause instability of the vehicle. 

Eight different algorithms are evaluated in the same paper in terms of 
their identification of the reselection point (Guntur and Ouwerkerk, 1972). 
The authors found that a compound condition consisting of methods rA , 

rD  and rF  gives a good estimation of the reselection point. Method rA  is 
a fixed time delay condition which ensures the reapplication of the brake 
after a certain fixed time lapse after each time the brake is released. Method 

rD  is a variable condition on the desired angular velocity. The angular 
velocity of the wheel at the point of initial braking in the first cycle, or the 
corresponding signal at the point of reapplication in a subsequent cycle, is 
stored and the desired angular velocity is assumed to be proportional to this 
value. This method is used to ensure that the driver of the vehicle can 
conveniently influence the performance of the anti-skid system by 
interrupting a given braking maneuver. Method rF  reapplies the brakes 
whenever a threshold on the ratio of the deceleration of the wheel speed to 
the angular wheel speed is exceeded. It is added to improve the braking 
effectiveness at low vehicle speed, and also render the anti-skid system 
inoperative at very low speed. The compound reselection condition devised 
by the authors does not incorporate an adaptive feature like the one used for 
the prediction point condition.  

5.6.5 Recent Research Publications on ABS 

The development of ABS algorithms continues be an active area of research. 
Many research papers have concentrated on the development of algorithms 
that can ensure that a desired wheel slip ratio is tracked at the wheels. 
Detailed dynamic models of the wheel, tire, vehicle and the hydraulic system 
are used and the resulting system model is nonlinear. Nonlinear control 
system techniques are often used to ensure tracking of a desired wheel slip 
ratio. The measurable states of the system are the hydraulic pressure and the 
wheel speed. The fact that the vehicle absolute velocity cannot be measured 
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means that the slip ratio itself cannot be measured. It must be estimated from 
a observer and this constitutes a very challenging problem. Accounting for 
changes in road surface conditions in the dynamic tire model (e.g. low 
friction coefficient on a slippery road) is an additional difficulty. Interesting 
research papers in this area include Unsal and Kachroo (1999) and 
Drakunov, et. al. (1995).  

5.7 CHAPTER SUMMARY 

This chapter provided an introduction to several longitudinal control 
systems, including standard cruise control, adaptive cruise control, collision 
avoidance, longitudinal control for operation of vehicles in platoons and anti 
lock brake systems. Control system design for standard cruise control and 
anti lock brake systems were discussed in detail. Chapter 6 will next provide 
a detailed discussion of adaptive cruise control while Chapter 7 will discuss 
longitudinal control for operation of vehicles in platoons. 

NOMENCLATURE 

x  longitudinal position of the vehicle from an inertial 
reference 

x  or xV    longitudinal velocity of the vehicle 

desx  imaginary longitudinal position of a vehicle traveling with 

the reference speed 

refx  or refV   desired vehicle speed set by the driver 

pk , ik     gains used in PI controller for cruise control 

      time constant for lag in tracking desired acceleration 

netT      net combustion torque of the engine 

brT      brake torque 

wheelT     torque to the drive wheels 

pT      pump torque 

e      engine angular speed 

w      wheel angular speed 
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t      turbine angular speed 

ac      aerodynamic drag coefficient 

R      gear ratio 

effr      effective tire radius 

xR      rolling resistance of the tires 

xF      total longitudinal tire force 

aeroF     aerodynamic drag force 

eI      engine moment of inertia 

tI      transmission shaft moment of inertia 

wI      wheel moment of inertia 

eI      engine moment of inertia 

eJ      effective inertia reflected on the engine side 

m       vehicle mass 

RV      equivalent linear velocity of rotating wheel 

1a , 2a , 3a , 4a  acceleration thresholds used in ABS algorithm 
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Chapter 6 

ADAPTIVE CRUISE CONTROL 
 

 
 

6.1 INTRODUCTION 

An adaptive cruise control (ACC) system is an extension of the standard 
cruise control system. An ACC equipped vehicle has a radar or other sensor 
that measures the distance to other preceding vehicles (downstream vehicles) 
on the highway. In the absence of preceding vehicles, the ACC vehicle 
travels at a user-set speed, much like a vehicle with a standard cruise control 
system (see Figure 6-1). However, if a preceding vehicle is detected on the 
highway by the vehicle’s radar, the ACC system determines whether or not 
the vehicle can continue to travel safely at the desired speed. If the preceding 
vehicle is too close or traveling too slowly, then the ACC system switches 
from speed control to spacing control. In spacing control, the ACC vehicle 
controls both the throttle and brakes so as to maintain a desired spacing from 
the preceding vehicle. 

An ACC system is “autonomous” - it does not depend on wireless 
communication or on cooperation from other vehicles on the highway. It 
only uses on-board sensors such as radar to accomplish the task of 
maintaining the desired spacing from the preceding vehicle. The first-
generation ACC systems were first introduced in Japan (Watanabe, et. al., 
1997) and Europe and are now available in the North American market 
(Fancher, et. al., 1997, Reichart, et. al., 1996 and Woll, 1997). The 2003 
Mercedes S-class and E-class passenger sedans come with the option of a 
radar based Distronic adaptive cruise control system. The 2003 Lexus LS340 
comes with an optional laser based adaptive cruise control system. 
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Figure 6-1. Adaptive cruise control 

An ACC system provides enhanced driver comfort and convenience by 
allowing extended operation of the cruise control option even in the presence 
of other traffic. ACC systems can also possibly contribute towards increased 
safety on the highways. This is because statistics of highway accidents show 
that over 90% of accidents are caused by human error (US Department of 
Transportation, 1992). Only a very small percentage of accidents are the 
result of equipment failure or even due to environmental conditions (like 
slippery roads). Since an ACC system potentially reduces driver burden and 
partially replaces driver operation with automated operation, it is expected 
that the adoption of ACC systems will potentially lead to reduced accidents. 

From the discussion above, it is clear that the ACC system will have two 
modes of steady state operation: 

1) speed control 
2) vehicle following (i.e. spacing control) 

Vehicle following is the topic of discussion in sections 6.2, 6.3, 6.4, 6.5 
and 6.6 in this chapter. Speed control has been discussed earlier in section 
5.3 of Chapter 5. 

The ACC system must also decide which type of steady state operation is 
to be used i.e. whether the vehicle should use speed control or vehicle 
following, based on real-time radar measurements of distance and relative 
velocity from any preceding vehicle. In addition, the controller must perform 
a number of transitional maneuvers, including 

1. ensuring smooth transition from speed control to vehicle following 
and vice-versa 
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2. determining transition trajectories to ensure the vehicle reaches its 
desired steady state spacing or speed each time a new preceding 
vehicle is encountered, the current preceding vehicle makes an exit 
or a lane change, etc. 

These transitional maneuvers and transitional control algorithms are 
discussed in section 6.7 of this chapter. 

6.2 VEHICLE FOLLOWING SPECIFICATIONS 

Vehicle following is one of the two modes of steady state operation of the 
ACC system. In the vehicle following mode of operation, the ACC vehicle 
maintains a desired spacing from the preceding vehicle. The two important 
specifications that the vehicle following control system must satisfy are 
individual vehicle stability and string stability. 

a) Individual vehicle stability 

The vehicle following control law is said to provide individual vehicle 
stability if the spacing error of the ACC vehicle converges to zero when the 
preceding vehicle is operating at constant speed. If the preceding vehicle is 
accelerating or decelerating, then the spacing error is expected to be non-
zero. Spacing error in this definition refers to the difference between the 
actual spacing from the preceding vehicle and the desired inter-vehicle 
spacing. 

Consider a string of vehicles on the highway using a longitudinal control 
system for vehicle following, as shown in Figure 6-2. Let ix  be the location 
of the i th vehicle measured from an inertial reference, as shown in Figure 6-
2. The spacing error for the i th vehicle (the ACC vehicle under 
consideration) is then defined as desiii Lxx 1 . Here desL  is the 
desired spacing and includes the preceding vehicle length 1i . The desired 
spacing desL  could be chosen as a function of variables such as the vehicle 
speed ix . The ACC control law is said to provide individual vehicle 
stability if the following condition is satisfied 

001 iix               (6.1) 
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Figure 6-2. String of adaptive cruise control vehicles 

b) String stability 

If the vehicle following control law ensures individual vehicle stability, the 
spacing error should converge to zero when the preceding vehicle moves at 
constant speed. However, the spacing error is expected to be non-zero during 
acceleration or deceleration of the preceding vehicle. It is important then to 
describe how the spacing error would propagate from vehicle to vehicle in a 
string of ACC vehicles that use the same spacing policy and control law. The 
string stability of a string of ACC vehicles refers to a property in which 
spacing errors are guaranteed not to amplify as they propagate towards the 
tail of the string (Swaroop, 1995, Swaroop and Hedrick, 1996). For example, 
string stability ensures that any errors in spacing between the 2nd and 3rd cars 
does not amplify into an extremely large spacing error between cars 7 and 8 
further up in the string of vehicles. 

A rigorous definition for string stability will be provided in section 6.4. 

6.3 CONTROL ARCHITECTURE 

The longitudinal control system architecture for an ACC vehicle is typically 
designed to be hierarchical, with an upper level controller and a lower level 
controller as shown in Figure 6-3. The upper level controller determines 
the desired acceleration for each vehicle. The lower level controller 
determines the throttle and/or brake commands required to track the desired 
acceleration. Vehicle dynamic models, engine maps and nonlinear control 
synthesis techniques (Choi and Devlin, 1995a and 1995b, Hedrick et al, 
1991, Hedrick, et. al., 1993) are used by the lower controller in calculating 
the real-time brake and throttle inputs required to track the desired 
acceleration. 
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Figure 6-3. Structure of longitudinal control system 

The objective of the upper controller is to determine desired acceleration 
such that two performance specifications are met. As discussed in section 
6.2, the first specification is the individual stability of the vehicle so that it 
can asymptotically achieve and maintain a desired spacing with respect to 
the preceding vehicle on the highway. The second specification is to ensure 
that when many ACC vehicles on the highway operate under automatic 
control using the same vehicle following control law, the “string stability” of 
a string of vehicles can be guaranteed (Swaroop, 1995, Swaroop and 
Hedrick, 1996). 

As far as the upper level controller is concerned, the plant model used for 
control design is  

uxi  (6.2) 

where the subscript i denotes the i th car in the string. The acceleration of 
the car is thus assumed to be the control input. However, due to the finite 
bandwidth associated with the lower level controller, each car is actually 
expected to track its desired acceleration imperfectly. The objective of  
the upper level controller design is therefore stated as that of meeting 
performance specifications 1 and 2 robustly in the presence of a first-order 
lag in the lower level controller performance: 
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Equation (6.2) is thus assumed to be the nominal plant model while the 
performance specifications have to be met even if the actual plant model 
were given by equation (6.3). 

This chapter assumes a lag of  = 0.5 sec for analysis and simulation. The 
maximum acceleration and deceleration possible are assumed to be 0.25g 
and 0.5g respectively. 

6.4 STRING STABILITY 

As described briefly earlier, the string stability of a string of ACC vehicles 
refers to a property in which spacing errors are guaranteed not to amplify as 
they propagate towards the tail of the string. In this section, mathematical 
conditions that ensure (and define) string stability will be provided 

Let i  and 1i  be the spacing errors of consecutive ACC vehicles in a 

string. Let )(ˆ sH  be the transfer function relating the spacing errors of 
consecutive vehicles 

1
)(ˆ

i

isH
 
 

 (6.4) 

The system is string stable if the following two conditions are satisfied: 

a) The transfer function )(ˆ sH  should satisfy 

1||)(ˆ||     sH  (6.5) 

b) The impulse response function )(th  corresponding to )(ˆ sH  should 
not change sign ( Swaroop, 1995), i.e.  

0)(th   0t  (6.6) 

The reasons for these two requirements to be satisfied can be understood 
by reading sections 7.5 and 7.6 in Chapter 7. Roughly speaking, equation 
(6.5) ensures that 212 |||||||| ii      which means that the energy in the 
spacing error signal decreases as the spacing error propagates towards the 
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tail of the string. Equation (6.6) ensures that the steady state spacing errors 
of the vehicles in the string have the same sign. This is important because a 
positive spacing error implies that a vehicle is closer than desired while a 
negative spacing error implies that it is further apart than desired. If the 
steady state value of i  is positive while the steady state value of 1i  is 
negative, then this might be dangerous even though in terms of magnitude 

i  might be smaller than 1i . The condition that the impulse response be 
positive ensures that steady state values of i and 1i  have the same sign. 

When conditions (6.5) and (6.6) are both satisfied, then, 
|||||||| 1ii    , as discussed in section 7.5. 

More details on string stability can be found in sections 7.5 and 7.6 in 
Chapter 7. 

6.5 AUTONOMOUS CONTROL WITH CONSTANT 
SPACING 

As discussed in section 6.1, an autonomous controller (like the ACC system) 
only utilizes on board sensors like radar and does not depend on inter-
vehicle communication or any other form of cooperation from other vehicles 
on the highway. This implies that the only variables available as feedback 
measurements for the upper controller are inter-vehicle spacing, relative 
velocity and the ACC vehicle’s own velocity. This section demonstrates that 
such an autonomous controller cannot use a constant spacing policy i.e. the 
constant spacing policy is unsuitable for autonomous control applications. 

Define the measured inter-vehicle spacing as 

11 iiii xx  (6.7) 

where 1i  is the length of the preceding vehicle. Under the constant 
spacing policy, the spacing error of the i th vehicle is then defined as 

desiii Lxx 1  (6.8) 

where desL  is the desired constant value of inter-vehicle spacing and 
includes the preceding vehicle length. 

If we assume that the acceleration of the vehicle can be instantaneously 
controlled, then a linear control system of the type 
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ivipi kkx    (6.9) 

yields  

111 ivipivipiii kkkkxx  

which leads to the following closed-loop error dynamics 

11 ivipipivi kkkk          (6.10) 

The transfer function  

pv
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i

i

ksks
skk

ssG 2
1

)()(
 
 

 (6.11) 

describes the propagation of spacing errors along the vehicle string. The 
Bode magnitude plot in Figure 6-4 is shown for pk = 1, vk  = 0.3. The 
maximum magnitude of this transfer function is greater than 1 so that  
the autonomous control law of equation (6.9) is not string stable.  
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Figure 6-4. Magnitude of G(s) from equation (6.11) 
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All positive values of pk  and vk  guarantee that the spacing error of the 
i th vehicle converges to zero when the spacing error of the 1i  th vehicle 
is zero. Thus individual vehicle stability is ensured. However, there are no 
positive values of pk  and vk  and for which the magnitude of the transfer 

function )(sG  can be guaranteed to be less than unity. To see why this is the 
case, rewrite )(sG  as 

1)( 2 s
k
k

ksks
k

sG
p

v

pv

p  (6.12) 

or 

)()()( 21 sGsGsG  (6.13) 

For the magnitude of )(1 jG  to be less than 1, one needs the damping 

ratio 707.0     or 707.0
2

    
p

v
k

k
 i.e.  

pv kk 414.1  (6.14) 

For the magnitude of )(2 jG  to not exceed 1 at frequencies up to the 

resonant frequency pk , one needs the frequency 
v

p

k
k

 to be bigger than 

pk . Hence, one needs p
v

p k
k
k

 or  

vp kk  (6.15) 

It is not possible to find gains that satisfy both equations (6.14) and 
(6.15). Hence the magnitude of )(sG  will always exceed 1. 

The constant spacing policy is therefore not suitable for use on 
autonomous systems such as the ACC system (Swaroop, 1995).  
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6.6 AUTONOMOUS CONTROL WITH THE 
CONSTANT TIME-GAP POLICY 

Since the constant spacing policy is unsuitable for autonomous control, a 
better spacing policy that can ensure both individual vehicle stability and 
string stability must be used. The constant time-gap (CTG) spacing policy is 
such a spacing policy. In the CTG spacing policy, the desired inter-vehicle 
spacing is not constant but varies linearly with velocity: 

iides xhL 1  (6.16) 

The constant parameter h  is referred to as the time-gap. The spacing 
error varies with the velocity and is defined as 

iii xh  (6.17) 

where 11 iiii xx , as defined earlier in equation (6.7). 

The following controller based on the CTG spacing policy was 
developed by Ioannou and Chien (1993). The control law is autonomous and 
can be represented as 

)   (1 _ iidesi h
x  (6.18) 

With this control law, it can be shown that the spacing errors of 
successive vehicle i  and 1i  are independent of each other. Differentiate 
equation (6.17) to obtain 

iii xh  (6.19) 

Substituting for ix  from equation (6.18) into equation (6.19) and 
assuming desii xx _ , the error dynamics for i are obtained as 

ii  (6.20) 

 



6. Adaptive Cruise Control 
 

151 

Thus i  is independent of 1i  and is expected to converge to zero as 
long as 0 . Note, however, that this result is only true if any desired 
acceleration can be instantaneously obtained by the vehicle i.e. if the time 
constant  associated with the lower level controller performance is 
assumed zero. 

6.6.1 String stability of the CTG spacing policy 

In the presence of the lower controller and actuator dynamics, the desired 
acceleration is not obtained instantaneously but instead satisfies the 
dynamics approximated by equation (6.3): 

desiii xxx _  

Substituting for desix _  from equation (6.18), we obtain 

)(1
iiii h

xx        (6.21) 

Also, differentiating i  twice from equation (6.17), we obtain 

iii xh  (6.22) 

Substituting for ix  from equation (6.21), we find that the relation 
between i  and i  is given by 

iiiii xh1
 
or 

iiii
1

 (6.23) 

The difference between errors of successive vehicles can be written as 

)( 111 iiiiii xxh  
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or 

iiiii h11  (6.24) 

Using equation (6.23) to substitute in equation (6.24) for i  in terms of 

i  and for 1i  in terms of 1i , a dynamic relation between i  and 1i  
can be obtained. In the transfer function domain, this relation is 

shhssh
s

i

i

) 1(  
 

23
1

 (6.25) 

The string stability of this system can be analyzed by looking at the 
above transfer function and checking if its magnitude is always less than 1. 
Substituting js  and evaluating the magnitude of the above transfer 
function, it can be shown (see Appendix 6.A) that the magnitude is always 
less than or equal to unity at all frequencies only if 

2h  (6.26) 

Further if equation (6.26) is satisfied, then it is guaranteed that one can 
find a value of  such that 1||)(ˆ|| sH . Thus the condition (6.26) is both 
necessary and sufficient. The above result was obtained by Swaroop (1995). 
In effect, this means that string stability can be maintained only if the time-
gap is larger than the variable 2 .  

Figure 6-5 below shows the impulse response of the transfer function in 
equation (6.23) for values of =0.4,  = 0.5 and h = 1.8 seconds. It can be 
seen that the impulse response of the system is non-negative for these values 
of the transfer function parameters. Thus, both 1)(ˆ   sH  and 0)(th  

can be ensured by this choice of controller parameters. 
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Impulse Response
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Figure 6-5. Impulse response of the constant time-gap autonomous controller 

The specification 1)(ˆ   sH  can always be met by choosing h  to be 

sufficiently big so that equation (6.26) is satisfied. However, there are no 
results available that provide a direct design procedure for ensuring that the 
impulse response )(th  is non-negative. The results in Swaroop (2003) 
provide indirect design tips for the same. Two necessary conditions that 
must be satisfied by the transfer function )(ˆ sH  in order for the impulse 
response to be non-negative are 

1) The dominant poles of the system should not be a complex conjugate 
pair. 

2) There should not be any zeros of the system that are completely to the 
right of all poles of the closed-loop system. 

6.6.2 Typical delay values 

This section discusses what would be a typical value to expect for the 
constant  which is the time constant of the lag in tracking any desired 
acceleration command. From equation (6.26), it is clear that the value of  
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limits the time gap h . A smaller time gap would lead to higher density of 
traffic and thus increased traffic capacity on the highway. However, from 
equation (6.26), the time gap cannot be made smaller than 2 , since the 
system would then no longer be string stable. 

The lag in the performance of the lower controller comes from several 
sources, accumulating brake or engine actuation lags and sensor signal 
processing lags.  

  
(brake pressure (psi) vs time (sec) ) 

 
Figure 6-6. Pure-time delay and lag in an ABS-modified brake system 

Figure 6-6 shows the measured performance of a brake actuator designed 
by a modification of the ABS system. When required to track a step input of 
300 psi brake pressure, the actuator has a pure time delay of 70 milliseconds 
in addition to a first order time constant of 80 milliseconds. Figure 6-7 
shows the measured performance of a constant-flow valve brake actuator 
designed at PATH. This actuator has a pure time delay of 70 milliseconds 
and a first order time constant of 70 milliseconds (Rajamani and Shladover, 
2001).  
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Figure 6-7. Pure time delay and lag in a constant flow brake actuator developed at PATH 

If we include  

1) the pure time delay in the engine response (60 milliseconds at 2000 
rpm),  

2) the bandwidth of the lower level multiple-sliding-surface controller 
that tracks acceleration 

3) the bandwidth of low pass filters used for other sensors such as 
engine manifold pressure sensor, wheel speed sensor, etc 

4) the bandwidth of the throttle actuator 
5) the lag due to discrete sampling at 50 Hz (20 ms sampling) 
6) the 200 ms lag due to the radar filter 
7) when braking, the brake actuator lag instead of engine time delay. 

it is clear that the overall time constant of the lower level controller could be 
as much as 500 milliseconds.  

Thus, from equation (6.26), in order to ensure string stability, the 
smallest time-gap that can be used by the upper level controller is 1 second. 
This is equivalent to a steady-state spacing of 30 meters between vehicles at 
a speed of 30 m/s. The theoretical maximum traffic flow rate that can be 
achieved is therefore less than 3100 vehicles/ hour, assuming that the 
vehicles are 5 meters long. 
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An alternative nonlinear autonomous controller with a variable time gap 
has been proposed by Yanakiev and Kanellakopoulos (1995). Results in 
Yanakiev and Kanellakopoulos (1995) indicate improvements in 
performance and response compared to the standard constant-time-gap 
autonomous controller. While nonlinear controllers have the potential to 
overcome the minimum time-gap constraint of the standard linear controller, 
they are considerably more difficult to analyze. This is because linear 
systems tools such as frequency response and Bode plots can no longer be 
used in the analysis. The variable-time-gap algorithm in Yanakiev and 
Kanellakopoulos (1995) has not been analyzed for its robustness to the 
presence of the lower controller dynamics. 

6.7 TRANSITIONAL TRAJECTORIES 

All of the control laws presented in sections 6.2 – 6.6 were designed for 
steady state vehicle following. An ACC vehicle must not only execute 
steady-state vehicle following but also other maneuvers like speed control 
and transitional maneuvers like “vehicle join” for closing in on a slower 
moving preceding vehicle.  

6.7.1 The need for a transitional controller 

An ACC vehicle operates under speed control when there is no preceding 
target vehicle detected in its lane. While under speed control, the ACC 
vehicle might suddenly encounter a new vehicle in its lane. The new vehicle 
might be encountered because it cuts in from another lane or because it 
might be a slower moving vehicle in the same lane. In each case the ACC 
vehicle must decide whether to continue to operate under the speed control 
mode or transition to the vehicle following mode. If a transition to vehicle 
following is required, a transitional trajectory that will bring the ACC 
vehicle to its steady state following distance needs to be designed. Similarly, 
an ACC vehicle under the vehicle following mode might lose its target 
vehicle due to the target vehicle being faster or the target vehicle making a 
lane change. In such a case, the ACC vehicle must decide whether to switch 
to speed control or to initiate a transitional maneuver to follow a different 
target vehicle further downstream.  

The regular constant time-gap (CTG) control law from section 6.6 cannot 
directly be used to follow a newly encountered vehicle. A transitional 
trajectory needs to be designed before the CTG control law can be used. The 
need for a transitional trajectory can be understood from the following 
example: 
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Example: 

Consider the scenario shown in Figure 6-8 where the ACC vehicle which 
was operating under speed control encounters a stalled vehicle in its lane. 
Assume that the initial speed of the ACC vehicle is 30 m/s and that the CTG 
control law parameters are 1 , 1h  sec and 5L  meters. 

 
Figure 6-8. ACC vehicle encounters stalled vehicle 

The final steady state desired spacing of the vehicle is 5L  meters. 
The initial desired spacing of the vehicle is ixhL = 5+30 = 35 meters. The 
initial spacing error is 653051001 iiii xhLxx  and 
the initial relative velocity is 301iii xx . 

If the ACC vehicle were to directly use the CTG control law 

iides h
x 1

, then the initial desired acceleration command would 

turn out to be 2/ 3565301 smxdes  !  
Thus the initial desired acceleration would be a huge positive value ! 

This is because the vehicle has a huge spacing error in which it calculates 
that it is too far behind the target vehicle, even though the target vehicle is 
moving much more slowly (is stalled). 

Since the initial distance is only 100 meters, there is a danger of the ACC 
vehicle crashing into the stalled vehicle. The distance required for the ACC 
vehicle to brake to a stop starting from a speed of 30 m/s and assuming a 
maximum braking deceleration of 5 2/ sm  is 

90
)5(2

302
X  meters. 
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Thus starting from an initial distance of 100 meters, the vehicle has 
barely enough distance to avoid a collision if it started braking right away. If 
the vehicle initially accelerated using the CTG control law, it would not have 
enough distance to stop and would eventually collide with the stalled 
vehicle! 

End of example 

The regular steady state vehicle following control law (without use of  
a transitional trajectory) does not take into account the following 
considerations 

a) Preventing a collision is the highest priority i.e. it is not allowable to 
have the ACC vehicle speed up when it encounters a new target 
vehicle only to collide with the vehicle later. 

b) The brake and engine actuators on a vehicle have limited maximum 
allowable values and saturate 

c) A newly encountered preceding vehicle need not always be a target 
vehicle for vehicle following. 

A transitional controller is therefore required that takes the above 
considerations into account. 

6.7.2 Transitional controller design through RR  
diagrams 

When a new target vehicle is encountered by the ACC vehicle, a range-range 
rate diagram can be used (Fancher and Bareket, 1994) to decide whether 

a) The vehicle should use speed control. 
b) The vehicle should use spacing control (with a defined transition 

trajectory in which desired spacing varies slowly with time) 
c) The vehicle should brake as hard as possible in order to avoid a 

crash. 
The range – range rate ( RR ) diagram is developed as follows. Define 

range R  and range rate R  as shown in Figure 6-9 where 

VVxxR pp  (6.27) 

xxR p  (6.28) 
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and px , x , pV  and V are inertial positions and velocities of the preceding 
vehicle and ACC vehicle respectively. 

 
Figure 6-9. Definition of range and range rate 

A typical RR  diagram, as developed by Fancher and Bareket (1994), 
is shown in Figure 6-10 below. 

 
Figure 6-10. Range vs. range-rate diagram  

Depending on the measured real-time values of R  and R  and the 
RR  diagram in Figure 6-10, the ACC system determines the mode of 

longitudinal control in which the ACC vehicle should operate. For instance, 
in region 1, the vehicle continues to operate under speed control. In region 2, 
the vehicle operates under spacing control. In region 3, the vehicle 
decelerates at the maximum allowable deceleration so as to try and avoid a 
crash. 

The RR  diagram has the following properties (Fancher and Bareket, 
1994): 
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1) Possible directions of motion 

R

R

slower target vehicle faster target vehicle

 

Figure 6-11. Possible directions of motion 

When R  is negative, R  can only decrease. When R  is positive, R  can 
only increase. Hence in the right half of the RR  diagram, R  can only 
increase. In the left half of the RR  diagram, R  can only decrease. This is 
illustrated in Figure 6-11. 

R

R

finalR
B

A

C

 

Figure 6-12. Switching line for spacing control 

  2) Switching line for starting spacing control 

The switching line from speed to spacing control is given by 
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finalRRTR  (6.29) 

where T  is the slope of the switching line. When a slower vehicle is 
encountered at a distance larger than the desired final distance finalR , the 
switching line shown in Figure 6-12 can be used to determine when and 
whether the vehicle should switch to spacing control. If the distance R  is 
greater than that given by the line, speed control should be used. 

The overall strategy (shown by trajectory ABC) is to first reduce gap at 
constant R , and then follow the desired spacing given by the switching line 

finalRRTR   

Note R  is negative and hence R  is always bigger than finalR  during 
this trajectory. 

Note that a number of alternate trajectories are also possible from point A 
to C. For example, a straight line path from A to C could also be used. One 
of the advantages of the trajectory in Figure 6-12 is that the vehicle doesn’t 
start braking right away, as soon as a new vehicle is encountered. Instead the 
ACC vehicle continues at its initial speed and starts braking only after the 
switching line is reached. Abrupt maneuvers as soon as a new vehicle is 
encountered are avoided. 

The control law during spacing control on this transitional trajectory is as 
follows. Depending on the value of R , determine R  from equation (6.29). 
Then use R  as the desired inter-vehicle spacing in the PD control law 

RxkRxkx dpdes  (6.30) 

The trajectory of the ACC vehicle during constant deceleration is a 
parabola on the RR   diagram. In Figure 6-13, note that the larger 
deceleration leads to the lower parabola. This can be understood from the 
fact that for each value of R , R  is smaller for the lower parabola. 

 

3) Trajectory during constant deceleration 
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R

R

smaller deceleration

larger deceleration

 
Figure 6-13. Parabolic trajectory during constant deceleration 

R

R

finalR

amnR

 

Figure 6-14. Constant deceleration followed by acceleration 

As the vehicle decelerates R  will increase (become less negative 
initially). Eventually R  will become zero as the ACC vehicle slows down to 
the target vehicle speed. Then R  will start becoming positive, as shown in 
Figure 6-14. When 0R , the distance between the vehicles will start 
increasing. Let amnR  be the minimum value of R  achieved in the parabolic 
trajectory of constant deceleration. Then the equation of the parabolic 
trajectory is 

D
RRR amn 2

2
 (6.31) 
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where D  is the deceleration value of the vehicle. The same switching line 
discussed in Figure 6-12 can be used to eventually accelerate the vehicle and 
come to the final desired spacing finalR . This is shown in Figure 6-14. 

4) What slope should the switching line have ? 

The switching line should be such that travel along the line is 
comfortable and does not constitute high deceleration. The deceleration 
during coasting (zero throttle and zero braking) can be used to determine the 
slope of the switching line. Let 2/4.0 smD  be the deceleration during 
coasting. Construct a parabola with deceleration D  that passes through 

finalR  as shown in Figure 6-15. Then the trajectory of the parabola is 

D
RRR final 2

2
 (6.32) 

The value of this parabola at the maximum measurable range A  of the 
sensor e.g. 300 feet is calculated. The line passing through A  and finalR  

can be used to determine the slope. Alternately, the maximum allowable R  
can be used in equation (6.32) to determine the point A  of the switching 
line. 

R

R

finalR

300 feet
A

 

Figure 6-15. Trajectory during coasting 

String stability in transitional maneuvers 

Do we have to worry about string stability during these transitional 
maneuvers ? No. This is because only the lead car in any string of vehicles 
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will execute these transitional maneuvers. The other cars in the string do not 
execute a transitional trajectory. They only follow the lead vehicle using a 
steady state controller like the constant time-gap controller. Hence string 
stability is maintained in the string of vehicles. 

6.8 LOWER LEVEL CONTROLLER 

In the lower level controller, the throttle and brake actuator inputs are 
determined so as to track the desired acceleration determined by the upper 
controller. The following simplified model of vehicle dynamics is used in 
the development of the lower level controller. This simplified model is based 
on the assumptions that the torque converter in the vehicle is locked and that 
there is zero-slip between the tires and the road, as described in chapter 5. 
These assumptions relate the vehicle speed ix  directly to the engine speed e : 

ieeffii rvx )(R  (6.33) 

where R is the gear ratio and effr  is the effective tire radius. 
Under these assumptions, as described in section 5.5.1 of Chapter 5, the 

dynamics relating engine speed e  to the pseudo-inputs “net combustion 
torque” netT  and brake torque brT  can be modeled by 

e

brxeffeeffanet
e J

TRrrcT )(233 RR
  (6.34) 

where 22 )( RImrIJ effee  is the effective inertia reflected on the 

engine side,R is the gear ratio and effr  the tire radius. 

Note that R  is used in this chapter to denote the transmission gear ratio 
(not to be confused with R  which is used in the RR  diagrams). 

If the net combustion torque is chosen as 

ibrxeffeeffaides
eff

e
inet TRrrcx

r
JT )]([)( 233 RR
 R

 (6.35) 

then, from equation (6.34), the acceleration of the ACC vehicle is equal to 
the desired acceleration defined by the upper level controller : idesi xx . 
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Once the required combustion torque is obtained from (6.35), the control 
law to calculate the throttle angle to provide this torque can be obtained by 
using engine dynamic models and applying nonlinear control synthesis 
techniques. Engine dynamic models for both SI and diesel engines and 
control design to provide a desired torque are discussed in Chapter 9 of this 
book. 

6.9 CHAPTER SUMMARY 

The longitudinal controller in an ACC system has two modes of steady state 
operation: 

1) speed control 
2) spacing control 

Steady state spacing control is called vehicle following. In the vehicle 
following mode, the longitudinal controller must ensure that the following 
two properties are satisfied: 

1) Individual vehicle stability, in which spacing error converges to zero 
if the preceding vehicle travels at constant velocity 

2) String stability, in which spacing error does not amplify as it 
propagates towards the tail of a string of vehicles. 

An ACC system is “autonomous” - it does not depend on wireless 
communication or on cooperation from other vehicles on the highway. It 
only uses on-board sensors to accomplish its control system tasks. In the 
case of an autonomous controller, a constant inter-vehicle spacing policy 
cannot be used. This is because an autonomous controller can ensure 
individual vehicle stability but cannot ensure string stability in the case of 
the constant spacing policy. Instead the constant time-gap spacing policy in 
which the desired spacing is proportional to speed should be used. With the 
constant time-gap spacing policy, both string stability and individual vehicle 
stability can be ensured in an autonomous manner. 

In addition to executing steady-state vehicle following, the longitudinal 
controller must also decide which type of steady state operation is to be used 
i.e. whether the vehicle should use speed control or vehicle following, based 
on real-time radar measurements of range and range rate. In addition, the 
controller must perform a number of transitional maneuvers, including 
transitioning from spacing control to speed control when the preceding 
vehicle makes a lane change, executing a “vehicle join” for closing in on a 
slower moving preceding vehicle, etc. These transitional maneuvers can be 
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executed based on controllers designed using RR  diagrams. RR  
diagrams were discussed in section 6.7 of the chapter. 

NOMENCLATURE 

ix  longitudinal position of ACC vehicle or of the i th 

vehicle in a string 

ix  or iV or V     longitudinal velocity of the i th vehicle 

11 iiii xx  measured inter-vehicle spacing with 1i  being the 

length of the preceding vehicle 

desiii Lxx 1   spacing error of the i th vehicle  

h  value of time gap used in constant time gap 
controller 

R         range 

R         range rate 

pV         velocity of preceding vehicle 

finalR , T , D     constants used in the RR  diagrams 

netT         net combustion torque of the engine 

brT         brake torque 

e         engine angular speed 

ac         aerodynamic drag coefficient 

R         gear ratio 

effr         effective tire radius 

xR         rolling resistance of the tires 

eJ         effective inertia reflected on the engine side 

m         vehicle mass 
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APPENDIX 6.A 

This Appendix contains a proof of the result stated in section 6.6.1, namely 
that the magnitude of the transfer function 

)(ˆ sH
shhssh

s

i

i

) 1(  
 

23
1

 (6.36) 

is always less than or equal to 1 at all frequencies if and only if 2h . This 
Appendix is adapted from the original proof presented by Swaroop (1995). 

Background Result: 

Consider the following quadratic inequality in 2 : 

024 cba  (6.37) 

We present the conditions on cba ,,  under which the above inequality 

holds for all values of 2 . 

a
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Hence 
024 cba  

if either 

1) 0,, cba  (6.38) 

or 

2) 0b , 0a , 0c  and 04 2bac  i.e. 042 acb  (6.39) 

 
Calculations: 

Consider the transfer function 

shhshs
ssH

i

i

)1(ˆ
ˆ

)( 23
1

 

Substituting js , 

)1()(
)( 22 hhjh

jjH  (6.40) 

22222

22
2

)1()(
|)(|

hhh
jH  

1|)(| jH  

 

2222222 )1()( hhh  

 

022 22222422 hhhhh  (6.41) 
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Comparing with the background result in equations (6.38) and (6.39) 

1) If 0b  

022 22 hhh  

Hence 

21
2h  

This is possible for small  if and only if 2h  

2) If 0b  and 042 acb  

04)22( 2222222 hhhhh  

After simplifying 

22

22

48
44
hh

hh
 

)2(4
)2( 2

hh
h

 

Since  must be positive, this implies 2h  
Replacing the strict inequality in equation (6.37) with a simple 

inequality, it follows that 2h . From (1) and (2), 2h  is a necessary 
condition. It also follows that if 2h  is satisfied, then one can find a 

0  such that 1|)(| jH . Thus 2h  is both a necessary and 

sufficient condition for ensuring that the transfer function )(ˆ sH  has a 
magnitude less than or equal to 1 at all frequencies. 

 

 



  

Chapter 7 

LONGITUDINAL CONTROL FOR VEHICLE 
PLATOONS 
 

 
 

7.1 AUTOMATED HIGHWAY SYSTEMS 

Automated highway systems are the subject of intense research and 
development by several research groups, most notably by the California 
PATH program at the University of California, Berkeley. In an automated 
highway system (AHS), the objective is to dramatically improve the traffic 
flow capacity on a highway by enabling vehicles to travel together in tightly 
spaced platoons. The system requires that only adequately instrumented fully 
automated vehicles be allowed on this special highway. Manually driven 
vehicles cannot be allowed to operate on such a highway. Figure 5-2 in 
chapter 5 shows a photograph of eight fully automated cars traveling 
together in a tightly spaced platoon during a demonstration conducted by 
California PATH in August 1997. More details on this experimental 
demonstration are described in section 7.9 of this chapter. 

While the primary motivation for the development of AHS is to obtain 
significant improvements in highway traffic flow capacity, an AHS will also 
provide significant safety benefits. This is because over 90% of accidents 
on today’s highways are caused by human error (US Department of 
Transportation, 1992). Since automated systems reduce driver burden and 
replace driver operation with automated operation, it is expected that an 
AHS will provide significantly improved safety compared to driving on 
today’s highways. 
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An important feature to be noted is that an AHS is a dual mode form of 
transportation. A vehicle instrumented to travel on AHS can also travel on 
regular highways (driven manually). Thus an AHS vehicle is a personal 
vehicle that provides point to point service from any origin to any 
destination. The driver can drive on regular highways from home until he or 
she arrives at an AHS, travel under automated control on AHS, take an exit, 
and then travel again under manual control on a regular highway or local 
road to get to the final destination point. Thus, unlike a railway or other 
public transit system, an AHS provides point to point travel by leveraging 
the existing infrastructure of regular highways and roads. 

7.2 VEHICLE CONTROL ON AUTOMATED 
HIGHWAY SYSTEMS 

A popular control architecture proposed for an automated highway system 
(Varaiya, 1993) is hierarchical and has the 4 layers shown in Figure 7-1. The 
4 layers are 

a) The network layer 
b) The link layer 
c) The coordination layer 
d) The regulation layer 

The network layer controls entering traffic over the entire network and 
assigns a route to each vehicle as it enters the system. 

The link layer is a roadside layer for a section of a highway. It broadcasts 
target values for speed and platoon size for that road section. These target 
values are based on information about the aggregate traffic state (density, 
speed, flow).  The link layer estimates proportion of vehicles destined for 
various exits and advises vehicles where to change lanes in order to reach 
exits. It receives information about incidents or congestion downstream and 
accordingly reassigns vehicle paths.  

The coordination layer resides on each vehicle.  It determines which 
maneuver to initiate at any time so as to conform to the assigned path; it also 
coordinates that maneuver with neighboring vehicles so that the maneuver 
can be executed safely. It commands the regulation layer to execute the 
feedback law that executes the maneuver.  

The regulation layer executes maneuvers.  These maneuvers include  

a) Steady state maneuvers of lane keeping and either speed control or 
vehicle following.  

b) Transient maneuvers of lane change, highway exit, highway entry, 
longitudinal split from a platoon and join a platoon. 
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Figure 7-1. Control Architecture 

 
The longitudinal control task discussed in this chapter is the responsibility 

of the regulation layer. So also is the lateral control task, discussed in chapter 3. 

7.3 LONGITUDINAL CONTROL ARCHITECTURE 

In the regulation layer, the longitudinal control system is responsible for 
executing steady state and transient longitudinal maneuvers. This 
longitudinal control system will also be designed to be hierarchical, with an 
upper level controller and a lower level controller as shown in Figure 7-2. 
The upper level controller determines the desired longitudinal acceleration 
for each vehicle. The lower level controller determines the throttle and/or 
brake commands required to track the desired acceleration. Vehicle dynamic 
models, engine maps and nonlinear control synthesis techniques (Choi and 
Devlin, 1995a and 1995b, Hedrick et al, 1991, Hedrick, et. al., 1993) are 
used by the lower controller in calculating the real-time brake and throttle 
inputs required to track the desired acceleration. 
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Figure 7-2. Structure of longitudinal control system 

As far as the upper level controller is concerned, the plant model used for 
control design is  

uxi  (7.1) 

where the subscript i denotes the i th car in the platoon. The acceleration of 
the car is thus assumed to be the control input. However, due to the finite 
bandwidth associated with the lower level controller, each car is actually 
expected to track its desired acceleration imperfectly. The specification on 
the upper level controller is therefore stated as that of meeting its 
performance objectives robustly in the presence of a first-order lag in the 
lower level controller performance : 

idesii u
s

x
s

x
1

1
1

1
_  (7.2) 

Equation (7.1) is thus assumed to be the nominal plant model while the 
performance specifications have to be met even if the actual plant model 
were given by equation (7.2). 
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This chapter assumes a lag of  = 0.5 sec for analysis and simulation. The 
maximum acceleration and deceleration possible are assumed to be 0.25g 
and 0.5g respectively. 

The longitudinal control system in the regulation layer executes two 
types of maneuvers  

a) Steady state maneuvers of either speed control or vehicle following.  
b) Transient maneuvers of splitting from a platoon and joining a platoon. 

Vehicle following is the topic of discussion in sections 7.4, 7.5, 7.6, 7.7, 
7.8 in this chapter. Speed control has been discussed earlier in section 5.3 of 
Chapter 5. 

A good discussion of longitudinal transitional control algorithms for 
automated highway systems can be found in Li, et. al. (1997), Connoly and 
Hedrick (1999) and Rajamani, et. al.(2000). 

7.4 VEHICLE FOLLOWING SPECIFICATIONS 

In the vehicle-following mode of operation, the automated vehicle maintains 
a desired spacing from the preceding vehicle in the platoon. The two 
important specifications that the vehicle following control system must 
satisfy are individual vehicle stability and string stability. 

a) Individual vehicle stability 

Consider a platoon of vehicles using a longitudinal control system for 
vehicle following, as shown in Figure 7-3. Let ix  be the location of the i th 
vehicle measured from an inertial reference, as shown in Figure 7-2. The 
spacing error for the i th vehicle (the vehicle under consideration) is then 
defined as iiii Lxx 1 .  Here iL  is the desired spacing and includes 
the preceding vehicle length 1i . In a control system for platoon operation, 
the desired spacing iL  is a constant (independent of the vehicle speed ix ). 
The control law is said to provide individual vehicle stability if the following 
condition is satisfied 

0             01 iix  (7.3) 

In other words, the spacing error of the vehicle should converge to zero if 
the preceding vehicle is operating at constant velocity.  If the preceding 
vehicle is accelerating or decelerating, then the spacing error is expected to 
be non-zero. 
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Figure 7-3. String of vehicles in a platoon 

b) String stability 

Since the spacing error is expected to be non-zero during acceleration/ 
deceleration of the preceding vehicle, it is important to describe how the 
spacing error would propagate from vehicle to vehicle in a string of vehicles 
in the platoon that use the same spacing policy and control law. The string 
stability of a string of vehicles refers to a property in which spacing errors 
are guaranteed not to amplify as they propagate towards the tail of the string 
(Swaroop, 1995, Swaroop and Hedrick, 1996). For example, string stability 
ensures that any errors in spacing between the 2nd and 3rd cars does not 
amplify into an extremely large spacing error between cars 7 and 8 further 
up in the string of vehicles. 

A rigorous definition for string stability will be provided in section 7.6, 
after reviewing the mathematical background on norms of signals and 
systems in section 7.5. 

7.5 BACKGROUND ON NORMS OF SIGNALS  
AND SYSTEMS 

7.5.1 Norms of signals 

We consider signals mapping ),0[  to R . They are assumed to be 
piecewise continuous. The following signal norms can be defined (Doyle, 
et. al., 1992): 
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1. -Norm: The norm of a signal is the least upper bound of its 

absolute value. 

|)(|sup|||| txx
t

 (7.4) 

2. 1-Norm: The 1-norm of a signal )(tx  is the integral of its absolute value. 

0
1 |)(||||| dttxx  (7.5) 

3. 2-Norm: The 2-norm of )(tx  is 

2/1

0

2
2 |)(||||| dttxx  (7.6) 

4. p -Norm: The p -norm of )(tx  is 

p
p

p dttxx
/1

0

|)(|||||  (7.7) 

7.5.2 System norms 

Consider a linear time invariant system with an input-output model which is 
represented in the time domain as a convolution equation: 

)(*)()( txtgty  

or 

t
dxtgty

0

)()()(  (7.8) 

Let )(sG  be the Laplace transform of )(tg . Then in the s -domain 

)()()( sXsGsY  (7.9) 
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where 

)()( 1 sGLtg  is the impulse response of the system. 
  

Define the -norm of the transfer function )(sG  as follows: 

  |)(|sup||)(|| jGsG  (7.10) 

Define the 1-norm of the impulse response as follows: 

0
1 |)(||||| dttgg  (7.11) 

The -norm of )(sG  and the 1-norm of )(tg  can be used to relate the 
size of the output of the system to the size of the input (Doyle, Francis and 
Tannenbaum, 1992). Specifically, 

||||
||||

  sup     ||||
 

1 x
yg

Lx
 (7.12) 

2

2

 ||||
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  sup    ||)(||
2 x

ysG
Lx

 (7.13) 

7.5.3 Use of induced norms to study signal amplification 

In the study of string stability, a desirable characteristic for attenuation of 
propagating spacing errors is often specified as 

||||    |||| xy  (7.14) 

where iy  is the spacing error of the i th vehicle and 1ix  is the 
spacing error of the 1i th vehicle.  

Let )(ˆ sH  be the transfer function relating the spacing errors of 
consecutive cars in the platoon. 
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x
ysH )(ˆ  (7.15) 

The following condition 

1)(ˆ                  sH  (7.16) 

ensures 

22 ||||    |||| xy  (7.17) 

i.e. it ensures that the energy in the signal )(ty  is less than the energy in the 
signal )(tx . However, the desirable characteristic we would like to ensure is 
the stronger condition ||||    |||| xy  

The norms |||| y  and |||| x  are related through the 1-norm of the 
impulse response )(th  

||||
||||

sup|||| 1 x
yh

Lx
 (7.18) 

The condition ||||    |||| xy  requires that  

1|||| 1h   (7.19) 

It is much easier to design the control system to ensure that equation 
(7.16) is satisfied rather than to design the system to ensure that equation 
(7.19) is satisfied. The following Lemma shows that the condition 1|||| 1h  
can be replaced by the two conditions  

1   )(ˆ sH  and 0)(th  (7.20) 

Lemma 1 (Swaroop, 1995): 

If 0)(th , then all the input output induced norms are equal  
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Proof: 

Let p  be the p th induced norm i.e.  

p
p

p

Lx x
y

p ||||
||||

sup  (7.21) 

Then, from linear systems theory (see Appendix 7.A) 

1||||    ||)(ˆ||    |)0(ˆ| hjHH p  (7.22) 

If 0)(th  then 1|||||)0(ˆ| hH , as shown below. 

000

|)(||)(|)(|)0(ˆ| dtthdtthdtthH  if and only if )(th  does 

not change sign (Swaroop, 1995). 

QED. 

The following relation between 1|||| h  and |||| H  should also be 
considered (Boyd and Doyle, 1987): 

Lemma 2 (Boyd and Doyle, 1987): 

Consider a transfer matrix that is rational, proper and stable. For such a 
system 

||)(||)12(|||| 1 sHnh  (7.23) 

where n  is the Mcmillan degree of the system. 

This relation implies that if |||| H  is designed to be less than 1, then 

1|||| h  is also guaranteed to be correspondingly bounded. 
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Table 7-1. Summary of Signal Amplification Result 

SUMMARY OF RESULT 

Let 
t

dxthty
0

)()()(  

Then 
)(
)()(

sX
sYsH  

If )(sH  is designed such that 1||)(|| sH , then 22 ||||    |||| xy  

If )(sH  is designed such that 1||)(|| sH  and 0)(th , then 
||||    |||| xy  

7.6 DESIGN APPROACH FOR ENSURING STRING 
STABILITY 

The following condition will be used to determine if the system is string 
stable : 

1)(ˆ                  sH  (7.24) 

where )(ˆ sH  is the transfer function relating the spacing errors of 
consecutive vehicles 

1 
 

)(ˆ
i

isH  (7.25) 

In addition to (7.24), a condition that the impulse response function )(th  

corresponding to )(ˆ sH  does not change sign will be considered desirable 
(Swaroop, D., 1995).  This can be understood, first of all, from the results in 
section 7.5 where it was demonstrated that the impulse response had to be 
positive to ensure that the two system norms |||| H  and 1|||| h  were equal. 
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An additional reason for the requirement that the impulse response be 
positive is as follows:  

Satisfying the condition 

||||    |||| 1ii  (7.26) 

only ensures that the maximum absolute value of the maximum spacing 
error decreases upstream. In the case of (sinusoidal) oscillations in error, this 
is adequate. However, in the case of steady state or ramp type errors, this is 
inadequate. In equation (7.26), no specifications are made on the sign of the 
spacing error. A positive spacing error implies that the vehicle is closer than 
desired while a negative spacing error implies that it is further apart than 
desired. If the steady state value of i  is positive while the steady state value 
of 1i  is negative, then this might be dangerous even though in terms of 
magnitude i  might be smaller than 1i . The condition that the impulse 
response be positive ensures that steady state values of i and 1i  have the 
same sign. Consider 

t

ii dth
0

1  )()(  (7.27) 

Thus the impulse response being positive ensures that the steady state 
values of i and 1i  have the same sign.  

Results on designing a compensator to ensure that the impulse response 
of a continuous time LTI system is non negative can be found in Swaroop, 
2003. Such a synthesis is possible if and only if the open loop system has no 
real non minimum phase zeros (Swaroop, 2003).  

7.7 CONSTANT SPACING WITH AUTONOMOUS 
CONTROL 

An autonomous controller (like the adaptive cruise control system described 
in chapter 6) only utilizes on board sensors and does not depend on inter-
vehicle communication or any other form of cooperation from other vehicles 
on the highway.  An on-board forward looking doppler based FMCW radar 
can measure distance, relative velocity and azimuth angle to other vehicles 
in its field of view. In this section, we show that an autonomous controller 
cannot ensure string stability when the constant spacing policy is used. 
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Hence an automated highway system requires inter-vehicle communication, 
if the constant spacing policy is to be used. 

In the constant spacing policy, the desired spacing between successive 
vehicles is defined by 

iidesi Lxx 1_  (7.28) 

where iL  is a constant and includes the length 1i  of the preceding 
vehicle. The spacing error of the i th vehicle is defined as 

iiii Lxx 1  (7.29) 

If we assume that the acceleration of the vehicle can be instantaneously 
controlled, then a linear control system of the type 

ivipi kkx  (7.30) 

yields  

111 ivipivipiii kkkkxx  

which leads to the following closed-loop error dynamics 

11 ivipipivi kkkk  (7.31) 

The transfer function  

pv

pv

i

i

ksks
ksk

ssG 2
1

)()(  (7.32) 

describes the propagation of spacing errors in the platoon of vehicles. The 
Bode magnitude plot in Figure 7-4 is shown for pk = 1, vk  = 0.3. The 
maximum magnitude of this transfer function is greater than 1 so that the 
autonomous control law of eqn. (7.30) is not string stable.  
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Figure 7-4. Magnitude of G(s) from Eqn. (7.32) 

All positive values of pk  and vk  guarantee that the spacing error of the 
i th vehicle converges to zero when the spacing error of the 1i  th vehicle 
is zero. However, there are no positive values of pk  and vk  for which the 
magnitude of the transfer function )(sG  can be guaranteed to be less than 
unity.  To see why this is the case, rewrite )(sG  as 

1)( 2 s
k
k

ksks
k

sG
p

v

pv

p   (7.33) 

or 

)()()( 21 sGsGsG  (7.34) 
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For the magnitude of )(1 jG  to be less than 1, one needs the damping 

ratio 707.0  or 707.0
2 p

v
k

k
  i.e.  

pv kk 414.1  (7.35) 

For the magnitude of )(2 jG  to not exceed 1 at frequencies up to the 

resonant frequency pk , one needs the frequency 
v

p

k
k

 to be bigger than 

pk . Hence, one needs p
v

p k
k
k

 or  

vp kk  (7.36) 

It is not possible to find gains that satisfy both equations (7.35) and 
(7.36). Hence the magnitude of )(sG  will always exceed 1. 

Thus, in the case of the constant spacing policy, string stability cannot be 
ensured by autonomous control. This has two implications 

1) For platoon operation, since we need small inter-vehicle spacing and so 
must use the constant spacing policy, autonomous control is not 
possible. 

2) When autonomous control is required (due to wireless communication 
not being feasible as in the case of ACC vehicles discussed in Chapter 
6), the constant spacing policy cannot be used. Instead, a variable 
spacing policy like the constant time-gap policy must be used. 

7.8 CONSTANT SPACING WITH WIRELESS 
COMMUNICATION 

Instead of an autonomous controller, an alternate control system can be 
developed to ensure string stability with the constant spacing policy. The 
sliding surface method of controller design (Slotine and Li, 1991) is used. 
Define the following sliding surface 
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  )(
11

1

1 1

1

12
VV

C
C

C
S ii
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  (7.37) 

where iV  and V  refer to the longitudinal velocity of the i th vehicle and 
lead vehicle respectively. 

Setting 

 ii SS   with )1( 2
n  (7.38) 

we find that the desired acceleration of the car is given by 

inin

inidesi

VVC

CxCxCx

                 

      
2

1
2

2
1111_

)()1(

))1(2()1(
 (7.39) 

The control gains to be tuned are 1C ,  and n . The gain 1C  takes on 
values 10 1C  and can be viewed as a weighting of the lead vehicle’s 
speed and acceleration.  The gain  can be viewed as the damping ratio and 
can be set to 1 for critical damping. The gain n  is the bandwidth of the 
controller. 

Equation (7.38) ensures that the sliding surface converges to zero. If all 
the cars in the platoon use this control law, then the cars in the platoon will 
be able to track the preceding car with a constant spacing i.e. the spacing 
error will converge to zero in the absence of lead vehicle acceleration. 
Mathematically, if 0iS , then 0i . 

To see why this is true, note that 

1
1

2
1

1
1

111
1

ii
n

iiii
CC

SS  

The sliding surface law ensures that the left hand side of the above 
equation is zero.  

If 2i , then VVii  and 01i . Hence it is obvious that 
02 .  
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It can be shown that if 1iS , 0iS  and 01i , then 0i . 
Using the principle of induction, it follows that the spacing error converges 
to zero for all vehicles. 

Further the system is string stable, i.e. the spacing errors never amplify 
down the platoon even when the lead car has non-zero acceleration. To see 
why this is the case, consider the equation 

1
1

2
1

1
1

111
1

ii
n

iiii
CC

SS  (7.40) 

Taking Laplace transforms of (7.40) 
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 (7.41) 

The conditions 1  and 11C  ensure that the magnitude of the 
transfer function in equation (7.41) is less than 1 and that the system is string 
stable. 

Results on the robustness of the above controller, especially to lags 
induced by the performance of the lower level controller, can also be found 
in Swaroop, 1995.   
 

Need for wireless communication  

From the longitudinal control law of equation (7.39), it is clear that a 
wireless radio communication system is required between the cars to obtain 
access to all of the required signals. Each car thus obtains communicated 
speed and acceleration information from two other cars in the platoon - the 
lead car and the preceding car. 
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Setting 01C  for a two car platoon, we obtain the following classical 
second-order system : 

ininidesi xx   2
1_ 2   

7.9 EXPERIMENTAL RESULTS 

The National Automated Highway Systems Consortium (NAHSC) conducted 
a public demonstration in August 1997 of eight fully automated cars travel-
ing together with small inter-vehicle spacing as a platoon. The demonstration 
was held in San Diego using a 7.6 mile segment of Interstate-15 HOV (car-
pool) lanes. This section of the two-lane highway had been equipped with 
magnets installed in the centers of both lanes. The magnets served as 
reference markers that were used by the automated steering control system 
to keep each car centered in its lane. Over a thousand visitors were given 
passenger rides in the platoon vehicles which operated continuously for 
several hours a day for three weeks. The maneuvers demonstrated in San 
Diego included starting the automated vehicles from complete rest, 
accelerating to cruising speed, automated steering for lane keeping, allowing 
any vehicle to exit from the platoon with an automated lane change, 
allowing new vehicles to join the platoon and bringing the platoon to a 
complete stop at the end of the highway (Rajamani, et. al., 2000).  

The sliding surface based control law using inter-vehicle communication 
described above was used in the NAHSC demonstration. The performance 
of the control algorithm is shown in Figure 7-5 (Rajamani, et. al., 2000). The 
spacing accuracy of cars 6, 7 and 8 in the eight-car platoon is shown. During 
the entire 7.6 mile run, the spacing error between these tail vehicles of the 
platoon remains within  0.2 meters. This includes the spacing performance 
while the lead car accelerates, cruises, and decelerates to a complete stop and 
other cars in the platoon accelerate and decelerate while splitting and 
joining. The scenario also includes uphill and downhill grades of up to 3%, 
during which the maximum spacing errors occur. The acceleration profile of 
the car 8 corresponding to this test data is shown in Figure 7-6. The long-
period peaks and valleys of Figure 7-6 correspond to changes of grade on the 
test track and to intentional acceleration and deceleration maneuvers built 
into the test and demonstration scenario. The spacing performance and ride 
quality that can be achieved by a fully cooperative platoon system are 
superior to that achieved by the most highly skilled human drivers who have 
driven the test vehicles.  
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Figure 7-5. Spacing performance of cars 6,7 and 8 of an eight-car platoon 
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Figure 7-6. Acceleration profile for tail car of 8-car platoon 
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7.10 LOWER LEVEL CONTROLLER 

In the lower controller, the throttle and brake actuator inputs are determined 
so as to track the desired acceleration determined by the upper controller. 
The following simplified model of vehicle dynamics is used in the develop-
ment of the lower level controller. This simplified model is based on the 
assumptions that the torque converter in the vehicle is locked and that there 
is zero-slip between the tires and the road, as described in chapter 5.  These 
assumptions relate the vehicle speed directly to the engine speed  

ieeffii Rrvx )(  (7.42) 

Under these assumptions, as described in Chapter 5, section 5.5.1, the 
dynamics relating engine speed e  to the pseudo-inputs “net combustion 
torque” netT  and brake torque brT  can be modeled by 

e

brxeffeeffanet
e J

TRrRrRcT )(233
  (7.43) 

where 22 )( RImrIJ effee  is the effective inertia reflected on the 

engine side, R is the gear ratio and effr  the tire radius. 

If the net combustion torque is chosen as 

jbrxeffeeffaides
e

inet TRrRrRcx
hR

JT )]([)( 233
 

 (7.44) 

then, from equation (7.43), the acceleration of the car is equal to the desired 
acceleration defined by the upper level controller : idesi xx . 

Once the required combustion torque is obtained from (7.44), the control 
law to calculate the throttle angle to provide this torque can be obtained by 
using engine dynamic models and applying nonlinear control synthesis 
techniques. Engine dynamic models for both SI and diesel engines and 
control design to provide a desired torque are discussed in Chapter 9. 

If the desired net torque defined by (7.44) is negative, the brake actuator 
is used to provide the desired torque. An algorithm for smooth switching 
between the throttle and brake actuators is presented in Choi and Devlin, 
1995, and can be used by the longitudinal control system. 
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7.11 ADAPTIVE CONTROL FOR UNKNOWN 

VEHICLE PARAMETERS 

In the design of the lower controller (7.44) in the previous section, it was 
assumed that the vehicle mass, aerodynamic drag coefficient and the rolling 
resistance values were exactly known. This section presents a direct adaptive 
controller which adapts on all three parameters and utilizes estimated values 
of these parameters in the control law. This adaptive controller has been 
implemented experimentally and its performance documented (Swaroop, 
1995). 

7.11.1 Redefined notation 

Recall the definition of the sliding surface used to design the upper level 
controller 

)(
1

 
1

1

1 
 

1

1

12
vv

C
C

C
S ii

n
ii    

 

To simplify notation, let 1q
12 1

1

1 C
n , 

1

1
3 1 C

Cq  and 

4q 1
2  ) 1 ( Cn . Then 

)(  31 vvqqS iiii   (7.45) 

The upper level control law is then (Swaroop, 1995) 

 )(
1

1
4131

3
_ iiiidesi Sxxqqxqx

q
x  (7.46) 

From the previous section, under the assumption of locked torque 
converter and negligible longitudinal slip at the tires, the engine dynamic 
equation under throttle control can be roughly written as 

e

xeffeeffanet
e J

RRrrRcT 233

  (7.47) 
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Since eeffi Rrx , this equation can be rewritten as 

iiiiii ufxcxM 2  (7.48) 

where effei RrJM , xeffi RrRf 22  and aeffi crRc 22  are unknown 

parameters and neteffi TRru  is the control torque. 

In order to obtain a desired acceleration desx , the control input iu  can 
be chosen as 

desiiiii xMxcfu 2  (7.49) 

This equation is essentially the same as equation (7.44) of the previous 
section. The only difference between equations (7.44) and (7.49) is the 
notation. 

7.11.2 Adaptive controller 

The objective is to find an adaptive version of the control law of equation 
(7.49) when the parameters ic , if and iM  are unknown. The adaptive 
controller described in this section was developed in Swaroop (1995). Let 

desiiiii xMxcfu ˆˆˆ 2  (7.50) 

where if̂ , iĉ  and iM̂  are estimated values of the unknown parameters if , 

ic  and iM . Let iii fff ˆ~
, iii MMM ˆ~

 and iii ccc ˆ~  be the errors 
in the estimates of the parameters. 

Then, as shown in Swaroop (1995), instead of the closed loop dynamics 

ii SS , the sliding surface dynamics are instead given by 

iiidesi
i

ii fxcxM
M

q
SS ~~~1 23  (7.51) 

Define a Lyapunov function candidate 
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Its time derivative is 

iiiiiiii
i

i ffccMMSS
q

M
V ~~~~~~

1 321
3

 (7.53) 

or 

iiiiiiiiidesii
i

i fSfcSxcMSxMS
q

M
V ~~~~~~

1 32
2

1
2

3
 (7.54) 

Choose the parameter adaptation laws as (Swaroop, 1995) 

desiii xSMM
1

1~ˆ  (7.55) 

2

2

1~ˆ iiii xScc  (7.56) 

iii Sff
3

1~ˆ  (7.57) 

With the above adaptation laws 

2

31 i
i

i S
q

MV  (7.58) 

Hence iV  is negative semi-definite, ensuring that iS , iM~ , if
~

 and ic~  

are bounded i.e. iS , iM~ , if
~

 , ic~ L . 
Note here that the notation L  is used to refer the space of all functions 

that have a finite well defined -norm. Likewise, 2L  is used to refer the 
space of all functions that have a finite well defined 2 -norm. 

Use of Barbalat’s Lemma to show asymptotic convergence of iS  
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A corollary to Barbalat’s Lemma states that a function 0)(tf  as 

t  if LLf 2  and L
dt
df

 (Narendra and Annaswamy, 1989). 

This Lemma can be used to show that 0iS  as t . 

From (7.58), it follows that 

)()0(
0

2 TVVdtS ii

T

i  (7.59) 

Taking the limit as T  in equation (7.59), it follows that 2LSi . 

It remains to show that LSi . 

From equation (7.48) 

iidesiiiiiii ffxMxcxcxM ˆˆˆ 22  
  

or 

iiii
i

iiiii Sxxqqxqx
q

M
fxcxM 4131

3

2

1

ˆ~~  

 (7.60) 

From the above equation it follows that ix and ix  are bounded if 1ix , 
x  and x  are bounded. Using the principle of induction, since ix  and ix  
are bounded for 1i , it can be shown that ix  and ix  are bounded for all i . 
From equation (7.48) it then follows that idesx is bounded. 

Since ix  and desix _  are bounded, it follows from equation (7.51) that 

LSi . 
Hence, by Barbalat’s Lemma, it follows that 0iS  as t . 
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7.12 CHAPTER SUMMARY 

It is desirable that the vehicle following control system in a platoon should 
be designed to satisfy the following two performance specifications: 

1) Individual vehicle stability, in which spacing errors of all vehicles 
converge to zero if the lead vehicle of the platoon travels at constant 
velocity 

2) String stability, in which spacing error does not amplify as it propagates 
towards the tail of the string of vehicles. 

The mathematical conditions that ensure string stable design were 

analyzed. Let 
1

)(
i

isH  be the transfer function relating the spacing error 

of consecutive vehicles. The string stability condition ||||    |||| 1ii  
can be ensured by designing the longitudinal controller such that the 
following two conditions are met: 

a) 1||)(|| sH  

b) 0)(th   

where )(th  is the imulse response or the Laplace inverse of )(sH . 
Spacing policies and control algorithms for both autonomous control as 

well as cooperative control utilizing inter-vehicle communication were 
discussed in this chapter. In the case of a constant spacing policy, an auto-
nomous controller cannot ensure string stability, although it can ensure 
individual vehicle stability.  

String stability can be ensured with a constant spacing policy if inter-
vehicle communication is used.  A well known communication architecture 
is one in which the lead vehicle communicates its velocity and acceleration 
to all the vehicles in the string. String stability is ensured by using communi-
cation from the lead and preceding vehicles by each vehicle in the platoon. 
A major experimental demonstration of vehicles operating in platoons using 
such a communication system was the NAHSC demonstration conducted in 
August 1997. Experimental results from the NAHSC demonstration were 
presented. 

Finally, an adaptive controller was presented which compensates for 
unknown values of vehicle mass, aerodynamic drag coefficient and rolling 
resistance by using on line adaptation of these parameters. 
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NOMENCLATURE 

ix  longitudinal position of the i th vehicle 

ix  or iV  longitudinal velocity of the i th vehicle 

iiii Lxx 1  longitudinal spacing error of the i th vehicle, with 

iL being the desired spacing 

iL  desired inter-vehicle spacing for the i th vehicle 

(includes preceding vehicle length)  

V  longitudinal velocity of the lead vehicle of the 

platoon 
x  longitudinal acceleration of the lead vehicle of the 

platoon 

desx  or iu      desired acceleration of the i th vehicle 

1C  control gain used in upper longitudinal controller 

(relative weight for lead car signal feedback 
compared to preceding car signal feedback). 

n  control gain used in upper longitudinal controller 

(bandwidth) 

)(ˆ sH  transfer function relating spacing errors of 

consecutive vehicles 

)(th  impulse response function corresponding to )(ˆ sH  

iS         sliding surface used in upper controller design 

1 , 2  sliding surface control gains 

netT  net combustion torque of the engine 

brT  brake torque 

e  engine angular speed 

ac  aerodynamic drag coefficient 

R  gear ratio 

effr  tire radius 
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xR  rolling resistance of the tires 

eJ  effective inertia reflected on the engine side 

aim  rate of mass flow into engine manifold 

0am  rate of mass outflow from engine manifold 

am  rate of air mass flow in engine manifold 

mP  pressure of air in engine manifold 

m  vehicle mass 

L  space of functions that have a well defined finite 

-norm 

2L  space of functions that have a well defined finite 2 -

norm 

if , if̂  actual and estimated values of a parameter related to 

vehicle rolling resistance 

ic , iĉ  actual and estimated values of a parameter related to 

aerodynamic drag coefficient 

iM , iM̂  actual and estimated values of a parameter related to 

vehicle mass 
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APPENDIX 7.A 

Background results useful for the analysis in sections 7.5 and 7.6 are 
presented in this Appendix. For more details, the reader is referred to Desoer 
and Vidyasagar (1975). 

7.A.1. Holder’s Inequality 

Let RRgf :, . Let qp,  be non negative extended real numbers (i.e. 

1p , p , 1q , q ) with 111
qp

. 

If pLf  and qLg , then 

1Lfg  

qp gffg ||||||||    |||| 1  

When 2p , 2q , the Holders’ inequality becomes the Schwartz 
Inequality. 

7.A.2. Minkowski’s Inequality 
 

qpp gfgf ||||||||    ||||  

7.A.3. Theorem 

Let 
t

dxtgty
0

)()()(  

If pLtx )(  and 1)( Ltg , then 

pp xgy ||||||||    |||| 1  
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Interpretation: 

1||||    
||||
||||

g
x
y

p

p  

For 2p , 

1
2

2 ||||    
||||
|||| g

x
y

 

This means that the -norm of the system is always less than the  
1-norm, or 

1||||    |||| gG  
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ELECTRONIC STABILITY CONTROL 
 

 
 

8.1 INTRODUCTION 

8.1.1 The functioning of a stability control system 

Vehicle stability control systems that prevent vehicles from spinning and 
drifting out have been developed and recently commercialized by several 
automotive manufacturers. Such stability control systems are also often 
referred to as yaw stability control systems or electronic stability control 
systems.  

Figure 8-1 schematically shows the function of a yaw stability control 
system. In this figure, the lower curve shows the trajectory that the vehicle 
would follow in response to a steering input from the driver if the road were 
dry and had a high tire-road friction coefficient. In this case the high friction 
coefficient is able to provide the lateral force required by the vehicle to 
negotiate the curved road. If the coefficient of friction were small or if the 
vehicle speed were too high, then the vehicle would not follow the nominal 
motion expected by the driver – it would instead travel on a trajectory of 
larger radius (smaller curvature), as shown in the upper curve of Figure 8-1. 
The function of the yaw control system is to restore the yaw velocity of the 
vehicle as much as possible to the nominal motion expected by the driver. If 
the friction coefficient is very small, it might not be possible to entirely achieve 
the nominal yaw rate motion that would be achieved by the driver on a high 
friction coefficient road surface. In this case, the yaw control system might 
only partially succeed by making the vehicle’s yaw rate closer to the 
expected nominal yaw rate, as shown by the middle curve in Figure 8-1. 

201R. Rajamani, Vehicle Dynamics and Control, Mechanical Engineering Series,
DOI 10.1007/978-1-4614-1433-9_8, © Rajesh Rajamani 2012



Chapter 8 202 

 
Figure 8-1. The functioning of a yaw control system 

The motivation for the development of yaw control systems comes from 
the fact that the behavior of the vehicle at the limits of adhesion is quite 
different from its nominal behavior. At the limits of adhesion, the slip angle is 
high and the sensitivity of yaw moment to changes in steering angle becomes 
highly reduced. At large slip angles, changing the steering angle produces 
very little change in the yaw rate of the vehicle. This is very different from 
the yaw rate behavior at low frequencies. On dry roads, vehicle maneuver-
ability is lost at vehicle slip angles greater than ten degrees, while on packed 
snow, vehicle maneuverability is lost at slip angles as low as 4 degrees (Van 
Zanten, et. al., 1996).  

Due to the above change of vehicle behavior, drivers find it difficult to 
drive at the limits of physical adhesion between the tires and the road 
(Forster, 1991, Van Zanten, et. al., 1996). First, the driver is often not able to 
recognize the friction coefficient change and has no idea of the vehicle’s 
stability margin. Further, if the limit of adhesion is reached and the vehicle 
skids, the driver is caught by surprise and very often reacts in a wrong way 
and usually steers too much. Third, due to other traffic on the road, it is 
important to minimize the need for the driver to act thoughtfully. The yaw 
control system addresses these issues by reducing the deviation of the 
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vehicle behavior from its normal behavior on dry roads and by preventing 
the vehicle slip angle from becoming large. 

8.1.2 Systems developed by automotive manufacturers 

Many companies have investigated and developed yaw control systems 
during the last ten years through simulations and on prototype experimental 
vehicles. Some of these yaw control systems have also been commercialized 
on production vehicles. Examples include the BMW DSC3 (Leffler, et. al., 
1998) and the Mercedes ESP, which were introduced in 1995, the Cadillac 
Stabilitrak system (Jost, 1996) introduced in 1996 and the Chevrolet C5 
Corvette Active Handling system in 1997 (Hoffman, et. al., 1998). 

Automotive manufacturers have used a variety of different names for 
yaw stability control systems. These names include VSA (vehicle stability 
assist), VDC (vehicle dynamics control), VSC (vehicle stability control), 
ESP (electronic stability program), ESC (electronic stability control) and 
DYC (direct yaw control). 

8.1.3 Types of stability control systems 

Three types of stability control systems have been proposed and developed 
for yaw control: 

1) Differential Braking systems which utilize the ABS brake system on 
the vehicle to apply differential braking between the right and left 
wheels to control yaw moment. 

2) Steer-by-Wire systems which modify the driver’s steering angle input 
and add a correction steering angle to the wheels 

3) Active Torque Distribution systems which utilize active differentials 
and all wheel drive technology to independently control the drive torque 
distributed to each wheel and thus provide active control of both traction 
and yaw moment. 

By large, the differential braking systems have received the most 
attention from researchers and have been implemented on several production 
vehicles. Steer-by-wire systems have received attention from academic 
researchers (Ackermann, 1994, Ackermann, 1997). Active torque distribution 
systems have received attention in the recent past and are likely to become 
available on production cars in the future.  

Differential braking systems are the major focus of coverage in this book. 
They are discussed in section 8.2. Steer-by-wire systems are discussed in 
section 8.3 and active torque distribution systems are discussed in section 8.4. 
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8.2 DIFFERENTIAL BRAKING SYSTEMS 

Differential braking systems typically utilize solenoid based hydraulic 
modulators to change the brake pressures at the four wheels. Creating 
differential braking by increasing the brake pressure at the left wheels 
compared to the right wheels, a counter-clockwise yaw moment is generated. 
Likewise, increasing the brake pressure at the right wheels compared to the 
left wheels creates a clockwise yaw moment. The sensor set used by a 
differential braking system typically consists of four wheel speeds, a yaw 
rate sensor, a steering angle sensor, a lateral accelerometer and brake 
pressure sensors.  

8.2.1 Vehicle model 

The vehicle model used to study a differential braking based yaw stability 
control system will typically have seven degrees of freedom. The lateral and 
longitudinal velocities of the vehicle ( x  and y  respectively) and the yaw 
rate  constitute three degrees of freedom related to the vehicle body. The 
wheel velocities of the four wheels ( f , fr , r  and rr ) constitute the 
other four degrees of freedom. Note that the first subscript in the symbols for 
the wheel velocities is used to denote front or rear wheel and the second 
subscript is used to denote left or right wheel. Figure 8-2 shows the seven 
degrees of freedom of the vehicle model. 

des

 
Figure 8-2. Degrees of freedom for vehicle model for differential braking based system 


